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Casimir energy in a small volume multiply connected static hyperbolic preinflationary universe
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A few years ago, Cornish, Spergel and Starkman~CSS! suggested that a multiply connected ‘‘small’’
universe could allow for classical chaotic mixing as a preinflationary homogenization process. The smaller the
volume, the more important the process. Also, a smaller universe has a greater probability of being spontane-
ously created. Previously DeWitt, Hart and Isham~DHI! calculated the Casimir energy for static multiply
connected flat space-times. Because of the interest in small volume hyperbolic universes~e.g., CSS!, we
generalize the DHI calculation by making a numerical investigation of the Casimir energy for a conformally
coupled, massive scalar field in a static universe, whose spatial sections are the Weeks manifold, the smallest
universe of negative curvature known. In spite of being a numerical calculation, our result is in fact exact. It is
shown that there is spontaneous vacuum excitation of low multipolar components.

DOI: 10.1103/PhysRevD.63.123508 PACS number~s!: 98.80.Cq, 98.80.Hw
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I. INTRODUCTION

There has been an increase of interest in the topolog
the Universe in recent years. As is well known, the Einst
equations~EQ! restrict the spatial homogeneous and isot
pic sections to eitherR3, S3 or H3, locally. Recent observa
tional data indicate that the curvature of the Universe
small, without ruling out the negatively curved case. On
other hand, the EQ are insensitive to the global nontriv
topology, induced by a discrete group of isometriesG acting
freely and properly discontinuously in the covering spa
This group acts according to a type of generalization
Poincare´’s theorem — the tessellations ofH3 by hyperbolic
polyhedra@1#. The polyhedra are pasted together, filling
the entireH3, without leaving any empty space. The motio
of the polyhedra are performed by the discrete group
isometriesG. For a review of topology in connection wit
cosmology, see@2# and references therein. Among the fir
applications of the topology considerations was an attemp
explain multiple quasar images@3#. Constraints due to the
homogeneity of the cosmic microwave background radiat
~CMBR! set a lower limit for the size of the fundamental ce
today to;3000 Mpc@4–6#. The results apply only to com
pactifications of flat space. There are arguments, howe
which allow for a compact hyperbolic manifold as the spa
section@7#. The effect of the topology induces the formatio
of circles in the sky, which, in principle could be measur
in the CMBR @8#.

A very attractive argument in favor of compact hyperbo
manifolds is connected with preinflationary homogenizat
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through chaotic mixing, as was discussed by Cornishet al.
@9#. They suggested that inflation occurred near the Pla
era, after the chaotic homogenization, so that the two p
cesses together are better suited to explain the large s
structure of the Universe observed today. The motivation
this work is based on this argument.

Because of the particular interest in the small volume
perbolic universe, we make a numerical calculation of
vacuum expectation value of the energy of a conforma
coupled massive scalar field~e.g., inflaton! in a static space-
time R3M, where the spatial section is the compact hyp
bolic 3-manifold of the smallest volume known,V
50.942707 . . .R CURV

3 , called the Weeks manifold@10#, M,
whereR CURV is the radius of curvature of the Universe. Th
quantum field theoretical effects were strongest in the
under consideration by Cornishet al. @9# than in any other.
Previously, the Casimir energy for static multiply connect
flat space-times was obtained in DeWittet al. @11#. We cal-
culate a generalization of their result for a particular multip
connected hyperbolic space section. We use the point s
ting technique which is very useful in determining the ultr
violet behavior in curved space, since it involves the eva
ation of field quantities infinitesimally displaced. Th
obtained propagator is exact and possesses information a
the global properties of the manifold in the sense that
infrared modes are taken into account, for Lie groups, as w
as some homogeneous space-times, such as the staR
3S3 andR3H3 @12#. When the space-time is multiply con
nected, the propagator is obtained as the usual sum
paths: all the nontrivial geodesics connecting the two po
are taken into account, which is the technique used in@11#,
and the one used in this work.

We find a static hyperbolic solution for the EQ, who
spatial section is the Weeks manifold in Sec. II. In Sec.
we write the expression for the vacuum expectation value
©2001 The American Physical Society08-1
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the energy momentum tensor. In Sec. IV we obtain the
merical values of the Casimir energy in the multiply co
nected static space-time of Sec. II. Our conclusions are
sented in Sec. V.~We use natural units,G5c5\51, except
in Sec. II.!

II. THE STATIC UNIVERSE RÃM
It is well known that hyperbolic geometry can be obtain

via ‘‘Minkowski’’ space, together with an additional con
straint

dl25dx21dy21dz22dw2,

~x2x8!21~y2y8!21~z2z8!22~w2w8!252RCURV
2 .

~1!

It can be easily seen that the isometry group is the pro
orthocronous Lorentz group, also calledSO(1,3), which is
isomorphic toPSL(2,C)5SL(2,C)/$6I % @13#. This space is
homogeneous in the sense that every point in it can
reached from any other by the action of an element of
isometry group. Using the constraint in the line element
Eq. ~1! we obtain

dl25dx21dy21dz2

2
@~x2x8!dx1~y2y8!dy1~z2z8!dz#2

~x2x8!21~y2y8!21~z2z8!21R CURV
2

,

ds252dt21dl25g~x,x8!mndxmdxn, ~2!

where we interchangeably write (x0,x1,x2,x3)↔(t,x,y,z).
Both connections,¹x and¹x8 , compatible with the metric of
Eq. ~2!, can be defined as

¹mg~x,x8!ab5
]

]xm
g~x,x8!ab2Gam

n g~x,x8!nb

2Gbm
n g~x,x8!an

[0, ~3!

¹m8g~x,x8!ab5
]

]x8m
g~x,x8!ab2Gam8n g~x,x8!nb

2Gbm8n g~x,x8!an[0, ~4!

whereG8 means that all derivatives are taken with respec
x8. Spherical coordinates and the substitution

r 5A~x2x8!21~y2y8!21~z2z8!2 ~5!

in Eq. ~2! yield the popular Robertson-Walker line eleme
written in the Lobatchevsky form

ds252dt21R CURV
2 @dx21sinh2x~du21sin2udf2!#,

sinh2x5
r 2

R CURV
2

5
~x2x8!21~y2y8!21~z2z8!2

RCURV
2

. ~6!
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As is well known, the EQ for the homogeneous and is
tropic space sections in Eq.~ 6! with R CURV5R CURV(t) re-
duces to the Friedmann equations

S Ṙ CURV

R CURV
D 2

2
1

R CURV
2

5
8pG

3
r1

L

3
,

2S R̈ CURV

RCURV
D 1S Ṙ CURV

R CURV
D 2

2
1

R CURV
2

528pGp1L,

where the right-hand side is the classical energy momen
source for the geometryTmn5(r1p)umun1pgmn, and a
cosmological constantLgmn.

During the stages just after the Planck era, it is likely th
the Universe was radiation-dominated, so that we have
equation of stater/35p. Thus the energy density scaled
r5r0@R CURV0/RCURV(t)#4. We define 8pGr0R CURV

4 /3

5C. By imposing thatṘ CURV5R̈CURV50 for a static Uni-
verse, we obtain from the above

C

R CURV
2

111
L

3
RCURV

2 50,

2C1
L

3
R CURV

4 50,

which have a solution

R CURV5A 3

2uLu
,

r5
L

8pG
,

ds252dt21R CURV
2 @dx21sinh2x~du21sin2udf2!#,

~7!

where the cosmological constant is negative.
According to quantum cosmology, a smaller universe h

a greater probability of being spontaneously created. A
the chaotic mixing becomes more significant in this case@9#.
The smallest known compact 3-manifoldM, with volume
V50.942707 . . .RCURV

3 was discovered by Weeks@10#. It is
a multiply connected manifold with universal coveringH3,
M5H3/G, with group G,SO(1,3), a discrete subgrou
with no fixed point. GroupG is isomorphic top1(M), the
first homotopy group, also called the fundamental group
M. p1(M) is the group of nontrivial loops composed of th
maps of the manifold to the sphereM→S1 @15#. For this
smallest volume manifold, the 18SO(1,3) matricesgi ,
which generateG(0.942707 . . .R CURV

3 ), were obtained with
the computer programSNAPPEA @14#. The fundamental do-
main is shown in Fig. 1. We note that the isometries prese
the form of the spatial part of the metric in Eq.~6!, so
that the Friedmann equations remain unaltered since
depend only on timet, and the solution of EQ is the sam
as in Eq.~7!.
8-2
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III. VACUUM EXPECTATION ENERGY IN COVERING
SPACE

We now wish to evaluate the vacuum expectation va
for the energy density for the case of a universe consistin
a classical radiation fluid, a cosmological constant, an
noninteracting quantum scalar field. The solution of EQ
given in Eq.~7!, where the spatial part is written as Eq.~2!
and the topology isR3H3/G(0.942797 . . .R CURV

3 ). We use
the point splitting method in the universal covering spa
R3H3, for which the propagator is exact. The point splittin
method was constructed to obtain the renormalized~finite!
expectation values of the quantum-mechanical operator
is based on the Schwinger formalism@16# and was developed
in the context of curved space by DeWitt@18#. Further de-
tails are contained in the articles of Christensen@19,20#. For
a review, see@21#.

Metric variations in the scalar actionS with conformal
couplingj51/6,

S52
1

2E Ag~f ,rf ,r1jRf21m2f2!d4x,

give the classical energy momentum tensor

Tmn5
2

3
f ,mf ,n2

1

6
f ,rf ,rgmn2

1

3
ff ;mn1

1

3
gmnfhf

1
1

6
f2Gmn2

1

2
m2f2gmn , ~8!

whereGmn is the Einstein tensor. As expected for massl
fields, wherem50, it can be verified that the trace of th
above tensor is identically zero. Variations with respect tof
result in the curved space generalization of the Klein-Gord
equation,

hf2
R

6
f2m2f50. ~9!

The renormalized energy momentum tensor involves fi
products at the same space-time point. Thus the idea
calculate the products at separated points,x and x8, taking
the limit at the endx→x8:

FIG. 1. Fundamental region with 18 faces in Klein coordinat
for the Weeks manifold, the smallest volume manifold known.
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^0uTmnu0&; lim
x→x8

¹m¹n8

1

2
^0u@f~x!f~x8!1f~x8!f~x!#u0&,

~10!

where the covariant derivatives are defined in Eqs.~3! and
~4!.

We introduce the causal Green function

G~x,x8!5 i ^0uTf~x!f~x8!u0&,

whereT is the time ordering operator. Taking the real a
imaginary parts of the Feynman propagator,

G~x,x8!5Gs~x,x8!1
i

2
G(1)~x,x8!, ~11!

results in the Hadamard function

G(1)~x,x8!5^0u$f~x!,f~x8!%u0&,

which is the expectation value of the anti-commuta
$f(x),f(x8)%5f(x)f(x8)1f(x8)f(x), which appears in
Eq. ~10!. By the above reasoning, taking into account Eq.~9!
and the field products in the classical equation~8!, the
vacuum expectation value is obtained,

^0uTmnu0&5 lim
x→x8

F1

6
~¹m¹n81¹m8¹n!2

1

12
g~x!mn¹r¹r8

2
1

12
~¹m¹n1¹m8¹n8!1

1

48
g~x!mn~h1h8!

1
1

12S R~x!mn2
1

4
R~x!g~x!mnD

2
1

8
m2g~x!mnGG(1)~x,x8!, ~12!

^0uTmnu0&5 lim
x→x8

@T~x,x8!mn#, ~13!

where the metric used to obtain the curvature tensorR(x)mn ,
g(x)mn5g(x,x850)mn , is given in Eq.~2!, and the covari-
ant derivatives are given in Eqs.~3! and ~4!.

IV. FEYNMAN PROPAGATOR AND CASIMIR ENERGY
IN RÃM

The Feynman propagator involves a summation over
possible classical paths. When the space is multiply c
nected, it is necessary to sum over all nontrivial geodes
connecting two points. Green functions are solutions of
~9! with the boundary condition

F~x,x8!G~x,x8!5d~x2x8!,

F~x,x8!5F~x!/A2gd~x2x8!,

whereF(x)5h2R/62m2.
We introduced an auxiliary evolution parameters and a

complete orthonormal set of statesux&, such that

,

8-3
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G~x,x8!5^xuĜux8&,

F~x,x8!5^xuF̂ux8&,

F̂Ĝ5 Î .

This last equation implies thatĜ5(F̂2 i0)21, so that the
causal Green function becomes

G~x,x8!5 i E
0

`

dŝ xuexp~2 isF̂!ux8& ~14!

and the matrix element̂xuexp(2isF̂)ux8&5^x(s)ux8(0)& satis-
fies a Schro¨dinger-type equation,

i
]

]s
^x~s!ux8~0!&5~h2R/62m2!^x~s!ux8~0!&.

Dowker and Critchley@17# obtained the Green functio
for the static homogeneous space-time with spherical sp
sections (S3), using the above technique. Using a simi
procedure, the result for a static hyperbolic space sectio
obtained. Assuming that̂x(s)ux8(0)& depends only on the
geodesic distancex, given in Eq.~6!, the above equation is
easily solved. By substituting the solution^x(s)ux8(0)& for
the integrand in Eq.~14!,

G~x,x8!52
m

8p

x

sinhx

H1
(2)@mA~ t2t8!22R CURV

2 x2#

A~ t2t8!22R CURV
2 x2

,

~15!

where H1
(2) is the Hankel function of the second kind o

order 1, the causal Green function is obtained.
The Klein-Gordon equation remains unchanged un

isometries,

£jF S h2
R

6
2m2DfG5S h2

R

6
2m2D£jf,

where £j is the Lie derivative with respect toj, which is the
Killing vector that generates the isometry, so that summ
tions in the Green functions over the discrete elements of
group G(0.942707 . . .R CURV

3 ) remains well defined. Fo
comparison, we have from Eq.~6! in @17#,

G~x,x8,k2!52
k2

8pa sin~s/a! (
n52`

`

~s12pna!

3
H1

(2)@kA~ t2t8!22s2#

kA~ t2t8!22s2
.

The infinite summation appears because the space
tions S3 are compact and, therefore, there are an infin
number of geodesics connecting two points. In fact, by
moving the summation, leaving only the direct path a
making the substitutionss/a→ ix, a→ iR CURV, each for-
mula may be derived from the other. The Hadamard funct
can be obtained from Eqs.~15! and ~11!,
12350
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G(1)~x,x8!5
m

2p2

x

sinhx

K1@mA2~ t2t8!21RCURV
2 x2#

A2~ t2t8!21R CURV
2 x2

,

~16!

whereK1 is the modified Bessel function of the second kin
Substituting Eq.~16! and the covariant derivatives~3!

and~4! in Eq. ~12!, we obtainT(x,x8)mn in Eq. ~13!. In M
5R3H3/G(0.942707 . . .R CURV

3 ), the summation over the
infinite geodesics connecting the two pointsx andx8 is per-
formed by the action of the generatorsgi of the group
G(0.942707 . . .R CURV

3 ) and their products on the pointsx8
@for example, in Eq.~13!#:

^0uT~x,0.942707 . . .R CURV
3 !mnu0&5 lim

x→x8
(

i
T~x,G ix8!mn .

~17!

We evaluated Eq.~17! numerically for the compact space
time M. In the summation, the direct path gives a diverge
contribution. It can be shown that avoiding the direct path
equivalent to a renormalization of the cosmological const
@21#. We shall use the same type of renormalization. In E
~17!, we summed over the generators and their products
to three factors~see below! and assured that no transforme
point in the covering spaceG ix8 is summed more than once
We also checked that relation~1! was verified for each trans
formed point,G ix8.

We obtained the result shown in Fig. 2 for a scalar fie
with massm50.5, R CURV510. In Fig. 2, we plot the values
of the vacuum energy, E, seen by an observer with a f
velocity um5(1,0,0,0) of

E5^0uT~x,0.942707 . . .R CURV
3 !mnu0&umun

at each pointx on the surface of a sphere inside the fund
mental polyhedron shown in Fig. 1. The radius of the sph

FIG. 2. Renormalized value of the vacuum 00 component o
conformally coupled massive scalar fieldf (E5Tmnumun5T00)
with a massm50.5 in the staticR3M space-time withRCURV

510. TheT00 is on a sphere of radiusr 50.6, inside the fundamen
tal polyhedron, Fig. 1, wherer is given in Eq.~5!.
8-4
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is chosen to ber 50.6, wherer is given in Eq.~5!. u andf
correspond to the latitude and longitude, so that the lineu
50 andu5p correspond to the south and north poles,
spectively. It is clear from Fig. 2 that there are spontane
vacuum excitations of low multipolar components.

The infinite summation in Eq.~17! occurs because th
space-timeR3M is static, so that there has been enou
time for the quantum interaction of the scalar field with t
geometry to travel through space. Since the Universe is
panding, we know that the summation ceases to be str
physically valid. The presence of the mass term, howe
naturally introduces a cutoff.

In Eq. ~17!, we summed over the generators and th
products. We found that products of four generators or m
contributed less than 10214 to the values in Fig. 2~i.e.,
;1028 of the plotted values ofT00).

V. CONCLUSIONS

We explicitly evaluated the distribution of the vacuu
~Casimir! energy of a conformally coupled massive sca
y

tu

e

12350
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field for a specific interesting situation: the smallest sta
universe of negative curvature known, whose spatial sect
are the Weeks manifold. As a specific example, we ch
m50.5 for the mass of the scalar field,R CURV510 for the
radius of curvature of the Universe and values ofT00 on a
sphere of radiusr 50.5 inside the fundamental polyhedro
Fig. 1 are shown in Fig. 2. It can be seen in Fig. 2 that th
is a maximum ofT00;2.631026 at u;3p/4, f;p/2 and a
minimum ofT00;2.731026 at u;p/4, f;3p/2. It is to be
noted that this type of topological effect depends on
mass: for smaller values ofm the maximum values are big
ger and the minimum values are smaller.
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Contemporaine—Me´thodes et Applications, 1st ed.~Mir, Mos-
cow, 1982!, Pt. 2.

@16# J. Schwinger, Phys. Rev.82, 664 ~1951!.
@17# J. S. Dowker and R. Critchley, Phys. Rev. D15, 1484~1977!.
@18# B. S. De Witt, Phys. Rep., Phys. Lett.19C, 296 ~1975!.
@19# S. M. Christensen, Phys. Rev. D17, 946 ~1978!.
@20# S. M. Christensen, Phys. Rev. D14, 2490~1976!.
@21# A. A. Grib, S. G. Mamayev, and V. M. Mostepanenk

Vacuum Quantum Effects in Strong Fields~Friedmann Labo-
ratory Publishing, St. Petersburg, 1994!.
8-5


