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Abstract

We propose a state from the two-dimensional conformal field theory on the orbifold (THN /S(N) as
a dual description for a pulsating string moving in AdS3. We show that, up to first order in the deform-
ing parameter, the energy in both descriptions has the same dependence on the mode number, but with a
non-trivial function of the coupling.
© 2015 The Author. Published by Elsevier B.V. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.

1. Introduction

Among the AdS4+1/CFT4 dualities [1], one of the most important and studied examples is
the correspondence between type IIB string theory on AdS3 x §3 x T# and two-dimensional
superconformal field theory.

The duality is motivated from a system of intersecting Q5 D5-branes and Q| D1-branes com-
pactified on a four-torus 7%, whose near-horizon geometry is given by AdS; x S° x T*. The
conjectured dual field theory arises as the infrared fixed-point theory living on the D1-D5 sys-
tem which can be described by a sigma model given by a deformation of the symmetric product
of N copies of a free two-dimensional N = (4, 4) superconformal field theory on the torus 7'# or
Sym(T*)N from now on [2], where the N entering the symmetric product is given by N = Q1 Q5.
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Several aspects of this duality were checked so far. Among them, it is worth to mention that
after the comparison of the chiral spectrum [3] at both sides, three-point functions of chirals
were successfully computed and matched in the supergravity approximation in [4,5] and beyond
supergravity it was done in [6-9]. As well, an OPE expansion of four-point functions of chirals
were found to agree in both dual theories [10]. At first, the equivalence between string theory and
field theory correlators was quite remarkable since the computations are performed at different
points in the moduli space where solvable descriptions are available [11,12]. On the boundary,
the solvable point corresponds to a superconformal field theory on Sym(T*)N, while in the string
theory it corresponds to a WZW model on SL(2, R)? x SU(2)2. A careful analysis of the moduli
dependence of the chiral ring eventually showed though that all three-point functions obey a
non-renormalization theorem [13,14].

The non-renormalization for half-BPS states renders the checks done on the chiral spectrum
somewhat trivial, and it becomes imperative the study of duality away from the orbifold point,
which would be the equivalent of turning on interactions on a gauge theory. To do that, one should
include marginal deformations on the CFT in order to move away from the original position in
the moduli space. In this respect, few things have been done so far. Classical strings rotating
fast along an angular direction of the S have been related to chiral-twist fields in the field
theory [15], and the energy of quantum excitations about this classical configurations, which
can be approximately described in a Penrose limit of the whole background, have been shown
to be reproduced from the first correction to the conformal weight of the excited chiral-twist
fields in the deformed two-dimensional dual field theory [16], and those results were extended
for all values of the deforming parameter or coupling in [17]. However, it is still unclear how the
dictionary between states in the two sides of the correspondence works once the deformation is
turned on. Very recently, the effect of the marginal deformation in the mixing of certain operators
was studied [18]. Also in an interesting series of papers [19-21], the effect over the vacuum of
the undeformed theory by the action of the marginal deformation was studied, and the authors
have found that under the presence of the deformation, the vacuum maps to a squeezed state,
very much like the Hawking mechanism of Black Hole particle production [22].

Encouraged by those results, we propose in this short note a type of states in the conformal
field theory on the symmetric product to be dual to long pulsating strings in AdS3. We argue
that this classical string solutions should correspond to low twist and highly excited states in the
CFT, and we show that the first quantum correction to the conformal weight due to the marginal
deformation reproduces the scaling in terms of mode number of the semi-classical energy of
quantum excitations around the classical pulsating string, although with a non-trivial function of
the coupling.

In the paradigmatic N' =4 SYM duality, large charge operators associated to semi-classical
configurations in AdSs have led to uncovering of integrable structures [23,24] since the seminal
work of BMN [25]. It is our hope that improving the understanding of the dictionary between
semi-classical configurations in AdS3 x S x T* and states in the dual conformal field theory
away from the orbifold point will lead us to uncover the integrable structures of the boundary the-
ory. It was only recently shown the worldsheet string integrability in the context of AdS3/CFT»>
case. Starting with the Bethe-Ansatz proposal in [26], it was found a weakly coupled spin-chain
description of the string [27,28] and an all-loop proposal for the S-matrix for massive modes
was given in [29,30] which finally was extended to include the massless modes very recently in
[31,32]. For a nice review on worldsheet integrability of strings on AdS3 x $3 x T4 see [33].

This paper is organized as follows. In Section 2 we review classical pulsating string solutions
in AdS3 and perform a semi-classical quantization around this classical configurations at two
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different energy regimes. In Section 3 we review some important aspects of the two-dimensional
theory which we use in Section 4 in order to compute the anomalous dimension of the operators
that we proposed as dual to the pulsating string. Finally we devoted Section 5 to discussions and
conclusions.

2. Strings in AdS3 x §3 x T*
The near-horizon geometry obtained by wrapping Qs D5-branes on T# together with Q;

D1-branes parallel to the non-compact direction of the wrapped D5-branes, is given by AdS3 x
$3 x T*, whose metric can be written as

dsjgs, = R*(—cosh(p)*dt* + dp” + sinh(p)*d¢?) , 2.1)
dsg, = R*(d6 + cos(9)*dyr” + sin(0)dg?) , (2.2)
ds%4= UQ—QISdXIZ’ i=17"'a49 (2.3)

where R is the radius of both AdS; and S3 and is given by the branes charges as
2

R
— =g6v 0105 24

o
where gg is the effective six-dimensional string coupling and Q| Qs should be equal to the mul-
tiplicity NV of the torus in the symmetric product.

2.1. Pulsating string in AdS3

In this section we shall consider a pulsating string moving on AdS3 and static in §3 x T'*
which contracts to a point in p = 0 and then expands up to reach a maximal size p = Ppqyx tO
contract again and so on. This type of classical motion has been considered in [34-36] from the
perspective of the Nambu—Goto description and from the perspective of the WZW description in
[37-39] and recently has been revisited for pulsating strings also rotating in 3 [40], as well as
in some deformed backgrounds [41]. The pulsating string correspond to the following ansatz

t=1(t), ¢ =mo, p=p(7), 2.5

for a string in (2.1) with R?/a’ = gg+/N = A. In order to preserve the gravity approximation we
should have R? >> o', which implies A >> 1.
In the above ansatz, the Polyakov action reduces to the following,

R? .
S= / dido [—costh 24 5% — mzsinth] . (2.6)
4o’
The equations of motion are given by,
2coshp sinhp p i + cosh’>pi =0, 2.7
J =+ sinhp coshp (m? +i%) =0, (2.8)

and the Virasoro conditions are

5 + m?sinh?p — cosh?p 2 =0. (2.9)
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The conserved energy is obtained as

E .
E= o= costht, (2.10)

and the conjugate momentum to p is [T =2p.
Using £ we can rewrite the Virasoro constraint from (2.9) as

82
—— =" +m’sinhp. (2.11)
cosh“p
For small &, i.e., for energies E << A the last equation simplifies to
H2
&= e +m?p?, (2.12)

which means that for small energies the spectrum of the string is the square root of an harmonic
oscillator, i.e.

E=/mmn+1/2). (2.13)

One can also quantize the string in the large £ region, or E >> A, by following [36] we
perform a Bohr—Sommerfeld analysis. The quantized states satisfy

Pmax
A A &2
nz_fdpnz— / dp s— — m?2sinh®p . (2.14)
2w b4 cosh“p
0
In [40] this is integral has been performed, and they found for large values of £ the following
m3/2ﬁ

E=2n/rA+aj/mn/r+am — a3 NG (2.15)
n

or,

1)3/2 3\ 172 3\ 32
E=2n+a1ﬁ«/mnn+a2m—a3(m ) =2n l+a—l ma _dB(ma ,
Jn 2\ n 2\ n

(2.16)
where a; = 8.//'(1/4)?> ~ 1.07. This case corresponds to a large string exploring the ge-
ometry of AdS3 and we are looking at the space of parameters such that | << X << E, i.e.,

VA/@2n) << 1.
3. Review of the field theory

The low energy description for a system of Q) D1-branes and Q5 D5-branes compactified
over R x T# is given by a field theory in two dimensions. One can vary the moduli of string theory
(gs, Volp4, Q1, QOs, ...) to rake a variety of theories at different points. It has been conjectured
[11,12,42—45] that there exist a point in the moduli space where the field theory is particularly
simple and is given by a two-dimensional sigma model A/ = 4 SCFT whose target space is given
by a symmetric product of N = Q; Qs copies of T4,

(THN
S(N) "’
where S(N) is the permutation group of N elements.

(3.1
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The symmetry algebra of this theory, displayed in Appendix A, is generated by the modes
of the energy—momentum tensor L,, L, obeying the Virasoro algebra, plus the modes of the
R-symmetry group SU(2)g x SU(2); denoted by J7, J_,j’, plus the supersymmetric partners
modes G, GF.

Chiral twist operators The action of the symmetric group S(N) is implemented by the fol-
lowing boundary conditions,

Ixj(ze™ ) =0xi, (), for I=1,....M, i=1,--4, (3.2)

where x} are the four coordinates of the I-th copy of T*. The above twisted boundary conditions
can be induced by twisted operators oy (w) satisfying [45,40]

1

xi (2)om (w) ~ 23 '™ 1y (w) + Reg. (3.3)

They have conformal weight Ay = (M — 1/M)/24 and are uncharged under the R-symmetry.
Chiral operators are built from twisted operators by acting on them with the raising operators J,
of the SU(2)-R symmetry algebra. We denote the chiral operators in twisted sector M by Oyp.
Its conformal weight equals its charge under the Casimir of the SU(2); x SU(2)gr R-symmetry,
given by

M—1
AOy) = — = J. 34

3.1. Conformal perturbation theory

The duality between the conformal field theory on the symmetric product and type IIB strings
on AdS3 x §3 x T* has been checked so far only at the point in the moduli space given by
the two-dimensional theory briefly described above. It is our intention in this note to propose a
check away from that “orbifold” point. More precisely, we would like to deform the CFT theory
by turning on a marginal deformation given by an operator O, of conformal weight 4 = (1, 1).
Those type of operators are singlets under the SU(2); x SU(2)g R-symmetry, they preserve
the V' = (4, 4) supersymmetry and are constructed by applying the super-current modes G‘i’? /20

Gdff nto the twist-two primary operator o with conformal dimension (1/2, 1/2). They have the
schematic form
Oa~eagGri, G 0. (3.5)

Given the deforming operator, we add the following deformation to the action

Sim = X / d*204(z,7) +ac. (3.6)

By performing Kadanoff’s conformal perturbation theory analysis [47], it is found that the first
correction to the two-point function is given by
i

. . y - oh . .
(@' (2@’ (z2)); =6 <l - Ma_iln(m)) (@' (¢! (zj))o . 3.7

where h, h/ are the conformal weights of ¢, ¢/ respectively. Therefore, by computing the
two-point function we will be able to read the correction to the conformal weights due to the
deformation. By using path integral together with SL(2, C) invariance, it has been computed in
[18,48] that



C. Cardona / Nuclear Physics B 893 (2015) 512-524 517

Oh;
= =—7Ciai (3.8)
aA
where
C' =20 lim z3(¢'(0)0a(z0)¢' (z3))o- (39

4. Large occupancy number states

In this section we will propose a field theory dual to the classical pulsating string in AdS3.
It is already well known [35] that the pulsating string should be dual to a highly excited state,
i.e., from the perspective of the two-dimensional CFT in the symmetric product we expect a
state with a large occupation number m >> 1. Our proposal for states dual to pulsating strings
is the following. Since the pulsating string is static in the S3, the state is not charged under the
SUQ2);, x SUR2)r R-symmetry currents of the CFT model, i.e., it should have J = 0, which in
terms of the chiral fields satisfying (3.4) means M = 1. On the other hand, the classical string is
highly excited in AdS3, whose isometries correspond to the Virasoro generators in the boundary,
i.e., the state should have large (L, Lo), but at the same time, since the string is not rotating, the
state should satisfy Lo — Lo = 0 and therefore we should associate the energy of the string with
E = 2Lg. Specifically, we propose the dual operator to be given by the following descendant
state,

— L_n
= on/2

created from the asymptotic state

|n) [J=0), 4.1

1) =Z1i§})01(2)|0)- “4.2)

The energy of the state (4.1) in the undeformed theory E = 2L = 2n, coincides with the classical
energy of the pulsating string (2.16).
From Egs. (3.8) and (3.9), we compute,

oh, b4

a}l T oom
Since we are interested only in the scaling of the one-loop correction as a function of n, not
caring much about the exact coefficient, we restrict the computation to the bosonic contribution

of the deformation operator, i.e., we drop the fermionic modes multiplying o> in (3.5), i.e.,

20 Z}gnoo 23((Ln0)(23)Oa(20) (L O1)(0))o - (4.3)

aah; =~ Ly 02(20) L) (4.4)
In order to compute the three-point function in (4.4), we will use the technique developed in
[49,50], which consists in mapping the computation from the multivalued z-plane to a covering
plane where the fields are single valued and hence there are no twist insertions. Specifically, we
have to consider the following picture: The operator creating the asymptotic state |/ = 0) in the
z-plane is inserted at the origin, with J given by (3.4). The deformation twist-two operator is
located at position zg creating a branch point of order two in the z-plane.
In order to implement the boundary conditions (3.2) on the energy—momentum tensor

Ti(ze¥™) =T;11(z), for I=1...M, (4.5)
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we should use the following expansion under the presence of a twist-M operator [45,46],

Ti(x)=—i Y Lyz i 2e it (4.6)
n
where
L9 =i f dzzi el (7). 4.7)
0<Arg(z)<4m

Since we want to consider the correction to the conformal weight of (4.1) due to the presence of
the twist-two operator, we need to take particularly M = 2. Then we have,

Ti@)=—iy Lz 7, (4.8)
n

LY =i yg dzz77(2). (4.9)
0<Arg(z)<4nm

In order to have the correlators be single valued, we perform a covering map

1=tt—1), (4.10)

which has the required monodromies, with zo = 1/4.
Since we will end up with a free field theory on the #-plane, it is natural to define the Virasoro
modes there as [19]

L" =y§ dt "1 (1), 4.11)

given that, by transforming (4.9) from the z-plane to the 7-plane, the modes are related in the
following way

. n/2+1
LY :zZ( /p ) (—1)1’Lf1117p. (4.12)

p=0
Then the first correction to the conformal weight is given by (4.4)

T 20
~ S ALY 2 LE) @0

=_w< Z(n/Hl)(—l)f’L,i’il_ Z<n/2+l>(‘1)q”1n_1 >
2 p=0 p ! q=0 q !

n+1 2
:_Nﬂz<n/2q+1> n+1—q). (4.13)

27!
=0

In the above expression we have defined N as the expectation value (0| L|0) = N, which should
be equal to the vacuum energy in the ¢-space times the normalization of the two-point functions
(0]0). Since the theory in the f-space is given by a single copy of the conformal field theory
on T*, consistent with four scalars plus four fermions, the central charge in it is given by ¢; =
(141/2)4 = 6, then the vacuum energy is given by ¢;/24 = 1/4. Additionally, it has been shown
in [49,50] that true CFT operators should be normalized by a factor



C. Cardona / Nuclear Physics B 893 (2015) 512-524 519

N! 1/2
oy = [M} , (4.14)

which in the case we are considering, M = 1 (J = 0), should be JN,ie, N = \/N/4.
The sum in the last line of (4.13) is given by

n+1

n/2+1\ B (n +2)! n241)\>
;)( q > (n+1—¢1)—(2+3n)m+( n2 ) F(n), 4.15)

where F(n) is a finite function as n goes to inﬁnity.I For large values of n, the binomial
coefficient multiplying F (n) goes like (1/n!)%, and the first term on the right hand side is ap-
proximately given by

n+2)! ont2
2@/2+D'? " /8x

It has been argued in [ 15,16] that one should relate the deformation parameter X with the effective
string coupling ge, meaning that in the deformed field theory the *t Hooft parameter is A = Av/N,
which should be small for the computation we are performing. Putting all together we end up
with

(24 3n) Jn. (4.16)

oh,, NS8r 387
9tn _ — N . 417
7 v ( 6 ) " @17

Therefore the conformal weight of (4.1) up to first order in perturbation theory is given by

by =hO +aamn, (4.18)

witha; = (3 S g‘” ), hence the energy of the state up to first order in small A due to the deformation
is equal to

Ell T
E-=2n{14+—X/—]. 4.19
o ”( +2 \/n> 4.19)

Numerically, a; = 0.94.

Several comments are in order. Since we are interested in the large » limit and the classical
energy” for both descriptions are proportional to 1, we should have the condition that the energy
is large at both sides, and then we expected to match (4.19) with the high energy behavior of
the string (2.16). As we just see, the leading correction to the conformal weight of the proposed
stated goes like A/+/n, which can be interpreted as an effective expansion parameter for small
’t Hooft coupling A and large mode number n. On the other hand, from Eq. (2.16), we see that
the first correction to the energy of the string when £ is large, is controlled (for m = 1) by the
parameter ~/A//n which can be kept small for large n no matter the value of A. Aside of this,
Eq. (2.13) is valid whenever £ is small, or Ax/n << 1 (for m = 1), which is hard to maintain for
arbitrarily large values of n and therefore we do not expect to describe this behavior from the
field theory for large n.

L sBll,n/2+1,n/2+ 1n+3,n+3/1].
2 Or undeformed at the field theory side.
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From the discussion above it looks like the genuine parameter to do perturbation at large
coupling for this type of configurations is given by 1/A/n while for small A seems to be A/ /n
instead. Unlikely the BMN case [25], where the parameter A/J> controls the perturbation at
both strong and weak coupling, the case considered here seems to in%li(%lte that the parameter

controlling the perturbative expansion for the state (4.1) is given by —=, where the function

h(X) intertwine from h(A) ~ A for A very small and h(X) ~ VA for large A. A similar behavior
has been found in AdS4/ABJM for the rotating string in CP> [51,52] as well as for the open
string [53]. At weak 't Hooft coupling the effective parameter is given by A2/J? whereas at
strong ’t Hooft coupling is A /J2.

Although we do not hope to match the coefficients a; in (2.16) and a; in (4.19) at large
and weak coupling respectively, we found remarkable that they are very close to each other and
approximately equal to one. We think it could be indicating that the fermionic contributions to
the deforming parameter does not play an important role in the specific computation we have
considered.

5. Discussion and conclusions

In this paper we have proposed an operator in the two-dimensional conformal field theory on
the symmetric product of N-copies of 7%, as a dual weak coupling description of a pulsating
string in AdS3. In the high energy limit, we have found that the first leading order correction to
the energy of both configurations (state and string) behave as h(1)/+/n, where the function /(A)
is proportional to /2 for large coupling whereas is given by A for small °t Hooft coupling.

It should be nice to obtain the next-to-leading order correction to the energy of the string
(2.16) from the conformal field theory, which implies the insertion of more than one twist-two
deformation parameter. The difficulty for higher order corrections is that, since the additional
insertions, one should consider correlation functions of order higher than three, which unlikely
three-point functions like (3.9), depends on moduli variables on the sphere with punctures which
have to be integrated over.

It also would be nice to look for the meaning at the field theory side of the winding number m
in the string, which is currently unclear for us.

We hope our results, and in general the study of operators corresponding to classical strings in
AdS3 x S* x T*, help to improve the understanding of integrability in the conformal field theory
on the symmetric product Sym(T*)" after turning on the deforming parameter.
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Appendix A. N = (4, 4) superconformal algebra

The N = (4, 4) SCFT on (T4)N /S(N) is described by the free Lagrangian

1 ; 5 () Iu Vi ()Y
S=3 / dz |0y Bxi.a + Y IV ) + T4 OV O] oy
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Here i runs over the 7% coordinates 1,2,3,4and A=1,2,...,N = 01 Qs labels various copies
of the four-torus. The symmetric group S(N) acts by permuting the copy indices. It introduces
the twisted sectors which we have discussed in Section 3.

The algebra is generated by the stress energy tensor 7 (z), four supersymmetry currents G*(z),
G%7(z), and a local SU(2) R symmetry current J/(z). The operator product expansions (OPE)
of the algebra with central charge ¢ are given by

AT (w) | 2T(w) c
a0t 2T(W)sap | 264,000 4al, ! 2¢84p
GG (W) = —w + Z—w z—w)?  3(z—w)’’
Y P —
O = T G —w)?
a _ 0G%(w) 3G%(2)
TG = T 3w
et 0GT(w)  3GT(7)
T(Z)G (w) - Z—w 2(Z_w)2’
i 9 (w) J!
T()J " (w)= - Pk
; ; B Gb(z)(o_i)ba
J' ()G (w)—ﬂa
A . iyab b
Ji(2)G (w) = _M (A2)
(z—w)

The o’s stand for Pauli matrices and the s stand for the complex conjugates of Pauli matri-
ces. The above OPE generates an affine A/ = 4 superconformal algebra, whose global part forms
the supergroup SU(1, 1|2). Let Ly o, J l(?l)’(z)’@ be the global charges of the currents 7'(z) and

J 1(; )(z) and G /2.1, the global charges of the supersymmetry currents G“(z) in the Neveu—
Schwarz sector. From the OPE’s we obtain the following commutation relations for the global
charges.

[Lo, L+]=FL+ [Li,L_1]1=2Lg
(G )y, G p} =26 Lo + 20, JY

(G4 G 1/2} =25"Lo — 20;[;]1(;)
[]1(;)’ JI(é/)] —i ijk](k)
[Lo, GYy )l = :F%Gil/z [Lo, G:I:{I/Z] =+5 G:I:l/2
[L4.Gipl=0  [L_.G% )=
[L-,Gipl==Gy) [L+,G%y )l = G(f/2
[L+.G{,1=0  [L_.G{},]=0
[L—’G?;212—6—1/2 [L+7G_1/2]= 7/2

‘ 1 :
[y, Lipl= EGfH/z(Ul)ba [Jél)»Gﬂ/z]— (‘7 )baG:tl/2 (A.3)
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The representations of the supergroup SU(1, 1|2) are classified according to the conformal
weight and SU(2) g quantum number.
The highest weight states |h) = |h, jr = J, j13e = j) satisfy the following properties

Lilh) =0  Lolh) = hlh)
IRy =0 I 1h) = jrlh)
1alh) =0 G{},lhy=0 (A.4)

where J = Jl(el) + iJI(ez). Highest weight states which satisfy G2_T1/2|h) =0, Gl_l/zlh) =0 are
chiral primaries. They satisfy 7 = j. We will denote these states as |#)g. Short multiplets are
generated from the chiral primaries through the action of the raising operators J GI_T1 P and

2
G2, 2
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