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Note on the point-splitting procedure to evaluate vacuum fluctuation in certain cylindrically
symmetric backgrounds
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We reexamine the two-point function approaches used to study vacuum fluctuation in wedge-shaped regions
and conical backgrounds. The appearance of divergent integrals is discussed and circumvented. The issue is
considered in the context of a massless scalar field in cosmic string spacetime.@S0556-2821~98!03814-4#
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I. INTRODUCTION

The vacuum fluctuation is one of the most exquisite f
tures of quantum field theory and has been extensively s
ied since Casimir’s seminal work@1#. Two-point functions
are particularly useful to analyze vacuum properties@2,3#.
The Hadamard functionG(1)(x,x8):5^$f(x),f(x8)%& gives
comprehensive insight into such fluctuations. For exam
^f2& can be expressed as

^0uf2~x!u0&5 lim
x8→x

1

2
G~1!~x,x8!. ~1!

In some cases, however, it may be preferable to cast
formula above in terms of the Feynman propagator

GF~x,x8!52
i

2
G~1!~x,x8!2Ḡ~x,x8!, ~2!

as

^0uf2~x!u0&5 i lim
x8→x

GF~x,x8!1 i lim
x8→x

Ḡ~x,x8!, ~3!

whereḠ(x,x8) is the average of the retarded and advan
Green functions. In particularḠ(x,x8) vanishes ifx andx8
are not causally connected@4#, in which case Eq.~3! be-
comes

^0uf2~x!u0&5 i lim
x8→x

GF~x,x8!. ~4!

The present paper was triggered by the following ma
ematical problem. In the process of evaluating Eq.~4! in a
variety of different situations, Deutsch and Candelas@5#,
Helliwell and Konkowski@6#, and Matsas@7# have made use
of the integration formula
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dp p12eJn
2~pr !5

212eG~211e!G~n112e/2!

r 22eG2~e/2!G~n1e/2!
~5!

in the e→0 limit. However, as noted in Ref.@8# the integral
above is convergent only whene.1; i.e., Eq.~5! is not valid
in the regione→0. Quite analogously, an equivalent dive
gent integral@see Eq.~2.15.3–3! of Ref. @9## was used in a
similar context@see Eq.~17! of Ref. @10# for N>3]. Rather
surprisingly, however, a pretty different approach@8# based
on Schwinger’s source theory led to the same final result
Refs.@5–7,10#. As expressed in Sec. VI C of Ref.@8#, ‘‘We
have not got any explanation for the fact that although De
sch and Candelas use~5! their final answer is correct.’’

In this paper we reexamine the methods used in@5–7,10#,
giving a more detailed explanation for this delicate behav
For the sake of clarity we focus on the discussion of
vacuum fluctuation outside cosmic strings but our conc
sions must be equally valid for other cylindrically symmetr
backgrounds where the same problem appears. In Sec. I
discuss the issue using dimensional analytic continuation
Sec. III we spot where regularization takes place. In Sec.
a few remarks are considered and our conclusions are s
marized.

II. DIMENSIONAL ANALYTIC CONTINUATION

During the past years there has been considerable inte
in the study of the vacuum fluctuation outside cosmic strin
~see@6–8,10,11# and references therein!. The line element of
the spacetime outside a cosmic string inN dimensions can be
written in the form

ds25dt22dr22r 2du22dz2, ~6!

where 0<u,a:52pu124mu and z[(z1 , . . . , zN23). For
N54, m/G is the mass per unit length of the string. We a
assuming anN-dimensional spacetime as this is the para
eter which will be used to analytic-continue the Green fun
tion into four dimensions.
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Considering the identificationu;u1a the Feynman
propagator of a massless scalar field in this background
be written forr 5r 8 andz5z8 as @10#

DF
~N,a!~t;D!5

2 i

a E
2`

1`dv

2pE dN23k

~2p!N23E0

`

dp pE
0

`

ds

3e2 is~p21k22v2!e2 ivt

3 (
n52`

`

J2punu/a
2 ~pr !ei2pnD/a, ~7!

whereD:5u2u8 andt:5t2t8. By settingt50 ~note that
for N54 one recovers the Feynman propagator in@6#! and
making transformationsv→2 iv and s→ is followed by a
Wick rotation back to the real axes, we perform the integ
tions overv, k, ands, obtaining, forN,4 ~see, e.g., Ref.
@9#!,

DF
~N,a!~D!5

2 ip12N/2G~22N/2!

2N22a

3 (
n52`

`

ei2pnD/aE
0

`

dp pN23J2punu/a
2 ~pr !.

~8!

For N54 the integral that appears above is the diverg
one in Eq.~5!. Notwithstanding, it is convergent in the inte
val 2,N,3, leading to

DF
~N,a!~D!5

2 iG@~32N!/2#

a~2Ap!N21r N22

3 (
n52`

`
G~211N/212punu/a!

G~22N/212punu/a!
ei2pnD/a,

~9!

in agreement with Ref.@10#. Assuming now that both side
of Eq. ~9! are analytic functions ofN, by the principle of
analytic continuation equality~9! also holds forN>3. Thus
after performing the summation withN54 one obtains

DF
~4,a!~D!52

i

4a2r 2
csc2

pD

a
, ~10!

which is the correct result as has been rigorously shown
Ref. @8#.

The reason why we~and the authors of Refs.@5–7,10#!
have arrived at the correct result may be traced back to
~8!. Namely, the divergent integral on the right-hand s
~RHS! of Eq. ~8! is regularized by the summation. Thu
although the integral itself is not analytic whenN54 since it
02750
an

-

t

in

q.

is divergent, the RHS of Eq.~8! as a whole is analytic. In the
next section we will show how the divergence can be i
lated and explicitly regularized.

III. REGULARIZATION PROCEDURE

The regularization procedure adopted in this section w
be possible by considering, in Eq.~7!, tÞ0 ~eventually the
limit t→0 will be taken! and that the interval associate
with (x,x8) is spacelike@then vacuum expectation values ca
be extracted from the Feynman propagator as in Eq.~4!#.
This can be implemented by using an approach slightly
ferent from the one above.

Performing integrations in Eq.~7! except over thes vari-
able we obtain@10#

DF
~N,a!~t;D!5

2p

a E
0

` ds

~4p is!N/2
e2 i ~t222r 2!/4s

3 (
n52`

`

I 2punu/a~r 2/2is!ei2pnD/a. ~11!

The remaining integral above can be evaluated by first a
ing an infinitesimal negative imaginary part tot2 and then by
using @9#

E
0

`

dx xm21e2pxI n~cx!

5p2~m1n!S c

2D n G@n1m#

G@n11#

32F1Fm1n

2
,
m1n11

2
;n11;

c2

p2G , ~12!

which holds for Re(m1n).0 and Rep.uRecu. The hyper-
geometric function in Eq.~12! can be recast by considering
linear transformation~see, e.g., Ref.@12#!

2F1@a,b;c;z#

5
G@c#G@c2a2b#

G@c2a#G@c2b#

32F1@a,b;11a1b2c;12z#1
G@c#G@a1b2c#

G@a#G@b#

32F1@c2a,c2b;12a2b1c;12z#~12z!c2a2b,

whose domain of validity is thez plane cut along the rea
axis fromz52` to z50 and fromz51 to z5`, with

a1b2cÞ0,61,62,... . ~13!

Thus the Feynman propagator can be written as show
Eq. ~2! with
2-2
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D ~1!~N,a!~t;D!5
1

a (
n52`

`

ei2pnD/a
p~12N!/2r 22N

2N22 S 12
t2

2r 2D 12N/222punu/a
G@211N/212punu/a#G@~32N!/2#

G@22N/212punu/a#

32F1Fpunu
a

1
N22

4
,
punu

a
1

N

4
;
N21

2
;12S 12

t2

2r 2D 22G
and

D̄ ~N,a!~t;D!5
i

4a (
n52`

`

ei2pnD/ap~12N!/2r 22NS 12
t2

2r 2D 12N/222punu/a

3F12S 12
t2

2r 2D 22G ~32N!/2

GS N23

2 D 2F1F unup
a

1
62N

4
,
unup

a
1

42N

4
;
52N

2
;12S 12

t2

2r 2D 22G .

Using these expressions for smallt, the Feynman propagator becomes

DF
~N,a!~t;D!5

2 iG@~32N!/2#

a~2Ap!N21r N22 (
n52`

`
G~211N/212punu/a!

G~22N/212punu/a!
ei2pnD/a2

i 2NG@~N23!/2#

4p~N21!/2r utuN23 (
n52`

`

d~D1an!, ~14!
r-

S

nt

-

m-
ed
x-

q.
which holds for nonoddN @as follows from Eq.~13!#, N
.2. In obtaining Eq.~14! we have also used Poisson’s fo
mula

(
m52`

`

d~f12pm!5
1

2p (
m52`

`

exp$ imf%.

By taking t→0 in Eq. ~14! when N,3 we recover Eq.
~9! as it should be. Now whenN.3 it may appear that we
are left with a divergence ast→0 due to the factor 1/utuN23

in the second term on the RHS of Eq.~14!. However, before
taking t→0, we should note thatd(D1an) vanishes iden-
tically for every n sinceDÞan ~recall that we are dealing
with a spacelike interval!. Thus the second term on the RH
of Eq. ~14! is null and Eq.~9! still holds for N.3.

IV. FINAL REMARKS

Before closing the paper let us discuss a couple of poi
As mentioned above, Eq.~9! is not suitable for oddN. For
example, whenN53, G(0)d(D) arises in Eq.~9! which
needs to be regularized. UsingG@a1z#/G@b1z#5B@z
1a,b2a#/G@b2a# with B@z,w# denoting the Euler beta
function, we see that Eq.~9! may be rewritten as

DF
~N,a!~D!5

1

ia2pN/221r N22G@~42N!/2#

3H BFN22

2
,32NG12 (

m51

`

BF2pm

a

1
N22

,32NGcos
2pmD J , ~15!
2 a

02750
s.

where we have used the fact thatG@2x#/G@x#
522x21p21/2G@x11/2#. By using B@z,w#:5*0

1dt tz21(1
2t)w21 in the second term in Eq.~15! and performing the
summation@12#, we are left with the following integral rep
resentation@13#:

DF
~N,a!~D!5

1

ia2pN/221r N22G@~42N!/2#

3E
0

1

dt t~ t24!/2
~12t !22N~12t4p/a!

122t2p/a cos$2pD/a%1t4p/a
,

which is suitable for oddN ~but not for evenN).
Finally let us consider a check of consistency. ForN54,

which is our main interest here, one obtains, from Eq.~14!,

DF
~4,a!~t;D!52

i

4a2r 2
csc2

pD

a
2

1

4pr utu (
n52`

`

d~D1an!.

~16!

The first term in Eq.~16! is the familiar expression~10!. The
second term, which vanishes, was kept just for a formal co
parison with the usual Minkowski spacetime result. Inde
Eq. ~16! with a52p must be consistent with the usual e
pression in Minkowski spacetime@2#:

DF
~4,2p!~x,x8!5

i

8p2s
2

d~s!

8p
, ~17!

where 2s:5uxm2x8mu2. Starting from Eq.~17! this fact can
be verified by noting that~for r 5r 8 andz5z8) in cylindrical
coordinates 2s5t222r 212r 2 cosD. Then using the for-
mulad@ f (x)#5( jd(x2xj )/u f 8(xj )u, wherexj are the simple
zeros of f (x), it is rather straightforward to reproduce E
~16! in the limit of smallt.
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In summary we have investigated the reason why a n
ber of previous works have obtained the correct result fo
vacuum fluctuation in wedge-shaped regions and con
backgrounds although using illicit expressions for diverg
integrals. The problem is solved by noting that there is
overall summation which renders the result finite. In Sec
we use the principle of analytic continuation to obtain a de
nite result, while in Sec. III such a principle is verified b
isolating the divergence and regularizing. With these clar
d

d
d

02750
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cations in mind those works that have obtained correct
swers using illegal intermediate steps will not have their
sults seen as incidental.
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