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A scale-independent approach, valid for weakly bound three-body systems, is used to analyze the
existence of excited Thomas–Efimov states in molecular systems with three atoms: a helium dimer
together with isotopes of lithium (6Li and 7Li) and sodium (23Na). With the present study and the
available data, we can clearly predict that the4He227Li system supports an excited state with
binding energy close to 2.31 mK. ©2000 American Institute of Physics.
@S0021-9606~00!30442-1#
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I. INTRODUCTION

Three-body quantum systems have some peculiar eff
that had been noticed many years ago. In 1935, Thom1

observed that for a nonrelativistic zero-ranged~Dirac-delta!
two-boson interaction that supports one bound state, the
responding ground state for the binding energy of the thr
boson state will approach2`. This is known as theThomas
collapse.

Thirty five years later, in 1970, Efimov2 noted that if the
two-body interaction is weakened in such a way that
range of the potential,r 0 , is kept fixed, when the two-bod
binding energy approaches zero (B2→0), the number of
three-body bound statesincreases to infinity. This is the
well-known Efimov effect. The observation of Efimov can
conveniently generalized in terms of the two-body scatter
length~instead of the two-body binding energy!, as the two-
body system does not need necessarily to be bound:
well-known that a three-body system can be bound eve
the cases where the two-body subsystems are not boun
what is calledBorromean three-body states.3

The effects observed by Thomas~three-body ground-
state collapse! and Efimov~infinite number of excited three
body finite energies!, apparently very different, were show
to be related by the same scaling mechanism.4 They are sup-
posed to be model independent, as they are due to the e
tive interaction at distances outside the range of the poten
The mechanism discussed in Ref. 4 was further explore
classify halo states in nuclei with three-body structures.5 A
universal scaling plot~in dimensionless units!, valid in the
low energy regime and based on a renormalized zero-ran
theory, was proposed in Ref. 5 to identify Thomas–Efim
states in three-body halo nuclei~Recently, a similar idea wa
used in Ref. 6 to characterize and classify halo states.! The
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b!Electronic mail: tobias@fis.ita.cta.br
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validity of the approach was also verified in the case
three-atom systems in Ref. 7, where the results of a stud
the helium trimer were compared with realistic availab
calculations.8–13A recent independent calculation in halo n
clei, with a realistic two-body interaction, has also confirm
the validity of the scaling mechanism.14

As a further motivation, one should notice that in the la
three years, a lot of attention was brought to the search
weakly bound Efimov states in atomic systems, consider
the possibility of altering~from negative to positive values!
the effective scattering length that describes the low-ene
atom–atom interaction, by using an external magne
field.15 This possibility~of changing the two-body scatterin
length! can alter in an essential way the balance between
nonlinear first few terms of the mean-field description in t
equations that model the Bose–Einstein condensed sta
gases.16 This can certainly open new perspectives for the
retical and experimental investigations related to the ma
body behavior of condensed systems.17 Within the same per-
spective, the recent interesting experimental propo
suggested by Hegerfeldt and Ko¨hler18 may also prove to be
helpful for the investigation of the weakly bound excite
state in helium trimer.

A system of particles with exactly zero two-body bin
ing energy is not easy to be identified in nature. Howev
the Thomas–Efimov effect is expected to be manifested
weakly bound quantum few-body systems, whenever the
is much larger than the corresponding two-body range,r 0 .
Most of the recent theoretical studies on Efimov states us
realistic interatomic interactions have been concentrated
the 4He trimer,8,7 where one Efimov state was recognize
The search of Efimov states in such a system was motiv
by the remarkable small binding energy of the4He dimer:
B4He2

5 1.31 mK.

Generalizing the search of Efimov states for atomic s
tems, Yuan and Lin19 have also considered different ma
arrangements in triatomic molecules. These atomic syst
4 © 2000 American Institute of Physics
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 This a
will be further discussed in Sec. II, considering the ma
motivation of the present article: to verify the most favorab
systems to allow the existence of Efimov states, usin
renormalized zero-ranged~RZR! model. In Secs. III and IV,
respectively, we present the basic idea of a scaling func
and show how it is constructed using the Faddeev formal
for the RZR model. In the last section we present our m
results and conclusions.

II. THOMAS–EFIMOV STATES IN THE THREE-BODY
MOLECULAR SYSTEM

In Ref. 19, using realistic two-atomic interaction,
search of weakly bound excited three-body states was
formed for a set of nine triatomic molecules of the type H
He–X, whereX5 different isotopes of helium, sodium, an
lithium atoms. Considering that the binding energy of t
4He26Li system,B4He26Li50.12 mK, is much smaller than
the energy of the4He dimer ~1.31 mK!, and also about 18
times smaller than the binding energy of the4He27Li
(B4He27Li5 2.16 mK!, they select the system4He226Li as
the natural candidate to search for at least one Efimov s
However, it turns out quite naturally, from a scaling a
proach proposed in Ref. 5, that the magnitude of the r
between the energies of the two-body subsystems and
three-body system is the relevant quantity to be considere
this search. So, the small magnitude of the two-body~bind-
ing or virtual! energy is not the only one responsible for t
occurrence of Efimov states in the three-body system.

In the present work, applying the approach based on
RZR model defined in Ref. 5, we conclude that, between
three-body molecular systems4He226Li and 4He227Li and
against the expectation based on the two-body energies,19 the
second is the best candidate to present a weakly bound
cited state. As will be shown, with the scaling function a
given the ground-state energies, we can also predict the
ergy of the weakly bound excited state for the4He227Li
molecule to be close to 2.31 mK.

The RZR model, applied to low-energy three-body s
tems, provides a minimum requirement to constrain the
istence or not of Efimov states. Using the scaling functi
one can relate the energy of the first excited Efimov s
with the energy of the ground-state and the energies of
two-body subsystems. In the same way, the second exc
Efimov state can also be related with the first Efimov st
and the two-body subsystems, and so on. The two-b
~binding or virtual! and three-body binding energies becom
quite naturally the physical two- and three-body scales
parametrize the three-body system in the limit of a renorm
ized zero-range interaction. As the input energies are fixe
such a renormalized model, the generality of the result
claimed to be model independent. The main physical ar
ment for this universality is related to the unusually lar
size of the weakly bound three-body system in respect to
interaction range. Consequently, the detailed form of
two-body interaction is not crucial for the determination
the excited states.

The RZR model, discussed for equal mass three-b
system in Ref. 20, was successfully applied to study the4He
trimer.7 An extension of it, considered for the cases whe
rticle is copyrighted as indicated in the article. Reuse of AIP content is sub
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the three-body system can have two distinguished partic
was also applied to study low-energy halo-nuclei systems5,21

Here, we consider this version of the model in our search
weakly bound excited states in three-atomic molecular s
tems. In case of three-body systems with unequal masses
ratio between the energies of two consecutive Efimov sta
is very sensitive to the mass asymmetries.5,7 In the particular
case of systems with equal masses, the ratio is close to
However, in the other extreme limit of masses, the scal
approach predicts that the ratios between consecutive Efi
energies can be greater than 2000~for two heavy particles
and a light one! or about 140~for the case of two light
particles and a heavy one!.

Considering the small magnitude of the Efimov excit
state energies, the search for such states is not an eas
perimental task; it is also tedious to be performed in cal
lations using realistic interactions if one does not use a c
venient scaling. So, it is relevant to take advantage of a gi
prescription that gives evidence of correlations between
two and three-body binding energies. The RZR model gi
such a prescription, as observed in Ref. 7. Such an appro
to identify Efimov states in three-body systems, can b
relevant guide for realistic calculations19 or for experimental
proposals.18

III. THE SCALING FUNCTION

In Refs. 5,7 was already presented the basis on which
scaling function is constructed. Here we only give the und
lying physical picture for it. Let us suppose we have thr
bosons~two of them are identical and labeled witha; the
third one labeledb) interacting via a short-ranged two-bod
potentiallV(r ) with ranger o . Once the form of the poten
tial is known, the two-body binding energiesBaa and Bab

are functions ofl andr o . A set of these parameters, (l,r o),
will allow the same constant values ofBaa and Bab . It
means that, asr o→0, l has to increase to keep constant t
two-body binding energies. Simultaneously, asr o→0 the
three-body energyB3 increases as 1/r o

2 as observed by
Thomas.1 Thus, one of the scales of the three-body proble
r o , can be eliminated in favor of the three-body ground-st
energy,B3

(0) , for example. All the detailed information abou
the short-range force, beyond the low-energy two-body
servables, are retained in only one three-body physical in
mation, in the limit of zero-range interaction. Therefore,
this limit, the three-body problem is quite naturally param
etrized by the physical two-body and three-body sca
given by the corresponding energies:Baa , Bab , andB3 . It
is reasonable to expect that the three-body low-energy p
ics would be dominated by these physical scales. In
renormalized zero-range model applied to three-body s
tem, a dimensionless scaling function is defined to expr
the ratio between two consecutive three-body binding en
gies, as the (N11)th and the (N)th states. Such scaling
function will depend on the mass ratio of the particles and
the ratios of the physical scales of the three-body syst
Baa /B3

(N) , Bab /B3
(N) . For simplicity, in our discussion we

considerN50, as the scaling function is practically indepe
dent ofN.5,7
ject to the terms at: http://scitation.aip.org/termsconditions. Downloaded to  IP:
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The scaling function that related the first excited Efim
state with the ground state is given by

B3
(1)

B3
(0)

5FSABaa

B3
(0)

;ABab

B3
(0)

;AD , ~1!

whereA[Mb /Ma is the dimensionless mass ratio of thea
and theb particles. For convenience, we write the argume
of Eq. ~1! with square-roots. The two-body subsystems c
be bound or virtual, expressed by the corresponding sign
the square-roots, plus and minus, respectively.

In general, in respect to the energy of the two-body s
system,a2a anda2b, we need to examine four theoret
cal possibilities for the limiting conditions to allow on
excited-state energy above the ground-state energy~see Fig.
1!: ~I! a2a anda2b are both bound (1 1); ~II ! a2a is
virtual anda2b is bound (2 1); ~III ! a2a anda2b are
both virtual (2 2); and ~IV ! a2a is bound anda2b is
virtual (1 2). The critical boundary in the parametr
plane, defined by the coordinates (ABaa /B3

(0),ABab /B3
(0)),

is shown in Fig. 1. The prescription used to determine
critical boundary which allows one Efimov state above
given state, is the following: we solve the equations for
critical conditions in the parametric plane, derived from E
~1! in the four possible cases,~I! to ~IV !. In region~I!, where
both subsystems are bound, the boundary of the regio
which at least one Efimov state can exist is given by

FSABaa

B3
(0)

;ABab

B3
(0)

;AD 5maxS Bab

B3
(0)

;
Baa

B3
(0)D . ~2!

For both two-body subsystems having virtual states, wh
defines region~III !, one has

FSABaa

B3
(0)

;ABab

B3
(0)

;AD 50 . ~3!

In regions ~II ! and ~IV !, where one of the subsystems
bound, the critical boundary is found from

FIG. 1. The scaling approach for the three-body systema2a2b. The
coordinates of the systems witha[4He andb54He, 7Li, 6Li, and 23Na are
respectively, represented by a triangle, a star, a square, and a full circ
rticle is copyrighted as indicated in the article. Reuse of AIP content is sub
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FSABaa

B3
(0)

;ABab

B3
(0)

;AD 5S Baa

B3
(0)D or S Bab

B3
(0)D . ~4!

The above conditions establish the critical boundary for
region in the parametric plane in which Efimov states c
occur. A weakly bound excited Efimov state can exist fo
system if the corresponding point is inside the region sho
in Fig. 1. It is important to observe that the RZR mod
defines the smallest possible region, as seen in Fig. 1. If o
uses a realistic finite-range interaction, the region can
larger due to range effects. However, as one is more clos
the center of the figure, the results of the RZR model
proach the ones obtained by using a realistic interaction. T
implies that a realistic interaction cannot invalidate the co
clusions about existence of Efimov states obtained by us
the RZR model. The opposite can be true: one cannot
out the possibility of having Efimov states in the systems t
in the present scaling approach have coordinates outside
near the border of the parametric region defined in Fig. 1

In order to derive the scaling function, we employ
three-body renormalized zero-range model presented in
5. In the following we give some details of the formalism

IV. FADDEEV THREE-BODY EQUATIONS

The scaling function, Eq.~1!, is obtained from the nu-
merical solution of the coupled Faddeev integral equation
the zero-range limit of a two-body interaction.5 To solve the
integral equation, a regularization parameterL is introduced
in the momentum integration, related to the inverse of
interaction range.2,5 It goes to infinity as the radius of th
interaction decreases. In our approach, the limitL→` is
realized while the ratios between each of the two-body en
gies (Baa andBab) and the three-body ground state ener
are kept fixed. After partial wave projection, thes-wave a
2a2b coupled integral equations are given by

xaa~q!52taa~q;B3
(0)!E

0

L

dkG1~q,k;B3
(0)!xab~k!, ~5!

xab~q!5tab~q;B3
(0)!E

0

L

dk@G1~k,q;B3
(0)!xaa~k!

1AG2~q,k;B3
(0)!xab~k!#, ~6!

taa~q;E![
1

p FAE1
A12

4A
q27ABaaG21

, ~7!

tab~q;E![
1

p S A11

2A D 3/2

3FAE1
A12

2~A11!
q27ABabG21

,

~8!

G1~q,k;E![ log
2A~E1k21qk!1q2~A11!

2A~E1k22qk!1q2~A11!
, ~9!

G2~q,k;E![ log
2~AE1qk!1~q21k2!~A11!

2~AE2qk!1~q21k2!~A11!
. ~10!

The plus and minus signs in Eqs.~7! and~8! refer to virtual
and bound two-body subsystems, respectively. We made
ject to the terms at: http://scitation.aip.org/termsconditions. Downloaded to  IP:
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assumption that the range of thea2a anda2b interactions
are about the same, considering that the three-body mod
renormalized20 and only needs one three-body observable
be fixed, together with the two-body low-energy physic
information. We solve Eqs.~5!–~10! in units such thatL
51. The corresponding dimensionless quantities are:e3

(0)

[B3
(0)/L2, kaa[6ABaa/L, kab[6ABab/L. The two-

body observables can be written in terms of the three-b
binding energyB3

(0) , by replacingL, such thatkaa /Ae3
(0)

56ABaa /B3
(0) and kab /Ae3

(0)56ABab /B3
(0). The Tho-

mas effect occurs forL→` with the energies of the two
body systems kept fixed, whereas the Efimov states a
whenBaa andBab→0 with L kept fixed. The results for the
RZR model appear when the cutoff is written as a function
B3

(0) ; thus, the three-body observables naturally scale w
B3

(0) . Finally, the scaling function, Eq.~1!, is obtained when
the numerical results of the excited state energies as a f
tion of the two-body energies are rescaled byB3

(0) .

V. RESULTS AND DISCUSSION

Our analysis has considered a few particular three-b
molecular systems, in which the three-body ground-state
ergy and the corresponding energies of the two-body s
system is known and given in Ref. 19:4He trimer, 4He2

26Li, 4He227Li, and 4He2223Na. In Ref. 19, the authors
have considered realistic two-body interactions with fin
nonzero ranges; their results for the ground-state energie
appropriate for our purpose of predicting excited Efim
states using the scaling approach.

The4He3 atomic system was extensively studied by se
eral authors,8–13 strongly supporting the existence of at lea
one weakly bound excited state. The present scaling
proach was previously applied to this particular molecu7

with a result that is in very good agreement with realis
calculations. One should note, from the4He trimer
studies,8–13 that the ground state is extremely sensitive to
potential well region, and that the Efimov excited states
also very sensitive to certain features of the long-range
of the potential. However, in Ref. 7, it was definitely cla
fied that such apparent independent sensitivities~of the
ground and Efimov state energies! disappear once the ratio o
the dimer binding energy to the helium trimer ground-st
energy is kept fixed.7 This leads us to conclude that oth
details~beyond the dimer and trimer ground-state energ!
presented in the realistic interactions that have been use
quite irrelevant to the existence of Efimov states. These
tures validate a universal scaling function, relating the trim
ground-state, the dimer, and the weakly bound excited th
body energy state. As the scaling limit works in the4He
trimer case, this suggests its application to study other s
lar systems, including the case where two kinds of atoms
mixed. The conditions for the validity of the approach a
that the atoms should have a very shallow and short-ran
two-body interaction, with the binding energy close to ze
These are indeed the cases we are considering. The
relevant data we need to take into account in the pre
study of the occurrence of weakly bound excited states
given in Table I. In this table, we also present the cor
rticle is copyrighted as indicated in the article. Reuse of AIP content is sub
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sponding numerical results obtained with the scaling
proach for the molecular systems under consideration.

The data and results given in Table I are related to
results shown in Figs. 1 and 2. In these figures, the coo
nates are dimensionless variables that depend on the ene
of the two- and three-body system. In Fig. 1 we have
critical boundary that constrains the weakly bound exci
states, as previously discussed. In Fig. 2, we show the ca
lated scaling function for the system4He227Li, that was
obtained in the same way as the scaling function for
helium trimer in Ref. 7.

The first important point to notice, is that the existen
of Efimov state is not directly connected to the two-bo
binding energy alone, but rather to the ratio of binding en
gies shown in columns 5 and 6 of Table I. Through comm
knowledge, one could naively expect that the4He226Li
molecule is the favorite one to search for an Efimov sta
since it presents the smallest values for the two-atom bind
energies displayed in Table I. Surprisingly this is not t
case, as the representative point~0.204, 0.0618! lies outside
the region defined by the critical curve of the4He226Li

TABLE I. Results for the molecular systemsa2a2b identified in the first
column. The ground-state energies and the corresponding energies o
two-body subsystems are given in the second, third, and forth colum
taken from Ref. 19. In the fifth and sixth columns we give the correspond
coordinates of the points represented in Fig. 1. In the last column, we h
the predictions obtained with the scaling function for the weakly bou
excited state energies:4He trimer was obtained in Ref. 7, and4He227Li is
given by Fig. 2.

Molecule
a-a-b

B3
(0)

~mK!
Baa

~mK!
Bab

~mK!
ABaa

B3
(0) ABab

B3
(0)

B3
(1)

~mK!

4He3 106.0 1.31 1.31 0.111 0.111 2.05
4He226Li 31.4 1.31 0.12 0.204 0.0618 ¯

4He227Li 45.7 1.31 2.16 0.169 0.217 2.31
4He2223Na 103.1 1.31 28.98 0.113 0.530 ¯

FIG. 2. Plot of the scaling limit showing the coordinates related to
system4He227Li. The cross indicates that the energy of the excited stat
B3

(1)52.31 mK, considering the data given in Table I.
ject to the terms at: http://scitation.aip.org/termsconditions. Downloaded to  IP:
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molecule system~the mass ratio in this case isA51.5). The
4He227Li molecule ~with A51.75) has the coordinates o
its representative point in the parametric space given
~0.169, 0.217! ~see Table I!. This point is inside the region
where the occurrence of at least one Efimov state is poss
~see Fig. 1!. Again, we stress here the role played by t
three-body scale~ground-state energy! in determining the
Efimov state. The possibility of Efimov state in4He226Li
molecule cannot be completely excluded if range effects
pand the corresponding region. However, the occurrenc
Efimov state in the case of4He2223Na (A55.75) can be
more easily excluded. As we can see in Fig. 1, its repres
tative point~0.113, 0.530! is outside and far from the borde
of the corresponding parametric region.

From the set of molecules we have considered, the e
tence of one Efimov state is concrete only in two cases:4He
trimer and4He227Li. In the same way the scaling functio
in Ref. 7 was used to predict the Efimov energy of the4He
trimer, we can also consider the corresponding scaling fu
tion for the system4He227Li. The scaling function is calcu-
lated forAB4He7Li /B3

(0)50.217~see Table I!, while we vary

the ratioAB4He4He /B3
(0) to show the analytical form of suc

function. The result is given in Fig. 2, where it is shown t
plot of A(B3

(1)2B4He7Li )/B3
(0) is shown against

AB4He2
/B3

(0). The coordinates that will give us the Efimo

state energy is indicated on this curve by the symbol1 and
corresponds toAB4He2

/B3
(0)50.169. The predicted energ

of the Efimov state, B3
(1) , is obtained from

A(B3
(1)2B4He7Li)/B3

(0)50.057, implyingB3
(1)52.31 mK.

In summary, using the scaling function derived from
RZR model,5 we can predict an excited weakly bound sta
for the molecular4He227Li system. As shown in Table I
considering the three-body molecular system analyzed
Ref. 19 that has two-body sub-systems bound, one can
pect one Thomas–Efimov state only in the4He trimer and in
the 4He227Li system. The weakly bound excited state
helium trimer, first predicted in Ref. 8, was proven to be
good test for the predictive power of the scaling approach
Ref. 7 ~essentially the same result was obtained!. Amongst
the systems4He226Li and 4He227Li, the scaling approach
eliminates the naive expectation that the first system is m
favorable to have Efimov states. Even considering that
energy of the subsystem4He26Li ~0.12 mK! is about 18
times smaller than the energy of the subsystem4He27Li
~2.16 mK!, the system4He227Li is more favorable to allow
rticle is copyrighted as indicated in the article. Reuse of AIP content is sub
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one weakly bound excited state. This is not surprising us
the scaling approach, as the relevant quantities to be cha
terized are dimensionless ratios of physical observab
where the three-body ground-state energy is the natural s
for the three-body system.
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11W. Schöllkopf and J. P. Toennies, Science266, 1345 ~1994!; J. Chem.

Phys.104, 1155~1996!; K. T. Tang, J. P. Toennies, and C. L. Liu, Phy
Rev. Lett.74, 1546~1995!.

12B. D. Esry, C. D. Lin, and C. H. Greene, Phys. Rev. A54, 394~1996!; B.
D. Esry, C. H. Greene, Y. Zhou, and C. D. Lin, J. Phys. B29, L51 ~1996!.

13E. A. Kolganova, A. K. Motovilov, and S. K. Sofianos, Phys. Rev. A56,
R1686~1997!.

14I. Mazumdar, V. Arora, and V. S. Bhasin, Phys. Rev. C61, 051303
~2000!.

15S. Inouye, M. R. Andrews, J. Stenger, J.-J. Miesner, D. M. Stamper-K
and W. Ketterle, Nature~London! 392, 151 ~1998!; E. Timmermans, P.
Tommasini, M. Hussein, and A. Kerman, Phys. Rep.315, 199 ~1999!.

16A. Gammal, T. Frederico, L. Tomio, and Ph. Chomaz, Phys. Rev. A61,
051602~R! ~2000!; A. Gammal, T. Frederico, and L. Tomio, Phys. Rev.
60, 2421~1999!.

17N. H. March, J. Chem. Phys.79, 529 ~1983!.
18G. C. Hegerfeldt and T. Ko¨hler, Phys. Rev. Lett.84, 3215~2000!.
19J. Yuan and C. D. Lin, J. Phys. B31, L637 ~1998!.
20S. K. Adhikari, T. Frederico, and I. D. Goldman, Phys. Rev. Lett.74, 487

~1995!; S. K. Adhikari and T. Frederico,ibid. 74, 4572~1995!.
21A. Delfino, T. Frederico , M. S. Hussein, and L. Tomio, Phys. Rev. C61,

051301~R! ~2000!.
ject to the terms at: http://scitation.aip.org/termsconditions. Downloaded to  IP:

, 14 Jan 2014 15:11:15


