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Fierz-Pauli theory.

The soldering procedure has been for the first time generalized to the case of spin-3/2 fermionic theories.
We have demonstrated that the fermionic part of the so-called “New Topologically Massive Supergravity”
theory, which is of third order in derivatives, can be soldered in order to obtain a fourth order doublet
model analogue to the linearized version of the New Massive Gravity theory, while the soldering of two
second order self-dual models give us a theory similar to the linearized version of the Einstein-Hilbert-
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1. Introduction

In D=2+ 1 dimensions self-dual models describes massive
particles with spin +s or —s. Depending on the spin, we have a
different number of self-dual descriptions. In the spin-1 case for
example we have two self-dual descriptions, while in the spin-2
case we have four. The models differ each other by an order in
derivatives and by gauge invariance under a given symmetry or a
set of them.

We have studied in [1] the connection among three massive
spin-3/2 self-dual versions of first, second and third order in
derivatives through symmetry arguments. We have also considered
an analogue version of the Proca (or Fierz-Pauli) theory which is
second order in derivatives and which by means of the Fierz-Pauli
conditions describes correctly two massive propagating modes of
helicities +3/2 and —3/2. This doublet model® is by its turn con-
nected to a fourth order doublet model which we believe is free
of ghosts. We have argued that, due the similarities, the fourth
order model could be interpreted as the spin-3/2 version of the
linearized New Massive Gravity (NMG) [2]. However, it is unclear
so far if it is possible to obtain the doublet models from the self-
dual ones as well as the first order self-dual model from the de-
composition of the second order doublet model. That is what we
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are going to address in the following lines using the soldering ap-
proach, which we briefly describe in the next paragraphs.

The soldering approach is only one of the several tools we
have to investigate dualities. The technique was first introduced by
Stone many years ago [3], and since then it has been used on the
study of dual aspects of physical systems with many applications
in different contexts as well as in different dimensions. Electro-
magnetic dualities can be explored through the soldering proce-
dure providing new point of views of the same physics [4]. The
quantization of strings and also other theoretical models encour-
aged the study of chiral bosons in the nineties. In this context the
authors in [5] (see also references therein) have used the solder-
ing formalism to combine the opposite chiralities of the Schwinger
model. As a consequence they have noticed that the formalism
could be generalized leading us either to the vector or to the axial
models depending on a constant parameter o = +1. A brief and
interesting note [6] has showed us that even in the presence of
non-commutative field theories the soldering formalism can be ap-
plied. Although the several generalizations and applications of the
technique we do not know an example of the soldering procedure
applied to the case of fermionic fields.

In [7] the authors have noticed that in the spin-1 case the first
order self-dual model can be understood as the “square root” of
the Proca theory (which carries a doublet of spins +1), in such a
way that it is equivalent to the direct sum of first order self-dual
models with opposite helicities. We can notice that once the first-
order self-dual model is equivalent to the Maxwell-Chern-Simons
(MCS) model (the second order description) one can expect that
the direct sum of two MCS models will also produce the Proca
theory, but that is not true. To obtain the Proca theory from the
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“sum” of MCS models we need another approach which is the
soldering procedure. We can understand that since the first-order
self-dual description does not enjoy of the gauge invariance, so
their direct sum results in the non-gauge invariant Proca theory,
on the other hand since the MCS models are gauge invariant the
Proca theory is achieved only through the addition of an interfer-
ence term in the sum, which is provided by means of the soldering
procedure. One can generalize the soldering procedure in order to
adapt it to the case of different masses (m_ and m, for instance),
in this case by soldering two MCS models we obtain a generalized
version of the Proca theory containing an additional Chern-Simons
term proportional to the difference of masses (m; —m_) such that
once we have m; =m_ the Proca theory is recovered.

The scenario becomes interesting when we have other higher
order self-dual descriptions as it is the case when we are dealing
with spin-2 particles [8,9]. We have noticed that, like in the spin-1
case the Fierz-Pauli theory (which carries a doublet of spins £2)
can also be decomposed in a pair of first-order self-dual mod-
els. Likewise, the soldering of two second-order self-dual models
becomes the Fierz-Pauli theory if we have equal masses and an
additional Chern-Simons-like term appears if we do with differ-
ent masses. Surprisingly the procedure can be extended to the
soldering of third and also fourth order self-dual models, the re-
sult in both cases are the same, the linearized version of the NMG
theory [10]. Generalizing the procedure for different masses an ad-
ditional linearized topological Chern-Simons term becomes part of
the result.

Some discussion about the procedure we have summarized
above and its features is well detailed in [10,11]. Given the versa-
tility of this technique one can think in some more generalizations.
We have tried the extension of this method to the case of spin-3
self-dual models, but unfortunately the presence of auxiliary fields
can not be bypassed, and only the spin-3 sector of the lagrangians
can be soldered correctly. However is an original attempt to try
the soldering of fermionic models which do not demand the pres-
ence of auxiliary fields. This is precisely the case of the massive
spin-3/2 theories.

In this work we use the massive spin-3/2 self-dual descriptions
in D=2+1 as a laboratory to the soldering procedure in order to
construct doublet models from singlet ones. The doublet models
we have obtained here can be interpreted as analogue versions of
the MCS-Proca model or in other case as the linearized version of
the NMG theory.

2. Obtaining singlets from doublets

Let us consider the doublet model for spin-3/2 particles in
D=2+1

1- 2 B
s§f>:/d%[—zfﬂ(wwuyﬂf“(ww%e““ﬁwmw} M

First of all we need to set up some points on the notations
and other details. The fields are two component Majorana vector-
spinors, and the Greek indices corresponds to the space-time
while the metric is mostly plus (—, +,+). The spinorial indices
has been suppressed for sake of simplicity, and the gamma matri-
ces are indeed the Pauli matrices in agreement with the notation
adopted in [12]. We have been working with doublet and singlet
models which are connected each other. To avoid any kind confu-
sion we adopt the Greek letters v and x to describe the fermionic
fields of doublet actions, and capital Latin letters to describe the
fermionic fields of singlet models. The actions will be followed by
a superscript (n) with n indicating its order in derivatives and by a
subscript indicating the helicity. The subscript d refers to the dou-

blet of helicities +3/2. Besides, we have used the same notation of
[13,14] where fH () = €ty g and fH(Y) = eH*Pdy .

As we have demonstrated before in [1] the action above car-
ries two degrees of freedom corresponding to the massive modes
of helicities +3/2 and —3/2. In order to decompose the doublet
model in two singlet self-dual models we need to lower the order
in derivatives of the second order term, which can be made with
the help of auxiliary fields x, and y, in the following way:

s = /a%[—%xuf“(w) - P

m? wve 5 m? nvB.y
+ 76 XuVv Xa + 76 Yuvvig |- (2)

By taking the equations of motion for the auxiliary fields in (2)
and plugging back the results in the action is straightforward to
see that we recover (1). Then one can proceed with a rotation of
the fields in order to decouple the action (2). The rotation is given

by:
Xu=WAu+By) i Xu=(Au+Bp), 3)
l&u=(Bu._;\u.) ; W/L:(BM_A//.)» (4)

substituting (3) and (4) in (2), we have the completely decoupled
pair of first order self-dual models representing the different he-
licities +3/2 and —3/2:

Sa= / & [—m;‘uf H(A) —m*e" A,y Ay +mB,, f*(B)

_ mZEMUD[BMVVBa] (5)
=51 ,[A1+ S ,[BI, (6)

which is in completely analogy with the spin-1 and spin-2 cases. In
a certain way we have taken the square-root of the doublet model
separating the helicities apart. In the next section the soldering
will be used to obtain the doublet model from the self-dual ones.
The normal coordinates given by (3) and (4) have been chosen in
such a way that the result given by (6) is analogue to the spin-1
and spin-2 cases whereas the Chern-Simons term is preceded by
a mass parameter which determines the helicity.

3. Soldering second order self-dual models

In the previous case, we knew that the model (1) describes in
D =241 dimensions a parity doublet of helicities +3/2 and —3/2
which is the same particle content of the two first order self-dual
models of opposite helicities. Since both of them have no local
symmetries one has been able to relate them through a trivial ro-
tation. However, regarding its dual theories, a pair of second and
third order self-dual models of opposite helicities, it is not so easy
to identify it with the doublet theory due to the presence of lo-
cal symmetries in such theories. One needs an extra “interference
term” between the opposite helicities in order to comply with the
local symmetries. This extra term can be produced by the solder-
ing formalism. The physical idea of fusing two fields representing
complementary aspects of some symmetry into one specific com-
bination of fields is the core of the present technique we will use
in this section.

Here we start with the second order self-dual models describ-
ing the helicities +3/2 or —3/2 in D =2 + 1 dimensions. The
authors in [13] have showed that the second order model is equiv-
alent by means of a master action to the first order self-dual one.
On the other hand we have demonstrated that this model can be
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systematically generated through the Noether Gauge Embedment
approach starting with the non-gauge invariant first order model.
Let us consider the pair of actions.

1- )
5%/2[/“]=/d3x [—Zf"(A)yumf”(A)Jr %Aﬂfﬂm)]
(7)
1- .
5% 4181 = [ & [—Zf“(B))/vVuf”(B) E mTBuf“(B)] (8

We have defined the sign of the mass terms in order to indi-
cate the correspondent helicity, in such a way that (7) describes
a massive spin +3/2 particle with mass m., while (8) describes a
massive spin —3/2 particle with mass m_. One can also verify that
the hole action (7) (or (8)) is gauge invariant under transforma-
tions of the type §A, = 3,& and §A, = 3,,& with £ and & spinorial
parameters depending on the space-time coordinates. After an in-
tegration by parts we can also verify that they are invariant under
the global shifts A, = A, and §A, = A,. The soldering proce-
dure consists indeed in to lift the global shifts to local symmetries
tying the fields A, and B, (as well as their adjuncts) together by
imposing that their variations are proportional to each other, in
such a way that we have:

A=Ay 5 SAu=A, 9)

$Bu=aA, ; SBu=oalAy, (10)

where we have introduced the proportionality constant « so far
arbitrary.

Taking the variation of both actions and then summing the re-
sults we have:

5 (B 51A1+5% ,181)
- 1
=/d3x{fﬂ(A)[—ZVuVufv(A +aB)
+ %(m+Au —m,ozB,L)]

+ [—%f“(A +aB)yuyu + %(mﬁh —m—a’?v)]f”(f\)}-

(11)

In (11) it useful to define the soldering currents J, and ]M by
the expressions between brackets multiplying f#(A) and fY(A)
respectively, in such a way that we get the much compact expres-
sion:

5 (B alA1+5% ,1B1) = / P [FHA) o+ Tt ).
(12)

It is obvious then, that the simple sum of the actions do not give
us an invariant theory under the set of transformations given by
(9) and (10). An interference term must be included in order to
get that. This can be done by considering auxiliary fields, which
we will call H, and Hj, such that their variations will exactly
cancel the result obtained in (12). Then we have:

SH* = fH(A) SHH* = fIH(A). (13)

In the presence of the auxiliary field one can reorganize the varia-
tion in (12) such that:

8 [sfg/z[A] + s‘f;/z[B] - /d3x(l:ll‘ju + ]MH“)}

= —/d3x (HM8 ]+ 8] H"). (14)
Here the variations of the currents are given by:
5],L:—atl—“z)yuyuaH”+%(m+—m_a2)A,L, (15)
(Sju=—(1+Taz)8l:1”yuyv+%(m+—m_a2)AM, (16)

and we notice that the last terms in (15) and (16) can not be
written in terms of §H,, and §H, respectively. But, since the pa-
rameter « is still arbitrary we choose it in order to get rid of these
terms by making a? =m, /m_. Then, substituting back (15) and
(16) in (14), we automatically define the invariant soldered action,
given by:

@ ()]
Ss= S+3/2[A] + 5_3/2[3]

. - (1 +a?) .
—/d%[HMM+]MH“+TH“;/U;/MH“ . (7)
However, the auxiliary fields must be eliminated, which can be

made through their equations of motion. After some algebra we
end up with:

55 =S ol A1+ 5% 18]
2 - _
+m/d3x []/L]M—]u)’u)’v]v]- (18)

The reader can be spared from several tedious calculations, which
consists of replacing the currents J, and J, and the actions

5%/2['4] and SSZ;/Z[B] in (18) to obtain an invariant action forced
to depend only upon the exact combinations v, =aA, — B, and
Y =aAy, — By, both of them invariant under the set of transfor-

mations (9) and (10). The final result can be written as:

1 1-
5512)[1ﬂ]:(1+—az)/d3x [—Zfﬂ(lﬁ))/vyufv(lﬂ)

(my

2|
19)

Notice that we have used again the Greek letter v indicating
the field, and stressed with the subscript d that the action we
have obtained describe a doublet of spins +3/2 and —3/2 with
different masses my and m_. Besides, we have to say that once
we consider the field v/, as an independent arbitrary field (forget-
ting about the fact it is an invariant combination of A and B) the
action (19) is obviously non-gauge invariant under the transforma-
tions v, = d,& and 8y, = 3,& due to the presence of the mass
term. In some sense, this emphasizes that the soldering procedure
is not a simple sum of the actions, otherwise the sum of the gauge
invariant actions would give us a gauge invariant new action. The
interference term proportional to J2 in (18) has introduced the
gauge symmetry breaking.

On the result we have obtained in (19), it is completely ana-
logue to the cases of spins 1 and 2. Comparing with the spin-1
case one would say that we have a kind of Maxwell-Chern-
Simons-Proca theory if the masses are different. On the other hand
if my =m_ we have a kind of Maxwell-Proca model. With equal
masses, the model is exactly the same from where we have ob-
tained the first order self-dual models (1) by lowering the order

miym-_ -
+ Tfﬂvﬁwu%ﬂpﬁ +
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and rotating the fields as we have done in the previous section.
In that case, both of them, the doublet model and the first order
self-dual models are non-gauge invariant, and that is why there is
no sense on applying the soldering approach.

4. Soldering third order self-dual models

As we have said in the introduction there are three self-dual de-
scriptions for massive spin-3/2 particles in D =2 + 1 dimensions.
Here we have verified that the first-order one can be obtained
from the second order doublet model given by (1). Besides, by sol-
dering two second order models the very same doublet model is
recovered. The emergent question, is about the soldering of the
third order self-dual descriptions. We have observed that, some-
thing very interesting happens in the case of spin-2 particles. In
[10] we have demonstrated that the linearized version of the New
Massive Gravity models can be understood as the soldering of
two third order self-dual models, which in that case corresponds
exactly to the linearized truncation of the topologically massive
gravity. It is obvious that, the gravitational appeal becomes that
calculation more interesting than the others, but since our third or-
der model is indeed the fermionic part of the topologically massive
supergravity theory of [9], one could speculate about the fermionic
part of a super-NMG theory which would be a fourth order doublet
model. To find this model we suggest the soldering of the follow-
ing actions:

s pl1= [ x| P Wpons* )

1 _
+ 2—6‘“’3f“(A)VamVumaAf”(A)}, (20)
my

$%) ,[B] Zfd3x [f“(B)yvny”(B)

- Zm%eo“ﬂf"(B)yamu)/ﬂaxf”(B)]. (21)

From now on there will be a proliferation of gamma matrices
and lots of indices will be needed, to avoid any confusion we think
that it is a good idea to define some shorthand notation by making
€3, = E*F and Yo yuyvyp = Aauvp- As before we would like to
tie the fields A, and B, (as well as their adjuncts) by consider-
ing that their variations are proportional each other, which can be
done by means of the o arbitrary constant:

A=Ay ;  SAu=Ay, (22)

$By=alh, ; SByu=oaA,. (23)
The symmetries (22) and (23) are global ones, and the soldering
approach will lift it to local symmetries. It is straightforward to
see that the actions (20) and (21) are invariant under these rigid
transformations. But by this time, we could also check that they
are invariant under a larger set of gauge transformations, which
are: 8A, = & + yup and 8A, = 3,€ + ¢y, and an equivalent
set for B,

Taking the variation of the simple sum of the actions we have
explicitly:

2 Since the gamma matrices take the gamma trace of the spinor-vector fields one
could think that they are analogue to the Weyl transformations of the spin-2 case.
This becomes the analogies even more interesting.

5 (3,141+ 5% ,1B1)
:/d3X!fM(A)|:J/UVu,fU(W +ax)

1
et ()]

m_ my

+ [Mw +a )YV
1‘ 14 ax of
+ 2f“<m_ m+)AauvﬁE i|f (A)} (24)

which automatically defines the soldering currents J, and ju as
the expressions between brackets multiplying f#(A) and f*(A)
respectively. On the definition of the soldering currents, which
some times are called Noether currents we have given some more
detailed discussion in [10] after expression (19); there the reader
can see that there is some freedom in defining it. After all, we have
the following result:

5 (5% alA1+ 5% 181) = [ @x [FHa) g+ Tuf )] @25)
Once the simple sum of the actions in (25) is non-invariant under
the set of symmetries (22) and (23) becomes needed the introduc-
tion of auxiliary fields I:IM and H, which are defined such as their
transformations are given by f4(A) = 8H* and fY(A) = SH".
Then, after some rearrangements we have:

s [sf;/z[A] +5% PGIE /d3x (A" Ju+ ij“)]
= —/d3x (H*8 ], +8]uHY), (26)

where the current variations are given by:

v 1 1 o? af fv
51u=(1+0t2))/u)/uf (A)+§(E_m_+)AauvﬁE ﬂf ),

(27)

8Jv =1+ fH My, 1 R FH(N) Aauvp EYP
v vV > \m_ my auvp .
(28)

The last terms in (27) and (28) differently of the first case do can
be rewritten in terms of §HY and §H* respectively, but it would
be more difficult to invert the H’s in terms of the K’s in the next
step. Besides due to the presence of an additional derivative in
these terms, the result of this inversion would be non-local and
that is why we choose a?> =m.,/m_, in order to eliminate these
terms. In such a way we define the soldered action in terms of the
auxiliary fields as:

Ss =S} ,[A1+ 5%} , (B

—/d3x(1:1"]M+]UH" — (1 +a®)H yyy, HY), (29)

which is finally invariant under the set of symmetries (22) and
(23). But the auxiliary fields must be eliminated of the final result,
and then we use their equations of motion to obtain:

4) 3) 3)
S5 =513lA1+S73,(B]

+m/d3x(7“1u—iw”y“1u). (30)
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Substituting J* and J in (30) and defining invariant soldering
fields ¥, = @A, — By, and ¥, = ¢A, — B, we end up with the
final fourth order seldered action:

1 I v
s = sram | P oo

+ ) ) A B £ ()

2(mym_)

- mf”(lﬁ)Eaﬁ)/aA;wﬂr)’wngfr(W)]- (31)

There are several similarities of this result with the spin-2 case
where we have found the linearized version of the New Massive
Gravity in [10]. The second order term which would be the Ein-
stein-Hilbert term has been appeared with wrong sign as in the
spin-2 case. The generalized soldering procedure has produced a
third order term which seems to be of the kind of the third or-
der topological Chern-Simons term, such term gets rid of when
we do my = m_. The fourth order term is the same we have
obtained through the alternative Noether gauge embedment ap-
proach in [1]. We have interpreted it as a kind of K term from the
NMG model. Then if one chooses equal masses we end up with a
spin-3/2 model analogue to the NMG gravity theory at least in the
linearized version. Despite the gauge invariance of the model, we
also have some similarities since the fourth order model is invari-
ant under reparametrizations of the type 6, = 9,& and gamma
Weyl-like transformations 8y, = y,.¢.

5. Conclusion

The recent doublet models we have suggested in [1] are recov-
ered through the generalized soldering procedure. In particular we
have observed that starting with the doublet model (1) one can
lower the order in derivatives by considering the introduction of
an auxiliar field and then perform a rotation in the fields in or-
der to decouple the lagrangian obtaining then a pair of first-order
self-dual models with different helicities. The same happens with
spin-1 and spin-2 theories. The procedure is also some times un-
derstood as to take the square root of the doublet model.

We have also demonstrated that the generalized soldering pro-
cedure of two second order self-dual models with different helic-
ities +3/2 and —3/2 and also different masses m; and m_ gives
rise to a generalized version of (1) where an interference term is
present. Such terms are typical in the generalized procedure. Here
it is a first order Chern-Simons like term which has a coefficient
(my —m_). Then it turns out to zero if we choose equal masses.

By soldering two third-order self-dual models with different
masses and helicities one can obtain the fourth order doublet
model that we also have suggested in [1]. However here we have
an interference term of third order in derivatives, which general-
izes the previous result. Such term is similar to the spin-2 topo-
logical Chern-Simons term and also disappear if we choose equal
masses.

In the case of spin-2 theories the enigmatic combination on
the mass term of the symmetric rank-2 tensor hy,, and its trace h
provide precisely the correct description of the spin-2 mode alone
without any ghosts. It is interesting to notice that this mass term
is automatically generated through the soldering procedure of two

second order self-dual models. Here we have also generated the
spin-3/2 mass term which is of the form €** v, 9. It is in-
teresting to notice that in the spin-1 and in the spin-2 cases the
soldering of two second order self-dual models in D =2 + 1 gives
rise to the Proca and Fierz-Pauli doublet models respectively. Both
of them are dimension independent. Here the mass term in (1) is
proportional to the Levi-Civita symbol, then restricted a priori to
the three dimensional space. One can however rewrite it by con-
sidering the identity e*"¥y, = y#*yV — nHv.

In our point of view, the results we have obtained here rein-
forces the doublet models we have suggested in [1] since they are
recovered by means of the soldering of singlet models as also hap-
pens in the spin-1 and spin-2 cases. Taking the spin-2 case for
example, the second order doublet model (1) is similar to the
Fierz-Pauli theory, while the fourth order doublet model is anal-
ogous to the linearized version of the NMG theory.

All along the work we have been used the word equivalent in
order to relate the pair of self-dual models and the doublet mod-
els. Such equivalence must be understood in the same spirit of the
work [11] where the interest is a connection between the theories
in the lagrangian level. In fact in the soldering procedure there is
a priori no guarantee of quantum equivalence between the pair of
self-dual theories describing opposite helicities and the final sol-
dered field theory. In order to establish the equivalence one needs
to construct a master action interpolating between the pair of sin-
glet models and the doublet models. This is precisely the aim of
a work in progress where we are constructing master actions in-
terpolating among the three self-dual models, between the two
doublet models and among the pair of self-duals and the doublet
models in syntony with [10,15] where we have done something
similar with the spin-2 case. It would be very unusual if the exis-
tence of such “equivalence” at the classical level do not persist at
the quantum level.
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