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Abstract. We report a renormalized zero-range interaction approach to estimate the size of generic
weakly bound three-body systems where two particles are identical. We present results for the
neutron-neutron root-mean-square distances of the halo nuclei 6He, 11Li, 14Be and 20C, where the
systems are taken as two halo neutrons with an inert point-like core. We also report an approach
to obtain the neutron-neutron correlation function in halo nuclei. In this case, our results suggest a
review of the corresponding experimental data analysis.
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The quantum description of weakly bound three-body systems is universal and can
be defined by few low-energy physical scales [1]. Using this concept, we consider a
renormalized three-body formalism to estimate the size of generic weakly bound three-
body systems AAB, where the two particles A are identical. Next, the approach is applied
to light exotic nuclei modeled as two neutrons and a core (n−n−A ). Finally, we will
report some of our results for the mean-square radii of the two halo neutrons and also
for the corresponding correlation function.

The results are derived from a low-energy universal scaling function that depends on
the mass ratio of the neutron and the core, as well as on the nature of the subsystems,
bound or virtual. The model consider a minimal number of physical inputs, which
are directly related to observables: the two-neutron separation energy S(2n) = −E3,
the neutron-neutron and neutron-core s−wave scattering lengths (or the corresponding
virtual or bound energies).

The three-body system description is made by using Jacobi coordinates, where �qi is
the relative momentum of the particle i to the center-of-mass (CM) of the pair jk and
�pi is the relative momentum of the pair jk. �Ri and �ri are, respectively, the positions
canonically conjugated to the momenta. In the equations we consider j ≡ k ≡ A and
i ≡ B. We will show in a detailed form the formalism used to calculate the root-mean-
square (rms) radii between the particles j and k, using the corresponding form factor
obtained from the Fourier transform of the density as a function of the relative distance.
Similarly, one can obtain the rms distances between the other pair of particles.

The rms radii of the particles j and k are given by

〈r2
AA〉 = −6

dFAA(Q2)
dQ2

∣∣∣∣
Q2=0

, (1)
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where FAA(Q2) is the form factor that, in terms of the wave functions Ψ of the system
in the momentum space, is given by (note that the particle B is the spectator one)

FAA(Q2) =
∫

d3qid
3 pi〈�qi,�pi +

�Q
2
|Ψ〉〈�qi,�pi −

�Q
2
|Ψ〉. (2)

The Schrödinger equation of a three-body system with separable two-body potentials
vα = λα |χα〉〈χα | [α ≡ ( jk),(ki),(i j)], with H0 the free-hamiltonian, is

(
H0 + ∑

α=i, j,k

λα |χα〉〈χα |
)
|Ψ〉 = E|Ψ〉 (3)

(E −H0)|Ψ〉 = ∑
α=i, j,k

λα |χα〉〈χα |Ψ〉. (4)

Using the Dirac-δ interaction 〈�pα |χ〉 = 1, we can write the wave function in the base
|�qi,�pi〉 in terms of the spectator functions fα(�qα) = λα〈�qα χα |Ψ〉:

〈�qi,�pi|Ψ〉 =
fi(|�qi|)+ f j(|�pi− �qi

2 |)+ fk(|�pi +
�qi
2 |)

|E3|+H0
, (5)

where fi, f j e fk are, respectively, the spectator functions for the particles i, j and k;
and E3 is the three-body binding energy. From (5) and (2) we obtain FAA(Q2):

FAA(Q2) =
∫

d3qid
3 pi

(
fi(|�qi|)+ f j(|�pi +

�Q
2
−�qi

2
|)+ fk(|�pi +

�Q
2

+
�qi

2
|)
)

×
(

fi(|�qi|)+ f j(|�pi− �Q
2 − �qi

2 |)+ fk(|�pi− �Q
2 + �qi

2 |)
)

(|E3|+H0)(|E3|+H ′
0)

, (6)

where

H0 ≡
|�pi +

�Q
2 |2

2mAA
+

q2
i

2mAA,B
, H ′

0 ≡
|�pi − �Q

2 |2
2mAA

+
q2

i

2mAA,B
, (7)

with mAA = mA/2 and mAA,B = 2mBmA/(2mA +mB).
In an analogous way we can write the eqs. (1) and (2) for 〈r2

AB〉:

〈r2
AB〉 = −6

dFAB(Q2)
dQ2

∣∣∣∣
Q2=0

. (8)

FAB(Q2) =
∫

d3qkd
3 pk〈�qk,�pk +

�Q
2
|Ψ〉〈�qk,�pk −

�Q
2
|Ψ〉. (9)

Remembering that i, j and k correspond, respectively, to the spectator particles B, A,
and A, the wave function in the base |�qk,�pk〉 is given by the following equation:
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〈�qk,�pk|Ψ〉 =
fi(|�pk − A

A +1�qk|)+ f j(|�pk + 1
A +1�qk|)+ fk(|�qk|)

|E3|+ p2
k

A +1
2A +q2

k
A +2

2(A +1)

. (10)

where A = mB/mA is the mass ratio of the particles A and B
The rms distances of A and B to the three-body CM are calculated using the respective

form factors and are given by

〈r2
A〉 ≡

(
mA +mB

2mA +mB

)2

〈R2
k〉 = −6

(
mA +mB

2mA +mB

)2 dFA(Q2)
dQ2

∣∣∣∣
Q2=0

,

(11)

FA(Q2) =
∫

d3qd3p〈�qk +
�Q
2

,�pk|Ψ〉〈�qk −
�Q
2

,�pk|Ψ〉

and

〈r2
B〉 ≡

(
2mA

2mA +mB

)2

〈R2
i 〉 = −6

(
2mA

2mA +mB

)2 dFB(Q2)
dQ2

∣∣∣∣
Q2=0

,

(12)

FB(Q2) =
∫

d3qid
3 pi〈�qi +

�Q
2

,�pi|Ψ〉〈�qi−
�Q
2

,�pi|Ψ〉.

Next, we consider units such that h̄ = 1 and mA = 1. The spectator function are given
in dimensionless units, using a subtraction approach required to regularize the equations,
as follows:

f j(�q) =
(

A +1
2A

)3/2 1
π

(√
|ε|+ q2(A +2)

2(A +1)
∓√

εAB

)−1 ∫ ∞

0
k2dk

∫ 1

−1
dy

×
[

1

|ε|+q2 + A +1
2A k2 + kqy

− 1

1+q2 + A +1
2A k2 + kqy

]
fi(�k ) (13)

−
∫ 1

−1

[
1

|ε|+ (A +1)
2A q2 + (A +1)

2A k2 + 1
A kqy

− 1

1+ (A +1)
2A q2 + (A +1)

2A k2 + 1
A kqy

]
f j(�k ).

fi(�q) =
2
π

(√
|ε|+ (A +2)

2A
q2 ∓√

εAA

)−1 ∫ ∞

0
k2dk

×
∫ 1

−1
dy

[
1

|ε|+ (A +1)
2A q2 + k2 + kqy

− 1

1+ (A +1)
2A q2 + k2 + kqy

]
f j(�k ). (14)
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In the above, we first take μ2
(3) as our energy-subtraction point required to regularize

the equations [2]); next, we consider all the energies ε and momenta q, k in units of μ 2
(3)

and μ(3), respectively. Note that the spectator functions f j and fk are equal. In front of
the energy square-root, the - sign refers to a bound state and the + to a virtual one.

According to the two-body interactions we can have four types of a AAB system:
borromean configuration [3], when all the two-body subsystems are unbound; tango
configuration [4], when we have two unbound and one bound two-body subsystems;
samba configuration [5], when just one two-body subsystems is unbound; and all-bound
configuration, when there is no unbound subsystems.

A qualitative analysis of eqs. (13) and (14) shows what happens with the sizes of
the three-body systems when we change the two-body interactions. In the all-bound
configuration the signs in front of

√
εAB and

√
εAA are both negative, the samba type has

a negative sign in front of
√

εAB and a positive in front of
√

εAA, the tango type has a
negative sign in front of

√
εAA and a positive in front of

√
εAB; finally, for the borromean

configuration the signs in front of
√

εAB and
√

εAA are both positive. Then, the sequence
according to the kernel attraction is: all-bound > samba > tango > borromean. These
differences are reflected in the sizes of the system as follows (for a same three-body
energy): in the case of a more attractive kernel the particles can be more separated and
produce a three-body bound state, for a less attractive kernel the particles should stay
closer. In this way, for a same three-body energy the sizes of the systems vary as: all-
bound > samba > tango > borromean.

For a three-body system with binding energy E3, in the scaling limit [1], one general
three-body physical observable O , with dimension of energy to the power η , at a
particular energy E, can be written as a function F of the ratios between the two and
three-body energies, such that

O (E,E3,EAA,EAB,) = (E3)ηF

(√
E
E3

,±
√

EAA

E3
,±
√

EAB

E3
,A

)
. (15)

The two-body energies EAγ (γ = A, B), are negative quantities, corresponding to
bound or virtual states. The nature of such two-body state, bound or virtual, is revealed
in the momentum space, such that we have a bound state when

√|EAB| is positive and
a virtual state when

√|EAB| is negative. So, in equation (15), the signs + or − mean
a bound or virtual two-body subsystem, respectively. The different radii of the bound
AAB system are functions defined from the eq. (15) with E = E3, which depend on the
mass ratio, A , the ratios of the two and three-body energies and the kind of subsystem
interactions (bound or virtual).

The above approach for a generic three-body system can be applied for the case of
halo nuclei, where we have a pointlike inert core (A ) and two weakly bound neutrons
(n). In this case, we shown in Table 1 the results of our calculations of the root-mean-
square distances for the two neutrons of the core, for the halo-nuclei 6He, 11Li, 14Be and
20C (for an extended version of this table, see Ref. [5]).

Experimentally, the size of a halo nucleus can be measured using a neutron-neutron
correlation function, Cnn. For the nnC three-body system, Cnn is given by [6]
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TABLE 1. Neutron-neutron root-mean-square distances in halo nuclei. The
cores are given in the first column, the absolute values of the three-body ground
state energies E3 are given in the second column.−E3 is equal to the two-neutron
separation energy S(2n). In the third column we give our input values for −E nA .
For bound two-body subsystem nA , we have −EnA equal to the one-neutron
separation energy S(n). The virtual states are indicated by (v), and the nn virtual
state energy is taken as -143 keV. For the experimental values, in the last column,
see Ref. [5].

Core (A ) −E3 (MeV) −EnA (MeV )
√〈r2

nn〉 (fm)
√〈r2

nn〉exp (fm)

4He 0.973 0 5.1 5.9±1.2
9Li 0.29 0.05 (v) 8.5 6.6±1.5
12Be 1.337 0 4.6 5.4±1.0
18C 3.50 0.53 3.0 -

Cnn ≡C(�pA ) =
∫

d3qA |Φ(�qA ,�pA )|2∫
d3qA ρ(�qn′)ρ(�qn)

, (16)

�qn′ ≡ �pA −�qA

2
and �qn ≡−�pA −�qA

2
,

where the one-body density is

ρ(�qn′) =
∫

d3qn

∣∣∣∣Φ
(
−�qn′ −�qn,

�qn′ −�qn

2

)∣∣∣∣
2

. (17)

Φ ≡ Φ(�qA ,�pA ) is the corresponding breakup amplitude of three-body wave function
including the FSI between the neutrons. �qA is the relative momentum between the
core A and the CM of the nn subsystem; and �pA the relative momentum between the
neutrons.

The FSI is introduced directly in the inner product Φ ≡ 〈�qA ;�pA
(−)|Ψ〉, where the ket

|�pA
(−)〉 refers to the nn scattered wave given by the Lippmann-Schwinger equation. The

correlation function, calculated with the distorted-wave amplitude, assumes a sudden
breakup of the halo as the main reaction mechanism. The halo is considered as a coherent
source of neutrons. In our picture, the slow halo motion decouples from the fast motion
of the core in the field of the target. The distorted wave amplitude Φ is given by

Φ = Ψ(�qA ,�pA )+
1/(2π2)√
Enn− ipA

∫
d3 p

Ψ(�qA ,�p)
p2

A − p2 + iε
, (18)

where Ψ is the three-body wave function [5]. Enn is the nn virtual state energy.
The interference effect produced by the inclusion of FSI originates a minimum for

Cnn, pushing the asymptotic limit to much larger values of pA than the ones considered
in the asymptotic normalization of the experimental data (see Ref. [6]).
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In summary, we report here a formalism and results obtained for the sizes of
generic three-body systems. If we consider the same three-body energy for all the
configurations, the following sequence is applied for the mean-square radii (msr):
msrborromean <msrtango <msrsamba <msrall−bound. With the available low-energy two-
body observables, in our scaling limit formalism, we have estimated the mean-square
distances for the nuclei 6He, 11Li, 14Be and 20C, in a model where they are described
as inert cores with two halo neutrons. Finally, we presented our model approach for
the two-neutron correlation function Cnn. As detailed in ref. [6], our results for Cnn
calls for a different asymptotic normalization of the experimental data. We believe that
our qualitative picture, evidencing a minimum of Cnn, will survive in a more realistic
three-body approach.

We thank partial support received from FAPESP and CNPq. MTY thanks support
from the organizers of SLAFNAP6.
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