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Generalized sine-Gordon /massive Thirring models
and soliton /particle correspondences

José Acosta and Harold Blas®
Instituto de Fsica Téoica, Universidade Estadual Paulista, Rua Pamplona 145,
01405-900-Sa Paulo, S.P., Brazil

(Received 25 September 2001; accepted for publication 8 January 2002

We consider a real Lagrangian off-critical submodel describing the soliton sector of
the so-called conformal affingl(3)(*) Toda model coupled to matter fields. The
theory is treated as a constrained system in the context of Faddeev—Jackiw and the
symplectic schemes. We exhibit the parent Lagrangian nature of the model from
which generalizations of the sine-Gordd8SG or the massive ThirrindGMT)
models are derivable. The dual description of the model is further emphasized by
providing the relationships between bilinears of GMT spinors and relevant expres-
sions of the GSG fields. In this way we exhibit the strong/weak coupling phases
and the(generalizell soliton/particle correspondences of the model. EHe)™®

case is also outlined. @002 American Institute of Physics.

[DOI: 10.1063/1.1454186

[. INTRODUCTION

Integrable theories in two dimensions have been an extraordinary laboratory for the under-
standing of basic nonperturbative aspects of physical theories and various aspects, relevant in
more realistic four-dimensional models, have been testegparticular the conformal affine Toda
models coupled téDirac) matter field CATM)? for thesl(2)M) andsl(3)(*) cases are discussed
in Refs. 3, 4, and 5, respectively. The interest in such models comes from their integrability and
duality propertie$;* which can be used as toy models to understand some phenomena; such as a
confinement mechanism in quantum chromodynart@8D)3° and the electric—magnetic duality
in four-dimensional gauge theories, conjectured in Ref. 6 and developed in Ref. 7. The affine Toda
model coupled to matter fieldATM) type systems may also describe some low dimensional
condensed matter phenomena, such as self-trapping of electrons into solitons, see, e.g., Ref. 8,
tunneling in the integer quantum Hall effécand, in particular, polyacteline molecule systems in
connection with fermion number fractionizatidh.

Off-critical submodels, such as tls#(2) ATM, can be obtained at the classical or quantum
mechanical level through some convenient reduction processes starting from €ATMthe
sl(2) case, using bosonization techniques, it has been shown that the classical equivalence be-
tween theU (1) vector and topological currents holds true at the quantum level, and then leads to
a bag model like mechanism for the confinement of the spinor fields inside the solitons; in
addition, it has been shown that te{2) ATM theory decouples into a sine-Gordon mo@eG)
and a free scaldr'? These facts indicate the existence of a sort of duality in these models
involving solitons and particlésThe symplectic structure of thel(2) ATM model has recently
been studiett in the context of Faddeev—Jacki®J)*® and(constrainefisymplectic method¥**°
Imposing the equivalence between t€l) vector and topological currents as a constraint there
have been obtained the SG or the massive Thirtiig) model.

One of the difficulties with generalizations of complex affine Toda field theories, beyond
su(2) and its associated SG model, has to do with unitarity. Whereas for practical applications
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such as low dimensional condensed matter systesae Ref. 16 and references theyeamd
N-body problems in nuclear physitsthe properties of interest are usually integrability and
nonperturbative results of multifield Lagrangians. Therefore, integrable quantum field theories
with several fieldgbosons and/or fermiohsre of some importance.

In this paper we construct many field generalizations of SG/MT models based on soliton/
particle duality and unitarity. Beyond the well-knowi(2) case the relatesl(n)*) CATM model
does not possess a local Lagrangian, therefore we resort to an off-critical submodel Lagrangian
with well behaved classical solutions making use of the results of Ref. 5. In Ref. 5 the authors
studied thesl(3)") CATM soliton solutions and some of their properties up to general two-
soliton. Using the FJ and symplectic methods we show the parent Lagr&hggnre of thes|(3)
ATM model from which the generalized sine-Gord68SG or the massive ThirringGMT)
models are derivable. We thus show that there(aréeast classicallytwo equivalent descriptions
of the model, by means of either the Dirac or the Toda type fields. The duality exchange of the
coupling regimeg— 1/g and the generalized soliton/particle correspondences ingé2h ATM
submodel will also be clear, which we uncover by providing explicit relationships between the
GSG and GMT fields. We also outline the steps towardstfe) affine Lie algebra generaliza-
tions. In this way we give a precise field content of both sectors; namely, the correct GMT/GSG
duality, first undertaken in Ref. 19.

The paper is organized as follows. In Sec. Il we definestiid) ATM model. Section Il deals
with the model in the FJ framework, the outcome is the GMT model. In Sec. IV, we attack the
same problem from the point of view of symplectic quantizafidngiving the Poisson brackets
of the GMT and GSG models. Section V deals with the soliton/particle and strong/weak coupling
correspondences. Section VI outlines the relevant steps toward the generalizatiom) t&TM.
In the appendix we present the constructiorst{3)(*) CATM model and its relationship to the
(two-loop) Wess—Zumino—Novikov—Witte(WZNW) model.

Il. DESCRIPTION OF THE MODEL

In affine Toda type theories the question of whether all mathematical solutions are physically
acceptable deserves a careful analysis, especially if any consistent quantization of the models is
discussed. The requirement of real energy density leads to certain reality conditions on the solu-
tions of the model. In general, a few soliton solutions survive the reality constraint, if in addition
one also demands positivity. These kind of issues are discussed in Refs. 20. Here we follow the
prescription to restrict the model to a subspace of classical solutions which satisfy the physical
principles of reality of energy density and soliton/particle correspondence.

In CATM models associated with the principal gradation of an affine Lie algebra we have a
one-soliton solutior{real Toda field for each pair of Dirac fieldg/' and .2 This fact allows us
to make the identificationg'~ (¢')*, and take real Toda fields. In the casestf2)") CATM
theory, this procedure does not spoil the particle—soliton correspondénce.

We consider thesl(3)(Y) CATM theory (see the Appendixwith the conformal symmetry
gauge fixed' by settingz=0 and the reality conditions

P=—(h*, (j=129, o¢i=¢. (a=12), (2.2)
or
P=h*, =12, P=—(y¥*,
p12—¢@1— 7 (the new ¢,'s being real fields, (2.2

where an asterisk means complex conjugation. The condi{id must be supplied with*
— —x*. Moreover, for consistency of the equations of moti@dl5)—(A23) under the reality
conditions (2.1) and (2.2), from Eqgs. (A16) to (A18), (A20), (A21), and (A23), we get the
relationships
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Ylyd—dkyle B9i=0, =12, yilyge S yiyre Se2=0. (2.3

Then, the above-given reality conditions and constraints allow us to define a suitable physical
Lagrangian. Equation@A\13), (A15)—(A23), supplied with(2.1) [or (2.2)] and (2.3), follow from
the Lagrangian

1 21 — AR
Eﬁz,—; 520u®0" Gy o, P —my e tiTsyl 24

wherel= ()" vy, $1=201— 02, $2=2¢,— @1, ba=1+ b5, m3¢: mi‘F mi, k is an over-
all coupling constant and the; are real fields.

Equation(2.4) defines thesl(3) affine Toda theory coupled to matter fielgSTM). Notice
that the space of solutions &f(3)(*) CATM model satisfying condition$2.1)—(2.3) must be
solutions of thesl(3) ATM theory (2.4). Indeed, it is easy to verify that the three species of
one-soliton solutions[ S=1-soliton(S=1-antisoliton):> {(¢1, ¥Ygs, ©,=0,¢?*=0,4°=0},
{(¢2, ¥")gs, ¢1=0,¢'=0,4°=0}, and{(¢1+ ¢y, ¥°)gs, ¢1= @, '=0,y*=0} satisfy the
equations of motion, i.e., each positive roosdf3) reproduces thel(2) ATM case>* Moreover,
these solutions satisfy the above-given reality conditions and constt@ijs(2.3) [with (2.1)
and(2.2) for SandS, respectively, and the equivalence between thél) vector and topological
currents(A29). Then, the soliton/particle correspondences survive the above-given reduction pro-
cesses performed to define thE3) ATM theory.

The class of two-soliton solutions sf(3)(*) CATM® behave as follows(i) they are given by
six species associated with the paif; («;), i<j; i,j=1,2,3; where thex's are the positive roots
of sl(3) Lie algebra. Each species;(,a;) solves thes|(2) CATM submodef? (i) satisfy the
U(1) vector and topological currents equivaleriée9).

[ll. THE GENERALIZED MASSIVE THIRRING MODEL (GMT)

Let us consider the following Lagrangian:

1 21

E£=J§1 Sa0udid" by TPy a, ) —mi gl Hsyl 1) (miglyt gl — €49, (a5 ) |,
(3.2

where the ATM Lagrangiari2.4) is supplied with the constraintsm{y'y*¢'+ (m3/2)y2y* 4
—e*’d,¢)), (1=1,2), with the help of the Lagrange multiplie)ui ()\iz ()\}L+)\i)/2, 0:=0,

=1, q3=0). Their total sum bears an intriguing resemblance toUli&) vector and topological
currents equivalencéA29); however, themi’s here are some arbitrary parameters. The same
procedure has been used, for example, to incorporate the left-moving condition in the study of
chiral bosons in two dimensiod3The constraints i13.1) will break the left—right local symme-

tries (A25)—(A28) of sl(3) ATM (2.4). In order to apply the FJ method we should wi(1) in

the first-order form in time derivative, so let us define the conjugated momenta

=Ty =13 (2h1+ ) TN, M=y, =15 (2ot 1) +A],
(3.2

71'}\’1‘=0, 77)\2:0, ﬂ'lREﬂT{/,R=—it//'R, wf_ElepL=—i¢//f_.

We are assuming that Dirac fields are anticommuting Grasmannian variables and their mo-
menta variables defined throudgft derivatives. Then, as usual, the Hamiltonian is defined by
(sum over repeated indices is assujned

He=T1b1+ Topy+ Yhmh+ Yl wl— L. (3.3
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Explicitly the Hamiltonian density becomes
He=2(m))2+ 4D+ A2 N T — AT = AONND + 33 ()02 — Thibht TLol
+iml (e 4yl — e k) +NG[IT— il + N9~ doxl, (3.9
Where’TFSE T1— T, \715\]%"‘4(2771_ 772), jZEJ%+4(27TZ_ ’771), and
u lip ma'u M 2ip ms.# =l
leml|+713- J2:m12+7j3, itr=vy*y, 1=123. (3.5
Let us observe that eadh(1) Noether current of thel(3) ATM theory defined in(2.4) is

conserved separately, i.@,j{*=0,1=1,2,3.
Next, the same Legendre transfo(f3) is used to write the first-order Lagrangian

L=+ Topy+ Yhmh+ Yl al—H,. (3.9

Our starting point for the FJ analysis will be this first-order Lagrangian. Then the Euler—
Lagrange equations for the Lagrange multipliers allow one to solve two of them

20,4 7, 20+ 7y
1_ 2_ =
MTT o MTTR S

and the remaining equations lead to two constraints,
0,=30-¢1,=0, Q,=39—$,,=0. (3.9

The Lagrange multipliera] and\? must be replaced back i#3.6) and the constraint3.8)
solved. First, let us replace thq1L and )\i multipliers intoH., then one gets

He=2(m)?~ H{TD*H (T + (LT} 24 () 0%+ ki~ 19y ¢
+iml (e igkyl — TPl gk). (3.9
The new Lagrangian becomes
L' =yt Tapot Yhmht L ml —H . (3.10

We implement the constraint8.8) by replacing in(3.10 the fields¢,, ¢, in terms of the
space integral of the current componeﬂ@s Jg. Then we get the Lagrangian

x x T T
£r=mya [ Rt moi | 99+ ket o~k L imie
. O~ :
— e NPl k) — B((31)2+ (35)2+ 31.3p) + 7y I+ 7,33, (3.1

whereJ3=J9+J9. Observe that the terms containig thg's in Eq. (3.11) cancel to each other if
one uses the current conservation laws. Notice the appearances of various types of current—current
interactions. The following Darboux transformation:

l//{q—>exr{ —%IXJ?)WR, z/xiL—>exp<|§fo?)z/xj . j=1,2,3 (3.12
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is used to diagonalize the canonical one-form. Then, the kinetic terms will give additional current—
current interactions;~ HI.-( 1+]3)+Jd2-(J2+]3)]. We are, thus, after defining=1/g, and
rescaling the fields/) — 1/\k 4, left with the Lagrangian

3 3
Ll =2 {ighy o, p+ml, gyt — X [agic-iil, (3.13
=1 k,l=1

k=<l

wherea, =g a,, with

B L T SR V1T
a33—§ 8 +m|, 312—1—2mm, aii—z 6 +m |,
1(mmd —md
ai3=§ 4 +m+7, i=1,2.

This defines thegeneralized massive Thirring modé€GMT). The canonical pairs are

(—igk, k) and (=i, 4l).
IV. THE SYMPLECTIC FORMALISM AND THE ATM MODEL

A. The (constrained ) symplectic formalism

We give a brief overview of the basic notations of symplectic appréadthe geometric
structure is defined by the closépre)symplectic two-form

f(O) = %fi(j")(g(O))dg(O)i Ode©, (4.2
where
(0)( £(0)y = J (0)( £(0) J (0)( £(0)
fij (& )_Waj (& )__(‘5(950131 (&) 4.2

with al?(£0) = al (&) d&®) being the canonical one-form defined from the original first-order
Lagrangian

LOdt=al®(£0) — O (£0)dt. 4.3

The superscriptO) refers to the original Lagrangian, and is indicative of the iterative nature of
the computations. The constraints are imposed through Lagrange multipliers which are velocities,
and in such case one has to extend the configuration $p&tEhe corresponding Lagrangian gets
modified and consequently the superscript also changes. The algorithm terminates once the sym-
plectic matrix turns out to be nonsingular.

B. The generalized massive Thirring model  (GMT)

Next, we will consider our model in the framework of the symplectic formalism.A gt Eq.
(3.10, be the zeroth-iterated Lagrangiani®. Then the first iterated Lagrangian will be

LO =11+ o+ Yokt YLl + 7 Qy + 720 — VD), (4.4)
where the once-iterated symplectic potential is defined by

VO=Hlo,-0,-0, (4.9
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and the stability conditions of the symplectic constraiitg,and(),, under time evolution have
been implemented by makir@—> »t and )\3—> »°. Consider the once-iterated set of symplectic
variables in the following order

f(l):(ﬂliﬂzyd’lyfﬁzilﬁéa(ﬁiJﬁéalﬂﬁilﬁ%a‘ﬂﬁiﬂ'laﬂ'z’ﬂ'é’ﬂ{'WZR'WE’W%'WE)’ (46)

and the components of the canonical one-form
a(l): (Ql 192 Y1, T2, — W]é y fn{ T W% s WE y 77% s WE 1010101010101010' (47)

These result in the singular symplectic two-formxI83 matrix

a;; ap
f£\13’<x,y>=( ) S(x—y), (4.9
ay; axp
where the X9 martices are
L1511l im3~3
0 0 dx 0 imiyg imiyp 0 0 7%
Y T R ) ims~3
0 0 0 oy 0 0 im“yg  iMmyp TIﬂR
dy 0 0O O 0 0 0 0 0
0 dy 0O O 0 0 0 0 0
ay = imlTrljé 0 0O O 0 0 0 0 0 )

imlT/;ﬁ 0 0O O 0 0 0 0 0
0 im¥%% 0 0 0 0 0 0 0
0 im%2 0 0 0 0 0 0 0

imd_ . imi_ .

TwR — Uk 0O O 0 0 0 0 0
im°.. 1,1 11 m? m?
7¢E 0 0 miyr miyy O 0 7¢§ > 3
im3._ m?3 mS3
- 20 0 O 0 mPygx mPyl 7¢g 7¢§

a.12: 3
0 -1 0 0 0 0 0 0 0
0
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imd_, im_,
W 9 00 0 0 0 0 0
0 0 1 0 O 0 0 0 0
0 0 0 1 0 0 0 0
mty 0O 00-1 0 0 0 O
mtyi 0 0 0 -1 0 0 O
a = 1
2 0 m%% 00 0 0 -1 0 0
0 m% 0 0 0 0 0 -1 0
m . omd
V& ¥ 00 0 0 0 0 -1
m3 m3
— E —y2 0 0 O 0 0 0 0
2 2 't
0 O 0 -1
0O 0 O
Qo= rerrrreiiiiin,
0O 0 0O O
-1 0 0 O
This matrix has the zero modes
T —u v Lo e, T vy gmlu vl
V)= T gz O0RYR UYL v v, o | a2 [ YR | i T | YL T T
v’.,\,1_,\,1.,\,2',\,2_m3 v~3im3u v\~
_W,lugbR,IUlﬂL,lvlﬂR,lvl//L,l7 W‘FW lﬂR,T F-FW lﬂL , (49)
whereu andwv are arbitrary functions. The zero-mode condition gives
f dxvDT(x) —(—ﬁé fdyv(l)zo (4.10
seW(x) ' '

Thus, the gradient of the symplectic potential happens to be orthogonal to the zeraode
Since the equations of motion are automatically validated no symplectic constraints appear. This
happens due to the presence of the symmetries of the action

otM=vd(x), A=12,...,18. (4.11)

So, in order to deform the symplectic matrix into an invertible one, we have to add some
gauge fixing terms to the symplectic potential. One can choose any consistent set of gauge fixing
conditions!® In our case we have two symmetry generators associated with the paramatets
v, so there must be two gauge conditions. Let us choose

Q3=¢1=0, Qu=¢,=0. (4.12

These conditions gauge away the fielfisand ¢,, so only the remaining field variables will
describe the dynamics of the system. Other gauge conditions, which eventually gauge away the
spinor fieldsy', will be considered in Sec. IV C.
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Implementing the consistency conditions by means of Lagrange multipjieasid * we get
the twice-iterated Lagrangian

LO =11+ oo+ Yrmht gl + 7Oy + 7200+ 72Ot 70— V), (4.13
where
V(Z)zv(1)|93=94=0_

Assuming now that the new set of symplectic variables is given in the following order,

1 1 2 2 3 3 1 1 2 2 3 3
g(z):(ﬂl,7]217]31774;¢11¢21¢R1¢LlevlﬂLle’lﬂL'Wl’WZ’WR’WL’WR’WL’WR’WL)’

(4.19

and the nonvanishing components of the canonical one-form

a?=(01,0,,05,Q4,7y, 7, — 7, — 7, — TR, — W, — TR, — 7,0,0,0,0,0,0,08

(4.195
one obtains the singular twice-iterated symplectie<20 matrix
aj; ap
f&%(x,y):( 3(x=y), (4.16
az1 ax
where the 1& 10 matrices are
0 0 0 0 d O im'yy imyl 0 0
0 0 00 0 4 O 0 im%E im%y?
0 0 0 0 -1 O 0 0 0 0
0 0 0 0 0 -1 0 0 0 0
Iy 0 1 0 O 0 0 0 0 0
an=| 0 & 0 1 0 0 0 0 0 o |
imy, 0 00 0 O 0 0 0 0
imy: 0 00 0 O 0 0 0 0
0 im?j42 0 0 0 0 0 0 0 0
0 im?j?2 0 0 0 0 0 0 0 0
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w

3

imd_ . im3. N . m m
Tlﬂﬁ Tlﬂf 0 0 miyg miyy O 0 = % 7'#5
imé. . im3. ) , m? m?
7(#% Tﬁ 0o 0 0 0 miyr Myt 741;:; 71//E
0 0 0O 0 O 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
a=| ¢ 0 -1 0 0 0 0 0 0 o |
0 0 0 -1 0 0 0 0 0 0
0 0 0o 0 -1 0 0 0 0 0
0 0 o o 0 -1 o0 0 0 0
0 0 0 o0 o -1 0 0 0
0 0 0 0 0 0 0o -1 0 0
imd_ . imi_ .
— P —92 0000 0 0 0 O
2 2
imd_ . im®_,
—% —3% 00000 0 0 O
2 2
0 0O 00100 O O O
0 0O 00010 0o o
miyn 0 0 00 0 -1 0 0
27 Myl 0 0000 O -1 0 0|
0 my2 0 0 0 0 0 0 -1 O
0 m2 0 0 0 0 O 0 -1
mS3 mS3
—y2 —y3 0000 0 0 0 O
2 2
3 3
e ™y 00000 0 0 o0
2 o o
0 0 0 --0 -1 0
0O 0 0 -0 0 -1
0 0 0 --0 0 O
A= e
0 0 0 --0 0 O
-1 0 0 0 0 O
0 -1 0 0 0 O

The zero-modes are
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3
m
vATx)=|u, v, , x, 0, 0, mtuyk, miuyi, mloyd, muy?, 7(u+u)¢§,

3
m ~ ~ ~ ~
7(u+v)¢f, u+w, v'+y, imlzleu, imlzpiu, imzlszv,imzzﬁEv,
3 3

im°- , . mio .
7¢R(U+v), I7¢L(U+v) : (4.1

The zero-mode condition gives no constraints, implying the symmetries of the action
oe@=vP(x), A=1.2,...,20. (4.18
Now, let us choose the gauge conditions
Qs=m i+ 331 (j1+]3) =0, Qe=md5+ 335 (j2+]3)=0, (4.19
and impose the consistency conditions with the Lagrange multipfigrg®, then

LO=m1d1+ modot Yrmht Yl + 7' QU+ PP Qo+ p°Qat 9 Qut Qs+ 7°Qe— VO,
(4.20

where

V(3):V(2)|95=96=0' (4.21
or explicitly
V= H((31)%+(3p)2+ 3y - 3p) + %[Jl-<11+13>+J2-(jﬁj@]ﬂ%%,x—i?a{w{,xﬂm’;,g 4/2{;)

The symplectic two-form for this Lagrangian is a nonsingular matrix, then our algorithm has
come to an end. Collecting the canonical part and the symplectic potgttlabne has

3 3 3
Lnp)= 2 ATy o+ my gy = 3 (B i+ 2 mwif, (429
k=l -
where vs= (v, +v;)/2. We have made the same choi¢es 1/g, and the field rescalingg/!
— 1k ¢! as in the last section. This is the same GMT Lagrangia(84ds3. As a bonus, we get
the chemical potentialg,, =m'y, (7%°— vy o) times the charge densities. These terms are related

to the charge';Q'F=1/27-rff§dx j,O(t,x), and their presence is a consequence of the symplectic
method*

C. The generalized sine-Gordon model (GSG)

One can choose other gauge fixings, instea@df2), to construct the twice-iterated Lagrang-
ian. Let us make the choice

0,=39=0, Q,=39=0, (4.24

which satisfies the nongauge invariance condition as can be verified by computing the brackets
{Qa,J8}=0; a,b=1,2. The twice-iterated Lagrangian is obtained by bringing back these con-
straints into the canonical part af®), then

LO=m1p1+ madot+ ket Pl + 7' Qut Qo+ Qs+ 70— V), (4.29
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where the twice-iterated symplectic potential becomes
V@=yBy _g, 0. (4.26

Considering the set of symplectic variables in the following order:

2 2 2 43 3 2 2 3 3
&= (0" 0% 0 0 b b i WL R WL R WL T Ty TR WL TR T R T

(4.27
and the components of the canonical one-form

al@=(01,0,,05,0,, 71,7, — 78, — 7L, — We,— 7, — 7Y, — 7,0,0,0,0,0,0,0,9

(4.28
the (degenerated20X 20 symplectic matrix is found to be
a a
fﬁ\zg(x,y):( TP sx-y), (4.29
a1 A
where

0 0 0 0 4 0 imys im%yl O 0
0 0 0 0 04 O 0 im%E im%?

0 0 0 0 0 0 imyg im%t O 0
0 0 0 0 0 0 © 0 im%y% im%y?

dy 0 0 0O 0 0 © 0 0 0

S ) J, 0 o 0 0 0 0 0 o |’

imys 0 im%ys O 0 O O 0 0 0
im0 im'%yl O 0 0 0 0 0 0

0 im%%& 0 im%i 0 0 O 0 0 0

0 im%? 0 im%? 0 0 O 0 0 0

im3. . im3. m3 m3
— Wk W 0 0 mtyr miyi 0 0 Sk Sul

im., im3. s 5., M m?
20k o 00 00 MR MY Sk S

im3. . im3. m3 m®
Uk 50 0 0 miyg miyl 00—y -y}

imé. . im3_ ) , m? m?

ap=| 3 ¥ % 0 0 0 0 mir ML —yi S|,

0 0 -1 0 0 0 0 0 0

0 0 0 -1 0 0 0 0 0

0 0 0 0 -1 0 0 0 0

0 0 0 0 -1 0 0 0 0

0 0 0 0 -1 0 0 0

0 0 0 0 0o -1 0 0
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E”gﬁ E”gﬁ E”gﬁ E”gﬁ 00 0O O 0 O
2R2R2R2R
im3 im3 im3 im3
SR S U W 00 0 0 0 o
0 0 0 0 100 0 0 O
0 0 0 0 010 0 0 O
mtyd 0 mty 0O 00 -1 0 0 O
27 miy! 0 myt 0 00 0 -1 0 0|
0 m2y3 0 myi 0 0 0 0 -1 0
0 m2y? 0 my? 0 0 0 O 0 -1
3 3 3 3
T Swk D Swh 00 0 0 0 0
3 3 3 3
T St Sw St 00 0 0 0 0
0 0 O 0 -1 0
0O 0 0 0 0 -1
0o 0 00 0 O
Boo=| e
0O 0 00 0 O
-1 0 00 0 O
0 -1 0 0 0 O

Its zero modes are

vOTX)=u, v, @, x, 0, 0, M (u+w)yr, m(utw)yl, m*(v+x) gk, M2 (v+x) ¥,

m? 3 m? 3 L1751
7(u+v+w+)()¢R, 7(u+v+w+x)¢,_, u’, v, |m1¢R(u+w),

im3
imyi(u+w), im%gg(vty), im#Pg(vty), %Eﬁ(uwmm,

im3._ .
71/;,_(u+ vto+y)]|, (4.30
whereu, v, o, and y are arbitrary functions. The zero-mode condition becomes
(2)T S 175(2) 1 _ _
dx v (X)E@ dy' V<= | dx J;d,f,=0, f,=(w,x), a=1,2.
Since the function$, are arbitrary we end up with the following constraints:
05=37=0, Qs=J3=0. (4.30)

Notice that by solving the constrain@;=Q,=Q5=Q=0, Eqgs.(4.24) and(4.31), we may
obtain
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=Y, =YL (4.32

So, at this stage, we have Majorana spinors, the scélaiend ¢,, and the auxiliary fields.
Next, introduce a third set of Lagrange multipliers inté?, then

LO=m1h1+ modot Yrmht gl + 7" QU+ PP Qo+ p°Qat 9*Qut Qs+ 7°Qe— VO,

(4.33
where
Y@= V(2)|Q5:QGZO (4.34)
or
VO= 35 bf +ipkih il ol rimbykyl (6714 ). (4.39

The new set of symplectic variables is assumed to be ordered as

g(Ag):(nl:nzansv774:775:7761(;511(]521{#%{!(!/&1(#%{!(!/51(#%!(!/31771!772!77#!77&1772R177517T?R)17TE)'

The components of the canonical one-form are
a-,(AS):(Ql192593194195196177117721_ W]Fiy_ Wﬁ y WE{ y WE y W% y WE !0101010501010!D

After some algebraic manipulations we get the third-iterated 22 symplectic two-form

a;n A
3
FRBy) = S(x=y), (4.36
ax Ay
where
0 0 0 0 0 0 a0 im'YPL  imit 0
0 0 0 0 0 0 0 4 0 0 im?ya
0 0 0 0 0 0 0 0 imlyg im%y 0
0 0 0 0 0 0 0 o0 0 0 im%j
0 0 0 0 0 0 0 0 —im%yg im%yf 0
apn=| 0 0 0 0 0 0 0 0 0 0 —im%3
dy 0 0 0 0 0 0 0 0 0 0
0 dx 0 0 0 0 0 0 0 0 0
imPs 0 im0 —imiy 0 0 0 0 0 0
imyt 0 im0 imiyt 0 0 0 0 0 0
0 im%2 0 im?y2 0 —im%2 0 0 0 0 0
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im°_ im°.
0 Sk Sw 0 0
. im3._ ime.
im%t SR w00
ime. ime.
o =W 30 0

a0~ 0

o O o o o

ax=

im?y¢ - W

imz?bf -5 YR

0 im%f

o
o o o

0 m? g4
0 m2y?

A=

o O O O©O

o O O o o

|
=
o

o O o o

0 im%

o
© o o

3
N
<=
e
o

0 m2y4

0 m?yf

Generalized sine-Gordon/massive Thirring models

1,1
m-yr

1,1
m-yg

1,1
—m Yy

1,1
m-gy

1,1
m-g

1,1
m=gy

22
m°yg

22
m°yg

2.2
—m°yg

© O o o

22
m-i

2.2
m-y

2.2
m-yr

O ©o o o o

It can be checked that this matrix has the zero modes

__ 3
7 IR 2
3

m

7¢§z
2
m

-5 Uk
m3
?kbg
0
0
0
0
0
0 0
0 0
0 0
0 0
-1 0

-1
0

0 0
0 0
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3
m
VO =|u, v @ x, ¥, 2z 0, 0, mlay Y, miayyl, m’a, Y, miagyf, —-as i,

3
m ~ ~ ~ ~
+ 3 0 o0 imla—l a1t 2020 2+ 72
3 3
m m
H -3 H +73
I —5ag UR, i ag W, (4.37

wherea; =u+w+y, a;=v+x+z, a;=uto+y+tuv+y+z, aj=utw-y, a,=v+x—2z
azy=u+w+y+v—x—z andu, v, o, x, y, andz are arbitrary functions. The relevant zero-mode
condition gives no constraints. Then the action has the following symmetries:

oed=vQ(x), A=12,...,22. (4.38

These symmetries allow us to fix the bilinearghy! to be constants. By takingk

—iC; 0 and ! = 0; (j=1,2,3) withC; being real numbers, we find tha&dexL indeed be-
comes a constant. Note that and 0] are Grassmannian variables, whileg; is an ordinary
commuting number.

The two formf§3(x,y), Eq. (4.36), in the subspaced; ,¢,, 7, ,m,,) defines a canonical

symplectic structure modulo canonical transformations. The coordiggtesd Ty, (a=1,2) are
not unique. Consider a canonical transformation from,(w,,,a) to (&’)a,%;,,a) such thatg,
=(9F/(977¢a and ¢, = aF/a%;Sa. Then, in particular if¢,= ¢, one can, in principle, solve for the

function F such that a manifestly covariant kinetic term appears in the new Lagrangian.
Then choosing= 1/g as the overall coupling constant, we are left with

i+ C05¢J + m19xp1t podypa, (4.39

3
-3, gt

whereM; mJ C; . This defines thgeneralized sine- Gordon mod&SG. In addition we get the
terms multlplled by chemical potentigls, and u, (7% >— — i1, 2). These are just the topological
charge densities, and are related to the conservation of the number of kinks minus antikinks
Qfopor= L/ [ T2AX dypa -

In the above-mentioned gauge fixing procedures the possibility of Gribov-type ambiguities
deserves a careful analysis. See Ref. 11 for a discussion Bi1{tBeATM case. However, in Sec.
V, we provide indirect evidence of the absence of such ambiguities, at least for the soliton sector
of the model.

V. THE SOLITON/PARTICLE CORRESPONDENCES

Thesl(2) ATM theory contains the sine-Gord¢8G) and the massive ThirringMT) models
describing the soliton/particle correspondence of its spectitit? The ATM one{anti)soliton
solution satisfies the remarkable SG and MT classical correspondence in which, apart from the
Noether and topological currents equivalence, MT spinor bilinears are related to the exponential of
the SG field?® The last relationship was exploited in Ref. 4 to decouplestiig) ATM equations
of motion into the SG and MT ones. Here we provide a generalization of that correspondence to
thesl(3) ATM case. In fact, consider the relationships

YR 1 _ _ _
" == o L(Mipa—mips—mips)el(¢2 2e) + mipee (e + mip,e ¥ 1—myp, ],
(5.9
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272 _ 1 2 1 3 i(¢1-2¢7) 1. a3i(e1—¢p) 3, a3iey 2
YrL=— E[(mlppz_ my;Ps— My, Pg) € +m;,pse —myPe€ —myp2],
(5.2

[ . . .
T E[(m?pps_ My ps+mipe)e! (17 €2 + mip,e%¢1—mipee® *2—mjps], (5.3

where A=a,8,,8535+ 281855813~ 811(829 °— (812 “A33— (A19)°A;  P1=(829)°—8pA33; P2
=(a19°~a1@33; P3=(a12)—a118z; Pa=aiBrg— ApA1s; Ps=aisdrs— a12833; Pe=ai1dr3
—aj,a;3 and thea;;’s being the current—current coupling constants of the GMT mg@8ldl3).

Relationships(5.1)—(5.3) supplied with the condition$2.1)—(2.3) and conveniently substituted
into Egs.(A13) and(A15)—(A23) decouple thesl(3)(*) CATM equations into the GSG4.39 and
GMT (3.13 equations of motion, respectively.

Moreover, one can show that the G$&39 M; parameters and the GM(B.13 couplings
a;; are related by

2aMy My + s | +8ps — gt My (5.4)
T2 —QApo| — —Tdg3Tagz| Tazs —az3T —1adi2), .
a( mlp) my, m,
2AM, my_  _\ _ my,_
o(m2)2 =au| 2 aystags| +ags —agt 2 12 (5.9
glm, y m,,
2AM3 mwm
2 (312333 Q15809 —apat (a0’ (5.9

g(m3)?~  (md)

Various limiting cases of the relationshifi& 1)—(5.3) and(5.4)—(5.6) are possible. First, let us
consider

o j=k#I| (for a givenl)

ajkﬂ

(5.7

finite other cases

then one has

l/’R‘/fL ml

(e—'¢' 1), ¢kpl=0, j#I (5.9

for ;=60 (61,=1,83=—1). The three species of one-soliton solutions of #i€3) ATM
theory (2.4), found in Ref. 5 and described in Sec. Il, satisfy the relation$bif).* Moreover,
from Eqgs.(5.4) to (5.6) taking the same limits as i(5.7) one has

(my)?
1= 2 ’

M;=0, j#I. (5.9

Therefore, relationship.1)—(5.3) incorporate eacls|(2) ATM submodel(particle/soliton
weak/strong coupling phases, i.e., the MT/SG correspondefice.

Then, the currents equivalen¢a29), relationships(5.1)—(5.3), and conditions(2.1)—(2.3)
satisfied by the one-soliton sector of CATM theory allowed us to establish the correspondence
between the GSG and GMT models, thus extending the MT/SG rdultould be interesting to
obtain the counterpart of Eq. 1) (5.9 for the Ng=2 solitons, e.g., along the lines of Ref. 25.

For Ns=2, Eq.(A29) still holds? and Eqs(2.1)—(2.3) are satisfied for the species;(,«;).

Second, consider the limit



1932 J. Math. Phys., Vol. 43, No. 4, April 2002 J. Acosta and H. Blas

. o i=k=j (for a chosenj; j=1,2
i . , 5.1
&k finite  other cases (.19
one getsM;=0 and
— i I o _ _
4A F; L=(mjam—m'¢a33)e"¢l—m3a|3e‘3"”+m'¢a33, I #],
) (5.1
— YR . _ . L -
4A F; L=(mja”—mea,g)e*'¢3+m'g,,a,ge*3'*”l+mja,,,
YLyl =0, (5.12

where A=4(aazs—(@3)%). The parameters are related bym3¥)?a;M,=m),(mja;
—meES,QM3. In the caseM;=M3;=M and redefining the fields ag=\129(A+B), ¢;
=—412gB in the GSG sector, one gets the Lagrangian

1 1 M
LBL=§((9MA)2+ E((?MB)2+ 2 Ecos\/24gA cos\729B, (5.13

which is a particular case of the Bukhvostov—Lipatov mdel).%® It corresponds to a GMT-type
theory with two Dirac spinors. The BL model is not classically integrdbmnd some discussions
have appeared in the literature about its quantum integrafility.

Alternatively, if one allows the limig;— one getsy3¢: =0, and additional relations for
the %, 42 spinors and thep, scalars. The parameters are related by

M M, M3
1 =2 =T 1. 2= -
(mi/,)zazz (m¢)2511 my,m,a,

Then we left with two Dirac spinors in the GMT sector and all the terms of the GSG model. The
later resembles the 2-cosine model studied in Ref. 29 in some submanifold of its renormalized
parameter space.

VI. GENERALIZATION TO HIGHER RANK LIE ALGEBRA

The procedures presented so far can directly be extended to the CATM model for the affine
Lie algebrasl(n)® furnished with the principal gradation. According to the construction of Ref.
2, these models have soliton solutions for an off-critical submodel, posségk)avector current
proportional to a topological current, apart from the conformal symmetry they exhibit a
(UD)R)" o (U(1))" ! left—right local gauge symmetry, and the equations of motion describe
the dynamics of the scalar fields,, 7, 7(a=1,...,n—1) and the Dirac spinorg:®i, 3 (j
=1,...,N; N=(n/2) (n—1)=number of positive root; of the simple Lie algebral(n)) with
one{antisoliton solution associated with the fietd - ¢ (6=30"1paaa, az=simple roots of
sl(n)) for each pair of Dirac field$y®i, %i).2 Therefore, it is possible to define the off-critical
real Lagrangiarsl(n) ATM model for the solitonic sector of the theory. The reality conditions
would generalize Eq$2.1)—(2.3), i.e., the newy's real and the identificationg®i~ (*)* (up to
+ signg. To apply the symplectic analysis sf(n) ATM one must imposer{—1) constraints in
the Lagrangian, analogous ¢8.1), due to the above-given local symmetries. The outcome will be
a parent Lagrangian of a generalized massive Thirring m@MT) with N Dirac fields and a
generalized sine-Gordon mod&SG with (n—1) fields. The decoupling of the Toda fields and
Dirac fields in the equations of motion ef(n)(*) CATM, analogous tqA13) and (A15)—(A23),
could be performed by an extension of the relationsfip$®—(5.3) and(2.2)—(2.3).
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VII. DISCUSSIONS AND OUTLOOK

We have shown, in the context of FJ and symplectic methods, thattBg ATM (2.4) theory
is a parent Lagrangiaffrom which both the GMT(3.13 and the GSG4.39 models are deriv-
able. From(3.13 and(4.39), it is also clear the duality exchange of the couplings: 1/g. The
various soliton/particle species correspondences are uncovered. The soliton sector satifies the
U(1) vector and topological currents equivalerié®9) and decouples the equations of motion
into both dual sectors, through the relationshp4)—(5.3) [supplied with(2.1)—(2.3)]. Relation-
ships (5.1)—(5.3 contain eachsl(2) ATM submodel soliton solution. In connection to these
points, recently a parent Lagrangian method was used to give a generalization of the dual theories
concept for norp-form fields3® In Ref. 30, the parent Lagrangian contained both types of fields,
from which each dual theory was obtained by eliminating the other fields through the equations of
motion.

On the other hand, in non-Abelian bosonization of massless fernitdhe, fermion bilinears
are identified with bosonic operators. Whereas, in Abelian bosoniZatioere exists an identifi-
cation between the massive fermion operafcharge nonzero secjoand a nonperturbative
bosonic soliton operatdf. Recently, it has been shown that symmetric space sine-Gordon models
bosonize the massive non-Abelidnee) fermions providing the relationships between the fermi-
ons and the relevant solitons of the bosonic md&&he ATM model allowed us to establish these
types of relationships for interacting massive spinors in the spirit of particle/soliton correspon-
dence. We hope that the quantization of the ATM theories and the related WZNW models, and in
particular relationship6A34), would provide the bosonization of the nonzero charge sectors of the
GMT fermions in terms of their associated Toda and WZNW fields. In addition, the above-given
approach to the GMT/GSG duality may be useful to construct the conserved currents and the
algebra of their associated charges in the context of the CATMTM reduction. These currents
in the MT/SG case were constructed treating each model as a perturbation on a conformal field
theory (see Ref. 35 and references thejein

Moreover, two-dimensional models with four-fermion interactions have played an important
role in the understanding of QC[Bee, e.g., Ref. 36 and references therddesides, the GMT
model contains explicit mass terms: most integrable models such as the Gross—Nd2guaisi
U(1) Thirring models all present spontaneous mass generation, the exception being the massive
Thirring model. A GMT submodel witl;; =0, a;j=1 (i>]) and equamjw’s defines the so-called
extended Bukhvostov—Lipatov mod@L) and has recently been studied by means of a bosoniza-
tion techniqué’’ Finally, BL type models were applied té-body problems in nuclear physits.
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APPENDIX: THE s/(3)® CATM MODEL

We summarize the construction and some properties of the CATM model relevant to our
discussion$® More details can also be found in Ref. 5. Consider the zero curvature condition
d,A_—d_A,+[A, ,A_]=0. The potentials take the form

A,=—-BF'B™!, A_=-9_BB '+F, (A1)
with

F*=E3+F;+F;, F =E3+F[+F,, (A2)
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where E*3=m-H "= (2m}+mj)Hi '+ (2mj+m})H; '] and theF’s and B contain the
spinor fields and scalars of the model, respectively,

Fi = imiyRER, + VimGuRee + Vimpides , . (A3)
F3 = imSy3ES + imlydEL, + imZg2e?, | (A4)
Fy=imGyPEL ] = imy el —imfie?,, (A5)
Fo = VimpyiE -+ VimGyE - impiPE (A6)

B= g ¢1H1+i¢2H3 g7C @7Qppal, (A7)

whereEgi, 7, H3, andC (i=1,2,3;n=0,+ 1) are some generators i(3)*); Qs being the

principal gradation operator. The commutation relations for an affine Lie algebra in the Chevalley
basis are

2
[H;n'HE]:mC?Kabgm+n,0a (A8)

a
[HE EL.]=+KET,", (A9)

i 2

[EZEL]= 2 12HZ "+ 7mCnino, (A10)
[Ex.ERl=e(a,BERip: if a+p is a roo, (A11)
[D,Ej]=nE;, [D,Hzl=nHg, (A12)

whereK ,,=2a.a,/a2=ngKy,, with n® and|1¢ being the integers in the expansions-na,
and a/azzlgaa/aﬁ, ande(a,B) the relevant structure constants.

TakeK;=K,,=2 andK;,=K,;=—1 as the Cartan matrix elements of the simple Lie alge-
brasl(3). Denoting bya; and«, the simple roots and the highest one o= a1+ «,), one has
IY=1(a=1,2), and Kyu=Kyo=1. Take g(a,B)=—e(—a,—f), e1~¢(aj,az)=1l,e_13
=e(—ap,)=lands_,z=e(—ay,¢)=—1.

One hastpa|EE§:1 S:Ay.H+3D, where\}, are the fundamental co-weights $i{3), and
the principal gradation vector s=(1,1,1) 3

The zero curvature condition gives the following equations of motion

z?ch o~ . o~ e
ror = MuLe” Yy + € Sl gl mife T yd e R yR], a=12, (AL3)

7 - - -
- - imye?”” Pypy +im3e?” b2yl +imien 3ydyl + m2ed, (A14)
—20, yp=mpe” hyl, =20, yf=mier 1 b2yg, (A15)
2m3 1/2
S [ My My ~2 by T2 3 i
20 gr=mye?” 1yl 20| 5o ) e”(— yRgie 2= Yruie™' %), (A16)
7
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1,..3\1/2
20 yg=mie?" P2yt + 2i ﬁ) e”(yriie M1+ Yryie %), (A17)
v
_ 1m2 1/2 ) )
=20, i =mye? T Py + 2i ir¢n3¢) e7(— Y e P2+ i Yre M), (A18)
4
20_yi=mien Yyl 20 Yg=myent L, (A19)
_ 243\ 112 _ _
—20, Y =mye? it 2 irll;lw) e’(—yyie  PuiyRe ), (A20)
4
' 1m3 1/2 . .
— 20, Y =mje?" P2yg+2i i#”) (Yl pge 3+ i e ), (A21)
U
20_yr=miem 1yl 20, Yi=mier 3y, (A22)
. 1m2 1/2 ) )
20 Yg=mye®" g+ 2i %3“”) e”(rite 2= Yriie ™), (A23)
4
Pn=0, (A24)

whereg1=2¢1— @2, $2=2¢,— @1, p3=@11 3.
Apart from the conformal invariancethe above-presented equations exhibit thi 1), )?
®(U(1)R)? left—right local gauge symmetry

Ca— @at 05 (X )+ 602 (x), a=1,2, (A25)
=7, n—7, (A26)
lpi_>ei(1+75)®‘+(x+)+i(1—y5)®‘_(x_) W, (A27)
Ve 11O -1 19O )Y =123, (A28)

0l=+02520', O0:=x¢1726%2, 03=01+02.

One can get global symmetries fét = = 62 = constants. For a model defined by a Lagrang-
ian these would imply the presence of two vector and two chiral conserved currents. However, it
was found only half of such currentsThis is a consequence of the lack of a Lagrangian descrip-
tion for thesl(3)) CATM; however see the following.

The gauge fixing of the conformal symmetry, by setting the fielth a constant, is used to
stablish theU (1) vector,\]"zzf=l m{,,z//j y*y1, and topological currents equivalerc.More-
over, it has been shown that the soliton solutions are in the orbit of the solytied. The
remarkable equivalence is

3
12’1 My y P =€e"d (Mo +mie,), my=m,+mj, m,>0. (A29)

The CATM theory has a local Lagrangian in terms of Baand the(two-loop) WZNW fields?
The relations between their fields can be obtained from

F =Bs_MM 'B™! F"=B N 19,NB, (A30)
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where
M=exp >, gs), N:exp(Z gs), (A31)
s>0 s>0
provided that the following constraints are imposed:
(0_- MM~ Y ;=B Ym-H 1B, (s_-MM1)__;=0. (A32)
and
(N9, N)z=B(m-HHB™ 1, (N"19.N).5=0. (A33)

In (A31) and(A32) and(A33) s and the subscripts denote the principal gradation structure of
the relevant group elements.
The relationships are

VimiyP=e 7439 g2, —\imipi=e"719 g,
—imigi=er1%25 g2, \imSyk=er "0, 43,
Vimlyg=er"1%29. 22, \imSgd=eti%39, (3,
\/H?,lptezﬂzeiqﬁlftflfz‘F %(5371‘7757153,724‘5271‘775371572,3)6%17
\/i_rn.f/,llffezﬂzei(i)zl?ffgz‘F 3210 E Jeg_1+E 10 E e 1€, (A34)
—imGyie?r=e%20 &+ §(£110-E e ot 10 E e o e,
VimGyge 27=e"1%20, 5 3(¢10, Fer ot L0 (e e,
\/Hlﬂée—h:eiqﬁl&r 03— 3(830, Lle_syt {50, Lea_z)€

L2732 — j 2 3 1 1 3 1
Vimgyge 27=€'%29 (5 3({50. [1e_31+ (10, Fer_3)e'

We observe that the WZNW fieldd ,, ¢ ,, ¢}, £, (i=1,2,3) are nonlocal in terms of the
spinors and scalarsy; Ui, @1, ¢2, 7, and 7). Then the CATM model Lagrangian must be
nonlocal when written in terms of its fields.
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