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Abstract. Within general characteristics of low-energy few-body systems, we revise some well-
known correlations found in nuclear physics, and the properties of low-mass halo nuclei in a three-
body neutron-neutron-core model. In this context, near the critical conditions for the occurrence of
an Efimov state, we report some results obtained for the neutron− 19C elastic scattering.
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INTRODUCTION

In this report, we first review some well-known few-body correlations, discovered in the
nuclear physics context. Actually, this is quite relevant in view of recent experiments in
cold atom laboratories [1]-[4], which are claiming to have observed manifestations of
some universal aspects of few-body physics [5]-[7]. One should also realize that sev-
eral low-energy few-body correlations, verified in few-nucleon systems, can be more
deeply studied in atomic laboratories, considering the actual possibilities in varying the
two-body interaction by using Feshbach resonance techniques [8]. Few-body correla-
tions are also shown to be important to study properties of low-mass exotic nuclei, with
neutron halos, which can be described as neutron-neutron-core (n− n− c) three-body
systems [9]-[15]. In view of that, we will also discuss universal aspects and scaling
behavior of low-energy three-body systems, considering non-identical two kind of parti-
cles. The approach is further illustrated by considering the halo nucleus carbon-20 (20C)
in a three-body n−n−18C model. After some comments on the several studies consider-
ing the neutron-deuteron system, we also report scattering results for the n−19C system
in an effective range analysis, which is similar to previous analysis done for the neutron-
deuteron case. In the last section we present the main conclusions and perspectives.

CORRELATIONS IN FEW-BODY NUCLEAR PHYSICS

Thomas collapse - In nuclear physics, one of the oldest discoveries, recognized as a
proof of the finite range of nuclear forces (See Sec. IV of Bethe and Bacher [16]), was
that the triton binding energy will collapse to infinite if the range of the two-body in-
teraction goes to zero for a fixed two-body binding [17]. This effect was also referred
as Thomas’s theorem [18], considering that Thomas was able to conclude that the range
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of the nuclear forces could not be less than 1.10−13cm [19]). The Thomas’s collapse
has been discussed in many other subsequent works, in the context of three-nucleon
systems [20]-[22] as well as when discussing more general low-energy few-body prop-
erties and correlations [23]-[30]. In the study of nuclear forces, several other correlations
among observables have been found in the study of few-nucleon interactions [31, 32] and
nuclear matter [33]. Later on, the Thomas effect was shown [24] to be closely related to
the Efimov effect [23], which was discovered in 1970.

Efimov effect - An apparently counter-intuitive effect, verified by Efimov [23], refers to
the infinite number of s−wave three-body energy levels, which appear when a two-
body state is exactly at the dissociation threshold. This effect was shown to appear
as a consequence of the same singularity structure of the kernel of the nonrelativistic
scattering integral equation of a three-body system in the s−wave, responsible for
the Thomas collapse [24], such that it is related to the Thomas effect by a scaling
transformation. It was also verified that both, Thomas and Efimov effects, occur in
three dimensions but not in one or two dimensions. More precisely, as demonstrated
by Jensen, Riisager and Fedorov [29], the Thomas and Efimov effects can only occur
for dimensions between 2.3 and 3.8. A simple variational proof of the Thomas effect,
provided in Ref. [26], shows clearly why it is related to the Efimov effect. The relation of
both effects was also recognized in some other recent works, such as in Refs. [7, 34]. The
experimental study of Efimov states became accessible in ultra-cold atom laboratories, in
view of the possibilities to alter the two-body scattering length, in a wide range by using
Feshbach resonance techniques [8]. In 2006, it was reported Efimov states in scattering
using caesium atoms at 10 nanokelvin [2, 7]. More recent reports of Efimov spectrum in
ultracold atoms are given in Refs. [4].

Phillips line - One of the first general correlations among low-energy observables, found
by Phillips [31] in the nuclear force investigations was a consistent linear correlation
between the triton binding energy and the doublet nucleon-deuteron scattering length.
This correlation is shown to be due to the fact that the binding energies of both the triton
and the deuteron, as well as the energy eigenvalue of the two-nucleon singlet virtual
state, are all small on the energy scale of nuclear forces [35]. This correlation was
followed by several studies on the trinucleon observables [36]-[40]. In Ref. [40], the
trinucleon system was considered in a two-body model with Coulomb effect on bound
and scattering states, leading to an effective nucleon-deuteron interaction in order to
explain most of these properties. As observed, the correlation of triton binding with the
nucleon-deuteron scattering length can essentially be explained in a two-body model,
by using the N/D approach [37], or in a three-body model with zero-range nucleon-
nucleon interaction. With the conjecture that the effective interaction is dominated by
a truncated r−2 interaction at large distances, it was demonstrated that the trinucleon
low-energy properties can be explained by varying only the short-range part of this
effective interaction, keeping the long-range behavior unchanged. The parameters are
evaluated by requiring that the effective interaction produce the experimental values
of the neutron-deuteron (n−d) scattering length, 2and and the binding energies, 3H and
3He, where for the 3He case it was added the Coulomb interaction. Next, the Phillips plot
was easily reproduced by varying the short-range part of the effective interaction. This
model implies in 2apd (∼ 0.15±0.1 fm), consistent with the analysis of Refs. [38, 39].
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Tjon line - Relating three and four-body observables, Tjon [32] observed another in-
teresting correlation, such that the 4He binding energy can be determined by the triton
binding. This correlation was also studied by Perne and Kröger [41] and by Noyes us-
ing nonrelativistic equations for three and four particle systems, within a zero-range
scattering [42]. The observed correlation implies that, within the renormalization group
approach [43], there is no need of a new scale to describe the four nucleon system.
However, it has been argued that such result may be particular to the nuclear potential
models used in the calculations, with their strong short-range repulsive interaction [44].
In a more general context, a possible four-body scale independent of the three-body one
has being discussed in Refs. [45, 44]. As argued in [44] that it may be not valid near a
Feshbach resonance in atomic systems, some experimental studies are being carried out
in cold-atom laboratories [46], with actual analysis supporting the prediction that the
universal tetramer states are in close connection with Efimov trimer [45].

Coester band - Another interesting correlation, between the nuclear matter binding en-
ergy per nucleon and the Fermi momentum, was verified by Coester, Day and Good-
man [33], when studing the nuclear matter saturation curves for reasonable equivalent
two-body potentials, following the observation that for any given two-body Hamiltonian
there exists a large class of unitarily equivalent Hamiltonians that lead to the same scat-
tering phase shifts at all energies. This Coester band was recently studied in Ref. [47],
in a search for possible generalizations of the Tjon line to the many-nucleon context,
from light nuclei to nuclear matter. As the nuclear matter saturates due to the composed
repulsive and attractive short-ranged two-nucleon potential, it may also seen as a typi-
cal low-energy problem. So, it is natural to search for possible connections between the
proper few-body scales with those of many-body problem. It was pointed out evidences
for scaling between light nuclei binding energies and the triton, and argued that the sat-
uration energy and density of nuclear matter are correlated to the triton binding energy,
Bt . The available systematic nuclear matter calculations indicates a possible band struc-
ture representing these correlations. It was found that such Coester band can be seen as
robustly represented by the scaling of nuclear matter properties with the triton binding.

UNIVERSALITY AND SCALING LIMIT

In order to understand and classify low-energy few-body correlations, the concepts of
universality, scaling limit, or limit cycle, together with renormalization procedures,
have been considered in many recent works. The relevance of such studies can be
appreciated in view of the recent experiments [1]-[4] that are confirming universal
properties coming from the Efimov physics [23] occurring for large two-body scattering
lengths [28, 29, 5, 48]. Near a Feshbach resonance the two-atom scattering length, a,
can vary from very large negative values to positive values, allowing virtual or weakly-
bound dimers. The scattering length is large in respect to the atom-atom interaction
range (r0), driving to the use of concepts developed for short range interactions and halo
states [29]. In the limit of large a, the interaction can be taken as of zero range [49]. The
appearance of Thomas-Efimov states in three-boson systems is controlled by the ratio
r0/|a| → 0. In this exact limit, it is observed an infinite sequence of three-body bound
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FIGURE 1. In the lhs figure, for identical three-body system, we have the ratio of the (N+1) th trimer

energy (bound, virtual, or resonant state), E (N+1)
3 , with respect to the threshold, two-body binding energy

E2. All quantities in units of the Nth trimer binding energy, E (N)
3 . For bound dimers, we have the regions

I (virtual trimer) and II (bound trimer); with virtual dimers in regions III (virtual trimer) and IV (resonant
trimer). The right vertical label is for regions I and II, with the left one for regions III and IV. In the rhs
figure, we consider a three-body nnc system, with mass ratio A ≡ m c/mn. A parametric region is defined
by Knn/

√
BN and Knc/

√
BN (1). At the boundaries, the (N +1)th Efimov state is zero (see Ref. [11]). The

analytical two- and three-body cut structures are represented near the corresponding region.

states [11, 50], identified [51] with an underlying renormalization group limit cycle [43].
Such sequence of Efimov states, appearing as the two-body subsystem energy is reduced
to zero, was presented in [50] as a scaling function when considering the interaction
of three particles system α −α − β , with the corresponding masses given by Mα and
Mβ having the mass-ratio A ≡ Mβ /Mα . The scaling function is given by the ratio of
two consecutive three-body energy states BN

3 and BN+1
3 (the ground-state correspond to

N = 0):

BN+1
3

BN
3

= F

⎛
⎝ Kαα√

BN
3

,
Kαβ√

BN
3

;A

⎞
⎠ , with Kαγ

∣∣
γ≡α,β ≡ 1

aαγ
√

2μαγ
= ±√

Bαγ , (1)

where, for the (αγ) system, μαγ is the reduced mass, aαγ is the scattering length, and
Bαγ the energy for a bound (+) or virtual (−) two-body state. This scaling limit was first
presented in Fig. 2 of Ref. [50], considering three identical particles, and compared with
realistic model calculations for the 4He trimer. In the lhs of Fig. (1), for three identical
particles, we display Efimov states following a continuous transition when the two-body
scattering length a is varied. A virtual state emerges by the elastic scattering cut coming
from the second Riemmann sheet becoming a bound state. Then, for a virtual two-body
state (a < 0), a three-body bound state turns into a resonance. In the rhs of Fig. 1, for an
α −α −β system with α ≡ n and β ≡ c, it is shown the parametric region where at least
one Efimov excited state can exist [11]. From the experimental data that were examined,
only the carbon-20 was found with possibility to have at least one excited Efimov state.
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It is also shown in this figure the analytical cut structure of each four regions of the
plane. The borromean case, where all two-body subsystems are unbound, is labelled as
region (III). As discussed in Ref. [52] for the trajectories of excited three-body Efimov
states, when at least one two-body subsystem is bound, the Efimov bound state turns
to a virtual state when decreasing the corresponding scattering length. However, in the
Borromean case, such three-body bound state turns to a resonance.

HALO NUCLEI - EFIMOV STATES AND SCATTERING

Apart from the actual interest brought by the possibilities in atomic laboratories, the
investigations of Efimov states had also a renewed interest in the nuclear context,
with the studies on the properties of exotic nuclei systems with two halo neutrons
(n− n) and a core (c) [29]. In this respect, some of the most favorable systems for
searching Efimov states in systems with two-neutron halos are light nuclei such as
6He, 11Li, 14Be, and carbon isotopes 18,20,22C. Among these systems, it was found
that one of the possible candidates to present these states is the 20C [11, 12, 29, 53].
Actually, it is also very promissing to consider the 22C within a three-body n−n−20C
model, in view of recent experimental properties obtained for this carbon isotope [15].
The sizes of such systems was studied in a zero-range renormalization approach in
Ref. [14], within a general classification scheme of A-A-B systems, which was also
extended to weakly bound molecules as well. By analyzing the dimensionless root-

mean-square distances
√

〈r2
nA〉E3 and

√
〈r2

nn〉E3 in terms of scaling functions depending
on dimensionless products of scattering lengths and square-root of the neutron-neutron
separation energy, the qualitative properties of the different possibilities of three-body
systems are understood in terms of the effective attraction in the model: when a pair
has a virtual state the effective interaction is weaker than when the pair is bound.
Thus, a three-body system has to shrink to keep the binding energy unchanged if a pair
which is bound turns to be virtual. Several examples illustrate this property, which show

that dimensionless sizes,
√
〈r2

nA〉E3 and
√

〈r2
nn〉E3, increase from Borromean (unbound

subsystems), to All-Bound configurations. And the size is expected to increase beyond
limits when a nonvanishing three-body energy hits the scattering threshold, with the
Borromean configuration being the only exception.

20C Scattering properties - When studying the scattering properties of the halo nuclei
20C, in a three-body model n−n−18C, a strong enhancement of the n−19C elastic cross
section was verified [53]. Further analysis of this kind of systems are demanding in view
of actual interest, not only in nuclear physics, but also in similar systems with mixture
of two-atom species in cold-atom experiments [54].

For the analysis of the n − n−18C, one should first note that the proximity of an
Efimov state (bound or virtual) makes the elastic cross-section extremely sensitive to
the corresponding S-matrix pole. Such system has only one unbound subsystem, similar
to the neutron-deuteron (n − d) case. By considering the analytical cut structure of
n− n− c systems, one can show that [52], when at least one two-body subsystem is
bound, an Efimov bound state turns to a virtual state by decreasing one of the two-
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body scattering lengths. However, in the Borromean case, such three-body bound state
turns to a resonance, as one can observe from the analytical cut structures of the four
possible regions schematically represented in rhs of 1. Following the studies on the
trajectories of Efimov excited three-body states [52], the 20C scattering properties were
further explored in Ref. [55] by analysing the elastic scattering of a neutron on 19C near
the condition for an Efimov state of 20C. The n−n−18C halo system presents a virtual
state that turns into an excited state when the 19C binding is decreased [52]. As shown
in [55], the real part of the elastic s−wave phase-shift (δ R

0 ) presents a zero, or a pole in
kcotδ R

0 , when the system has an Efimov excited or virtual state.
In view of the structure of the scattering S−matrix for the n−19C system, one should

recall the long-time discussion on the n−d elastic doublet state scattering [56, 57, 58, 59,
60, 61, 62]. The change in the off-shell behavior of the two-body potential, or three-body
forces, modifies the corresponding phase-shift correlated to the triton binding in a way
that the scattering length can vanish. In this case, kcotδ0 has a pole at zero relative n−d
kinetic energy, pointed out in the analysis of the experimental data for the n−d doublet
s−wave phase-shifts [56, 57]. Van Oers and Seagrave [57] proposed to incorporate a
pole in a phenomenological effective range formula used to fit the kcotδ0 low-energy
data for the n− d s−wave doublet state just below the elastic threshold. The effective
range expansion has a form given by

kcotδ0 = −A+Bk2 − C
1+Dk2 , (2)

where A, B, C, and D are fitted constants. The existence of the triton virtual state was
found on the basis of the effective range expansion [60]. From the solution of a three-
body model with separable two-body interactions, it was also suggested that the triton
virtual state appears from an excited Efimov state moving to the non-physical energy
sheet through the elastic cut [63]. The same reasoning can be applied to the case of an
excited Efimov state of the n−n−18C system, where the pole of the S-matrix migrates
to the second energy sheet through the elastic n−19C cut when the binding energy of the
neutron in 19C is increased. The physics related to the Efimov effect is also implying a
zero in the atom-dimer scattering length, and consequently a pole in the effective range
expansion at zero kinetic energy. A pole in the effective range expansion of the n−19C
elastic phase-shift appears in a quite good qualitative agreement with the above analysis.
In this case, the low-energy parametrization of the effective range expansion is given by:

kcotδ R
0 =

−a−1
n−19C

+β E + γ E2

1−E/E0
, (3)

where an−19C is the n−19 C scattering length, with β and γ the effective range parameters
to be adjusted. E0 is the position of the pole with respect to the threshold for elastic
scattering. Numerical solutions for (1−E/E0)kcotδ R

0 as a function of the CM kinetic
energy are presented in [55], for different values of |E19C| between 200 and 850 keV. The
effective range parameters, obtained from a fit of (3), are given in a table of Ref. [55].
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SUMMARY WITH PERSPECTIVES
In view of the actual rich perspectives opened by recent experimental researches with
few-atom and molecular systems in ultracold laboratories, where the two-body interac-
tion can be varied by using Feshbach resonance techniques, it became quite relevant to
revise some previous correlations first verified in few-body nuclear physics. Actually, in
atomic and molecular physics, such few-body correlations can be tested with different
kind of particles, from Bosons to Fermions, and one can further study the extension of
such correlations. Within the renormalization group approach, the observed correlation
are governed by some physical scales. As one increases the number of interacting par-
ticles, one can also study the possible need of independent new scales to describe the
corresponding observables. So, the present report started with a briefly review of some
low-energy few-nucleon correlations quite well-known by the nuclear physicists, as the
Thomas-Efimov effect, Phillips, Tjon and Coester lines. Universal aspects of low-energy
few-body physics are discussed in this context, together with some recent related works.

Next, it was discussed light halo-nuclei properties, considering the sizes of such three-
body systems, trajectories of Efimov states and scattering properties. For the scattering
properties, the study was exemplified with the Carbon-20, in view of recent calculations
done for the n−19C elastic cross section and phase-shift analysis. In this context, we
recall some old studies on the neutron-deuteron properties.
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