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Abstract

This paper deals with a stochastic stability concept for discrete-time Markovian jump linear sys-
tems. The random jump parameter is associated to changes between the system operation modes due
to failures or repairs, which can be well described by an underlying finite-state Markov chain. In the
model studied, a fixed number of failures or repairs is allowed, after which, the system is brought to
a halt for maintenance or for replacement. The usual concepts of stochastic stability are related to
pure infinite horizon problems, and are not appropriate in this scenario. A new stability concept is in-
troduced, named stochastiestability that is tailored to the present setting. Necessary and sufficient
conditions to ensure the stochastistability are provided, and the almost sure stability concept as-
sociated with this class of processes is also addressed. The paper also develops equivalences among
second order concepts that parallels the results for infinite horizon problems.
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1. Introduction

Let us consider a discrete-time linear system subject to abrupt parameter changes that
can be modelled via a discrete-time finite-state Markov chain. Here, these changes are
associated with failures or repairs of the running system. This class of systems is known in
the literature as discrete-time Markovian jump linear systems (MJLS); see (1) and (2).

The study of MJLS, and in particular, the study of stochastic stability of MILS has
attracted the attention of many researchers. Ji and Chizeck [1] provided necessary and
sufficient conditions to ensure second moment stochastic stability of MJLS. Ji et al. [2]
established the equivalence among various second moment stochastic stability concepts,
and the relation of these with almost sure stability. Costa and Fragoso [3], using Kronecker
product, obtained necessary and sufficient conditions for mean square stability of these
systems with additive noise included. Based on a stochastic version of the Lyapunov’'s
second method, Fang [4] presented sufficient conditions for the almost sure stability of
MJLS. Some less conservative conditions were derived by Li et al. [5].

Although, several stochastic stability concepts can be found in the literature, for the
class of systems treated here those stochastic stability concepts are not adequate. A sit-
uation of interest arises when one studies this class of systems until the occurrence of a
random event, more specifically, a stopping time of the joint proces$xy, 6x; k > 0}
described by (1) and (2). The stopping timenay represent interesting situations from the
point of view of applications. For instancecan be the accumulatedh failure and repair
of the system. In an other situationcan represent the occurrence of a “crucial failure,”
(which may occur after a random number of failures). In both situations the system will be
paralyzed after this event and the future behaviour is of no concern.

In this scenario, the usual stochastic stability concepts are not adequate, since they are
suitable for pure infinite time horizon problems, but not for problems with unbounded
but finite horizon defined by a stopping time as in the present setting. In this paper we
propose a new stochastic stability concept associated with a class of stopping times of the
joint process{x, 6x; k > 0} for MILS, called stochastic-stability. It is appropriate to
deal with the problem with horizon connected to the accumulatkdailure or repair of
the system, and it will be shown that every stochastic stable systenstable, but the
converse is not true.

The paper is organized as follows. In Section 2 the basic definitions are presented, in
Section 3 the necessary and sufficient conditions fetability are derived and referred to
the stochastic stability concept by means of an example. In Section 4 equivalences among
concepts ot -stability are presented, and in Section 5 the conceptadnost sure stability
is considered.

2. Notation and problem formulation

Throughoutthis paper, the following notation is adopi®t denotes thea-dimensional
real space and1™*" (M™) is the normed linear space of allx n (m x m) real matrices.
The transpose of matrii is indicated byU’ and a nonnegative definite matrix (positive
definite) is represented iy > 0 (U > 0). Thus, the closed convex (opened) of all the non-
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negative definite (positive definite) matrices” is denoted by\"% = (U € M™: U =
U’ > 0} (M™). The linear space of all sequencessakal matrices inM™x" (M™) is
represented bl >*" = {U = (U1, ..., Us): Ui e M™*" i e{l,...,s}} (M™). For the
sake of notational simplificatiomﬂlm0 is written whenU; € M™0, for all i € {1, ..., s}
andM"™* is written whenlU; € M™7. The standard vector norm & is indicated by - ||
and the corresponding induced norm of matixby ||U||. In addition,A(U) indicates an
eigenvalue and, (U) the spectral radius dif € M™, respectively. Letl;, be the Dirac
measure. Fo € M™9, the following operator is defined:

&) = ZPijUj.
J#L
Consider the discrete-time Markovian jump linear systems (MJLS) defined on the funda-
mental probability spac&?, 3, {T«}, P),

St xpq1=Ag Xk, (1)

where{xx, 0x; k > 0} are the states of process with valuesRh x X; {6;; k > 0} is a
time homogeneous Markov chain taking values in a finiteXset {1, ..., E}, with initial
distributiony and transition probability matri® = [p;;1, where

piji=POksr1=]jl0k=10), Vi jeX, k=0. (2)

The setX comprises the various operation modes of the system (1) and forégaeh
i € X, the matrixAg, € M" (associated toith” mode), will be assigned ag, := A;. We

mention thatAg, may encompasses jump-dependent linear controls of Gge;. The

MJLS as defined is trivially a strong Markov process.

This class of stochastic systems is associated to systems subject to failures in their com-
ponents or connections according to a Markov chain. The situation that we are interested
in arises when one wishes to study the stability of such a system until the occurrence of
a fixed numberNV of failures and repairs. The paper recognizes the sequentg;pf
stopping times containing the successive times of the occurrence of such failures and then
it studies the stability of systems (1) and (2) according to these stopping times. Let us
introduce first the concepts of second momeistochastic stability.

Definition 1. Consider &§y}-stopping timer. The MJLSS is

(i) Stochasticallyr-stable ¢-SS) if for each initial conditiong and initial distributionu
E[Z ||xk||2n{r>k}} < oo; 3

k=0
(i) Mean square -stable ¢-MSS) if for each initial conditiorxg and initial distributiornu
E[lIx¢ 1?1z ] — 0 whenk — oo (4)

(iif) Exponentially mean square-stable ¢-EMSS) if there exist constantsfua < 1 and
B > 0, such that for each initial conditiorp and initial distributionu

E[Ilx )22 r 1] < Be¥lIxoll®, &k >0. (5)
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3. Stochastic t-stability

In this section, necessary and sufficient conditions are given for a certain clggsg-of
stopping times. Let us define the sequefide= (T,; n =0, 1, ..., N} of stopping times
associated to jump times:

To=0,

T, =min{k > T,_1: 6x #6r, ,}, n=12,...,N;
eventually,T,, = --- = Ty = +oo for somen > 1, with probability one. In this work, we
assume that = T, for some finiten. The next lemma, which the proof is omitted, will be
used as support. For notational simplicity we sometimes \#jte] instead ofE[- | xi, 6x].
Lemma2 Forallm >1andi, j e X
PijLim=1 if pi; =0,

P(Ty=m,0,=j|0g=1i 2{ - .
( m=J ) pi"™ tpijLipi<1y if pii > 0.

Note thatP(Ty =1|6p=i)=1andP(Ty = +o0 | 6p = i) = 1, whenevelp;; =0 and
pii =1, respectively.

Theorem 3. For 7 € 7V, the following assertions are equivalent:

(i) TheMJILSS isz-SS
(i) For any given set of matricesQ € M T, there exists a unique set of matricesL € M"*+,
satisfying the Lyapunov equations

p,','AgL,'A,' —Li+0;=0 VieX. (6)
(i) ro(p/?A;) <1, forallicX.
Proof. (ii) < (iii) This equivalence is well known from the Lyapunov stability theory,
see [6].

(i) < (i) The proof employs an induction argument on the sequéieFirst, define
the functional

Vie(x, i) :==x"(Piliry>k) + Silr=k}))X,
whereS; e M, andP; e M’ is the solution of
piiAiPiAi — P, + Qi + A6 (S A; =0, VieX. @)
The existence of sudA € M’ relies on (ii). Hence, we can write that
Ex [ Vir1 (0k11, Oks1) — Vi Ok, 60 ]
= —x; Sop Xk L{ry=k) + Ex[ (X} 1150, 1%k+1 — Xk P xi) L(ry=ic+1y ]
+ Ex[ (xj 1 Pop 1 Xk+1 — Xk Py xi) Ly =413 )

Calculating the expected values above, we get that
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Ex[Vir1(xks1, Ocr1) — Vi Gk, 60 ]
= —XILSQka]].{TJ_:k} + x]/([peka A/Qk P9k AQk + A/ngek (S)Aek - Pek]xk]]-{T1>k}a

sinceP(T1=k+1|6)=1— D0k andP(Ty>k+1|6;) = DO -
However, if there existk € M’ T solving (6) then there iB € M’ T solving (7), and the
previous relation can be written as
Ex[Vig1 (k1. Ok1) — Vi, 60) ] = —x4,(Qo, Liry=k) + So, Limi=k)) Xk (8)
Now, observe that

K
> Eo[ Vi1 (s, Ok41) — Vilxx, 64)]
k=0

K
= Z Eo[ Ex[ Vit1(xxt1. Ok 1) — Vi(xk, 60)]]-
k=0
Applying (8), and considering th&, Se M’ T,

Eo[Vier1(Xi11. Bc11) | — Vo(xo, 60)

K
=— > Eolxi(Qo Lir=k) + So Lizi=i) Xk L7y >k ]
k=0

K
< —Z5E0[|IXk||2]l{Tl>k}] 9)
k=0

for somes > 0. SinceEg[ Vi (xx, 6x)] = 0, Vk > 0, we get from (9) that

K
. 1
limsup " Eo[ lx[1%17; >4 ] < < Vo(xo. 6o) < 00
K—>00 k=0 8
holds. Therefore, the MJILS is t-SS.
Now, for the sake of an induction argument, let us assume that for sdheeinequality

K

limsup " E[x; Qg xi1i7, >1)] < x0Psox0

K—> 00 k=0

holds and thus, by settin@ =1, E[||x7, |17, >)] < co. However,

K
lim supz E[x; Qo xk 11,1 >

K—> 00

k=0
K K
=limsupE [ > X Qo xilig, i+ Y x/iQekaﬂ{Tnsksrm}} (10)
K—>00 =0 k=T,

Notice that using the strong Markov property and the homogeneity property, the second
term conditioned to the knowledge 0fr,, 6,) can be written as
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K
lim SUDE[ Y % Qo kLt >k | X1, 9Tn]

K—>00 k=T,

k—T,
=Ilim SUpE|: Z x,/( Qo XLty ‘ X0 =2x7,,00 = 9Tni| < xéTn PQTn Xor, - (11)

K—> 00 k=0

Thus, one concludes from (10) and (11) that

K K
lim supz E[x;{ Q(’-?kxk]l{T,,+1>k}] <lim supz E[x,/( Qo Xk, >k) + x,Tn Py, xTH]

K—> 00 k=0 K—> 00 k=0
K
<|imsupZE[x’Q xl +x (Py, — Qp, )x ]<2x’1'3 X
= k Ok T, >k} Ty 01, 01, )X T, 016p*0-
K—> 00 k:0
Hence,

K
limsupy ~ E[llx¢*Liz,>)] < oo foranyT, e TV,

K—0Q k=0

implying t-SS.
(i) = (ii) As in the previous part define the functional

o0
x6P90x0 = Fp |: Z xl/< Qo xk {1y >k) + x/TlSQTlel:| , (12)
k=0

for all (xo, 6p) € R" x X. The right-hand side of (12) can be expressed as

o
Eg |:X6Q00x0 +En [(Zx;( Qo xiLiry>k) + x/nS@Tl)CTl) 11{7121}]] : (13)

k=1
In addition,

o0
Er, [(Zx,/{ Qo xi Ly 1y + x’TlS9T1x71> 1{T1>1}]

k=1
oo
=Eq |:< Z x; Qo Xk Ly >k} + x/Tlserlel) Lir>1 + x/Tlserlelﬂ{T=1}:| . (14)
k=1
Thus, in view of the strong Markov property, applying homogeneity in (14) and introducing
itin (13), we have that
x4 Pogx0 = x5 Q%0 + EO[xip(-?lxlﬂ{T1>l} + x/Tl Sngleﬂ{Tl=1}]. (15)
Sincexg is arbitrary, (15) implies that
PiiAiPiA; + A& (S)Ai — P = —0i,
using the factthaP(Th =1|6p=i)=1— p;; andP(T1 > 1|69 =i) = p;;. Thus, from

the Lyapunov stability theory, the existence of thelsetM’* satisfying (6) is guaranteed,
completing the proof fon = 1.
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Now, for the general case, we can write from (i) that

o0
E |: Zx]/( Qo xr LTy >k} + x/TN SQTN xTN] < o0
k=0

which implies, from the strong Markov property, that

o
ETn |: Z X]/( Qekxk]]‘{T;1+l>k} +x,7}1+1SQTH+1xTn+1:| < 00, (16)
k=T,
forn=0,1,..., N — 1. By applying the homogeneity property, it follows that (16) is
equivalent to (12) withxg = x7, and6p = 07, and the existence of a set of matrites
M’ satisfying (6) is assured, then completing the proaf.

Although the stability of each operation mode is neither necessary nor sufficient for
stochastic stability of systems (1), as pointed out by Ji and Chizeck [1] (see also [3]), the
stability of thepl.ll./zA,» for eachi is a necessary condition to ensure that stability notion.
Notice however that, for MJILS with the present stability notion, the equivalent condition
(i) of t-stability in Theorem 3 is less restrictive. In fact, for such systems it can be shown
that stochastic stability, as established in [1], implies stochasdtability, but the converse

is not generally true. This is illustrated in the next example.

Example 4. Consider a two form scalar MJLS with |pill-/2a,'| <1 fori=1,2. Conse-
quently, the system is-SS according to Theorem 3. If systefhis also stochastically
stable as defined by Ji and Chizeck [1], the solutions of recursive equatitfnginen by

I = piallf + (- pida?ls +qi, i.j=1.2, j#i, (17)

are such that; = lim,._, - [, and(/1, I2) is the solution of a coupled Lyapunov equation.
Writing the preceding equation in matrix form, the eigenvalues of the matrix of recursion
can be obtained from the expression

2 _ 2
det<sl B [ p11ai 1 pll)alD _o.

(1— p22)a3 P22a3

This is equivalent to

52 — (p11a? + p22ad)s + (a1a2)*(p11+ p22— 1) = 0. (18)
Notice from (18) that, if the module of the eigenvalues of the recursive matrix are greater
or equal than one, then

|(@1a2)®(p11+ pa2— D[ > 1. (19)
On the other hand, given that;;a?| < 1 fori = 1, 2, then

(a1a2)*(p11+ pa2— 1) < a% + a3 — afa3.
Thus, it is enough to set? + a3 — aZa3 < —1 (for exampleas = v/2 andaz = +/3), to
verify (19). In this situation, the recursive equation (17) does not converge to the steady-
state solution, i.e., the systefhis not stochastically stable, but itisstable.
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4. Equivalence of stochastic T-stability concepts

In this section a result concerning the equivalence among stochastibility concepts
is proven. First, the equivalence is proven in Lemma 6 assumingthatO for each € X,
and the complete result appears in Theorem 7. Consider

X;’ = E[znz;l]l{(pn:,'}], Vi e X, (20)

wherez, = x7, and¢, =6r,, forn=1,..., N.

Lemma 5. Supposethat S is -SS. An equivalent form of expressing X'} € MOfor jeXx
isgiven by

-1
Xj=2 piW' ™
i#]
where the matrices W' € M" are obtained as the solution of the recursive matrix equation

W = pi AW AL 4 A X5 AL k=10 -1, (21)

1

for each i € X. Moreover,
n
14
E[llza 7] =) _tr{x%} < (m) Ixoll?, (22)
jex
where o := maX(Amax(p;! “A)} and y := max{||4;]|2}.

For the proof see Appendix A.
The following inequality will be useful. Set> 0; then for anydp > —1/(ec*In¢) > 0
one has that

kc?* =2 Ldock, Vk>=0. (23)

Lemma 6. For systems S, where 0 < p;; < 1forall i € X, t-SS, 1-MSSand t-EMSSare
equivalent.

Proof. Comparing (3), (4) and (5) notice that the implicationsSS= t¢-MSS and
1-EMSS= t-MSS are immediately valid. It remains to show thaS= 7-EMSS and
7-MSS= ¢-SS.

7-SS= 7-EMSS: The proof is obtained by an induction argument. Agt= pl.li/zA,-.
Firstly considerr = Ty. In this case, it can be shown that

A 2
Eo[lIxk1PLiry 0] = | A xo| A2 (24)
Indeed, from the Lemma 2 we getthatT1 =m |g=i) = p;’l."l(l — pii)1yp; <1 Then

+00
Eol 101217 1] = Eof | Akxo|*Liny>i] = Y | Akxo|*P(Ty =m |60 =1)

m=k

= | A5 Lxo) 1 Ai 120y <)
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Whenp;; =1, sinceP(T1 >k | 6 = i) = 1 for anyk > 0, one has thaol |lxk |17, >k ] =
| A¥x0]|2 and (24) remains valid. From (24) and Theorem 3(iii), we get that
Ae— 2
Eo[llxi Ly >1 ] = || AFLxo | “l1A; 112
SAREY (A 1A 12 11x0l1% < Mgax(Ai) I1A; 112 1xoll.

Recalling thate = max{AmaX(A,-)} andy = max{||A;||3}, and settingr; = o~ 1, we can
write

E[Ilx )22 ry 5] < vt ixol? = cry e [1xoll%. (25)

Adopting 8 = c1y > 0 we have that (5) holds far= 71.
Now, for the case = T, 2, first note that

E[Io 117, o240 ] = E[Ix 0Lz, 120 ] + E[I00 L7, 1 <k<7500) ] (26)
Considering the induction hypothesis (see (25)), there exists a congtant 0 such that
E[Ixl1PL7,,,>0] < cnsry™ b lxoll (27)

Regarding the second term in the right-hand side of (26), applying the strong Markov
property and the homogeneity property (see (24)), it can be written as

E[||xk||2]l{Tn+1<k<Tn+2}] =E|[Er, +1[||xk|| L7, 1 <k<Tpiz}] ]

=k H|A];,,+Tf“ 1Zn+1||2||A¢>n+1|| 17,,1<k)]
k—1

:E[Z Y Eg[[AT AT T”ZnHZHAJ‘||21{0m=j,n+1=m}]}‘ (28)
m=1 jeX

Now, applying Lemma 2 for & pg,4, < 1, (28) is equivalent to

k—1
E[Z S AR AL [P A 1P P¢nﬂl{p¢n¢n<1}]
m=1 j7é¢n

—ZE[ZIIA" "G 0A ) A0 o i 0 | @9
m=1 = j#¢n

Using the fact that & E[o—2""] < E[«—2"¥] := p and considering the inequality (23) for
¢ =a, from (28) and (29) one has that

E[Ez, [ 1501207, 1 <k <) ]

k=1
<D E [ZA?ASX"’ V(A )A%(;;’X‘T"‘D(A¢,,)||Zn||2nA,~||2||A¢,,||2p¢,,.;}

m=1 JFPn
k-1

< Z Olz(kz)yzE[ Z a2 ||Zn||2p¢njj|
= %0

<ka?*72y2E[a~ N E||20 2] < dopy e E[l|zn11?].
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By settingds = (1/1 — «?)" > 0 and applying (22), one has that
E[Ex, [0 17117, .y <k <1121 ]] < dodipy” e |1xol?. (30)

Finally, substituting (27) and (30) into (26) and setting, = c,+1y ~*+dod1p, it follows
that

E[Ix 1Lz, , 51 ] < ety ek xoll?, Yk >0and 0<n < N —2. (31)

Therefore, by adopting = c¢,12y" 12 > 0, (5) is valid fort = T, 2. On the other hand,
wheneverpy, 4, = 1, the second term in the right-hand side of (26) is null, SiA¢E, 1 =
+o0 | 01,) = 1, and consequently the result follows straightforward from (27) \its
cnr1y" Tt > 0, completing this part of proof.

7-MSS= t-SS: Considet = Tx. We can write

E[lIxc1?Lry >1] = E[IlxPhmsi0] + E[Ill 2Lz <k ]-

Assuming that lim_, o E[||x¢ 1?17y >4)] = 0, one has that lim, o E[||x¢ 1?17, 41 = 0.

It follows from (24) thatr, (p:/*A;) < 1, Vi € X. This implies thatS is t-SS by Theo-
rem 3(iii). O

Theorem 7. For systems S, t-SS, t-MSSand t-EMSSare equivalent.

Proof. In view of Lemma 6, it remains to prove the cgse = 0 for some € X.
7-SS= 1-EMSS: Considet = Ty. If p;; =0,thenP(Ty1=1|6p=i)=1and

lxol?  ifk=0,

Eo[Ixe1PLir >0 ] = { 1Aixol2 if k=1, (32)
0 if k> 1.
Consequently,
Eo[ 51”11y 4] < "1y |1x01? (33)

holds for allk > 0 and arbitrary < & < 1. Assuming thag = ya 1, (5) becomes true.

Now, for © = T2, let us suppose thapg, . .4, , = 0. This implies P(T,,2 =
T,+1+ 1) =1, and applying both the strong Markov property and the homogeneity prop-
erty (see (33)) one has that

E[”xk ||2]1{Tn+1<k<Tn+2}] = E[ETn+1 [”xk ||2ﬂ{Tn+1<k<Tn+1+1}]]
< E[e* My llzasal?].
Here, by settingl; = (1/1 — «?)"*1 > 0 and applying (22), we can write
E[ 1150?27, <k <1, 20] < &My 2ol 2. (34)

By substituting (27) and (34) into (26) and setting.» = c¢,+1y ~* + die~ %, (31) holds.
Hence, the proof is completed by adoptifig= c,4+2y" 2 > 0.

7-MSS = 7-SS: Considerr = 71 and suppose thgt; = 0. From (32) notice that
E[Zk>0 ||xk||2]l{71>k}] < oo and ther-SS is obtained by definition (see (3)).
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For the case = T2, considerpy, , 4,,, = 0. Using the induction hypothesis, suppose
that limy_ o0 E[||xk||21{Tn+1>k}] =0 impliesE[Zk20 [l ||2ﬂ{Tn+1>k}] < 00. Suppose also
that limy_ o E[||lx¢]1?17, ,>k 1= 0. We wish to show that

E[Z ||xk||2ﬂ{T,,+2>k}i| <00

k=0

holds, since by (3) this fact ensure theSS. However, using (26) it remains to show that

2
E[Z [BA ﬂ{Tn+1<k<Tn+z}} < oo.
>0

But, this result is immediate from the fact that

0 ifk?éTn+1+1,

2 —
Eo[ Il g, a<kstinsin ] = { 1Azl i k=Toeg +1

It follows the equivalence amongSS,7-MSS andr-EMSS as claimed. O

5. Almost sure z-stability

The almost sure (or sample path) stability is a well suited property for real systems,
because the sample path behaviour can be observed in practice. Contrary to deterministic
systems, for which all moments are stable whenever the sample path is stable, the moment
stability for stochastic systems implies almost sure stability, but not vice versa, as pointed
out by Kozin [7]. If we consider that moments can often be obtained or approximated, it
is of interest to find out any implications in moment properties that leads to almost sure
stability.

In the last years, many results concerning the almost sure stability are to be found in
the literature. Regarding systems (1) and (2), Ji et al. [2] have shown that second moment
stability implies almost sure stability, but the converse is not true. They have established
that almost sure stability of the system is determined by the almost sure stability of its
subsystems. The development of the Lyapunov exponent method provided a tool for the
study of almost sure stability of stochastic systems, which leads to necessary and sufficient
conditions, as demonstrated by Ji et al. [2] and Fang et al. [8].

In this section the almost surestability concept is introduced and Theorem 9 states
that second moment stability implies almost sure-stability.

Definition 8. The MJLSS is almost surelyt-stable, if for every initial stateg and initial
distributiony,

P( lim ”xk(xo, 6o) ||ﬂ{r>k} = O) =1
k— 00

Theorem 9. For the MILS S, second moment t-stability implies almost sure t-stability.
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Proof. Suppose that systemsdsSS, i.e.,) ;2 E[||xk||2ﬂ{r>k}] < 0o. From Chebishev’s
inequality,

o 1 o0
Z P(lekllzﬂ{r>k} >€) < = ZE[IIXkIIZJI{r>k}] <00
k=0

k=0
Then from the first Borel-Cantelli lemma, it follows that
P (limsuplleel 21>k > €) =0,
k—00

and thusP(limy— oo Xk |1z >y =0 =1. O

6. Conclusion

The stochastic stability of discrete-time Markovian jump linear systems limited to the
occurrence of a random events studied here. The event represents the occurrence of a
fixed number of failures, after which the system is paralyzed. Although in the literature
there exists stochastic stability concepts for MILS systems in general, previous notions
show to be excessively conservative. In this sense the concept of stochasdbility
developed here is more adequate to the deal with the stability in the formulated problem.
We demonstrate that the concept is less conservative, and it is associated with a condition
that is necessary but not sufficient for stochastic stability in the standard infinite horizon
scenario as noted by Ji and Chizeck [1]. The related concept of almost sure stability is also
studied here.

Appendix A. Proof of Lemma5

The result is shown by induction en Letn = 1.
Casep;; > 0: Using Lemma 2, it follows that

Xj=2_ Eluxilio—jn—ra-n]=D_ D AfxoxoAl ol pijLip, <u-
iexk>1 i€Xk>1
Identifying X?, the last expression is equivalent to
= (S AbCAt sy ) = o
ieX “k21 ieX
whereW? = 3", o, A¥X0A% it
Applylng the induction hypothesis, with the fact that the system &S, one gets that
WP = A XDA;+ Y ATXPAF piTh = A XA + pi ,(ZA XAk ph= 1>A,.
k=2 k=1

Notice that the matri>Wl.0 can be recognized between the parenthesis above, and Eq. (21)
is thus verified.
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Casep;; = 0: Equivalently, using Lemma 2, sindg7Ty=1|6p=1) =1,
X} = Z A,'xox(,)A;p,'j.
ieX
In this situation, it is enough to s@t}o = A,-X?A;. Forn > 1, itis enough to use the strong
Markov property to conclude that (21) holds. For the second part of lemma, observe that

E[||Zn||2]=tl’{ fo}}:Ztr{Wi"—l}(l—pi,»). (A1)
jeX ieX
Also,
Wit =3 AR AR P O TR (i ADAJXI AL
k>1 k=1
Settinge andy as in the Lemma, (A.1) yields that

E[llza%] < (1—7/052) Y otr{xr < <1_ya2)E[||an”2].

ieX

Finally, the inequality (22) is obtained by iteration of the above relatian.
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