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The abundance and distribution of collapsed objects such as galaxy clusters will become an important

tool to investigate the nature of dark energy and dark matter. Number counts of very massive objects are

sensitive not only to the equation of state of dark energy, which parametrizes the smooth component of its

pressure, but also to the sound speed of dark energy, which determines the amount of pressure in

inhomogeneous and collapsed structures. Since the evolution of these structures must be followed well

into the nonlinear regime, and a fully relativistic framework for this regime does not exist yet, we compare

two approximate schemes: the widely used spherical collapse model and the pseudo-Newtonian approach.

We show that both approximation schemes convey identical equations for the density contrast, when the

pressure perturbation of dark energy is parametrized in terms of an effective sound speed. We also make a

comparison of these approximate approaches to general relativity in the linearized regime, which lends

some support to the approximations.
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I. INTRODUCTION

We now have overwhelming evidence that the Universe
is accelerating, possibly under the influence of some type
of negative-pressure substance—dark energy (DE) [1–3].
However, even though DE may be directly responsible for
this enhanced expansion, it is widely believed that the
direct impact of perturbations in DE density and pressure
on structure formation is very weak. This is strictly correct
only for a cosmological constant model of DE, which does
not have perturbations.

For most scalar field models of DE, this component
remains very homogeneous even on galaxy and cluster
scales. Heuristically, this can be understood as follows.
In these models the scalar field cannot have relaxed to its
minimum energy state, and one must require that the time
scale for the variation of the field is longer than the Hubble
time, implying a very flat potential. Therefore, the scalar
field must be extraordinarily light, m<H0, where H0 is
the Hubble parameter today. The mass of the scalar field
sets the scale for its spatial variation, and hence one usually
expects small perturbations in the scalar field for scales
� < 1=m (the Compton wavelength), which are of the
order of the Hubble radius. However, this argument may
not apply to more general models of dark energy.

If our only concern is the evolution of the background,
then the role of dark energy in the evolution of dark matter
perturbations is completely determined by its equation of
state w ¼ pe=�e, where pe is the homogeneous pressure
and �e is the homogeneous energy density of dark energy
[4–6]. At this level, dark energy affects structure formation
indirectly because, as it starts to dominate the background,
very large structures are ripped apart by the ensuing accel-
erated expansion [7,8].

However, dark energy can influence structure formation
in an additional manner. If it is a dynamical field or fluid,
then dark energy must possess inhomogeneities, and these
perturbations will interact gravitationally both with them-
selves and with clumps of dark matter [9]. This means that,
unless dark energy is just a cosmological constant, it will
both feel and create local gravitational potentials.
Although the effect of these inhomogeneities in the dark

energy component becomes small as w ! �1, in many
models with w � �1 it can be non-negligible when
evolved in the nonlinear regime [10–23]. Since the effects
of dark energy perturbations on the cosmic microwave
background are quite small (see, e.g., [24]), structure for-
mation is the only remaining probe of the nature of dark
energy on small and intermediate scales.
Nevertheless, a fully relativistic method to treat non-

linear perturbations is not available. When there is a pres-
sure ingredient the nonlinear relativistic equations take a
very complicated form. The Lemaı̂tre-Tolman-Bondi
(LTB) model [25–27] is the closest one can get to a work-
ing formalism, but it only works if matter is pressureless.
The problem is not with the gravity side of the equations,
but with the nonlinear evolution of matter and the relativ-
istic treatment of pressure.
In this respect, the only well-studied models with inho-

mogeneous dark energy are those involving canonical
scalar fields [15–20], for which the equations of motion
and the pressure follow directly from a given Lagrangian.
For these models the free parameters are the scalar poten-
tial and some set of initial conditions. In this approach, the
equation of state, the density perturbations, and the pres-
sure perturbations are derived quantities. Hence, a more
kinematical and model-independent approach to structure
formation, closer in spirit to the homogeneous description
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of dark energy in terms of a parametrized equation of state
wðzÞ, is sorely lacking.

There are two very different approximations to full-
blown general relativity that have been frequently used.
They are the spherical collapse (SC) model [28–30] and the
pseudo-Newtonian (PN) approach [31–34]. In a previous
work [21] we showed the equivalence between the SC/PN
approaches for a dark energy model where the effective
sound speed was equal to the equation of state, c2eff ¼ w,
and we computed the number counts for that model. In this
particular case the equation of state of dark energy is
homogeneous.

More recently, we have used these approximations in the
nonlinear regime in order to show that the ‘‘effective
equation of state’’ of dark energy inside a collapsed region
could be very different from its background value, a phe-
nomenon we dubbed ‘‘dark energy mutation’’ [23].

Some of the statements, such as the equivalence between
the SC and PN approaches in a general dark energy model,
were made without proof in [23] due to lack of space. The
purpose of this paper is to fill this gap. We show explicitly
that, even though the underlying assumptions for either the
SC or the PN approach are rather different, they yield
exactly the same nonperturbative equations as long as the
pressure perturbations are treated in the same way. They
also have an important advantage: they allow for a com-
pletely parametrized approach to dark energy. Further-
more, we compare the growth of perturbations in the linear
regime with a linearized relativistic analysis and show that
they are similar, lending support to the approximations.

This paper is organized as follows. In Sec. II we review
both the PN and SC approaches and show that they are
equivalent. In Sec. III we study the linear evolution of
perturbations in DE in this approximation. The linear
evolution of perturbations in a universe with a two-
component fluid is studied in general relativity in
Sec. IV. We present a comparison between the relativistic
analysis and the approximate analysis in the linear regime
in Sec. V. Section VI concludes.

II. SPHERICAL COLLAPSE AND PSEUDO-
NEWTONIAN COSMOLOGY

In linear perturbation theory there are essentially 3
degrees of freedom for scalar perturbations: the energy
density perturbation ��, the pressure perturbation �p,
and the scalar anisotropic stress � [35,36]. An alternative
set is given by the density contrast ��=�, the velocity

potential � ¼ ~r � ~v, and the anisotropic stress [37]. Since
large-scale anisotropic stresses decay rapidly, they can
only become relevant again inside structures which have
collapsed. This means that anisotropic stress should not
influence the mass of these structures, and therefore it is
unlikely that dark energy models can be differentiated on
the basis of anisotropic stress. For this reason we do not
consider it any further in this work (see, however, [38]).

We will parametrize the pressure perturbation using the
so-called effective sound velocity [39], defined as c2eff �
�pe=��e. We will assume that c2eff is a function of time

only, even though this simplification lacks any formal basis
in cosmological perturbation theory. This should be clear
from the fact that �pe is an independent degree of freedom
whose time and spatial dependences can be, and often are,
completely different from ��e. Only in a particular gauge
(the so-called ‘‘rest frame’’ of the fluid, where Ti

0 ¼ 0)
does the effective sound speed coincide with the universal
sound speed of linear relativistic perturbations, c2X [39,40].
It may be difficult to realize this parametrization in a
natural model, but the situation is not much different
from what happens when we parametrize the equation of
state.
The main reason that we use the effective sound speed,

though, is that it allows us to study nonlinear structure
formation within the spherical collapse model [28]. In this
extremely simple model, a spherically symmetric region of
homogeneous overdensity evolves inside the homogeneous
expanding Universe (this is the so-called ‘‘top-hat’’ density
profile). General relativistic arguments show that one can
regard the overdense region as a mini-universe of positive
curvature, and then we use the Friedmann and the
Raychaudhury equations to evolve the density and radius
of the spherical region [29,30].
It is therefore extremely interesting that this simplified

relativistic approach coincides with a pseudo-Newtonian
approach to cosmology. In fact, wewill show below that, as
long as the pressure perturbations are described in terms of
an effective pressure, the two approximations are com-
pletely equivalent. This means that the main physical
characteristics of gravitational collapse of structures such
as galaxy clusters is probably well described within this
framework.
The argument is as follows. First, the SC approach

should be a good approximation for large scales (where
relativistic effects should matter most), but not necessarily
for small scales, where the ‘‘mini-universe’’ argument is
less persuasive. On the other hand, the PN approach is well
motivated by the physics of gravity in small scales, but is
not assured to work for large scales. That the two ap-
proaches coincide shows that, at least in some limited
sense, the equations of the SC/PN approach should give a
good description of the gravitational interactions on scales
smaller than the Hubble radius.

A. Pseudo-Newtonian cosmology

In PN cosmology, particles in a comoving grid attract
each other gravitationally with a Newtonian potential. The
positions of the particles in the grid are the perturbed
variables. Although obviously limited, this approach can
be used for any configuration, not just the spherically
symmetric ones. But in order to bring the PN approach
closer to the SC model, we will adopt the same basic
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assumptions of the SC model for the PN cosmological
perturbations.

We consider an admixture of two fluids, cold dark matter
and dark energy. The key assumptions of the SCmodel (see
the next subsection) are that the density of each fluid is
homogeneous at all times in the spherical region (this is the
top-hat density profile) and that the velocity profile pre-
serves this homogeneity.

The comoving coordinates are ~x0 ¼ ~r0=a, where ~r0 is
the homogeneous (unperturbed) physical distance—here,
the radius of a spherically symmetric region. Under the
assumption of the SC model, the perturbed physical dis-
tance (physical radius) can be written as

~r ¼ ½aðtÞ þ fðt; ~x0Þ� ~x0; (1)

where a is the usual scale factor and f is the function that
accounts for the deviations from the background evolution.
The physical velocity is then given by

~u ¼ d~r

dt
¼ ð _aþ _fÞ ~x0 ¼

�
Hþ

_f

a

�
~r0; (2)

where _¼ @=@t and H ¼ _a=a is the Hubble parameter.
From the last equality we can define an effective rate of
expansion for the spherical region:

h ¼ H þ
_f

a
: (3)

Since the perturbed velocity is related to the peculiar
velocity ~v by

~u ¼ _a~x0 þ ~v; (4)

we obtain from Eq. (2) that

~v ¼ _f ~x0: (5)

In particular, the divergence of this velocity field is given
by

� � ~r � ~v ¼ 3 _fþ ~x0 � ~r _f : (6)

But, for a top-hat profile the last term vanishes, and we
obtain a simple relation between the local expansion rate h
and the background expansion rate H:

h ¼ Hþ
_f

a
¼ H þ �

3a
: (7)

The PN cosmological model is described by the equa-
tions [31]

@�j

@t
þ ~r � ð ~uj�jÞ þ pj

~r � ~uj ¼ 0; (8)

@ ~uj
@t

þ ð ~uj � ~rÞ ~uj ¼ � ~r��
~rpj

�j þ pj

; (9)

r2� ¼ 4�G
X
k

ð�k þ 3pkÞ; (10)

where �j, pj, and ~uj denote, respectively, the density,

pressure, and velocity of a given cosmic fluid and � is
the Newtonian gravitational potential due to all the com-
ponents; the equations are written in physical coordinates.
The corresponding perturbations above the background are
denoted by ��j, �pj, ~vj, and �. These equations are,

respectively, generalizations for fluids with pressure of
the continuity equation, of the Euler equation (both valid
for each fluid species j), and of the Poisson equation.
Notice the absence of an equation that dictates the evolu-
tion of pressure: in this hydrodynamical approach, pressure
is a thermodynamical function of the energy, temperature,
etc.
For cold dark matter and baryons the pressure is zero,

but for dark energy there is a homogeneous as well as an
inhomogeneous pressure. The homogeneous pressure is
usually described in terms of a parametrized equation of
state weðtÞ, such that peðtÞ ¼ weðtÞ�eðtÞ. As for the pres-
sure perturbations, we have chosen to specify another free
function, the effective sound speed c2eff , so �pe ¼ c2eff��e.

Within the SC description, this means that we consider an
effective equation of state wc inside the spherical region
which is not necessarily equal to the background equation
of state.
With the assumptions of the SC model, the equations of

PN cosmology assume a simple form. Using the density
contrast �j � ��j=�j we obtain, after some algebra,

_�j þ 3Hðc2effj � wjÞ�j þ
�j
a
½1þ wj þ ð1þ c2effjÞ�j� ¼ 0;

(11)

_� j þH�j þ
�2j
3a

¼ �4�Ga
X
k

�0k�kð1þ 3c2effkÞ: (12)

Equation (11) follows from the continuity equation, and
Eq. (12) is the divergence of the Euler equation. The last
equality in Eq. (12) is found by using the Poisson equation.
Note that, in general, we have separate Euler equations for

each fluid [21], but for a top-hat profile ( ~r�j ¼ 0) they

turn out to be identical, so there is only one �. The reason
for that is obvious: in order to preserve the top-hat profile,
all fluids must flow in the same way. Hence, in this ap-
proximation we have something similar to an effective
single fluid description [41].

B. The spherical collapse model

Let us now briefly review the spherical collapse model.
This formalism describes a spherically symmetric region
of uniform energy density �c ¼ �0 þ �� immersed in a
homogeneous universe of energy density �0. This spherical
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region will detach from the expansion of the Universe and
eventually collapse.

Consider the continuity equation for each fluid denoted
by an index j in the spherical region:

_� cj þ 3hð1þ wcjÞ�cj ¼ 0; (13)

where h ¼ _r=r is the local expansion rate of that region
and wcj denotes the equation of state in the perturbed

region. We can regard this spherical region as a
Friedmann universe with spatial curvature [28]. The dy-
namics of the coordinate r is then given by the second
Friedmann equation applied to this collapsing region:

€r

r
¼ � 4�G

3

X
j

ð�cj þ 3pcjÞ: (14)

Equations (13) and (14), which were obtained using gen-
eral relativistic arguments, are the basic equations of the
SC model. Note that there is only one dynamical equation
for the collapsing region, which is in agreement with the
single Euler equation that we found for the velocity field in
the PN description, Eq. (12).

The pressure and the energy density outside the spheri-
cal region are related by the background equation of state,
p0j ¼ w0j�0j . Inside the spherical region these quantities

can be different from their background values, so we have
now pcj ¼ wcj�cj for the collapsing region. In order to

compare the SC formalism with the PN equations derived
in the last section, we will employ here the same effective
sound speed we used before in order to describe the pres-
sure perturbations. Hence, we need to express the equation
of state wcj in terms of c2effj. Using the density contrast

�j ¼ ��j=�0j , we have that

�cj ¼ ð1þ �jÞ�0j ; (15)

from which it follows that

wcj ¼
pcj

�cj

¼ p0j þ �pj

�0j þ ��j

¼ wj þ ðc2effj � wjÞ
�j

1þ �j

:

(16)

This equation relates the equation of state in the perturbed
region to the background equation of state, the effective
sound speed, and the size of perturbations. It is possible
that the nature of dark energy can be significantly changed
in the perturbed region [23]. This effect is general, occur-
ring even at the level of linear evolution, and its magnitude
depends on the dynamical evolution of DM and DE fluc-
tuations—see also Refs. [16,20].

Using now Eqs. (15) and (16) we can recast Eq. (13) as

_�j þ ð3h� 3HÞð1þ wjÞð1þ �jÞ þ 3hðc2effj � wjÞ�j ¼ 0:

We can eliminate h using Eq. (7), with the result

_� j þ 3Hðc2effj � wjÞ�j þ ½1þ wj þ ð1þ c2effjÞ�j��a ¼ 0:

(17)

Now consider the dynamical equation (14). From Eq. (7)
we can write

_h ¼ €r

r
� h2 ¼ _H þ

_�

3a
�H

�

3a
; (18)

and substituting this expression into Eq. (14) we obtain,
with the help of Eqs. (15) and (16), that

_�þH�þ �2

3a
¼ �4�Ga

X
k

�0k�kð1þ 3c2effkÞ: (19)

Equations (17) and (19) are identical to Eqs. (11) and
(12). This means that both approaches are identical. The
relations (7) and (16) enable us to translate the PN varia-
bles into the SC variables, and now it becomes clear that
the two different descriptions give the same dynamics for a
top-hat perturbation where pressure gradients are absent.

III. LINEAR EVOLUTION IN THE SC/PN
APPROACH

Even though we showed that the PN and SC approaches
are equivalent, that still does not mean that they are correct.
Unfortunately, presently there is no fully nonlinear general
treatment of the evolution of perturbations in general rela-
tivity (GR). For this reason, we will compare our linearized
results with those obtained from linearized GR. We will
compute the linear evolution of an overdense region well
inside the matter-dominated era, and will compare the
growing mode obtained in the PN/SC formalism with the
relativistic growing mode.
The first-order equations can be linearized and recast as

a single, second-order differential equation for the density
contrast of each fluid species. We will assume that there is
always a dominant (d) and a subdominant (s) fluid. Using
the scale factor a for the time evolution (0 ¼ d=da), we
obtain for the dominant species

�00
d þ

�0
d

a

�
3�d þ 3

2
ð1� wdÞ

�

þ 3�d

2a2
½�dð1� 3wdÞ � ð1þ wdÞð1þ 3c2effdÞ� ¼ 0; (20)

where

�d ¼ ðc2effd � wdÞ: (21)

For cold dark matter (ceff ¼ w ¼ 0) this equation reduces
to

�00
d þ

3

2

�0
d

a
þ 3�d

2a2
¼ 0; (22)

with the well-known growing solution �ðaÞ / a. Hence,
when cold dark matter is dominant, which should be the
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case in the linear regime, the linear evolution of its density
perturbations is the standard one.

For the more general case, of a dominant fluid with
constant equation of state and constant speed of sound,
the solution is given by

�dðaÞ ¼ c1a
1þ3wd þ c2a

�3ð1þ2c2
effd

�wdÞ=2: (23)

Turning now to the subdominant fluid, its perturbations
obey the equation

�00
s þ �0

s

a

�
3�s þ 3

2
ð1� wdÞ

�
þ 3�s

2a2
½�sð1� 3wdÞ�

¼ 3�d

2a2
ð1þ wsÞð1þ 3c2effdÞ; (24)

where

�s ¼ ðc2effs � wsÞ: (25)

Assuming again that ws and c
2
effs are constants, one has the

solution

�sðaÞ ¼ c3a
�3�s þ c4a

ð3ws�1Þ=2 þ c5a
1þ3wd ; (26)

where

c5 ¼ 1
2c1ð1þ wsÞð1þ 3c2effdÞ½ð1þ 3wdÞð�s þ 1

2ð1þ wdÞÞ
þ 1

2ð1� 3wdÞ�s��1 (27)

arises from a particular solution of the inhomogeneous
equation.

In particular, if matter is the dominant fluid it follows
that

c5 ¼ c1ð1þ wsÞ
3�s þ 1

; (28)

and the dark energy density contrast grows in the sameway
as the dark matter density contrast. In addition, for the case
in which c2eff ¼ w one has an adiabatic condition satisfied,

namely, �e ¼ ð1þ weÞ�m. In general, however, the per-
turbations have a nonadiabatic component and the dark
energy density contrast evolves as

�sðaÞ ¼ ð1þ wsÞ
3�s þ 1

�dðaÞ þ c3a
�3�s ; (29)

where the last term in the right-hand side is a decreasing
mode in most cases.

IV. LINEAR EVOLUTION IN GR

In a previous paper [21] we showed that, for a single
perfect fluid with no pressure gradients, the growing modes
in the linearized SC/PN approach coincide with those
found in GR. Now we want to compare the PN and the
GR solutions for the dark energy perturbations in the linear
regime, including pressure gradients. We will consider
these perturbations during the matter-dominated period,
i.e., while DE is subdominant. This is motivated by the

fact that most observed structures were formed well into
the matter-dominated period.
We consider scalar perturbations to the metric in the

Newtonian gauge without anisotropic stress:

ds2 ¼ ð1þ 2�Þdt2 � a2ð1� 2�Þd~x2: (30)

The (00) and (ii) components of the Einstein equations in
Fourier space are

k2

a2
�þ 3Hð _�þH�Þ ¼ �4�G

X
j

��j; (31)

€�þ 4H _�þ
�
2
€a

a
þH2

�
� ¼ 4�G

X
j

�pj; (32)

and the conservation equations T�
0;� ¼ 0 and T�

i;� ¼ 0

yield

_� j þ 3Hðc2effj � wjÞ�j þ ð1þ wjÞ
�
�j
a
� 3 _�

�
¼ 0;

(33)

_� j þHð1� 3c2sjÞ�j �
k2�pj

ð1þ wjÞ�ja
� k2

a
� ¼ 0; (34)

where c2sj ¼ _pj= _�j is the adiabatic speed of sound.

In summary, the evolution of perturbations in a system
consisting of dark energy and dark matter in linearized GR
is described by the following set of five coupled differential
equations:

€�þ 4H _�þ
�
2
€a

a
þH2

�
� ¼ 3

2
H2�ec

2
eff�e; (35)

_�m þ �m
a

� 3 _� ¼ 0; (36)

_� e þ ð1þ weÞ
�
�e
a
� 3 _�

�
þ 3Hðc2eff � weÞ�e ¼ 0;

(37)

_�m þH�m � k2

a
� ¼ 0; (38)

_� e þHð1� 3c2seÞ�e � k2c2eff�e

ð1þ weÞa� k2

a
� ¼ 0: (39)

V. COMPARISON BETWEEN GR AND PN

In PN cosmology the linear evolution of DM and DE is
determined by the system of equations that arise from
Eqs. (8) and (9) for each fluid, namely,

_�m þ �m
a

¼ 0; (40)
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_� e þ ð1þ weÞ�ea þ 3Hðc2eff � weÞ�e ¼ 0; (41)

_�m þH�m � k2

a
� ¼ 0; (42)

_� e þH�e � k2c2eff�e

ð1þ weÞa� k2

a
� ¼ 0: (43)

Notice the absence of a dynamical equation for �. To
eliminate the k2� terms we can use the constraint implied
by the Poisson equation in PN cosmology, Eq. (10). Then
the time variation of the potential is determined by the
evolution of the density contrasts. Also notice that these
equations lack some terms when compared with their
relativistic counterparts, as already pointed out in
Ref. [42]. However, as we will show, during the matter-
dominated era and on small scales, this discrepancy
changes only the velocity that DE perturbations decay
but does not modify their late-time behavior.

In the matter-dominated regime,� ¼ const is a solution
of Eq. (32), which also arises from the system of Eqs. (40)–
(43). In this case, it is interesting to notice that Eq. (37)
becomes identical to Eq. (41). However, Eq. (39) coincides
with Eq. (43) only in the case cse ¼ 0.

As we see, the equations for the growth of perturbations
are different in GR and PN already in the linear regime.
Now we perform a quantitative study of this difference. We
will work out the case of a matter-dominated universe with
a small DE component, as expected in the linear regime, in
which case � is a constant. Furthermore, to avoid further
complications, we assume constant values for w and c2eff .

Under these conditions we can write a second-order
differential equation for the linear growth of the dark
energy density perturbation as a function of the scale
factor, �eðaÞ:

�00
e þ �

�0
e

a
þ

�
	þ k2c2eff

a2H2

�
�e

a2
¼ �ð1þ wÞ k2

a2H2

�

a2
:

(44)

This equation arises both in GR and PN: in the latter case,
we keep the pressure gradient in the Euler equation (9),
which was dropped in the case of a top-hat perturbation.
Only the parameters � and 	 are different in the two cases:

�GR ¼ 3
2 þ 3�� 3w; 	GR ¼ 3�ð12 � 3wÞ; (45)

�PN ¼ 3
2 þ 3�; 	PN ¼ 3

2�; (46)

where � was defined in Eq. (25).
We will make a comparison focusing on small scales,

where the PN approximation is supposed to be more accu-
rate. In this case, we can neglect the 	 term in the square
brackets of Eq. (44), and we immediately write a constant
particular solution:

�e ¼ �ð1þ wÞ
c2eff

�: (47)

In order to solve the homogeneous equation we perform
the following change of variables:

�eðaÞ ¼ x1��yðxÞ; (48)

where x is defined in terms of the conformal time 
 as x ¼
kceff
. Then Eq. (44) becomes

d2y

dx2
þ 1

x

dy

dx
þ

�
1��2

x2

�
y ¼ 0; (49)

where, according to the different coefficients in Eqs. (45)
and (46), � assumes different values:

�GR ¼ �1
2ð1� 6c2effÞ; (50)

�PN ¼ �1
2ð1þ 6w� 6c2effÞ: (51)

The solutions are Bessel functions of the first kind,
J��ðxÞ. The dark energy density contrast behaves as

�eðxÞ ¼ x1��J��ðxÞ � ð1þ wÞ
c2eff

�: (52)

These solutions both have an oscillatory behavior with a

decreasing amplitude proportional to x1���1=2, and they
eventually reach the constant value �e ¼ �ð1þ wÞ�=c2eff .
In order to check this analytical behavior, we numeri-

cally solve the complete system of coupled differential
equations (35)–(39). We used as an illustration c2eff ¼
�we ¼ 0:8, �ð0Þ

de ¼ 1��ð0Þ
m ¼ 0:75, and we evolved the

equations from an initial redshift of zi ¼ 100. We exam-
ined the mode k ¼ 100H0 ¼ 0:0333h Mpc�1, correspond-
ing to a physical scale of � ¼ 188:5h�1 Mpc, well inside
the Hubble radius at zi and large enough to be in the linear
part of the matter power spectrum. As initial conditions we

chose �i ¼ �10�4, _�i ¼ 0, and

�mðziÞ ¼ �2�i

�
1þ k2ð1þ ziÞ2

3HðziÞ2
�
;

�eðziÞ ¼ ð1þ wÞ�mðziÞ;
(53)

�mðziÞ ¼ 2ð1þ ziÞk2
3HðziÞ �i; �eðziÞ ¼ 0; (54)

which are consistent with Einstein’s equation and adiaba-
ticity. The result is presented in Fig. 1 and compared to the
decay factor and the final value given by Eq. (47).
We also perform the same exercise for the PN approxi-

mation. The numerical solution of the system of Eqs. (40)–
(43) with the same parameters and initial conditions is
presented in Fig. 2 and compared to the decay factor and
the final value given by Eq. (47). Again we see that the
qualitative analytical behavior is reproduced by the nu-
merical solution.
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Therefore, even though the equations from GR and PN
are not the same already at the linear level, the results are
not qualitatively very different. In particular, both ap-
proaches predict the same asymptotic behavior for the
DE perturbation. Because the decay rate of the transient
is slightly different in each case, the time when the asymp-
totic regime is reached differs—in the PN approach this
happens at a later time. We note that, even though we have
shown comparisons between solutions of the PN and GR
equations for constant equation of state and sound speed
only, we have also checked that for dynamical dark energy

models there is no stark difference between the two solu-
tions. However, it is clear that one could engineer models
with rapidly varying parameters for which the two solu-
tions may be very different.
At this point we should call attention to the origin of an

apparent discrepancy between the results obtained in this
section, namely, a constant behavior of the DE perturba-
tions, Eq. (47), and the result obtained in Sec. III, where we
showed that in the SC/PN approach the DE perturbations
grow as DM perturbations, Eq. (29). The reason is that in
Sec. III we assumed a top-hat profile of the perturbation,
which amounts to setting kceff ¼ 0 in the square brackets
of Eq. (44). In this case, the particular solution is

�eðaÞ ¼ � 1þ w

	

k2�

H2a2
¼ 3ð1þ wÞ

2	
�mðaÞ; (55)

where in the last equality we used Poisson’s equation for
the case of a dominant dark matter component, k2� ¼
�ð3=2ÞH2a2�m. Hence, we see that indeed in this case,
or in fact for perturbations with a small mode number k, the
perturbations in DE grow at the same pace as the DM
perturbations in the linear regime.
On super-Hubble scales, PN cosmology is not expected

to be valid, due to its inherently instantaneous interactions:
indeed, in that framework perturbations with scales larger
than the Hubble radius would behave in the same way as
those well inside it. However, since we are only interested
in the evolution of perturbations which are initially in the
linear regime and well inside the Hubble radius, this mis-
match is irrelevant. Therefore, we do not compare the PN
perturbations with the GR perturbations at large scales.
As a final remark, we recall that the analytic solution,

Eq. (52), is valid only for linear perturbations during the
matter-dominated period. In this regime the matter density
contrast grows as �m / a and � is constant in time. When
the structures enter the nonlinear regime, matter fluctua-
tions must grow faster, i.e., �m / an, with n > 1; then the
gravitational potential should grow in time. Hence DE
behavior in nonlinear structures is expected to be different
from the linear analysis results. However, the asymptotic
constant solution in Eq. (52) is valid during the initial
nonlinear process of matter collapse, and DE fluctuations
can grow with �.
Of course, we now live in a dark-energy-dominated

period, so it is also important to understand whether the
PN approach is a good approximation to GR at the present
time. Notice that our numerical solutions include dark
energy, which starts to dominate roughly around z� 0:5,
and the PN solution is in excellent agreement with the GR
solution on small scales. In fact, it is also trivial to show
that, assuming as before that the equation of state and the
effective sound speed are constant, for large scales the dark
energy density contrast �e and the gravitational potential�
in the PN as well as in the GR approaches both scale as

�e / a�ð1�3weÞ=2. However, notice also that, because struc-
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FIG. 2 (color online). Linear evolution of dark energy pertur-
bations in the PN approximation at small scales (k ¼
0:0333h Mpc�1) for c2eff ¼ �we ¼ 0:8. The solid line is the

solution of the complete set of four coupled differential equa-
tions. The dotted line is the decay factor according to Eq. (52).
The dashed line is the particular solution Eq. (47). The inset
shows in more detail the decay of the perturbations due to the
recent acceleration of the Universe.
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FIG. 1 (color online). Linear evolution of dark energy pertur-
bations in GR at small scales (k ¼ 0:0333h Mpc�1) for c2eff ¼
�we ¼ 0:8. The solid line is the solution of the complete set of
five coupled differential equations. The dotted line is the decay
factor according to Eq. (52). The dashed line is the particular
solution Eq. (47). The inset shows in more detail the decay of the
perturbations due to the recent acceleration of the Universe.
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tures which are observable today were formed when the
Universe was still, to a very good approximation, domi-
nated by matter, the direct impact of late-time dark energy
perturbations on large scale structure is indeed very
limited.

VI. CONCLUSIONS

The study of perturbations in dark energy has received a
great deal of attention recently. DE perturbations have the
potential to alter the process of large-scale structure for-
mation in the Universe. The existence of DE perturbations
can, in principle, be tested in future surveys such as the
Dark Energy Survey [43] and EUCLID [44]. These future
observations may help to distinguish among different mod-
els of DE.

Structure formation occurs during the nonlinear stages
of the evolution of perturbations. Unfortunately, there is no
rigorous analytical description of this nonlinear stage in
full GR. Approximation methods must be used. Possibly
the most reliable method is through N-body simulations,
but due to its very intensive computing requirements, it is
not practical when one wants to study different models.

Furthermore, N-body simulations employ Newtonian
physics and do not allow for the possibility of DE
fluctuations.
In this paper we study two different approximation

schemes, namely, the spherical collapse and pseudo-
Newtonian approaches. The advantage of these schemes
is that DE can be fully characterized by two functions: the
equation-of-state parameter wðzÞ and the effective speed of
sound ceffðzÞ. We show that, under a minimal set of as-
sumptions, it is possible to translate one approach into the
other, rendering them completely equivalent. In order to
compare these approximations with GR, we study pertur-
bations in the linearized regime with all approaches. When
the assumptions about the pressure perturbations are the
same in both GR and PN/SC, we find that the fluctuations
present the same qualitative behavior, lending support to
the approximations. However, in order to establish more
firmly the validity of the approximations in the nonlinear
regime, a comparison should be made with some nonper-
turbative model in GR, such as an extended LTB class of
models, including fluids with pressure. Work along this
direction is in progress.
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