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Resumo

Neste trabalho nés estudamos agoes para a superparticula e a supercorda us-
ando vinculos twistéricos. Escrevemos as cargas BRST para a superparticula e
a supercorda em dez dimensoes, e a carga BRST para um modelo de particula
em quatro dimensoes com a finalidade de fazer algumas comparagoes. Comecamos
mostrando como os twistors aparecem como objetos geométricos que parametrizam
SO(4)/U(2), e usamos uma generalizacao deste fato para dez dimensoes e assim
construir as teorias correspondentes. Entao mostramos como obter as acoes de es-
pinores puros para a superparticula e a supercorda em dez dimensoes por meio de

gauge-twisting e gauge-fixing da teoria inicial.

Palavras Chaves: Superparticula; Supercorda; Twistors; Espinores Puros; Método
BRST

Areas do conhecimento: Teoria de Campos; Teoria de Cuerdas
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Abstract

In this work we study actions for the superparticle and the superstring using
twistor-like constraints. We write BRST charges for the superparticle and the su-
perstring in ten dimensions, and the BRST charge for a particle model in four
dimensions in order to make some comparisons. We start showing how twistors
appear as geometrical objects parametrizing SO(4)/U(2), and use a generalization
of this fact to ten dimensions to construct the corresponding theories. We then
show how to obtain the pure spinor superparticle and superstring actions in ten

dimensions by gauge-twisting and gauge-fixing the initial theory.
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Chapter 1

Introduction

Superstring theory appeared in the 1970’s as an attempt to introduce fermionic de-
grees of freedom into the previously invented bosonic string theory used to describe
dual theories of strong interactions. It turned out that this new theory, initially for-
mulated as a string theory with worldsheet supersymmetry (Ramond-Neveu-Schwarz
(RNS) formalism) [1-3] and later as a target-space supersymmetric theory (Green-
Schwarz (GS) formalism) [4-6], had some unexpected and pleasant consequences
related to the fundamental questions physicists were trying to deal with at the
time. The fact that general relativity arises as a necessity guided by symmetry-
preservation-at-the-quantum-level requirements, and that Yang-Mills gauge theories
naturally appear in those formalisms lead scientists into a journey of unification of
several objects and ideas. One of them, supersymmetry, is crucial for the consistency
of the theory.

The difficulty in the calculation of scattering amplitudes either in the RNS for-
malism (because of its lack of manifest target-space supersymmetry), or in the GS
formalisms (because of the complications brought by choosing a specific light-cone
gauge), motivated physicists to search for new formulations that could allow covari-
ant quantization of the theory. The problems that appear when one tries to covari-
antly quantize the GS superstring can be seen already in the simpler case of the
quantization of the superparticle. For example, the Brink-Schwarz superparticle [7]
in ten dimensions consists of a system with a set of constraints d, ~ 0,a = 1,...16,
half of them being first class and the other half being second class. The problem
arises when one tries to quantize the system, since first and second class constraints
cannot be treated in the same way, and there is no procedure to covariantly separate
them as they are mixed in the conditions d, =~ 0 in an intricate manner. Several
methods have been proposed to overcome this problem: working in harmonic su-
perspace [8-10], writing twistor-like actions [11-16], or introducing other types of

auxiliary variables and new constraints in order to obtain a full set of first class con-



straints of the system [17-21]. This last approach has encountered some difficulties,
since the set of constraints turned out to be infinitely reducible [22,23], which makes
the construction of the charge in the BRST treatment of the problem, very hard.
There have been some attempts to solve this situation, too [24,25].

In 2000, Berkovits introduced a new formalism for the superstring which could
be quantized in a manifestly covariant way [26]. The dynamical variables of that
formalism were the ten dimensional superspace variables (z™,m = 0,1,...,9, §* o =
1,...,16) and a bosonic spinor A* satisfying the pure spinor condition, )\a'ygbﬂ)\ﬁ =0,
where 45 and 728 are 16 x 16 symmetric matrices which satisfy fyggfy”)ﬁp = 2n™"or.
A similar treatment was found for the superparticle case [27,28]. The idea was to
consider the physical states of the theory as elements of the cohomology of the BRST
charge () = \“d,, where \* is again a pure spinor. Using this formalism it was possi-
ble to construct massless vertex operators and to compute scattering amplitudes in
a manifestly ten-dimensional super-Poincar covariant way. However, the fact that
A% enters into the theory as a constrained ghost is somewhat mysterious. There
have been attempts to solve this problem considering a BRST double complex for
the system [29,30]. It is also noticed that the pure spinor constraints are infinitely

reducible which makes the construction of the BRST charge again, too complicated.

This dissertation is based on ref. [31] (see also [32,33]). In the second chapter, we
give a brief review of the BRST method, following the discussion given in [34] and
writing the essential formulas used later. We discuss how gauge symmetries can be
seen as being generated by (first-class) constraints on the phase space of the system,
and how can we pass from those local symmetries to a rigid symmetry if we extend
the phase space to include ghost variables associated to the constraints. Once the
charge of this rigid symmetry is calculated (just the lowest ghost-order terms) we
can write gauge-fixed actions. We also generalize these results to the case of systems
described by coordinates over a worldsheet or higher dimensional worldvolumes.

In chapter three we start talking about the topological particle and consider a
complex split of the Euclidean coordinates. We will see that breaking SO(4) in
this specific way and trying to covariantize the theory introducing new appropriate
dynamical variables, bring twistors into the discussion. For that reason we also
introduce twistors as objects whose components are relevant in parametrizing the
massless particle system. We write an extended action and the corresponding BRST
charge for the rigid symmetry in the extended phase space.

In chapter four we consider the ten dimensional analogue to the previous system,
write a twistor-like action for the superparticle and show how this can be gauge fixed

so that we recover the pure spinor superparticle of Berkovits, we show how a ghost



twisting is required in order to interpret in a correct way the matter content of the
theory. Here it’s worthwhile to comment about some differences in our procedure
with respect to that of ref. [31]. First, we introduce the local scaling symmetry
by means of the appropriate first class constraint and write the BRST charge in
the complete extended phase space where we include the ghost associated with this
constraint. We will see that new terms appear in the calculation. We also write the
gauge-fixed action as the sum of a BRST-invariant kinetic term, and a BRST trivial
term where the gauge-fixing fermion appears. Hence, this fermion will be written
as a function of the variables of the extended phase space only, and not considering
the Lagrange multipliers among its arguments (unless we work in the nonminimal
sector). The Lagrange multipliers won’t have BRST variations and it will be easy
to see how we can fix their values in the gauge-fixed action. Another consequence
of this approach is that the ghost-for-ghost ¢ appears as the ghost associated with
a first stage generator due to a specific reducibility condition, and we don’t need to
write gauge-for-gauge transformations involving the Lagrange multipliers, § L“.
Finally, in chapter five we generalize these results to the superstring, write an

extended action and obtain the pure spinor superstring by gauge fixing.



Chapter 2

Preliminaries

2.1 First class constraints and gauge invariance

Consider a physical system* described by generalized coordinates ¢'(7) over a world-
line parametrized by 7, where 7 is an index that includes both physical and possible
auxiliary degrees of freedom, the equations of motion for the system being deducible
from an action principle. If we assume these equations involve at most second-order
7 derivatives, the Lagrangian-form action for the motion of a particle from 7 to 7

can be written in general as

Slgi(r)] = / " dr (¢ d) (2.1)

T1

The action principle says the variation of the action under arbitrary variations

of the coordinates that vanish at 74 and 75 must vanish.

2 (0L d OL OLT™
= ! - — t— 2.2
05 / dr dq (8ql I 8(11) + {5q qu] (2.2)

T1 T

Thus, from the principle just mentioned we obtain the equations

oL d dL
9 dr o

(2.3)

Also, we define the canonical conjugate momenta p; = %
, q

Now, let ¢'(7), which we call a physical motion, be a solution of the equations
of motion, and p.;(7) the respective momenta. If we perform an arbitrary variation
around this solution, ¢'(7) = ¢'.(7) + d¢'(7), the variation of the action takes the

form

0S[ge) = [6¢'(T)pes(T)] (2.4)

T1

*This section is based on references [34, 35]



An infinitesimal symmetry of the action is defined as a continuous transforma-
tion, d¢'(7), smoothly connected to the identity, such that the Lagrangian transforms

to first order into a total 7 derivative.

oL 0L d . .
oL = b4 +0d e = 5Bl d) (2.5)

So 65 = [B]”?, and we conclude that if d¢’ is a symmetry transformation, then

71’

physical motions of the system satisfy

T2

[04'pei — Be| > =0 (2.6)

T1

where B, = B(q', ¢').

This is just a conservation law, since the ends of the 7 interval are arbitrary.
d (6" B.) =0 (2.7)
dT q pCZ c) — .

Suppose that the symmetry transformations are parametrized by k linearly

independent parameters €%, a =1, ..., k.

i i a i -a i dVe
(Sq :R(O)ae +R(1)a€ ++R(N)ad7—_N

= R'[¢] (2.8)

for some finite N and R{,,, = R{,),(¢",¢"). B can be similarly expanded

dNe®

Ble] = Boyae" + Bya® + ... + B(N)ad7_—N (2.9)
Defining the quantity
Gle] = paRilel — Bele] (2.10)
a .a dN e®
= Gjat" + Gyat" + ... + G(N)a—dTN (2.11)
where G(,), = pciRZ('n)m — B(n)ea, our conservation law implies

dGlel -, : » , dN ¢a N+ ea
dT = G(O)ae + (G(O)a + G(l)a)E + + (G(N_l)a + G(N)a>d7——N + G(N)QW = 0
(2.12)

Now we focus on two especial cases. The first being the one where the symmetry
exists only for constant €; so we are talking about a rigid symmetry.
d"e®
Then

— = 0 for n > 1, and the conservation law implies G/q), is a constant.
-
This result is just Noether’s fist theorem which says that rigid symmetries imply

constants of motion.



In the second case we consider symmetries with arbitrary 7-dependent parame-
ters €*(7). For these local (gauge) symmetries we deduce that the coefficients of the

expansion of G|e| satisfy the following equations
Ga=0, Goat+Gua=0, Gn1yat+Guna=0, Guu=0 (2.13)

which in turn imply G,), = 0, for n = 0,..., N. Thus, local worldline symmetries

give a set of constraints relating coordinates and velocities on physical trajectories

aGa
(recall that G is defined on-shell). Besides, since — = 0, constraints are preserved
T
during the time evolution of the system. This is known as the Noether’s second
theorem.

Let us consider the action in Hamiltonian form

Sla,p] = /72 dr [pig’ — H(q,p)) (2.14)

T1

The action principle takes the form

™ . OH . OH -
0S = / dr |f5pl <ql - 8p) - (qu (pz + a—qz)} + [pzﬁqqn (215)

And the resulting equations of motion are

) ) |

P — L= — 2.1
Ip;’ b g’ (2.16)

q

Let F(q,p) and G(q,p) be some functions on the phase space. We define the

Poisson bracket between F' and G as

OF 0G  OF 9G

F = : — -
{6 0q' Op;  Op; Oq'

(2.17)

So the brackets between coordinates and momenta read {q¢’, p;} = (5;

Immediately we can write the total 7-derivative of a function G(q,p) as G =
{G, H}. Therefore, this function is a constant of motion if and only if {G, H} =
0 everywhere along the physical trajectory of the system in phase space. Now,
denoting by 7(7) some infinitesimal parameter which can only depend on 7, define
the following infinitesimal transformation of phase space variables.

oG oG
=5, op; = n{pi, G} = b

0¢' = n{d’, G} (2.18)

It’s easy to show that under this transformation any function F'(q,p) varies as

§F = n{F,G} (2.19)



So 6 H = 0 and the variation of the action is

T ’ ' d )
5S = / dr {qzépi — pi0q" + —(piéq’)]
- dr
aG T2 T2
= [77 pi—nG] +/ dr nG
Op;

T1 T1

(2.20)

Then according to our definition this transformation is a symmetry of the action
only if we impose the constraint G(q,p) = 0. We have just shown that constraints
that are constants of motion generate local symmetries.

Suppose we have a system with some number of such symmetry-generating con-

straints G,(q,p) = 0, a = 1,...,m. Poisson brackets satisfies the Jacobi identity
{{A,B},C} + {{B,C}, A + {{C, A}, B} =0 (2.21)

Therefore,
{{Ga, G}, H} =0 (2.22)

If {G,} is a complete set of generators, we must have that
{Ga, Gv} = Pu(G) (2.23)

where P, is a polynomial in the constraints, with constant coefficients, and anti-

symmetric in a, b.

The constraint equations G,(q,p) = 0 define a hypersurface in phase space to
which all physical trajectories of the system are confined. That means we just need
the constraints to commute with the Hamiltonian on this physical hypersurface.
Then we obtain a more general structure of the Poisson bracket relations.

We write

{H,G.} = W,(G),  Wa(0) =0 (2.24)

In this hypersurface we must have P,;(0) = 0.

Constraints that satisfy the relations
{H,G,} = W,(G), {G., Gy} = Pup(G) (2.25)

with W,(0) = 0 and P,,(0) = 0, are called first class.

We then write the algebra of first class constraints as

(G., Gy} = C,,°G, (2.26)



and the Poisson brackets with the Hamiltonian as
{Hy, G} =V,"G, (2.27)

where both C ¢ and V,? are functions defined on the phase space.
It turns out that physical trajectories remain the same if we add to the Hamilto-
nian an arbitrary polynomial in the constraints, with coefficients that may depend

on the parameter 7.

1
M:H+m@+?$@@+m (2.28)

We use the symbol &~ to say that two expressions are equal up to terms propor-
tional to the constraints or to higher powers of them. So, a set of constraints is said

to be a set of first class constraints if all its elements satisfy
{H7 Ga} ~ 07 {Gaa Gb} ~ 0 (229)

It could happen that the description of the system requires some other type of con-
straints called second class. These constraints have weakly non-vanishing Poisson
brackets with at least one of the other constraints; hence, they don’t generate gauge
transformations of the dynamical variables. However, they can be absorbed into a
redefinition of the brackets when one introduce Dirac brackets to describe the theory.
We will always assume that we start with a complete set of first-class constraints
only.

The extended Hamiltonian is defined as
Hy = Hy + I°G, (2.30)

where Hj is the Hamiltonian without constraint terms, [* are arbitrary functions of
7, and a runs over a complete set of first-class constraints.

Hp is, of course, a first-class function. The reason for introducing this Hg is that
we want at first to describe a system whose motion is generated by a Hamiltonian
which contains all arbitrary gauge functions of the theory. The evolution of gauge-
invariant dynamical variables are determined in the same way either by Hy or Hg.
But this is not the case for other kinds of variable. We must use the extended
Hamiltonian to account for all possible gauge freedom.

Also, the equations of motion derived by the extended action are not the same
as those obtained by the original action principle. We will see that one can go from
the set of equations in the extended case to the other set by gauge-fixing, that is,

reducing degrees of freedom by fixing some of all of the auxiliary ones. The extended



action principle comes from varying the action

Spla 1] = / dr [pid’ — Hal(q,p.1)] (2.31)

with respect to both (g, p) and the Lagrange multipliers [*. The variation with
respect to [* will put the constraints equal to zero as auxiliary equations of motion.
So the transformation of the Lagrange multipliers must be specified in order to
recover a symmetry of the action without imposing G, (g, p) = 0.

The transformation of the original phase space variables is

. 0G,
Op;

oG,
oq’

6" =n"{q',Ga} = ops = 0 {pi, Ga} = =" (2.32)

and the action behaves like

LG,

0Sgp = {77 T T

n“Ga} - / A7 [11°Gy — 6Hy — Gobl® — 1°6G,]

T1 T1

= L2+ / dr [1°Gy — n*{Hy, Go} — Go61° — I'n"{Ga, Gy} (2.33)

T1
T1

71

= .2+ / drG, [n* — "V, * = 81" + 1°0°C,,“]

T1

Then we obtain the appropriate transformation of the Lagrange multipliers:
51 = no + lcanbC“ — nb%“ (2.34)

Notice that we are enlarging the phase space by considering the Lagrange multi-
pliers [* as new coordinates, and by introducing the corresponding momenta which

we denote by 7, obtaining,
(qivpiv la’ 7Ta) (235)

and new Poisson brackets, {I*, m,} = 4}’

One important situation that could appear is that we may have an initial set
of first-class constraints G, which is complete, such that the equations G, = 0
are not entirely independent and, for some reason, we don’t want to drop any of
the constraints in the set in order to make it independent. In the first case we
say that the constraints are reducible or redundant. We write the index that runs
over all first-class constraints as ag = 1,2, ..., mg. Then they will satisfy identities
like Z,%G,, = 0, with possibly phase-space dependent coefficients Z,% (¢, p), where

a; =1,...,m; and m; < my.



Then, there are local transformations of the gauge parameters that do not change

the original gauge transformations.
In =nmZ," = {.,0n"G} =0 (2.36)

where n™ are the local parameters for these new transformations. These transforma-
tions may themselves be independent, the total number of independent generators
being m{, = mo — my. In such a case we say that this is a first-stage gauge theory.
Nevertheless, it could happen that this set of new transformations is overcomplete,
in the sense that too much generators have being removed in the process. Then
there will be some identities like 7,77, ™ = 0, where ay = 1,...,mo, and the n

parameters have also gauge freedom. So,
o't =n=z,n = §(n™) =0 (2.37)

n® are gauge parameters for the last set of transformations. Again, if these are

independent we have my = mg — m; + may, and we are in a second-stage theory.

Otherwise, there will be more identities that originate new gauge freedom. This
Ak—1>9

process can continue indefinitely or finish at some step. The Z,,"'’s are known as

the reducibility functions of order k.

The previous discussion can be generalized to the case of systems parametrized
by coordinates of a worldsheet or of higher dimensional worldvolumes [34,36]. The
parameters will be written as (7,04), A = 1,...,A — 1, where A > 2. Indeed, one
could take the indices characterizing the fields, the constraints, etc, as ranging over
both a discrete set and the continuous set of all values taken by the o-coordinates of
the worldvolume, i — (i,04), ag — (ag, 0?), etc; replacing sums by sums or integrals
respectively and replacing ordinary derivatives with respect to dynamical variables
by functional derivatives. However, there are some subtleties in this generalization,
including the fact that we have explicitly considered only 7-gauge invariance. Hence,

we change the approach in order to account for space-time locality in full.

We define a local functional Fg, p] as the integral of functions of the dynamical
variables and its derivatives (up to some finite order), over the o subspace of the

worldvolume.

F = /dAla f(q", pi, Oaq", Onps, ...) (2.38)

Now, we say that a gauge theory in Hamiltonian form is local in spacetime if the

following conditions hold:

10



e The extended action is local.
Selg. p. 1] = / dr d* o [pig’ — A — 1°G,,] (2.39)

Here the Hamiltonian density .4 and the first-class constraints (at each point
o) in the set {¥,,, a0 = 1, ..., mo} are functions of ¢, p and their o-derivatives
up to some finite order. We require the number of coordinates and constraints

at each point o4 to be finite.

e The Poisson brackets at equal 7 are local in the sense that expressions like
{Z(01),9(02)} involve the delta function §(o; — 02) and its derivatives up to
some finite order, but no primitive of §(oy — 02). This is called local commu-
tativity and ensures that no nonlocal terms appear as a result of taking the

Poisson bracket between any pair of quantities.

e Identities between constraints that express reducibility take local form, so they

can be written in general as

GG + G 0nGy A+ oo A GO ADY 00 Gy =0 (2.40)

al

where a; = 1,...,mq; m; < myg, r is finite and the coefficients may depend on

phase space variables and their o-derivatives up to a finite order.

There are two additional conditions that prove to be useful in the statements
introduced later for these theories parametrized with coordinates of worldvolumes.
They are called regularity conditions. The first is the required local completeness of
the constraint functions. This means that any function of the phase space variables
and their o-derivatives that vanishes on the constraint surface is zero because of
the constraint equations only, without having to invoke the boundary conditions (in
the space o). A similar condition is imposed on the reducibility identities. By this,
it is meant that there is no local identity among %,,, 04%,,, etc, that cannot be
derived from the reducibility identities just by algebraic manipulations and differen-

tiations (up to finite order). No boundary conditions must be used in the derivation.

Poisson brackets can be defined in such a way that

{d'(01),p(02)} = 65 6(01 — o) (2.41)
In general, for any two functions on the phase space, .# and ¥4, we define

6@(0’1) 5%(0'2) . &@(0'1) 5%(02)
3¢ (o) Opi(o) dpi(o) dqi(o)

{F(01),9(03)} = /dA_la { (2.42)

11



where M denotes a functional derivative.

0B(a")

If we have a set of constraints ¢, (o), they generate gauge transformations given
by

5T (0) = {y(a), / dAla/naO(a’)%ao(a')} (2.43)

where .% (o) is a dynamical function and 1% (o) are just gauge parameters.

Under these transformations, the phase space variables change by

sio) = {ito) [aoio)d,o)

— /dA_la’nao(a’) /dA_lalé(a - 01)6(%:(2((;;) (2.44)
— /dA—lo_lnao (0_/) 555:;((0(—7),)
o) = - [ @) i) (2.45)

The extended action behaves like

5Sp = / dr d> o {m gq + piaﬁaqi — 6 — (517)Y,, — zaoa%o}
T T

or

— / dr d*7's {8‘9—7 (pidg’) — / dA_la’nao(a’)<aqz (0) ) | O (a)ézjj(g)

dqi (o) or
5 — (317)G,, — 1954, ]

— [ / dAlapiéqi] — / dr dAlU'??a‘)(U')ag%o(U')
T

T1

— | dr a* s [5% 4 (8190)F, + 154, ]

= [.]2+ / dr d* o [7‘7@0%0 — 6 — (61%)G,, — 17°0%,,

(2.46)
If we assume we can always write
{H6(0), G (0")} = V.2 (0.0") %3, (o) (2.47)
{“00(0), %5y (0")} = Cpyy* (0,0") %, (0) (2.48)
the variation of the action becomes
60Sg = [P+ /dT d* 09, (o) [1’7“0(0) — 1" (o)
(2.49)

(o) / P! (V, (o' o) — ()G (0 )

12
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Then, the Lagrange multipliers transform as
31 (o) = 0™ (o) — 0™ (o) / d>7o" (V" (0", 0) = 1°(0")C,, ., (0, 0))  (2:50)

2.2 Extended phase space and BRST invariance

The main idea of the BRST method is to replace the local symmetry of a gauge
theory by a global symmetry, working in an extended phase space which now include
extra dynamical variables called ghosts [34,35,37].

We start with a system parametrized by a coordinate of a worldline. The first
step is to include, for each constraint GG, one ghost n® of opposite statistics. Since the
initial system was taken as having just bosonic constraints, ghosts will be fermionic.
The conjugate momenta of these ghosts are denoted by &,. The coordinates of the
extended phase space is (¢', p;, %, 9,) and the definition of the Poisson bracket can
be generalized such that, between the ghosts we have {22, n*} = {1, Z,} = —6,°.
We can impose also that these new dynamical variables have vanishing Poisson

brackets with the original coordinates and momenta of the theory.

With the appropriate definition, the algebraic properties of the generalized Pois-
son brackets can be written as
{A, B} = (=1)=2*Y{B, A}
{A,BC} ={A,B}C + (—1)*4*8B{A,C} (2.51)
{{A7 B}7 C} + <_1)6A(6B+EC){{87 C}a A} + (_1>6C(€A+€B){{Cv A}7 B} =0
where A, B and C are functions on the extended phase space; and ¢4 is the Grass-
mann parity of the function A, that is, it’s equal to 0 (mod2) if A is Grassmann even

(bosonic) and to 1 (mod2) if A is Grassmann odd (fermionic). The third property

is the generalized Jacobi identity.

It’s easy to see that

AB = (—1)*4°BBA, €A = €4+ €p (2.52)

We introduce the ghost number of a dynamical function F' denoted by gh(F') as

gh(q') = gh(p;) =0, gh(n®) =1, gh(P,) = —1,

(2.53)
gh(AB) = gh(A) + gh(B)
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It turns out that any gauge symmetry allows for the construction of a global symme-
try on the extended phase space just defined. This symmetry is known as the BRST
symmetry. BRST transformations are such that its generator @, doF = {F,Q} ,

has the following properties:
e () is real, Grassmann odd £(Q)) = 1, and has ghost number gh(Q) = 1.

e () generates a nilpotent transformation.

This means that dg(0gF) = {{F,Q},Q} = 0, for any function F' on the
extended phase space. Using the Jacobi identity,

{Q.Q}L FY+ (1) {{Q, F},Q} + ({F,Q}Q} =0 (2.54)

= {{Q.Q}LF}+2{{FQ},Q} =0 (2.55)
Since F is arbitray, @ satisfies {Q,Q} =0

o If we express () as a polynomial in the ghost momenta &,

Q=> QW=+ U, P, (2.56)

p=0 p=1
where Q(©), and U% % are dynamical functions independent of &2, then, at

lowest order, () reproduces the generator of the initial gauge symmetry with

the gauge parameters replaced by the ghosts n®. This means, Q) = n°G,.

Thus, we can completely determine the BRST charge from the three conditions
above. To have gh(Q) = 1 we need the coefficients U*% to contain p + 1 ghosts
n®. Then

L L U (2.57)

bp+1.,.b1

U;z 1+lap ,, are functions only of the original phase space variables. They are called

structure functions of order p. In these terms, the constraints G, are the structure

functions of order zero. Then, nilpotency of dq implies
{Q,Q} = {n"G, + nblanUéblﬁa + ..., n°G. + ndlndQUCdel P+ ..} =0 (2.58)
Here we will only take care about terms up to second order in n®.
{Q,Q} = {n°Ga,n°Ge} + 2{nGo, UL Py} + ...
= —{n*Ga, G} +2{n", P UGPa}Go + ...
= nn{Ge, Go} + 20Pn°UL{n*, Py}G, + ...
= 11" (Cr + 2U%,) Gy + O (%)

(2.59)

14



1
So, nilpotency of the transformation implies U?, = _50 b and

ca

1
Q=nG,— 5771’77C b P+ ... (2.60)

Similarly, we can obtain higher order terms of the BRST charge. We have the BRST

transformations
0ot ={d,Q},  dopi = {p:, Q} (2.61)

and 0gl® is equal in form to the gauge transformation of [*, with 7* appearing ev-

erywhere as a ghost.

In the reducible case we work in a bigger extended space [34,38,39]. We introduce
ghosts n® and ghost momenta &, for each constraint GG,,. Then, at first stage and
lowest order in the ghost momenta, the gauge freedom of the ghost (originally a gauge
parameter) can be obtained by introducing a first stage generator G, = Z,%° Z,,,

because
S = {1, Gy} = —n™ Z,% (2.62)

where the sign is a matter of convention. We add new dynamical variables called
ghosts for ghosts ™ and its respective ghost momenta &2,,. These new variables
have opposite statistics from the ghosts n%, &, , and are defined to have ghost
number 2 and —2.

The generalized Poisson brackets are defined such that {Z,,,n"} = =4,

The same procedure is repeated for higher stages of the theory, changing the
statistics of the ghosts in each step.

In general for an rth-stage theory, we define the extended phase space as

(qi7pi7 Uao, L@am 77%7 @ak) (263)

where k = 1, ..., and the ghost number of the variables (n*, 2, ) is (k+1,—k—1).
Here all the gauge symmetry in the initial system becomes a global symmetry in the

extended phase space. Again, the BRST generator satisfies the following properties
e () is real, Grassmann odd, and has ghost number 1.

* {Q,Q}=0

e At the lowest order, Q appears as the generator of all the gauge symmetry in
the system, with parameters replaced by ghosts, ghosts for ghosts, etc. That

is,

Q=n0"CGoy +N"Z* ' P, + ... (2.64)
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Let’s define BRST-observables as the ghost number zero functions A(q, p,n, &) that
are BRST invariant,
SoA = {A,Q} =0, gh(A)=0 (2.65)

where two BRST-observables are equivalent if they differ by a trivial BRST-exact
term, A = B + {C,Q}. The physical gauge invariant observable in the original
phase space Ag(q,p) will be the term in A that is independent of ghosts and ghost
momenta. We say that A is a BRST-invariant extension of Ag. It can be shown
that A is always determined by Ay and the BRST-invariance condition recursively.

For example, take the constraint functions G,,. Since we assumed they are all
first class we know that 6G,, = n®{G,,, Gy, } =~ 0 (here 1 is just a gauge parameter).
Then G, is gauge invariant for all ay and we can define its BRST-invariant extension,
which is denoted by éao. Notice that, being @ = n*G,, + ... (now 7 is a ghost), we
have

{_gam@}: —{anaﬂbo}GboﬂL--. :Ga0+--- (2.66)

where in the last expresion the terms we didn’t write contain ghosts.

This expression is obviously BRST-invariant and we define éao ={-Z,,,Q}
That assignment makes sense because, being éao BRST-exact, it is identified with
the zero operator, as it should be for the extension of a constraint.

Recall that {Hy, G,} ~ 0. Then, Hy is gauge invariant and will have a BRST-
invariant extension which we simply call H, {H,Q} = 0. Now, we define the time
evolution of a dynamical function F' defined on the extended phase space as

pr {F,H} (2.67)
It can be proved that the Poisson bracket structure is preserved when passing from
gauge invariant observables in phase space to BRST-invariant ones in the extended
phase space. From this results that if a dynamical quantity F(q,p,n, &) is a BRST-
invariant extension of an observable Fy(q,p), then equation (2.67) is equivalent to

the original equation of motion

dF
—= = {Fo, Ho + 1" Gay} = {Fo, Ho} (2.68)

If we give an appropriate definition of the time evolution of the ghosts in this
extended phase space, then equations of motion are determined with no arbitrari-

ness, in contrast to the case in the original gauge invariant formulation. In order to
actually see this, take {H, @} = 0. Then,

(Hf Gy + .} =0 = {H ) Gop + 7 {H.Go} +.. =0 (260)
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= = {0 HY ="V, (2.70)

where the dots account for terms that contain at least one ghost momentum.
Similarly we can consider the Poisson bracket of H with the BRST-invariant
extension G, of G, taking care of the lowest order contribution which is just the

bracket between gauge invariant dynamical functions
(H,Gopy = {Ho,Gap} + ... =  —AH AP0, Q}} =V, G + ... (2.71)
Now using the generalized Jacobi identity for the variables &2,,, @ and H,

{{’@CLWQ}’H} - {{Q,H}, f@ao} + {{H7 ’@ao}vQ} =0 (2'72)

and {H,Q} =0, we get

{{‘@aoaH}aQ} = VaobOGbO + ... (273)
=  {{ P, H} "G} + ... = VP0G, + ... (2.74)
= {{:@ao, H},T]bo}Gbo + ... = VaObOGbO + ... (275)
So we obtain
‘g'zao = {yaoaH} = _‘/;Loboybo + ... (276)

where the terms we didn’t write are at least of second order in the ghost momenta.
From the equations of motion of the ghosts one infers that if they vanish at
initial 7y, then they vanish at all 7, and the equations of motion for the variables
in the original phase space become just the ones generated by the gauge invariant
Hamiltonian Hy. We can think of this Hj as the extended Hamiltonian in the fixed

gauge [ = (),
Hy = Hg(I* =0) (2.77)

That’s why equations defined by (2.67) are called gauge fixed equations of motion.

We set two BRST-observables equivalent if they differ by a BRST-exact term.
Notice that this does not modify the dynamics of the BRST-invariant functions. We
could replace the BRST-invariant Hamiltonian H by

H — H+{x,Q} (2.78)

where x is an arbitrary Grassmann (taken to have ghost number —1) odd function

on the extended phase space. x is called the gauge-fixing fermion, since the new
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Hamiltonian describe in a generically different way the time evolution of non-BRST-
invariant quantities, that means a new gauge-fixing at the level of the original phase
space. If we want the extended Hamiltonian to be in the gauge [%° = k%, we need

to choose an appropriate gauge-fixing fermion, where
H+{x,Q} = Ho + k"G, + ... (2.79)

An evident choice is x = k* Py, + ... .
We can introduce a generalized action principle starting with the gauge-fixed
action

i'pi+ > i P, — H—{x,Q} (2.80)

k>0

SX[Qupﬂ% (gZ] :/dT

and obtain all the equations of motion by varying the dynamical variables in this
action.

More general gauge choices can be achieved; for example, to impose some gauge
conditions f” = 0, r running over a suitable index set, we could write the gauge-
fixing fermion as x = [, gh(x) = —1. Considering {Q, &} as independent
auxiliary fields, their equations of motion automatically impose the desired gauge

conditions. These auxiliary fields are known as the Nakanishi-Lautrup fields.

We could also work in the phase space that contains [* and their momenta 7,
as additional coordinates. Since [* is absent in the extended action, there are new
constraints m, = 0 which are also first class, {m,, m} = 0. There will be fermionic
ghost pairs associated to these constraints, denoted by (p?, C,) and called antighost
momenta and antighost, respectively.

The new non-vanishing Poisson brackets are {p®, Cy} = —§2.

We take C, to be real and p® to be imaginary, so that there is a new term in
the BRST charge, —ip®m,. The original variables (¢, p;, n%, &,) are said to belong
to the minimal sector and the new variables (I 7,, p% C,) to belong to the non-
minimal sector. (Here we are restricting ourselves to the case of an irreducible set
of constraints, {G,}).

The total BRST charge is

QT = QMin + QNonmin (281)

QMin = naGa + Z Q(p)7 QNonmin = _ipaﬂ-a (282)

p>1
It can be shown that it’s equivalent to work with Q. in the extended phase

space or with Q)7 in the further extended phase space.
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Thus the gauge fixed action is written as

SX[Q7p7777 '@7 lu ™ P, é] = /dT |:q1pz + ﬁat@a + l‘aﬂ-a + é’apa - H - lg\c—ja - {X7 QT}
(2.83)
where [°G, is the BRST-invariant extension of [*(,.

Introducing the nonminimal sector in this way will allows us to choose more

general kinds of gauges.

We can also generalize these results to the case of systems described by coordi-
nates over a worldsheet or higher dimensional worldvolumes.

The BRST generator turns out to be a local functional

Q= / d>"lo Q(o) (2.84)

Nilpotency of the BRST transformation implies

0=1{Q,Q} = / A1y g3y [0(0), (")} (2.85)

So the lowest order terms must reproduce the gauge generators multiplied by the
ghosts associated to the gauge parameters, or must be the first, second, or higher-
order-stage generators, and we must require the quantity {Q(c), Q(¢’)} to be zero
up to derivatives of phase space functions.

If we assume that C, , “(0’,0) has the form

C, % c,0)=08(c—0)€

apbo aobo

(g, (2.86)
then the first terms in @ turn out to be

1
Q(0) = "%y + N L, Py, — =01 CC, 3 " Py + .. (2.87)

9 cobg
where 2;,"*~'’s are the reducibility functions of order k.
Finally, in order to quantize the system we let the dynamical variables of the
extended phase space become linear operators acting on a Hilbert space 77 of state
functions of the system. Then, our BRST charge becomes also a linear operator.

Upon quantization generalized Poisson brackets become graded commutators, so

the nilpotency condition on the BRST transformation translates to

{Q.Q}=2Q°=0 (2.88)
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We also demand @) to be a hermitian operator and define BRST observables as linear

operators which satisfy
{A4,Q} =0 (2.89)
We require physical states ¢ to be BRST invariant

QY =0 (2.90)

We say that states satisfying Q¢ = 0 are BRST-closed, while states of the form
¥ = Q¢ are BRST-exact, and define physical states to be equivalence classes of
BRST-closed states modulo BRST-exact ones (that is, elements of the quantum
state cohomology). Similarly, a BRST-closed operator A satisfy {A, @} =0, and a
BRST-exact operator B is of the form B = {C,Q}. We identify closed operators
that differ by an exact one.
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Chapter 3

The Superparticle in Four Dimensions

3.1 The topological particle

Consider a system described by a point particle moving in a D dimensional spacetime
and whose trajectory is a worldline parametrized by 7, having the following gauge

invariance

dx™ (1) =™ (1), m=0,1,....,.D —1 (3.1)

where €™ (1) are arbitrary functions of 7. This is just invariance under general
coordinate transformations and it is easy to see that the simplest Lagrangian that
allows for the system to have that property is L(x™, ™) = 0. This gives a vanishing
action S[z™(7)] = 0 and the system is known as the topological particle [40,41].

The momenta are

_ oL
o 9gm

Then we have the constraints P,, = 0 and we inmediately obtain Hy = 0. All

=0 (3.2)

constraints are first class since {P,,, P,} = 0. Besides, {Hy, P,,} = 0. The gauge

transformations read
oz ={az" e"P,} =" =™ (3.3)

IP™ ={P" "P,} =0 (3.4)
and the extended Hamiltonian and action,

Hy=Hy+ L"P, = L"™P,, Sp= / dr [Pi™ — L™ P,] (3.5)

where L™ are the Lagrange multipliers imposing the constraints as their equations
of motion.
Now we define the extended phase space by introducing the ghosts 6™ associated

with the constraints, and their corresponding momenta p,,,

(2™, Py 0™, p) (3.6)
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Thus, in this space there is a global gauge invariance generated by the BRST

charge

Q=06mp, (3.7)

and, since Hy = 0 is already BRST invariant (it can be set equal to its BRST

invariant extension H = Hy), we write the gauge-fixed action as

S, = / dr [ij:m — ™ — {x, empm}] (3.8)

Consider the previous theory in a D = 2d dimensional Euclidean spacetime.

If v™ is an SO(2d) vector, we can define the complex coordinates

2t =P i, A=z =P — @ (3.9)

2 =23 42 20 = 7% =23 — 22, a=2,..d (3.10)

and we say that (2%, 2%), a = 1,2, ...,d is a complex split of v™.

Inverting the previous relations,

1 T 1 1
P = 5(21 + 21, V0 = 5 — (' =2 (3.11)
2a—-3 1 a a 2a—2 __ 1
v = —(2"+ 2%, v — (2% —2%), a=2,..d (3.12)

2 2
Similarly, for the vector u,, we write its complex split (y4,ys) as

Y = uUp—_1 — in, Yyi = ?jl =Uup_1+ in (313)

Yo = Uq—3 — 1U2q—2, Ya =Yg = Uq—3 + Uq—2, a=2,..d (3.14)

Evaluating the SO(2d) invariant expression

D—2
vuy, = vPtupoy + 0 ug + Z %,
a=2
d
1 . . (3.15)
= Z__LZ z¢ +Z ya+yﬁ)_<z _Z)(y&_ya)]
a=1
= %(Zaya + Zaya)

where in the last line we return to the convention of summing over repeated
indices.
Denoting the complex splits of P,,, ™ and L™ as (P,, Pz), (% z%) and (L%, L%)

respectively, we can write the action in a form which is not manifest invariant under
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SO(2d), although explicitly invariant under U(d) transformations of the complex

variables.

1 ] ]
S5 =3 / dr [Pyi® + Ppi® — L°P, — L P, (3.16)

In this action we read the constraints P, = 0 and P; = 0; however, we could just

impose one of the set of constraints obtaining

1 _
So =3 / dr [Pi + Pyi® — L°P,] (3.17)
The resulting theory is not SO(2d) invariant anymore. This can be expressed also
as the fact that we chose a specific definition of the complex coordinates in the Eu-
clidean space. It turns out that there are inequivalent ways to do this assignment,

therefore this process does not preserve the initial symmetry of the system.

The extended phase space of this new system is (z%, P,, 2%, P;, 0% p,), the BRST
generator, () = 0*P,, and the gauge-fixed action,

5= / dr [P + P = pad® — {x,0° P} (3.18)

3.2 Twistor constraints

In 1967, Penrose introduced a new type of algebra for four-dimensional Minkowski
spacetime, whose elements he called twistors [42]. Twistors can be seen as the
‘spinors’ associated with the conformal group of Minkowski spacetime, in a similar
way as ordinary spinors are related to the Lorentz group [44-46].

Here, we will introduce twistors as objects whose components are spinors which
determine the classical system of a particle with zero rest mass. This particle carries
null momentum F,,, and angular momentum with respect to some choice of origin

in spacetime M m,n =0,...,3 (M™" is antisymmetric).

In order to describe a zero rest mass, we must impose the following conditions

on these quantities,

P,P™ =0 (3.19)
Sm = sPy,,  for some s (3.20)
where Sy, = =Emnp P MP? is the Pauli-Lubanski vector (€, is totally antisym-

metric with £0123 = 1)
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Equation (3.19) can be solved in terms of a bosonic spinor A; writing*

P, = %)\da,‘?‘l‘)‘/\a = %)\aamad)\é‘, where A\, = (\g)* (3.21)
since
AT A)(AG™A) = (MG A)(Aa™A) = Ao )\500‘0‘ O
- —2égég‘>\an5\5)\5 = C2A AN (3.22)

= 0

~ 1
Now, notice that the quantity M,,, = §5mnqupq is antisymmetric. Then we

can write this antisymmetric tensor in terms of a symmetric complex bispinor %

as
rmn af aﬁ —af 045
M™ = 40 O sH +2 1 ﬁﬂawu (3.23)
where 199 = (p8)*.
This happens because
N™ = —iol Bﬁuaﬁ & — ia%azduﬁasﬁd =0, Bﬂ/f‘ﬁ e = _ Nmm (3.24)

Notice that the second term in (3.23) is necessary in order to keep M™" real.
We can insert equations (3.21) and (3.23) into relation (3.20). First,
n i —N af ¢ . aff _6f B
Ninn P = =5 0ma 350" e INA, = 10 mach PPN 05 (3.25)

and similarly with N™" = (N™)*,
Then (3.20) implies

iUmad(ua’BEdB + ﬂdBSQB)ABS\B = QSS\QO'mad)\d (326)
Contracting both sides of this equation with 5””7/_\W we get
1A =0 (3.27)

Solving for the bispinor,

p? = ipeNf) (3.28)

where p“ is some other spinor.

*We will use the conventions given in [43], except for the fact that the antichiral spinor A is

not written with a bar over its name, putting the bar on the chiral spinor instead, as in [44].
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Thus, our system can be equivalently described by two spinors A\; and p®. The

twistor will be the pair (u®, Ag). These components satisfy
25 = p* Ao + Ao fi® (3.29)
For a spin-zero massless particle u®A, + Agfi* = 0 and we can write
Lo = " Omaa A (3.30)

where x™ is any real vector.

To see how twistors arise in another context we could consider the topological
particle discussed at the end of the previous chapter in four dimensional Minkowski
spacetime. Since going from one signature to another just needs appropriate Wick
rotations, we start with Euclidean spacetime.

The spacetime coordinates are ™, m = 0,1, 2, 3 and we define the complex split
2t = 2% +ia”, zh = 2% —ia” (3.31)

2? = +ix?, 7? = ' —iz? (3.32)

The complex split of P, will be denoted by (P,, Pz), and the topological particle

was given by the extended action

Sp = % / dr [Paz'“ 4P — L“Pa] - / dr [me'm - %Lapa] (3.33)

So we have a system with two constraints

Pi=P—iP~0, P,=P —iP,=0 (3.34)
that could be written equivalently as

G, =Py +uPy = 0, Gy =Py —uP; =0 (3.35)

where u is an arbitrary complex quantity.

In terms of the components of the momentum vector, these last constraints read
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or in matrix form,

G1 P3+ZPO Pl—iPQ 1
_ (3.38)

G P +iP, —P3+iP, u

[\

Apparently we can write this equation in spinorial form by using four dimensional

Euclidean sigma matrices 6™, m =0,...,3, a =1,2, & = 1,2

ad)?

7 0 0 1
o’ = , ol = (3.39)
(I 1 0
0 —2 1 0
o? = , o = (3.40)
i 0 0 -1

and defining the spinors (of different chirality),

Gy _ 1
G, = , £* = (3.41)
GQ u
Then
Go = PLho"&% = Pp(0™), (3.42)

Notice that £% is fixed but arbitrary. The fact that we are choosing a particular
complex split of our variables is reflected here in the choice of u in our spinor, that
is, the choice of particular element of the complex projective space CP*.

The action (3.33) can be written as
, 1
Sp — / dr [mem 5L Pu(0"€)a (3.43)
This action is not SO(4) invariant, but we would obtain a covariant theory by
replacing the fixed spinor €% with a spinor dynamical variable A%, and adding the

corresponding kinetic term to the action. We also include terms corresponding to
the opposite chirality A* = (A%)*

.. - 1 1 - .
Sp = / dr [Pm:'cm +AaA + Ve = L Pr(0"Na = 5LaPu(d" V)| (344)

where fig, 1 are the momenta conjugate to A* and A, respectively.
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Moreover, since we are parametrizing CP*, we want the local scaling of the spinor
to be a symmetry of the action. This symmetry will be generated by pu*A\, — fig\®.

So the final extended action of the new theory is

. | 1- . _ .
Sp = / dr [me'm+ﬂd/\‘”+ua)\a—§L“Pm(am)\)a—§Lde(5mA)“—A(u“Aa—ﬂdAa)

(3.45)
where A is just a Lagrange multiplier.
So we have a system with the following constraints
G = Ao — ia\* =~ 0 (3.46)
1
G, = §Pm(am)\)a ~0 (3.47)
_ . 1 — .
G* = §Pm(6m)\)a ~0 (3.48)
obeying the algebra
1 g
{G, G} = =5 Pnolalins, AN =G, (3.49)
. 1 . o .
(G.G%) = S Pud™ (4 A} = G (3.50)
The gauge transformations generated by these constraints are
ox™ = {Im, (G +0°G, + éaéd}
1 o (3.51)
= 5(90 A+ 0o )\)
Ofia = —Ciglia, X'} + 507 oy {jia, X'}
1 (3.52)
= CHa — épm(eUm)a
1 A
op® = —Cu* — §Pm(90m)a (3.53)
6P, =0, SAY = —(\° e = (Ao (3.54)

where (,0* and 0, are gauge parameters. We extend the phase space in order to
include the ghosts and ghost momenta corresponding to the previous constraints.
We call the ghosts the same name as the parameters of the gauge transformation
given before ¢,0* and 0,, and the we write the momenta p, p, and p* respectively.

Besides, we take into account the reducibility condition

MGy — AgGY =0 (3.55)
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writing the first-stage generator A*p, — A" and introducing the ghost for ghost ¢
and its associated conjugate momentum f.
The BRST is, according to equations (2.60) and (2.64),

_ . 1 1- _ .
Q = (N — Jig)Y) + =0°Po(0™ N o + =04 P (6™ N)°
( ) + 507 B (0" Ao + 500 (@A) (3.56)

+¢(§‘apa - Adﬁd) + geapa - gédpd

We perform a canonical transformation of the phase space variables in such a

way that the charge transforms as

_ . 1 1 -
Qnew - Q + {va Q} = ¢(>‘apoc - )\dﬁa) + éeapm(o.m)\)a + §0dpm(6m>\)a (357)

and we can gauge-fix the ghost-for-ghost ¢ = 1. Then the BRST charge in this

hypersurface reduces to

Q' = Xdo + GaX* (3.58)
where )
doy = po + §Pm(am§)a (3.59)
N | m
qa = Pa + §Pm(97 )é (3.60)
The gauge-fixed action is
Sp = /dT [ijsm T AE A 1®N + 0%p + 045" (3.61)

On the other hand, we could solve the constraints and obtain the solution
P, = Ao, A = 2™E )\, Lo = " Omac A (3.62)
The expression for P, is correct since Ao, A = Ag,A and
Pro A = Aot N5 AT = —268500 A5\ = 28, A\ = 0 (3.63)

and similarly P,,6™%\, = 0.
The other two relations in (3.62) are more obvious to check.
Then the pair (u*, As) can be considered as describing a twistor; we call the

constraints G, ~ 0 and G% ~ 0, twistor constraints.
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Chapter 4

The Superparticle in Ten Dimensions

4.1 Twistor-like action for the superparticle

The discussion about covariantizing the topological particle can be generalized to
higher even dimensions. It is shown in [47] that projective pure spinors (pure spinors
up to scale) in D = 2d Euclidean dimensions parametrize complex structures on R
(see also [48]). This is equivalent to say that the space of projective pure spinors can
be identified with SO(2d)/U(d) and this allows us to rewrite the constraints P, ~ 0

into an equivalent form
Pr(7"€)a = 0 (4.1)

In ten dimensions there is no matrix that can raise or lower indices, so we consider

a theory with a pure spinor of a given chirality. The pure spinor condition here is

£ vapt” =0 (4.2)

Now, instead of the fixed £* we introduce the pure spinor A* as a dynamical variable
(along with its conjugate momentum w,, ), writing the appropriate kinetic term in the
action and taking into account the scaling symmetry associated with that variable.

That is, we start with the extended action
) . 1 1
S = /dT {mem + W AY — Aw N\ — §LO‘Pm(7m)\)a — EAm()\ym)\) (4.3)

where A, L* and A,, are Lagrange multipliers which impose the constraints

1 1
G = wa)\a ~ O, Ga = §Pm(’}/m)\)a ~ O, G" = 5)\’}/m>\ ~0 (44)

These constraints are first class, satisfying the algebra
{Ga Goc} = _Ga (45)

(G,G™} = —2G™ (4.6)

29



and generate the following gauge transformations, with ¢, % and ¢,, being the

corresponding gauge parameters:
1 1
62 = {2, (G +6°Ca + cnG"} = {fcm CwaX® + S0P (V" Mo + §cm(mmA)}

= SENRIN) = 300 = 5
(4.7)

1 N Lo
dw, = Cwg{way, MY+ §Pm957ﬁp{wa7 A} + Ecm%’p{wa’ AN}

1 1
= —Cwsdl = SPab 0%+ gen {0 NIV £ N (0o ) (43)

1
= —Qwg — §Pm<7m6)a — (V" N)a
0P, =0, ON* =\ (4.9)

The transformation of the Lagrange multipliers are obtain from eq. (2.34)

SLY = 0% + A9~ — CL°, 6A = ¢, 0N = Cm + 2Ac, — 20N, (4.10)

Now we extend the phase space to include the ghost variables (, 8¢, ¢,, and the
corresponding ghost momenta p, p,, b which are all fermionic.

Notice that the constraints are reducible since they satisfy
NGy — P,G"M =0 (4.11)

and we have a first stage generator A*p,, — P,,0™; then, we further extend the phase
space to include one bosonic ghost-for-ghost coordinate, ¢ and the corresponding
bosonic momentum, f.

One problem arises here since there are many more reducibility conditions in-
volving the constraints G™. It can be seen that many levels of reducibility appear,
starting with (7,,A)oG™ = 0, and the construction of the BRST becomes too com-
plicated, appearing ghost-for-ghosts at each level.

The strategy here is to exclude the generator G™ = Ay™\ from the extended
action, and to consider the dynamical variable \* as being a pure spinor from the
beginning. There are some subtleties appearing now. The BRST transformation
of the momenta w, is nilpotent up to terms proportional to the transformation
generated by G™, and the Poisson bracket of the charge with itself vanishes up to
terms proportional to the pure spinor condition. Besides, the reducibility condition
now is just A*G, = 0. However, now this relation becomes a source of an infinite

tower of ghosts-for-ghosts due to the pure spinor condition; reducibility conditions
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start at the fisrt level with (7,,,A\)*Go = 0. We will not take into account the infinite
tower of ghosts in the following analysis and see what happens there.

To construct the BRST charge we write the extended phase space,

(xm7Pm7 A(17/LUCY7<-7p706)é7])(317¢7/8) (4'12)

The ghost numbers of these variables are
(0,0,0,0,1,—1,1,—-1,2,-2) (4.13)

The BRST generator is, according to equations (2.60) and (2.64), Q = Qo + @',

where

1
Qo = Cw A + §0°‘Pm(7m)\)a + A pa — CO0%pa (4.14)
The terms in ' are obtained by requiring nilpotency of the BRST transformation.
0={Q,Q} ={Qo, Qo} +{Q", Q"} +2{Qo, Q'} (4.15)

Now,

{Qo,Qo} = {Cwar™, 0°Pn(v™N)g + 20N ps}
+{0°Pn(v" Na , &XN°ps — C0%ps} — 2{6Xpa , (6°ps}
= 0PPovisC{N  wa } Aa — 20C {N,wa} A%ps
+ON {5, 07} Prn(7" N o — €07 {5, 0} Pr(7" N
+20p N {0, ps} pa
= Pu(07" )¢ = 20CNpg — dPrn(Ay™A)
+PuC(07™N) = 20N pg
= —4CNps

So we must find a )’ such that

(4.16)

{Q,Q'} +2{Qo, Q"} = 46(\pg (4.17)

Besides, @' should contain terms with higher order in the ghosts or in the ghost
momenta. Since, ()’ must have ghost number 1, we have only some possibilities
for the remaining terms. The next order terms will contain two ghosts and one
antighost, with numbers (1,2, —2). Then we could have (¢f or ...0%3. Let’s try
with the first one, i.e. @' = n(¢S, where n is just a real number. In this case
{Q',Q'} is just zero, and eq. (4.17) becomes

n{PA Pas (BB} = 26N Pa (4.18)
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Thus, n = —2 and the BRST charge reads

Q = Cw A\ + %HaPm(’ym)\)a + X pa — (0% — 2CP5 (4.19)

The gauge invariant Hamiltonian is just Hy = 0, so its BRST invariant extension
can be set to zero too, H = 0. Gauge-fixed actions can be obtained by choosing

different gauge-fixing fermions y, and writing

Sy = [ dr [Pad™ + i+ ot 0 +05 - (.Q) (4.20)

Now we can evaluate de BRST transformation of all the variables in the extended

phase space, using the notation 0gF = {F,Q}

1
5B)\a = C)\a’ 6Bwo¢ = _Cwa - §Pm(’ym0)a - ¢pa (421b

0pC =0, O0gp = =W AY + 0% + 206 = M (4.21c
0pl* = =A™ + (6%, 0BPa = _%Pm<7m)‘)a — (pa = No (4.21d
Sp6 = —2(6, 558 = —\pa + 208 =V (4.21¢

where M, N, and V are the Nakanishi-Lautrup auxiliary fields.

We could take the Lagrange multipliers A and L® as additional coordinates of the
system. Then we should include the corresponding conjugate momenta, which we
will call r and 7, respectively. Since neither A nor L* appear in the previous action,
we must impose the constraints r =~ 0 and 7, ~ 0 which are obviously first class.

The further extended action is

S = /dT [Pmm'm + w A\ + Ar + L7,
1 (4.22)
—Aw N\ — aL‘le(Vm/\)CY —Ir — lawa]

where [ and [* are Lagrange multipliers which impose the appropriate constraints.

At this point, the extended phase space is given by the coordinates
(l‘m’ Pm’ Aa’ wa? A’ r? La? 7TOC7 C) p7 Qa’pa’ S’ D7 pa7 éaa ¢7 6) (4'23)

where s and D are respectively the antighost momentum and the antighost associ-
ated with the constraint r ~ 0; p® and C,, are those associated with 7, ~ 0. Ghost
numbers are

(0,0,0,0,0,0,0,0,1,-1,1,—-1,1,—-1,1,—1,2,—2) (4.24)
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A gauge-fixed action is obtained by means of some gauge-fixing fermion Yy,

Sy = /dT [Pm:i:m + wa}\“ + Ar + L“Wa + ng + éapa
. ' (4.25)
+DS + Oapa + ¢6 - AG - LaGa - {X> QT}

where AG and L°G,, are the (total) BRST-invariant extensions of AG and L“G,
respectively, and Qr is the total BRST-charge which contains both the minimal and

the non-minimal sectors,
Qr = Q —isr —ip°m, (4.26)
The total BRST charge is

1
Qr = Cw A" + §9°‘Pm('ym)\)a + PN py — COYpo — 2CHB —isr —ip“m,  (4.27)

It’s easy to see that {Qr,Qr} = 0.

Again, we can evaluate de BRST transformation of all the variables in the ex-
tended phase space, denoting 6rF = {F,Qr}, we see that the transformation of
the previous variables remain unchanged, and we have new transformations for the

non-minimal sector.

orA = —is, drr =0 (4.28a)
opL® = —ip”, Orme =0 (4.28b)
ors =0, 67D = ir (4.28¢)
Srp® =0, 67Cy = i, (4.28d)

(4.28¢)

From the BRST transformation we can read the behaviour of each dynamical
variable under local scale transformations, that is, under transformations generated
by G = w,A*. That’s because we required the BRST-charge to generate the gauge
transformations of the variables at the lowest ghost order. So we just have to look
at the terms which contain (. Now, the actual form of the transformation must be
generated by a bosonic quantity, so we take as a generator nQ)r, where 7 is just a

fermionic constant. Then, for a dynamical quantity F,

OF ={F,nQr} = (=1)""n{F,Qr} = (=1)""nér F (4.29)

So, for example, the bosonic variable A* behaves like A% = n¢ A%, while the fermionic
0% behaves like 0% = —n(O*. From this we easily conclude that under the finite
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local rescaling A\ — QA the dynamical variable 6 transforms as 6% — Q1.
Similarly we obtain the scaling of the remaining variables.

So, when A\® rescales like A* — Q(7)A\%, we obtain
Wo — QL w,, 04— Q7Y py— Q. (4.30)

b— 0%, B— 08 (4.31)

We also calculate the BRST-invariant extension of AG + L*G,. Since the ex-
tension of G is G = {=p, Qr} and similarly G, = {=Pa, Qr}(see eq.(2.66)), we try
the expression

{_pA - paLa7 QT} - {_P> QT}A - p(STA + {_pav QT}La
—pabrL® (4.32)
= AG+ L*G,+ A, G™ + ...

This is the right choice since the dots contain terms of higher order in the ghosts or
ghost momenta.

Thus, the gauge-fixed action becomes

S, = /dr [ij:m + WA + Ar + L7y + Cp + 0pa
o (4.33)
+Ds + Cop + 68 + {pA+ L, Qr} — {x.Qr}]

4.2 Gauge fixing to the pure spinor superparticle

We can construct a dynamical function whose Poisson bracket with the dynamical
variables of the extended phase space gives just the ghost number of these variables.
We call it the ghost number function, and denote it by N.

For instance, in the phase space (™, Py, A%, Wa, ¢, p, 0%, Pa, ¢, 3), We can define
N =C(p+ 0%y + 2003 (4.34)

and we obtain
{GNY=¢ ApNE=—p, {0 N}=6%  {pa,N}=-pa (435)
{op. N} =26, {BN}=-28 (4.36)

The Poisson bracket of the remaining variables with N gives just zero.
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The condition gh(Q) = 1 implies that the BRST-variation of a dynamical vari-
able must have ghost number equal to the ghost number of the variable plus one.

That means, for any dynamical variable ¢ of ghost number n,,

{v.NY=n¥ = {¥,Q} N} =(ny+1){¢,Q} (4.37)
Jacobi identity for the variables ¢, Q and A reads
{v, @} N} + (D)7 {Q.N} v} + {{N,¢},Q} =0 (4.38)
= {0, Q}+ (D)7 {Q N} v} =0 (4.39)
= {v,Q-{QN}}=0 (4.40)

Since this holds for any ¢, we find

{QN} =Q, (4.41)

in agreement with gh(Q) = 1.
Now notice that the bosonic function ® = w,A*—0“p, —2¢ has Poisson bracket
with @) equal to

(@9} = {oXpat S8 Pu" Nt (O, @
= {APa, wsN —07ps — 205}
—|—%{9‘”Pm(7m/\)a , wgh® — 6%pg) (4.42)
=0
= {Q,9} =0

So, we can defined a new ghost number function, the so called twisted ghost
number function, N/ = N + ® = (p + w, A%, that satisfies

{QN} =@ (4.43)

and assigns the following twisted ghost numbers to the variables of the phase space:

{GN} =, {p,N'} = —p (4.44)
AN} =2, {wa, N} = —w,4 (4.45)
{0°,N'} =0, {pa, N'} =0 (4.46)
{o. N} =0, {(B,N'} =0 (4.47)

35



{xmaN/} =0, {PmuN,} =0 (448)
So we see that after this twist, the matter and ghost content of the theory just

exchange roles, except for (, p, and the usual space coordinates and momenta.

Now we make a change in the BRST charge induce by a canonical transformation

of the extended phase space variables generated by C = (p.

Quew = Q-+ 10p.QF = @+ G, (B} = ONpa+ 20 Pu(" N (449
And we write the gauge-fixed action

Sy = /dr [Pmy‘cm + Wa A + Cp + 0%Pa + 38 — {X, Qnew} (4.50)

The BRST transformation of the variables is
dpr™ = %/\’ymé’, opPn =0 (4.51a)
0pA\* =0, OpWy = —%Pm(fymﬁ)a — PP (4.51b)
0 =0, 0gp = =W A" + 0%y + 208 = M (4.51c)
dpl* = —p\°, 0BDa = —%Pm(ym/\)a =N, (4.51d)
dopp =0, 0 =—A"pu =V (4.51e)

Now we gauge fix ¢ = 1 by using the gauge fixing fermion y = (¢ — 1)p. Then
{x,Q} = (¢ — 1) M and the gauge-fixed action takes the form

Spisea = [ dr [Pui™ +w0a3 4 ot 0%+ 68— (6 DM] (4.52)

Solving the equation of motion for p and for the Nakanishi-Lautrup auxiliary field

M, we get
S}i:ped(d):l) = /dT |:Pm«rm + wa/‘\a - paéa} (453)

The BRST transformations in the hypersurface ¢ = 1 are

da"™ = %)\Vmﬁ, 0P, =0 (4.54a)
oN* =0, Wy = —Po — %Pm(’ymﬁ)a (4.54b)
50¢ = =)\, OPa = —%Pm(ym/\)a (4.54c¢)

(4.54d)
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These transformations are nilpotent (except for w, as already explained in the

previous section) and are generated by the ghost number 1 charge

1
qure spinor — )\apa + ieapm(,ym/\)a (455)

This is the BRST charge for the pure spinor superparticle introduced by Berkovits
in [27].
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Chapter 5

The Superstring

5.1 Twistor-like action for the superstring

Now we try to generalize the previous discussion to the case of the superstring. We
consider as dynamical variables of the system the spacetime coordinates ™ (7, o) and
their conjugate momenta P,,(7,0), as well as the pair of pure spinors, A%, A% and
the their momenta w,, ws. The T-dependence of these variables will be implicitly
assumed always.
The natural generalization of the twistor-like constraints of the superparticle is
given by [31],
G = %(Pm + 0,2™) (N A 0 (5.1)

~ ~

Gy = é(Pm — 0p™)(YmA)a =~ 0 (5.2)
We also include de constraints

G = wa A" & 0, G =\ ~ 0 (5.3)

We evaluate the Poisson brackets of these constraints and obtain

{G(O’l), Ga(Uz)} = —5(0’1 — UQ)GQ(O-Q) (54)
{G(01), Galos)} = —6(0y — 03)Ga(0) (5.5)
as well as
{Gal01), Gslo2)} = i({Pm(ol),é’@xn(Ua)}

+ {05,27(01), Pu(02)}) (YmA)a(01) (7" A)5(02)

= —ﬁ (0,6(01 — 02) — 0,6(01 — 02)) (YN 02) (7" V) 3(02)
_ ia@l — 03) (TN (V"0 V) ) (1)

(5.6)
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where we have considered that eventually we will integrate over the o-variables, so
the previous result holds up to o-derivatives.

Similarly,

{Gal01), Gylo2)} = —35(01 = 02) (1N (V"0 A) g (01) (5.7)

A

{Gal01),G(02)} =0 (5.8)

If these were the only constraints of the system, we notice that G, and G would
be second class constraints. In order to describe a theory with first class constraints

only, we must introduce some more constraints to the system.
Fo = 9,\* ~ 0, F& = 9,\% ~ 0 (5.9)

Thus, the constraints G, G, F a,é, Gs and F are first class and satisfy the

Poisson algebra

{G(01),Go(02)} = —0(01 — 02)Gol(07) (5.10)
{G(01),Gal02)} = =0(01 — 02)Ga(01) (5.11)
(G(01), F(02)} = (01 — 09) F*(0n) (5.12)
{G(01), Fo(09)} = —0(01 — 02) F¥(0y) (5.13)
{Galon), Go(2)} = 15(0n — 02) (1N ) (514)
{Ga(01), G3l02)} = —70(0n = 02) (i Va7 ) (5.15)

First class constraints generate gauge transformations.

Let us denote
5X (o) = {X(a) , / do’ (gG +0°Go + o F* + (G + 6°G4 + ﬁdﬁd)@/)} (5.16)

where (, 0% nq, é , éé‘, Na are the corresponding gauge parameters.
Then

Sy = % / do'{2"(0), Po(0')} (67" + "3 )()
1 m & mA
= 5()\7 0+ Ay 9)
1

P = 5 / 40" {Po(0). 02" (0")} (04"A — 673 )0

(5.17)
= %80 ()\’ymG — 5@"@)
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oA = / do'C(a"){N* (o), ws(0" ) }NP (') = ¢, SAS = X\ (5.18)

Similarly we obtain

Owe = —Cwo — % (P + O5tn) (770), + 0ol (5.19)
~ 1 N
0a = —(gs — 3 (P = O0m) (V"0)a + OsMa (5.20)

The extended action is
. I 1
S = /dea [ij:m F WA F WA — Aw N\ — éLa(Pm + 05im) (V" N

o ~a 1-. ~ A~ ~n
~Bad, A" = Ao X = SLH (P = 052) (7" Vs — BadyA®

5.21

And the gauge transformation of the Lagrange multipliers will be ( |
SL* = % + Ag® — CL®, SLE = g0 + 4G — (Le (5.22)

5A = ¢ SA=( (5.23)

5B = 1+ 30 CunN) i 5Ba =~ P LG, (5:24)

We extended the phase space by introducing the ghosts associated with the
respective constraints. We introduce the pair (ghost, ghost momentum), (¢, p) for
the constraint G, the pair (6%, p,) for G, and the pair (n,, 2°) for F“.

Similarly we add the variables (f, D, 0%, pa. Nés @0‘)

Notice that there appear reducibility conditions,
NGy =0, NGy =0 (5.25)

(MM F* =0, (AM™aF =0 (5.26)

which give the first stage generators A%pa, A%pa, (Ay™)a 2 and (Ay™)a 2%, So we
extend further the phase space to include the ghost-for-ghosts ¢, (;3, W, Wm, and
the ghost-for-ghost momenta £, B , 0™, 0™,

We are not done yet, although. Notice that there are higher order reducibility
functions, coming from relation (5.26). The coefficientes of the linear combination

of constraints satisfy themselves the identities

~

(A )s(A™)a = 0, (S‘P)/m)B()"Ym)ol =0 (5.27)
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There are second-stage generators associated with these conditions, (Ay,,)ge™ and
(jvym) 50™, and we introduce fermionic ghost-for-ghost-for-ghosts s, 5% and their
corresponding fermionic momenta 7, 74.

Again, the coefficients of the previous conditions satisfy the identities
AP (M) = 0, N (M) = 0 (5.28)

so we have third-stage generators \“r,, S\df"d, and we extend further the phase space
to include third-stage bosonic ghosts w, @ and their conjugate momenta g, 0. Here
we also have an infinite tower of ghosts related to the reducibility levels starting
with the relation (7,,A)*Go = 0. As in the superparticle case we work as if the
theory had first-stage reducibility only.

The BRST generator is () = /daQ(a), where

1
Qo) = Cw \*+ §9a(Pm + 0o2™) (YmA) o + a0 A + OA Do + Wi (A" ) o PP

1
5 (M) 0™ + @A Ta — (6°Pa — (1 P = S6°6° (1 X755 P

~ ~

~ A n 1 ~. ~ ~ A P N
+C1i)d)\a + §0a(Pm — &,xm)(fymA)d + 'f]d@a)\o‘ + (ﬁ)\aﬁ@ + @m<)\,}/m>&gza

~

. . . o Lanaa a .
+5%(AMYm)a0™ + WA Te — (0%Pa — (Na P + geﬁea(%A) mP

6736
(5.29)
Note that
0°0° (1N V5 P = 2(A ) (27™0) (5.30)
Then Q is
Qo) = Qo+ + 9 (5.31)
where

1
Qo(0) = Cw A"+ §(Pm + 0, x™) (A Ym0) + Na0s A" + OA Do + W ( AV D)

1
+(AYms) 0™ + wA Ty — (09D — (N0 P — Z(Ayme)(gzwe)
~ ~ . 1 N N . U “ "
Qo(0) = CwaA* + é(Pm — 0p™)(AYmb) + N30, A" + OGN Ps, + (A" D)

R .. . A U
+(Mym3)0™ + @A T = C0%Pa — Cla P + £ (Aymb) (P70)
(5.32)

and we have to find a Q such that the nilpotency of the BRST transformation
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is guaranteed. Thus

/ dodo'{0(0), Q(0")} = / dodo’ [{Q(0). Qu(0)} + {Q(0). S(0")}
+{Q(0), Q(0")} + 2{Qo(), ()}

+2{Q0(0), Q(e")} +2{Qo(0), O}
(5.33)

must be zero.

Now we show that {Qy(0), Qo(c’)} is just a Dirac delta times the partial o-
derivative of some expression. It’s easy to see that the only non-trivial brackets

come from terms which have P, or 2™ inside them. So,

~

{Qu(0), Q(0")} = ;l{(Pm + 0,a™)(0), (P" = 8pr2™)(0) (A (@) (M) ()
= ;l (056(0 = 0") + 8,8( — o)) (Mymb) (0) (Ar™8) (o)

= 00— 0)0,] (1) (96) o)

Therefore, this term does not contribute in {Q, Q}.
Then we evaluate /dada'{Qo(J), Qu(a")}.

- / dodo’ {{Cwa)\o‘(a) , ((Pm + 0 ™) (Nymb) + 2050, N + 20X%p;

P20 ) — S (3b)(2770)) (o)}
(P 40,0 0md)(0) (P + Ba™) ()

+20Xps — 200°p;5) (o)}
H{n0:2%(0) (200" P) ~ 2 27— L) P776) ) (0')}
~{63pa(0) . (20%s + 5(X) (2776)) (o))}
~2{@u (0" 2)(0). 12" | (o)
+5{E0a(0) Q) 21700}

+%{<na3”“7 (AW)(W’WQ)}]
(5.35)
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= /dada’ {O\O‘(U)(S(a — 0’)( — (P™ 4+ 05 x™)(Ym) e — 20p0 — 20 (V" L) a
5Bl P770)) (0') — 20X (0)2 (0 — 0'Ya(o)
—%(mme)@) (00— o) = 0,3(0 — o)) u)(@")

_(Pm + aaxm)()"ym)a<‘7)5(0 - ‘7/)(¢>\a - C9a)(0')
0, X(0)3(0 — 0") (20 (\) ™) — 2a + 5 (V1) (170)a ) ()

—20A%(0)d(0 — ") (pa(0”)

(5.36)
%w“(a){pa(a), 0°0° (o)} (A ym) 3(227™)5(0")
=2 (MY™)a(0)d(0 — ') (P (o)
o . o (5.37)
—§C9 (0){pal0),070°(0") }(Aym) s (PY™)s(0)
56280 = N "0
— / do { — AGCA P — AT (MY P) + 2((90(Aana)] (5.38)

where we have used {p,(c),0°0°(c")} = —d6(c — 0’)5&605](0’) and the pure spinor

properties

M0, =0, (Mm)a(AY™)g =0 (5.39)

in order to simplify some of the terms in the second expression.

Analogously we obtain /dada’{Qo(a), Qu(0")}

/ do { — 4N Ps — ACTom (MY D) + 2(0,( N4 (5.40)

We found a term like —4¢(A*p, when we studied the twistor-like superparticle.
This term contains a ghost-for-ghost and a first-stage generator and we had to
include in the BRST charge a term like —2(¢ to make the transformation nilpotent.
So we expect the charge to contain that term along with the one corresponding to
the new first stage-generator that appeared in the superstring case.

Then we write

Q = —2¢f — 2w o™ — 205 — 2( 80" + Q' (5.41)
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In fact

[aod(Qo+ Q0)(@). 0@} = [do[2600p + 230”2
+20CAPa + 20 @ (A" P)] (5.42)
+ / dodo'{(Qy + O0)(0), Q"))

and

/dada’{@(a), (")} = /dOdU’{Ql(U)7Q,(U,)}
4 [dode? {(Co8 + Gmna™ + 665 + ™) (), (o)}

(5.43)
Thus, nilpotency of the transformation implies
0 = / do {zgag(vna) + 200, (\° A&)}
+ / dodo’ l{(Q’ +200 + 20,)(0), Q’(o’)} (5.44)
~4{ (8B + Cmmo™ + CoB + (™) (0), Q’(a’)}]
If we suppose 0,( = 0, we're done. Pick Q' = 0.
Then Q is
Qo) = 9 + Ql (5.45)
where
Qi(0) = Cwa\*+ %(Pm + 0,2™) (M) + 1a@o X + A
1
+@m(N"P) = (0°pa = (1 P = 7 (Amb) (F770)
—209f — 2w o™
(5.46)

Qi(0) = C(waA* + §(Pm — 0,2™) (AYmB) + Na0- A" + ¢A“Da
A S am 2Hé Se a1 LA AV amh
+m (M P) = (0%Pa = Cla P + 7 (Am0)(F770)
~2008 — 2@ d™
From now on we will write only terms concerning the left moving sector of the

superstring, the results for the right moving sector are analogous, but we have to
take care of a few signs.
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The extended phase space is

(2™, Py A%, Wa, €, p, 0%, Doy Nty P, 0, B, @iy 0™) (5.47)

and a gauge fixed action is constructed by means of a gauge fixing fermion x.

3, — / drdo [ Pod™ + w0, 3 + Cp 6% + 102 + B + 0™ — {x, Q} | (5.48)

The BRST transformations of the phase space variables are

1 1
5Bl‘m = 5/\’7m9, 5BPm = 560(/\77710) (549&)
1
53)\a = C>\a7 6Bwa = _Cwa o §(Pm + aoxm>(7m9)a + 807]04 (549b>
1
= o = (1" D)o+ 7 (1mb)a(F7™) (5.49¢)
0 =0, O0p = =W A* + 0%py + N0 P + 205 + 2w,,0" = M (5.49d)
1
550" = —A* + CO°, 980 = =5 (Pu+ 050" (" Na = Cpa (5.490)
1 1
1 NalP776) + 5 (P = N (5490
5377a - _wm(f}/m)\)a + Cnaa 53@& = _aa)\a - C‘@a (5 49g)
1
— 1 (6)(7"6)a (5.49h)
536 = —26, 558 = —Xpa + 208 =V (5.491)
05 = —2(T, oo™ = =" P + 200" (5.49j)

Including the nonminimal sector the further extended action reads

S = /dea[ L™ +wa)\a+Ar+La7ra+Ba7rB Aw g\

—3L(Pry + 05in) (V" Ao — BaOpA* — lr — 191, — 1573
(5.50)
and the phase space includes now also the antighosts, and the antighost momenta

corresponding to the zero momentum constraints.
(87D710a7éa7p57é§> (551)
The total BRST generator is

Qr=Q—i [ do(sr+ p*ma+ pin3h) (5.52)
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A gauge fix action is written as

SX = /deO' [me"m_'_wa).\a_i_Ar_i_Laﬂ_a_i_Baﬂ_%_'_ép
+6°po + 10 P + Ds + Cop® + C8pB + 68 (5.53)

+00m 0™ + {pA + po L + P°B,,Qr} — {x,Qr}

5.2 Gauge fixing to the pure spinor superstring

As usual we first define the ghost number function
N = Cp+0°pa + 10 P + 206 + 2w, 0™ (5.54)

and we write the BRST charge as follows

1
Q = +§(Pm + 0p ™) (AYim8) + 1005 A
+OAPo + Wi (A" D) — i(mme)(@fyme) (5.55)

+ (W AY — %Dy — N P — 200 — 2w0,,0™)
The twisted ghost number is NV = N + & = (p + w,\*, where
O = W A — 0Dy — N0 P — 205 — 2w, 0™ (5.56)

so the only variables with non vanishing twisted ghost number are (, p, A* and w,.

A new BRST charge is induced by a canonical transformation of the extended phase

space generated by C = /do{(a)p(a)

Qunle) = Qo)+ [ do'{c(o(). Qo))
1

= 5P+ 05a™) (M) + 100y A" (5.57)
1
+ON Do + W (A" P) — Z(A’m@)(@'y’”G)
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which generate new BRST transformations

1 1
opx™ = 5)\’}/7"9, 0P, = 580(/\%”9)
1
SpA* =0, Opwa = =5 (Pn + 052"™) (7" 0)a + Ooa
1
— ®pa — W (V" P )a + Z(’Yme)a<f@7m9)
op¢ =0, 0Bp = —WaA” + 0%po + N0 P + 208 + 2w 0™
1
N Sata = = (P + 0™ (1" N
1 1
+ Z(Vm)‘)a(y’)/me) + Z(AVme)(fngm)a
0BN0 = —Wm (V" Na, Oop P = —0,\
1
L)),
dpp =0, opf=—A"pa =V
5me = O, (SBQm = _)\,Ym@

(5.58a)
(5.58b)

(5.58¢)

=M (5.58d)

(5.58¢)

N, (5.58¢
(5.58¢g

(5.58i

)
)
(5.58h)
)
(5.58])

Actually, to obtain the pure spinor superstring we must perform two extra canonical

transformations of the extended phase space of our system.

Take the generator C' = /da Na(0)0,0%(0).

Qrf0) = Quanl) + [ a0 {1a(008%(0). Quunl)}

1
— 5(Pm + 0,2™) (AYmb) + N0y A

1
+OApo + W (MY ) — Z—L()\Wmﬁ)(ﬁvmﬁ)

+ [ 4 {1a()0.8%(), X pul)}

+ [ 4 {1u(0)008°(), (007" 2) = {O0)(778)) (0)}

Now, the last but one line gives

[ o) (= 2ublo = )35) 6N (o) = 90N (o)

and the last one gives

[ 0 {02,600 2) = $008)(2170)) 0}

= (@u(X1"0,6%) — 1 (Vd)(@,6°76) ) (0)
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Then

1
Qs = OXpa+ 5 (P™ + 0™ (M) + a0 A"

1
4

1
+¢(0oNa) " + @i (A" 050%) — Z(Mme)(&r@avm@)

+ W (M P) (Aym8)(P~™0) (5.62)

If we take one more generator of canonical transformations
C' = /danw@a (5.63)
We arrive at the BRST charge density

1
Qrew = OA"Da+ _(Pm + aoxm)()"yme) + 3a(¢77a)\a)

2
1
+ 0 (A" 0,0%) — Z(Mm@)(@f@avm@)

(5.64)

Thus, we obtain the BRST charge

L 1
Qnew = / do [(Wpa + 5 (P + 052™) (Aym0) + @ (A" 050) — Z(mme)(aaewe)]

2
(5.65)
We gauge fix ¢ = 1, w,, = 0, and the gauge fixed action reads
S, = / drdo [Pm:bm Fw A — pab® (5.66)

with BRST charge

1 1
qure spinor — /dg [Aapoz + §(Pm + aaxm)(/\’Yme) - Z(A’Ymg) (80077”6)} (567)

We have to calculate the BRST transformation of the variable p, explicitly,
6]?@(0') = {pa(a), Cglr/Lew

= (P 2 Nalo) 7 [ 4 {palo), 0 @70 01}

2 4
(5.68)
Evaluating the Poisson bracket {pa(a), (/\va)(ﬁaQVmH)(a’)}
= —0(0 = ) Mm)a@07™0)(0") + |96(7 = )| A1) (770)a()
—0(0 = 0" )(AYmb) (95 07" )a(0”)
(5.69)

= —§(c—0o) [(Mm)a(agfevme) + 0ot (ANYm0) (7"0) o

—2(7m80/0)a()\7m9)] + . H
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So the BRST transformation of p, is

pa(0) = —2(P™ + 0ya™) (Y A)a +

9 [()"Ym)a(aaefyme)

(570 = 2(n0s0)a(31"0)]
(7"0)a(07m0sA)

+0y (AYmb
1
- _§(Pm + 80337”)(%”/\)@ -

N

+i (0:6° ) a(170)3) = 2(m08)a(X10)]

= —5(P" +0:2")(ymA)a = 7 (1mb)a(07"05A) — 7 (3 0s8)a(X7™0)
(5.70)
In the last line we have used the identity of the gamma matrices in 10 dimensions,
Vma(6Vgp) = O-
So we can write the BRST transformation of the variables after some canonical

transformations of the phase space and gauge fixing of the ghost-for-ghosts.

1 1
5BCL’m = §>\’Ym0, 5BPm = 580(/\’77710) (571&)
1 1
5B)\a = 0, 5Bwa = _§(Pm + aoxm)(7m9>a — Da + Z<7m9>a(6097m0)
(5.71b)
Sp0% = =\, 0pPa = —%(P’" +05™) (YA )a (5.71c)

1

- Z(vmﬁ)awym@a/\) - Z(vm&,ﬁ)a()\ym@ (5.71d)

Including both right-moving and left-moving sectors the action turns out to be

S, = / drdo [Pm:i;m Fwo A 4 g A — pof — ﬁdéd] (5.72)
with BRST charge
qure spinor — /dO’ [Aada + S\dczd] (573)
where ) .
do = Do + §(Pm + 0px™) (Ymb) o — Z(fyme)a(aoefyme) (5.74)
A 1 A 1 R P
da = Pa + §(Pm — 0p2™) (Ymb)a + Z(yme)d(aaeyme) (5.75)
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Chapter 6

Conclusion

We have obtained the pure spinor superparticle action in ten dimensions by gauge
fixing an action with twistor-like first-class constraints. These constraints appeared
in the superparticle case when we introduced the coset SO(10)/U(5) into the dis-
cussion by defining a complex splitting of the Euclidean space, breaking SO(10)
invariance and then trying to covariantize again the theory in a different way. The
fact that projective pure spinors parametrized the mentioned coset allowed us to
introduce them as dynamical variables along with the usual space variables, that
is, pure spinors were initially part of the matter content of theory. We considered
the four- and ten-dimensional particle cases. All spinors in four dimensions are pure
spinors and we saw that twistors appeared in the discussion. Although the result-
ing gauge fixed action didn’t describe the superparticle in four dimensions, because
we've got a non-trivial BRST cohomoly different from that of the superparticle;
the BRST charge for our theory was not supersymmetric. Notice also that in four
dimensions the ghost-for-ghost ¢ didn’t scale in contrast with the ten dimensional

case, where it scaled as ¢ — Q7 2¢.

It was natural to include the pure spinor condition in ten dimensions as con-
straints of the system; however, the infinite reducibility of those constraints pre-
vented us to write a simple BRST charge. Even if we do not consider the pure
spinor condition as a constraint and use Ay A = 0 everywhere, the first-class con-
straints G, turn out to be infinitely reducible. Nevertheless, sensible results were
obtained not taking into account the infinite tower of ghost-for-ghosts appearing
there and just working as in a first-stage reducible theory. We wrote appropriate
BRST charges for the twistor-like superstring and superparticle and showed how

those charges were related to the charges in [31] by similarity transformations.

In order to arrive at the pure spinor superparticle or superstring, the gauge-fixing
of the ghost-for-ghost ¢ was necessary. This was achieved by ghost-twisting, that

is, we defined a new ghost number function which still assigned ghost number one
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to the BRST charge, but exchanged the roles of some matter and ghost content of
the theory. The initial pure spinor variables became ghosts and the initial ghosts
associated to the twistor-like constraints became the fermionic part of the usual ten

: : m na
dimensional superspace (z™,0%).

It was noticed that in the specific case of the superstring, the generalization of
the superparticle twistor-like constraints were not first class by themselves, so we
had to add the constraints 0,A\% ~ 0. It remains to be checked that worldsheet
reparametrization invariance can be made manifest and the new constraints are
consistent with it. The new constraints had also two branches of reducibility, one
branch produced an infinite tower of ghost-for-ghosts and the other gave ghost-
for-ghosts up to third-stage reducibility. Again, sensible results are obtained even
considering the theory as a first-stage theory. It would be interesting to study the
problem of the infinite reducibility of the first class constraints we started with.

It remains to be obtained the Green-Schwarz superparticle and superstring using
a different choice of gauge-fixing. The BRST procedure in the form used in this work
allows the required type of gauge fixing by considering a nonminimal sector which
includes the Lagrange multipliers (and the corresponding momenta) as variables of
the extended phase space. There are some subtleties, however, since we couldn’t
find a gauge-fixing fermion respecting the symmetries of w, due to the pure spinor
condition, w, = A, (7™A). This problem does not appear in the procedure followed
by Berkovits in [31].
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