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Abstract

This work presents a study of probabilistic modeling, with applications to survival analy-
sis, based on a probabilistic model called Exponential Geometric (EG), which o�ers great
�exibility for the statistical estimation of its parameters based on samples of life time
data complete and censored. In this study, the concepts of estimators and lifetime data
are explored under random censorship in two cases of extensions of the EG model: the
Extended Geometric Exponential (EEG) and the Generalized Extreme Geometric Expo-
nential (GE2). The work still considers, exclusively for the EEG model, the approach of
the presence of covariates indexed in the rate parameter as a second source of variation to
add even more �exibility to the model, as well as, exclusively for the GE2 model, a anal-
ysis of the convergence, hitherto ignored, it is proposed for its moments. The statistical
inference approach is performed for these extensions in order to expose (in the classical
context) their maximum likelihood estimators and asymptotic con�dence intervals, and
(in the bayesian context) their a priori and a posteriori distributions, both cases to esti-
mate their parameters under random censorship, and covariates in the case of EEG. In
this work, bayesian estimators are developed with the assumptions that the prioris are
vague, follow a Gamma distribution and are independent between the unknown parame-
ters. The results of this work are regarded from a detailed study of statistical simulation
applied to compare the estimation procedures approached under the pretext of evaluating
these estimators based on the 95% coverage probability, mean square error, mean bias
and the mean interval amplitude. At the end of each extension's approach, an application
with real data is also presented to highlight the reach and particularities of the extended
model addressed.

Keywords: Censored and covariate data, Maximum likelihood and bayesian estimation,
Extensions for Exponential Geometric distribution, Statistical simulation.



Resumo

Este trabalho apresenta um estudo de modelagem probabilística, com aplicações à análise
de sobrevivência, fundamentado em um modelo probabilístico denominado Exponencial
Geométrico (EG), que oferece uma grande �exibilidade para a estimação estatística de
seus parâmetros com base em amostras de dados de tempo de vida completos e censura-
dos. Neste estudo são explorados os conceitos de estimadores e dados de tempo de vida
sob censuras aleatórias em dois casos de extensões do modelo EG: o Exponencial Ge-
ométrico Estendido (EEG) e o Exponencial Geométrico Extremo Generalizado (GE2). O
trabalho ainda considera, exclusivamente para o modelo EEG, a abordagem de presença
de covariáveis indexadas no parâmetro de taxa como uma segunda fonte de variação para
acrescentar ainda mais �exibilidade para o modelo, bem como, exclusivamente para o
modelo GE2, uma análise de convergência até então ignorada, é proposta para seus mo-
mentos. A abordagem da inferência estatística é realizada para essas extensões no intuito
de expor (no contexto clássico) seus estimadores de máxima verossimilhança e intervalos
de con�ança assintóticos, e (no contexto bayesiano) suas distribuições à priori e posteriori,
ambos os casos para estimar seus parâmetros sob as censuras aleatórias, e covariáveis no
caso do EEG. Neste trabalho os estimadores bayesianos são desenvolvidos com os pressu-
postos de que as prioris são vagas, seguem uma distribuição Gama e são independentes
entre os parâmetros desconhecidos. Os resultados deste trabalho são resguardados de um
estudo detalhado de simulação estatística aplicado para comparar os procedimentos de
estimação abordados sob o pretexto de avaliar estes estimadores com base na probabili-
dade de 95% de cobertura, erro quadrático médio, vício médio e a amplitude intervalar
média. Ao �nal da abordagem de cada extensão é apresentada ainda uma aplicação com
dados reais para destacar o alcance e as particularidades do modelo estendido abordado.

Palavras-Chave: Dados censurados e covariados, Estimação de máxima verossimilhança e
bayesiano, Extensões para a distribuição Exponencial Geométrica, Simulação estatística.
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Chapter

1
Introduction: Probabilistic Models,

Genesis and Extended Summary

Statistics can be announced a science inherent to Probability Theory, a concept that
in the most re�ned context is approached in the light of Analysis Mathematics in a branch
of study known as Measure Theory and that is in constant discoveries since its origin as
scienti�c knowledge in the �rst decade of the 19th century (see Laplace [32].

In the same vein, several applications are summarized in the shadow of the Probability
Theory that is summarized the data analysis to explain the frequency of occurrence of the
natural and/or arti�cial events and phenomena present in all �elds of human knowledge,
both in observational studies as in experiments to model randomness and uncertainty in
order to estimate or enable the prediction of future observations of these phenomena, since
even in the most basic data analysis the processes are still dependent on measures that
can be interpreted as counting, size, mass, volume ... or any additive and multiplicative
property through the fundamental principle of counting.

In this sense, the Probability Distributions (or Probabilistic Models) until then pre-
sented in the literature are intrinsic to the Theory of Probability and Statistics, and
are consolidated as the platform for statistical analysis in practically all areas of study,
whether in the context of the probabilistic modeling for estimate the probability of occur-
rence of events, as the same in the statistical inference for the decision making and/or also
through statistical modeling under conclusions about a subset of representative values of
a universe, the sample of a population.

1.1 Initial Considerations

Since Pierre Simon Laplace, who according to Hájek [21], is considered the precursor
of probability theory, a wide range of probability distributions have been proposed to
model a multitude of random phenomena, and in recent decades the statistical litera-
ture related to Survival Analysis and Reliability Theory, in addition to becoming more
complex mathematically and computationally, according to Harris and Albert [23], it is
enormously rich in useful results regarding not only analytical results, but also to the pro-
posal of probability distributions due to the modeling of survival and reliability functions
that, above all, are probabilistic models for a random variable T positive for a temporal
phenomenon, a quantile t for the model, called failure time (or lifetime).

In survival and reliability studies, a given distribution function (or cumulative prob-
ability function), commonly denoted by F , is at the heart of the survival or reliability

13



14 Introduction

function, denoted respectively by S and R, which by in turn, with the probability den-
sity function (or mass probability function) f derived from F , it is the description of the
hazard rate resulting from the e�ects of time exposures, the hazard rate function (or risk
function) commonly denoted by h.

In this context, the common practice in modeling random phenomena through the
results of the survival and reliability analysis consists of prior knowledge of the forms of
the hazard rate function, since whatever the probability distribution from which a func-
tion S derives or R, such functions are strictly decreasing probability functions, while
the h function contains �ve basic forms: constant, increasing, decreasing, unimodal and
bathtub.

The richness of the diversity of forms that the hazard rate can take over time is the
main feature in the modeling of the functions of lifetime random variables and the more
shapes a model captures, the more indicated him it will be to model the failure time.

However, it is very common to observe that the greater the number of θ parameters
in the parameter vector of a probability distribution, the greater the number of hazard
rate forms captured by its hazard rate function.

Two-parameter models, such as those discussed in the recent studies of Ramos [50],
Braguim [5] and Reis [53], respectively derived from the fundamental distributions Gama,
Log-Logistic (LL) and Weibull, although limited in their characteristics and unable to
show ample �exibility, they present under certain parametric conditions the forms of in-
creasing and decreasing risk, and with the exception of LL, they still capture the constant
form. But, as more parameters are inserted in these models, as developed in Stacy et al.
[62], Mudholkar and Srivastava [44] and Rosaiah, Kantam and Kumar [56] to propose,
respectively, the Generalized Gamma (GG), Weibull Exponentiated (EW) and Exponen-
tiated Log-Logistic (ELL) distributions, more limitations are also inserts in its character-
istics and �exibility, but more forms for the hazard rate function are now captured, such
as unimodal and bathtub risks in both distributions.

Such searches have been developed over the years, either for a better exploration of
the observed phenomena or to obtain distributions with more forms for hazard rate, such
as obtaining bimodal risk models as developed in Mendoza, Ortega and Cordeiro [41]
and, no less important, the discovery of hazard rate functions with reduced number of
parameters but that captures as many forms of hazard rate as possible, as shown in the
work of Ramos, Louzada and Ramos [52], where the approached distribution assumes the
four basic forms in the parametric conditions of only two parameters.

For family Exponential distribution, for exemple, the obtaining procedures consist, in
the most basic approach, as proposed by Gupta and Kundu [20] for a random variable T ,
in exponentialize the distribution function F of interest in the shape parameter π > 0 to
be added, so that, with the parametric vector θ

Ψ(t|θ, π) = [F (t|θ)]π , (1.1)

in the domain t,θ, π ∈ R∗+ so that

ψ(t|θ, π) =
d

dπ
Ψ(t|θ, π) = π[F (t|θ)]π−1f(t|θ) . (1.2)

Another method, introduced by Marshall and Olkin [39], which in line that the method
proposed in Gupta and Kundu [20] by introducing a new shape parameter, is more general
because it does not consider restrictions for the shape parameter π, as well as for the
random variable X. Generalization is also obtained from a F distribution function as

Ψ(x|θ, π) =
πf(x|θ)

1− πF (x|θ)
, (1.3)
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in the domain of t, π ∈ R and θ ∈ Θ, there Θ is parametric space for the parametric
vector θ, and so that

ψ(x|θ, π) =
πF (x|θ)

[1− πF (x|θ)]2
. (1.4)

See that ψ is the distribution function of a new probability distribution, provided that
your �rst derivative exists in relation to π and in the sample space Ω ⊆ R, for every
X ∈ Ω event still occur

P (X) ≥ 0 , (1.5)

P

(
∞⋃
i=1

Xi

)
=
∞∑
i=1

P (Xi) , (1.6)

P (Ω) =

∫ ∞
0

ψ(t|θ, π)dt = 1 . (1.7)

Another widely applied arti�ce consists of mixing the f distribution with a given ϕ
distribution to obtain a new probability distribution called composite models (or mix
models).

In Tahir and Cordeiro [63], the authors scanned the literature on the analysis of sur-
vival and reliability in search of the models generated through this technique and cataloged
a vast number of distributions composed since that this procedure was used in 1997 by
the work of Adamidis and Loukas [3].

The authors in Tahir and Cordeiro [63] still point out that there is not only one pro-
cedure for obtaining a composite distribution, and that they follow three categories of
composition of distributions that start from the simple generalization called the "�rst
generalization approach" (or G-classes to denote the classes of generalized distributions),
actually reaching the procedures properly called composite models in the "second gener-
alization approach" (or composition) and arrive in the current procedures for obtaining
composite models in the category called "recent trends in composition".

Above all, the �rst model composed in the literature, proposed Adamidis and Loukas
[3], the Exponential Geometric model (EG), was conceived to model phenomena in func-
tion of time with three characteristics: (I) the time minimum t with (II) exponential
evolution which (III) marks the n repetitions required until a failure occurs.

To model this phenomenon, the authors considered the auxiliary random variables
X ∼ Exp(λ) and N ∼ Geo(θ) representing, respectively, (II) any time with exponential
evolution parameterized in λ > 0 and (III) the number of Bernoulli attempts required to
achieve failure in analysis.

As the objective is to obtain (I) a model based on the minimum t time, the compos-
ite model (or baseline distribution as highlighted by Tahir and Cordeiro [63]) should be
represented by the random variable de�ned as T = min({Xi}),∀i = 1, . . . , n.

In these conditions, the Exponential Geometric model comes from a population com-
posed of 3 subpopulations, where each of them represents a particular characteristic, that
is, for all λ, x ∈ R∗+, n ∈ N and 0 < θ < 1:

δ(x|λ) = λe−λx e ε(n|θ) = θ(1− θ)n−1 . (1.8)

As T = min({Xi}) has the distribution to the minimum of the set {Xi},∀i = 1, . . . , n,
due to the Xi ∼ Exp(λ) being independent and identically distributed, we obtain that
T ∼ Exp(nλ), ∀ nλ, t ∈ R∗+, so that

δmin(t|nλ) = nλe−nλt . (1.9)
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Then, if T is the baseline distribution of the composite model between it the discrete
random variable N , noting that e−nλt = e−λte−(n−1)λt, we can write

g(t|θ, λ) =
+∞∑
n=1

δ(n|θ)ε(t|nλ) = λθe−λt
+∞∑
n=1

n[(1− θ)e−λt]n−1 , (1.10)

where |(1−γ)e−λt| < 1 induces the convergence of the in�nite series indexed in n, so that

+∞∑
n=1

n[(1− γ)e−λt]n−1 =
1

[1− (1− γ)e−λt]2
. (1.11)

Therefore, the model composed of random variables T ∼ Exp(nλ) e N ∼ Geo(θ), for
nλ, t > 0 e 0 < θ < 1, respectively, has a probability density function given by

g(t|θ, λ) =
λθe−λt

[1− (1− θ)e−λt]2
, (1.12)

for all t, λ ∈ R∗+ e θ ∈ ]0, 1[.
Many probabilistic distributions have been proposed as composite models based on the

Geometric distribution, in addition, generalizations for these models are acquired and, as
such models consider the parameter θ ∈ ]0.1[ inherited from the geometric distribution,
extensions for the composite models and their generalizations are also discovered when
considering the complement of θ in R∗+.

As well as de�ned for the Exponential and Weibull distributions, the models derived
from the EG distribution can also be understood as a family formed by the models
Extended Geometric Exponential (EEG), Generalized Exponential Geometric (GEG),
Complementary Exponential Geometric (CEG), Long-Term Complementary Exponen-
tial Geometric (LCEG), Complementary Exponentiated Exponential Geometric (CE2G),
Exponentiated Exponential Geometric (E2G), Marshall-Olkin Generalized Exponential
(MOGE) and the Generalized Exponential Geometric Extreme (GE2) distributions, pro-
posed respectively by Adamidis, Dimitrakopoulou and Loukas [2], Silva, Barreto and
Cordeiro [60], Louzada, Roman and Cancho [37], Louzada et al. [33], Louzada, Cancho
and Carpenter [34], Louzada, Marchi and Roman [35], Ristic and Kundu [54] and Ristic
and Kundu [55].

The family of distributions for the EG model can also be classi�ed as distributions of
two generations of models, the �rst with 2 parameters and the second with 3, where the
�rst generation starts with the EG model and ends with the EEG model and the second
generation starts with the E2G model and ends with the MOGE and GE2 models.

In Ristic and Kundu [54] and Ristic and Kundu [55] it is veri�ed that, although the
generalized models MOGE and GE2 (MOGE/GE2) are identi�ed with di�erent names
and proposed on di�erent dates, they are obtained under the same conditions, have the
same parametric states and have the same expression for the distribution and probability
density functions. Both works consider random variables strictly positive and parameter-
ized in α, λ e β de�ned in R∗+.

Important extensions or generalizations were, and can be, introduced in the statistical
literature, however, the EG distribution was, according to the records of Adamidis and
Loukas [3], Gupta and Kundu [20] and Tahir and Cordeiro [63] the �rst obtained to model
rates of decreasing risk under two parameters and started the modern era of probability
distribution theory with the main objective of proposing and emphasizing the solution of
problems faced by professionals and researchers in practically all areas of knowledge.



General Objectives 17

1.2 General Objectives

The model EEG, as previously discussed, is the extension of the EG distribution and
has the function of probability density given by

g(t|γ, λ) =
γλe−λt

[1− (1− γ)e−λt]2
, (1.13)

for all t, γ, λ ∈ R∗+, as shown in Adamidis, Dimitrakopoulou and Loukas [2], where the de-
creasing and increasing forms for its function of derived hazard rate are presented. Above
all, such a model can be applied in situations where the hazard rate shows little or no
variation after a considerable period of evolution, as such behavior leads to the adoption
of a risk model whose form captures none or the slow increase or decrease in the hazard
rate.

That such form for the hazard rate can be captured by the Gamma and Weibull distri-
butions, but in contrast to these cases for EEG, the EEG distribution may be much more
appropriate due to its guaranteed �exibility in its basic properties that can be re�ected
for the computational gain when applied to adjust complete and censored lifetime data.

In Adamidis, Dimitrakopoulou and Loukas [2], the parameter estimation is performed
using the classic approach via maximum likelihood estimators, in addition, analytical ex-
pressions for the mean and variance of the distribution are presented and the work implies
that in that approach to the moments of distribution, such expressions are de�ned only
in the case where γ < 1. The expectation maximization algorithm (EM) is presented to
calculate the estimates of the parameters of this distribution, and in Ramos et al. [51] a
bayesian analysis is developed considering complete data with di�erent previous nonin-
formative distributions, but in both works nothing is clari�ed about the r-th moment in
the event that γ > 1.

Although the distribution is characterized by its mean residual lifetime for all γ ∈
R−{1}, as the �rst objective of this work we will present a study for the moments of the
EEG distribution in the general case, speci�cally when γ ≥ 1.

It is obvious that, since its disclosure, the EEG distribution is already consolidated
in the works identi�ed in the analysis of survival and reliability, since under the consid-
eration of censorship, as shown in the works Anwar et al. [4], Mirjalili [42], Dey et al.
[11] and Abujarad et al. [1], respectively, with a type-II, progressive type-II, progressive
type-I hybrid and censorship on the right approach, it is veri�ed that this distribution
is applied in a re�ned way in relation to the types of censorship considered both in the
context of survival and reliability.

However, the approach according to random censorship is not found in the literature,
and in none of these lines of application, therefore the second objective of this study is
to obtain the estimates for the parameter assuming di�erent estimation methods for the
distribution parameters of EEG under randomly censored samples. In this case, the main
objective is to study the bayesian estimates considering di�erent noninformative prior
distributions and to contrast them with the maximum likelihood estimate.

As the bayesian estimates and marginal posterior densities cannot be obtained in a
closed form, we carry out a bayesian analysis for the EEG distribution using Markov
Chain Monte Carlo (MCMC) methods (see , Gelfand and Smith [15]; or Chib and Green-
berg [8]) to obtain the posterior summaries of interest. Since bayesian analysis remains
a new approach proposal for this distribution, as veri�ed by the main works cited here,
in the present work we limit ourselves to applying inferences in this context only under
non-informative priori.

Numerical integration based on stochastic simulation methods as the MCMC will be
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used to simulate samples of the marginal posterior distribution of interest and in partic-
ular, we will be using the Metropolis-Hastings (MH) algorithm to obtain the posterior
summaries of interest.

As a �nal proposal for an approach to this distribution, we will consider the presence
of covariates in conjunction with random censorship and with the objective of presenting
the characteristics of this distribution under the presence of this double in�uence, in this
approach we consider it essential to develop the same approach used for the distribution in
the case randomly censored and without covariate, that is, the approach to the moments
of the EEG distribution in the presence of random and convariable censorship, as well the
obtaining their estimators will follow the same conditions, with the estimators obtained
in the cases classic and bayesian in order to be contrasted possible applications.

With similar objectives, in this work we will also consider the distribution that gener-
alizes the second generation of the EG distribution, as presented in the previous section,
the MOGE-GE2 distributions, whose probability density function is given by

f(t|α, λ, β) =
αλβe−λt(1− e−λt)α−1

[β + (1− β)(1− e−λt)α]2
, (1.14)

for all t, α, λ, β ∈ R∗+.
As it is highlighted in this work that the MOGE/GE2 distributions are the same and

are being approached as members of the EG family, we will from here on follow the com-
mon notation that the literature presents for the EG distribution family, as discussed in
the previous section, we will follow referring to the MOGE/GE2 distributions only as
GE2.

From the works of Ristic and Kundu [54] and Ristic and Kundu [55] to the most re-
cent, such as the current ones Khan, Akhtar and Ali Khan [45], Dey et al. [11], Torabi,
Bagheri and Mahmoudi [64] and Abujarad et al. [1], there is no signi�cant approach to
the moments of the GE2 distribution.

Although in Khan, Akhtar and Ali Khan [45] the authors have announced a study in
the light of bayesian inference for Marshall-Olkin family of distributions, which has ad-
mirably addressed the moments in the shadows of Laplace Approximation, this is did for
Marshall-Olkin Exponential (MOExp) and no reference is given for the GE2 distribution.

In Dey et al. [11], although a study is presented for the model considered through the
re�ned application of type-II progressive censorship, the work considers an approach to
the Marshall-Olkin Extended Exponential (MOEE) distribution and is also dont't move
of no measure to the GE2 model.

In the work of Torabi, Bagheri and Mahmoudi [64], despite the fact that the authors
actually approach the GE2 model, they do so with the parameters strictly limited to
α = 1 and β ∈ ]0, 1[ for all λ > 0, reducing the model GE2(1, λ, θ) for the GE distri-
bution. Therefore, the authors present a study that is limited to an application for the
GE distribution to complete data, where there is no study for the models of the GE2
distribution in the general case.

In the most recent work, presented by Abujarad et al. [1], although the GE2 distribu-
tion proposed by Ristic and Kundu [54] and Ristic and Kundu [55] is indeed explored, the
authors invoke this model under the reparametrization λ = θ−1 for all θ > 0, and insert a
third name for this distribution as Marshall-Olkin Exponentiated Exponential (MOExp-
Exp) and develop the approach, together with the MOExp models and the Marshall-Olkin
Exponential Extension (MOExpExt), in line with a simulation study for censored data
on the right, with application to real censored data. However, they also do not mention
anything about the moments of the three models covered.

From what the literature provides, there is a low, or negligible, approach to the GE2
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distribution, presenting a reasonable characteristic for this model. Therefore, in this work
we bring a Mathematical approach on the r-th moment of this distribution, in order to
characterize it as a probability distribution.

In addition, we will present an approach under random censorship for its estimators
and, under the same conditions described above on the proposed objectives for the EEG
distribution approach, this study will be developed considering the classical and bayesian
estimators with vague prioris, with applications to available real data in the literature on
survival analysis.

Both in the approach of the EEG distribution and in the GE2, the study of their
respective estimators will be developed computationally by the justi�cation that these
models are semi-pathological, as we will show in the approach of their respective mo-
ments.

Therefore, we consider a simulation study for both models and following the forms
of their respective hazard rate functions, that is, we will simulate the EEG in the para-
metric condition in which its risk is decreasing and increasing, while for the GE2 model
the simulation it is performed for cases in which it manifests the decreasing, increasing,
unimodal and bath shape for its hazard rate function.

1.3 Dissertation Structure

In detail, this work is organized as that is describe in the sequence.
In the chapter 2, in the section 2.1, the properties of the EEG model are reviewed in the

context of survival analysis. A lemma that guarantees obtaining the mean and variance
for this model, in the conditions presented by the author in Adamidis, Dimitrakopoulou
and Loukas [2] and, consequently, a theorem that reinforces the semi-pathology result for
EEG when γ > 1 são demonstrados, as well as a theorem that guarantees that this model
tends to lose memory as time progresses, a result hitherto commented on previous works
and, almost always, highlighted geometrically in the approaches for this distribution fam-
ily.

In the section 2.2, the maximum likelihood estimators for the parameters are pre-
sented, as well as a reference to Fisher's information matrix obtained by Kitidamrongsuk
et al. [30] in the speci�c case in which γ < 1 is described. Subsequently, a bayesian
approach to this model is introduced under the application of vague prioris as a result of
the product of independent Gamma distributions for its joint composition.

In the subsection 2.2.3, we present the simulation for the EEG model in the presence
of random censorship, in 3 particular cases for this category of censorship, with 4 di�er-
ent cases of sample size and two parametric cases to simulate the manifestation of these
scenarios with the two forms of the function of risk that this model assumes.

The subsection 2.2.4 describes an application for the EEG model in the presence of
censorship for a modeling problem with a set of 137 observations from patients with lung
cancer, where the parametric models Gamma, LL and Weibull are taken in competition
with to the EEG model for modeling under the classical conditions of the model estima-
tors. A random sample of 40 observations was also considered for modeling, however,
under bayesian conditions to highlight a contrast between these two approaches for the
model's estimators.

The section 2.3.2 presents the proposed distribution approach in the presence of co-
variates and censored times, so that a second source of variation is mathematically de�ned
for the density function and, consequently, de�ned the survival and risk function high-
lighting that with two sources of variation these three functions geometrically represent
surfaces in the space R3. Still in the section 2.3.2, a theorem is presented to show that the
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property of tendency to memory loss also manifests itself in the presence of covariates,
however, in this context, the risk function tends for a curve in the R3.

Following the theorem, the maximum likelihood equation, as well as its system of
maximum likelihood equations, for the p+ 1 parameters of the model in the presence of
censorship are presented without signi�cant change, maintaining the same properties that
in the case considered with a source of variation as shown in the analytical expression pre-
sented in the section 2.2, which does not occur in the bayesian approach that is introduced
with vague priori and also as the product between the independent Gamma distribution
for the parameter γ and the Normal distribution for each of the p + 1 parameters βj in
the covariate term.

In the subsection 2.3.1, the simulation for the EEG model in the presence of covariates
and censored time is also developed in 3 particular cases of random censorship, with 4
cases of di�erent sample size and two parametric cases for simulate the model according
to forms for the risk function that remain in the same conditions as in the case of a source
of variation, regardless of the composition of the second source in the model.

Subsequently, the subsection 2.3.2 deals with application that seeks to adjust survival
and risk models for two groups of patients undergoing di�erent lung cancer treatments.
In this application, a group presents proportional risk, which is why the Cox regression
model was used to contrast the adjustment implemented by the EEG model in the pres-
ence of censored and covariable data.

The application shows that, despite the �exibility that the Cox model o�ers, although
improved with the application of the cubic spline to smooth the function of survival and
risk, as we consider in two nodes, the EEG model still presented better results, adjusting
e�ciently to the empirical risk manifested by the censored data. In the second group, the
same performance is observed in contrast to the Weibull model.

In the chapter 3, a generalization for the EEG model is reviewed in the theoretical
context with a simulation and an application presented. This chapter has been divided
into 2 sections.

In the �rst, the section 4.1 seeks to review the origin of this three-parameter model,
highlighting its origin and consequent functions in the context of survival analysis, where
the descending, crescent, unimodal and bathtub shapes are notable as illustrated in the
�gure 3. 1 displayed.

In the following subsection, in 3.1.1, a signi�cant mathematical approach is presented
for the function of r-th moment for the approached distribution, presenting as results
three mottos, a proportion and a theorem to highlight a study of the moment of r-th
order of this model, considering its possible parametric compositions and its memory loss
tendency property inherited from its original distribution.

In the subsection 3.1.2 we will also see, in the classic aspect, the estimators for the
parameters of this model and, in the same way, in the subsection 3.1.3, the bayesian
approach is considered under vague prioris through the product independent range dis-
tributions.

In the sequence, the section 3.2 displays and discusses the results obtained in the
simulation study that considered three particular cases of censorship, with �ve di�erent
sample size cases and four parametric cases to simulate and evaluate the estimators of
this model approached according to each of the forms of risk function that the model
provides.

The sequence application, shown in the section 3.3, again shows the competition be-
tween the three-parameter model approached with competing models. The models consid-
ered were obtained under the same conditions as the one approached, making the contrast
in equality not only due to the parametric quantity and composition of the hazard rate
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function shape, but because they have di�erent conditions of �exibility and analysis.
In this work, we try to show that the relevance of the EEG and GE2 models does not

consist only of their good adjustments in statistical modeling applications, but that their
relevance is highlighted due to the fact that their properties inherited from the Exponen-
tial and Geometric distributions, that this relevance consists of the fact the compositions,
extensions or generalizations of models derived from Exponential and Geometric distri-
bution. That although most of its analytical results are intractable as a result of the
introduction of shape parameters, the �exibility inherited from its source distributions
injects highly relevant bene�ts to the computational approach in real life-time data.

1.4 Other Considerations

The bayesian procedures include several statistical diagnostic tests witch seek to assess
the convergence of the markovian chain, this work consider the Heidelberger-Welch sta-
tionarity test, known as the heidel diagnostics, which uses the Cramer-von-Mises statistic
to test the hypothesis that the chain values provide a stationary distribution.

The diagnosis of heidel is based on the work of Heidelberger and Welch [24], Schruben
[59] and heidelberger and Welch [25], and the results of this test with a given signi�cance
will shown in the tables by the columns test-stat, p-value, and test result columns, for
show that all Markov chains from MCMC processes converged or not.

Since we consider adjustments by the performed using bayesian estimates, to com-
pare these adjustments the most appropriate adjustment measure is the DIC (Deviance
Information Criterion) which generalizes the Akaike, AAIC and Schwarz Information Cri-
terion, respectively the AIC, AICC and BIC, to evaluate �tted models with calculated
sample estimates via posterior distributions.

In the context of model comparison by the DIC measure, the best-�t model is indi-
cated by penalties that the others su�er through the e�ective number of parameters and
deviance, the statistics commonly indicated by pD and D, respectivaly, and obtained by
summing the squares of the linear regression residues which, according to Collett et al.
[9], summarizes to what extent the �t of a current model of interest diverges from a model
that is assumed to be a perfect �t to the data.

Suitable for selection problems of bayesian models in which the posterior distributions
of the models are obtained via MCMC simulation, when the pD decreases smaller is the
complexity of the model andthe DIC decreases by pointing the best �t, then, the lower
pD and DIC, the better is adjustment. Then, de�ned

D̄(θ) = E[−2 log(p(y|θ))] and D(θ̂) = −2 log(p(y|θ̂)) , (1.15)

from calculation of pD as pD = D̄(θ) − D(θ̂), the DIC can be obtained in two ways:
according to Spiegelhalter et al. [61] as DIC = pD + D̄(θ), or according to Gelman et al.
[16] as DIC = 2pD +D(θ̄).

In the applications from the sections 2.2.4 and 2.3.2, purposing to �t an ideal proba-
bilistic model for the censored lifetimes for the patients according to two chemotherapeutic
agents, standard and test, based on the absence and presence of covariates, respectively,
a same set of data is considered to discuss possible approaches and results around proba-
bilistic modeling and to point out the bene�ts and penalties in modeling with data with
and without variables.

The data was presented by Prentice [48], record the lifetime of 137 patients with ad-
vanced lung cancer and was recorded in the presence of covariates when the patient was
taken to the study. Tumors are classi�ed into four groups: squamous (1), small (2), adeno
(3) and large (4).
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The covariates considered in original study include performance status, a measure of
overall medical status for the patient on a scale of 10 out of 10 units from 10 to 90, where
10, 20, and 30 indicate that the patient is fully hospitalized, 40, 50 and 60 indicate a
partial con�nement in the hospital and 70, 80 and 90 indicate that the patient is able to
take care of himself.

Time in months from diagnosis to study initiation, age in years, and any therapy prior
to the study (1-yes ou 0-not) were also considered with as covariates in study 2.

In applications, the objective is to model the lifetime of standard and test chemother-
apeutic agents and, in the case of the presence of a vector x of covariates, is considers the
tumor group as a new covariate. So, denoting as X1, X2, X3, X4 and X5 the covariates
of the study, where

• X1: the tumor group with values 1, 2, 3 or 4

• X2: the medical status with values 10, 20, ..., 80 or 90

• X3: diagnostic time in months with values xi,3 ∈ Z+
∗

• X4: the age in years with values xi,4 ∈ Z+
∗

• X5: if you have had therapy with values 1 or 0

The covariate approach is developed with the covariates indexed in the scale param-
eter of the model under study. This form the presence of covariates in the probabilistic
model integrates into its variability a source of variation with origin in additive e�ect
index parametric that not require the scale parameter coupled in the model as a random
variable, but a simple source of variation that integrates e�ect the covariate in the model.

Therefore, in this approach, the modeling concept considers that an additive model
ν = 〈xk,β〉+ ε contributes to the probabilistic variation of the model, together with the
variable random that represents the lifetime, but as the scale parameter instead of being
coupled in the model as a random variable.

The commonly used models that consider the presence of covariates, generally statis-
tical models of regression or joint probability distribution, although powerful, require a
delicate or complex approach before, during and after the modeling process.

To circumvent this situation and also �nd a more �exible model, Cox [10], proposed a
semi-parametric model called the proportional risk model that became the most used in
the analysis of survival data, under the covariable aspect, due its versatility. The general
expression of the Cox model, for ν = 〈xk,β〉, is given by

h(t|x,β) = h0(t)φβ(ν) , (1.16)

on what h0(t|β) is the nonparametric component called the hazard rate function and
φβ(ν) is the parametric term, both non-negative on the condition that φβ(0) = 1.

The parametric term is almost always applied in the multiplicative form as

φβ(ν) = eν . (1.17)

With the same objective, to make the survival data modeling more �exible, the use of
spline functions is proposed, since this function also allows the investigation of nonlinear
e�ects and the evaluation of time interactions in the presence the covariates. According
to Heinzl and Kaider [26], modeling under the application of spline functions provides two
main advantages: no speci�c functional form needs to be speci�ed and its application is
completely computational, excluding applications of algebraic concepts.
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In addition, Durrleman and Simon [12] proposes the use of spline functions to detect
nonlinear relationships between covariates and Cox model response, and in the same vein
are used in Hess [27] and Heinzl, Kaider and Zlabinger [22] to evaluate and identify
interactions between time and covariates.

As if the �exibility that Cox's model itself provides does not su�ce, using spline
functions on the Cox model, it is possible to obtain a parametric form from and which
simulate survival times with adjust survival and risk functions with re�ned precision.

To obtain a �exible model for the hazard rate, Royston and Parmar [57] modeled the
logarithm of the risk-risk function as a cubic spline function of the time logarithm as

ln[H(t|x,β)] = ln[H0(t)] + ν , (1.18)

where H is the empirical cumulative risk function, x is the vector of covariates, β is the
vector of parameters and ν = 〈xk,β〉 is the additive model.

In this context, according to Lambert and Royston [31], the s spline function is applied
over the ln(t) function with the nodes κ0 = (κ1, . . . , κm). In this case s can be written
as s[ln(t)|a, κ0], with node location κ0 no coe�ciente a = (a1, . . . , am), and then used
for the logarithm of the accumulated baseline risk in the proportional accumulated risk
model of the expression (1.16) to obtain (1.18) rewritten as

ln[H(t|x,β)] = s[ln(t)|a, κ0] + ν , (1.19)

that taken on the scale of survival and hazard rate, provides

S(t|x,β) = e−e
ν

and h(t|x,β) =

{
d

dt
s[ln(t)|a, κ0]

}
eν , (1.20)

because the s spline function is a cubic polynomial and the relations between the functions
h and S, in particular with h(t) = H ′(t), S(t) = e−H(t) and H(t) = −ln[S(t)] under
derivative and integral operators in relation to t.

Thus, according Rutherford, Crowther and Lambert [58] over the Cox models, the
spline function can be considered a generalization of Weibull's proportional hazards rates
model and is reduced to the Weibull model with only two nodes.

Therefore, in this application a contrast between the EEG model in the presence of
covariates with the Cox/Spline2 model, the Cox model under two-node spline function
adjustment, it is considered.

In the application 2.3.2 the covariables X3 and X4 are integers, the 5 covariables of the
problem can be considered categorical, therefore, graphical methods to �nd proportional
risks are not feasible for the application, instead they are considered a statistical test
based on Schoenfeld residues to test the overall proportionality for risk functions.
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4
Final Results and Conclusions

4.1 Final Results and Conclusions

The present work does not present a chapter for the theoretical framework or basic
concepts used for the proposals made, but sought, when a given concept was used, to
refer to it and describe its relevance with subtlety.

To compensate for this absence, in the introduction to this work, the most relevant
concepts are described through four subsections. In particular, a bibliographic review
that highlights the genesis of the models studied, mainly for the distribution from which
they originate, was presented in the subsection 1.1.

The subsections 1.2 and 1.3 presented a detailed summary of the intended results in
the present study and described the structure of how the work was developed, pointing
out what and how the approaches were carried out. In the subsection 1.4 we sought to
give a more detailed focus to the concepts that are less relevant to the study's proposals,
but which were applied in parallel to the proposed objectives for obtaining the results and
even for the applications considered.

Under valuable mathematical concepts, where theoretical points from di�erent lines of
study were approached such as those of In�nite Series, Special Functions and the Mathe-
matical Analysis itself which somehow absorbs these �elds, the properties of the models
were demonstrated, proposing them exclusively to support in processes from the resoluc-
tion in real problens with these models.

However, the work sought to present the approach of these problems according to the
assumed properties and, in some cases, demonstrated for the models approached here.
The property of as constitutes the forms of hazard rate, derived from the density and
survival functions of the models, conditioned to the scale parameter inherited from the
Geometric distribution, was the main one.

It has also been seen, and demonstrated, that the extensions for the Geometric Expo-
nential distribution provide hazard rate function that inherits the memory loss property
of the Exponential and Geometric functions that generated them, as well as the relation-
ships that their respective parameters have for a given form from the hazard rate function,
making clear the parametric conditions under which they are generated.

Particularly, regarding the considered EEG models, varieting in time only and/or in
the time with presence the covariables, it was clearly highlighted that, in both cases ap-
proached, whatever the value of the λ > 0 parameter assumed, the hazard function derived
from this model has a decreasing behavior for cases where γ < 1 and increasing when
γ > 1, where λ is the scale or rate parameter of the model that, becouse by construction
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is inherited from the Exponential distribution, and γ is its shape parameter. When γ = 1
the EEG model is reduced to the Geometric Exponential model.

Similarly, regarding the GE2 model, it was clari�ed that for any assumed λ > 0 value,
when α < 1 the resulting hazard rate function takes the decreasing form for any β < 1
and bathtub form for any β > 1, but in the case where α > 1, the hazard rate is unimodal
when β < 1 and increasing if β > 1.

Still on the hazard rate forms of the GE2 model, in the cases where (1) α = β = 1,
which (2) β = 1 for any α > 0 with α 6= 1, and that (3) α = 1 for any β > 0 with α 6= 1,
the GE2 model is reduced to the Geometric Exponential model. In (1) and (2) this is
immediate by substitution, as can be seen in [3], and in (3) this is guaranteed in [35].

Under the parametric conditions evidenced for the EEG and GE2 models, the com-
putational approach is simpli�ed, since in the bayesian case, for example, an appropriate
initial kick is needed to calculate model estimates via MCMC, and knowing a favorable
region for this kick, the markovian process reaches its convergence faster.

Therefore, knowing the hazard rate form for a given data set and, consequently, where
the scale or rate parameter from model EEG converges, the initial kick to the γ estimate
is simpli�ed because of the region for this parameter to be previously known. The same
way that is for the kicks for the estimates of α and β in the GE2 model, in the both cases
the kicking λ are made according to the inherited memory loss property.

Also worth highlighting from the conclusions obtained about the properties demon-
strated, the fact of the EEG and GE2 distributions are semi pathological in consequence
from the yours parameters γ and β, respectivaly. Depending of the parametric condition
that is considered for γ or β, exist or not a mean and variance for distribution EEG or
GE2, and in this constatation we prove the parametric conditions under which we can
guarantee that the expected value exists for the EEG and GE2 distribution, obtaining it
in terms of in�nite series.

The work shows that, equipped with these propertie, the use r-th moment it is even-
tually impracticable, mainly for distribution GE2 by virtue your expression, and even
though it exists under certain parametric conditions the expected value and variance
for EEG and GE2, presuppositions for important statistical concepts, such as expected
Fisher's matrix, the Central Limit Theorem and the moments of order r are not achieved
under in the complementary cases.

Based on elaborate computational resources to support the approaches considered in
the study of these models, the work considers the outline of the geometric shapes of some
functions, such as the con�dence bands presented in the applications and in particular for
the density, survival and hazard surface considered for the EEG model in the presence
of covariables. Due to these computational resources, as a consequence of the obtained
properties, the simulation study was concluded as follows.

The elaboration of the statistical simulation under the classical and bayesian approach
via MLE and MCMC, respectively, required delicate computational processes for the ex-
traction and calculation of statistics relevant to the results evaluation criteria. As de-
scribed in chapter 1, this work was developed focusing on the study area of survival
analysis and in these simulations were considered at least 4 samples sizes and 3 cases of
censorships, one of them being the case for complete-time data.

As shown, we present the results of 3 simulation studies developed for (1) EEG model
in the presence of censorship, (2) for the EEG model in the presence of censorship and
multiple variables and (3) for the GE2 model in the presence of censorship. The 3 case
studies were chosen according to the forms of the hazard function derived from the re-
spective simulated models.

All 3 results were satisfactory, although with speci�c features. It is worth mentioning



86 Final Results and Conclusions

the slow convergence of the probability of empirical coverage in the case of the simulation
(3) described in the subsection 3.2, where both bayesian and classical estimators showed
equal conditions and properties over their estimates in any parametric case, censorship
ratio and samples larger than 20 observations. Particularly, in small samples the bayesian
estimators were superior in all the considered criteria.

In the subsection 2.2.3, the case of simulation (1) shows that, despite the high qual-
ity of the estimates obtained by the MLE, this quality was attributed to large samples
and, in cases of low censorship, those lower than tau = 0.20. For these estimators, it
was common to observe reasonable situations with relevant sample sizes and censorship
ratios, such as n = 50 and τ = 0.2, where estimates attributed high estimation errors,
pointing to an estimated ine�cient.

In this cases, the simulation study highlights that bayesian estimators are signi�cantly
superior to the classical one. Although it shows high estimation errors for high censorship
ratios, it is still signi�cantly better than MLE in these situations.

When the same model was simulated, also in the presence of censorship but consid-
ering multiple variables, as developed in simulation (2), the e�ciency of the bayesian
and classical estimators are analogous, and the results highlight that both the MLE and
MCMC methods are satisfactorily accurates in the model in the presence of censorship
and multiple variables, even with high proportion of censorship, showing that in both
inference cases the presence of covariables in the model attributes high �exibility and
excellent results in relation to their estimators.

With regard to the simulations developed, it is evident that while MLE is preferable
for its speed in large samples, MCMC is preferable for its accuracy in small sample sizes,
but what is noteworthy is that the presence of multiple variables compensates the penalty
that estimates su�er by high censorship ratios, as shown in simulations (1) and (2).

Above all, the 3 studies allow to conclude that the estimators of these models are
appropriate in the considered sample conditions and in view of their particular proper-
ties, as the biparametric EEG model in the presence of censorship and in the presence of
covariables with p+ 1 parameters in the presence of censorship or the GE2 model as a 3
parameter model and under censorship.

Focused in the EEG parametric model, the work presents the applications for this
model in the presence of censorship and under censorship in the presence from covariable,
respectively in the sub sections 2.2.4 and 2.3.2 . In these applications it is shown that
this model is preferable in the contrasts performed, which was possible to conclude with
its obtained properties, as described in 2.3.2 where, even though enhancing the speci�c
competing model for a case of the proportional hazard rate, the EEG model presents a
superior adjustment, because besides capturing the empirical hazard form presented by
the data, it �ts the empirical hazard with interpolation and adjustment satisfactory in
the con�dence range considered.

Similarly, in the case of the tri-parametric model, the application in the subsection 3.3
highlights that the GE2 model is also preferable over its competitors, that although they
present excellent adjustments and capture the form of the risk rate function manifested
empirically, all the information criteria presented, as well as the average distance between
the survival function adjusted with the Kaplan-Meyer empirical, are the best because
they are the smallest among all the models considered, which highlights the e�ciency of
the GE2 model over the others.
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