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Seesaw tau lepton mass and calculable neutrino masses in a 3-3-1 model

J. C. Montero,* C. A. de S. Pires,† and V. Pleitez‡

Instituto de Fı´sica Teo´rica, Universidade Estadual Paulista, Rua Pamplona, 145, 01405-900, Sa˜o Paulo, SP, Brazil
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In this work we show that in a version of the 3-3-1 model proposed by Duong and Ma, in which the
introduction of a scalar sextet is avoided by adding a singlet heavy charged lepton, thet lepton gains mass
through a seesawlike mechanism. We also show how to generate neutrino masses at the one-loop level, and
give the respective Maki-Nakagawa-Sakata mixing matrices for a set of the parameters. We also consider the
effect of adding a singlet right-handed neutrino.
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Some years ago a model with SU(3)C^ SU(3)L ^ U(1)N

gauge symmetry was proposed, 3-3-1 for short, in which
three lepton families transform in the same way under
gauge symmetry, i.e.,CaL5(na ,l a ,l a

c)L;(1,3,0) with a
5e,m,t @1,2#. Therefore, in this model the lepton mass te
transforms as (1,3,0)^ (1,3,0)5(1,3* ,0)A% (1,6,0)S ;
hence, in order to give mass to the charged leptons
possible to introduce a tripleth5(h0,h1

2 ,h2
1)T;(1,3,0)

and a symmetric sextetS;(1,6,0) @2#. With the h triplet
only, one of the charged leptons remains massless and
other two are mass degenerate. Hence, at least a sextetShas
to be introduced in order to give arbitrary masses to
charged leptons. Although this implies that the model ha
rather complicated Higgs scalar sector, it is interesting
stress that all the extensions of the electroweak stan
model with extra Higgs scalar multiplets, such as mu
Higgs doublets@3#, singlets@4,5#, and triplets@6#, are embed-
ded in this 3-3-1 model. In fact, under the subgro
SU(2)L ^ U(1)Y,SU(3)L ^ U(1)N the model has three sca
lar doublets, four singlets~one neutral, one singly charge
and two doubly charged!, and a complex triplet. This sort o
model also gives some insight into the family replication a
into the observed value of the weak mixing angle sin2uW
,1/4. Moreover, recently the 3-3-1 models have become
teresting possibilities for explaining the new value of t
positive muon anomalous magnetic moment, reported by
Muon (g22) Collaboration@7#. The new (g22) value is
consistent not only with supersymmetry@8# but also with
several versions of the 3-3-1 model as was shown in Ref.@9#.
Finally, in one version of the model it is possible to gener
the top and bottom quark masses at the tree level while
other quarks and charged leptons gain mass at the one
level @10#.

The seesaw mechanism was proposed in order to un
stand the smallness of the neutrino masses@11#. On the other
hand, later, a generalization of this mechanism was in
duced, which is also valid for the charged lepton masses
the context of the minimal left-right symmetric mod
@12,13#. Here we will show, in a 3-3-1 model, that a simila
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mechanism can be implemented for the case of thet lepton
mass and that the three neutrinos gain mass radiatively
the case of three neutrinos the masses and mixing are al
completely determined by the charged lepton parameters
fact, they depend only upon a coupling constant (l) of a
quartic term of the scalar potential. This implies that we a
also calculating the ratio of the neutrino masses@see Eq.~12!
below#.

Some years ago, Duong and Ma@14# noted that a way to
give mass to the charged leptons that does not involv
scalar sextet can be implemented: In addition to the us
scalar triplets h, mentioned before,r5(r1,r0,r11)T

;(1,3,1), and x5(x2,x22,x0)T;(1,3,21), they intro-
duced a charged lepton transforming like a singlet:EL8
;(1,1,21) andER8;(1,1,21). In this case the Yukawa in
teractions are given by

2LY5
1

2 (
i , j ,k51,2,3
a,b5e,m,t

e i jk~CaLi!
cFab~C!bL jhk

1 (
a5e,m,t

@ f a~C!aLER8r1 f a8EL8xT~Cc!aR#

1ME8̄LER81H.c., ~1!

whereFab denotes an antisymmetric matrix. Then the ma
matrix for the charged leptons, in the basis of the symme
eigenstates that we denotel L,R8 5(e8,m8,t8,E8)L,R , reads

l̄ L8M l l R81H.c. where

M l5
1

A2 S 0 2 f emvh 2 f etvh f evr

f emvh 0 2 f mtvh f mvr

f etvh f mtvh 0 f tvr

f e8vx f m8 vx f t8vx A2M

D . ~2!

Here for simplicity we have assumed real vacuum expe
tion values:̂ h0&[vh /A2,^r0&[vr /A2, and^x0&[vx

0/A2.
First, by assuming that the only vanishing dimensionle

parameters in Eq.~2! are f em , f et , f e , and f e8 , we obtain
me50 and approximately
©2002 The American Physical Society17-1
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mm'2
f m f mt

A2 f t

vh , mt'2
f t f t8vrvx

2M
2mm ,

mE'M2mt1mm . ~3!

To get a positive mass for them andt leptons we can rede
fine the corresponding field by ag5 factor, i.e., m(t)
→g5m(t) ~or see below!. We see from Eq.~3! that thet
lepton mass is of the seesaw type@12,13#; however, as shown
below, theM mass is not related to a grand unification sca

The mass matrix in Eq.~2! is diagonalized by a biunitary
transformation UL

l†M lUR
l 5M̂l , relating the symmetry

eigenstates ~primed fields! with the mass eigenstate
~unprimed fields!, l L85UL

l l L and l R85UR
l l R , where the mass

eigenstates are denoted byl L,R5(e,m,t,E)L,R .
Notice that even for massless neutrinos, which may re

in diagonal interactions with theW boson, there are flavo
changing neutral and charged currents in the interaction
Eq. ~1!. This means that although the model has many
rameters they are not fixed only by the mass of the char
leptons but by new interactions too. In this situation, we c
introduce the unitary matricesUL,R

l in Eq. ~1! and leave the
phenomenology to determine both the masses of the H
scalars and the matrix elements of these matrices, or we
determine these matrices first by giving the appropriate m
to the charged leptons and use phenomenology to deter
only the mass of the Higgs scalars. Here we will compl
the first part of the second alternative, i.e., we will determ
the mixing matricesUL,R

l , and leave for further study th
phenomenology of the model.

Since we will be concerned below with the neutrino ma
phenomenology, we find it appropriate to obtain a set
parameters that are consistent with the actual values
the charged lepton masses. In this vein we u
UL

l†M l(M l)†UL
l 5(M̂l)2 andUR

l†(M l)†M lUR
l 5(M̂l)2 in

order to findUL,R
l . The numerical analysis of the eigenvalu

of M l(M l)† @or (M l)†M l#, gives the following masse
for the charged leptons~in GeV!:

me50.000510985,mm50.105658,

mt51.77703, mE53007.79, ~4!

which are in good agreement with those of Ref.@15#, if the
following parameters are chosen:

f em5 f et50.0006785, f mt50.021,

f e50.0004263, f e850.001,

f m50.0481815, f m8 50.05,

f t50.1259848, f t850.3; ~5!

and alsovx51000 GeV,M53000 GeV,vh520 GeV, and
vr5245.186 (5A24622202) GeV. The left- and right-
handed mixing matrices, up to five decimal places, are gi
by
09301
.

lt

in
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d

n

gs
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ss
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UL
l ;S 20.99517 20.09776 0.00836 0.00002

0.08889 20.86222 0.49866 0.00276

20.04154 0.49701 0.86672 0.00724

0.00008 20.00122 20.00766 0.99997

D ,

~6!

ŨR
l ;S 0.99914 20.04130 0.00433 0.00024

0.04133 0.99905 20.00754 0.01175

0.00395 20.00852 20.99747 0.07053

20.00100 20.01116 0.07061 0.99744

D .

~7!

We have verified that in fact, with the matrices given
Eqs. ~6! and ~7!, UL

l†M l ŨR
l 5M̂l whereŨR

l 5UR
l f with f

5diag(1,21,1,21) and M̂l5diag(me ,mm ,mt ,mE). This
analysis illustrate how the Duong and Ma singlet lept
works @14# to give the correct mass for the charged lepto

Until this point the neutrinos remain massless. Howev
there are several ways to give mass to the neutrinos in
context of the 3-3-1 models. These include mass genera
at the tree level@16# or by radiative corrections@17#. Here
the neutrinos will continue to be massless unless we al
the breakdown of the U(1)B1L global symmetry in the scala
potential, whereL is the total lepton number andB is the
baryon number@18,19#. This is because, ifB1L is con-
served, the mixture in the singly charged scalar sector oc
only betweenh1

2 ,r2, and betweenh2
2 ,x2, and diagrams

like that in Fig. 1 do not occur@see Eq.~8!#. Recall that the
B1L assignments are 2 forh2

2 andx2 and 0 forh1
2 andr2

@19#; for leptonsB1L coincides withL or with the family
lepton number. However, ifB1L is not conserved a quarti
term l(h†x)(h†r)1H.c. is allowed and all singly charge
scalar fields mix with one another. We will consider the ca
in which this quartic coupling among the scalar Higgs p
ticles does exist and diagrams like that in Fig. 1 do occ
The charged current is written in the mass-eigenstate bas
l̄ LgmVMNSnLWm

2 with the Maki-Nakagawa-Sakata matri
@20# defined asVMNS5(OL

l )†UL
n whereUL

n is the matrix that
relates the symmetry and the left-handed neutrino m
eigenstates. Notice that in this caseVMNS is a 433 matrix
since OL

l is the submatrix 334 of UL
l , i.e., omitting the

fourth row in Eq.~6!.
Let us now turn on the lepton interactions with the trip

h. From Eq.~1! we have

2 l aR~OR
lT!aaFabnbL8 h1

22naR8c Fab~OL
l !bal aLh2

1 . ~8!

FIG. 1. Diagram showing calculable neutrino masses.
7-2
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Notice that in Eq.~8! also only the 334 submatrix ofUL,R
l

appears, i.e., it omits the fourth row in Eqs.~6! and~7!, since
a,b5e,m,t but a5e,m,t,E; we have already denoted the
submatrices byOL

l ,OR
l .

Hence, we have a finite 333 nonsymmetric neutrino
mass matrix at the one-loop level of the form

M bd
n 5lvrvx (

a,a, f
~OR

lT!aaFabmaFd f~OL
l ! f a

3I ~M1
2 ,M2

2 ,ma
2 !

'
lvrvx

16p2M2
2 (

a
ma~OR

lTF !ab~FOL
l !daI ~r ,sa ,!,

~9!

and

I ~r ,sa!5E
0

1

dxE
0

12x

dy
1

~sa
22r 2!x1~sa

221!y2sa
2

,

~10!

whereM1,2 denote typical masses for the singly charged s
lars and we have definedr 5M1 /M2 and sa5ma /M2. We
have neglected a similar contribution proportional tovh

2 ,
which arises from Fig. 1 if we makeh1

2→r2,h2
2→x2, and

vrvx→vh
2 , since we are assuming thatvh

2!vrvx .
From Eq. ~9! we can built the symmetric mass matr

M n5(M n1M nT)/2. With M15100 GeV,M251 TeV,
and the parameters already obtained for the charged lep
in Eq. ~5!, we have from Eqs.~9! and~10! numerical values
for M n, in GeV and up to a factor 1026,

M n;lS 20.00775 20.18972 0.05030

24.60084 1.2635

20.29346
D . ~11!

This matrix has the following mass eigenvalues:

l~'0,0.04931,4.95892!31026 GeV, ~12!

where the first eigenvalue is assumed to be zero up to
decimal places we are considering.

This time we diagonalize the mass matrix in Eq.~11! by
making FUnTM nUnF5M̂ n5diag(m1 ,m2 ,m3) with m3
.m2.m1 whereF5diag(1,1,i ) and

Un;S 20.99896 20.02268 0.03961

0.03228 0.26260 0.96436

20.03228 0.96464 20.26160
D . ~13!

Notice that theUn matrix does not depend on the globall
parameter. In this case we have the mixing matrixVMNS

[(OL
l )TUnF:
09301
-

ns

he

VMNS;S 0.9983 0.0058 0.0572i

0.0538 0.2552 20.9654i

20.0202 0.9668 0.2545i

20.0002 0.0077 0.0008i

D , ~14!

where we have used the basisl 5(e,m,t,E)T and n
5(n1 ,n2 ,n3)T. Although the first row and column of this
mixing matrix are compatible with the small mixing ang
~SMA! mixing matrix, we cannot directly compare thes
numbers with the usual ones@21–23# because the matrix in
Eq. ~14! is not unitary. This means that, in the case of thr
neutrinos~three masses!, there are more parameters than
the case of a unitary mixing matrix~three Euler angles!.

Now we can try to fix the trilinearl parameter to be
consistent with the neutrino mass phenomenology. From
mospheric neutrino data@24# we know that at least one mas
eigenstate does exist such that its mass ism.AuDmatm

2 u
;(4 –6)31022 eV @25#. On the other hand, the solar ne
trino data requireDm(

2 ;1025,1027,10210 eV2 depending
on the type of solution, large mixing angle~LMA !, small
mixing angle~SMA!, lower probability, low mass~LOW! or
vacuum oscillation~VO! solution, respectively@26#. Hence
by coherence we will choosel in order to be consistent with
the SMA scenario. From Eq.~12! we see that withl;6.4
31025 we obtainm150 eV,m253.231023 eV, andm3
53.231021 eV.

Moreover, we would like to stress that the values of t
parameters given in Eq.~5! are not expected to be unique
This means that it could be possible to obtain other value
Eqs. ~11! and ~12! and, of course, of the Maki-Nakagawa
Sakata~MNS! matrix in Eq.~14!, which could fit better the
experimental data@21#. We have verified also that the neu
trino masses and the mixing matrix do not strongly depe
on the masses of the charged scalarsM1 ,M2. In this way, the
neutrino parameters are a prediction of the model: Once
values of thef ’s in Eq. ~2! are made consistent with th
known charged lepton masses, the ratios of the neut
masses and the mixing matrixUn are also automatically
fixed, sincel is a common factor.

Next, we would like to point out that in the 3-3-1 mod
the introduction of fermion singlets is more natural than
other models, including the standard electroweak model,
cause in the present context the charged singlet is introdu
in order to replace the scalar sextet. Since the numbe
fermion families transforming nontrivially under the 3-3-
gauge symmetry must be a multiple of 3, the more econo
way to introduce new fermions is by adding singlets und
this symmetry. Moreover, in the present model which alrea
has a charged lepton singlet, if we want to have agai
symmetry in the representation content between the cha
leptons and neutrinos we can add a right-handed neut
singletNR8 . In this case we can obtain a wider neutrino ma
spectrum if we considerNR8 as a light neutrino. In this situ-
ation we have the interactions

(
a5e,m,t

ĥa8caLNR8h1
1

2
~NR8 !cMRNR81H.c. . ~15!
7-3
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The neutrino mass matrix in the basisN8
5(neL8 ,nmL8 ,ntL8 ,(N8c)L)T and up to a 1026 factor, in GeV,
is given by

M n;l1
20.00775 20.18972 0.05030

ĥevh

2A2l

24.60838 1.2635
ĥmvh

2A2l

20.29346
ĥtvh

2A2l

ĥevh

2A2l

ĥmvh

2A2l

ĥtvh

2A2l

MR

2l

2 ,

~16!

where the numerical 333 submatrix denotes the mass e
tries generated by radiative corrections already obtaine
Eq. ~11!; we have definedĥa5106ĥa8 . The mass matrix in
Eq. ~16! has the following mass eigenvalues:

~'0,0.005,0.052,1.052! eV, ~17!

if we choose the following values for the dimensionless
rameters:

~l,ĥe ,ĥm ,ĥt!5~1026,231023,1027,1027!, ~18!

andvh520 GeV,MR52 eV. We can identify, for instance
Dm43

2 51.1 eV2,Dm32
2 52.731023 eV2, and Dm21

2 52.1
31025 eV2 with the respective mass square difference c
sistent with Liquid Scintillation Neutrino Defecter~LSND!
@27#, atmospheric@24#, and solar@26# neutrino data. In this
case the mixing matrix in the neutrino sector is given by

Un;S 0.99912 20.04199 20.00191 20.00067

20.04193 20.99886 0.02275 20.00091

20.00293 20.02191 20.97602 20.21654

0 0.00582 0.21646 20.97627

D .

~19!

The relation between the phenomenological neutrinosNa8
and the massive onesN5(n1 ,n2 ,n3 ,n4)T is given by N8
et

09301
in

-

-

5UnFN where F5diag(1,i ,i ,1). The VMNS5UL
l†UnF

mixing matrix is given now by

VMNS;S 20.9979 20.0461i 0.0445i 0.0095

20.0630 0.8544i 20.5048i 20.1056

20.0151 20.5175i 20.8363i 20.1807

20.0001 0.0029i 0.2094i 20.9778

D .

~20!

Notice that the 333 ~non-Hermitian! submatrix involving
the known charged leptons and the three active neutrino
again of the SMA solution type of the solar neutrino proble
@21,23#. However, see the discussion above. In this case
also obtain the mass square differences which are approp
for the solar and atmospheric neutrino data. From the fou
row and column we see that the heavy charged lep
couples mainly with the fourth neutrino and the usu
charged leptons couple weakly to this neutrino. Notwi
standing, in this case also the mixing matrix is not orthog
nal and it is not possible to make a direct comparison w
the usual 333 fitting of the data; and, as we said befor
using a different set of parameters in Eqs.~5! and ~18! we
should obtain different mixing matrices.

Thus, in this context we have four phenomenological n
trinos denoted byneL ,nmL ,ntL ,(N8c)L in the symmetry ba-
sis. So, in general, we have the possibility of implement
‘‘2 12’’ @28#, ‘‘3 11’’ @29–31#, or intermediate neutrino mix-
ing schemes. However, it is worth recalling that it is not cle
yet that we need four neutrinos since other types of soluti
like flavor changing neutrino interactions, are still possib
for the solar neutrino@32,33#. Also, for the case of the atmo
spheric neutrino, more exotic solutions like neutrino dec
and decoherence are not ruled out yet@34#. Moreover, sev-
eral of these mechanisms can be working at the same t
Notice also that without the sextet we have no chance
assume that the charged lepton mass matrix is diagonal,
that the fourth row gives the couplings of the neutrinos w
the heavy charged lepton, which are very small.

Finally, we would like to recall that in the present mod
there are energy independent flavor conversions@35#.
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