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RESUMO

O principal objetivo desta tese é estudar alguns tépicos de pesquisa que podem ser clas-
sificados como estudos baseados em um conceito conhecido como “pares coerentes de
medidas de segundo tipo”. Um par de medidas é considerado um par coerente de medidas
de segundo tipo se a derivada do polinomio ortogonal de grau (n+ 1) associado a uma das
medidas pode ser dada como combinacgao linear dos polinébmios ortogonais de graus n e
(n — 1) associados a outra medida. Nosso estudo inicial sobre par coerente de medidas de
segundo tipo comecou com medidas definidas no circulo unitario. Um dos tépicos de pes-
quisa que consideramos ¢ estender a ideia de coeréncia no circulo unitario substituindo o
operador derivada na formula que define o conceito por um operador ¢-diferenca. Proprie-
dades de polinémios ortogonais do tipo Sobolev relacionados também sao exaustivamente
exploradas. Outro topico de pesquisa nesta tese é considerar uma andlise minuciosa de
pares de medidas na reta real que satisfacam a propriedade de coeréncia de segundo tipo.
Foi encontrada uma caracterizacdo completa das medidas que satisfazem este conceito.
Como tépico final de pesquisa, é também considerado um estudo sobre uma extensao do
conceito de pares coerentes de medidas de segundo tipo na reta real onde as medidas sao
assumidas como simétricas. Polindmios ortogonais de Sobolev associados também sao

analisados.

Palavras-chave: Polindomios ortogonais na reta real. Polinomios ortogonais no circulo
unitario. Polindmios ortogonais de Sobolev. Pares coerentes de medidas de segundo tipo.
Sequéncias encadeadas positivas.






ABSTRACT

The main objective in this thesis is to consider some topics of research which can be
classified as studies based on a concept known as “coherent pairs of measures of the second
kind”. A pair of measures is said to be a coherent pair of measures of the second kind if
the derivative of the (n + 1)-th degree orthogonal polynomial associated with one of the
measures can be given as a linear combination of the n-th degree and (n — 1)-th degree
orthogonal polynomials associated with the other measure. The initial studies concerning
coherent pairs of measures of the second kind started with measures defined on the unit
circle. One of the topics of research considered here is to extend the idea of coherence on
the unit circle by replacing the derivative operator in the formula that defines the concept
by a q-difference operator. Properties of related Sobolev type orthogonal polynomials are
also thoroughly explored. Another topic of research in this thesis is to consider a thorough
analysis of pairs of measures on the real line that satisfy the coherence property of the
second kind. A complete characterization of measures that satisfy this concept has been
found. As a final topic of research, a study on an extension to the concept of coherent
pairs of measures of the second kind on the real line where the measures are assumed
to be symmetric is also considered. Associated Sobolev orthogonal polynomials are also

analyzed.

Keywords: Orthogonal polynomials on the real line. Orthogonal polynomials on the unit
circle. Sobolev orthogonal polynomials. Coherent pairs of measures of the second kind.
Positive chain sequences.
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Introduction and Historical Remarks

Orthogonal polynomials and associated Sobolev orthogonal polynomials that follow
from pairs of positive measures which satisfy a property or concept known as coherence
property of the second kind has turned out to be an important topic of study in recent
years. For example, we say that the pair of positive measures {1y, 1} supported on the
real line is a coherent pair of positive measures of the second kind on the real line if the
respective sequences of monic orthogonal polynomials {P,(vo;-)}nso and {Pn(v1; ) }uso

satisfy
1
Po(vi;2) — 7 Pr1(vi;x) = mp,'lﬂ(uo;:v), n>1, (1)
where 7, # 0 for n > 1.
{P.(v;-) }n>0 is a sequence of monic orthogonal polynomials with respect to the posi-

tive measure v, if
(i) Pn(v;x) is a monic polynomial of exact degree n;

0 if m#n,
(ii) /73 v; )P (v; z)dv(x) = {ﬁn>0 it min

We remark that integration here is along the support of the measure.

Our studies regarding pairs of positive measures satisfying the concept of coherence of
the second kind were motivated by two reasons. The first one is that this study provide
a nice and complete analysis of special pairs of positive measures on the real line and of
the corresponding sequences of orthogonal polynomials with many interesting properties.

The second one is related to some problems in approximation theory. Precisely, the
analysis of the Fourier expansions in terms of the sequences of polynomials orthogonal
with respect to the Sobolev inner product:

fgb—/f x)dvy(x +8/f z)dvy (z), (2)

with s > 0. It turns out that the monic Sobolev orthogonal polynomials S, (v, v1; ) with
respect to the inner product (., .)g satisfy the connection formulas

Snt1(V0, V15 2) — VSn (o, 13 1) = Py (vo; ),
Spi1 (v, v1:2) — 1S, (vo, i3 2) = (n+ 1) [Pr(vi ) — 7 Ppoi(vi;2)]

n

n>1

Y

with S (vo, v1; ) = Pi(vo; ). These simple connection formulas between {S,, (v, 15 ) fn>o0
and the sequences of monic orthogonal polynomials {P,,(vo; -) }n>0 and {P,(v1;+) }n>o per-
mit one to easily study the properties of the polynomials S, (v, v1;x). We have found

17
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that (see, for example, [40]) there exist specific examples of pairs of measures {vy, 1}
satisfying the property for which the properties of the polynomials S, (v, v1;x) can
be analyzed in more detail.

Topics considered in this thesis include a study on the characterization of pairs of
positive measures which satisfy the concept of coherence of the second kind on the real
line (this particular work, which has appeared in [29], has also been mentioned in the
PhD thesis at UNESP of Gustavo Andreto Marcato) and, more importantly, include also
studies concerning the following two extensions to this concept:

e In the first case, results are analyzed with respect to a family of pairs of measures
supported on the unit circle, where in the formula that defines the concept of coherence
the derivative operator is replaced by a g-difference operator. These results, presented in
Chapter [2, have now appeared in [30];

e In the second case, results are obtained under a notion of coherence suitable for sym-
metric pairs of measures on the real line. These results, which are given in Chapters
and [B] are under preparation to be submitted for publication.

We now give some historical details which will also clarify the nomenclature adopted
here. The concept of coherence (of the first kind) pairs of positive measures on the real
line was introduced in 1991 by Iserles, Koch, Norsett and Sanz-Serna [31]. As stated in
[31], a pair of positive measures {1y, 11} is a coherent pair of positive measures on the real
line if and only if the corresponding sequences of monic orthogonal polynomials satisfy

Pn(Vl;x) = m |:

It was shown in this case that the sequence of monic orthogonal polynomials with respect
to the inner product (., .)e satisfies the connection formulas

737,1+1(V0; T) — Pnpfz(l/o; x)} , P £0, n>1. (3)

Sn-i-l(VO: ; :L“) - 'VnSn(VOa 1/1;17) = Pn-l-l(VO? m) - pnPn(yo; $)7

i (0, 1032) = 90y (3 1157) = (0 -+ )Py (015),

The above connection formulas proved to be very useful in studies concerning the analytic
properties of the respective Sobolev orthogonal polynomials. In particular, with a novel
use of these connection formulas, H. G. Meijer and M. de Bruin [62] found information
about the location of zeros of these Sobolev orthogonal polynomials. Moreover, asymp-
totics properties have been deeply analyzed in the literature (see, for example, [43], [58],
[59], [60] as well as the recent survey [50], where an updated list of references concerning
this topic is presented).

The motivation in [31] for introducing such pairs of measures was their applications
in connection with the Fourier expansions of functions with respect to the Sobolev inner
product (., .)s. A particular case of such Fourier series expansions based on Legendre-
Sobolev orthogonal polynomials had already been considered in [32], where some nume-
rical tests comparing these Legendre-Sobolev Fourier series expansions and the ordinary
Legendre-Fourier series expansions are presented. In the framework of coherent pairs
of measures it is possible to obtain the associated Sobolev-Fourier coefficients with low
computational cost (see [24]). The convergence of the corresponding Sobolev-Fourier ex-
pansions for the Jacobi weights is analyzed in [47], [14], [15], [16]. For other weights
belonging to the so called Kufner-Opic class, see [46].
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All pairs of positive measures supported on the real line that satisfy the coherence
property were completely determined in 1997 by H. G. Meijer [61]. He showed that
if {vy,11} is a coherent pair of measures on the real line, then one of the measures must
be classical (either Jacobi or Laguerre) and the other one is a rational perturbation of it.
The starting point of the work in [61] are certain functional relations established in [44]
with respect to pairs of quasi-definite moment functionals such that the corresponding
sequences of monic orthogonal polynomials satisfy a relation as . Thus, what was
proved by Meijer [61] is more general than what is stated above.

The idea of coherence property was carried over to measures on the unit circle in [10].
The authors of [10] introduced the concept of coherent pair for Hermitian quasi-definite
linear functionals (which can be represented by signed measures supported on the unit
circle). In the positive definite case (see [69]), the linear functionals are associated with
nontrivial positive measures supported on the unit circle.

Following [10], a pair {0, p1} of positive measures supported on the unit circle is said
to be a coherent pair of positive measures on the unit circle if the corresponding sequences
of monic orthogonal polynomials {®,,(uo; ) }n>0 and { P, (p; ) tn>o satisfy the algebraic
relation

1

P, (15 2) = ntl

(41 (10 2) = pu® (0 2)| . P #0, n> 1.

As established in [10], if {0, p1} is a coherent pair of positive measures on the unit circle
then the following can be stated:

e If 4o is the Lebesgue measure (dpg(z) = 52 ), then the measure i is such that
dpo(2)
(=) = o

with |a| < 1. This means u; belongs to the Bernstein-Szeg6 class.
o If 11y is the Lebesgue measure, then the measure pg is such that

dpo(2) = |z — af*dp(2).

They also prove that the only Bernstein-Szeg6é measure po for which {ug, p1} is a
coherent pair is the Lebesgue measure. A full description of all coherent pairs of measures
supported on the unit circle is still not known and this remains as an open problem.

More recently, in [71], an example of a family of pairs of measures { g, 111} such that
there hold

1

mq);ﬁ-l(:uo; 2)7 Tn 7é 07 n > 17 (5)

q)N(Ml; Z) - an)n—l(ﬂl; Z) =
has been introduced and the corresponding sequence of monic Sobolev orthogonal poly-
nomials has also been studied. Motivated by these results, in [71] pairs of measures on
the unit circle with the property (b)) were further explored in [49]. In [49] these pairs of
measures have been referred to as coherent pairs of measures of the second kind on the
unit circle. Thus, we refer to the pair of measures {1, 71} on the real line satisfying the
property as a coherent pair of measures of the second kind on the real line.
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In the results considered in Chapter [2| of this thesis, we look at a special pair of
measures on the unit circle {yg, p1} for which the corresponding sequences of orthogonal

polynomials {®,,(jt0; -) }n>0 and { @y, (p1;-) fnxo satisfy

1

= me {(Dn-i-l(ﬂfo; Z)}, Tn 7é 0, n 2 17 (6)

(bn(ﬂl; Z) - Tn@n—l(MlQ Z)
where D,[F(z)] = F(q;l/jfi:g%lfz) and {n}, is such that D [z"] = {n},z""!. In view of
@ we say that {0, p1} satisfies a coherence type property of the second kind on the unit
circle with respect to the g-difference operator D, in which 0 < ¢ < 1.

Coming back to measures and orthogonal polynomials on the real line, let us recall
that the connection formulas in hold when the pair of measures {vy, 11} satisfies the
coherence property . This means, from results shown in [61], the formulas in
hold when one of the measures in {1y, 1} is classical. The extension of the concept of
coherence, in which

1
Po(viiz) = TaPoa(viyz) = ——— P (0: ) = puPr(vo; )], o #0, (7)
for n > 1, where {1y, 1} is known as a (1, 1)-coherent pair when 7,, # 0 for n > 1, is
explored in [23] by including semiclassical measures. In this case the Sobolev orthogo-
nal polynomials associated with the inner product (., .)g in satisfy the connection
formulas

Sn+1(V0, Vl;x) - 7n8n<V0> Uy, LC) = Pn+1(”0; SL’) - pnpn(VO; SL’),

Sl

n>1.
1 (0, v132) — WSy (vo, v ) = (n+ 1) [Pu(vis @) — 7 Paoi (Va5 2)]

We mention that a (1,1)-coherent pair is a particular case of the (M, N)-coherent pair
considered, for example, in [34].

We would like to emphasize that the characterization of measures that satisfy the
coherence property is performed in [23] assuming the restriction p, # 0 for n > 1.
Observe that the results associated with the special case in which 7, = 0 and p,, # 0 for
n > 1 was already considered in [61]. Surprisingly, a complete study of the situation in
which 7,, # 0 and p,, = 0 for n > 1 has not been done previously and this study is covered
in the results given in Chapter [3] of this thesis.

In Chapter [4] we consider the following extension to the study of measures which are
coherent pair of measures of the second kind on the real line. That is we consider the
characterization of measures {1y, 4 } which are now symmetric and that the corresponding
orthogonal polynomials {P,,(vo; ) }nso0 and {P,(v1; ) }aso satisfy

1
Po(v1;2) — Tne1 Pra(vh; ) =

= mpﬁﬂ(VO;I)a n =2,

where 7,, # 0 for n > 1. Such a study in the case of coherent pairs of measures of the first
kind on the real line is also well known and this turned out to be a non-trivial and very
important extension. As one can observe from results given in Chapter [3] the same can
be said about our extension to coherent pairs of measures of the second kind. We have
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referred to such pairs of measures as symmetric coherent pairs of measures on the real line.

Finally in Chapter [5| we look at the orthogonal polynomials that follow from the So-
bolev inner product , when {vy, 11} is a symmetric coherent pair of measures of the
second kind on the real line.



1 Basic Background

In this chapter we collect the basic results required to the development of this work.
We also introduce the definitions and terminologies used. This material is essential for
what follows.

1.1 Positive Chain Sequences

An important theory used in the development of the present work is the theory of
positive chain sequences. Following the definition adopted by Chihara [20], we say that
a sequence of real numbers {d,},>1 is a positive chain sequence if there exists a second
sequence {g, }n>o such that

(i) 0<gy<1l, O<g,<1, for n>1,;
(i) dn=(1—=gn_1)gn for n>1.

This concept was introduced by Wall [78] in his monograph on continued fractions and has
been thoroughly explored by Chihara [20] and many others in studies regarding orthogonal
polynomials defined on bounded intervals on the real line. The sequence {g, },>¢ is called
a parameter sequence of the positive chain sequence {d, },>1. The parameter g is called
initial parameter. In general, a parameter sequence of a positive chain sequence needs
not to be unique.

Example 1.1. For a > —1 the sequence {d\®},>1 defined by

J@ — n(a+n) .
" (a+2n—1)(a+2n+1) -

is a positive chain sequence in which one of its parameter sequence {g\™}, > is such that

@__ ™ > 0.
In a+2n+1’ "=

Definition 1.2. Let {d,},>1 be a positive chain sequence. A parameter sequence {m,, },>o
is called its minimal parameter sequence if mgy = 0.

Notice that every positive chain sequence {d, },>1 has a minimal parameter sequence
{my, }n>0 which can be obtained by setting mg = 0 and

d
my = ————, n>1.
]—_mn—l

22
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If the minimal parameter sequence {m,},>o is the only parameter sequence of {d,},>1,
we say that {d,},>1 is uniquely determined.

When the positive chain sequence {d,, },,>1 is not uniquely determined we can also talk
about its maximal parameter sequence { M, },>o.

Definition 1.3. Let {d, },>1 be a positive chain sequence. A parameter sequence {M,, },>¢
is called its maximal parameter sequence if My > g, k > 0, for every other parameter

sequence {gn n>0-

The constant sequence d,, = 1/4, n > 1, is one of the simplest examples of positive
chain sequences with m,, = n/2(n+ 1) and M, = 1/2, n > 0, as the minimal parameter
sequence and maximal parameter sequence, respectively.

The following results are found in [20]. In the next theorem, we state the Wall’s
criterion for a parameter sequence to be the maximal parameter sequence.

Theorem 1.4. Let {d,},>1 be a positive chain sequence. A parameter sequence { M, }n>o
is the mazimal parameter sequence of {d, }n>1 if and only if

o0 MMy - My

,;(1—M1)(1—M2)---(1—Mk)

= OQ.

Theorem 1.5. Let {d,,},>1 be a positive chain sequence and let {mn~}n20 and { My, }n>0
be, respectively, its minimal and mazimal parameter sequences. Let {dn}n>1 be a positive
chain sequence with a parameter sequence {hy,}n>o. If d,, < d,, for n > 1, then

my, < h, <M,, n>0.
Moreover, if we have in addition d,, < cino for some ng > 1, then
My < h, for n>mng and hj < M; for j=0,1,...,n9— 1.
Now we state an useful comparison test for chain sequences.

Theorem 1.6 (Comparison Test). Let {d,},>1 be a positive chain sequence and let
{en}n>1 be a sequence. If 0 < ¢, < d, forn > 1, then {c,}n>1 s also a positive chain
sequence.

Theorem 1.7. Let {d,},>1 be a positive chain sequence such that nlglg() d, = d, then
0<d<1/4.

Moreover, if {d, }n>1 is uniquely determined, then

lim m, = ;[1 + V1 —4d].

n—oo

Otherwise, if {d,}n>1 has multiple parameters sequences, then

1 1
lim mn:§[1—\/1—4d] and T}LrlgoMn:§[1+\/1—4d}.

n—oo

To denote other positive chain sequences, we will use the notation
bk,n - bn—l—ka k > ]-7

where {b, },>0 is any sequence.
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Theorem 1.8. Let {d,},>1 be a positive chain sequence with parameter sequence {gn }n>o0
and let {my}n>0 and {M,},>0 be, respectively, its minimal and mazimal parameter se-
quences. Then

(1) {din}tn>1 s a positive chain sequence with parameter sequence {gi n fn>0-

(i) If {mn}n>0 denotes the minimal parameter sequence of {dy ,}n>1, then m, < m,
forn > 0.

(i) {Myn}tn>o s the mazimal parameter sequence of {dy n}n>1-

Remark 1.9. Note that the positive chain sequence {d,},>; can be such that
My = my = 0. But, it is important to note that always 0 < m;o < M;o < 1. The
equality my o = M; ¢ holds when the positive chain sequence {d,},>1 has a unique para-
meter sequence.

1.2 Special Functions

In this section we give a short overview on special functions, g-special functions, hy-
pergeometric series and basic hypergeometric series. We refer to, for example, Andrews,
Askey and Roy [1], Ismail [33], Gasper and Rahman [26], Koekoek, Lesky and Swarttouw
[37] and Slater [70].

For a € C, the shifted factorial or Pochhammer symbol is defined by

(a)p=1 and (a),=ala+1)(a+2)---(a+n—-1), n>1. (1.1)

Since (1), = n! for n > 0, the above definition can be seen as a generalization of the
factorial. Also, we denote by I'(z) the Gamma function which is defined by the gamma,
integral

['(2) :/ t*te7'dt, Re(z) > 0.
0
The Gamma function satisfies the well-known property I'(z + 1) = 2I'(z) with I'(1) = 1,

which shows that I'(n + 1) = n! and I'(z + n) = (2),['(z) for n > 0.
The hypergeometric function ,.F§ is defined by the series

ai,...,0,
F ) Y
rd’s

bi,.... b

z) =, Fiar,...,ar5a1,... a4 2)

& (@) (an)y 2
- ,;) ()i~ -~ (be)i kY

Here b; #£0,—1,—2,..., foralli. Ifa; = —n, n=10,1,2, ..., for some ¢, then this hyperge-
ometric function is a polynomial in z. The radius of convergence p of the hypergeometric

(1.2)

series is given by
oo, if r<s+1,
p =11, if r=s+1,
0, if r>s+1.

One of the most important summation formulas for hypergeometric series is given by
the Binomial Theorem

a
1F0<_

z) = i (;?!kzk =(1-2)7% |z <1,

k=0
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which is a generalization of Newton binomial

1F0< " z) - znj (_l:!‘)’“z’“ - Zn: <Z>(_2)k —(1—2)", n=012....

k=0 k=0
When p = 2 and ¢ = 1 the hypergeometric series defined on (1.2]), usually called the
Gauss hypergeometric series, is given by

o & (@)w(b) 2"
o Fi(a,b;c;z) = l;) (z)k k =

Now let us introduce the notion of g-analogues (or g-extensions) for some special
functions and classical formulas which will be necessary in the development of our work.
Unless otherwise stated, we shall always assume 0 < ¢ < 1. Notice that

1—q“_

lim a, aecC.

=1 1—gq

The number (1 — ¢%)/(1 — q) is sometimes called the basic number (or g-number).

The g-analogue of the Pochhammer symbol ((1.1]) is defined by
(a; Q)O = 17 (CL; q)n = (1 - @)(1 — CLQ) s (1 — aq"il), n = 1,2, e

Clearly,

(@5 a)n

] (1—q)n (@)n-
The symbols (a; q), are called g-Pochhammer symbols (or q-shifted factorials). For nega-
tive subscripts we define

1 1

(a;q)—n = ﬁ(l i = (ag " a0 a#q",n=12,....
k=1
We can also define .
(a:¢)oc = Ho(l —aq"),
which implies that
(@ 9)oc

a;q)n = .
@9 (ag"; 4) o
The multiple g-Pochhammer symbols are defined by

k
(Cll, Ay . .5 Ak; Q)n = H(az’; Q)n-

The function I'y(z) defined by

is called the ¢g-Gamma function. This is a g-analogue of the Gamma function I'(z). In
fact, we have

lim I, (2) =T'(2).

q—1
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It is easily seen that I';(z) satisfies the functional equation

1 — g
Ly(z+1) = 5 _qq I,(2), with T,(1)=1.

A basic hypergeometric or ¢g-hypergeometric series is given by

aly...,0p
’"¢5<bl,...,bs

Q7Z> - T¢s(al7"'7ar;b17""bs;q’z)

3 (ar, a9,y ap; Q) ko k(k—1)/2\*T" _k
= —1)kgkk=1/ z".
kXZ%) (Q7b17"'7b8;q)k (( ) )

(1.3)

Here the parameters b; are such that the denominator factors in the terms of the series
are non-zero. Since (¢7";q)x = 0,k = n+ 1,n+ 2,..., if a; for some i is of the form
q~ ", where n is a nonnegative integer, this basic hypergeometric series is a polynomial of
degree n in z. The radius of convergence of this series is 1,0 or co accordingly r = s+ 1,
r>s+1orr<s+1,as can be seen from the ratio test.

The g-hypergeometric series is a g-analogue of the hypergeometric series defined by

(1.2) since
z) .

o b . (5 Dk (@ Dk
et didia ) = ,;0 (O (@ (14)

al

Qr
hmm(q Ve

b b
q—1 qt,...,q"

_ 1\st+l-r _ ag, ..., 0ar
(q-1) Z) = ’”F8<b1,...,bs

Ifweset r =2, s=1,a; =q% ay = ¢ and b; = ¢° in (1.3)), we get

This is the g-analogue of the Gauss hypergeometric series. The 5¢; series was studied by
Heine around the mid 19th-century and is usually called Heine’s series or, in view of the
base q, the basic hypergeometric series or q-hypergeometric series, or simply a g-series.

1.3 ¢-Difference Operators

In this section we give a short overview on some g-difference operators. For further
information, we refer to, for example, Ismail [33] and Koekoek, Lesky and Swarttouw [37].
In [28] W. Hahn introduced the linear operator A,,, defined by

Flgz +w) — F(2)
(g—1)z+w

AgwlF(2)] = , 0<g<1,

where w is a complex number. This operator is called Hahn’s q-operator. As a special
case of A, we have the ¢-difference operator

(1.5)

Clearly,

l—q
In particular for differentiable function F(z) we have lim,_,; D [F(2)] = F'(z).
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Another g-difference operator is the Askey-Wilson divided difference operator D(‘;"W
(see [33]) defined by

F(q1/2ez’6)) _ F(q—l/Qe—iG)
(¢ = q ) (2 = 1/2)/2°

where f(z) = F(z), 2z = e, Here 6 is not necessarily real.
The g-difference operator D, of our interest is defined by

D™ [f(2)] =

r=(2+1/2)/2, (1.6)

F(q'?z) — F(q'/?2)

Dy[F(2)] = g2 — /22

, (1.7)

where we assumed 0 < ¢ < 1. It is not difficult to see that

liy D, [F(2)] = F'(2),
if the function F' is differentiable at z.
The action of the operator D, on the monomial 2" is given by

Dq[z"] = {n}q Zn_lv n =1,

where

n -n/2 _ . n/2

(n}, = l—gq q q
9 q(n—l)/2(1 _ q) - q—1/2 _ q1/2 )
Note that {0}, = 0 and lim,,;{n}, =n, n > L.
Moreover, if we apply the operator D, on the ¢-hypergeometric series 2¢; as in (|1.4)),
then

(1-¢")(1—-¢"
(1-¢9)(1—q)

Remark 1.10. The g¢-difference operator D, and the numbers {n}, can also be referred
to as the (¢/2, ¢"/?) - derivative and the (¢~'/2, ¢*/?) - integers, respectively. These termi-
nologies come from the so-called (p, ¢) - calculus or post-quantum calculus introduced in
[19] (see also [67] and the references therein).

Dy [261(¢", o5 45 ¢, 72)| = 7 201 (¢ @ 0 g 7 Fz). (18)

Remark 1.11. Note that
DJ[F(2)] = D,[F(¢"*2)] and (2> = 1)D;[F(2)] = 22°Dy[F (=),

where D} and D/ are the operators given by (L.3]) and (L.6), respectively.

1.4 Orthogonal Polynomials on the Real Line

This section summarizes the basic concepts about moment functionals and orthogonal
polynomials on the real line to be used in the sequel. These concepts can be found in
Chihara [20], Ismail [33] and Szeg¢ [74].

In [51] appears an algebraic approach to the study of linear functionals defined on the
space of polynomials. This work by P. Maroni has shown to be an attractive alternative
approach to the study of orthogonal polynomials since it provides a general perspective
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to the study of the topic (see also [53) B3] 56]). Since we use here this approach, we give
below some of the required basic concepts.

Let v be a linear functional defined on the linear space P of polynomials with complex
coefficients and consider P its algebraic dual space, i.e., the linear space of all linear
functionals defined on P. If v € P" and p is a polynomial, (v, p) will denote the image of
p by v. We begin by presenting some definitions of some basic operations in the space P*.

Definition 1.12. Let v € P*, 7 € P and g € C.

(i) The left multiplication of v by m, denoted by mv, is the linear functional on P*
defined by

(mv,p) =(v,7p), pEP

(ii) The distributional derivative of v, denoted by Dv, is the linear functional on P*
defined by

(Dv,p) = —(v,p), peP.

It satisfies
D(nv) = 7'v + nDv.

(iii) We define the division of v by (z — q) as

< L V’p>:<v’p(x)—p(q)>’ peP.

r—q r—q

(iv) The linear functional d, given by

(0g,p) =p(a), pEP,
is said to be the Dirac delta linear functional supported at q.
It is straightforward verified that

1
r—q

1
r—q

(c—q) [ (& — q)v] = qv — (V)o

V] =v and

Every linear functional v € P* can be associated with a sequence of complex numbers

{(V)n}n>0 where
(V)p =({v,2"), n=0,1,2...,

which is called the sequence of moments of v. Each (v),, is said to be the moment of order
n of v, n > 0. Since the moments (v), play a central role in the study of these linear
functionals, it is also customary to call such linear functionals as moment functionals.

The Gram matrix associated with the moment functional v in terms of the canonical
basis {z"},>¢ of P is given by

o0

H = [(V)iﬂ}

ij=0
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and it is known in the literature as Hankel matriz. We denote the determinant of the
(n + 1)-th principal leading submatrix of H as A,,.
Throughout this thesis d,,, will denote the Kronecker’s delta symbol

5o 1 if m=n,
0 it mo#£ .

Definition 1.13. A sequence of monic polynomials {P,},>o such that
deg(P,) =n and (v,P.P,) = h0mn, A, #0, mn=012 ...,
is said to be a sequence of monic orthogonal polynomials (MOP) with respect to v.

A direct consequence of the above definition is that a sequence of MOP {P,},>o with
respect to the moment functional v is a basis of . Then, there exists a unique sequence
of linear functionals {v, },>0, called the dual basis, such that

(Vm Pm) - 5n,m7 n,m > 0; (110)

where 9,, ,, denotes the Kronecker delta. As a consequence, the linear functional v can be
expressed as

V:Zf)/nvm ’Yn:(vapn>
n=0
Next, we introduce some preliminary results (see [41], [55]).

Lemma 1.14. Let {P,},>0 be a sequence of MOP with respect to the moment functional
v and {v, }n>o the corresponding dual basis, then

Po(z)

by

Lemma 1.15. If {P,}.>0, {]5”}”20 are sequences of monic polynomials and {V,}n>0,
{Vi}tnso are their corresponding dual bases and P, = P!, /(n+ 1), then

Vp, = v, n=>0.

D(v,) =—(n+1)v,q1.
Moreover, if { P, },>0 is a sequence of MOP with respect to the moment functional v

7V =
[

The existence of a sequence of MOP with respect to moment functional v can be
characterized by the next theorem.

D(V,) =—(n+1)

Theorem 1.16. Let v be a moment functional with its corresponding Hankel matrixz given
by . A necessary and sufficient condition for the existence of a sequence of MOP with
respect to v is

A, #0, n=0,1,2,....

In this situation, v is said to be quasi-definite.
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The most important occurrence of orthogonal polynomials emerges when A,, > 0 for
all n > 0. In this case v is said to be a positive definite moment functional (see [20]) and
it has the integral representation

(V,x”):/xndl/(x), n=0,1,2,...,
E

where v is a nontrivial positive Borel measure supported on some infinite subset £ C R.
The above integral is also known in the literature as Stieltjes integral.
If v is absolutely continuous, then we have

dv(zr) = w(z)dz,

where w : [a,b] — R is a non-negative function supported on some interval [a,b] C R
(where —oo < a < b < 00). The function w is known as a weight function. In this case
one can write

b
(v, z") :/ z"w(z)de, n=0,1,2,.... (1.11)

Remark 1.17. Since a positive definite moment functional v can be defined by a positive
measure v, we can also refer to {P,},>0 as the sequence of MOP with respect to the
positive measure v.

One of the most important properties of orthogonal polynomials is that they satisfy a
very simple relation known as three-term recurrence relation (TTRR, for short) that we
state in the next theorem.

Theorem 1.18. Let v be a quasi-definite moment functional and let { P, },>¢ be its corres-
ponding sequence of MOP. Then the polynomials P,(x) satisfy the three-term recurrence
relation

Poiy(z) = (v — Bps1)Po(z) — api1 Poa(z), n>1, (1.12)

with Py(z) =1 and Py(z) = x — By, where the coefficients (5, and o1 are given by

1
Bn = i <V, xP3_1> and i1 = A #0, n>1
1

—1
Moreover, if v is positive definite, then (3, is real and a,q > 0 forn > 1.
The converse of the previous theorem is valid and it is an important characteriza-

tion of orthogonal polynomials and quasi-definite moment functionals, it is known in the
literature as Favard’s Theorem.

Theorem 1.19 (Favard). Let {3, }n,>1 and {a, }n>1 be two arbitrary sequences of complex
numbers and let { P, }n>0 be a sequence of monic polynomials defined by the TTRR (1.12)).
Then there exists a unique moment functional v such that

(vil) =a; and (v,P,P,)=0 if n#m m,n=0,1,2,....

Moreover, v is quasi-definite and {P,}n>o is its corresponding sequence of MOP if and
only if a,, # 0 for n > 1, while v is positive definite with {P,},>0 as its corresponding
sequence of MOP if and only if 5, € R and o, > 0 for each n > 1.
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Next we introduce the so-called semiclassical moment functionals. Let ¢ and 1 be two
nonzero polynomials such that

px) =Ml + ..., XY #£0, >0, and ¢(x)=Aa2"+..., \f #£0, k> 1.

Then, (¢,v) is said to be an admissible pair of polynomials if either k& # j — 1 or if
k:j—l,thenn)\ﬁﬂ—i—)\}f;é(),nzo.

Definition 1.20. A moment functional v is said to be semiclassical if v is quasi-definite
and there exist two polynomials ¢ and v such that

D(¢v) = v, (1.13)
where (¢, 1)) is an admissible pair of polynomials.

Notice that, the pair of polynomials satisfying the Pearson equation given in Definition
is not unique since, for instance, if the admissible pair of polynomials (¢, 1) satisfies
(1.13), then for every nonzero polynomial 7, the pair (w1, mb1 + 7'¢1) also satisfies
and it is an admissible pair of polynomials.

To a semiclassical moment functional v one can associate the class of v as the non-
negative integer number s given by

s = min {max{deg(gb) —2,deg(v)) — 1} : D(¢v) = ¢v and (¢,7)) is admissible}.

Observe that, s is defined as the minimum value among all pairs of admissible polynomials
satisfying . For more details regarding the class of a semiclassical moment functional
see for example [55].

The equation is known in the literature as Pearson equation (see [52], [55], [68]).

One of the most important families of polynomials on the real line are the so-called
classical orthogonal polynomials. They are the Hermite, Laguerre, Besel and Jacobi poly-
nomials (some special cases are the Gegenbauer, Chebyshev and Legendre polynomials).
These families are a special case of the semiclassical orthogonal polynomials since their
corresponding moment functional v is of class s = 0.

In the next table, we describe the main parameters of the classical families of MOP.

P, Hermite Laguerre Jacobi Bessel
v H Lo Ta,p B,
o 1 x 1 —a? x?
0 —2x —z+a+1 —(a+p+2)r+0—« (a+2)x+2
w(x) e %7 (1-2)1—2)° e 2/
E R (0, +00) [—1,1] {z€eC:|z| =1}
B2—a? 2a
Bn 0 a+2n—1 (ot B12n—2)(atBt2n) ~ (at2n—2)(at2n)
n An(a+n)(B+n)(a+L+n) —4n(a+n)
Qnt1 9 n(a+n) (o Br2n—D(a+B+2n)2(a+2n+1)  (a+2n—1)(a+2n)2(a+B+2n+1)
—a ¢ N —a,—f,—(a+p) ¢ N a¢g{0,—-1,-2,...}

Table 1.1: The Classical families of MOP
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The classical MOP are the only monic orthogonal polynomials such that their cor-
responding moment functional v satisfies the Pearson equation (1.13) with deg(¢) < 2
and deg(v)) = 1. In this case, we say that v is classical. In addition, a classical moment
functional v has an integral representation as .

Remark 1.21. The moment functionals H, L, Jas and B, of the Table are quasi-
definite for all ranges of their parameters. Moreover, H is positive definite, £, is positive
definite if & > —1 and J, g is positive definite if « > —1 and 8 > —1.

Another important fact is that sequences of MOP satisfy the so-called Christoffel-
Darboux identity.

Theorem 1.22 (Christoffel-Darboux Formula). Let {P,}n>0 be a sequence of MOP sa-
tisfying the TTRR (1.12)) with c,q # 0 forn > 1. Then

SSP@BE) _ 1 Pa@BW) = PaWB) o

7=0 h h, r—=y

Moreover, if v is positive definite then

2(
n PJ 1

Let v be a quasi-definite moment functional and let {P,},>¢ be its corresponding
sequence of MOP. Given a real or complex number x and let the moment functional

(x — k)v be defined by (see [20])

Pé-i-l( )Po(z) — Pn—i—l(l")P,;(fE)] >0, n>0.

||M

((x = r)v, 2"y = (V)ps1 — K(V)n, n=0,1,2,....
It follows immediately that for every polynomial p € P
((# = R)v,p) = (v, (x = K)p) .
We define the polynomials P} (k,z) by

PnJrl("i)

Bl ) = (2= st | Prn(a) = i

P,(z)|, n>0,

where x is assumed not to be a zero of P,(x).

Theorem 1.23. Let v be a quasi-definite moment functional and let { P, }n>o be its cor-
responding sequence of MOP. If k is not a zero of P,(x) for any n, then (xr — K)v is
quasi-definite and { P} (k, ") }n>0 its the corresponding sequence of MOP.

Moreover, if v is positive-definite on [a,b], then (x — K)v is also positive-definite on
[a,b] if and only if a > k.

We will refer to P! (k,z) as the monic kernel polynomials corresponding to v (or
corresponding to the sequence { P, },>0) with K-parameter .

An important family of moment functionals is constituted by the symmetric moment
functionals, i.e., {v, 22"} = 0 for every n > 0. If v is a quasi-definite moment functio-
nal and {P,},>¢ is its corresponding sequence of MOP, then we can define the moment

functional u by
(u,z2") = <V, x2”>, n > 0. (1.14)



Orthogonal Polynomials on the Real Line 33

We can also define the sequences of monic polynomials {Q,, }n>0 and {Q, }n>0 by
Po(z) = Qn(z?) and Py (x) = 2Q,(2?). (1.15)

Thus u is a quasi-definite moment functional and {Q,},>0 and {Q, }n>0 are the sequences
of MOP with respect to u and zu, respectively (see [20]).

Conversely, if u is a quasi-definite moment functional, it is possible to define the
symmetric moment functional v by

<V,x2”> = (u,z") and <V, x2”+1> =0, n>0. (1.16)

If u and zu are quasi-definite moment functionals and {Q,}n>0 and {Q,}.>0 are,
respectively, the corresponding sequence of MOP. Then the symmetric moment functional

v defined by (1.16)) is quasi-definite and its sequence of MOP { P, },>¢ is given by (|1.15))
(see [20]).

Remark 1.24. Note that { Q. }n0 are the kernel polynomials corresponding to u with K-
parameter 0, i.e., Q,(x) = Q% (0, x). Besides, v is called the symmetrized linear functional
of u.

Given a semiclassical quasi-definite moment functional u, the semiclassical character
of the symmetrized linear functional of u, its class, and the respective Pearson equation
are described in the next theorem and were proved in [3].

Theorem 1.25. Let u be semiclassical moment functional of classs satisfying the Pearson
equation
D(Pu) = Yu.

Let v denote the symmetrization of u and let xu be a quasi-definite moment functional
and II(x) = —®'(x) + 2V (x). Then, v is semiclassical of class s satisfying the Pearson
equation given by (1.13), where the number s and the polynomials ¢ and v are defined

according to the next cases:
(i) If (0) =0 and I1(0) = 0, then
$(x) = (0o®)(2?), ¥(z) = 2[-(59)(2") + 2(0¥)(a7)],
and s = 2s.
(ii) If ©(0) = 0 and II(0) # O, then
¢(x) = z(0p®)(2%), ¥(z) = 2¥(a?),
ands =25+ 1.
(iii) If ®(0) # 0, then
ola) = 2®(2?), U(x) = 22*T(2?) + O(a?)],
and s = 25 + 3.

Here, (0,p)(z) = M, peP.

r—q
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Corollary 1.26. Ifs is odd, then the polynomials ¢ and ¢ in (L.13|) are, respectively, odd
and even functions. If s is even, then the polynomials ¢ and v in (1.13)) are, respectively,
even and odd functions.

Finally, we present a well known relation between a sequence of MOP and positive
chain sequence (see [20, Chapter IV, Theorem 2.4]). This result will be required in our
study.

Theorem 1.27. Let {P,},>0 be the sequence of MOP with respect to the positive definite
moment functional v with support on (a,b) C R and let the sequence {a,(t)}n,>1 be given

by
OénJrl

(t = Bn)(t = Bns1)’
where { By tn>1 and {11 }n>1 are the coefficients of the corresponding TTRR (1.12)). Then
fort € R\ (a,b), the sequence {a,(t)}n>1 is a positive chain sequence and its minimal
parameter sequence my(t), <, s such that

a,(t) = n>1,

P (t 1P (t
mo(t) =0 and m,(t)=1-— () S 1(t) n>1.

(t - 5n+1)Pn(t> (t - BnJrl)Pn(t)’ N

Example 1.28. For A > —1 and 0 < q < 1, let us denote by {Cp(x; " |q) }nso the
sequence of monic continuous q-ultraspherical polynomials given by

G () = LD o >0
(254" |q) T (P g), (z:¢"q), n >0,
where ( A+1 ) A1
T " q A2
Co(a; ¢ g) = e 92¢1< e laae 29)
(¢ @n q

is the continuous q-ultraspherical (or Rogers) polynomials the n-th degree usually defined
(see, for example, [5] and [37, p.469]).

It is known that, with the positive measure v(x;¢*|q) on [—1,1] given by

(€20 =29 q)
(MH1e2i0 P Hle=20: q)

dv(z; M q) = (sin@)'dx, x = cosé,

there holds the orthogonality relation

~

1 ~
/ Co(z; 7 q) Ol M g) dv(; T g) = (@) 0mn,  for mymn=0,1,2,...,
-1

with

(P 11g) = T @)oo (L= N OnlG@)n
(q’ q2)\+2; Q)oo 2277,—1(1 _ q>\+n+1)(q>\+1; q>% ) -

The monic continuous q-ultraspherical polynomials {Cn(x, ) buso satisfy the TTRR
Croa (0 g) = 2Co(w; 0 |g) = L (@) Coa (5 g), > 1,
with Co(z; > q) = 1 and C(x;¢*|q) = x, where the coefficients d,({\ﬁl(q) are given by
(1—g¢")(1—g*"H)

d&iﬁl(‘]) = 4<1 _ q“”) (1 ~ q’””*l)’ n =1 (1.17)
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Since the coefficients of the TTRR for the monic q-ultraspherical orthogonal polyno-
maials are

BNV =0 and o)i(q) =dN(q), n>1,

by Theorem [1.27, the sequence

A A
A (f) = agll(q) _ d&ll@) n>1
=) - g -

is a positive chain sequence for t € R\ (=1,1). In particular, if t = 1, the sequence

a

)

{diﬁl(q)}nzl is a positive chain sequence.

1.5 Orthogonal Polynomials on the Unit Circle

In this section we give some of the basic results on the theory of orthogonal polynomials
on the unit circle to be used in the next chapter. The basic sources for this section are
Ismail [33] and Simon [69].

We consider a linear functional £ in the linear space A = span{z" : n € Z} of the
Laurent polynomials with complex coefficients such that

pn =L, 2"y ={(L,z")=7_,, nEZ.

The complex numbers {1, }nez are said to be the moments associated with £. The linear
functional £ can be referred to as a moment functional. Under these conditions, we can
introduce a bilinear form associated with £ in the space P of polynomials with complex
coefficients as follows

(p(2):9(2)) = (L,p(2)a(1/Z)), pa€P.

The Gram matrix associated with this bilinear form in terms of the monomial basis
{Zn}nzo of PP is

/JLO l’[’—l . . M_n
J 5T ¥ 70 I A |

T = [<zl,zﬂ>£]mzo = e :
Hn  HUnp+1 " Ho

known in the literature as Toeplitz matriz. Notice that T is an Hermitian matrix. We
denote the determinant of the (n + 1) x (n + 1) principal leading submatrix of T as V,,
with the convention V_; = 1.

The moment functional £ is said to be quasi-definite (respectively, positive definite) if
V. # 0 (respectively, V,, > 0) for n > 0, and there exists a sequence of monic polynomials
{®,}n>0 such that

<CI)71<Z)7 q)m(z»ﬁ = kn(sn,ma

where k, # 0, n > 0. This sequence is said to be the monic orthogonal polynomial
sequence corresponding to L.
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In the positive definite case, there exists a nontrivial positive measure u(z) = u(e®)
supported on the unit circle T = {z = € : 0 < 6 < 27} such that

(Fogh = (FE) g e = [ F2)g()n(2)

and the associated sequence of monic orthogonal polynomials {®,,},>¢ is usually defined
by

2w . .
(D, D) / D, (2)D,, (2)dp(2) = / D, (0)®,, (¢ du(e) = K, 20pm, n,m >0,
0

where 1,2 = ||®,||? = J; |®.(2)*du(z). This sequence is said to be the sequence of monic
orthogonal polynomials on the unit circle (OPUC, in short) that are also known in the
literature as Szegd polynomials. Here, 11 is a nontrivial measure if its support is infinite.
In addition, yu is said to be a probability measure if [ du(z) = 1.

The monic OPUC satisfy the so-called forward and backward recurrence relations,

respectively,
P (2) = 2@p1(2) — @1 @y (2),

O (2) = (1 = a1 [*)2Pn-1(2) = @1 05 (2),

where @, 1 = —®,(0) and ¢ (z) = 2"®,(1/Z) denotes the reversed (reciprocal) polyno-
mial of ®,,(z). Following Simon [69] we refer to the numbers a,, as Verblunsky coefficients.
It is known that these coefficients are such that |a,| < 1, n > 0. It is also well known that
OPUC are completely characterized by the coefficients {a, },>o as given by the following
theorem.

n>1, (1.18)

Theorem 1.29. Given an arbitrary sequence of complex numbers {a, }n>0, where |a,| < 1,
n > 0, then associated with this sequence there exists a unique nontrivial probability mea-
sure on the unit circle such that the polynomials generated by (1.18|) are the corresponding
OPUC.

In the next examples we introduce the “general circular Jacobi monic polynomials”
and “general Pastro orthogonal monic polynomials”. These polynomials, which are a
generalization of the polynomials analyzed in [4] and [66], were extensively studied in [72]

and [18]. Neither of these polynomials are in the list of examples discussed in the Section
1.6 of [69].

Example 1.30 (General circular Jacobi monic polynomials). Let b = X +in be such that
A > —1/2. The polynomials

D), _
o0 (2) — (b<+)1) JFi(=n, b+ 15 —b—nt1:2), n>0, (1.19)

are the monic OPUC' defined by
(20.00) = [ @)V () du?(C) = AV 8.

with respect to the probability measure ) supported on the unit circle. The probability
measure u® is such that

dp®(C)
d¢

i2m( = 7Ow® (), with w® () = "= Dm) (45in%(9/2))R®) (1.20)
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where )
w _ L+ ‘
Fb+b+1)
Moreover, the coefficients AY) satisfy
b !
Aw = ObtDant
(04 1),

There is also an alternative expression for ®®) (see [72])

(b+b+1),

o) =05,

n

2B (—n,b+ 10 +b+1;1—2), n>0.

Example 1.31 (General Pastro orthogonal monic polynomials). Let b = X + in be such
that X > —1/2. The polynomials

b
q ; q n n —n 77717, -b
q)glb)(qu Z) = <;b+1_ ;) /2 Z(bl(q ) qb+1; q ’ +1; q, q b+1/22)

are g-analogues of the polynomials given by (L.19)) since lim, ,; ®®)(q; 2) = ®Y)(2). These
monic polynomials are OPUC' satisfying

n>0, (1.21)

)

<<I>7(f;)(q; .),Cbg’ (q; . o = / @(b) (q; Q) <I>(b (¢; Q) duqb)(C) = Agbb)(Q) Onms (1.22)

with respect to the probability measure ,u((]b) supported on the unit circle. The probability

measure ,ugb) is such that

dp(¢) . (43¢ q)oo|?
127 C g = Tq(b)w(gb)<<)7 with wt(lb)(g) - |(qb+1/2<; q)OOP’ (123)
where
v _ (©9) oA Qoo Ty + )P (1.24)

T ) e Ty bE 1)
Also, the coefficients A q) satisfy

b+b+1 ) (q q)
A(b)q :(q 4 dn > .
@ ="g gz 0 "2

1.6 Para-orthogonal Polynomials on the Unit Circle
and Positive Chain Sequences

Given a sequence {®,,},,>0 of monic OPUC with respect to the positive measure p on
the unit circle, the associated sequence {V,,},>o of monic para-orthogonal polynomials on
the unit circle (POPUC for short) is such that

V(z) = 2®,1(2) — pu®y,_1(2), n=>1,

where p,, is a any sequence of complex numbers such that |p,| = 1. These polynomials are
interesting since their zeros are all simple and lie on the unit circle T. As an application,
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the zeros of these polynomials are used in the quadrature rules on the unit circle. These
facts were first observed in [35].

Let us consider some results established in [I13] and [9]. Let the sequences of polyno-
mials { R, },>0 and {Q,}n>0 be such that

Roi1(2) = [(1+icpy1)z + (1 —idcpyr) | Ry — 4dpi12Ry—1(2),
Qn+1(z) = [(]- + iCn+1)Z + (1 - Z.cn—i-l)]CQn - 4dn+len—l<Z)7

with Ro(2) =1, Qo(z) =0, Ri(2) = (1 +ic1)z+ (1 —ic1) and Q1(2) = 2dy, where {¢, }n>1
is a sequence of real numbers and {d, },>1 is a positive chain sequence.

n>1. (1.25)

Remark 1.32. Note that the first element d; of the positive chain sequence {d,,},>1
doest not affect the sequence of polynomials {R,},>0, however has an influence in the
sequence of polynomials {@Q,, }»>o and consequently, in the results of this section (see [13]
for more details).

From the recurrence formula ((1.25) we have
R (2) = 2"R,(1/2) = R,(2) and Q%(2) =2z"'Q.(1/2) = Qu(2), n>1.
With this property the polynomlals {R,}n>0 and {Qn}n>0 can be called self-inversive

polynomials. Moreover, if R,,( Z Tn, w2* and Qn(z Z n, x2%, then
k=0

Hl—i—zck n>1 and gn-1 = H +icy), n> 2.

Lemma 1.33. Let {R,},>0 and {Qn,}n>0 be the sequences of polynomials obtained from
(1.25). Then there exist two series expansions

= — Z Upni12" and FEy Z Viopi12 ",
where v, = —U_,11, n > 1, such that there hold the correspondence properties
@ulz) _ 7 @n(z) _ m 1
0(2) Rn(Z) anz + (’Z ) an (Z) Rn(Z) Trm s+l + (( /Z) )7

for n > 0. Moreover, if the moment functional L on the space of Laurent polynomials is
defined by
(£,27") =vn, n=0,41,42,..,

then the polynomials R,, satisfy the orthogonality property

_7n7 j: _17
(£,2"9R,) =40,  j=01,...,n—1, n>1
Tns j: n,
2d 4d,,
Here, vog = 1y = ! nd v, = %ﬂ%_l, n>1.

1+ iCl 1+ 1Cn+1
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Theorem 1.34. Taking into account the real sequence {c,}n>1 and the positive chain
sequence {dp }n>1 there exists a unique nontrivial probability measure u on the unit circle.
If My > 0, where {M,},>0 is the mazimal parameter sequence of {d,}n>1, then p has a
pure point of mass My at z = 1. Let L be the moment functional associated with {c, }n>1
and {d, }n>1 as given by Lemma . Then

"y = / "(1—z2)du(z), n=0+1,£2 ...

Thus, from Lemma and Theorem [1.34], it follows that

v ={L.2") = / "1 = 2)du(z), n=0,+1,42,. ..,

and forn >1
/ 27"Ry(2)(1 —2)du(z) =0, 0<k<n-—1L1
T
Moreover, the authors of [13] proved that, if 4,, = [; R,.(2)du(z), n > 0, then
’70 =1 and ﬁn = 2(1 - mn)’s/n—la n>1,

where {my } >0 is the minimal parameter sequence of the positive chain sequence {d, },>1.
The following theorem is an immediate consequence of the above results.

Theorem 1.35. If the sequence of polynomials {®,,},>o is such that

Po(z) =1 and ®,(2) [J(1+ick) = Ru(2) — 2(1 — my)Rna(2), n>1,
k=1
then {®,}n>0 is the sequence of monic OPUC with respect to fu.

Example 1.36. Let the sequences {c,}n>1 and {d,},>1 be given by

Ui
n — > 217
¢ A4n "
(1.26)
12\ +1 1 n2x+n+1)
dy = dM = = 1— dnp1 = = >
P 2ar1 LT den 10+ +nt1) T

where A > —1/2, n€ R and 0 < e < 1.
Notice that, as verified in [1T], the sequence {d,}n>1 s a positive chain sequence with
mazimal parameter sequence {M(9},>o given by

¢ o 12\+n
My =« M}L):§ An’

n > 1.

The polynomials R®) () generated by the sequences {cptn>1 and {d,1}n>1 given by
(1.26)) together with the first recurrence formula (1.25)) are

b+ 1)
A+ 1)
(22 +2),
(A + 1),

R (2) =

n

oFi(—=n, b+ 1; =b—n; 2)
(1.27)
oF (—n, b+ 1;0+0+2;1—2), n>0,
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where b = X\ +1in. Note that d; doest not affect the polynomials R® (z).
From Theorem if

)(z) = [RO(2) — 201 = mQ9RY ()], (1.28)

n

(b+1),

where {m™9Y},5¢ is the minimal parameter sequence of the positive chain sequence {dy }n>1,
the sequence of polynomials {®19)Y,~q is the sequence of monic OPUC with respect the
probability measure 11> given by

LF©Qd(Q) = (1= o) [ FQd () + £ (D).

Observe that {®L0}, 5 is the sequence of general circular Jacobi polynomials {®®},5¢
and ;Y is the probability measure given in (1.20)).



2 Pastro Polynomials and
Sobolev-Type OPUC Based on the
Dy Operator

The aim in this chapter is to consider the monic orthogonal polynomials W<)q; 2)
with respect to the Sobolev-type inner product

<f7 g>6((1b,e,s) = <f7 9>~(b,e) +s <Dq[f]v Dq[9}> (b+1)) (2'1)

where the pair of measures { ﬁgb’ b“ )1 satisfy a coherence type property of the second
kind on the unit circle with respect to the g-difference operator D, given by . That
is, the associated sequences of monic OPUC {®®(q; -)},20 and {®(q; ) }uzo of o

and ,u (b+1) " respectively, satisfy

Dy[@PNg; 2)] = {n}y [ @1 Ng; 2) = xPUq) 215N 2)], n>2.

with D [<I>(b e)(q, ) =1= CID(()bH)(q; z). This property is proved in Theorem .
The measures ,ut(zbﬂ) and ﬁgb’e), which we consider to be probability measures on the
unit circle, are defined as follows:

(i) u,(]bﬂ) is the probability measure given in ((1.23)). We write

1 120 0) oo |2
Ay (C) = i21C KA |(’f]§+3/§& ;qc)z)oLIQd<7
with
b+ (@ )od @™ @)oo |Ty(b +2))°
(€% Q)o@ @)oo Tylb+b+3)

Hence, its corresponding sequence of monic OPUC are the general Pastro orthogonal
monic polynomials {®¢+(¢;-)},>0 given in the Example m

(i) 7<) is the probability measure such that

_ . oo2 1 .
(.9);00 = 1= 070 [ FQOO b 4 efgm, (22

where
o) _ (L= a1 = ¢ cos 1) (¢; @)oo (4" ) 1 n = —nn(g)
! (1 — ¢*tcosn,) 201(q, 4% ¢+2; ¢, ¢+1) 1@ @)se>”

More information on this probability measure will be presented in Theorems
and 2.7
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We study some properties of W(»4%)(q: 2) and establish the connection formulas that
they satisfy with the monic OPUC corresponding to the measure ﬁgb’e). Bounds for the
connection coefficients as well as outer relative asymptotics are also provided. The results
given in this chapter have appeared in the paper [30].

2.1 Introduction

The sequence of polynomials {p,(z; a, ) }n>0 given by
pa(zi, B) = 201 (¢, ¢% ¢ P g, ¢ PPE), n>0, a,BeER,  (23)

was introduced by P.I.Pastro [66], where it was showed that these polynomials satisfy
the biorthogonal relation on the unit circle

— 1
/H‘pn(c; a>ﬁ)pm(C;ﬁ>O‘) w(Ca a>ﬁ)ﬂd<ﬂ = hn 5m,n'

Here, w((; a, ) is the ¢-beta weight function given by

(4"2¢; q)oo (43¢ 0o
(@°712¢ @)oo (€712 @)os

We remind that T = {¢ = ¢¥: 0 < § < 27} and it is also assumed that 0 < ¢ < 1.

w(Ca, f) =

Remark 2.1. When 8 = a, the sequence of polynomials {p,(z; a, a)},>o is a sequence
of OPUC with respect to the positive weight function w((, a, «).

The results obtained in Pastro [66] were inspired by the following results given by
R. Askey in [4, p.304]. Let the sequence of hypergeometric polynomials {P,(z; «, 8) }n>0
be such that

Pn(z;oz,ﬁ):zFl(—n, a; —f—n+2; z), n>0 a«ofeR. (2.4)
Then these polynomials satisfy the biorthogonal relation
_ 1
Pn y & Pm v 9 w ; & ——d¢ = nfsm ny
L PG00 B) PG 3,0) WG 0, ) 35 = 0,

with W (e?; a, B) = e'@=80/2|sin(9/2)|*+0~2.

Remark 2.2. When a = 3, the weight function W((; «, @) is positive on the unit circle
and the polynomials P,(z; «, ) are OPUC with respect to this weight function.

Following [4] and [66], the parameters o and /3 in the polynomials and are
assumed to be real. However, it is now known that (see [72, [I8]) the parameters « and /3
can be extended to complex values.

In this chapter our goal is to consider some properties of the following three sequences
of monic polynomials

{R(q; )} uso, {20 g; ) uso and {8 g5 ) aso,

where Eg’)(q; z) is defined in below, é;b’e)(q; z) is the monic OPUC with respect to
inner product (2.2), and Wbes)q: z) are the monic orthogonal polynomials with respect
to Sobolev-type inner product .

Using the g-difference operator , in the next sections we present the proof the
following properties:
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A) The polynomials R®)q; z) are such that

/\

D[RYq;2)] = {n}, & g:2), n> 1.
B) The polynomials ®<)(¢; z) satisfy Dq[&)gb’e)(q; )] =1= <I>(b+1)(q, z) and
D@ g; 2)] = {n}y [255Ng; 2) = xPNa) 25 0g2)], =2
C) The polynomials ¥*<*)gq; z) satisfy the connection formula
U Ngs2) = BN W 2) = B 2), n> 1

The polynomials ®®)(q; z) are the general Pastro orthogonal polynomials, given in
(1.21)).

2.2 Preliminary Results on ¢-Hypergeometric Poly-
nomials

In this section we mention some results of certain families of ¢-hypergeometric poly-
nomials, given in [I8] and [2], that we need for what follows.
First we consider the family of polynomials given by

(be,d) (¢ @)n n(b—d+1) —n _b+l, —ctb-n —ctd—1
QN g2) = — g4 201 (g " g P4, q z), n>0,

(@Y q)n
where 0 < ¢ < 1 and b, ¢ and d are complex parameters with b # —1,—2 ... and
c—b+1%# —1,-2,.... These polynomials satisfy the three term recurrence formula (see

[18])
Qe 2) = (24 805") QL Na; 2) — i 2Q g 2), n=1, (25)

with Q(de( z) =1 and le’c’d (q;2) =z + Blb’c’d), where

B(b,c,d) _ - qcbern qbfdJrl a(b,c,d) _ (1-q¢") (11— qc+n+1) qbfdJrl n>1
" 1 — gt LT (=gt (1 gt T
In addition, it was also shown in [I8] that if Re(c + 2) > Re(d) > 0, then
—J c c 1 (qib; q) j j .
/Tg I () oy dC = e = 0L (2.6)
and
L) () —— z27r<‘ ¢ =pl? 0, 0<k<n, n>0, (27
. c+2. )
where p®© = (9 0)n (¢34 ., n>0,
T @ )
I ST VST O (4 oo (477 @)

and 709 =
(09¢; @)oo (472 /(5 @)oo ("2 @)oo (¢ @)oo
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Now let us consider the monic polynomials { R®)(q;-)},s0 given by

BH(b) (qb+17 Q)n —b—n -5

R g; 2) = o 21 (g ¢ g 0 z), n>0, (2.8)
where b = A + in with A\ = Re(b) > —1. These polynomials, which were extensively
studied in [2], have only simple zeros, all of them lying on the unit circle.

The polynomials R Xq; 2) are a particular case of the polynomials Qb9 (q; z) with
the choice of the parameters d =b+ 1 and c = b+ b, i.e.,

Q(b,b+5,b+1)(q; z) _ ﬁ(b)(q; z), n > 0.

Another particular case of the polynomials Q*»“%(g; z) are the general Pastro ortho-
gonal monic polynomials ®®)g; z) stated in the Example m Indeed, with the choice
d=0b+1/2 and c=b+b— 1, we have

Q(b,b+§—1,b+1/2)(q; 2) =®%¢;2), n>0.

Remark 2.3. The general Pastro orthogonal monic polynomials ®U)q; 2) are different
from the polynomials R(*(q; z) since they have their zeros inside the open unit disk.

Multiplying both sides of the expression (2.8) by (¢°*%; q)n/(¢* 1 cosn,; ), we obtain
the modified polynomials

b+1.
q ;0 q D
RY(q;z) = AL )n R®q; 2)
(gMtcos g q)n (2.9)
(@ q)n

= P oomnnd) 2010 g g g 2), n>0,
q» n

where 1, = —n1n(g). From ([2.5)) it is possible to verify that these polynomials satisfy
(b - b b
R(g2) = [(1+icdi(@) = + (1= il Li(@))| RO gs 2) — 4di L (@)= R (g 2),  (2.10)
for n > 1, with R(()b)(q; z) =1 and Rgb)(q; z) = (1 + icgb)(q))z + (1 - z'cgb)(q)). Here,

o (1—q") (1 =g
4(1 — gMrcosn,) (1 — ¢Mntlcosn,)

c(b)(q) _ 4 sin 7,

22l and dY)

(2.11)

Notice that the sequence {dﬁf’jl( ) bn>1 satisfy
d@) <A@, n>1,

where dnAH( ) are the coefficients given in . Moreover, in the Example We obser-
Ved that the sequence {dn +1( )}n>1 is a positive chain sequence. Therefore, by Theorem
6| wich is the comparison test for positive chain sequences, the sequence {d,(lbil(q)}nzl is
a positive chain sequence. Moreover,

(1 _ qn) (1 _ q2)\+n+1> 1
lim d li = —. 2.12
nl)ngo n+1< ) nl_{IOlo 4(1 _ q)‘+nCOS’I7 ) (1 — q)\+n+1COS nq) 4 ( )

Remark 2.4. The polynomials { R"Xq;-)},>0 and the sequences {c{®(q)} and {dfﬁl(q)}
are, respectively, the g-analogues of the polynomials { R}, >, and the sequences {c®)}
and {dg’ll} given in the Example m Indeed

lim RP(g;2) = RY(2),  limelPq) =) and  limdyl}(q) = 4. (2.13)

q—1 n
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2.3 Some Further Properties
From [71], it is known that the monic polynomials Z%g’)(z) given by

(b _ ()‘ + 1)n

where R(")(z) are as in (1.27)), satisfy the differential property

iﬁ;b)(z) =nol

e D(z), n>1. (2.14)

Here, ®®(z) are the general circular Jacobi polynomials (T.19).

Similar to the differential property - ) between polynomials R( )(z) and &LV (2),
we state the following ¢-differential property between polynomials R(b (q z) and q)(b“ (q; 2),
where we substitute the derivative operator by ¢-difference operator D,. This corresponds
to the Property A stated in Section [2.1]

’{‘heorem 2.5. With respect to the q-difference operator D, given by (1.7 , the polynomial
R®Xq; z) given in (2.8) and the general Pastro monic OPUC (ID(bH( z) given in (1.21)),
satisfy

/\

D[R (q; 2)] = {n}, @ s 2), n>1. (2.15)

Proof. By applying the g-difference operator D, to both sides of the g-hypergeometric
expression ([2.8]) and using the equality (1.8]), we get

("1 q)n
qb+1

D[R (g; )] = Dy|261(a™ ¢ a7 g q72))]

9

3

A —g)

for n > 1, and by adequately manipulating the g-Pochhammer symbols, we have

(
(¢"*';q)

1. _ ") b+l _ _
Eq+ gn 3(I—=q¢™)(1—q )2¢(n+1 b+2; qu7n+1q’ q71/2q7bz),

N 1 — qn (qg—i-l. q) 1 a B e e
Dy[RMq; 2)] = L g2 g (g @ g g, g 2),
q[ ( )] q(nfl)/g(l . q) (qb+2 C])n . 2 1( >

for n > 1. Here, the rlght hand side to the above equality is equal to the ¢-hypergeometric
expressions for {n}q . This confirms the result of the theorem. ]

The results given below, which follows from Lemma [I.33] Theorem [I.34] and Theorem
are based on the double sequence {(c!)(q), dflbll(q))}nzl given in ([2.11)).

Let Re(b) > —1 and let {M, ®) ( )}n>0 be the maximal parameter sequence of the

positive chain sequence {d§f’+l( )}n>1 That is, {Mn +1( ) }n>o is the largest sequence such
that 0 < M®(q) < 1 for n > 1 and

1 — MMM\ (q) = dY)(g), n>1.

An explicit expression for M1 ) is in - below.
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~ Using Ml(b)(q) and 0 < e < 1, we now consider the augmented positive chain sequence
{d"Nq) }nz1, where

A" Yq) = (1= M g) and dNq) =dVl(q), n>1,
and let {m")(q)},>0 be its minimal parameter sequence. That is,
My g) =0 and [ — YN q) = dPNg), n>1. (2.16)

Observe that the sequence {e, M (q), Mz(b)( ) Mé )(q) .} is the maximal parameter se-
quence of {d®(q)}n>1. Observe also that "N q) = (1—e)M(q) and m®Y(q) = MP)q)
forn > 1.

Theorem 2.6. Associated with the sequence of polynomials { R®Xq;-)}nso, (i.e., associa-

ted with {c®N(q)}ns>1 and {dﬁf’il(q)}nzl), there exists a unique absolutely continuous proba-
bility measure on T, which we denote by ", Moreover, for 0 < e < 1, if {m>)q)}n>0
is as in (2.16) and if the probability measure ﬁ((lb’e) is such that

LHQarIQ) = (1=a) [ (O diI(©) + ef(), (2.17)

then the following hold:

e The polynomials R q; 2) satisfy

n 7(b,e
Ly 4d(q)
(b) ’

L ¢RI ) (1= QAR IQ) = b TT —2 55—
T 2 j=0 1+ ZC]H(Q)

0<k<n, n>0. (2.18)

e The sequence of monic polynomials {Ci,g”e)(q; 2) bn>0 given by

M08 141 @ )
<qu;Z%f) [R5 ) = 2[1 = i Al i (s 2)]

~ - (be 1 —¢™"cosn,) ~
= BOg; ) — 201 — () =y VRO (g2), n>1,

(D(be)(q’ 2) = (q

(2.19)

is the sequence of monic OPUC with respect to u(b ). That is,
(@K 0,8 )00 = [ B0 O AGO PO =0, ntm

From (2.13) and (2.19) one can verify that

lim >N g; 2) = @4 2), n>1,
q—1
where the orthogonal polynomials () (z) are given in (|1.28).

From , for the Verblunsky coefficients {— o H(q, 0) }n>0 associated with the me-
asure ,u(b E) we have

1 — ¢ cosn,
1— qb+n ’

— g5 0) = == 11— 2[1 — (" g)] n>1,

n
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and
lim | — ®"Yq; 0) ’_0

n—oo

Thus, the measure ,u <) belongs to the Nevai class (see [69]) and hence, there holds the
outer ratio asymptotics

ok 6)(q 2) _
1

in every compact subset of C \ D.
Theorem states the existence of the probability measures u(b 0) associated with

{c®)(q)}n>1 and {dn +1( )}n>1. The next theorem gives information about the explicit
form of " and also information regarding the values of A"(q).

Theorem 2.7. The probability measure ﬁ,(lb’ﬁ) given in Theorem is such that

1

iy AQ) = 77 W) 75 dC. (2.21)
where
. 2 . 22+2
5000 = 1S Dl ) Z oy (1 - o0 (4 @)oo (6 @)
= = q q""cosn,
() = [11E )P o = 2Ma) RN PEEeE
Moreover, if ﬁg”e)(q) = <<I>$f”e)(q; .),&)g”e)(q; ')>;Z(”’5>’ then
ACg) = " Ng) 11— eosn,  (¢;0)0(6 %), e
n (e , n>1

MmN q) 1 — @ reos g (g7 q)n (g5 )

Proof. From (2.7) and (2.9), with v*****+I(¢) = (1 — ()@ (¢), we have

1 (@ @)n (b,b+b)

—k pb) . (b,b+b) 1 — =1\ ~(b) = L
SR Q7P = NI e = s

for 0 < k < n and n > 0. Hence, by conjugation of this expression and then using the
conjugate reciprocal (reverse) property

RMg:2) = 2"Ri:1/2) = R 2), n >0,
which can be easily verified from (2.10)), we can also write

() b1 (b,b4D)

dc = A
M6 (P08 g Q)

LRG0 (1= RV )

for 0 <k <nand n > 0. Comparing this with (2.18)) we then have

" 3(5.0)
Tq( ) (qb+1’ D ,0(” b+b) 1 4d;71(q) -

7 (b,b+b) (¢*1cos Ny qn 2 j=o0 1+ 105121@)’ -

—~

Thus, by using (2.11)) we confirm the value of 7
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Now to find the value of ﬁﬁf”f)(q), we first observe that

@) = [ 80Ug:0) B Ng: ) di ) = [ (" = 1) 8Pq: Q) dpPIQ). m> 1L
Hence, from ¢ — 1 = (1 —¢)/¢ and

Z’”_l_n—l B
[ET=A

<.

we find -
ArNg) = [ 3¢ @000 (1 = Qa0 m= 1

=0
Thus, from (2.19)) we can write

AP Nq)
A1 . n—1
¢t eos ng; @)n L ey e
= i[5 ot [l 2) — 2 = AR 0 2)] (1 = Qi Q)
) n ]:O
and, hence, we obtain from ({2.18]) that
A (b,e) (q/\+1COS Nqs Q)n ~ (be) —n p(b) ~(b,e)
AP = =g A = )] [ RO (0= QdEf Q). 1

By conjugating this expression and using the conjugate reciprocal property of Rﬁf’ll(q; ()
we then have

A+1

o Dealy — )] [ R0 (1= QA n>

Thus, again from ([2.18])

Ay =1

I A+1 1 n=l 465(-1)76)
A'ELb’E)(Q) _ (C] BCOIS Tgs Q)n 2[1 i mg )(Q)]f J+(1b()q)
( b(fz) g " 2 j20 1+ icjiy(a)
A0 g) » 4d)
_ méb E)(Q) i+1(9) n>1,

Mpii(q) j= 1’1+zc (q)’w

and the required result of the theorem follows. n

Remark 2.8. In the results given in this section the augmented positive chain sequence
{d®)q)},>1 plays an important role. However, this chain sequence is based on the value

of Ml(b)(q) which one can derive from the evaluation of the integral

[P0 L (0 0)u

ZQ?TC 7 2M07q) (1 = ¢+1e0s 1) (65 @)oo (442 @)oo
Hence, using w{? (¢) = Cvéb7b+g’b+l)(c )/(¢ — 1) and (12.6) one can also show that
1 1— qEJrl 1
21— ¢Meosng »61(q, ¢7% ¢7% g, 1)

M{"q) = (2.22)
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The next theorem states that {ﬁf]’” ) b“ )} satisfies a coherence type property of the
second kind on the unit circle with respect to the g-difference operator D,. This is the
Property B stated in Section [2.1]

Theorem 2.9. The pair of measures {,u (b“ }, where ﬁéb’e) is given by Theorem
and ugb“ is given by (1.23]), satisfies the coherence type property of the second kind on
the unit circle with respect to the g-difference operator D, given by . That s, the
respectives associated monic OPUC satisfy

Dy[00g; 2)] = {n}, [0 g 2) = XN @0 g5 2)], n=2,  (223)

- 1 — ¢*"cosn,) {n—1}

h, (bye) —91 — (bse), ( q q n>o.
where X, ( ) [ m (Q)] (1 _qb+n) {n}q
Moreover, lim,, ., x*q) = ¢'/2.

Proof. By applying the ¢-difference operator D, to (2.19) we have

~

DBg:)) = D,[R¥ta;2)] — 21 — it ) LS R (4.,

for n > 1, and using Theorem leads to the required coherence formula.
On the other hand, notice that

1
lim {n—1}, _ q1/2,

n=oo {n},

and from (2.12)) it follows that lim, . d®q) = lim,_,. d®(q) = 1/4, then using The-
orem [1.7 we obtain

1
(e ) — —
dim (q) = 5
The above asymptotic results confirm the asymptotic result of x(*)(q). m

2.4 The Sobolev-Type OPUC

As we have pointed out in the introduction of this work, coherent pairs of measures
constitute an useful tool to study sequences of orthogonal polynomials with respect to
the Sobolev inner product associated with such a pair of measures.

Following the results obtained in [, [7I] and taking into account (2.23), we can now
deal with the sequence {¥{“*)g;-)},>0 of monic orthogonal polynomials associated with
the Sobolev-type inner product

<f7 g>6((1b,s,s) = <f7 g>'ﬁ((1b,e) +s <Dq[f]7 Dq[g]>uéb+1)v (2.24)

where /Lgb+1) is the probability measure given in and ﬁg") is the probability measure
given by and (2.21). Moreover, we assume b to be such that Re(b) > —1.

We define the sequences {p{&*)q )}n>1 and {q®*Xq)},>1, which will play an important
role in the sequel, by

q\5Mq) = s {n}o{n+1},A0 ) xUila),

o) o n>1, (2.25)
pPq) = ALq) + 5 {n}2[ AT q) + A 0) W)
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where A®(q) is given in Theorem [2.7]and A®t1)(q) is given by (T.22). As we are dealing
with probability measures, we also remind that A(()b’e)(q) = AObH (q) = 1. Moreover,
A(b+1( ) _ O

For later use, we now observe that A®™)(q) and A®9(q) stay bounded as n — oo.
Indeed, from Theorem [2.7] we have

B mgb 6)(q) 1— q)""lCOS e (1 B qn)(l B q2/\+2)

b+1)
B ' 6%(9’) 1 — g*ntlcos, 1 —g")2 Arle), 21 (2.26)
n+

Therefore, since lim, o AL™(q) = 7041 we get

2"V q) (1 — P cos ) (1 — ¢?*+2)
A (be . 1 q (b+1)
nh—{&A ( ) o |1 _ qb+1|2 Tq :

Here, 701 is as in (1.24).

In the next result, we consider the expression for W(*)(¢; z) as a linear combination

of the polynomials {<§§b’6)(q; - )}j=o given by (2.19).

Theorem 2.10. If {U®<)q; V}so and {0 q; ) uso are the sequences of monic
orthogonal polynomials with respect to the inner products <f, g>6(b,573) and <f, g>~(b7€>, res-
q Hq

pectively, then
b,e,s T (b,e
v, )—CP( g:2) and
(

b,e,s b,e,s b,e
\Dn+1 ) q; = Z a7(7,+1] )( ) + (D1(1+i(Q7 )7 n Z 1.

. € b,e,s b,e,s b,e,s
Here, if a®(q) = [a5°)(q), a5 (a), - -, a5 (@)]T, then

i q) = s{2}xy U /[AT V) + 5] and
TENq) a®Nq) = 45 ) en, n>2,

n

where e, is the n-th column of the n x n identity matrix and T b”)(q) is the n X n
Hermitian tridiagonal matrixz

B b,e,s b,e,s

p"Ng) —a8q)

—(b,e,s b,e,s b,e,s
—35Na) pP ) —a8 )

—a50) PN —alel)
_77(112,6,5)((]) glb,e,s)(q)

with p"“*Nq) and 4"“*Nq) as in [@.25).
Proof. If we write \Ifgbbfls)(q, z) = X WCID(b e)( q¢;%2), with r,,,.1 = 1, by considering

the orthogonality between ¥'%5 a )( q; z) and \11066 S( q; z) with respect to the inner product

<f7 >651b,€,5)‘
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b,e,s b,e,s
0 = <\I}((J )(QS -)7 \IJSH_I )<q; ')>6(b,6,5)
n+1

n+1
— N(bvﬁ) . bE) o
- <17 ;0 TTLJ(I)]' (Q7 . )>;((1b’6> < Z Tnj [ Q7 . )] >uéb+1) - rn,O <17 1>ﬁ[(1b,e)a

for n > 0. Thus, 7,0 = 0 and we can write ¥”5%(q; 2) = S P o E)(q, 2).
Hence, with n > 1, from

T (b,e b,e,s
0 =(2{"Yq, ), ¥ 25 ')>6<bes>
n+1
o be) be . = (be) .
a < Zr”” @ - >~(b,e)+8<17 Zrn’j Dy {q)j (g )]> (b+1)
Hq j=1 Hq
and ([2.23), we get

0= rn71<&)§b76)(q; ), g, -)>~<be>
(b+1 b+1) b,e b+1
+ S< " ) ZTW{]}CI[CI)( ¥ ( 4 ) X§ )(q> (1)5:; )(q; )]> (b+1)’
Hq

where X1 ( )<I>(b+1( .) = 0. Hence,
AP Nq) + 547 @) s = {20545 @) 8" V@) oz = 0. (227)

Thus, when n = 1, with the observation 7,2 = 1 we obtain the expression for
Ty = a(271 )( ). With r,, ; = a(bff;(q), j=1,2,...,n, we also have from ({2.27))

b,e,s b.e,s b,e,s b,e,s
) a51(0) — a2 N9 aliin) = 0, n>2

Now with n > 2 and 2 < k < n, from

T (b,e b,e,s
0 = (@ q ) WG ) o

= {(&0"g; ), z g @G5 )z + (Do 8 Aa )]s Do W05 )]) 0o
= ri( B A ), g -)>ﬁgb,e>
+S<{k}q[ o g ) = xiNa) 2475 e )]s

n+1

b1 ‘ b1 bye bt1),
rna®l s )+ 3 g (e [0 ) = M@ @]
7j=2 Hq

we obtain
0= —s{k}, {k—1}, AV XN ) s
AL Ng) + s{k}2 (A7) + AL a) X U@ P)] s
—s{k}q {k+ 1}, AL @) x5 a) .

We can write this as

(bye,s)

~G0NG) g1 + 0T g — A @) g1 =0, 2<k<n, n>2.

Hence, with r,,,,4+1 = 1 and 7, ; = a,ﬁjf}(q), j=1,2,...,n, we obtain the linear system

of equations T"<%)(q) alb==)q) = qnbfls)(q) e,,. This completes the proof of the theorem.m
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Since T“*)q) is a tridiagonal matrix, it is easily seen that
det(T{*q)) = piq) det(T5N)) = laa)* det(T(57q), n =2,

with det(T{“(¢)) = 1 and det(T"(q)) = p{"**(¢). Thus,

det(T®<*)q)) det(T\5q)) R O]

b,e,s) J€,8 (b,e,s) (b,e,s - b,e,s (b,e,s TZZ]_
P Ng) det(TPa) [ o8N det(TP ) | 0P ey 9l 0)
The sequence {0*)(q)}2,, where
(be,s 2
Dg),e,s)(q> — ‘qn-i-l ( )| n Z 17 (228)

PN pl )

is a positive chain sequence. This will be confirmed later in the proof of Theorem [2.13]
This means that the sequence {m®<*)(q)}>° . where

n=0>

B det(T®<%)q))
i) det(TL5(q))

for n > 1, is the minimal parameter sequence of {9{*)(¢)}°°,. Therefore,

[1—mP)mP)q) = 0lNg) and w5 q) =

Y

0 < det(T®*q)) < p®)q) det(T"5q)), n > 2.

Remark 2.11. The positiveness of the determinant det(T®“)q)) guarantees the unique
existence of the solution of the system T®<*)(q)a®<*)q) = qg’fls)(q) e,, thus, also the

existence of the Sobolev-type orthogonal polynomials W(®:*)(g; .).

The following result states that two consecutive Sobolev-type orthogonal polynomials
with respect to are connected to an orthogonal polynomial corresponding to the
measure ,u ThlS is the Property C stated in Section

Theorem 2.12. The orthogonal polynomials ¥ bes)(q; z) with respect to the Sobolev type
inner product <f,g>6(b75’s) given by (2.24] - ) satisfy

VN 2) = BONq) U5 g5 2) = BPNgi2), =1 (2.29)

n

Moreover, the connection coefficients in (2.29)) satisfy Blbﬁs)( ) =0 and

(bye,s)
€,8 qn+1 (C.Z)
i) = e o n= b (2:30)
o a) = aAa) Na)

where q"°Nq) and q\"“*(q) are given by [@.25). Also,

—(b,e b,e,s
Xelg) B g) >0, n> 1.
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Proof. By considering ®")(¢; .) as a linear combination of {\If(b “g; )} we find

b,e,s b,e,s) €.s €
U5 g 2) — YN q) W g; 2) = B8N 2), >0,

where "
o) (80ka: ). w0eg; ), b

Bn—"ri (Q) == €, €
(g ), v g; -)>6(<1b,e,s>

. n>0. (2.31)

Here, by ﬁ Fls)(q) we mean fff{s)(q). We now look at the numerators in the right hand

side of (]E We have
<&)gb’e)(% -)a‘I’g)b’aS)(q; ')>6L(1b,e,8) - <(I)gb E)(q ) 1>~<b o T S<1 0> W = 0.
Moreover, for n > 1,
(@nias ), ¥LNG ) ) g

= (@ ), 0N )z + 5 (Dal®0ias ) DLPENgs ) oo

= 5 (D[®0a ] DY Nas ) oy
Hence, from ([2.23))

(@hilas ), wiPeg; . )>ng,e,s>
= s ({n+13[20"a ) = xoha(@) B21 s, )L DY s ) vy

from which

b,e €.s —(be) b+1 —(b,e,s
(@0ias ), WNas ) ) gy = =5 {ndoln+ el A2 0) = =007, n> 1

Therefore, from (2.31) we find that A{"“*(g) = 0 and also that ¥ %q)8"5(q) > 0 for
every n > 1.

Now we analyze the denominators in the right hand side of (2.31)). We have

b,e,s b,e,s b,e,s T (be,s) .
(wg; ), 0 q; )>Géb,e,s):<q>< Ag: ), B )(q7-)>~,;gbye>:1

and, for n > 1,

<\Ij(bes)( ) 111(563)( q; )>6((1b,e,s) = <(I> 7

S
&)
—
ox
~—
S
)
o
—_
=
~—
\/
@
S
m
&,

I
)
33
S
—~
=2
_|_
(V)
.
s}
A

Szb’g)(q; s Dq[\Ijgzb@S)(q; . )]>#gb+1)'
Hence,
b,e,s b,e,s T (b,e T (b,e
(g ), 9N ) e = AVND) +5(1,1) 0y = AP Ng) + 5.
q Hq
For n > 2, from

€,8 5 (b,e €,8 b,e,s .
Dq[\ljgzb’ ’ )(‘E ] = Dq[cp%b: )(q; D+ 57(117’ ' )(Q) Dq[\llgz—l )(Qa )]

= {n}[@0 g ) = xPAq) 2V as )] + BN q) D[P0 g; )]
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and from (2.23), the above formula can be written as

(g ), W Nas ) e
= AP0 + 5 ()34 ) + i AP AN

e (2.32)
—s {n}o{n—1}, A5 (@) X Na) 8P Na)
= plbeNq) — g q) L g).
Thus, the recurrence formula for 5<)q) follows. ]

For n > 1, using Theorem 2.6] we can also write

A+1

COS Mg q)n [Rflb)<q; ) — 2(1 m(bf( ))Rn (a5 )}

€,8 €,8 ,E5S q
B2 = BB s ) =

2.5 Some Properties of the Sobolev-Type OPUC and
Connection Coefficients

In this section we present some propierties of Sobolev-type orthogonal polynomials
Wbes)(q; 2) and of connection coefficients 30 (q) given by (2.30).

The next theorem gives an upper bound and an asymptotic result for Y\q) 3%<*)q),
where x»Xq) are given in (2.23).

Theorem 2.13. The connection coefficients B><)(q) in Theorem satisfy

{n}q
{n— 1}q

(b) lim X(b 6)(q)@7(lb7678)(q) = ¢'/2.

n—oo

Here x%(q) are the connection coefficients in (2.23).
Proof. From

<\Ij$Lb,e,s)(q; ] )’ \117(1”76’8)((1; . )>6(b,e,s)

Nas ) UG ) ) + 5 (Dal¥ g ] DLW Ngs ) oy

(a) 0 < XUq) 8L q) < XA, n>2.

Il
~
S

for n > 2 and from minimal norm characterization of monic orthogonal polynomials with
respect to a probability measure supported on the unit circle, we get

(w09 ), WBNg: )
(b

5 (b.€,8 J€,8 (b+1 1
> (BNqs ) B Ngs )+ 5{nde (05005 ), 9055 ) gy 22

Thus,

<\IJ£Lb’€’S)((]; ‘>’ \I,glb,e,s)(q; ‘)>6(b7€78) > A(be( ) + 3{”}314%“11( ) n > 2.

q
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Hence, from ([2.32)) we have

s{nyo{n—1}, AT )X®Nq) 8L q) < s{n}2 PN )P AV q), n>2.

This proves item (a) of the theorem.
Now to show item (b), we first observe from Theorem that one can write

2 (q) = [1 — mPq)mP<*)q), where 2*)q) are as in (228) and

(bye,s) (bye,s)
ms;,e,s)(q) _ qn+1 Ebe)g)nJrl ( )

pn—i—l (Q>

s {n}o{n+1},A7 Ng) Xila) AL a)
A Ng) + s {n+1}2[A b*%) + A ) v @P]

(2.33)

for n > 1 with m{"*(¢) = 0. Since we can observe that m®9(q) > 0 and 2¢=*(g) > 0 for
n > 1, we also have 1 — m{®*)q) > 0 for n > 1. Hence, we can state that {0*)(q)},>
Is a p051tlve chaln sequence and {m(®<%)(q)},>¢ is its minimal parameter sequence.

From and the asymptotic behavior of A (q), AL+t1(q) and x")q) we now
easily ﬁnd

lim 20e9)(q) = — 1
A = e

Since 0 < ¢ < 1, by Theorem [1.7] one finds

1 q q
hmm( N)==-11—,/1—4 = .
M m,g) = 3 l (1+q)2] 1+gq

On the other hand, if lim,, o, X*)(q)3%<*Xq) = £, then from ([2.33)),

/ q1/2
li b)) = 21
Jim m,"Hg) = T .

This immediately gives the asymptotic result for ¥(*<(q)3%“*)¢) stated in the theorem.
u

From Theorems [2.9 and [2.13] we also have

(be,s o
dim 5 q) = 1. (2.34)
The coefficients 3*)q) in (2.30) also turn out to be interesting from the point of
view of orthogonal polynomials on the real line. We show that these coefficients can be
expressed as rational functions involving a sequence of polynomials that satisfy a standard
three term recurrence relation.

Definition 2.14. For given b and ¢, let {S®(q;%)},>0 be such that

b,e
S Na:y)

SPNgy) =1 and LS gy = BTy 5y
" SiNay)

, (2.35)

where

~ (b,e
o 2 q)(1 — ¢ eosn,) (1 — ¢2H2)
K " = 11— ¢+ :
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Then the following can be stated.

Theorem 2.15. For n > 0, S®9(y) in ([2.35) is a polynomial in y of exact degree n.
More precisely, if S%(q:y) = t*q) SLUgy), n > 0, with Y q) = 1 and

. (1 . m;b,e)(q)) (1 _ q>\+n+lcos77 ) (q2>\+2’ q .
twla) = - (;;1) 1 _ L s H{k‘} n =1,
(1—m"Yq)) (=g teosny) ("% 0)n 15

then §,(1b’5)(q; y) are monic polynomials such that

S Ugy) =y + o A9)] S5 Aaw),

SPNgy) = [y + ala) + U] SEUay) — anda) oUa) SiUa; v),
forn > 2. Here,

n b,e
_2{n}2(1- g™ +1coan> m\lq)

b,€)
n— q b
2 A+n+1 ~ (be) =
(b,e)(q) 2{n} (1- cos 1) (1 — 1y ji(q))
! (1—q") ’

Proof Let us assume ﬁnbfl P be)( )/S(b6 (q, y), with Séb’e)(q; y) = 1. Hence, from
b,e I'iq J€ be, /-eq J€
E30). one finds " ()50 (q:) = " @) g1y) and
b,e, /{((Zb’e) € €, H b,e €, ,i €) b,e
avi™ A @)SE g y) = pPe g S0 (g5 y) — qbe g S (gry), n>2
With the use of (2.25) this leads to

(bie, 55" y)
qn+1 (Q) S(b 5)(

_Q
[ m—
o
7
==
—
()
~
+

Gy = |y + "y ALa) o) ] |5 )

A %) A a) "
7(b7€7 Hq 76/y)
yqn q ,€
- ~(b7€)<)51(1b—2)(q;y>,
An"q)
yay HbE)/y)(Q) (be) P e (bye)
for n > 2 and Sy g y) = {y + = Ay (q)} Sy (q;y)-
b,e b,e ’
(gxﬁ) (@) AP )
Clearly, yq; g y)(q) are independent of y for all n > 2. Thus, if
n o (ber{)y)
,€ ,€ ol € € yq q
S ay) =S¢ (gy) and SP(gy) = S (g w) [T ktl(b,a( ) s,
= A ()
then
a be {”} b 1) b+1) Gilb,e
Sway) = A(b U )+ AT A9) )] Hsé’fm;y)
—(be, 5 y) (be, k"))
Yiin q) yan q) e
- @) ( )Sﬁfg)(q;y),

AV q) A% Nq)
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(b,e)
for n >2and S (y) = [y—i—/;be( )Aébﬂ( )}S(be( ).

First, we observe from (2.23)) and (2.26)) that
kP {n}2AY q)

AP q) Ny
Iiéb,e)’(l — g2 2{n}3mnjl(q)(1 — M Heos )
2mgb,e)<q)(1 — Q’\+1cos 77q>(1 _ q2/\+2> (1 _ q”)

for n > 1. Thus, with the value of lif]b’e) in the theorem, we then find

kP {n}2A0 ) _ 2{nign iy q) (1 — @ +eosn,)
ALY q) (1—4q)

_ {n}2 ( 2>\+n+1) n> 1.

2(1 — gMncos ) (1 — i Yq))’

A€
a£—1)<q) =

For the latter formula for a$"(q) we use m"Yq) = d"Vq)/(1 —mLq)). With the same

choice for /ﬁf]b’e), we also find

. b+1 b,e
kPN n+112A0 (@) X a)
F(be
Aa)
n ~ (be
2{n(1 - g eosn) (1 - mllg)
1—qm

Moreover, we can verify that

bye,rl® ) ~ (bye n n
yal g 2 (L= i) (1= " cosy) (1= g0+
AP 1 —mPYq)) (=g ncosn,) (1 - gttt
and -
_(bye,kg " y) n
Tl y(‘l) _ {n}2(1 — qb+ +1)
A% T (T—qm)
for n > 1. Thus, we also find
7(b,6,,‘i(b76>/ ) (bye ri<b’€)/ )
yan " g yan " Ma) _ e Ug) "), n>2
Agbﬁ) Agbf{ n— — 9 bl

and

n e ry" ) 1— P ) (1 — Antl 2042
H k+1 (@) _ (1 —myfi(q) (L= ¢ eosng) (6% @)n H{k‘}
k=1 k (q) (]- - mgb 6)(Q)) (1 - qA+1COS 77q) (qb+27 q)n k=1

for n > 1. Thus, we have shown the results of the theorem.
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From Theorem and from ([2.35)), we can also write that

e’ibe (bf< ) (
Bf,,b { >/y>
o ®Xq) <(

— {n}? (1= 1iilg) (1= @M+ Leos ) (1= ¢41) 504 (g3 )
(1 —mNg)) (L =g rcosng) (1 —gm+) S0 (g )

5" Uq;y)
SN q:y)

=

(2.37)

=l

’

v»—lv

for n > 1.

Remark 2.16. The three-term recurrence relation (2.36) shows that {S®(g;y)}nso
forms a sequence of MOP with respect to some positive measure on the real line. Since
the Sobolev inner product given by (2.24) is positive definite for 0 < s < oo and the

rational functions g,(f_el) (¢:1)/5%9) (q;y) are well defined for 0 < y < oo, the support of
this measure is, as expected, the negative half of the real axis. The identification of such
a sequence of monic orthogonal polynomials is an open problem.

The following theorem gives bounds for 3<%)(q).

Theorem 2.17. The constants 3*Nq), n > 1, given by [2.30) for0 < s < o0, 0<e< 1
and Re(b) = A > —1, are such that ﬁ(bes( ) =0 and

es . 1 — An+1 ( €) (bye)
80590 < o1 — ) Aoy i) o)
11 —q | a™Aq) + <" Uq) + K /s

where k> {a(be( Vst and {c¥Nq)}ns1 are as in (2.35) and Theorem |2.15. We also
(b,f)
set ¢y (q) = 0.

P 7’00f From the TTRR one can consider the sequences {d;bfl(q Y)}n>1 and
{mn-i-l(q y)}nzo such that

(bse) b,e
— b - (b) S0 (N a,"(q) ¢ Nq)
[1 (¢; y)} Mi1(¢:y) = dni1(q; ) [era(be)( )+c(be)( )} {y+a(be)< )+c(be)( )}

and
S¢9(qy)
v+ aiUa) + U9 SV (@ )

11—l qy) = : (2.38)

for n > 1. For any y > 0 the sequence {dn +1(q, Y)}n>1 1S a positive chain sequence and

{mff’fl (¢;y) }n>0 is its minimal parameter sequence. One way to verify this assertion is by
observing the following:
7(b,e

By using Theorem the sequence {d,, +1(q, 0)}n>1 is clearly a positive chain se-

quence and its minimal parameter sequence {1, +f(q; 0) }n>o is given by

(bse)
NI ¢, 1(q)
m’sz )(Q7 0) = "o (,6)

, n>1.
anil(Q) + cnil(q)

Moreover,
2(b,e b,€)
dyS(ay) < dS(@0), n=1,

for y > 0. Thus, our assertion follows from Theorem [1.6]
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Furthermore, by Theorem | we also obtain that mg’ﬁ(q y) < mﬁbﬁ(q, 0) forn > 1

and y > 0. This means, from

S¢9(g;y) 54:9(g; 0) o a"e)

~(b,e > € ol J€
v+ aUq) + )| SV g y) [0+ alUe) + )] SV 0)  alNg) + € lg)

for n > 2. Thus, for y > 0,

9

g . (b 6) (b, 6)
S qy) 4 4(q) [y + a,"4(g) + anl(CJ)]
The equality holds when y = 0.
Substitution of this in (2.37]) gives the required result of the theorem. [

The following theorem gives information about the convergence and some monotonicity
properties associated with 5.

Theorem 2.18. For any given n > 2 the following results hold:

s e 1 — ¢ ™"cosn
515&5 Bes)q) = 2[1 — Y q)] 1 — g :

Moreover, for b and € fized real numbers |35 q)| is a strictly increasing function of s
for s € [0,00).

Proof. We have from (2.35)) and Theorem [2.15]

1€09g)| S (q: 1) SV (g5 y) — 589 (q; ) SV (43 )
b,e 2 ’
) (S (a:w))

for n > 1. Observe that S®<(g; )S( 1(q, y) — S®a (g y)S( o (q;y) is positive for every

real number y. This can be verified from the Theorem which is the Christoffel-

Darboux identity that follows from (2.36]). Thus, | Bnbfl wi y)( )| is a strictly decreasing
function of y and, consequently, \B,Sll’js)(q)\ is a strlctly increasing function of s.

Moreover, lim,_, o ﬂnbfls (q) = lim, o 57&51 K/ y)( ) and the limit value in the theorem

follows from (|2.37]) and ([2.39)). ]

be K (b,€)
mﬂ © )| = -

With the results in Theorem [2.18] we can now address the asymptotic behavior of
Wbe9)(g; 2) with respect to the parameter s.

Theorem 2.19. For anyn > 1,

A+1 n
S0)/ n(q cOS g5 q
iy 92 ) = ROes) - 2 L ] (1)

§—00

Proof. By considering the orthogonal polynomials that follow from the limit inner product
M 00 57, 9) ger = (Dylf], Dq[g]>“(b+1>, we first obtain from ([2.15])
q q

lim UP0(2) = B0 (2) = Rq;2) + pPAg), 2 L.

5—+00 n



Some Properties of the Sobolev-Type OPUC and Connection Coefficients 60

The constants p{®)(q) are still to be determined.
On the other hand, from ([2.29))

o) (g 2) — BN WP (g 2) = 9B (g5 2), n>1,

n n—1

where 8"°)q) = 0 and the values of 3% = lim, o ®9), n > 2, are found in
Theorem .18 ~ B
Combining the above two formulas we get R\ (¢; 2) + p"q) = & (¢; 2) and

D e,00) b € €,00) (be €
RY(q;2) — BL=9RY (g z>} + [P q) = 8L oV )] = 2P (2),

for n > 2. Thus, comparing the above with (2.19) we immediately find

b,e ~ (bye 1 - q cosm € €,00 b,e
o) = 2 =g~ and ) = 806N n>2
The required result of the theorem follows. n

Finally, we give an outer relative asymptotic result.

Theorem 2.20.
' \I/%b,e,s) (q; Z) >
lim — = ,
n—o00 (I)glbaf)(q; Z) z—1

in every compact subset of C\ D.

Proof. From (2.29)) we obtain

. 6(b,e,s)<q> &);bf%(q; Z) \ijlbfiS)(q; Z)
" O Ngs2) Vs 2)

wNg; 2)

= =1
& Ag: 2)

, n>1, (2.40)

On the other hand, by using (2.20) lim, @fﬂ(q; 2)/®®q; z) = 1/z. Thus, from
(2.34)), we obtain (see the proof of Theorem 5.1 in [49])

\I,(b,e,s) .

= =U(z),

in every compact subset of C\ D. Taking the limits in ([2.40))
1
U(z) —=U(z) =1
z
from which U(z) = z/(z — 1). This completes the proof of the theorem. ]

Remark 2.21. According to the Hurwitz’s theorem, for n large enough, the zeros of the

polynomials W) (g; 2) are located in the interior of the unit disk.



3 Coherent Pair of Moment
Functionals of Second Kind on the
Real Line

The aim in this chapter is to consider a characterization of pairs of positive measu-
res {vg, v1} on the real line for which {P,(vo; ) }n>0 and {P,(v1;-) }n>0, respectively the
corresponding sequences of MOP, satisfy

1

Pn(yl;x) - Tnpn—l(yl;x) = m

P o(vo;x), n>1, (3.1)
where 7, # 0 for n > 1. We study this problem by dealing with a more general pro-
blem in the framework of quasi-definite moment functionals. We also present a matrix
characterization.

The work presented in this chapter, which has appeared in [29], was done while Gus-
tavo Andreto Marcato and myself were visiting Francisco Marcellan at the Department of
Mathematics of Universidad Carlos III de Madrid (UC3M). Our stay in UC3M, for a pe-
riod of one year during 2021-2022, was supported by doctoral sandwhich students grants
(respectively, 88887.570089/2020-00 and 88887.570304/2020-00) from the program CA-
PES/PrInt of Brazil. We are extremely grateful to UC3M for receiving all the necessary
support to undertake this research.

3.1 Coherent Pairs of the Second Kind

In order to arrive at information about pairs of positive measures {vg,v;} for which
there hold (3.1)), in this section we study this problem in the framework of quasi-definite
moment functionals, where we introduce the concept of coherence of second kind on the
real line for quasi-definite moment functionals as follows.

Definition 3.1. Let vy and v; be quasi-definite moment functionals and let {P{®}, 5,
and {P(V},50 be, respectively, the corresponding sequences of MOP. Then {vg, v} is
said to be a coherent pair of moment functionals of the second kind (CPMF2K for short)
if there exist non-zero constants 7,, such that

1
—— Pill@) = PP@) = Pl (e), n 21 (3.2)

Let {80 oszjl}nzl and {3, 04511411}@1 be the coefficients in the TTRR
Pih(e) = (z = B PP(@) — il B (2), n21, i=0.1,

61
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with P”(z) = PV(2) =1 and PO (z) =z — B, i = 0,1. Also let A = <v0, (P,(LO))2>
and AN = <V1 P) 2> for n > 0.
Since {P° }n>0 and {PM},50 are a basis for P, their corresponding dual basis exist

and we denote, respectively, by {v(®}, -, and {v(! }nzo These sequences satisfy (1.10]).
In the sequel we will write

(0)/
POy = Loenl®) o)
n+1
and assume {v(?},.5o to be the dual basis given by
(v i) =

In the following result we state a relation between the elements of the dual bases of the
sequences {P©},~0, {PV} o and {P%](2)/(n + 1) }nso, when {vo,v1} is a CPMF2K.

Prop0s1t10n 3.2. Let vg and vi be quasi-definite moment functionals and let {P }n>0
and {PV}, >0 be, respectively, the corresponding sequences of MOP. If {vo,vi} is a
CPMF2K, then

(a) vV =0 79, n>0.

PO(x) P9, () O ()
(b) D [ﬁé” V;| = [(n+ 2)Th11 ﬁ(% (n+1) ﬁ((l)l vg, n >0

Here, 1, is as in (3.2)).

Proof. For n > 0 if one writes

7=0
then from
1, if j=mn,
n]—<v 1) P(0> <v(1) P > <v(1) P >: —Tna1, if j=mn-+1,
0, otherwise.

Hence, the first item of the theorem follows.
On the other hand, by Lemma [1.14} v{?) and v{! satisfy

v — PTEO)(%) v v — Pél)(x)
n ﬁ'SO) 0 n %1)

and by Lemma [1.15] v{? satisfies

Vi, n Z 07 (33)

) J20)
DY) = G+ v =~ D2 vz
+1

mn

Thus, taking derivatives in the first item of the proposition and using the above equality
there follows
D(v)) = —(n+ 1)"510421 +(n+ 2)7n+1V510l27 n > 0.

Hence, the second result follows from ({3.3]). [
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In the next result we state a first characterization for the pair of quasi-definite moment
functionals {vo, vy} which is a CPMF2Ks.

Proposition 3.3. Let v and vy be quasi-definite moment functionals. Then, {vq, vy}
is a CPMF2K if and only if there exists an admissible pair of polynomials (As, Ay) with
deg(A3) < 3 and deg(Ay) = 2 such that

Dvi, = Ayvy and vy = Asvy. (3.4)

Proof. First we assume that the pair of quasi-definite moment functionals {vg, v;} is such
that there exist polynomials

As(z) = 0,P(2) + 0, PO (2) + 0,P”(z)  and 55
As(z) = P (2) + PO (2) + ¢, PV () + P (),

such that Dv; = Asvy and v = Asvy. Then from

PnJr)l( ) _ P(l)(x) +nz—:1)\ ,p,(l)(x) n>1
n+1 " j=0 Y 7 T

where (n + l)ﬁ](l))\w- = <V1, PT(Br)ll Pj(1)> = <V17 (P(1

J

by = [P PR G ).

for 0 < j <n-—1andn > 1. Here, with the use of Dv; = Ayvy and v; = A3vy, one finds

Py = BRI we get

1
A =—————[{vg, AP Pn V,AP P,g)
J (n+1)ﬁ1) K 0y 432 +1> < 0 +1>}
for 0 < j <n—1and n > 1. Therefore, by orthogonality,
£
M1 = ———F o+ (n—1)es]) and N,; =0, 0<j<n—2

(n+1)AY,

for n > 2. Moreover, A\ = —ﬁz(o)b /( ﬁo . Hence, by setting A\, ,-1 = —7, we find
(n+ 1) P () = PO(z) — 7, PV, (x), n > 1, where
40

Tn = (n+nl+)i€(1)[02 +(n—1)c), n>1 (3.6)
n—1

In particular, the polynomials As and Aj are such that

(1) (1)
2 3 2
ﬁo C3 = ﬁ‘ Ty — ﬁ() T1.- (37)
R LA
We now use Proposition , which was derived under the assumption that {vq, vy}
is a CPMF2K, to find the precise set of polynomials (Asz, Ay) for which (3.7)) holds. Suc-

cessively setting n = 0 and n = 1 in the second item of Proposition we find that the
polynomials

0y =

(3.8)
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are such that Dv; = Ayvg and vi = Asvy. With the requirement 71 # 0 we must have
deg(As) = 2. However, it is possible that deg(A;) < 3.

From (3.6) we now observe that 7,, # 0 for n > 1 if and only if 95 + (n — 1)¢5 # 0 for
n > 1. That is, 7, # 0 for n > 1 if and only if (A3, A2) in is also an admissible pair
of polynomials. This completes the proof of the proposition. n

Now let us assume that the pair of quasi-definite moment functionals {v¢, v1} satisfies

the conditions
D[AgVO] = A2V0 and vV = A3V0, (39)

where Ay and Ajz are as in (3.5). Hence, from the equality between (3.9) and (3.4), we
find that 95 and ¢3 satisfy (3.7)).
From D[A3vy| = Ayvy we have, for any polynomial p, that

— (vo, A3p’) = (vo, A2p) - (3.10)

Here, the choice p(z) =1 gives (vq, A2) = 0 and hence the polynomial A, is a first order
quasi-orthogonal polynomial of degree 2 with respect to the moment functional vo. Thus,
As takes the form

2h"

ﬁQ( )

Hence, from <V0,A2P1(0)> = — <V0,A3P1(0),> = — (vy, 1), which follows from v; = A3vy,

we also obtain
AR,

Thus, As has to be the same polynomial given in (3.8]).
Now, choosing p(z) = Pl(l)(:c) and p(z) = xPl(l)(x) in (3.10]), we get respectively,

<V0, As + A2P1(1)> =0 and <V0, [As + AQPI(U]J:> =0.

As(z) = 2 PO (2) + 0, P ().

To obtain the second equality above one also needs to use <V0, A3P1(1)> = <V1, Pl(l)> =0,

which again follows from v = Asvqy. Therefore, the polynomial Az + A2P1(1) is a first
order quasi-orthogonal polynomial of degree 3 with respect to the moment functional v.
Thus, we can write

3'41(1)7'2

R

Az(2) + Ag(2) PV (2) = PV (z) — a, P" (x).

Hence, from
(vo, [4s + APM1P” ) = (vo, AsPL” ) + (D[Asvol, PV P”)
= (vo, 4sB”) = (vo, As[ PV P)')
= —(vo, APV Py = —2h{",

we find a; = —2ﬁ1(1) / HQ(O). Thus, Aj is also the same polynomial given in (3.8]).

Remark 3.4. Note that, a polynomial R, (x) is quasi-orthogonal polynomial of order r if
it can be written as linear combination of orthogonal polynomials { P }}_,,_, with respect
to some quasi-definite moment functional v
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We can now give the following more general statement regarding CPMF2K.

Theorem 3.5. The pair of quasi-definite moment functionals {vo,vi} is a CPMF2K if
and only if there exists an admissible pair of polynomials (As, As), with deg(As) < 3 and
deg(As) = 2, such that one of the following equivalent conditions holds:

(a) D[AgVO] = A2V0 and V] = AgVO;
(b) Dvy = Asvy  and D[Asvq] = (A + Ay)vy.

Moreover, the pair of polynomials (As, As) must be as in (3.8)) and that, with the additional
admissibility assumption, both vy and v are semiclassical moment functionals of class at
most s = 1.

Proof. Ttem (a) has been verified above and also means that the pair (As, As) is as in

B3).

Now to verify the equivalence of items (a) and (b), we first obtain for any polynomial
p € P, that

(D[Asvi],p) = — (v1, A3p') = — (v1, (A3p)) + (v1, A3p)
= <DV1, A3p> —+ <V1, Aép) .

Thus, if Dvy; = Asvp, then
(D[Asv1], p) = (Aavy, Asp) + (v1, Asp) = (Asvo, Aap) + (vi, A5p) .

Hence, D[Asvy| = (A5 + A2)vy if and only if vi = Azvy. This gives the equivalence of
items (a) and (b).

The admissibility of the pair (As, A2) means 92 + (n — 1)c3 # 0, n > 1, where 05 and
c3 are the respective leading coefficients of Ay and As. As we have observed from ({3.6)),
this admissibility condition is necessary to guarantee 7,, # 0, n > 1. Thus, if {vg, v} is a
CPMF2K, then from item (a) we can also say that moment functional v, is semiclassical
of class at most s = 1.

Observe also that the leading coefficient of A} + A, is 92 = 3c3 + 0,. Hence,
0o+ (n—1)c3 =0+ (n+2)c3 # 0, n > 1. Hence, the pair of polynomials (Az, A5 + Asy) is
also admissible and, as a consequence, from (b), the moment functional vy is semiclassical
of class at most s = 1. This completes the proof of the theorem. [

From item (b) of Theorem (3.5 we also find
<V1, Ag + A2> = (D[Agvl], 1) = 0.

Thus, A% + A, is a first order quasi-orthogonal polynomial of degree 2 with respect to v;.
By writing
Ay(x) + As(z) = 0, P (z) + 0, PV (),

we also have
gﬁl(l)Tg 4/%1)71
= R ] and

f s

1

i

ba b, =

<V1, Ag) = —ﬂil) <V0, Ag) .
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Remark 3.6. We have observed that A%+ A, is a first order quasi-orthogonal polynomial
of degree 2 with respect to vq. Hence, if vy is positive definite, then the zeros of A5 + Ay
are real and at least one of these zeros must lie within the support of v;. Likewise, we
have observed earlier that A, is a first order quasi-orthogonal polynomial of degree 2 with
respect to vo. Hence, if vq is positive definite then the zeros of A, are real and at least
one of them lie within the support of vy.

From (3.8)) and using (3.2]), we can also write
As(x) = ch?fO)(:v) + P (x) + o P (x) + cOPéO) (x),

where

i

BO 5O o= 3hVr 2k
1 3 b 3 HG(O) ﬂz(o) .

o
24"

(1) (1) (1)
ﬁo _ 2ﬁ| + 2ﬁo 1
AR TR

3.2 Some Special Cases

== 40, =—2[B -8 —2n]=2_[g" _ 5]

Cy =

In this section we look at some examples of {vg,vi} which are CPMF2Ks. These
quasi-definite moment functionals can be given by an integral representation as

| p@yw(a)de,

where w(z) is weight function. In particular we look some examples of positive definite
moment functionals.

We remind that, as shown in Theorem[3.5] in a pair {vq, v1} of CPMF2K the associated
pair (As, A2) of admissible polynomials are such that deg(As) < 3 and deg(As) = 2. In
what follows, results are presented in accordance with the degree of A3 as in the next
table.

deg(As) =3

deg(As) = 2 _
deg(As) =1 deg(4s) =2
deg(As) =0

Az is of degree 3
(i) P® are the Jacobi Polynomials:

We consider the CPMF2K {vg, v}, in which v is the moment functional given by the
Jacobi weight function. We look for information about the companion moment functional
vy by determining the associated polynomials A; and As.

Without any loss of generality we can assume v to be such that

Vo) = [ p@)(1 =01 = 2Vde = [ pla)ant® (),
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with o > —1 and 3 > —1. Then the corresponding sequence of MOPs { PO}, 5 is given
by
2"l (a+ B+ 1)
PO () = P, V(aﬂ);q; — n
(o) = P i) = TS

P (), n >0,

where

(+1),
n

1
PP (z) = F1<—n,n+a+5+1;a+1;2(1—x)), n >0,

are the Jacobi polynomials as usually defined. Also we remind that by P, (v z) we
mean the n-th degree monic orthogonal polynomial with respect to the Jacobi measure
(e,8)
A
The coefficients in the three term recurrence of {P{"},~, and the values of
RO = <V07 (Péo))2> are known to be such that

0
B =P and gy = ﬁﬁ’g )) =dy for n>1,
-1
where
claB) — p -
" (a+p+2n—2)(a+p+2n)
o) _ dn(a+n)(8 + n)(a+ B+ n)

T (e B 20— 1) (a+ B2 (a+ B+ 20+ 1)
It is also well known that the moment functional vg is classical and satisfies the
Pearson’s equation D[(z* — 1)vo] = [(a+ S + 2)z + o — f]vy. However, with a ¢ that
we choose here to be in (—oo, —1] U [1,00), we can also write the alternative Pearson’s

equation
D[By"vo] = ¢4 Vv, (3.11)

where
B (x) =sgn(q)(z — q)(a®* —1)  and

Ci" () = sgn(q) [(a+ B+ 3)2® + [a — 8 — qla + B+ 2)]z — qla — ) — 1].
This latter Pearson’s equation can be easily obtained from
— (v, (@ = DP(2)) = (vo, [(@ + B+ 2)a + o — Bp(x)),
by substituting p(x) by (z — g)p(x). Observe that, with our choice of ¢, the moment
functional given by Béq)VQ is also a positive definite moment functional.

The leading coefficient of C5*™? is 9, = sign(q)(a + 3+ 3) and the leading coefficient
of BYY is ¢3 = sgn(q). Hence, 93+ (n — 1)es # 0, n > 1, and (B, C3*™?) is also an
admissible pair of polynomials.

We can now use item (a) in Theorem with Ag(z) = Céa’ﬂ’q)(a:) and As(x) = B (x),

to obtain information about the respective coherent pair {vo, vi} of moment functionals
of the second kind. We thus have

(vip) = [ @B (@)1~ )1 + ) da

= /_112?(90)[— sgn(q)](z — q)(1 — )" (1 +2) " da (3.12)

— /_1p(:p)d19(a+1’5+1’q)(1‘)
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and

1
/ (U(a,ﬂ);x) = P(l)(l‘) - Tnpél—)l(x)

717"“1 n+1
(ﬁ(a+1’ﬁ+1,q); J}) T, an_1<,j(a+Lﬁ+1,CI);x)’ n>1,

[
S

where from (3.6)),
0
A )1

mn

sgn(q) 7, =

In particular, from

b, 27, A" A
Cy" 0 (z) = Ay(w) = w)%%w—%MMWw,
1

with the explicit expressions for the Jacobi polynomials Pl(o) and PQ(O), and that the value

of ﬁz(o) / ﬁl(o) is the same as dga”g ), straightforward calculations show that the above equality

holds if
4o +2)(8 +2) 1

(@+B+4)(a+B+5)[qla+5+4)—(F—a)]

Now observe that 05 + (n — 1)c3 = 09 + (n + 2)¢cz # 0, n > 1, where 05 is the leading
coeflicient of Béqy + Céa’ﬁ 9 Hence, we obtain from item (b) of Theorem that the
moment functional vy is semiclassical of class at most s = 1.

We can also look at the connection coefficients 7,, in a alternative way. Since the monic
Jacobi polynomials P\ (z) = P,(v(®%; z) satisfy

T =

P,E(J)r)i (r) = (n+ 1)Pn(u(a+1’ﬂ+1); x)
we have from the coherence formula ((3.13)),
P, (oL ) = P (pletbAHLa). oy — P (9T ) o > 1

This is the connection formula between the MOPs with respect to the Jacobi measure
p(@+18+1) and the MOPs with respect to the measure 7(“+1#+1.9)  Thus, one can determine
Tn, N > 1, recursively using the following:

gt LD
Tt ) b= g, 2 (314
n+
(a+1,84+1)
with =———— + cﬁ‘““ﬁ )= g. The identities in (3.14) were first observed in [54].
71

However, proofs of these can also be found in [7] and [45].

Remark 3.7. Note that in this example, if ¢ # —1 or 1, then the polynomial A3 has
three simple zeros and further, the moment functional v; is not classical. However, if g is
either 1 or —1, then A3 has a double zero and the moment functional v, given by
is classical and is such that:

.« (vip) = /_11p(a:)(1 )1 = ) if g = 1

o (vi,p) = /_11p(x)(1 —2)* (1 — 2)"dx, if g = —1 .
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(ii) P® are the Jacobi Polynomials:

We now consider the CPMF2K {v, v;}, where v; is the moment functional given by
the Jacobi weight function. That is, we set vy to be such that

viond = [ p@)(0 =) (1 =) e = [ pla)dr )

-1

with @ > —1 and § > —1 (in general) and
PV (z) =P, 0y > 0.

n

We have for the moment functional vy, which is classical,
D[B§Q)V1] _ C§a+175+1,Q)V1’

where, €% and B§? are as in (3.11). Again, we assume q € (—oo, —1] U1, c0).
We now use item (b) of Theorem to obtain information about the companion
moment functional vq by letting As(z) = BSY (z) and Aj(z) + Ay(z) = 29 (1),
Observe that

(Plsvil:p) = = i) == [ PB4

Since d[BS (z)(1 — 2)*T1(1 + 2)%4] Jdx = CS* TP (2) (1 — 2)*T1 (1 + )P+, using inte-
gration by parts we find

<DMw¢m=/ﬂmw@“w“m@mfwwﬂa+@mwm

On the other hand
((A5 + As)vy,p) = /11p(:v)[sgn(q)(3x2 — 29z — 1) + As(2)] (1 — 2)*T (1 + )" da.
Hence, from the requirement D[Azvy] = (A5 + As)vy in item (b) of Theorem 7 we find
[ @) Aala)(1 — )1 4 0y
= /_ 11 p()C D () (1 — ) (1 4 2)P e,

where -
C§a+1’ﬂ+l’q) (ZE) _ Céa-l—l,ﬂ-&-LQ) (ZL’) _ Sgn(q) (31}2 —2qxr — ].)
=sgn(q)(z — q)[(a+ B+ 2)z — (8 —a)].

Hence, if we set As(z) = C* ™79 (z), then from the other requirement Dv; = Asvg in
item (b) of Theorem [3.5]

1 _
—/ P (x)(1 = 2)*TH (1 + 2) de = <VO,C§O‘+1’B+1’q)p> .
-1

Using integration by parts we then have

- /_ 11 p(@)[(a+ B+ 2)z — (8- a)](1 = 2)*(1 + 2)°dx = (v, 5" p) . (3.15)
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Thus, if we choose v such that

1

do+ep(q) = [ pla)dr 249 (@), (3.16)

-1

(1—-2)*(1 +2)°
sgn(—q)(z — q)

o) = [ @)

then it satisfies (3.15)) and v; = Azvy. With € > 0 and with the range of values chosen
for g, the moment functional vq is also positive definite. However, it is important that if
g = 1 then o must be such that o > 0. Likewise, if ¢ = —1 then § must be such that
8> 0.

Thus, we conclude that
1

n+1
= P (T ) — 7 Py (VO ) > 1,

1 / (ﬁ(a,ﬁ,q,e);x) _

(0)r
m n+1 P, +1(I)

n

(3.17)

where from (3.6)),

0
Ay

5gn(q) 7o = glatB+n+1>0, n>1.

(n+1)A,

n—1

Since P/, (v @); ) = (n+1)P, (v @151 2), n > 0, observe also from the coherence

formula (3.17)),
Pn+1(’7(a7ﬁ7Q75)5 $) = Pn-i-l(’/(a”g); 55) - 7~—n73n(’/(a”8)5 $)a n =1,

where 7,, = (n + 1)7,/n, n > 1. This is the connection formula between the MOP with
respect to the Jacobi measure (*#) and the MOP with respect to the measure (5%
Hence, the required values of 7,, can be generated from

(a,)
g ="t 4Ry >, (3.18)
Tn—1

with 7 = —*? 4 g + (vo,z — q) /ﬁéo). For the formulas in (3.18)) we refer to [7], [45]
and [54].

Remark 3.8. In this example, if ¢ # —1 or 1, then A3z has three simple zeros and v is
semiclassical of class s = 1. However, if g is either 1 or —1, this represents a situation in
which the polynomial A3 has a double zero and vq given by (83.16)) is classical if € = 0.

(iii) P{®) are the Bessel Polynomials:

For a ¢ {0,—1,—2,...}, let the moment functional v, be given by

(vo,0) = [ pla)yw®?(a)da,
T
where T represents integration along the unit circle and

w(“’ﬁ)(x) _ 15 F(O‘)( ﬁ)k.

Coami = T(kta-1)\ @
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Following Krall and Frink [39] (see also [I1], [25], [73], among others), the MOP with
respect v are the generalized monic Bessel polynomials. That is,

PO (x) = Gal; 0, B),
where go(z; o, ) = 1 and

'n+a—1)
T(2n+a—1)

gn(x;a7ﬁ):ﬁn 2F0(-TL,77,+05—1;;—$), n21

Moreover, for the values of A(®) = <V0, (PO )2>, n > 0, there follows

FNa)l'n+a—1)
F@n+ta—D@ntay "=t

AP =5 and KO = (—1)"+iplgett
For the corresponding moments (vg)®#, from

L (=9 (e) -
(@) _ / 100 @B) (2 dp — / =PV ) g S
(Vo) "W (x)dx omiJe Tla+n) xdx, n >0,

we easily find

v (@B) — (—5)n+1r(a) an va)(@TN.B) ()N va)(@h)
( O)n F(a+n) d ( O)n (_/B)N( 0)n+N7

forn > 0and N =0,1,2,.... Therefore, for any polynomial p and for any non-negative
integer N we have

(_/B)NAp(x)w(a+N’ﬂ)(x)dI=/Ep(I) INw(aﬂ)(x)dI. (3.19)

(@)
It was also observed in [39] that the function w(*#) satisfies

d[x?w( P (z)]
dz

= (az + B)w?(z) -

and hence,
—(vo, ) = (vo, (0 + B)p) .

That is, vy satisfies the well-known Pearson’s equations D[z?vy] = [ax + B]vo.
Notice that, we can also write the alternative Pearson’s equation D[A3vg] = Ayvy for

Vo, where
As(r) =2 and Ay(x) = (a+ 1)2? + Bz.

This is obtained by replacing p(z) with zp(z) in — {vq, 2?p') = (v, (az + 5)p).

For the leading coefficients 03 and ¢, of Az and As, respectively, we have
o+ (n—103 =a+1+(n—1) # 0, n > 1. Hence, (A3, As) is an admissible pair
of polynomials and we can use item (a) of Theorem to get the CPMF2K {vq, vy},

where v, = 23vy,.

From (3.19)) there follows
P (@) = gu(z30+3,8), n >0,
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and
h) (—3)3 L(a+3)I'(n+a+2)

-1 n+1 ‘ 2n+1

(=D niB T2n+a+2)T2n+ats)
Fa)'(n+a+2)

F'2n+a+2)T'(2n+a+3)’

— (_1)nn!62n+4

for n > 0. Consequently, from ((3.6))

1 . A
my;—kl(z;&aﬂ) = yn(flf,& _'_375) — Tn yn,1<$;04 + 376)7 n 2 17
where -
Tn:n+aﬁn+1:—6 i s nZl
n+1ﬁ7£1_)1 2n+a)2n+a+1)

Remark 3.9. The above results provide a nice example of a CPMF2K where both mo-
ment functionals are classical but are quasi-definite. Moreover, this represents a situation
in which A3 has a triple zero.

Az is of degree 2
(i) P are the Laguerre Polynomials:

We consider the CPMF2K {vq, vy}, in which vy is given by the generalized Laguerre
weight function. Without any loss of generality we can set v to be such that

(vo.p) = [ pla)ate e = [ pla)dn® (@),

0

where o > —1. Then for the corresponding sequence of MOPs {P(®}, -, we have
PO(z) =P,('Y:2) = (=1)"n! L (z), n >0,
where Lg{l) are the generalized Laguerre polynomials as traditionally defined. That is,

L)n,
L9 (z) = (a—i_')lFl(—n,a—l— 1;1:), n > 0.
n!

The coefficients in the three term recurrence of {P{"} and A = <V0, (Péo))2> are such

that £O)
BO =@ and o9, = ﬁ(%) =d% for n>1,
n—1

where ¢! = o + 2n — 1 and dfffgl =n(a+n).

It is known that the moment functional v, which is classical, satisfies the Pearson’s
equation D]zvg] = (o + 1 — x)vy. However, with a ¢ which we choose here to be in
(—00, 0], we also have the alternative Pearson’s equation

D[Bvo] = CS* Vv, (3.20)

where C*(2) = —22 + (¢ + o + 2)x — g(a + 1) and B (z) = z(z — q). Observe that,
with our choice of g, the moment functional given by Bgﬂvo is also a positive definite
moment functional.
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With Ay(z) = €% (2) and Az(z) = BY (z), we can now use item (a) in Theorem
to determine information about the respective coherent pair of measures of the second
kind.

We then have {vq, v} is a coherent pair of the second kind if

(vi,p) = (A3vo,p) = /OOO p(z)(x — @)z e "dx
= / platl, Q)<x)

(VVs2) = PO () — 1 Py (@)

n

(3.21)

and
L,

ni1lmh (3.22)

P, (0t ) — 1, P, (9D 1) > 1.
From item (b) of Theorem [3.5 the moment functional v; satisfies
Dla(z — gva] = [=2" + (¢ + a + 4)z = q(a + 2)]v

Hence, v is semiclassical of class s = 1 if ¢ € (—00,0).

From (3.8)

2m AV A 0)

Aale) = S [B @) - g PO = 6 ).
Hence, we can also verify that
(a+2)
"mn=—-—".
a+2—gq

From (36).
A
(Tl + 1) ﬁn—l
We can look at the connection coefficients 7, in a alternative way. Since the monic
Laguerre polynomials P%)(z) = P, (v(*); x) satisfy

1 (V5 2) = (n+ P (s ),
we have from the associated coherence formula (3.22)),
Pn(l/(o‘“); x) = Pn(ﬁ(a+1’q); x) — TnPn,l(ﬁ(aH’q); x), n>1

Tn

This is the connection formula between the MOPs with respect to the measure v(@+b
and the MOPs with respect to the measure 7(®*%9_ Thus, one can determine 7, n > 1,
recursively using the following:

(a+1)
o2 =9 n>1, (3.23)
Tn+1
(a—i—l)
with —— . + ) = g, Again, for the formulas in (3.23) we refer to [7], [45] and [54].
1

Remark 3.10. In this example, if g # 0, then the polynomial A3, which is of degree 2,
has two simple zeros and further, the moment functional v; is not classical. However, if
q = 0 then A3 has a double zero and vy given by (3.21)) is classical and is such that:

(vi,p) = / h p(x)a® e da.
0
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(ii) P are the Laguerre Polynomials:

We consider the CPMF2K {vq, vy}, where vy is given by the generalized Laguerre
weight function. We will assume v; to be such that

vip) = [ p@)atedn = [T p@)av I (a)

with (in general) a > —1.
Then for the corresponding sequence of MOPs {P{M},5o we have

PW(z) = P, (V). 2) = (=1)"n! LI (z), n > 0.

n

For the moment functional v, we have D[B¥v,] = C{*™Pv,, where C{*? and B\? are
1B 2 ) 2 2

as in (3.20). Again, we assume q € (—o0,0].

We can now use item (b) of Theorem with
Ag(x) = B (x) and  Aj() + As(x) = ¢ (@),
to obtain information about the companion functional vy. Observe that
(D[Asv1],p) = — (v1, Ay = — /0 P (@)BY (2)2° e dx.
Since d[BY (z)z°+le~") /dx = C*T™V (z)2°1e~", using integration by parts we then find
(DlAsvil,p) = [~ pla)cs ™ (@) e da.

0

On the other hand

(A + Avip) = [ p@)(22 = @) + Ap(a)la* e do,

From D[Asv4] = (A5 + As)vy we then find

/Oop(x)Ag(x)xaHe_mdx = /Oo p(x)CéaH’q) (z)z* e " du,
0 0

where Cy*" q)(x) = (1) — (20— q) = (x — q)(—x + a + 1). Thus, if we set
Ay(z) = C'(aJrl 9 (z), then from Dv; = Ayvy,

—/0 p(z)z* e dx = (vo, (x — q)(—z + a + 1)p).
Hence, using integration by parts
/0 p(x)(—z + a+ 1)z “dx = (v, (x — q)(—x + o+ 1)p) .

Hence, for v( given by

o) = [ p@dr @) = [Tpa) D desepla), (320

(r—q)

there hold vi = A3vy and D[Azvy] = Ayvg. Here, it is important that if ¢ = 0, then «
must be such that a > 0.
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From (3.6,

0
A

n

Since P, (v';z) = (n + 1)P,(v®*V;2), n > 0, observe also that the respective
coherence formula

1
?Plz—i—l (5(0471176); .T) = Pn(y(a—i—l); $) — Tn Pnfl(y(a—i_l); ‘1')7 n > 17
n

< 0, n>1.

Tp = —

is equivalent to
Py (%9 2) = Py (V'Y 2) — 7, P, (v ), n>1,

where 7,, = (n + 1)7,/n, n > 1. This is the connection formula between the MOP with
respect to the Laguerre measure v(®) and the MOP with respect to the measure #(®%9).
Hence, the required values of 7,, can be generated from

(@)

d o
g=" 4+ 45, n>1, (3.25)
Thn—1

with 7 = —c\*) + g + (vo,z — q) /A, For (3.25) we refer to [7], [45] and [54].

Remark 3.11. In this example, if ¢ # 0, then As, which is of degree 2, has two simple
zeros and vq is semiclassical of class s = 1. However, if g = 0, this represents a situation
in which the polynomial A3 has a double zero and v given by ({3.24) is classical if € = 0.

(iii) P are the Truncated Laguerre Polynomials:

We consider the CPMF2K {vg, v}, where v is the moment functional given by

t
(vo.p) = [ pla)aedr,

with o > —1 and ¢ > 0. This moment functional is associated with the so called truncated
generalized Hermite linear functionals by using the symmetrization problem (see [20]) and
a particular case when the truncated normal probability measure appears has been studied
in [21].

In order to get he companion moment functional v; we will obtain the associated
polynomials A, and As. Observe that

(D [z(t —x)vol,p) = —(vo, x(t —x)p) = — /Ot p(x)z(t — z)z%e " du.
Thus, from integration by parts
(Dz(t —x)vo],p) = /Otp(;zc)[as2 —(a+t+2)z+tla+1)]z% " du.

Hence,
D[A3 Vo} = Ay vy,

where A3(x) = z(t —z) and Ay(z) = 22 — (e +t+2)z+t(a+1). Thus, v is semiclassical
of class s = 1.
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From item (a) of Theorem [3.5] there follows

(i) = [ pl) (¢ = 2)a" e v

and {vg, v1} is a coherent pair of positive definite moment functionals of the second kind.
From item (b) of Theorem [3.5] we also have

D[z(t —z)vi] = [2° — (a +t + )z + t(a + 2)]vy

and hence, vy is also semiclassical of class s = 1.

(iv) P are the MOP with Respect to the Weight Function z®e~(+%/2);

Let the moment functional vy be given by

(vo, p) :/ p(x)x“e_(““/x)dx:/ p(a:)dl/(o"’“‘)(x), k>0,
0 0

where o € R. The corresponding orthogonal polynomials P (z) = P, (v(*%);z) and
related formulas have been the subject of study in [79] and [80] as well as in Section
4.4 of [75], where the connection with alternate discrete Painlevé I equations for the
coefficients involved in the structure relation is given.

Using integration by parts one can easily show that

(Dlavolip) = — [~ p(@)a e =

= / p(x)[—2® + (a + 2)z + Klz®e TH/)dy,
0
Therefore, v satisfies the Pearson’s equation D[A3vy| = Ayvy, where

As(z) =2* and Ay(z) = -2 + (@ +2)x + K.
Thus, by item (a) of Theorem [3.5 we have the CPMF2K {v, v;}, where
(vipy = [ p(@)dn (@) and PO (@) = Pu( @t 2), 0> 0.
0

Moreover, v, is semiclassical of class at most s = 1.

As is of degree 1

With o > —1 and & real, let the moment functional vy be given by

+oo
(vo,p) = / p(x)mae_”CQerdx.
0

Clearly, vg is a positive definite moment functional and it represents a semiclassical exten-
sion of the Laguerre weight. The coefficients of the three term relation of the corresponding
sequences of orthogonal polynomials satisfy an asymmetric Painlevé IV equation d-PIV
(see, Section 5.1 in [75]).

Observe that

“+o0
(D [zvo],p) = — {vo,zp') = —/0 p'(:U)Jco‘“e"”z*’“E dz.
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Thus, integration by parts gives
400 9 2
(D [avo] ,p) = / p(x)[~222 + Kz + o+ 1] 2%+ g
0

That is, D[A3vo] = Asvg, where Az(x) = z and Ay(z) = —22% + kx + a + 1. Clearly,
Asvg is also a positive definite moment functional.

Thus, by item (a) of Theorem [3.5] the pair of moment functionals {vo,vi} is a
CPMF2K if vi = Asvy.

Az is a Constant

We have the case in which deg(A3) = 0 and deg(A2) = 2. Thus, we can take without
any loss of generality vi = A3zvy = vg. We now have a self coherent moment functional
of the second kind vy such that

1
" 1P752L)1(x) = P,(LO) (x) — TnREO_)l (x), n>1.

Then, (see Prop. 4.2 in [48]) there exists a set of complex numbers { g, },>1 with o; = 0,
on # 0 for n > 2, such that

!/

P! (z P (z 5 Tn
L()—FQHHM: $_5n+1+9n+1+’y+2 Fy(x), n=>0.
n4+1 n On+2

The only example of moment functional known in this case, which was first obtained in
[57], can be derived in the following form. With a, b, ¢ complex, let

(Dvo,p) = —{vo,P) = — / P (z)e® T rer gy

—0o0

Then by integration by parts

(DVo,p) - _ p(:c>€am3+bxz+cx

+/ px) Ag(z)et™ 0w tew gy
—00 —00
where Ay = 3ax? + 2bx + ¢. Hence, for the existence of the respective integrals and that
for A5 to be a polynomial of exact degree 2 we must have either
e a purely complex and Re(b) < 0;
e a purely complex, Re(b) =0 and c purely complex.

Hence, for example, by setting a = i and b = —1 we can state that {vg, vy} is a CPMF2K
if

(V(),p) — / p(x)eim3fx2+cmdx.
—00

Hence, if ¢ is such that vq is quasi-definite, then vq is self coherent of the second kind.
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3.3 Matrix Characterization for Coherent Pairs of
the Second Kind

In this section we focus the attention on the matrices associated with sequences of
MOP corresponding to moment functionals vy and v; which are coherent pairs of the
second kind.

We start with some preliminary results. In a matrix form the three-term recurrence
relation (|1.12)) reads

zp(z) = Jpp(z),

where p(z) = [Py(7), Pi(z),...]" and Jp is the infinite tridiagonal matrix
(31 0 0
as P 1 0
Jp =10 as B3 1
0 0 as B

called the monic Jacobi matrix associated with {P,},>o.

In [76] a matrix characterization for the orthogonality of a sequence of polynomials has
been introduced. Following [76], we consider the sequence of monic polynomials { P, },,>0
given by

n
P.(x) = Z Cnj?’, Cpn=1 n>0,
=0

and define the infinite matrix C with entries ¢, ;, with 0 < j < n, n > 0, and zero
otherwise, i.e.,

1 0 0 0
C1,0 1 0 0
C=|Co c21 1 0
C3o €31 C32 1

Thus, C is a nonsingular lower triangular matrix whose nth row contains the coefficients

of P, with respect to the canonical basis {2"},>o. C is said to be the matrix associated

with the sequence {P,},>o. We say that the entry c; ; is in the diagonal of index m = i—j.

Also, a matrix C is said to be (n, m)-banded if there exists a pair of integers (n, m), with

n < m, and all the nonzero entries of C lie between the diagonals of indices n and m.
Let us define the matrices

0 1 0 0 ...] 0 0 0 0 ...] 01 0 0 |
0010 1000 00 1/2 0 ...
X=100 01 . D=10200 ,D=1{00 0 1/3 ...|. (3.26)
0000 0030 00 0 0 ...

Observe that X' is the right inverse of X, since XX = I, where I is the identity matrix,
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and

XX =

o O OO
o O = O
o = O O
= O O O

The following matrix characterization was given in [76].

Theorem 3.12. Let {P,},>0 be a sequence of monic polynomials and let C be the matriz
associated with it. Then, {P,}, >0 is a sequence of MOPs if and only if J = CXC™! is a
(—1,1)-banded matriz whose entries in the diagonals of indices 1 and —1 are all nonzero.

For an updated survey on the role of infinite matrices in the theory of orthogonal
polynomials, see [77].

There are several characterizations of semiclassical orthogonal polynomials in terms
of the so-called structure relations. We stated in the following the characterization given
in [52], [55].

Theorem 3.13 (Structure relation). Let v be a quasi-definite moment functional sa-
tisfying (1.13)) and let {P,},>0 be its corresponding sequence of MOPs. Then, v is semi-
classical of class s if and only if { P, }n>0 satisfies the following structure relation

n+deg(¢)
p(x)P oy (x) = D rPi(x), n>s, f,s#0, n>s+1. (3.27)

j=n—s

In a matrix form, the structure relation (3.27)) can be expressed as
¢()p'(x) = X" Rp(2),

where p/(z) = [Py(z), P/(x),...]", X is given in and R is a (—deg(¢), s)-banded
matrix whose elements, starting from the row s, are the coefficients appearing in (3.27)).

In [27] the authors deal with the symmetric tridiagonal (Jacobi) matrix associated
with a positive definite semiclassical moment functional that constitutes a counterpart of
the so called Laguerre-Freud equations that the coefficients of the three term recurrence
relation of semiclassical moment functionals satisfy (see [6]). In the classical case, a matrix
approach was given in [76]. The following result establishes a relation between R and Jp
in the framework of quasi-definite semiclassical moment functionals and its proof can be
found, for example, in [27].

Theorem 3.14. Let v be a semiclassical moment functional satisfying (1.13), { P, }n>0 be
its corresponding sequence of MOPs and let R be the (—deg(¢), s)-banded matrixz appearing
in the structure relation (3.27). Then,

() [Ip, XTRA)A| = 6(Ip),
(i) (XTRA)A = —50(Ip),

where [A,B} = AB — BA denotes the commutator of the matrices A,B and b =

diag(ﬁo, h,.. .). On the other hand, My and M, denote, respectively, the symmetric and
antisymmetric components of the matriz M.
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The result given below provides a characterization of a coherent pairs of measures of
the second kind in terms of the associated matrices representing orthogonal polynomials
in terms of the monomial basis.

Theorem 3.15. Let vy and v, be quasi-definite moment functionals and let { PV}, and
{PWM},50 be, respectively, the corresponding sequences of MOPs. Consider, respectively,
CO and CY as the matrices associated with {P}, >0 and {PM},so. Denote C© =
DCOD.

Then, {vo,v1} is a CPMF2K if and only if the matriz C©(CM)~! is lower bidiagonal
with ones in the main diagonal and nonzero entries in the subdiagonal.

Proof. Suppose {vg, v} is a CPMF2K. Thus,

p(o)’
) 0 () - 00, w21,

where by convention Pfll)(:v) =0 and 79 is a free parameter.

Consider the infinite matrices X, D and D given in (3.26). One can show that C©) and
XTCW are, respectively, the matrices associated with the sequences {P,E?r)ll /(n+ 1) }aso
and {P,El_)l}nzo. Then, the previous relation can be written in matrix form as

DCOYD = CO = c® — AXTcW = (1- AX")CW,

where I is the identity matrix and A = diag(mo, 71,72, - . .)-
Since C is nonsingular, we have

1 0 0
T 1 0 0
é(O)(C(l))—l —I-AX"=| 0 —m 1 0
0 0 —T3 1
The proof of the converse statement is analogous. n

The next theorem states a simple algebraic relation between the corresponding monic
Jacobi matrices. Consider

Then we have ' o
wp(z) = IPpV(2), i=0,1, (3.28)

where J I(Di) is the Jacobi matrix

B9 1 0 o0
o B 1 0 L.
IW=10 o g 1 .| i=o01

0 0 of g
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From Theorem [3.13} { PV}, satisfies (3.27) which can be expressed in a matrix form
A3(2)p®'(z) = XTROp(z), i=0,1, (3.29)

where R is a (—deg(A3), 1)-banded matrix.
Writing (3.2)) in a matrix form we get

p ¥ (z) = X" BpW(z), (3.30)
where ) )
1 0 0 0
—27 2 0 0
B=| 0 =3m 3 0
0 0 —4ry 4

Next we deduce a simple algebraic relation between the Jacobi matrices associated
with a pair of moment functionals of the second kind.

Theorem 3.16. Let vy and v, be quasi-definite moment functionals and let {P{?}, 5o
and {PMY,>q be, respectively, the corresponding sequences of MOPs. If {vo,vi} is a
CPMF2K, then the monic Jacobi matrices associated with { PV}, and { P{V},>o satisfy

B|As(JL)(RMD) +IVXT| = JVXTB,

where 31(30) and B are, respectively, the matrices obtained by eliminating both the first row
and the first column of JI(DO) and B.

Proof. Differentiating both sides in and using , we get
p©(z) = [J}?)XTB _ XTBJlgl)}p(l)(x).
Thus, differentiating both sides and using , we have
X"BpY(z) = {J};O)XTB - XTBJS)}p“)’(g;).
Multiplying both sides by As(x) and using (3.29)), we obtain

X BAy(I0)p () = [J](DO)XTB _XTBIV|XTRO p®)(2),

or, equivalently,
BA;(J5)) + BIYXTRM = XJOXTBX RO,

Since XJ ](go)XT =] 1(30) and BX" = X "B, this is equivalent to the formula of the statement
of the Theorem. n

Remark 3.17. Notice that Jl,(gl)XT and jI(DO)XT are, respectively, monic (0, 2)-banded
matrices obtained by eliminating the first column of the matrices J 1(31) and J ](30).



4 Symmetric Coherent Pair of

Moment Functionals of the Second
Kind on the Real Line

The principal aim here is to study an extension to the concept of coherent pairs of
measures on the real line studied on Chapter [3| now under the assumption that the
measures are symmetric. We will, in particular, establish a characterization for pairs
of symmetric positive measures {vg,r1} on the real line for which {P,(vp;+)}n>0 and
{Pn(v1; ) }n>0, respectively, the corresponding sequences of MOP, satisfy

1
n+1
where 7,, # 0 for n > 1. In order to do this, we study this problem by dealing with a more
general problem in the framework of symmetric and quasi-definite moment functionals.

Pn<l/1;$) - Tnflpan(l/l;x) = P;H-l(l/(];x)a n 2 27

4.1 Symmetric Coherent Pairs of the Second Kind

Notice that, the sequences of MOP { PV}, ¢ and { P{V},5( with respect to symmetric
and quasi-definite moment functionals vy and vy, respectively, satisfy the TTRR

0 0 0 0
Pn( )1 = xREO) — a,g)lRE,)l, O‘g)l # 0,
n > 1.

Pr(bi)1 = xP) - 047(114213?—)17 agll 70,

Thus, if n is even the polynomials P{*) and P! are even functions and if n is odd they
are odd functions. In this situation the property only can be satisfied with 7,, =0
for all n > 1. Therefore, in the next definition we introduce the concept of coherence of
the second kind for symmetric quasi-definite moment functionals.

Definition 4.1. Let vy and v; be symmetric and quasi-definite moment functionals and
let {P}, 5o and {PV},5¢ be, respectively, the corresponding sequences of MOP. Then
{vo,v1} is called a symmetric coherent pair of moment functionals of the second kind
(SCPMF2K for short) if there exist non-zero constants 7, such that

1
— P (@) = PO() = mus P (). mz2, (4.1

Therefore our objective is to find information regarding pairs {vg, vi} of symmetric
quasi-definite moment functionals which are SCPMF2K.

82
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In what follows we also denote

A0 = (vo. (FO)) and  AD = (vi,(FO)?), n>0. (4.2)

4.2 The Main Results

In this section we present the main results of this chapter in which we establish a
characterization for the pair of symmetric and quasi-definite moment functionals {vq, vy}
that is a SCPMF2K.

Now we denote, respectively, by {v{®},50, {v{V},50 and {¥{9}, 5, the corresponding
basis dual of {P?},50, {PV},50 and {PD},~, , where

(0)7
PO(z) = Pni(f)'
n

In the following result we state a relation between the elements of the dual bases of the
sequences { P9}, 50, {PV}, 50 and {P,(Li)ll(x)(n + 1) }n>0 when {vg, vy} is a SCPMF2K.

Proposition 4.2. Let vy and vy be symmetric and quasi-definite moment functionals
and let {P"}, o and {PV},>¢ be, respectively, the corresponding sequences of MOP. If
{vo,v1} is a SCPMF2K, then

(a) v =30 _ Tn+1{77(10_~)_27 n > 0.

P (z) Fus(a) Pt ()
(b) D [ ﬁ'(Ll) V1‘| = (n + 3)Tn+1 fzr(?)) - (TL + 1) ’Lzr(é) Vo, n 2 0.
n+3 n+1
Proof. Analogous from Proposition [3.2] n

In the next result we give the first characterization for the pair of symmetric and
quasi-definite moment functionals {vq,v;} to be a SCPMF2K.

Proposition 4.3. Let vo and vy, be symmetric and quasi-definite moment functionals.
Then, {vo,v1} is a SCPMF2K if and only if there exists an admissible pair of polynomials
(A4, A3) , where Ay is an even polynomial with deg(Ay) < 4 and Az is an odd polynomial
with deg(As) = 3 such that

DVl = Ang and Vi = A4V0. (43)

Proof. First we assume that the pair of symmetric and quasi-definite moment functionals
{Vvo, v1} is such that there exist polynomials

As(z) = 03P (2) + 0, P (2) and
i . ) (4.4)
Ay(z) = PO @) + PO () + ¢oP”(2),

such that Dv; = Asvy and v = Ayvy. From

P9 (x)

n—2
1
R = PO@) + X A B (@), n>2,

j=0
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where (n + 1):[5(1))\”7]4 = <v1, Pﬁ){ Pj(l)> — <v1, (Pj(l)qu(jr)l)’ - P] T(Br)l> we get

1
i = = (e PP + (o, 2R
for 0 < j <n—2andn > 2. Here, with the use of Dv; = A3svy and v; = Ayvg, one finds
1
)\n,j = m |:<V0,A3 n+1> <V07A P Pn+1>:|

for 0 < j <n—2and n > 2. Therefore, by orthogonality,

A0
)\n’n,Q = —(771—’_7;)_2:()[03 + ( 2)(4] and )\n,j = 0, 0 < j <n-— 3,

for n > 3. Moreover, Ao = —@0)03/(3%1)). Hence, by setting A\, ,,—2 = —7,—1 we find
P(O)/
:L—:l-(f) - Prsl)(x) — Tp-1 P75£)2<x)> n Z 2a

where

A,

Tn_:”703+ n—Nel, n>2 45

In particular, the polynomials A3 and A4 are such that

(1) 1/ (1)
3ﬁ(00) T, €= ﬁl 7’2—3140
A AR

Conversely, we now use Proposition [4.2] which was derived under the assumption that
{vo,v1} is a SCPMF2K, to find the precise set of polynomials (A4, A3) for which
holds. Successively setting n = 0 and n = 1 in the second item of Proposition [4.2] we find
that the polynomials

03 = T1. (46)

As() = i 5P (@) — ﬁO(DP“’)(w) and

& i

4 2
Adw) = ﬁﬁz T2 po) - ::) PO ) — Ay ()
are such that Dv; = Asvy and v; = Ayvy. With the requirement 71 # 0 we must have
deg(As) = 3. However, it is possible that deg(A4) < 4.
From (4.5) we now observe that 7,_1 # 0 for n > 2 if and only if 03 + (n — 2)¢y # 0
for n > 2. That is, 7,,_1 # 0 for n > 2 if and only if (A4, A3) in (4.7) is also an admissible
pair of polynomials. This completes the proof of the proposition. [

(4.7)

We can now give the following more general statement regarding SCPMF2K.

Theorem 4.4. The pair of symmetric and quasi-definite moment functionals {vo, v1} is
a SCPMF2K if and only if there exists an admissible pair of polynomials (A4, As), where
Ay is an even polynomial with deg(Ay) < 4 and Az is an odd polynomial with deg(As) = 3,
such that one of the following equivalent conditions holds:
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(a) D[A4V0] = A3V0 and Vi = A4V0.
(b) DVl = A3V0 and D[A4V1] = (Aﬁl + Ag)Vl

Moreover, the pair of polynomials (A4, As) must be as in (4.7)) and that, with the additional
admissibility assumption, both vo and vi are semiclassical symmetric moment functionals
of class at most s = 2.

Proof. Ttem (a) in the theorem follows from Proposition in which (4.3)) can be rewritten
as
D[Ayvo] = Asvg and vy = Ayvy,

where Az and Ay are as in (4.4). Moreover, the pair (Ay, A3) is as in (4.7). Indeed, from

D[Ayvo] = Azvg we have for any polynomial p,

— (vo, Aap') = {vo, Asp) . (4.8)

The choice p(z) = =z gives (vo, Asz) = —(vo,As) = —(v1,1), which follows from
v, = Ayvpy. Therefore we obtain

R

and 03 that satisfy (4.6)), is obtained directly from the equality between (a) and (4.3).
Thus, Aj is the same polynomial given in (4.7)).
Again, from the equality between (a) and (4.3), ¢4 also satisfies (4.6). Since the

polynomials As and A4 are odd and even polynomials, respectively, we can write

4ﬁ1 T2
P
A"

Now, choosing p(z) = x in (4.8)), we get
<V0, A4 + QZ’A3> == O,

Ay(z) + 2A5(2)= )(2) + PV (2) + o PV (). (4.9)

thus eg = 0. Therefore, (4.9) can be write as

4ﬁl T2

o PO (z) + s P" ().

Ay(z) + 2A3(x) =

Hence, from

(s Lo+ A7) = o0 A4P0) — (v, AT

= — <A4Vo,$P2(O)/> = -2 <V1,5E2> = _2’41(1)7

we find ey = —Qﬁl(l) / ﬁg(o). Thus, A, is also the same polynomial given in (4.7)).
We now prove the equivalence of (a) and (b), we first obtain for any polynomial p,

(D[A4V1]7p> = - (Vl, A4P’> = - <V1, (A4P)/> + <V1, AﬁP)
= (Dvla A4p> + <V1a Ailp> .
Thus, if Dv; = Aszvy then

(D[Ayv1],p) = (Agvo, Aup) + (v1, Ayp) = (Agvo, Asp) + (vi, Ajp) .
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Hence, D[Agvi] = (A + A3)vy if and only if vi = Ayvy. This gives the equivalence of
items (a) and (b).

The admissibility of the pair (A4, A3) means 03 + (n — 2)¢y # 0, n > 2, where 03 and
¢4 are the respective leading coefficients of A3z and A;. As we have observed from ,
this admissibility condition is necessary to guarantee 7,,_1 # 0, n > 2. Thus, if {vg, v} is
a SCPMF2K, then from item (a) we can also say that the symmetric moment functional
Vo is semiclassical of class at most s = 2.

Notice that the leading coefficient of A/, 4 Az is 03 = 4c¢4 + 03. Hence, 03+ (n —2)¢y =
03+ (n+2)cy # 0, n > 2. Hence, the pair of polynomials (A4, A} + Aj3) is also admissible
and, as a consequence, from (b), the symmetric moment functional v; is semiclassical of
class at most s = 2. This completes the proof of the theorem. n

Since vp and v; are symmetric and quasi-definite moment functionals, using (1.14)) let
us define ug and u; by

<u07 lﬂ) = <V07x2n> )
<u1a In) - <V17x2n> )

Then the sequences of monic polynomials {Q%O) Fn>0, {@S})}nzo, {Q%l)}nzo and {@S) Fnso
defined by

n>0. (4.10)

PO(x) = 0%, PO, () = 209 (a?)
PP (z) = QW (2?), P (z) = 20V (a?),

are sequences of MOP with respect to ug, xug, u; and xuy, respectively. Consequently,
from the above relations we can deduce that

hly) = <V0, (Pz(g))2> = <u07 (leo)>2> R = <V07 (P2(2)+1)2> - <:pu0, (@510)>2> ’ 0
n =

A = (v (PE)?) = (ui, (@)Y, Ay = (vi, (PSD1)?) = (wuy, ()Y,

In the next theorem we look a connection between a SCPMEF2K and CPMF2K.

(4.11)

Theorem 4.5. If {vg,v1} is a SCPMF2K, then {ug,xu;} is a CPMF2K. That is, the
respectives associated MOP satisfy

1 ~ ~
— Q@) = &) — @ i(@), n 21

Moreover, the sequences of MPO {QWM},5q and {Q®},=0 satisfy

M)y Wy L a0 2T 50

Proof. Using (4.1)) we have

1
5y Pna(®) = Pl (@) = man Pl (),

and from (4.11]) we get

1
2n + 2

2x 0
o5 () =

[Qﬁl(xz)}, = xég)(fﬁ) - Tin'éSf)l(ﬁz)-
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Hence, the first equation of the theorem follows.
Again from (4.1)) we have

1 0 1 1
o e (0) = Pl (1) = o a Pl (o),

and from (4.11f) we get

(1)/..2y (1) 2y _ ; ~0) .2\ ; 3(0) (.2 23(0) 7,2
QY (%) = ron1 Qi (v) = 5= [2Q0 (07| = =100 (%) + 27" (%))
Thus the second equation of the statement of the theorem follows. n

We will give an alternative proof of the above result in terms of moment functionals.

Indeed, using (4.10)) and (4.3)) we get
(up, 2"y = {(vy, 2%y = (Ayvg, 227)

= (vo,x2nA4) = <u0,x"1212> = <1212110,35n>7

forn =0,1,2,..., where AQ(:I:Q) = Ay(x), ie., A, is a polynomial of degree at most 2.
Thus, u; = As(z)uy.

On the other hand, by applying D to moment functional zu; and using (4.10]) we get
1
(D[zuy], 2"y = —n <xu1,x”_1> = -—n{u,z")=-n (xvl,x2”_1> =3 <D[wv1], x2”>.

From (4.3) and D[xv| = xv; + Dv; the above expression reads as

1 2n 2n 1 Aoom n
(D[zuy], 2™y = 5 ((xAgvo,x > + <V1,JZ >) =3 (<u0,A3m > + (uy,x )) ,

where As(22) = zAs(x), i.e., Az is a polynomial of degree 2.

1 -~ -
As a consequence, D(zu;) = §(A3+A2)u0. Hence, we can state the following theorem.

Theorem 4.6. If {vy,v1} is a SCPMF2K, then {ug,zu,} is a CPMF2K and u; is a
Christoffel transformation of ug of order 2.

4.3 Some Special Cases

In this section we look at some examples of {vy, vi} which are SCPMF2K. We remind
that, as shown in Theorem[4.4] in a pair {vo, v1} of SCPMF2K the associated pair (A4, 43)
of admissible polynomials are such that deg(A,) < 4 and deg(As) = 3. In what follows,
results are presented in accordance with the degree of A4 as in the next table.

deg(As) =4
deg(As) =2 | deg(As) = 3
deg(As) =0




Some Special Cases 88

Ay is of degree 4
(i) P are the Gegenbauer Polynomials:

Let the moment functional vy be given by

vord = [ p@)(1 =P = [ pla)an® (),

with A > —1. The corresponding monic orthogonal polynomials P{”(z) = CM(z) are

known as monic Gegenbauer polynomials. Their properties have been studied extensively
in the literature (see, for example, [1], [20], [33] and [74]).

It is also well known that the symmetric moment functional v is classical and satisfies
the Pearson equation D[(z*—1)vo] = [(2A+1)x]v,. However, with ¢ € (—oo, —1]U[1, 00),
we can also write the alternative Pearson’s equation

DB vo] = vy, (4.12)
where
B(z) = (2% — ¢*)(2* = 1) and C{(x) = 2\ +3)2® — [¢*(2A + 1) + 2]
This latter Pearson equation can be easily obtained from
—(vo, (2 = 1)p') = (vo,[(2A + D)alp) ,

by replacing p(x) by (2 — ¢*)p(z). Observe that, with our choice of g, the moment
functional given by Biq)vo is also a positive definite moment functional.

The leading coefficient of Cé/\’q) is 03 = 2\ + 3 and the leading coefficient of BELQ)
¢4 = 1. Hence, 03 + (n — 2)¢y # 0, n > 2, and (B(q) C()‘q) is also an admissible pair
of polynomials. We can now use item (a) in Theorem {4 , with As(z) = e (x) and
Ay(z) = B{”(z), to obtain information about the respective symmetric coherent pair of
moment functionals of the second kind {v¢, v;}. We thus have

<V1’p) _/llp( )B(q)< )(1 :172))‘*1/2dx

= / )(q? — 2H)(1 — )MV 2 dx = /11p(x)d19(”1"’) (z).

Now observe that 03 + (n — 2)cy = 03+ (n + 2)¢y # 0, n > 2, where 03 is the leading
coefficient of Biqy + Cg(,’\’q). Hence, we obtain from item (b) of Theorem M that the
moment functional v is semiclassical of class at most s = 2.

(ii) P(M are the Gegenbauer Polynomials:

Let the moment functional vy be given by

vion) = [ pa)(1 =) e = [ pla)ant (),

with A > —1/2. The corresponding MOP P"(z) = C?*+(z) are the monic Gegenbauer
orthogonal polynomials with respect to the measure v*+1).
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The moment functional v, is classical and satisfies the Pearson equation
D[Biq)vl] — Cg(.)\—i_l’q)vl,

where C{"? () and B\ (z) are as in and g € (—o0, —1] U [1, 00).
We now use item (b) of Theorem to obtain information about the companion
moment functional vy by letting Ay(z) = B (z) and A)(z) + As(z) = S (2).
Observe that

1
(D[Asvi],p) = — (v, Aap') = — /_11?'(:6)1351‘7)(@(1 — 2% d.
Since d[Bflq) (2)(1 — 22)M12) )y = C§A+1,q)(l,)(1 _ #?)™1/2 using integration by parts we
find 1
(D[Ayv4],p) = / p(:E)C?()A—i_l’Q) ()(1 — ZE2)>\+1/2d:E.

On the other hand
1
(A3 + Ag)vi,p) = / p(2)[47® — 2(¢% + D)z + As(2)] (1 — 22) 12z,
-1
Hence, from the requirement D[A;vy] = (A} + A3)vy in item (b) of Theorem [4.4] we find

/_11p<I)A3(x>(1 - x2)>\+1/2d;z; _ /1 p(x)CN;E,AH’Q)(I)(l _ xz))\ﬂ/zdx’

where N
COMD (2) = 9 (@) — 428 4+ 2(2 + Dz
= (2* - ))[(2\ + 1)a.

Hence, if we set Az(z) = COTa) (x), then from the other requirement Dv; = Asvy in
item (b) of Theorem 4.4

1 ~
_/ p/(x)(l . x2))\+1/2d37 _ <V0,C§)\+1’q)p> _
1

Using integration by parts we then have

- / 1 p(@)[(2X + Da](1 = 2} 2dz = (v, C5 ). (4.13)

—1
Thus, if we choose vy such that

(1 _ xQ)A—l/Q

(o) = [ ple) e+ epl@) + epl(—a) = [ pla)ir o)

then it satisfies and vi = Ayvy. With € > 0 and the range of values chosen for q,
the symmetric moment functional vq is also positive definite. However, it is important
that if ¢ = £1, then A must be such that A\ > 1/2.

Note that, the pair (BL(IQ) ,éjg*"’)) is an admissible pair of polynomials, since
s + (n—2)ey # 0, n > 2, where 95 = 2X + 1 and ¢4, = 1 are the leading coefficient
of (fé’\ﬂ’q) and BZ(f), respectively. Hence, we obtain from item (a) of Theorem |4.4|that the
moment functional v is semiclassical of class at most s = 2.
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(iii) P® from a Symmetric Jacobi-type Moment Functional:

With a, 5 > —1 and £ # 0, let the symmetric moment functional vy be given by

(voor) = [ (@)l (1~ a2+ Np(0)

Clearly, v is a positive definite moment functional and it represents a symmetrized Jacobi-
type moment functional, that is a particular case of the so-called Koornwinder moment
functional [38] (see, also [36]).

Observe that, for every p € P, we have

<D{ (1—2?) VO} ,p)
= — <V0,:172(1 N $2)p/> _ _[1p/(x)’x|2ﬁ+3(1 _ $2)a+1 do.

Thus, integration by parts gives

(Dol 7} = [ pla)|—(26+ 20+ 5)a® + (26 + B)a] o4 (1 — 42 d
= <A3V0,p) )

where Ay(z) = 2%(1 — 2?) and As(z) = —(28 + 2a + 5)z3 + (26 + 3)z. Clearly, Agvy is
also a positive definite moment functional and the moment functional v, is semiclassical
of class s = 2 (see, [22]).

Therefore, by item (a) of Theorem the pair of moment functionals {vy,v,} is a
SCPMF2K if vi = Ayvy. Also, the symmetric moment functional v; is semiclassical of
class at most s = 2.

Ay is of degree 2
(i) P are the Hermite Polynomials:

Let the moment functional vy be given by

(vo.p) = | pl)edr = [ pla)dva).
The corresponding monic orthogonal polynomials P\"(x) = H,(x) and their properties
also have been studied extensive in the basic literature (see, for example, [1], [20], [33] and
[74]). The polynomials H,(x) are known as the monic orthogonal polynomials of Hermite
the n-th degree with respect to the measure v(x).

It is known that the symmetric moment functional v, which is classical, satisfies the
Pearson equation D[vy] = (—2x)v,. However, with a g # 0 that we choose here to be in
R, we also have the alternative Pearson equation

DB vy = CL" v, (4.14)

where C\”(z) = —22% — 2(¢® — 1)z and B (z) = 2 + ¢%. Observe that, with our choice
of g, the moment functional given by Bg‘”vo is also a positive definite symmetric moment
functional.
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With Aj(z) = % (z) and A4(z) = B (x), we can now use item (a) in Theorem
[.4] to determine information about the respective symmetric coherent pair of measures
of the second kind {v¢,vi}. We thus have

(vi,p) = (Asvo,p) = /_OO p(z)(2? + q2)e_x2dx

o0

From item (b) of Theorem [4.4] the moment functional v; satisfies
D[(2* + ¢*)v1] = [-22° — 2(¢* — 2)a]vy.

Hence, v; is semiclassical of class s = 2 if ¢ # 0 but it is also semiclassical of class at
most s =1 if ¢ = 0.

(ii) PV are the Hermite Polynomials:

We will assume v; to be such that
vip) = [ playe o = [ playdv(a).
Then for the corresponding sequence of MOP {P{V}, - we have
PW(z) = H,(x), n>0.
For the moment functional v; we have D[B§Q)V1] = Céq)vl, where, Cé‘n () and Bé‘” (x) are

as in (4.14). Again, we assume 0 # g € R.
We can now use item (b) of Theorem with

Ay(z) = B (z) and  Aj(x) + As(x) = 5 (x),

to obtain information about the companion symmetric functional vy. Observe that

(D[Ayv1],p) = — (v1, Ap') = — /OO P (2)BS (2)e ™ da.

—00

Since d[BSY (z)e=*"] /dz = C{”(x)e~*", using integration by parts we then find
(D(Agvi).p) = [ p(@)CS (@) da.

—0o0

On the other hand

(A} + Az)vi,p) = /:)o p(z)[22 + As(z)]e ™ da.

[e.o]

From D[Asv4] = (A} + As)vy we then find

/Oo p(x)As(z)e ™ do = /

—0o0 —00

[e.9]

p(2)CY (x)e~*" dz,

where C\” () = C{7(z) — 22 = —2x(22 + q2). Thus, if we set A3(z) = Cs”(z), then from
Dv; = Aszvy,

— /OO P(x)e ™ de = <V0, —2x(x? + q2)p> :

— 00
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Hence, using integration by parts
/ p(z)(—2z)e " dx = <V0, —2x(z? + q2)p> :

Therefore, for vy given by

2
o e_x

vop) = [ p@)dr@) = [ pla)

—oo 72 + ¢*

dzx,

there hold v; = Ayvy and D[Ayvy] = Asvy. Hence, we obtain from item (a) of Theorem
that the pair {vg, vi} is a SCPMF2K and the moment functional vy is semiclassical
of class at most s = 2.

(iii) P from a Generalized Hermite-type Moment Functional:

Let the moment functional vy be given by

(vo.r) = [ p@laf e da+ ep(0) = [ pla)an(a) + ep(0),

—0o0

where o > —1. This is a generalized Hermite-type moment functional (see [42]).
Using integration by parts one can easily show that

(Dla*velip) = = (vo, %) = = [ pl)laf e ds

= [ p@)a - 20+ B)alla e e

— 00

Thus, v¢ is semiclassical of class s = 2 (see [22]) which satisfies the Pearson equation
D[A4V0] = A3V0, where

Ay(r) =2® and As(z) = 22° — (20 + 3).

Therefore, by item (a) of Theorem [4.4] we have the SCPMF2K {vg, vi}, where

(v1,p) :/ p(@)|z)*Pede and PM(2) = P,(v*;z), n>0.

Ay is a Constant

Let the moment functional vy be given by

(vo.p) = [ p(a)e " de= [ pla)dwn(a).

—00

The corresponding orthogonal polynomials P (z) = P, (vp; ) satisfy a three-term recur-
rence relation (see, [64, [65])

TP (vo; ) = Pra1(vo; ) + ¢ Ppq1(vo;z), n>1, (4.15)

with initial conditions Py(vp; x) = 1 and Py (vp; x) = x, where the parameters ¢, satisfy a
non-linear recurrence relation

n=4c, (i1 +Cn +Cn1), n>1,
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with initial conditions ¢y = 0, ¢; = I'(3/4)I'(1/4), where I'(z) denotes the Euler’'s Gamma
function. Furthermore, the sequence of MOP {P,,(vy; -) }n>0 satisfies the structure relation

P, 1(vo;x) = (n+ 1)Pu(vo; &) + dps1 P (vo; ), n > 2, (4.16)

where d,, 11 = 4¢p11C0Cr1, 1 > 2.
It is also well known that the moment functional vy is a symmetric semiclassical
moment functional of class s = 2 (see [22]) and satisfies the Pearson equation

D[A4V0] = Asvy,

where Ay(z) = 1 and Asz(r) = —42°. We have the case in which deg(A44) = 0 and
deg(A3) = 3. Thus, we can take without any loss of generality vi = A4vy = vy. and by
(4.16)), we have a self coherent symmetric moment functional of the second kind v such
that

where 7, 1 = —d,1/(n+1).



5 Sobolev Orthogonal Polynomials
from SCPMF2K on the Real Line

The main objective in this chapter is to consider the sequence of orthogonal polyno-
mials {S, },>0 with respect to the positive definite Sobolev inner product

(f.9)s = (vo, fa) + M {v1, gy, A>0, (5.1)

where the pair of symmetric positive definite moment functionals {vg, v} is a SCPMF2K
on the real line. The sequence {S,, },>¢ is called the sequence of monic Sobolev orthogonal
polynomials (MSOP for short). We study some properties of this sequence of polynomials
and establish the connection formulas that these polynomials satisfy together with the
sequence of MOP corresponding to moment functional vy.

5.1 Introduction

Let {vg, v1} be a pair of symmetric and positive definite moment functional. If {vq, vy}
isa SCPMF2K from Propositionthere exists an admissible pair of polynomials (A4, A3)
with deg(A4s) < 4 and deg(A;) = 3 such that {vo, vy} satisfy ([£.3). Moreover, the
constants 7, in the coherence formula satisfy

i)
Tpo1 = mslﬁ”[og +(n—2)cs], n>2, (5.2)
n—2

where 03 is the leading coefficient of A3 and ¢y is coefficient of degree 4 in A,. Here, A"
and ﬁr(ll) are given as in (4.2)).

We define the elements of sequences {p,, },>1 and {q, },,>1, which will play an important
role in the sequel. Let

Jn+1 = 5\(71 + 1)(n — 1)Tn71ﬁ,(11_)2,
3 L n =2 (5.3)
rr = A+ M+ 2[R+ 7 AL,

with g2 = 0, py = A4” + A4S and py = A” + 4XAD.

Throughout in this section, we will assume that the moment functionals vy and v,
are symmetric and positive definite. Thus, there exist symmetric positive Borel measures
vy and v; supported on infinite subsets of the real line £y C R and E; C R, respectively,
such that

(vo,p) = /Eo p(z)dvg(z) and (vq,p) = /é p(x)dv(z), peP.

1
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In this case, the Sobolev inner product (5.1) can be rewritten as

(f-9)e = (90 + M 0 Dus A >0, (5.4)

where (f, g)v, = [, f(x)g9(x)dvo(z) and (f, g),, = [, f(x)g(x)dvi(z). Moreover, instead
of saying {vg, vy} is a SCPMF2K on the real line we will say {vg, 11} is a symmetric
coherent pair of positive measures of the second kind on the real line (as abbreviated,
SCPPM2K on the real line).

Remark 5.1. The Sobolev inner product (5.1]) when the pair of positive definite moment
functionals {vo, vy} is CPMF2K on the real line was consider in the recent papers [29]
and [40].

The next result follows analogously from Theorem which is a result on the unit
circle. For the sake of completeness, we also provide its proof.

Theorem 5.2. Let {vy,v1} be a SCPPM2K on the real line. Then the sequence of MSOP
{Sn}n>0 with respect to the inner product (5.4) is such that

So(z) =1, S(z)=P%=), Si(z)=P"x) and

Sonya(a) = Plo(x) + 3 tania, Py (2),

o n>1,
0 0
Son1(#) = Piyly(x) + Y donsr Py (),
j=1
Here, a,, = [agp42.1, G2n42,2; - - - a2n+2m]T is the solution of the system of linear equations

Ty, a, = U2n+2 € and n > 1,

where e, s the n-th column of the n x n identity matriz and Ts, is the n X n real
symmetric tridiagonal matriz

P2 —qq
—q4  Pa —Qe
TQn - )
—on—2  Poan—2 —lon
L —Yon Pon |
b, = [02041.1, B2nt12; - - -, Qont1n] | 08 the solution of the system of linear equations

T2n—1 bn = 2n+1 €n, n > 17

where e, is the n-th column of the n X n identity matriz and T, 1 is the n X n real
symmetric tridiagonal matriz

P11 —03
—q3 Ps —0s

—f2n—3 Pon—3 —fan-1

—2n-1 p2n—1
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Proof. 1f we write

n+1

52n+2(35) = Z ﬂ2n+2,jP2(]Q)($) with  agpi2n1 =1,
§=0

then by considering the orthogonality of S, 12 we can deduce
0 = (P, Sans2)e

n+1
0
= 2k 7Za2n+2jp2(j >1/0 +)\ Qk 7Za2n+2j )/ V1 (55)

7=0

N n+1
= A g0k + A (P, > a2n+27jp2(?)/>ul

j=0
forn > 0 and £ = 0,1,...,n. From this, with the observation PO(O)/(:E) = 0 and
PV (z) = 2P (z) we find
2420 =0 and [HQ(O) + 4\ ﬁl(l)]agmrg,l — 8:\ﬁ|(1)7'2a2n+2,2 =0 for n>0.
Using and substituting into (5.5)) gives
0= —4X\(k— 1)k72k—2ﬁg(,?_3a2n+2 k-1
+[ﬁ2 + ANk (ﬂ% LT Ry 3)}a2n+2k — AN k(k + Do Ay a2 k1

= —(okOopi2k—1 T Pokoni2k — Jokt202n42 k41,

for k = 2,3,...,n. Hence, since as,+2,+1 = 1, we obtain the required first system of
linear equations.
On the other hand, since Sy,41(x) is an odd function we can write

n+1

Sont1(z) =D aonp1 gpzj (@) with  agpi1 41 =1,
7=1

then by considering the orthogonality of Sy, 1(x) we can deduce

0= <P2k 1782n+1>(‘5

©
= 2k 1vza2n+1jp2(])l>l/o+>‘ 2k)llvza2n+1j 2] 1 (5.6)
Jj=1 )
= ﬁQk 1a2n+1k+)\ 2k 1aza2n+ljng D
J=1

forn>1and k=1,2,...,n. From this, with the observation Pl(o)/(:c) =1 we find
[H’I(O) + A ﬂél)]a2n+1,1 — 35‘ﬂ0(1)7—1a2n+1,2 =0 for n>1.
Using and substituting into (5.6) gives
0= —A(2k—1)(2k — 3)rop_s iy yonsrnr + [ + A2k — 1)2A5) -+
A2k = 1)°73,_, ﬂZ(Ii)—4] Qon i1k — M2k = 1)(2k + 1)7o_1 A 500041 441

= —O2k—102n11,k-1 T P2k—102n+1,k — U2k+10204+1 k415
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for £ = 2,4,...,n. Hence, since ag,11,+1 = 1, we obtain the required second system of
linear equations. This completes the proof of the theorem. [

Since T, and T, _; are tridiagonal matrices, it is easily seen that
det(Tgn) = pgndet(Tgn,Q) — q%ndet(Tzn,4),
det(Tay—1) = pan—1det(To,_3) — q5,_1det(Ta,-s),

with det(T_1) = 1, det(Ty) = 1, det(T;) = p; and det(Ty) = py. From this,

n>2

?

det(Tay,) [ _det(Tapy0) ] _ Unso n>1
pondet(Ta,_2) pontodet(Tay,) PonPonia’ -
and
det(To,_1) [ _ det(Tapqq) 1 _ Pni1 n>1
pon—1det(To,_3) ponr1det(Top_1) Pon—1Pon+1’ -
The sequences {0(¥},,>; and {0V},5;, where
2 2
0512) _ _%on+2 and 0;1) _ _ %41 : (5.7)
PanPan+2 Pon—1P2n+1

for n > 1, are positive chain sequences. This we confirm later in this chapter. This means
the sequence {m®},>,, where

det(Tzn)

1-m? ) )m® =2 and m?, =1- ")
( Y ! pondet(Ta,_2)

n>1, (5.8)

is the minimal parameter of {9{2'},5;, and the sequence {m(V}, >, where

d@t(Tg _1)
1-m®P ) )m® =o® and m, =1- " n>1, 5.9
( 2 ' pon—1det(Ta,_3) (5.9
is the minimal parameter of {9V}, ~,. Therefore,
det(Ts,
0 le_mﬁl < 1,
pandet(To,_2)
det(T "2
#(Tyy_
0 o) g0 g
pon—1det(Ton_3)
Remark 5.3. Note that the matrices Ty, and Ty, ; are positive definite. This fact
guarantees the existence of a unique solution for the systems Ts,a, = qo,i2€, and

Ts,-1 b, = q2ns1 €,. Consequently, one can use this to verify the existence of the sequence
of MSOP {8, },,>0 with respect to the inner product (5.4]).

5.2 The Simple Connection Formulas

The following result states that two consecutive Sobolev polynomials are connected to
an orthogonal polynomial with respect to the measure 1.
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Theorem 5.4. Let {vy,v1} be a SCPPM2K on the real line. Then the sequence of MSOP
{8, }n>0 with respect to the inner product (5.4) satisfies the simple connection formulas

52n($) - 721172827172(1)) = 2(2) (f),

n>1, (5.10)
Son-1(2) — Yon-3San—3(z) = 2(2)—1($)a
where So(x) =1 and v, are such that
Y-1=0, % =0, 7%= fan2 and Y1 = fan1 (5.11)
- ’ ’ " Pon — Gon Yon—2 " Pan—1 = Q2n—17Y2n-3 '

form > 1. Here, the elements p, and q, are as in (5.3)).

Proof. Let us consider the expansion

n—2
PT(LO)(I‘) =S,(z) + Z an;Sj(x), n>3,
=0

where Sp(z) = 1, Si(x) =z, So(x) = P (x) and

P <Pn(,0)78j>6 _ <Pr(zo)7‘sj>l/0 + 5‘<P1§0),78],'>V1 _ 5\<P7(LO)/7SJI'>V1
(S, S))e (SiSj)e (Sj,Si)e

for j =0,1,...,n —2 and n > 3. Hence, substituting P\*)" using (4.1]) we get a,,; = 0 for
n>3and j =0,1,...,n— 3. Moreover,
~<P(0)/ S’ >V1

—2
—Tn—2 = Qpnn-—2 = AT

> 3.
<Sn7278n72>6 7 "=

Thus,

Gon+2 Jon+1
=0, =0, Yo =-—2  and ey = . on>1. (5.12
R o 2 <S2n782n>6 Tan=t <S2n71782n71>6 ( )

With the observation that Sy is monic, we have
(St, Si)e = (Sk, P”)e

= B+ X(S;, PO,

Thus, from Si(x) = P”'(x) + -2 Sf_5(x) and (1),

<Sk, Sk>6 = ﬁIEO) + /~\ {kai]gl_)l + /{:27',3_2:‘1:,51_)3} — 5\ (k’ — Q)ka_gﬁ,gl_)g’yk_g (513)
= Pr — Ak Vk—2,
which gives the statement of the theorem, when k£ = 2n and k = 2n — 1. [

The next theorem gives an upper bound for the ratio v, /7,.
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Theorem 5.5. The connection coefficients vy, that appear in (5.10) and the coefficients
T, that appear in (5.2)) satisfy

n + 2
0<7—<n , n>1.
Tn n

Proof. Observe that (5.12]) gives q,127, > 0 for n > 1. Hence, from ([5.3))

TnYn >0, n>1.
Now by combining with the minimal norm properties of MOP, one finds
(SusSude > (PO, PO, 4 An2 (P P, 0> 1,
Then, from we have
5\n272_2ﬁ£1)3 > )\(n—2)nTn zfl aYn—2, M >3.

This gives the inequality result of the theorem. [

Now, by using ([5.11)) one can write

(1-g2)8 =2,

n>1,
(1 o)l = ol
where
g512_)1 _ q2n’72n—27 g511_)1 _ Cl2n—172n—37 2@ — 342 and o — Bt ’
Pon Pon—1 " PonioPon " Ponti1Pon—1

for n > 1. Note that {0®},,>; and {0(V},>; are the same sequences given by (5.7). Thus,
from the knowledge that m{® = m§"” =0, m® > 0, m() > 0, 9® > 0 and o) > 0 for
n > 1, there also holds

0<m? <1 and 0<mV <1, n>1

Hence, the sequences {0}, 51 and {d0(},>; are positive chain sequence and {m{®},5¢
and {m )},.>0, Tespectively, are its minimal parameter sequences.
Comparing the above minimal parameter sequences with the minimal parameter se-

quences given by (5.8) and (5.9) we have

Geton-z _ g det(Tan) 0 Gameidons g def(Tony)

Pon pondet(Ta,—2) Pon—1 pon—1det(To,_3)

5.3 The Coefficients 7, as Rational Functions

In this section, we will show that the connection coefficients -, that appear in (5.10)),
can be expressed as rational functions involving a sequence of polynomials that satisfy a

simple TTRR. Let {R., () }nz0 and {A,(t)}nso such that
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An_1(t)
n — — d n—1 — = Z ].7 514
V2 Rn(t) an Yon—1 An(t) n ( )

where Ro(t) = Ay(t) = 1 and t = x/X. For the moment we assume x # 0 to be arbitrary.

Then from ((5.11))
q2n+27f€n(t) = anﬁnfl(t) - anﬁan(t)y

C|2n+1«1n(t) = p2n71jnfl<t) — q2n7141n72(t)7

n>2. (5.15)

with quR1(t) = paRo(t) and qsAi(t) = prAo(t). Thus, from (5.3) we can state the

following theorems.

Theorem 5.6. Forn > 0, ﬁn(t) in (5.14)) is a polynomial int of exact degree n. Precisely,

if Ru(t) = k"0, Ru(t), n >0, with

T 2nﬂ2(:z)—1
(0)

fion

oo=1, o,=4n(n+1) Opn_1, n>1,

then R, (t) are monic polynomials such that
Rn+1(t) = [t + 4H(an+1 + bn+1)]Rn(t) — 16/<;2anbn+17€n,1(t), n 2 1, (516)

with Ro(t) =1 and R4(t) =t + 4kay, where

_ i), _ (412 h)
a —, b
n — ﬁQ(O) ’ n+1 — ﬁQ(O) )

n n+2

n>1.

Proof. Manipulating the formulas in ([5.3)) and substituting in (5.15)) gives

toa — 4r Y
&'Rl@):t_i_ﬂ

A A
tonto ~ 4n’k ~ A 5t ~
;Z(OJ)FQ Rn(t) = [t + ﬁz(o) (ﬁz(rlL)—l + TQQn—QﬁQ(TlL)f?))} Rn—l(t) - 52(0)2 ﬁ2(02)_2 Rn—Q(t)a n > 2.

Since tqo,.2 for n > 1 are independent of ¢, with

ot
Ko, =[] [ qQkH] , n>1,

e LAy

we obtain the required recurrence relation for {R, },>0. From this recurrence relation one
can also observe that R,, are monic polynomials in ¢. n

Theorem 5.7. Forn >0, .,Zln(t) in (5.14) is a polynomial int of exact degree n. Precisely,

if A (t) = K", An(t), n >0, with

Ton—1 ﬁZ(TlL)—2 5
(0)

ﬂz n—1,
n—1

go=1 o, =02n+1)2n—-1) n>1,
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then A, (t) are monic polynomials such that
Api1(t) = [t + 5lens1 + far)]An(t) — Koen fasrAna(t), n>1, (5.17)
with Ao(t) =1 and A;(t) =t + ke, where
O Vil I Vi MY
Ao fiya
Proof. Manipulating the formulas in ([5.3)) and substituting in (5.15)) gives

s Fﬂﬁél)

(0)
tqon+1 7 K(2n — 1)2 1) 2 (1) T ﬂz “3tq2p-1
A(t):t+7(ﬁg_2+7' _fﬁg_)A,l(t)— - A, o(t), n>2.
0 n 0 n 2n—3"'2n—4 n 0 0 n 5 =
ﬁQ(n)fl { ﬁZ(n)fl } ﬁ2(n)71 ﬁQ(n)f3
Since tqo,.1 for n > 1 are independent of ¢, with

- o | t2k
k"o, =[] [ CI?O)H], n>1,
k=1 ﬁ2k71

we obtain the required recurrence relation for {4, },>¢. From this recurrence relation one
can also observe that A,, are monic polynomials in . [

n>1.

€n —

Remark 5.8. Since the elements of TTRR and are such that a,b,,; > 0
and e, f,41 > 0 for n > 1, by using Favard’s Theorem we can conclude that {R, },>0
and {A, },>o are sequences of MOP with respect to some positive measures supported on
the real line.

5.4 An Example

Let {P.(vo;-)}n>0 the sequence of MOP with respect to the Freud weight function

e*x4, that is
o

b = [ p@(e)e ™ dz = [ p(a)q(a)duo(a)

According to the Section when Ay is constant the pair {1y, 1y} is a SCPPM2K.
Now we consider the Sobolev inner product (f, g)g given by

<fa g>6 = <f7 g)ll() + 5\<flvg/>uoa 5\ > 07 (518)

this inner product has been introduced in [I2] and algebraic and asymptotic properties of
{8, }n>0 sequence of MSOP with respect to (5.18) were obtained. Later on, in [63] was
proved that the polynomials {S,,},>¢ have all their zeros real and simple.
From Theorem the sequence of MSOP {S,},>¢ satisfies the connection formula
(see [12])
Sn(x) — YpoSn_o(x) = Pu(v;z), n >3,
where , \
N [ P(v;x)e ™ do
—Ypg = 4X(n — 2)—="~
Tn=2 ( ) <Sn—27‘5n—2>6
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and S;(x) = Pi(v;x), i = 0,1,2. Moreover, the connection coefficients +, satisfy a non-
linear recurrence relation in terms of ¢, given in (4.15)), that is

45\ncn+20n+lcn
—Tn = N N ) n Z 37
Cn + An? + 162 ¢ _1Cn—2] + 4(n — 2)AeyYn—2
4N 8\
with v, = —70302?1 and vy = —704030?.
C1 —f- )\ Co + 4/\

By using Theorems |5.6[ and we can write the connection coefficients +,, as rational
functions which are related to a sequence of MOP satisfying a simple TTRR (see [12]).
Let k # 0 be an arbitrary real number such that t = k/\ and write

Von = m 1(>7 ")/anl:fo- 1()7 nZL
On—1 Rn@) On—1 An(t>
where
gg — CNTO = 1, Op = —87’LCQn+262n+10'n_1 and 5n = —4(2n — 1)C2n+102n5—n—17 n Z 1.

Then {R, }»>0 and {A,},>0 are sequences of MOP satisfying the TTRR
Rn+1 (t) = [t + 4K(Cln+1 + bn+1)]Rn(t) — 16/@2anbn+172n,1(t),
Apia(t) = [t + klens1 + far1)JAL(E) — 52€nfn+1~’4n71(t)7

with Ro(t) = Ao(t) = 1, Ri(t) =t + 4kay and A, (t) =t + ke, where

n > 1.

n
a, = —, bpp1 = 4cont2C2n41C2m,
Con
n>1
(2n —1)2
€n = 5 fnJrl == 16C2n+102n62n717

Con—1



6 Concluding Remarks and Future
Work

Conclusions

The topics studied in this work have been focussed to study a concept known as “cohe-
rent pairs of measures of the second kind” both on the unit circle and on the real line.
The main results established can be summarized as follows:

e We have presented an extension to the study of the concept of coherence of the second
kind on the unit circle, where in the formula that defines the concept of coherence we
replace the derivative operator by a g-difference operator. Specifically, we have considered
a special pair of measures on the unit circle {ﬁgbve), ufj’“)} for which the corresponding

sequences of orthogonal polynomials {®®g; -)}ns0 and {DET(g; )} s satisfy

DBV (;2)] = {n+ 1}y [00 g 2) = 7@ g 2)|, 7 #0, n>1,

where D [F(z)] = F(q;f/?;;:qFl(/%Z%) and {n}, is such that D,[2"] = {n},2""'. The proba-

bility measures ,ugb“) and /]gbve) where b = A+ and 0 < ¢ < 1, are defined as follows:

(i) ugb“) is the probability measure given by
1 [(¢"%¢; @)oo?
A+ (b+1) P Dool”
H ) = g (772G, q)2 ™
with
A(0+1) (@ @)od@"*"2; @)oe |Pq(b7t2)|2 _
! ("% Dud @ De Ty +0+3)

(i) ) is such that

. . 002 1 -
(£.9);00 = 1= O [ Q50 b+ e S0

where 0 < e < 1 and

o) _ (L= a1 = ¢*00s 1) (¢; @)oo (477 D)o 1 = —nn(g)
! (1 — g 1cosny) 201(q, 4% 25 q, ¢*Y) (@ @)e>”

103
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e Motivated by this extension of the concept of coherence of the second kind on the
unit circle, we have provided an extensive study of properties of Sobolev-type orthogonal
polynomials W(“*)¢; 2) with respect to Sobolev-type inner product

<f7 g>62b,e,s) = <fa g>ﬁ((]b,£) + s <Dq[f]a Dq[g]>m(1b+1)7 s> 0. (6-1)

e By considering measures defined on the real line, we have established a characterization
of pairs of positive measures that satisfy the concept of coherence of the second kind on the
real line. We showed that a pair of positive measures {1y, 1} supported on the real line
is a coherent pair of positive measures of the second kind (CPPM2K) if and only if there
exists an admissible pair of polynomials (As, As), with deg(As) < 3 and deg(Ay) = 2,
such that
—/ (x)dvy (x /p )As(x)dvg(x) and
(6.2)

[ p@)dn () = [ p@)As(@)duo(x),

for every polynomial p. Recall that the admissibility condition of (As, A) holds if
0y + neg # 0 for n > 0, where 05 is the leading coefficient of Ay and c¢3 is coefficient
of degree 3 in A3. The characterization formula (6.2]) shows that vy and vy are semiclas-
sical positive measures of class at most s = 1. Many illustrative examples has been also
given.

e An extension of the concept of coherent pairs of measures on the real line where the
measures are assumed to be symmetric has also been treated. We showed that a pair of
symmetric positive measures {1y, v} supported on the real line is a symmetric coherent
pair of positive measures of the second kind (SCPPM2K) if and only if there exists an
admissible pair of polynomials (A4, A3), with deg(A4) < 4 and deg(As3) = 3, such that

—/p )dvi(z /p JAs(z)dvy(x) and
(6.3)

[ p@)dn(@) = [ o) Asw)dvo(x),

for every polynomial p. Recall that the admissibility condition of (A4, A3) holds if
03+ (n—1)¢q # 0 for n > 1, where 03 is the leading coefficient of A3 and ¢, is coefficient of
degree 4 in A4. The characterization formula shows that vy and v are semiclassical
positive measures of class at most s = 2. Many illustrative examples have also been given.

e The results obtained in this work also contribute to the study of the monic orthogonal
polynomials S,, (v, v1; ) with respect to Sobolev inner product

(ogbs = [ F@o@dn) +s [ @) @an(), s>0,

where the pair of positive measures {1y, 11} is a coherent pair or symmetric coherent pair
of positive measures of second kind on the real line. Some properties of Sobolev orthogo-
nal polynomials S, (v, v1; ) have been analyzed in the symmetric case.

As mentioned in the Introduction of this work, some of the main results contained in
this thesis have also appeared in the following texts, which we have also listed within the
bibliography at the end of this thesis:
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Future Work

Here we discuss some future directions of research that we plan to undertake.

Zeros of Sobolev-Type OPUC Based on the D, Operator

An interesting question for a future work is to analyze, for a fixed n the dynamical
behavior of the zeros of the orthogonal polynomial W% (¢; z) with respect to Sobolev-
type inner product (6.1)) in terms of the parameters b, € and s.

Associated Fourier Approximation

One of our object of studies for the near future is to carry out an analysis of the
Fourier expansions of functions in terms of the sequences of polynomials orthogonal with
respect to the Sobolev inner product (-, -)g when {1y, 1} is a CPPM2K on the real line.

To be more precise, assume [ to be a function such that (f,27)s exist for 0 < j < N.
Let Q% denote the best approximation of f by a polynomial of degree N with respect to
the norm ||f|les = ({f, f)s)"/?. In other words,

If = Q¥ lle = min [|f - 7s,
TePn

where Py denotes the set of all polynomials of degree N with real coefficients.
Let {A%},>0 be the positive constants such that

<Sm78n>6 = ﬁnGémJL; m,n:O,172,....

By least squares method one finds

where

=0,1,2,...,N.

We observe that ﬁjg and (f,S;)s can be recursively obtained using (see [29]):

P = h° + sh',

ﬁ]6 = _7]2—1'4]6—1 + ﬁ]{’o + SjQ[ﬁ],'jil + T]?—lﬁjl'inL j 2 27
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and

<f7 SO>6 = <fv 1>V0’ <f> Sl>6 = <f’ Pl(VO; ')>Vo + S(fla 1>V17
(f;Side = vj-1{f, Si—1)e + {f, Pi(10; ) weo

+ 3j<.f/7 Pj—l(yl; ')>V1 - SjTj—1<-f/7 PJ—Q(Vl; ')>V17 ] > 2.

Thus, the easy determination of the Fourier coefficients b makes this a conveni-
ent technique of approximation. This constitutes a nice future problem that should be

further explored in which one can also consider the symmetric case, i.e., when {vg, 1} is
a SCPPM2K on the real line.

The SCPPM2K-H and Associated Hermite-Sobolev Orthogonal
Polynomials
In Section [£.3] we have stated two special examples of a SCPPM2K on the real line

{vo, 1} in which one of the measures is given by the Hermite measure (see Table |1.1)).
Precisely, these examples are such that:

SCPPM2K-H1: ,
dvg(x) = e % dx,

dvi(z) = (22 + ¢¥)e ™ da.

The real number q is such that ¢ # 0. As shown, the pair SCPPM2K-H1 verifies ((6.3))
with

Az(r) = =223 —2(¢* — 1)z and

A4(l’) = 132 + q2.
SCPPM2K-H2: :

.2
627

dnlr) = 35

dzx,

dvy (z) = e da.
As shown, the pair SCPPM2K-H2 verifies ([6.3)) with
Az(z) = —22(2* 4+ ¢*) and
Ay(x) =2 + ¢*.

Another interesting and important future work will be to use the results contained in
Chapter 9| of this thesis to study the Sobolev orthogonal polynomials and the associated
connection coefficients that follow from the pairs SCPPM2K-H1 and SCPPM2K-H1.
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