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ABSTRACT 

 

Running is an important physical activity in many people’s lives, whether to maintain the 

body’s health or as a high-performance sport. Because it is a physical activity, running 

involves the risk of injury. Since the beginning of the 20th century, the mechanisms involved 

in running and characteristics that may be related to the occurrence of injuries have been 

studied. One of the main characteristics related to injuries in running is the ground reaction 

force. In addition to experimental methodologies, mathematical models have been used as an 

important alternative to simulate ground reaction forces. This thesis seeks to study the ground 

reaction force during running using and comparing mathematical models, proposing a new 

lumped parameter model for the simulation of the foot/ground interface, and proposing a new 

model for the simulation of vertical ground reaction forces. A linear lumped parameter model 

for the contact between the foot and the ground was proposed and compared with a known 

non-linear model in the literature. The proposed model was able to closely simulate the 

behavior of the non-linear model in both soft and hard sole conditions. A general state-space 

modal analysis procedure was discussed and applied to two lumped parameter models to 

analyze the presence of dominant modes. The dominant modes were observed, and it was 

possible to conclude that three modes are sufficient to represent the dynamics involved in the 

vertical ground reaction forces. Based on the behavior of the dominant modes, a modal model 

was proposed for the simulation of the vertical ground reaction forces in running. The model 

was tested using six experimental data sets of vertical ground reaction forces from the 

literature. The model was able to reproduce the experimental profiles of ground reaction 

forces with a good precision, although there is some variability in the parameters obtained 

from the model’s modes in the simulation of each set of experimental data, which makes it a 

little difficult to physically interpret. each data set. 

 

Keywords: Model. Ground reaction force. Modal analysis. Modes. Degrees-of-freedom. 

 

 

 

 

 

 



 

 

RESUMO 

 

A corrida é uma atividade física de destaque na vida de muitas pessoas, quer seja como um 

modo de se manter a saúde do corpo, quer seja como esporte de alto rendimento. Pelo fato de 

ser uma atividade física, a corrida envolve o risco de ocorrência de lesões. Desde o início do 

século XX tem se estudado os mecanismos envolvidos durante a corrida e características que 

possam estar relacionadas à ocorrência de lesões. Uma das principais características 

relacionadas a lesões durante uma corrida é a força de reação do solo. Além de metodologias 

experimentais, modelos matemáticos têm sido utilizados como uma alternativa importante 

para simular as forças de reação do solo. Esta tese busca estudar a força de reação do solo 

durante uma corrida utilizando e comparando modelos matemáticos, propondo um novo 

modelo de parâmetros concentrados para a simulação de contato na interface pé/solo e 

propondo um novo modelo para a simulação das forças verticais de reação do solo. Um 

modelo linear de parâmetros concentrados para o contato entre o pé e o solo foi proposto e 

comparado com um conhecido modelo não-linear da literatura. O modelo proposto foi capaz 

de simular com boa aproximação o comportamento do modelo não-linear em ambas as 

condições de solado macio e duro. Um procedimento geral de análise modal em espaço de 

estados foi discutido e aplicado a dois modelos de parâmetros concentrados diferentes a fim 

de se analisar a presença de modos dominantes. Os modos dominantes foram observados e foi 

possível concluir que três modos são suficientes para representar a dinâmica envolvida na 

força vertical de reação do solo. Com base no comportamento dos modos dominantes, um 

modelo modal foi proposto para a simulação das forças verticais de reação do solo durante a 

corrida. O modelo foi testado utilizando seis conjuntos de dados experimentais de forças 

verticais de reação do solo da literatura. O modelo foi capaz de reproduzir bom grau de 

precisão os perfis experimentais de forças de reação do solo, apesar de haver certa 

variabilidade nos parâmetros obtidos do modelo para os modos na simulação de cada conjunto 

de dados experimentais, o que torna um pouco difícil a interpretação física para cada conjunto 

de dados.  

 

Palavras-chave: Modelo. Força de reação do solo. Análise modal. Modos. Graus de 

liberdade. 
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1 INTRODUCTION 

 

1.1. Historical Background 

 

The understanding of mathematical modeling is important for a better comprehension 

of the work described in this thesis. Mathematical modeling is a very wide field and is related 

to all science areas, but specially in engineering and natural sciences (Medicine, Fluid 

Mechanics, Chemistry, Computer Science, Economics, etc.). The word ‘model’ comes from 

the vulgar Latin word modellus, which derives from the Latin word modulus, that can be 

defined as an object that serves as a parameter for the construction or creation of other objects 

(Japiassú and Marcondes, 2001). Models have been used since ancient times. Kallrath (2004) 

provides a brief historical background of mathematical models. According to his work, the 

first known use of models is dated from around 30,000 BC, through “counting” and writing 

numbers on bones. As time went by, civilizations like India, Egypt and Babylon acquired 

decent knowledge of mathematics and models to improve their peoples’ lives. The first 

documented use of mathematical theory dates from around 600 BC, when Thales of Miletus 

started using geometry to analyze reality and helping the development of mathematics. 

Pythagoras is considered to be the first pure mathematician, developing the theory of numbers 

and starting the use of proofs for already known theorems. Diophamus of Alexandria 

contributed to the development of modern models around 250 AD, when he developed the 

first ideas of algebra and the notion of variable. Building models to represent real problems 

from reality became a tendency for many eastern civilizations (India, China, Persia and some 

other Islamic countries). In the western world, mathematics and mathematical models came 

only around the 11th century, through surveying at first. Leonardo Fibonacci was a great 

mathematician from that time, using algebraic methods for merchandising. In later centuries 

more mathematical theories and models were developed, also being used in economics, 

physics and other science fields. 

One of the aspects of mathematical modeling is modeling real world phenomena. For 

this purpose, differential equations have been fundamental. By definition, a differential 

equation is an equation that contains the derivatives of one or more dependent variables with 

respect to one or more independent variables (ZILL, 2009). A derivative is a fundamental 

property in mathematics. The derivative is defined as the instantaneous rate of change of a 

function with respect to an independent variable (NARAYAN, 1953). The derivative of a 
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function can be also geometrically interpreted as the tangent of the function in a determined 

point with respect to the independent variable. 

The following historical references concerning differential equations are presented in 

Archibald et al. (2005). The differential calculus emerged around 1700 AD, through the study 

of the so-called “Inverse tangent problems”. The tangent of a given curve in determined 

points was a problem of classical mathematics, but to find curves that have a specific tangent 

property was a newer mathematical problem, called the inverse tangent problem. Translating 

this problem into a correct mathematical formulation gradually gave birth to differential 

equations in late 17th century. In 1752, Vincenzo Riccati published a paper in Latin called De 

usu motus tractorii in constructione aequationum differentialium (which means “the use of 

traction motion for differential equations construction”), demonstrating that any differential 

equation could be integrated in an exact way, using tractional motion. It is allegedly the only 

complete theoretical work about the use of tractional motion in geometry. At this point, Jean 

Le Rond d’Alembert had already studied a problem involving multiple pendulums, in which 

he obtains a system of linear second order differential equations with constant homogeneous 

multipliers that represents the equations of motion of the pendulum system (in 1743). Later, in 

a series of three memoirs (1745, 1747 and 1752) d’Alembert proposed a theory for the 

integration of a system of linear differential equations with constant coefficients, 

homogeneous or not. Using d’Alembert’s studies as a reference, Augustin-Louis Cauchy 

extended d’Alembert’s approach to nonlinear systems (around 1818) and also proposed what 

is called the classical theory of general differential equations, in which he demonstrates the 

solution of any 1st order differential equations and the solution for n-th order differential 

equations (the latter by reduction to a system of 1st order differential equations). Around the 

early1800s, the mathematicians’ notion of functions was insufficient to comprehend the 

integration of higher transcendental functions, and Carl Friedrich Gauss defined a 

hypergeometric function as the limit of the partial sums of the hypergeometric series, also 

proposing that the convergence should be a preliminary condition when using a series. In the 

first half of the 19th century, Carl Gustav Jakob Jacobi and Willian Rowan Hamilton 

dedicated their efforts in using transformation of variables to find the solutions of differential 

equations. Their theorems served as a base for the work of mathematicians like Henri 

Poincaré and Rodolhpe Radau. In 1877, by analyzing Hermann von Helmholtz resonators, 

Lord Rayleigh, in his work The Theory of Sound, deduced Lagrange’s equation for general 

coordinates and added a dissipation function F. Around the same time, Marius Sophus Lie 

observed, by studying tetrahedral line complexes, that their first order partial differential 
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equation (PDE) can be transformed to a smaller PDE that could be integrated directly. 

Continuing his studies, Lie had big influence over the knowledge of transformations for 

ordinary and partial differential equations solutions. In 1915, Albert Einstein published his 

gravitational field equations of general relativity, which represent a generalization of the 

Poisson equation of Newtonian’s mechanics. Einstein’s search for reliable field equations 

persisted for a couple of years, with the inclusion of the called distant parallelism and the 

introduction of the tetrad field. In 1911 and 1912, Luitzen Egbertus Jan Brouwer proposed 

two theorems regarding continuous mappings between manifolds of the same dimension. The 

French mathematician Jacques-Louis Lions carried out some studies related to ordinary 

differential equations for control theory and applied it to industrial problems in the second 

half of the 20th century. In 1970, The French physicist David Ruelle and the Dutch 

mathematician Floris Takens published an article using dissipative differential equations to 

describe fluids with a very good precision, instead of the classical fluid equation proposed by 

Claude Louis Navier and George Gabriel Stokes. The historical facts described above do not 

include all the important differential equation references but are intended to give a brief 

historical background. 

The focus of this thesis is the mathematical modelling of a runner to predict the 

ground reaction force (GRF) when the runner’s foot is in contact with the ground. A 

schematic drawing of an example of ground reaction force for a runner whose rear part of the 

foot impacts the first (a rearfoot runner) is shown in Fig. 1. 
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Figure 1 - Schematic diagram showing a typical ground reaction force for rearfoot runner. 

 

Source: elaborated by the author. 

 

The interest in analyzing the forces related to the foot contact with the ground started in the 

19th century. According to Sutherland (2005), the first researcher to investigate 

experimentally some kind of foot pressure was Carlet (1872). Carlet performed a gait analysis 

in human locomotion, in which a qualitative measure of foot force in walking was obtained 

using air reservoirs. Following Carlet, Beely (1882) used a different technique for foot 

pressure analysis, in which a thin bag with plaster was used to obtain a foot impression. This 

experiment was performed to test the assumption that parts of the foot bearing the most 

weight would lead to deepest impressions on the plaster sack. Elftman (1937) presents a brief 

historical background related to the experiments realized after Beely. Momburg (1908) did an 

experiment similar to the one carried out by Beely, using moistened garden soil instead of a 

plaster sack. More accurate methods were developed as time went by. Abrahamson used the 

same idea in an experiment in 1926 but used steel shot on a hard surface with a plate over the 

shoot. The subjects were asked to step on the plate and the depth of the shot on the plate was 

related to the weight supported by various parts of the foot. In 1925, Forstell put a wire net 
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over an ink pad, with a paper foil over the net. The subjects were asked to stand on the paper 

over the net, and due to elastic properties of the net, the parts of the foot bearing larger weight 

caused the paper to have greater contact with the ink pad in those regions. Basler, in 1927, 

built a machine similar to a harp, with 10 strings, on which the subjects were asked to stand 

on. The strings were then plucked, and the pitch of the strings was compared with the pitch of 

piano strings, to have a measure of the weight of each of the foot parts. Morton was the first 

researcher to use rubber for foot pressure analysis. In his experiment, he used a rubber mat 

with longitudinal ridges placed on an inked ribbon and paper. When the subjects stood in his 

experiment, the ridges widened due to the elasticity of the rubber and the measure of the 

weight was related to how wide the impressions on the paper were. However, he mentioned 

that the experiments failed to analyze the change in the pressure dur to various parts of the 

foot over time, which is an important characteristic for understanding the physiology of the 

foot. With that in mind, Elftman (1937) proposed an experiment in which the momentary 

pressure distribution of the foot in normal progression could be studied. In his experiment, he 

put a heavy glass plate in a suspended frame between two tables. A rubber mat was put over 

the glass plate. The upper surface of the rubber mat was smooth, and the lower was studded 

with pyramidal projections. The apex of each pyramid was in contact with the glass and a 

white fluid was put between the rubber pyramid projections. As the subjects walked over the 

mat, the pyramid areas in contact with the glass increased proportionally the pressure from 

each part of the foot. After Elftman, other authors investigated ground reaction forces during 

walking, managing to gather experimental data, with the improvement of measurement 

systems and data collection (for example, accelerometers and force plates helped a lot in the 

capture of ground reaction force data in running and walking). Cunningham (1950) managed 

to successfully gather experimental ground reaction force data from subjects walking, and his 

data was used in several later works in the analysis of ground reaction forces due to walking. 

Andriachi et al. (1977) obtained and compared experimental walking ground reaction force 

data from normal subjects and subjects with knee pathologies. Yamashita and Katoh (1976) 

used a specially designed force plate do gather experimental vertical ground reaction force 

data from normal subjects when walking. Ground reaction force analysis due to walking is 

still being investigated for different situations up to the present. For example, Barela et al. 

(2014) studied the walking ground reaction force from normal subjects using body weight 

support. Shahabpoor and Pavic (2018) used a cost-effective method for analyzing the walking 

ground reaction force, through a single inertial measurement unit. 
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As to the analysis of running ground reaction forces, according to Cavanagh and La 

Fortune (1980), Amar (1916) was the first to obtain some form of running ground reaction 

force measurements, using an apparatus in which rubber bulbs were compressed due to the 

movement of a platform and its impressions were recorded on a drum by tambours with air 

transmission. This experiment uses the first ever force plate. By putting a runner to run behind 

a white wooden lattice work, Fenn (1930a), in the first part of his work, measured the work 

expended during acceleration and deceleration of the limbs using a moving picture method. In 

the second part of his work, Fenn (1930b) used a simple model to estimate the body center of 

mass and investigated the movement of the center of mass due to limb movements, using 

moving frames. Fenn (1930b) also recorded measurements of the pressure of the foot against 

the ground when the running velocity was changing, using a system similar to the one used by 

Amar. Cavagna (1964) used two different measurement systems to study the mechanical work 

involved in running. One method used accelerometers attached to the trunk and the second 

method used the moving frames method. As time went by, studies of running ground reaction 

forces gained more attention by the science community, and more studies were performed. 

Dickinson et al. (1985) studied the shock wave propagation on the impact of the foot in 

running using a treadmill and a force plate. De Wit et al. (1999) performed a biomechanical 

analysis of the stance phase from subjects in barefoot and shod conditions, at different 

velocities, using a force plate and a level treadmill. More recently, three-dimensional motion 

capture systems became an alternative for ground reaction force and kinetic analysis during 

running and walking, despite being a costly alternative. Hamill et al. (2014) used a three-

dimensional motion capture system and a force plate to investigate the change in knee and 

ankle stiffness when running with different footfall patterns (rearfoot and forefoot running). 

Wojtusch and von Stryk (2015) used a more complex system to capture the motion and the 

forces in running, using markers for motion capture and two force plates with a treadmill. 

Gurchiek et al. (2017) managed to successfully measure three-dimensional running ground 

reaction forces when performing change in acceleration and direction experiments using a 

single inertial measurement unit. Leporace et al. (2018) used multilayer perceptron (MLP) 

neural networks to gather experimental data from running using force platforms and tri-axial 

accelerometers and simulated ground reaction forces in three directions. 

Several different experimental studies of ground reaction forces due to running and 

walking concluded that the ground reaction forces were somehow linked to the possibility of 

injuries, and the interest in studying these ground reaction forces increased. At some point, 

with the knowledge of models and the possibility of avoiding complex experiments in 
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controlled environments, researchers started testing models to simulate the ground reaction 

forces due to running and walking. Even though the human body is a complex system 

involving muscles, bones and other viscoelastic materials, the possibility of human body 

modelling with approximations was an alternative to investigating its main characteristics in 

different situations. Due to their simplicity, LPMs were the first ones to be implemented as 

human body and animal body models for dynamic and kinetic studies. In these models, the 

ground reaction force could be predicted from the motion of a LPM consisting of masses, 

springs and dampers that represents the human body. One of the first body models reported in 

the literature was the one described by Greene and McMahon (1979), in which a man 

standing on roughhewn spruce boards over a wooden beam was modelled as a two-mass 

lumped parameter system with springs and a damper, to study vibration. A two-mass lumped 

parameter system with two dampers and two springs was used by Mizrahi and Susak (1982) 

to model the body for the purpose of studying the transmission of the impact from the foot to 

the level of the greater trochanter (part of the femur). A simpler LPM was used by McMahon 

et al. (1987). They attached a single mass to a single spring, in which the mass represented the 

human body mass, and the spring represented the effective vertical stiffness of the body. In a 

comprehensive study, Cole (1995) presented several different properties of the lower 

extremity joints during impacts in running, including general models for muscle-tendon and 

bone units and a nonlinear ground contact model equation for vertical force simulation on 

impact. Making use of Cole’s nonlinear ground contact relation, Nigg and Liu (1999) 

proposed a more elaborate LPM that included four masses connected through several springs 

and damper elements. His model was one of the first to model the vertical ground reaction 

force in the first half of the impact phase with reasonable accuracy. The model proposed by 

Nigg and Liu is a key paper in ground reaction force modelling and has been cited by many 

authors. Klute and Berge (2004) studied the gait from an amputee and proposed a slightly 

different five-mass LPM to simulate the ground reaction force, using Cole’s ground contact 

model. Ly et al. (2010) also used the model proposed by Nigg and Liu, but also included a 

mass to represent the rigid shoe mass connected to the foot mass through a spring and a 

damper, also using a spring connecting the rigid shoe mass to the ground, representing the 

ground stiffness.  

In the last two decades, different types of models have been mainly developed to 

simulate specifically the ground reaction forces due to running or walking. One of them is the 

model proposed by Clark et al. (2014), in which the human body is divided into two main 

masses, one being related to the leg in contact with the ground during impact and the other 
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being the mass of the rest of the body. The total vertical ground reaction force due to running 

was then composed of the sum of the impulses of each mass on impact with the ground during 

time in which the foot is in contact with the ground. Wojtusch and von Stryk (2015) 

developed a forward kinematic model of the human body with thirteen body segments, twelve 

joints and twenty-eight degrees of freedom, to capture the motion of the body when running. 

 

1.2. Literature Review 

 

The historical background presented a historical evolution of the fields related to 

mathematical modelling, differential equations, and ground reaction force studies. In this 

section, the literature review focuses on the literature regarding GRF analysis, which is the 

central theme of this thesis. The literature review is divided into two main categories: 

Experimental GRF analysis and analytical GRF analysis. The experimental GRF analysis sub-

section discusses important studies concerning experimental GRF data extraction, while the 

analytical GRF analysis sub-section discusses studies concerning GRF modelling techniques 

for GRF simulation. 

 

1.2.1. Experimental GRF analysis 

 

Experimental GRF analysis consists of using experimental apparatus to obtain some 

type of measure of the ground reaction forces or foot pressure. The experimental GRF 

analysis can be divided into three main subgroups: qualitative GRF and foot pressure analysis, 

GRF analysis and foot pressure distribution analysis. These concepts, involving each group, 

are discussed in the following subsections with the presentation of related studies. 

 

1.2.1.1. Qualitative GRF and foot pressure analysis 

 

In late 19th century, when the first attempts to understand the foot force and foot 

pressure were performed, there were no advanced technologies regarding experimental data 

extraction, so researchers used methods available at the time to perform these types of studies. 

Experiments analyzing foot impressions in different apparatus were the first attempts to study 

foot pressure or foot force. As mentioned in the historical background, Carlet (1872) was the 

first to attempt GRF investigation, using air reservoirs for human gait analysis, which led to a 
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qualitative foot force profile. Beely (1882) introduced a different form of qualitative foot 

pressure analysis, in which a subject stood still over a thin plaster bag, and the foot impression 

in the bag was related to the foot pressure. Fischer (1907) was important to present a new 

method in analyzing kinematics and forces in running, which consists in using cameras and 

moving frames. In his work, a man was totally dressed in black clothes, with a series of 

Geissler tubes arranged symmetrically on his head and limbs. These tubes were then joined to 

the secondary of a Ruhmkorff coil whereas the primary was interrupted twenty-five times a 

second. The clothed man ran, and his movement was recorded photographically by cameras 

all around him and coordinated through networks of squares photographed at the same time. 

This was three-dimensional running movement analysis, despite still gathering only 

qualitative data with respect to ground reaction forces and foot pressure. Using the pneumatic 

principle from Carlet’s work, Amar (1916) built an apparatus in which rubber bulbs were 

compressed due to movement in a platform and the bulb impressions were recorded by 

tambours with air transmission. Fenn (1930b) used the ideas from Fischer and Amar, to 

perform analysis of kinematics and foot pressure changes due to running. Elftman (1937) also 

had an important influence in GRF study due to his experiment, that consisted in generating 

partial foot impressions in small rubber pyramids. Although the impressions had only 

qualitative information, this experiment was the first mechanical force plate created. 

 

1.2.1.2. GRF analysis 

 

With the advance of technology (electronical force plates, accelerometers, sensors in 

general, etc) it became easier to gather qualitative information regarding running and walking, 

with respect to foot pressure and ground reaction forces. Since the ground reaction forces are 

related to injuries (NIGG and LIU, 1999; SATO et al., 2005; ZADPOOR et al., 2007; BATES 

et al., 2013; KHAJAH and HOU, 2015; VAN DER WOOP et al., 2015), many studies and 

experiments were developed in order to gather running and walking GRF data. The first 

methods to obtain quantitative GRF measurements involved attaching transducers to different 

regions of the foot. Bauman and Brand (1963) attached transducers to the great toe, 1st 

metatarsal, 2nd metatarsal, 5th metatarsal and heel, observing pressure recordings through a 

preamplifier. Later works were able to make use of force plates, which can measure force 

directly using load cells. These force plates became standard for ground reaction force 

measurements. Yamashita and Katoh (1976) used a triangular shaped force plate with load 

cells in each of the three vertices to analyze vertical resultant force during level walking. 
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Another work using force plates was developed by Bryant et al. (1987), in which the ground 

reaction forces of galloping dogs were analyzed using two-sided force plates. De Wit et al. 

(1999) used a force plate to gather three-dimensional ground reaction force data from nine 

male runners, running at 3.5, 4.5 and 5.5 m/s to compare biomechanical aspects of shod and 

barefoot running. Many more similar studies using force plates to gather GRF data were 

developed in recent times (DUTTO and SMITH, 2002; SATO et al., 2005; STILES and 

DIXON, 2006; STERZING et al., 2013; MEURISSE et al., 2015; FLUIT et al. 2015; 

SINCLAIR et al., 2015; UDOFA et al. 2016). 

 

1.2.1.3. Foot pressure distribution analysis 

 

As mentioned previously, running or walking GRFs show important information 

related to injuries. However, researchers found out that GRF measurements do not give much 

information regarding force or pressure distribution on the foot-ground interface. The first 

study to give a quantitative measure of foot pressure distribution was from Arcan and Brull 

(1976). They developed and patented a complex apparatus consisting of a platform with 

several layers, an imaging system, and a loading device. When a subject stood on the platform 

using loading sandals, an image pattern of the foot-ground contact interface was generated. 

The contrast images displayed different point of pressure under the foot. These images could 

then be converted into numerical results. Following on from Arcan and Brull, more studies 

were developed focusing on foot pressure distribution. Manley and Solomon (1979) used a 

force plate coupled with a signal processing system to study the one-dimensional discrete 

vertical ground reaction force distribution of a human foot during locomotion. Their work was 

one of the first to give quantitative measures of the vertical ground reaction force distribution 

on the foot sole during contact. In a recent study, Castro et al. (2015) analyzed the foot plantar 

pressure distribution in subjects during low and high gait cadences, considering load carriage. 

The foot plantar region was divided into ten two-dimensional subregions and the plantar 

pressure of each region was obtained via force plate and then analyzed for loaded and 

unloaded conditions. Results showed that the foot plantar pressure changes quite significantly 

in both directions. 

 

1.2.2. Analytical GRF analysis 
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Running and walking GRF modelling is another option for GRF analysis. It consists of 

developing a mathematical model that can simulate the running and walking GRF. These 

models became a viable alternative for GRF analysis due to some disadvantages of 

experimental GRF analysis. The main disadvantages are a) some quantities are difficult to be 

measured; b) isolated effects of parameters cannot be studied; c) experimental setups are 

expensive and must be built in controlled environments (Nikooyan and Zadpoor, 2011). 

In this thesis, the focus is on GRF modelling, with comparisons between some models 

presented in the literature and the development of a new GRF model. Therefore, many works 

related to GRF modelling are presented in this section. The GRF modelling area can be 

divided into two main groups: LPMs and other models. 

 

1.2.2.1. Lumped parameters models 

 

The most frequently used model to simulate running and walking GRFs is the lumped 

parameter model (LPM) (also called the mass-spring-damper model). This model is used to 

simulate the whole body and the contact of the foot with the ground during locomotion. 

Despite the complexity of the human body, during the contact of the foot with the ground 

(stance phase) the dynamics of the body can be separated into portions through each mass in 

the model. The springs and dampers are used to represent the rigid and viscoelastic parts of 

the body. The models may include only vertical motion or vertical with horizontal motion. 

Some of the important works including running and walking GRF modelling through LPMs 

are presented in this section. 

One of the first works to use LPM to measure and simulate impact forces was carried 

out by Greene and McMahon (1979). The authors used a LPM with two degrees of freedom 

(DOF) to simulate a subject doing knee-bends while carrying extra weights and carried out 

the simulation of its vibration considering the two modes of vibration (labelled in this case 

parallel and anti-parallel modes). Despite using the model to simulate impact forces of a 

subject standing still, the human body was successfully modelled using a LPM and so 

researchers started using it for running and walking analysis. 

Following the modelling approach by Greene and McMahon, Mizrahi and Susak 

(1982) assembled a slightly different two-DOF LPM to analyze the impact forces at the 

greater trochanter level during a jump. Acceleration data was collected during a jump using an 

accelerometer attached to the great trochanter position of the subject. The model divided the 

body into two mass portions, one with respect to the region between the foot to the 
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accelerometer level and other with respect to the rest of the body. The model simulation was 

then validated by comparing the acceleration gathered from the accelerometer and the 

acceleration of the model mass corresponding to the leg. The output from the model matched 

reasonably well with the acceleration obtained with the accelerometer. 

Blickhan (1989) was the first work to use a one-DOF LPM to simulate running and 

hopping. In his work, Blickhan separated the movements of running and hopping into two 

phases: contact phase and aerial phase. In the contact phase, there is the presence of the 

ground reaction force. For hopping simulations there are two configurations in the work: 

hopping at zero speed and hopping at nonzero speed. For the first case, the mass only has 

vertical movement, and the ground reaction force can be calculated as the force through the 

spring in the contact phase. For hopping at nonzero speed, during the contact phase there is an 

angle of contact with the ground (with respect to the spring) and horizontal ground reaction 

force appears. The hopping at nonzero speed analysis is then extended for running. 

In a wider study, McMahon and Cheng (1990) used a one-DOF LPM (single mass 

attached to a spring) to simulate ground reaction forces during running and during hopping. 

For hopping, only vertical motion is considered in the model. For the running condition, new 

parameters are included in the simulation. The simulations for both cases showed that the 

equivalent stiffness of the body changes when considering horizontal velocity (running) and 

that this stiffness is a function of horizontal and vertical velocities. 

Another important work using one-DOF LPMs for impact force analysis in 

locomotion was performed by Alexander (1990). In his work, it was shown that the energy 

spent in legged locomotion from robots and animals can be smaller by making use of two 

features: the pogo stick principle and the return springs. According to the author, the pogo 

stick principle consists in applying a force to the ground that is in the same direction of the 

foot contact during contact time length. The work shows that using the pogo stick principle 

and a return spring attached to the body mass model increases energy saving during 

locomotion. The author also presents a two-DOF LPM separating the foot mass from the body 

mass in locomotion movement, showing that the inclusion of a foot pad (represented by a 

damper) can prevent an effect called “chatter” (vibrations in which the foot repeatedly leaves 

and returns to the ground before settling during the contact time). In this model, the ground 

reaction force is the combination of forces of the lower spring and damper in contact with the 

ground. 

Cole (1995) performed an extensive study in his thesis, entitled “Loading of the Joints 

of the Lower Extremities During the Impact Phase in Running”. In this work, Cole developed 
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models to represent the body, the muscles, the bones, and the involved forces during heel-

strike running. One of the important parts of the work is the development of nonlinear ground 

reaction forces (vertical and horizontal) in discrete points of the foot-ground contact interface. 

The vertical GRF relation developed by Cole is a nonlinear force that depends on both 

displacement and velocity of the foot. This relation has been used by different authors in 

works in subsequent studies. 

One of the most important studies regarding LPMs to simulate running ground 

reaction forces was developed by Nigg and Liu (1999). They proposed a four-DOF LPM and 

used the concepts of wobbling masses, which corresponds to the mass of the soft parts that 

shifts relative to the bony parts of the body during the movement (Gruber et al., 1998). The 

model consists in four masses (two wobbling and two rigid) representing the upper and lower 

portion of the body. The model has only vertical movement, and the ground reaction force is 

calculated using Cole’s nonlinear model, considering hard and soft sole conditions. This 

model was the first to simulate reasonably well the transition between the first and second 

peaks in the vertical ground reaction force curve for rearfoot runners. 

In a later study, Zadpoor et al. (2007) used a slightly different version of the four-DOF 

LPM proposed by Nigg and Liu, including the nonlinear ground contact relation proposed by 

Cole. The simulation of the vertical ground reaction force considered again hard and soft sole 

conditions. The model parameters were changing, to investigate the effect of each model 

parameter on the total GRF. 

Ly et al. (2010) also used the basic model proposed by Nigg and Liu but included an 

extra mass element to represent the foot specifically and the connection to the ground. The 

difference between the models is that in the model proposed by Nigg and Liu the foot and 

ground properties are modelled together. In the model proposed Ly et al., the additional rigid 

mass representing the foot is connected to the lower body mass through a spring and a 

damper, while also being connected to the ground through a spring representing the ground 

stiffness. With this model, it was possible to analyze how the ground stiffness and shoe 

stiffness separately affects vertical ground reaction force in running. 

Yukawa et al. (2011) proposed a complex four-DOF LPM to simulate the vertical and 

horizontal running GRF at steady running speed. The model included three masses connected 

through springs and dampers and with vertical motion while all of them rotating with the 

same angular movement. The model also includes rotational springs and dampers. A 

parameter search was used to find the best parameters values to match vertical and horizontal 

running ground reaction force data from runners at steady speed. 
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In one of the most recent works in the area, Verheul et al. (2019) used a two-DOF 

LPM to test the possibility of it modelling vertical ground reaction forces for different high-

intensity tasks. The model proposed by Verheul et al. is slightly different from the two-DOF 

model proposed by Mizrahi and Susak (1982) and similar to the model proposed by Derrick et 

al. (2000), with only one damper and two springs, connecting the two masses and the ground. 

The work showed that the model could predict different experimental ground reaction forces 

reasonably well in general but could not predict the well the transition between impact and 

active peaks. 

 

1.2.2.2. Other models 

 

In the last two decades, new modelling techniques and new methods of parameter 

identification have been adopted for reaction force modelling for running and walking ground. 

Some of the important works using these techniques are presented in this section. 

One of the first studies to use artificial neural network (ANN) and multiple linear 

regression (MLR) models for experimental ground reaction force data prediction was Billing 

et al. (2006). An ANN can be defined as “a machine that is designed to model the way in 

which the brain performs a particular task or function of interest” (Csàji, 2001). A Linear 

Regression (LR) is a modelling technique that predicts a response variable as a function of an 

explanatory variable (WEISBERG, 2013). When the response variable depends on two or 

more explanatory variables, the Linear Regression is then called Multiple Linear Regression 

(MLR). In this work, GRF data was collected using a modular wearable data acquisition 

system and using force plates. In both cases the data was collected in the laboratory with 

controlled conditions. The ANN and MLR models were then used to match the modular 

wearable system GRF data and the force plate GRF data. 

Oh et al. (2013) also used ANN to match experimental GRF data. In their work, 

experimental data from subjects walking was gathered using motion capture systems and 

force plates. The movement was divided into two phases, one in which there is a single foot in 

contact with the ground (single support phase) and other considering both feet in contact with 

the ground (double support phase). For the double support phase, classical Newtonian 

mechanics was not able to describe the GRF since the system becomes statically 

indeterminate. The body is divided into mass segments, and values of trajectory, velocity and 

acceleration were used as inputs for the ANN. The ANN GRF results were validated using the 

experimental GRF data. 
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An interesting GRF modelling technique was developed by Clark et al. (2014), in 

which the vertical GRF was constructed by summing impulse curves. The model divides the 

human body into upper and lower body masses, with each having its own impulse component, 

and the total vertical GRF corresponds to the sum of the impulse curves. The impulse curves 

have bell-shaped form making use of a cosine function. The curve’s parameters are based on 

the dynamic information from the body running during contact with the ground. The lower 

body impulse curve is mainly responsible for the first peak region of the GRF, while the upper 

body impulse curve is mainly responsible for the second and bigger peak region of the GRF. 

The model was used to match experimental running GRF trials with reasonably accuracy. 

In a recent study, Wang et al. (2017) used a particle filter approach to estimate the 

parameters of a one-DOF lumped mass system. A particle filter approach consists of using 

many samples (or particles) to represent posterior probability distributions of a variable of 

interest (CRISAN; DOUCET 2002). The particle filter approach was used to identify the 

lumped mass model parameters to match experimental walking GRF measurements. The 

estimated natural frequency and damping ratio were compared to the values found in the 

literature. 

Despite the focus on GRF modelling in the last forty years, most of the models lack 

numerical accuracy or physical interpretation. Therefore, the aim of this work is to develop a 

running GRF model able to accurately predict running GRF datasets for different running 

conditions as well as correlate its parameters physically, so that it can be analyzed with 

respect to human body characteristics during the movement. Also, with the help of modal 

analysis, the influence of dominant modes over the GRF is to be investigated, which can lead 

to model reduction. 

 

1.3. Objectives of the thesis 

 

The main goal of this thesis is to present a robust model for the GRF due to the impact 

of the runner’s foot with the ground, including variables with more physical meaning. For this 

purpose, the objectives are to: 

1. Propose a linear ground contact model to be used in lumped parameter ground 

reaction force models and verify its effectiveness. 

2. Perform a modal analysis of some LPMs found in the literature together with the 

ground contact model proposed in objective 1, to determine the possibility of 

model reduction and hence greater physical insight. 



33 

 

 

 

3. Propose a new model for the vertical GRF due to running, using the information 

from the modal analysis carried out in objective 2, and to validate the model using 

different measured data sets from the literature. 

 

1.4. Contributions to knowledge 

 

• It has been shown that an adaptation of the linear Zener (1950) model can be used 

instead of the nonlinear model proposed by Cole (1995) as the ground reaction model 

for the purposes of predicting the ground reaction force. 

 

• Modal analysis of a newly formulated linear LPM has identified that there are two 

dominant oscillating modes and one overdamped mode that contribute to the ground 

reaction force 

 

• Using a modal approach, which decomposes a measured ground reaction force, it has 

been shown that it is possible to assemble a robust modal model to predict the ground 

reaction force that hitherto has not been possible with LPMs. 

 

1.5. Thesis’ outline 

 

This thesis consists of 6 chapters and 2 appendixes. Chapter 1 introduces the topic 

presenting a brief historical background of mathematical modeling, differential equations, and 

ground reaction force analysis. In the literature review section, the most relevant studies 

regarding experimental and analytical approaches to GRF analysis are presented. Later in the 

chapter, the thesis objectives and contributions to knowledge are presented. 

In chapter 2, some of the important GRF models from the literature are discussed with 

more detail, including model configurations, model equations, important relations, and 

conclusions from obtained through the models. 

In chapter 3, the Zener (1950) model is presented. An adaptation to the Zener model is 

then proposed making the dynamic analysis easier. The adapted Zener model is then 

compared to a classical ground contact model from GRF LPMs in the literature. The adapted 

Zener model is then compared to the nonlinear ground contact model from Nigg and Liu 
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(2000) model through GRF profiles comparison for two conditions, using optimization for 

parameter searching. 

In chapter 4, a general modal analysis procedure for non-proportional damped systems 

is proposed. The procedure is then applied to a five-DOF and a three-DOF LPMs that uses the 

adapted Zener model as ground contact model. The total vertical GRF obtained through the 

modal analysis in both models are compared to numerically obtained total vertical GRF from 

the same models. The modes of vibration from each model are displayed. 

In chapter 5, a new model is proposed for running vertical GRF modelling. The model 

consists in dividing the total vertical running GRF into three components that are related to 

the modes of vibration of the movement. The model is then validated through six vertical 

running GRF data from the literature, using an optimization procedure to find the best 

parameters to compose the mode and match the total experimental GRFs. 

In chapter 6, the summary and conclusions of the thesis are presented, including 

recommendations for future work. 

In Appendix A, the three-DOF model used in the modal analysis is used to show that 

the model cannot replicate running GRF data with good precision. 

In Appendix B, the damped modal matrices obtained in the modal analysis of both 

five-DOF and three-DOF models are displayed. 
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2 LUMPED PARAMETER MODELS IN THE LITERATURE USED TO 

PREDICT THE GRF 

 

2.1. Introduction 

 

In this chapter, the aim is to discuss in more depth some of the important works 

regarding GRF modelling, to provide familiarity with the GRF modeling process and analysis. 

The works are presented in the following chronological order: first, the work of Blickhan 

(1989) (section 2.1); next, the work of Alexander (1990) (section 2.2); later, the work of Nigg 

and Liu (1999) (section 2.3); next, the work of Clark et al. (2014) (section 2.4); Lastly, the 

work from Verheul et al. (2019) (section 2.5). 

 

2.2. Blickhan models 

 

One of the first mathematical models proposed that simulates the running ground 

reaction force is the one-DOF model proposed by Blickhan (1989). The model consists of a 

massless spring connected to a lumped mass and was studied for animal running and hopping. 

Since the interest is in ground reaction force modelling, only the stance phase of the 

movement is analyzed in the Blickhan model. The model considers two situations: hopping at 

zero horizontal speed and hopping forward (nonzero horizontal speed). The configuration of 

the model for hopping at zero speed is shown in Fig. 2. 

 

Figure 2 - Blickhan one-DOF model considering the stance phase only and hopping at zero 

horizontal speed 

 

Source: elaborated by the author. 
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In Fig. 2 Tm  is the concentrated body mass, Tk  represents the stiffness of the legs, bones and 

tissues and y is the vertical displacement. The differential equation that represents the system 

is given by 

 

 
1 1T b T b Tm y k y m g+ =  (1) 

 

where g is the gravity acceleration (9.81 m/s²). Solving the differential equation for specific 

initial conditions (
1 0 at 0by t= = ) leads to 

 

 

1/2

1 1,0 sin cosT T T
b b n n

T T T

m gm gm
y y t t

k k k
 

   
= − +   

   
 (2) 

 

where 
1,0by  is the landing velocity (initial vertical velocity) and 

n  is the natural frequency, 

which for this system is 1/2( / )T Tk m . Since the force through the spring is given by 

1spring T bF k y= , the ground reaction force for this condition can be defined as 

 

 1/2

1, 1,0 ( ) sin cosb T b T T n T n TF y k m t gm t gm = − +  (3) 

 

Considering a human with a 70 kg mass with a stiffness of 6 kN/m (Blickhan, 1989) and a 

landing velocity of 2 m/s (ZADPOOR et al., 2007), the GRF using this model considering the 

stance phase for is presented in Fig. 3. 
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Figure 3 - Blickhan model’s GRF considering the stance phase only and hopping at zero 

horizontal speed 

 

Source: elaborated by the author. 

 

Now consider Blickhan’s one-DOF model for hopping moving forward. The configuration of 

the one-DOF mode in this case is shown in Fig. 4. 

 

Figure 4 - Blickhan’s one-DOF model considering the stance phase only and hopping 

forward. 

 

Source: elaborated by the author. 
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In this case, there are two differential equations that represent the movement of the mass 

attached to the massless spring. One is related to the vertical motion and another is related to 

the horizontal motion. The motion of the mass in the horizontal and vertical directions are 

respectively described by 

 

 
2

2 2 2 2 1/2

2 2

1
( )

b b n

b b

l
x x

x y


 
= − 

+ 
 (4) 

 

 
2

2 2 2 2 1/2

2 2

1
( )

b b n

b b

l
y y g

x y


 
= − − 

+ 
 (5) 

 

where 2bx  is the horizontal displacement, 
2by  is the vertical displacement, m is the mass, l is 

the length of the spring which is equal to ( )
1/2

2 2

2,0 2,0b bx y+ , 2,0bx  is the initial horizontal 

position of the mass and 
2,0by  is the initial vertical position of the mass.  Eqs. (4) and (5) 

represent a set of nonlinear differential equations. In this case, besides the mass and the 

stiffness there are more parameters to be defined in the system. Specifically, the spring length 

l, the landing velocity v and the angle of contact  . The solution of the equations is obtained 

numerically using the fourth order Runge-Kutta method, and the GRF is obtained by 

multiplying 2y  by Tk , in the way that was done for the previous case. The simulation uses 

again 6 kN/mTk =  and 70 kgTm = . The landing velocity is divided into its x and y 

components, being 4xv = m/s and 3yv = m/s., the length l is defined to be 1.035m and the 

angle of contact   is 15º. The GRF is plotted without considering the GRF offset due to the 

initial position of the mass 
Tm . The GRF as a function of time is displayed in Fig. 5. 
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Figure 5 - Blickhan’s model GRF considering the stance phase only and hopping forward. 

 

Source: elaborated by the author. 

 

Despite the simplicity of the models, the author concluded that both models were able to 

represent running and hopping remarkably well. But the validity of such simple models 

should not be overstressed (for example, animals in general do not have similar take-off and 

landing velocity as assumed in the model. The success of the model is due to general features 

like the conservation of momentum during ground contact, coupling of horizontal traveling 

time to the elastic rebound of the spring and coupling between horizontal and vertical forces.  

 

2.3. Alexander 2 DOF model 

 

A study talking about the use of springs for legged locomotion was carried out by 

Alexander (1990). In this study, Alexander proposed a model to simulate the running behavior 

of an animal or robot with a padded foot. The addition of the foot pad is proposed to avoid 

excessive impact forces (Alexander, 1990). The model also separates the foot from the body 

using two lumped masses. The LPM from the paper is shown in Fig. 6. 
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Figure 6 - Alexander's two-DOF model with padded foot. 

 

Source: elaborated by the author. 

 

The model consists of a body mass 
AM , a spring 

AK  connecting the body mass and the foot, a 

foot mass 
Am , and a spring Ak  in parallel with a rate-independent damper 

Ac . The rate-

independent damper returns a fraction   of the work done in its elastic recoil. The choice of 

a rate-independent damper instead of a viscous damper is used for mathematical convenience 

and because it is more characteristic of rubber-like polymers such as usually used in pads 

(ALEXANDER, 1900). A Schematic drawing of the graph for the force of the foot against 

time, following the impact of the model with the ground is presented in Fig. 7. 
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Figure 7 - Schematic of Alexander's padded foot model simulating the GRF in respect to the 

foot in contact with ground. 

 

Source: Alexander (1990) 

 

The first peak 
maxf  occurs due to the effect of the foot mass 

Am  vibrating on the spring 
Ak . At 

the same time, the body mass 
AM  slowly start to vibrate through spring 

AK , forming 
maxF  

(Alexander et al., 1990). This pattern of the ground reaction force can be observed in animal 

and human running measured through force plates (Dickinson et al., 1985; Bryant et al., 

1987; Wojtusch and von Stryk, 2015; Clark et al., 2017). 

Some important information can be extracted from this model, according to Alexander 

(1990). The foot mass 
Am  is presumably small compared to the body mass 

AM . The stiffness 

Ak  must be larger than stiffness 
AK  because despite both having a contribution to the force 

maxF , the pad with reasonable thickness deforms much less than the leg. Still according to 

Alexander (1990), the mean forces maxf  and maxF  can be approximately estimated by looking 

at the momentum of the masses 
AM  and 

Am . The two forces can be correlated as 

 

 

1/2

max

max

A A A

A A A

f v m k

F V M K

 
=  

 
 (6) 

 

Where 
Av  is the velocity of the foot mass and 

AV  is the velocity of the body mass. So, to keep 

fmax small (which is desirable), 
Am  and 

Ak  should be small, and the foot should go downwards 

with a small velocity.  
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Still according to Alexander (1990), a phenomenon called “chattering” should be 

avoided. This phenomenon consists in the foot leaving and returning to the ground repeatedly 

before settling on the ground. To avoid this, considering that before the impact with the 

ground the foot has momentum 
A Am v  and kinetic energy 

2(1/ 2) A Am v  and considering that 

the impulse delivered in spring 
AK  must be 

1/2

A Am v  leads to 

 

 1/2

5A A

A A

k V

K v
  (7) 

 

the foot should have a soft pad (low 
Ak ) and a small downward velocity 

Av . By isolating 

/A AV v  in Eq. (7), Eqs. (6) and (7) can be combined in the form of  

 

 

1/2

max

max

5 A A

A A

f m K

F M k

 
=  

 
 (8) 

 

As general conclusions, according to Alexander (1990), since the foot mass is small compared 

to the body mass, 
max max/f F  will not be large, and if the condition of no chattering is 

obtained, it is unlikely that the foot will suffer high impact forces. The spring constant 
Ak  

cannot be too low because it could reach maximum compression under the load maxF  but also 

cannot be too high to avoid chattering. 

 

2.4. Nigg and Liu four-DOF nonlinear model 

 

A four-DOF nonlinear LPM was proposed by Nigg and Liu (1999), with the objective 

of observing the effect of muscle stiffness and damping on simulated running GRF’s. This 

work is a reference to running GRF modelling and has been studied and used in several 

different works afterwards (LIU and NIGG (2000); YUE and MESTER (2004); ZADPOOR 

et al. (2007); NIKOOYAN and ZADPOOR (2007); ZADPOOR and NIKOOYAN (2010); LY 

et al. (2010); NIKOOYAN and ZADPOOR (2011); etc). Nigg and Liu’s model (NLM) will 

be used later in the work as a comparison model for a proposed linear ground contact relation 

and for modal analysis. The model is illustrated in Fig. 8. 
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Figure 8 - Four-DOF nonlinear LPM proposed by Nigg and Liu. 

 

Source: elaborated by the author. 

 

The model consists of four lumped masses; the upper body together with the leg that is not in 

contact with the ground are represented by a combination of a rigid mass (
3m ) and a wobbling 

mass (
4m ), which corresponds to the mass of the soft parts that shifts relative to the bony parts 

of the body during the movement (Gruber et al., 1998); the shank, leg and foot of the leg in 

contact with the ground are represented by a combination of a rigid mass (
1m ) and a wobbling 

mass (
2m ) (Nigg and Liu, 1999). The values of the parameters of the model (masses, 

stiffnesses and dampers) are defined based on Liu and Nigg (2000)1. The touchdown 

velocities are 0.6 m/s for all the masses. These parameters are presented in Table 1 next.  

 

Table 1 - NLM’s simulation parameters. 

masses [kg] springs [kN/m] dampers [Ns/m] 
touchdown velocities 

[m/s] 

m1 = 6.15 k1 = 6 c1 = 300 v1(0) = 0.6 

m2 = 6 k2 = 6 c2 = 650 v2(0) = 0.6 

m3 = 12.58 k3 = 10 c4 = 1900 v3(0) = 0.6 

m4 = 50.34 k4 = 10  v4(0) = 0.6 

 k5 = 18   

Source: Liu and Nigg (2000). 

 
1 Estimated the parameters through the works done by Hörler (1972), Cole (1995), McMahon and Cheng (1990), 

Farley and González (1996). 
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The four masses are connected through springs and dampers; the upper wobbling mass 

4m  is connected to the upper rigid mass 
3m through springs 

4k , 
5k  and damper 

4c ; the 

wobbling mass of the leg in contact with the ground is connected to the upper body rigid mass 

through a spring 
3k , and to the lower rigid body mass through a spring 

2k  and a damper 
2c ; 

the upper rigid body is connected to the lower rigid body through a compressive spring 
1k  

and a damper 
1c .  

The ground reaction model used in this model is a nonlinear viscoelastic force model 

with combined material properties of heel-pad, shoe and contact surface, similar to the one 

used by Cole (1995) (Liu and Nigg, 2000). This relation is defined as 

 

 
( )1 1 1 1

1

  for 0

 0                 for 0

sh sh shb d e

g cc sh sh

g

F A a x c x x x

F x

= + 

= 
 (9) 

 

The force gF  (ground reaction force) resultant of the ground contact model relation is a 

nonlinear function of the deformation of the lower rigid body (
1x ) and the lower rigid body 

velocity (
1x ). Both velocity and displacement have linear and nonlinear relation with the 

parameters 
sha ,

shb ,
shc ,

shd  and 
she , that are assumed to be shoe specific (Liu and Nigg, 2000). 

The parameter 
ccA  is equal to 2 and refers to the area of contact, which is twice the area 

reported in the pendulum tests done by Aerts and De Clercq (1993). Two types of foot-shoe 

models were simulated (hard and soft). The soft and hard sole conditions were simulated 

through the parameters of the nonlinear ground contact relation. They were also defined based 

on pendulum impact rests performed with two different shoes in the work done by Aerts and 

De Clercq (1993). Table 2 presents the parameters for the nonlinear ground contact relation. 

 

Table 2 - Ground contact model parameters for the NLM. 

 
sha  

shb  
shc  

shd  
she  

soft sole 2x106 1.56 1x104 0.73 1 

hard sole 2x106 1.38 1x104 0.75 1 

Source: Adapted from Liu and Nigg (2000). 

 

The equations of motion of the masses in the model are presented in Liu and Nigg (2000) and 

are shown in Eqs. (10a) to (10d). 
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 1 1 1 1 1 3 2 1 2 1 1 3 2 1 2( ) ( ) ( ) ( )gm x m g F k x x k x x c x x c x x= − − − − − − − − −  (10a) 

 
2 2 2 2 1 2 3 2 3 1 1 2( ) ( ) ( )m x m g k x x k x x c x x= − − − − + −  (10b) 

 
3 3 3 1 1 3 3 2 3 4 5 3 4 1 1 3 4 3 4( ) ( ) ( )( ) ( ) ( )m x m g k x x k x x k k x x c x x c x x= + − + − − + − + − − −  (10c) 

 
4 4 4 4 5 3 4 4 3 4( )( ) ( )m x m g k k x x c x x= + + − + −  (10d) 

 

Using the equations of motion and the parameters from Tables 1 and 2, the ground reaction 

force is simulated numerically using 4th-order Runge-Kutta method. The GRF’s profiles for 

soft and hard sole conditions are presented in Fig. 9 next. 

 

Figure 9 - NLM’s GRF. a) soft sole ( ) condition; b) hard sole (  ) condition. 

  

Source: Adapted from Nigg and Liu (1999) 

 

According to Nigg and Liu (1999), the simulations of the model were able to match the range 

of vertical impact force peak and loading rate of experimentally measured results with human 

subjects (Nigg, 1986). It is clear that a hard sole lead to a higher first peak, which means that 

the body is receiving a higher force upon the foot impact, which is undesirable. The GRF 

prediction on the later part of the stance phase is not very accurate since the GRF should be 

zero when the foot leaves the ground. This is the main problem of the model. 
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2.5. Clark et al. model 

 

A model consisting of two motions combined was proposed by Clark et al. (2014).  

The model theorizes that running vertical force-time waveforms consist of two components, 

each corresponding to the motion of a discrete portion of the body mass (Clark et al, 2014). 

The total body mass is divided in two portions: a mass 
1cm  corresponding to the impact of the 

lower limb to the running surface and a bigger mass 
2cm  corresponding to the rest of the body 

mass. 

The GRF relation proposed consists in considering the impulses of the two masses (

1 0.08c Tm m=  and 
2 0.92c Tm m= ). According to Clark et al. (2014), since the net vertical 

displacement of the body over contact time during steady-speed running is zero, the time-

averaged GRF must be equal to the body weight. So, the total stance-averaged vertical force 

TavgF can be determined by knowing foot-contact time 
ct  and aerial time 

at  known, using the 

relation 

 

 
step

Tavg

con

T

t
F m g

t
=  (11) 

 

where the step time is step con aert t t= + , Tm  is the body mass and g is the gravitational 

acceleration ( 9.8g = m/s²). The total ground reaction force due to running can be modelled as 

the impulse of the total body mass due to its instant acceleration or the impulse of the 

separated masses, as follows 

 

 T 1 2 Tavg conJ J J F t= + =  (12) 

  

where TJ  is the total impulse, 1J  is the impulse resulting of the acceleration of the lower limb 

mass 1CLm  and 2J  is the acceleration of the remainder of the body’s mass 2CLm . Impulse 1J  

can be evaluated from the deceleration of 1cm  on impact 

 

 1
1 1avg 1 1 1

1

(2 ) (2 )CL

v
J F t m g t

t

 
=  = +  

 
 (13) 

 



47 

 

 

 

where 1t  is the time between contact and velocity of 1CLm  going to zero, 1v  is the change in 

velocity during 1t  and 1avgF  is the average force during total time 1(2 )t  of impulse 1J .  

After 1(2 )t  ends,  1 0avgF = . 2J  is defined as the difference between TJ  and 1J  

 

 2 1 2avg conTJ J J F t= − =  (14) 

 

where 2avgF  is the average force of 2J  during ct . Still according to Clark et al. (2014), The 

bell-shaped curves can be modelled using the raised cosine function 

 

 
1 cos    for 

( ) 2

0                                   for  and 

CL

O t N
N Q t N Q

F t P

t N Q t N Q


  −  

+ −   +   =    
  −  +

 (15) 

 

in which O is the peak amplitude, N is the time to reach the peak and Q is the half-width time 

interval. Since the function is symmetric, peak amplitude is Tavg2O F=  and the area under the 

curve is .J O Q= . The total force is defined as a sum of both impulses using Eq. (15)  

 

 
1 1 2 2

CL,T

1 2

( ) 1 cos 1 cos
2 2

O t N O t N
F t

Q Q
 

      − −
= + + +      

      
 (16) 

 

The model is compared to different GRF datasets for validation. The parameters for the model 

function were obtained through manual iterative process with 1t  and 1v  as constraints, 

using values from available literature. The comparison of the model GRF with the GRF 

datasets is presented in Figs. 10 to 13. 
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Figure 10 - Model's GRF fit to experimental dataset. a) Lieberman et al. (2010) GRF dataset 

for a barefoot runner with forefoot strike at 3.5 m/s ( ) compared to the total GRF from 

the model ( ) after iterations; b) total model GRF ( ), lower limb impulse ( ) and 

upper body impulse ( ). 

 

Source: Adapted from Clark et al. (2014) 

 

Figure 11 - Model's GRF fit to experimental dataset. a) Weyand et al. (2000) GRF dataset for 

a shod runner with rearfoot strike at 5 m/s ( ) compared to the total GRF from the model (

) after iterations; b) total model GRF ( ), lower limb impulse ( ) and upper body 

impulse ( ). 

 

 

Source: Adapted from Clark et al. (2014) 
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Figure 12 - Model's GRF fit to experimental dataset. a) Weyand et al. (2010) GRF dataset for 

a shod runner with forefoot strike at 5 m/s ( ) compared to the total GRF from the model (

) after iterations; b) total model GRF ( ), lower limb impulse ( ) and upper body 

impulse ( ). 

 

Source: Adapted from Clark et al. (2014) 

 

Figure 13 - Model's GRF fit to experimental dataset. a) Weyand et al. (2009) GRF dataset for 

a shod runner with forefoot strike at 10.5 m/s ( ) compared to the total GRF from the 

model ( ) after iterations; b) total model GRF ( ), lower limb impulse ( ) and upper 

body impulse ( ). 

 

 

Source: Adapted from Clark et al. (2014) 

 

Table 3 presents the mode function parameters for each case as well as information regarding 
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Table 3 - Waveforms from Clark etl al. (2014); ct  is the contact time; at is the aerial time; 1t

is the time interval between touchdown and vertical velocity of component 1m  slowing to 

zero; zlimbv  is the vertical velocity of lower limb. 
aData from Nigg et al. (1987), table 1 in their appendix; listed value is -0.80 m/s at running speed of 3.0 m/s. 
bData from Nigg et al. (1987), table 1 in their appendix. 
cData derived from Mann and Herman (1985); listed value is a horizontal foot velocity of -7,93 m/s at running 

speed of 10.21 m/s. 

Source: Adapted from Clark et al. (2014) 

 

The model fits for all four cases were reasonably good. A fit of more than 90% (i.e. 

2 0.90R  ) for the model was hypothesized by the authors, which was successfully achieved. 

 

2.6. Verheul et al. two-DOF model 

 

A recent work developed by Verheul et al. (2019) used a two-DOF LPM to simulate 

ground reaction forces in high-intensity tasks. The model is similar to the model from Derrick 

et al (2000), having eight natural parameters. The schematic representation of the model is 

presented in Fig. 14.   

 

        zlimbv at  

touchdown [m/s] 

Reference 
Speed 

[m/s] 

Foot-

strike 

Shod 

condition 

Total 

mass [kg] ct [s] 
at  [s] 

1t  [s] model published 

Lieberman et al. 

(2010) 
3.5 Fore-foot Barefoot 70.00 0.251 0.087 0.070 -0.80 -0.80ª 

Weyand et al. 

(2000) 
5.0 Rear-foot Shod 72.06 0.181 0.136 0.025 -1.70 -1.60b 

Weyand et al. 

(2010) 
5.0 Fore-foot Shod 69.21 0.182 0.152 0.040 -1.70 -1.60b 

Weyand et al. 

(2009) 
10.5 Fore-foot Shod 69.21 0.091 0.136 0.025 -3.10 -3.00c 
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Figure 14 - Schematic representation of the model proposed by Verheul et al. 

 

Source: Adapted from Verheul et al. (2019) 

 

According to Verheul et al. (2019), the model consists of a smaller mass 
2Em  on a spring and 

a damper, representing the support leg, with a bigger mass 
1Em  on a spring on top, 

representing the rest of the body. The positions of the upper and lower masses without 

external forces applied is defined by 
1Ex  and 

2Ex , while 
1El  and 

2El  are the natural lengths of 

the upper and lower springs, respectively. The linear spring constants from the upper and 

lower springs are defined as 
1Ek  and 

2Ek  respectively, while 
Ec  is the damper’s damping 

coefficient. From these nine parameters, eight natural parameters are defined. The models’ 

motion is described by the accelerations of upper and lower masses (
1Eacel  and 

2Eacel , 

respectively). The velocities and positions of the upper and lower masses are 
1Ev , 

2Ev , 
1Ep  and 

2Ep  respectively. The natural parameters, the equations of motion and the GRF equation are 

presented in Table 4 below where BM is the body mass and g is the gravitational acceleration 

(-9.81 m/s²). 

 

Ground

GRF

Upper

spring (    )1,E n

Lower spring (     ) 

& damper (    )
2,E n

E

1Ex

2Ex

1Em

2Em

1El

2El
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Table 4 - Equations and natural parameters of the two-DOF LPM. 

Initial position of the upper 

mass 
1 1 1 2E E E Ep x l l= − −  Equation 17 

Initial position of the lower 

mass 2 2 2E E Ep x l= −  Equation 18 

Initial velocity of the upper 

mass 1 1E Ev p=  Equation 19 

Initial velocity of the lower 

mass 
2 2E Ev p=  Equation 20 

Mass ratio 
1

2

E
E

E

m

m
 =  Equation 21 

Natural frequency of the  

upper spring 
1 1

1,

1

(1 )E E E
E n

E E

k k

m BM






− 
= =


 Equation 22 

Natural frequency of the  

lower spring 
2 2

2,

2

(1 )E E E
E n

E

k k

m BM




− 
= =  Equation 23 

Damping ratio of the damper 
2 22. .

E
E

E E

c

k m
 =  Equation 24 

Acceleration of the upper 

mass 
2

1 1 1 2( )E E E Eacel p p g= −  − +  Equation 25 

Acceleration of the lower 

mass 

2 2

2 2 2 1 1 2 2 2( ) 2E E E E E E E E E Eacel p p p v g    = −  +   − −    +

 
Equation 26 

Ground reaction force 
2

2 2 2( 2 )
1

E
E E E E E

E

BM
GRF p v


 




= −     

+
 Equation 27 

Source: Verheul et al. (2019) 

 

To validate the simulated GRFs from the model, experimental GRF data was gathered. 

Fifteen team-sports athletes participated in the study. Subjects performed accelerations from 

standstill to sprinting, and decelerations from sprinting to standstill and running trials at 

constant speeds which varies from 2 to 9 m/s. For each trial, GRF data were collected at 3000 

Hz with a force platform (9287B, Kister Holding AG, Winterhur, Switzerland), filtered using 

a 50 Hz second-order Butterworth low-pass filter normalized to body mass (Verheul et al., 

2019). All three components of the GRF data were gathered. 

A Python optimization script was used to fit the model simulated GRF data to the 

experimentally measured GRF data. Equations (25) and (26) were solved for each trial and a 

unique set of parameters was obtained for each case. The initial conditions for the model were 

defined in Derrick et al. (2000). After the optimization procedure, new optimized initial 

conditions were obtained. Both optimized and base conditions (from Derrick et al. (2000)) are 

presented in Table 5.  
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Table 5 - Model parameter’s initial conditions. 

 1Ep (m) 
2Ep (m) 

1Ev (m/s) 
2Ev (m/s) 1,E n

(N/m/kg) 
2,E n (N/m/kg) 

E  
E  

Derrick et 

al. (2000) 
0.015 0.0074 -0.73 -0.66 207.00 626.00 2.00 0.35 

Optimized -0.010 0.0000 -1.29 -0.19 18.33 58.32 2.81 0.31 

Source: adapted from Verheul et al. (2019) 

 

The model optimization fits for moderate-speed and high-speed running are presented in Figs. 

15 and 16 next. The RMSE were calculated using the area under the GRF curves. 

 

Figure 15 - Comparison between experimentally measured ( ) and model simulated (

) ground reaction force for running with moderate speeds. a) one of the subjects at 4 m/s; b) 

another subject at 5 m/s. 

 

Source: adapted from Verheul et al. (2019) 

 

Figure 16 - Comparison between experimentally measured ( ) and model simulated (

) ground reaction force for running with moderate speeds. a) one of the subjects at speed > 6 

m/s; b) another subject at speed > 6 m/s. 

 

Source: adapted from Verheul et al. (2019) 
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Table 6 presents the means with standard deviations for the subjects running at moderate and 

high speeds after optimization. 

 

Table 6 - Mean ± standard deviation values for the model’s optimized parameters for constant 

speed running at moderate and high speeds. 

 1Ep

(m) 
2Ep (m) 

1Ev (m/s) 
2Ev (m/s) 1,E n

(N/m/kg) 

2,E n

(N/m/kg) 
E  

E  

Moderate 

speed (4-5 m/s) 

0.91 

±5.20 

0.09 

±0.80 

12.67 

±137.00 

-0.20 

±1.13 
37±35 101±106 

4.16 

±6.34 

0.6 

±1.1 

High speed (>6 

m/s) 

-2.21 

±13.37 

-1.74 

±10.31 

-1.83 

±115.00 

0.98 

±12.62 
34±35 134±148 

1.93 

±4.99 

1.9 

±7 

Source: adapted from Verheul et al. (2019) 

 

Verheul et al (2019) reported that the model could overall reproduce GRF curves with low to 

moderate errors. The larger errors were concentrated in the impact peak (first peak) regions, 

likely due to distinct GRF profiles. The model in general underestimated the impact peaks and 

loading rates but overestimated the active peaks (second peaks). The analysis and conclusions 

form Verheul et al. (2017) reported in this thesis include only the analysis in running and 

constant speed (moderate and high speeds), excluding the analysis for other tasks 

(acceleration, deceleration, running at low speed). 

 

2.7. Conclusions 

 

In this chapter, important GRF modelling works from the literature have been 

presented in more detail. First, the two LPMs developed by Blickhan (the first considering 

vertical motion only and the second including both vertical and horizontal motions) were 

discussed, including their equations of motion and GRF plots. The two-DOF LPM with a 

padded foot developed by Alexander was then discussed, showing some of the analysis 

involving energy and momentum equilibrium. Following this, the classic four-DOF nonlinear 

LPM proposed by Nigg and Liu was described, including the wobbling masses effect, 

presenting the equations of motion and GRF profiles for soft and hard sole conditions. The 

two-mass impulse model proposed by Clark et al. was then presented, including some of the 

considerations that led to the model development and comparison with experimental gathered 

vertical GRF data. Lastly, the two-DOF lumped mass model proposed by Verheul et al. with 

natural parameters was discussed, showing some results for experimental GRF data fitting 

through optimization. 
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3 LINEAR GROUND CONTACT MODEL PROPOSITION 

 

3.1. Introduction 

 

The aim of chapter 3 is to propose a new ground contact model for lumped parameter 

GRF models. In section 3.2 the general Zener model is presented. In section 3.3, an adaptation 

of the Zener model is proposed as a ground contact model for GRF modelling. In section 3.4, 

the adapted Zener model is then used in the NLM to simulate GRF and compared to the 

original NLM for both soft and hard sole conditions. 

 

3.2. Zener Model 

 

Zener (1948) proposed a model using a combination of springs and a damper (spring 

and damper in series, both in parallel with a spring), which can simulate the behavior of 

viscoelastic materials. The model is called Zener Model and its configuration is presented in 

Fig. 17. 

 

Figure 17 - Zener Model schematic drawing. 

 

Source: elaborated by the author. 

 

The springs 0k , and 01k  are stiffness elements (N/m) and 0c  is a damper (kg/s). The idea is to 

use the Zener model as a ground contact model to simulate the ground reaction force through 

a LPM, since the shoe material has viscoelastic behavior. However, to avoid a third-order 

differential equation (BRENNAN et al., 2008) an adaptation to the Zener model is proposed. 

 

3.3. Adaptation to the Zener model 

 

To facilitate the mathematical formulation of the Zener model when inserted in a 

LPM, a very small mass ( 0m ) is inserted between the damper ( 0c ) and spring ( 0k ) that were 

c0

k0

k01
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connected in series. The mass is small enough so that its natural frequency is extremely high, 

with its mode being not excited during the run. Figure 18 shows the configuration Zener 

model with the proposed adaptation. 

 

Figure 18 - Schematic drawing of the adaptation of the Zener model. 

 

Source: elaborated by the author. 

 

In Fig. 18, 0m  is a small concentrated mass (kg); 0x  represents the displacement of the small 

mass 0m ; and 1x  represents the displacement of the lower body lumped mass of the MSD 

model attached to the Adapted Zener Model (AZM). This model is responsible for simulating 

the foot/shoe contact with the ground. It is connected to a lumped mass parameter model, 

which together with the AZM is responsible for simulating the body behavior during running. 

The ground reaction force (GRF) is generated when the foot/shoe is in contact with the 

ground, which is called stance phase. Using this model, the GRF is the force that comes from 

the ground and passes through both spring elements, and can be represented by 

 

 
0 0 01 1 0 1

0 1

  for  and 0

       0                 for  and 0

ZenF k x k x x x

x x

= + 

= 
 (28) 

 

It is interesting to note that this configuration fixes one of the problems of using a common 

(spring in parallel with a damper) linear ground contact model to simulate the GRF. This 

configuration is exemplified in Fig. 19. 

 

Figure 19 - Simple linear spring in parallel with a damper. 

 

Source: elaborated by the author. 

m0

k0

c0

k01

x1

x0

genkgenc

1x
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For this ground contact configuration, the GRF is evaluated as 

 

 
1 1 1

1

  for 0

       0          for 0

gen gen genF k x c x x

x

= + 

= 
 (29) 

 

Since the force of the foot/shoe moving towards the ground is translated into the model as 

impulsive forces in each of the lumped masses, it is known that the initial velocity ( (0)x ) is 

non-zero right before the foot/shoe contacts the ground. This feature leads to a nonzero initial 

value for the GRF. However, it is known that the GRF is zero before the foot/shoe contacts 

the ground, which lead to an inconsistency when using this common linear ground contact 

relation. To verify the AZM effectiveness, it is compared to the nonlinear relation GRF 

relation defined Cole (1995) and applied to a four-DOF LPM by Nigg and Liu (1999). 

 

3.4. Comparison of the nonlinear ground contact relation with a proposed linear 

ground contact relation 

 

In this section, the NLM with a nonlinear ground contact relation is compared to a 

similar model, with a proposed linear ground contact relation, to verify its effectiveness in 

simulating the nonlinear behavior. 

 

3.4.1. Nigg and Liu nonlinear model 

 

In this section, the model from the work from Nigg and Liu (1999) is discussed again 

for convenience. Nigg and Liu proposed a four-DOF LPM and used Cole’s nonlinear ground 

contact model to study the effect of body properties over simulated running GRF. The 

nonlinear ground contact model used in Nigg and Liu (1999) solves the initial GRF value 

problem and has a good prediction of the loading rate and impact peak regions but does not 

model the GRF and the latter part of the stance phase. However, it is an important model for 

the GRF modelling literature and may be a good comparison model to validate the AZM. 

The ground contact relation used in the model is defined in Eq. (9). Simplifying the 

equation leads to 
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1 1 1 1

1

  for 0

     0                 for 0

sh shb d

g sh shF a x c x x x

x

= + 

= 
 (30) 

 

The parameters from Eq. (30) can represent soft and hard sole conditions. Table 7 presents the 

mentioned parameters. 

 

Table 7 - Ground contact model parameters for the NLM. 

 sha  
shb  

shc  
shc  

soft sole 2x106 1.56 2x104 0.73 

hard sole 2x106 1.38 2x104 0.75 

Source: elaborated by the author. 

 

The NLM’s equations of motion were presented in the previous chapter (Eqs. (10a) to (10d)). 

These equations can be represented in matrix form 

 

 
N N N N N N N+ + =M x C x K x f  (31) 

 

where the mass, stiffness and damping matrices are given by 

 

1

2

3

4

0 0 0

0 0 0

0 0 0

0 0 0

N

m

m

m

m

 
 
 =
 
 
 

M ,

1 2 2 1

2 2

1 1 4 4

4 4

0

0 0
  

0

0 0

N

c c c c

c c

c c c c

c c

+ − − 
 
−

 =
 − + −
 

− 

C and 

1 2 2 1

2 2 3 3

1 3 1 3 4 5 4 5

4 5 4 5

0

0
  

0 0

N

k k k k

k k k k

k k k k k k k k

k k k k

+ − − 
 
− + −

 =
 − − + + + − −
 

− − + 

K  

 

The vector of responses Nx  is given by  1 2 3 4, , ,
T

N x x x x=x where T denotes the 

transpose, and the vector of forces Nf  is given by  1 2 3 4, , ,
T

N m g F m g m g m g= −f . 

 

3.4.2. Proposed model using the AZM 

 

The model to be compared with the NLM is a similar model, with the only difference 

being the ground contact model. This proposed model uses the AZM as the ground contact 

model. The proposed model is displayed in Fig. 20. 
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Figure 20 - Proposed model configuration. 

  

Source: elaborated by the author. 

 

The ground reaction force simulated through this model is obtained through Eq. (28). The 

equations of motion that result from the proposed model in matrix form have the same 

configuration of Eq. (31), with the matrices being 

 

0

1
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D
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m
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c c

− 
 
− + + − −
 
 = −
 

− + − 
 − 

C and

0

01 1 2 2 1

5 2 2 3 3

1 3 1 3 4 5 4 5

4 5 4 5

0 0 0 0

0 0

0 0   

0

0 0 0

D

k

k k k k k

k k k k

k k k k k k k k

k k k k

 
 

+ + − −
 
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K  

 

The vector of responses 
5Dx  is given by  5 0 1 2 3 4, , , , ,

T

D x x x x x=x where T denotes the 

transpose, and the vector of forces 5Df  is given by  5 0 1 2 3 4, , , , ,
T

D m g m g m g m g m g=f . 
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The parameters of the proposed model have the same values of the parameters from 

the NLM, except for the ground contact parameters. The small mass 0m  is equal to 0.01kg. 

AZM (ground contact model) parameters 0k , 01k  and 0c  are to be optimized to fit the NLM’s 

behavior for soft and hard sole conditions. 

 

3.4.3. Parameter optimization and model comparison  

 

The objective of the comparison is to find the best 0k , 01k  and 0c  to simulate the 

NLM’s GRF for the soft and hard sole conditions. An optimization algorithm is defined for 

that task. The optimization algorithm chosen is the patternsearch algorithm in MATLAB. 

MATLAB is a software from MathWorks, Inc., originally wroten by Dr. Cleve Moler (Chief 

Scientist from MathWorks) for matrices analysis (Matrix Laboratory) and consists of in a 

scientific software package designed to provide integrated numeric computation and graphics 

visualization in a high-level programming language (Sivanandam and Deepa, 2008). The 

pattern search is an optimization algorithm from the class of the genetic algorithms and 

basically consists in spatially searching for a function tendency. This algorithm was chosen 

mainly because it does not need to analyze the gradient of the function and thus performs the 

optimization faster. The initial conditions for the small mass m0 are 0 (0) 0x = m and 

0 (0) 0.96x = m/s.  The GRF resultant from NLM compared to the optimized proposed model’s 

GRF is presented in Fig. 21 for soft and hard sole conditions. 
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Figure 21 - Comparison between NLM’s GRF ( ) to the proposed model’s GRF with the 

AZM ( ) for (a) soft sole and (b) hard sole condition. 

 

Source: elaborated by the author. 

 

Table 8 presents the optimized parameters for the ground contact model (AZM) in the 

proposed model. 

 

Table 8 - Proposed model ground contact optimized parameters. 

 k0 [kN/m] k01 [kN/m] c0 [kg/s] 

soft sole 211.26 144.52 595.17 

hard sole 194.29 256.69 626.84 

Source: elaborated by the author. 

 

Figure 21 shows that for both soft and hard sole cases, the AZM could replicate the nonlinear 

ground contact model with good accuracy (RMSE = 1.11% for soft sole and RMSE = 0.75% 

for hard sole). 

 

3.5. Conclusions 

 

In this chapter, some of the literature on ground contact models has been discussed 

and compared, showing their characteristics. Using this information, a new linear ground 

contact model based on a well-known model has been proposed. To verify the effectiveness of 

the proposed ground contact model, it was applied to an important LPM from the literature, 

replacing the original nonlinear ground contact relation and then compared to the original 
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model. Both models have been described in detail. A comparison between the models was 

made by optimizing the proposed ground contact model parameters to match the nonlinear 

ground contact behavior for soft and hard sole conditions. It was shown that the proposed 

linear model could replicate with high accuracy the behavior of the nonlinear model. 

In the next chapter, a Modal Analysis procedure will be extensively described and 

applied to running GRF LPMs and important information will be extracted. 
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4 MODAL ANALYSIS 

 

4.1. Introduction 

 

In chapter 3 the AZM was proposed as a ground contact model for LPMs in the 

simulation of a GRF. It was able to simulate the nonlinear ground contact relation behavior 

from Nigg and Liu (1999). The aim of this chapter is to perform a modal analysis of proposed 

GRF LPMs, gathering important information regarding the modal behavior of the model. In 

section 4.2, a general modal analysis methodology is presented (using state-space 

representation). This methodology was chosen because the proposed GRF models have non-

proportional damping. In section 4.3 the modal analysis procedure is performed on a five-

DOF proposed model (model from NIGG and LIU (1999) with the AZM for the ground 

contact interface). In section 4.4 the modal analysis procedure is performed on a three-DOF 

proposed model (2 DOF LPM using the AZM for the ground contact interface). 

 

4.2. Methodology 

 

In this section, the modal analysis methodology for systems with non-proportional 

damping is discussed. This methodology is described in Tse et al. (1963) and Ginsberg 

(2001). The presented modal analysis methodology is then applied to two different proposed 

MSD models with non-proportional damping. A system with “non-proportional damping” is a 

system in which the damping and stiffness matrices are not proportional, and so the classic 

method to diagonalize the system (obtain uncoupled equations of motion) cannot be done. 

The first model is the five-DOF model presented earlier, adapted from Nigg and Liu (1999). 

The second is a three-DOF model adapted from Derrick et al. (2000) that also makes use of 

the AZM as a ground contact relation. 

 

4.2.1. General Approach 

 

The modal analysis presented is defined for a general n-th order system (system with n 

DOF’s). Consider a free vibration for a system with non-proportional damping. Equation (31) 

then becomes 
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 + + =Mx Cx Kx 0  (32) 

 

Assuming a solution of the form 

 

 te=x ψ  (33) 

 

Substituting Eq. (33) in Eq. (32) gives 

 

 2( ) te + + =M C K ψ 0  (34) 

 

which becomes 

 

 2( ) + + = =M C K ψ Hψ 0  (35) 

 

where H is a n n  matrix. For the nontrivial solution,  

 

 2 2

0 1 2 2det( ) ... n

nu u u u  = = + + +H 0  (36) 

 

which is the characteristic equation of the system. The solution Eq. (33) can be then written as 

a superposition of the solution roots   and its associated vectors ψ  as 

 

 
2

1

k

n
t

k k

k

I e


=

=x ψ  (37) 

 

where Dk is the constant related to the k-th solution ( kt
e
 ) of the homogeneous equation of 

motion. The relation between physical and modal coordinates is then 

 

 
1 2 2 1n n n n  =x Φ q  (38) 

 

where 

 

 
2 1 2 2[   ... ]n n n =Φ ψ ψ ψ  (39) 
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is the modal matrix. However, it is difficult to relate 2n modal coordinates with n physical 

coordinates. To overcome this difficulty, the system is defined using state-space 

representation.  

 

4.2.2. State-space representation 

 

A state vector of the form 

 

  1

2 1 1 2 3 1 2 3

1

   ...     ... 
Tn

n n n

n

x x x x x x x x






 
= = 
 

x
y

x
 (40) 

 

is assumed. Using this relation, Eq. (31) can be written as a matrix equation given by 

 

 
         

+ =        
         

0 M x -M 0 x 0

M C x 0 K x f
 (41) 

where f is given by 

 

 1 2 3{    ... }T

nm g m g m g m g=f  (42) 

  

Equation (42) can be written as 

 

 + =Ay By p  (43) 

 

where 

 

 
2 2n n

 
=  
 

0 M
A

M C
 (44a) 

 
2 2n n

 
=  
 

-M 0
B

0 K
 (44b) 

 

2 1n

 
=  
 g

0
p

f
 (44c) 
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For free vibrations (p = 0) and assuming harmonic behavior for the state response vector 

results in 

 

 
te

 
= = 

 

x
y

x
  (45) 

 

where   is related to the amplitude of the respective displacements and velocities (damped 

mode shape or eigenvector), and   is the eigenvalue of the new system. Substituting Eq. (45) 

into Eq. (43) gives 

 

 ( ) te + =A B 0  (46) 

 

factoring out the te  term, Eq. (46) becomes 

 

 ( ) + =A B 0  (47) 

 

which is a classic eigenvalue problem. The non-trivial solution (  0 ) gives 

 

 det( ) + =A B 0  (48) 

 

Equation (48) leads to the characteristic equation of the system. The solution of Eq. (48) gives 

2n eigenvalues  or n pairs of eigenvalues. The eigenvalue pairs give important information 

about the system and the modes: 

 

• If real and negative ( 0  ), the corresponding mode is overdamped. 

• If purely imaginary ( i =  ), the corresponding mode is undamped. 

• If complex conjugate, the corresponding mode is underdamped, and pair of 

eigenvalues have the form of 

 
n i  = −   (49) 

• If any of the pairs have positive real values, the corresponding mode is unstable. 
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With the eigenvalues, is possible to obtain each respective eigenvector (damped mode shape) 

through Eq. (48).  The linear combination of all the complex mode shapes forms the damped 

modal matrix 

 

 
1 2 3 2[   ]d n=      (50) 

 

4.2.3. Orthogonality property 

 

The mode shapes (eigenvectors) are orthogonal relative to the matrices A and B. The 

proof is exemplified in Tse et al. (1964). Referring to Eq. (47), and substituting 
r  and s  for 

the r-th and s-th modes respectively gives 

 

 
r r r + =A B 0   (51a) 

 s s s + =A B 0   (51b) 

 

pre-multiplying Eq. (51a) by T

s , transposing the resultant equation and pre-multiplying Eq. 

(51b) by T

r  gives 

 

 T T

r r s r s + =A B 0     (52a) 

 T T

s r s r s + =A B 0     (52b) 

 

subtracting Eq. (52b) from Eq. (52a) gives 

 

 ( ) T

r s r s  =A 0−    (53) 

 

for r s  , implies 

 

 T

r s =A 0   (54) 

 

Similarly, it can be shown that 

 

 T

r s = 0   (55) 
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Equations (54) and (55) represent the orthogonal relations for systems with viscous damping 

(systems were A and B are symmetric). It is implicit that Eqs. (54) and (55) are not zero when 

r s = . 

 

4.2.4. Diagonalization and solutions 

 

By virtue of the property of orthogonality, matrices A and B can be diagonalized using 

the modal matrix d  by 

 

 

1

2

0

0

T

d d

n

a

a

 
 

= = 
 
 

A Λ   (56a) 

 

1

2

0

0

T

d d

n

b

b

 
 

= = 
 
 

B    (56b) 

 

using Eqs. (56a) and (56b) in Eqs. (52a) and (52b), for r = s = k, gives 

 

 k
k

k

b

a
 = −  (57) 

 

The relation between the physical and modal domains is given by 

 

 d=y q  (58) 

 

where the vector of the modal coordinates q is given by 

 

 
1 2 3 1 2 3[          ]T

n nq q q q q q q q=q  (59) 

 

and the expansion of Eq. (58) is 
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11 12 1, 1, 1 1, 2 1,21

21 22 2,22

,1 , , 1 ,2

1,1 1, 1, 1 1,21

2,1 2, 2 2,22

2 ,1 2 ,2 2 , 2 , 1 2 , 2 2 ,2 1

n n n n

n

n n n n n n nn

n n n n n n n

n n n n n

n n n n n n n n nn n

x

x

x

x

x

x

     

  

   

   

  

     

+ +

+

+ + + + +

+ + + +

+ +

 
 
 
 
 
 

= 
 
 
 
 
 
 

1

2

1

2

2 2 12 2

 
n

n n nn n

q

q

q

q

q

q


   
   
   
   
   

  
  
  
  
  
  
     

 (60) 

 

It is important to note that unlike the normal damping matrix (for systems that does not 

require state-space representation) the damped modal matrix has units for some of its terms, 

due to the presence of both displacement and velocity in the modal and physical domains. 

This feature is shown in Fig. 22 next 

 

Figure 22 - units of the terms in the damped modal matrix in a case where the system is in 

state-space representation with the physical vector having displacements and velocities. 

 

Source: elaborated by the author. 

 

Referring to Eq. (43) and  substituting the relation from Eq. (58) gives 

 

 
d d+ =A q B q p   (61) 
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Pre-multiplying both sides of Eq. (61) by T

d  gives 

 

 T T T

d d d d d+ =A q B q p      (62) 

 

using the relations from Eqs. (56a) and (56b), Eq. (62) can be rewritten as  

 

 T

d+ =Λq q p   (63) 

 

where 

 

 

1

2

2

0 0

0

0

0 0 n







 
 
 =
 
 
 

Λ  (64a) 

 

1

2

2

0 0

0
=

0

0 0 n







 
 
 
 
 
 

  (64b) 

 

1,1 1 2,1 2 3,1 3 2 ,1

1,2 1 2,2 2 3,2 3 2 ,2

1,3 1 2,3 2 3,3 3 2 ,3

1,2 1 2,2 2 3,2 3 2 ,2

n n n n n

n n n n n

T

n n n n nd

n n n n n n n n n

m g m g m g m g

m g m g m g m g

m g m g m g m g

m g m g m g m g

   

   

   

   

+ + +

+ + +

+ + +

+ + +

+ + + + 
 

+ + + +
 
 

+ + + +=  
 
 
 + + + + 

p  (64c) 

 

Eq. (63) represents a system of 2n uncoupled differential equations, where 
1 2 3 2, , , , nq q q q  

(modal coordinates) are the independent variables. The initial conditions for the modal 

coordinates vector can be obtained through 

 

 1

0 0d

−=q y  (65) 

 

Defining 
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1 2 3 2{    ... }T T

d nh h h h= =h p  (66) 

 

The uncoupled differential equations resulting from the system in Eq. (63) can be represented 

as Eqs. (67) and (68): 

 

      1, 2,3, ,k k k k kq q h k n + = =   (67) 

 

      1, 2, 3, , 2k k n k k n kq q h k n n n n − −+ = = + + +   (68) 

 

Note that Eqs. (67) and (68) are first order equations, where Eq. (67) is a first order equation 

in relation to velocity and Eq. (68) is a first order equation in relation to displacement. 

Solving for k nq − . Solving Eqs. (67) and (68) gives 

 

 ( )0 + 1      1,2,3,...,k kt t k
k k

k

h
q q e e k n

 


= − =  (69) 

 

and 

 

 ( )0 + 1      1, 2, 3,..., 2k kt t k
k n k n

k

h
q q e e k n n n n

 


− −= − = + + +  (70) 

 

or using a condensed matrix equation, Eqs. (69) and (70) can be rewritten as 

 

  1

0

−= + −q Κq I Κ h  (71) 

 

where ( )diag ite


=Κ  and 1

0 0d

−=q y . After obtaining the modal displacements ( kq ) and 

velocities ( kq ), the state vector y (physical coordinates) can be obtained through Eq. (58). 

 

4.2.5. System simplification 

 

It is important to note that using the expansion from Eq. (60), the physical 

displacements and velocities from vector y can be divided into the contributions of each mode 
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of vibration. For underdamped modes, the contribution of the i-th over the jj-th physical 

displacement 
jjx  is given by 

 

 
* *

, 1 , 1 ,jj i n jj i i n jj i ix q q + + + += +  (72) 

 

where (*) denote the complex conjugate.  If iq  is a velocity, *

iq  can be a velocity or a 

displacement, and if iq  is a displacement, *

iq  is a displacement as well. For overdamped 

modes, the contribution of the i-th to the jj-th physical displacement xj is given by  

 

 , 1 , 1 ,jj i n jj m m n jj n nx q q + + + += +  (73) 

 

where m and n are the pair that forms the i-th mode, considering that the mode contributions 

are displayed separated by pairs of coordinates. Again, if 
mq  is a velocity, nq  can be a 

velocity or a displacement, and if 
mq  is a displacement, nq  is a displacement as well. Now 

considering a i-th underdamped mode has the form of Eq. (72), with 

( )( )0 1 /i it t

i i i iq q e e h
  = + −  and ( )( )

* *
* * * *

0 1 /i it t

i i i iq q e e h
  = + − . Equation (72) can then be 

written as 

 

 
*

* *

, , , , ,
i it t

jj i jj i jj i jj i jj ix A e B A e B
 

= + + +  (74) 

 

where 

 

 , 1 , 0
i

jj i n jj i i

i

h
A q


+ +

 
= − 

 
 (75a) 

 , 1 ,
i

jj i n jj i

i

h
B 


+ +=  (75b) 

 
*

* * *

, 1 , 0 *

i
jj i n jj i i

i

h
A q


+ +

 
= − 

 
 (75c) 

 
*

* *

, 1 , *

i
jj i n jj i

i

h
B 


+ +=  (75d) 
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Noting that    Re Imi i ij  = +  for an underdamped mode ( Re{ }i  stands for the real part 

of i   Im i  and stands for the imaginary part of i ), Eq. (74) can also be written as 

 

      ( )  Re jIm jIm*

, , , ,2Rei i it t t

jj i jj i jj i jj ix e A e A e B
  −

= + +  (76) 

 

Using Euler’s equation, Eq. (76) can be written in terms of trigonometric functions as 

 

 
     ( )  Re

, , , ,2 Re cos Im sin 2Rei t

jj i jj i i jj i i jj ix e A t A t B


 = − +  (77) 

 

 The GRF is thus given by combining Eqs. (28) and (77) to give 

 

 
  ( )Re

cos sin      for  0i t

i i i i i iF e C t D t E t


 = − +   (78) 

 

where  

 

    0 0, 01 1,2 Re 2 Rei i iC k A k A= +  (79a) 

    0 0, 01 1,2 Im 2 Imi i iD k A k A= +  (79b) 

    0 0, 01 1,2 Re 2 Rei i iE k B k B= +  (79c) 

 

Equation (78) can be further simplified to 

 

 
  ( )Re

sin     for  0i t

i i i i iF G e t E t


 = + +   (80) 

 

where 2 22i i iG C D= +  and ( )1tan /i i iC D −= . Thus, a component of the GRF due to an 

oscillatory mode is given by a damped sinusoid with a time shift and an offset.  

Now considering the k-th overdamped mode. The effect of the mode on the 

displacement jjx  is given by 

 

 , , , , ,
m nt t

jj k jj m jj n jj m jj nx A e A e B B
 

= + + +  (81) 
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where the indices m and n correspond to the pair that forms the mode. The GRF due to the k-

th mode is then obtained by combining Eqs.  (28) and (81) to give 

 

  

      for  0m nt t

kF Se Te U t
 

= + +   (82a) 

 

where 

  

 0 , 01 ,i m jj mS k A k A= +  (82b) 

 0 , 01 ,i n jj nT k A k A= +  (82c) 

 0 , , 01 , ,( ) ( )jj m jj n jj m jj nU k B B k B B= + + +  (82d) 

 

where the index jj refers to the x coordinates that forms the GRF in the model and i refers to 

the mode. The total ground reaction force can then be obtained by summing all the ground 

reaction force mode components (underdamped and overdamped) as follows 

 

 
1 2T nGRF F F F= + +  (83) 

 

4.3. Five-DOF model application 

 

The modal analysis procedure discussed in this chapter is applied to the five-DOF 

LPM discussed in chapter 3 (Fig. 20). The parameters from the ground contact portion of the 

model are the optimized parameters obtained the optimization in chapter 3 for the soft sole 

case. The model parameters are presented in Table 9. 

 

Table 9 - Five-DOF model parameters for the modal analysis. 

masses [kg] springs [kN/m] dampers [Ns/m] touchdown velocities [m/s] 

m0 = 0.01 k0 = 211.26 c0 = 595.17 v0(0) = 0.96 

m1 = 6.15 k01 = 144.52 c1 = 300 v1(0) = 0.96 

m2 = 6 k1 = 6 c2 = 650 v2(0) = 0.96 

m3 = 12.58 k2 = 6 c4 = 1900 v3(0) = 2 

m4 = 50.34 k3 = 10  v4(0) = 2 

 k4 = 10   

 k5 = 18   

Source: elaborated by the author. 
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The initial displacements are all zero. The system of equations of motion have then the form 

of 

 

 
5 5 5 5 5 5 5D D D D D D D+ + =M x C x K x f  (84) 

 

where 

 

0

1

5 2

3

4

0 0 0 0

0 0 0 0

0 0 0 0

0 0 0 0

0 0 0 0

D

m

m

m

m

m

 
 
 
 =
 
 
 
 

M ,

0 0

0 0 1 2 2 1

5 2 2

1 1 4 4

4 4

0 0 0

0

  0 0 0

0 0

0 0 0

D

c c

c c c c c c

c c

c c c c

c c

− 
 
− + + − −
 
 = −
 

− + − 
 − 

C and

0

01 1 2 2 1

5 2 2 3 3

1 3 1 3 4 5 4 5

4 5 4 5

0 0 0 0

0 0

0 0   

0

0 0 0

k

k k k k k

k k k k

k k k k k k k k

k k k k

 
 

+ + − −
 
 = − + −
 

− − + + + − − 
 − − + 

K  

 

The vector of responses 
5Dx  is given by  5 0 1 2 3 4, , , , ,

T

D x x x x x=x where T denotes the 

transpose, and the vector of forces 5Df  is given by  5 0 1 2 3 4, , , , ,
T

D m g m g m g m g m g=f . 

Following the modal analysis methodology, a state vector containing the displacements and 

velocities is defined as follows 

 

  5 0 1 2 3 4 0 1 2 3 4         
T

D x x x x x x x x x x=y  (85) 

 

Rearranging the system in Eq. (84) using Eq. (85) gives a new first order system of equations 

in the form of 

 

 
5 5 5 5 5D D D D D=A y +B y p  (86a) 

 5

5

5 5

D

D

D D

 
=  
 

0 M
A

M C
 (86b) 

 5

5

5

D

D

D

 
=  
 

-M 0
B

0 K
 (86c) 
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5

5

D

D

 
=  
 

0
p

f
 (86d) 

 

the eigenvalues and eigenvectors of the new systems are then obtained in Matlab. The 

software presents the eigenvalues in crescent absolute value order. Since this is not a proper 

order, the eigenvalues and corresponding eigenvectors are reordered so that the first modes 

represent the underdamped oscillating modes and the last modes represent the overdamped 

modes, as follows 

 

 5 ,1 3.5 10.95D j = − +  (87a) 

 5 ,2 3.5 10.95D j = − −  (87b) 

 5 ,3 62.39 80.45D j = − +  (87c) 

 5 ,4 62.39 80.45D j = − −  (87d) 

 5 ,5 235.48 144.74D j = − +  (87e) 

 5 ,6 235.48 144.74D j = − −  (87f) 

 5 ,7 59258D = −  (87g) 

 5 ,8 179.37D = −  (87h) 

 5 ,9 33.79D = −  (87i) 

 5 ,10 15.19D = −  (87j) 

 

the corresponding eigenvectors are presented in the modal matrix in Appendix B. The natural 

parameters for the modes can be obtained through Eq. (49) (in case of underdamped modes) 

and are presented in Table 10. 

 

Table 10 - five-DOF model modes natural parameters. 

mode damping factor nautral frequency damped natural frequency 

first 
1  = 0.3044 

1n  = 1.83 Hz 
1  = 1.74 Hz 

second 
2  = 0.6105 

2n  = 16.27 Hz 
2  = 12.88 Hz 

third 
3  = 0.8591 

3n  = 43.99 Hz 
3  = 23.04 Hz 

fourth 
4  > 1  X 

4  = 0 Hz  

fifth 
5  > 1  X 

5  = 0 Hz 

Source: elaborated by the author. 
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By examining the eigenvalues, it can be seen that the system has three oscillatory 

underdamped modes (three complex conjugate pairs) and two non-oscillatory overdamped 

modes (four real different values).  Now the relation between the physical and modal domain 

can be defined using Eq. (58) 

 

 5 5 , 5D D d D=y q  (88) 

 

where 

 

  5 0 1 2 3 4 0 1 2 3 4         
T

D q q q q q q q q q q=q  (89) 

 

applying Eq. (88) to Eq. (86a) and pre-multiplying by 5 ,

T

D dΦ  results in 

 

 5 5 5 5 5 , 5 5

T

D D D D D d D D+ = =Λ q q p h   (90) 

 

using the information gathered from the eigenvectors and eigenvalues, the modes are divided 

as: first mode, second mode, third mode and overdamped mode. The overdamped mode 

includes both overdamped modes from the system. Using Eqs. (72) and (73) and grouping the 

overdamped modes, 0x  and 1x  can be defined with respect to the modal coordinates as 

follows 

 

 

st nd rd th th1  mode 2  mode 3  mode 4  mode 5  mode

5 0 1 2 3 4 0 1 2 3 4         

T

D q q q q q q q q q q
  

=  
  

q  (91a) 

  

 mod1

0 61 0 62 1x q q = +  (91b) 

 mod 2

0 63 2 64 3x q q = +  (91c) 

 mod3

0 65 4 66 0x q q = +  (91d) 

                                                 
ovd

0 67 1 68 2 69 3 6,10 4x q q q q   = + + +  (91e) 

 

 mod1

1 71 0 72 1x q q = +  (91f) 
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 mod 2

1 73 2 74 3x q q = +  (91g) 

 mod3

1 75 4 76 0x q q = +  (91h) 

                                    
ovd

1 77 1 78 2 79 3 7,10 4x q q q q   = + + +  (91i) 

 

Note that time dependency is assumed but is not shown for simplicity. Now the expansion and 

simplification of Eqs. (91b) to (91i) is performed using the system simplification 

methodology discussed. The expansion is exemplified for the first mode, and then expanded 

to all the other underdamped modes for simplicity. First, using Eq. (74) to expand the first 

mode contribution of 0x  and 1x  as follows 

 

 5 ,1 5 ,2mod1 * *

0 0,1 0,1 0,1 0,1
D Dt t

x A e B A e B
 

= + + +  (92a) 

 5 ,1 5 ,2mod1 * *

1 1,1 1,1 1,1 1,1
D Dt t

x A e B A e B
 

= + + +  (92b) 

 

where 

 

 1
0,1 61 0

1

(0)
h

A q


 
= − 

 
 (93a) 

 61 1
0,1

1

h
B




=  (93b) 

 
* 2
0,1 62 1

2

(0)
h

A q


 
= − 

 
 (93c) 

 * 62 2
0,1

2

h
B




=  (93d) 

 1
1,1 71 0

1

(0)
h

A q


 
= − 

 
 (93e) 

 71 1
1,1

1

h
B




=  (93f) 

 
* 2
1,1 72 1

2

(0)
h

A q


 
= − 

 
 (93g) 

 * 72 2
1,1

2

h
B




=  (93h) 
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and then the GRF component related to the first mode is given by 

 

 
  ( )5 ,1Remod1

5 5 ,1 5 ,1 5 ,1 5 ,1sinD t

D D D D DF G e t E


 = + +  (94) 

 

where 

 

 2 2

5 ,1 5 ,1 5 ,12D D DG C D= +  (95a) 

 5 ,11

5 ,1

5 ,1

tan
D

D

D

C

D
 −

 −
=   

 

 (95b) 

    5 ,1 0 0,1 01 1,12 Re 2 ReDE k B k B= +  (95c) 

    5 ,1 0 0,1 01 1,12 Re 2 ReDC k A k A= +  (95d) 

    5 ,1 0 0,1 01 1,12 Im 2 ImDD k A k A= +  (95e) 

 

Similarly, the second mode component is given by 

 

 
  ( )5 ,2Remod2

5 5 ,2 5 ,2 5 ,2 5 ,2sinD t

D D D D DF G e t E


 = + +  (96) 

 

where 

 

 2 2

5 ,2 5 ,2 5 ,22D D DG C D= +  (97a) 

 5 ,21

5 ,2

5 ,2

tan
D

D

D

C

D
 −

 −
=   

 

 (97b) 

    5 ,2 0 0,2 01 1,22 Re 2 ReDE k B k B= +  (97c) 

    5 ,2 0 0,2 01 1,22 Re 2 ReDC k A k A= +  (97d) 

    5 ,2 0 0,2 01 1,22 Im 2 ImDD k A k A= +  (97e) 

 

the third mode component is given by 
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  ( )5 ,3Remod3

5 5 ,3 5 ,3 5 ,3 5 ,3sinD t

D D D D DF G e t E


 = + +  (98) 

 

where 

 

 2 2

5 ,3 5 ,3 5 ,32D D DG C D= +  (99a) 

 5 ,31

5 ,3

5 ,3

tan
D

D

D

C

D
 −

 −
=   

 

 (99b) 

    5 ,3 0 0,3 01 1,32 Re 2 ReDE k B k B= +  (99c) 

    5 ,3 0 0,3 01 1,32 Re 2 ReDC k A k A= +  (99d) 

    5 ,3 0 0,3 01 1,32 Im 2 ImDD k A k A= +  (99e) 

 

Expanding the overdamped mode contribution of 0x  and 1x  as follows 

 

 5 ,7 5 ,8 5 ,9 5 ,10

0 0,7 0,7 0,8 0,8 0,9 0,9 0,10 0,10
D D D Dt t t tovdx A e B A e B A e B A e B

   
= + + + + + + +  (100a) 

 5 ,7 5 ,8 5 ,9 5 ,10

1 1,7 1,7 1,8 1,8 1,9 1,9 1,10 1,10
D D D Dt t t tovdx A e B A e B A e B A e B

   
= + + + + + + +  (100b) 

 

where 

 

 7
0,7 67 1

7

(0)
h

A q


 
= − 

 
 (101a) 

 67 7
0,7

7

h
B




=  (101b) 

 8
0,8 68 2

8

(0)
h

A q


 
= − 

 
 (101c) 

 68 8
0,8

8

h
B




=  (101d) 

 9
0,9 69 3

9

(0)
h

A q


 
= − 

 
 (101e) 

 69 9
0,9

9

h
B




=  (101f) 
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 10
0,10 6,10 4

10

(0)
h

A q


 
= − 

 
 (101g) 

 
6,10 10

0,10

10

h
B




=  (101h) 

 7
1,7 77 1

7

(0)
h

A q


 
= − 

 
 (101i) 

 77 7
1,7

7

h
B




=  (101j) 

 8
1,8 78 2

8

(0)
h

A q


 
= − 

 
 (101k) 

 78 8
1,8

8

h
B




=  (101l) 

 9
1,9 79 3

9

(0)
h

A q


 
= − 

 
 (101m) 

 79 9
1,9

9

h
B




=  (101n) 

 10
1,10 7,10 4

10

(0)
h

A q


 
= − 

 
 (101o) 

 
7,10 10

1,10

10

h
B




=  (101p) 

 

combining Eqs. (30), (100a) and (100b) gives  

 

 5 ,7 5 ,8 5 ,9 5 ,10

5 5 5 5 5 5
D D D Dt t t tovd

D D D D D DF P e R e S e T e U
   

= + + + +  (102) 

 

where 

 

 5 0 0,7 01 1,7DP k A k A= +  (103a) 

 
5 0 0,8 01 1,8DR k A k A= +  (103b) 

 
5 0 0,9 01 1,9DS k A k A= +  (103c) 

 
5 0 0,10 01 1,10DT k A k A= +  (103d) 
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 5 0 0,7 0,8 0,9 0,10 01 1,7 1,8 1,9 1,10( ) ( )DU k B B B B k B B B B= + + + + + + +  (103e) 

 

The total GRF is obtained then by summing all the modal components: 

 

 mod1 mod 2 mod3

5 5 5 5 5

ovd

D D D D DGRF F F F F= + + +  (104) 

 

Figure 23a shows the comparison between the GRF obtained through the modal analysis 

procedure and the GRF obtained numerically. The numerical solution was obtained by solving 

the first order system of equations of the model 

 

 1 1

5 5 5 5 5 5D D D D D D

− −= −y A g Α B y  (105) 

 

The solution of Eq. (105) is obtained numerically through 4th order Runge-Kutta method. 

Figure 1a shows the comparison between the numerical GRF solution compared to the GRF 

through the modal analysis procedure. Figure 23b shows the GRF obtained through the modal 

analysis procedure and the all the modes components of the GRF. 

 

Figure 23 - a) comparison between numerical ( ) and modal analysis' ( ) GRF 

solutions; b) total GRF ( ) compared to the first ( ), second ( ), third ( ) 

and overdamped ( ) modes. 

 

Source: elaborated by the author. 
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It is possible to see in Fig. 23a that the GRF solution obtained through the modal analysis 

matches the numerical solution and thus the modal analysis procedure is validated. The mode 

components in Fig. 23b show that the first mode has contribution over the whole stance phase 

and is mainly responsible for the active peak region of the GRF. The shape of the first mode 

GRF is similar to the upper body impulse forces presented in Clark et al. (2014) and Clark et 

al. (2017). The second mode also has influence over the entire stance phase, but mainly at the 

beginning (0 to 0.07s approximately) being mainly responsible for the impact peak and 

asymptotes to roughly 200N in the latter part. The shape of the second mode GRF is similar to 

the lower body impulse forces presented in Clark et al. (2014) and Clark et al. (2017). The 

third mode component has effect only in the very beginning of the stance phase (does not 

have a large effect over the total GRF). The summed overdamped modes have a greater effect 

at the beginning of the stance phase (0 to 0.1s roughly) and asymptotes to approximately -

150N. The results from Fig. 1b show that two underdamped modes plus one overdamped 

mode may be enough to properly model a GRF, which suggests that a simpler model (three-

DOF for example) may be used to simulate properly the running GRF. 

 

4.4. Three-DOF model application 

 

The general modal analysis procedure discussed in this chapter is now applied to a 

three-DOF proposed model.  

 

4.4.1. Three-DOF model characterization 

 

The proposed three-DOF model is an adaptation of the two-DOF model proposed by 

Derrick et al. (2000). The adaptation consists in using again the AZM as a ground contact 

model. Figure 24 shows the configuration of the three-DOF proposed LPM used to simulate 

the GRF. 
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Figure 24 - Configuration of the three-DOF proposed model. 

 

Source: elaborated by the author. 

 

The three masses are connected through springs and dampers, which represent the viscoelastic 

elements of the human body. The rigid mass 
3m  represents the upper body mass and is 

connected to the mass 
1m  (lower body mass) through the spring 1k  and the damper

1c . The 

mass 
1m  is connected to the ground through the spring 01k  and connected to the small mass 

0m  through the damper 0c . The mass 0m  is also connected to the ground through the spring 

0k . To verify if the model can simulate the NLM’s GRF, an optimization procedure is 

performed to find the best model parameters for that purpose. 

 

4.4.2. Parameter optimization 

 

The optimization procedure performed earlier (pattern search) is used now to find the 

best 0k , 01k , 1k , 0c , 
1c  and 

1 / Tm m  for the model to match the NLM’s GRF for soft and hard 

sole cases. The body total mass ( Tm ) is 75.08kg and the small mass ( 0m ) is 0.01kg. The 

initial conditions for the numerical solution of the equations of motions are 0 (0) 0.96x = , 

1(0) 0.96x = , 3 (0) 2x = m/s for velocities and (0) 0x =  for all displacements. Figures 25a and 

25b present the comparison between NLM and the proposed three-DOF model with optimized 

parameters for soft and hard sole conditions, respectively. 
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Figure 25 - Comparison between NLM’s GRF ( ) to the three-DOF proposed GRF (

) for (a) soft sole and (b) hard sole condition. 

 

Source: elaborated by the author. 

 

Figures 25a and 25b show that the three-DOF model with optimized parameters can replicate 

the NLM’s GRF with good accuracy (RMSE = 1.43% for soft sole and RMSE = 1.43% for 

hard sole). Table 11 presents the optimized parameters for the proposed three-DOF model in 

soft and hard sole conditions.  

 

Table 11 - optimized parameters for the three-DOF proposed model in soft and hard sole 

conditions. 

 k0 [kN/m] k01 [kN/m] k1 [kN/m] c0 [Ns/m] c1 [kg/s] m1/mT 

soft sole 324.13 19.58 13.25 1628.5 369.02 0.2145 

hard sole 474.03 19.88 12.41 2540.8 359.8 0.1866 

Source: elaborated by the author. 

 

The upper body mass 
3m  is then obtained by subtraction of the total body mass 

 

 
3 0 1Tm m m m= − −  (105) 

 

Now the modal analysis procedure is applied to the proposed three-DOF model. 

 

4.4.3. Modal Analysis 
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The modal analysis procedure is now applied to the proposed three-DOF model with 

optimized parameters for soft sole condition. The model parameters and initial conditions are 

presented in Table 12. 

 

Table 12 - Three-DOF mode parameters used in the modal analysis. 

masses [kg] springs [kN/m] dampers [kg/s] touchdown velocities [m/s] 

m0 = 0.01 k0 = 324.13 c0 = 1628.50 v0(0) = 0.96 

m1 = 16.11 k01 = 19.58 c1 = 369.02 v1(0) = 0.96 

m3 = 58.96 k1 = 13.25  v3(0) = 2 

Source: elaborated by the author. 

 

The initial displacements are all zero. The model’s system that contains equations of motion 

in matrix form can then be defined as 

 

 
3 3 3 3 3 3 3D D D D D D D+ + =M x C x K x f  (106) 

  

where 

 

0

3 1

3

0 0

0 0

0 0

D

m

m

m

 
 

=
 
  

M , 

0 0

3 0 0 1 1

1 1

0

0

D

c c

c c c c

c c

− 
 

= − + −
 
 − 

C  and 

0

3 01 1 1

1 1

0 0

0

0

D

k

k k k

k k

 
 

= + −
 
 − 

K  

 

The vector of responses 
3Dx  is given by  3 0 1 3,   ,   

T

D x x x=x  where T denotes the transpose 

and the vector of forces 3Df is given by 
3 0 1 3{ ,   g,  }T

D m g m m g=f .  

Following the modal analysis general procedure, a state vector is defined containing 

the displacements and velocities 

 

  3 0 1 3 0 1 3     
T

D x x x x x x=y  (107) 

 

Rearranging the system in Eq. (106) using Eq. (107) gives a new first order system in the 

form of 

 

 3 3 3 3 3D D D D D=A y +B y p  (108a) 
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 3

3

3 3

D

D

D D

 
=  
 

0 M
A

M C
 (108b) 

 3

3

3

D

D

D

 
=  
 

-M 0
B

0 K
 (108c) 

 
3

3

D

D

 
=  
 

0
p

f
 (108d) 

 

the eigenvalues and eigenvectors of the new systems are then obtained in Matlab. The 

software presents the eigenvalues in crescent absolute value order. Since this is not a proper 

order, the eigenvalues and corresponding eigenvectors are reordered so that the first modes 

represent the underdamped oscillating modes and the last mode represent the overdamped 

mode, as follows 

 

 3 ,1 3.28 11.54D j = − +  (109a) 

 3 ,2 3.28 11.54D j = − −  (109b) 

 3 ,3 102.70 112.83D j = − +  (109c) 

 3 ,4 102.70 112.83D j = − +  (109d) 

 3 ,5 162750D = −  (109e) 

 3 ,6 16.22D = −  (109f) 

 

the corresponding eigenvectors are presented in the modal matrix in Appendix B. The natural 

parameters for the modes can be obtained through Eq. (49) (in case of underdamped modes) 

and are presented in Table 13. 

 

Table 13 - Three-DOF model modes natural parameters. 

mode damping factor nautral frequency damped natural frequency 

first 
1  = 0.2733 

1n  = 1.91 Hz 
1  = 1.84 Hz 

second 
2  = 0.6577 

2n  = 25.08 Hz 
2  = 17.96 Hz 

third 
3  > 1  X 

3  = 0 Hz 

Source: elaborated by the author. 

 

By examining the eigenvalues, it can be seen that the system has two oscillatory underdamped 

modes (two complex conjugate pairs) and a non-oscillatory overdamped mode (two real 
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different values).  Now the relation between the physical and modal domain can be defined 

using Eq. (58) 

 

 3 3 , 3D D d D=y q  (110) 

 

where 

 

  3 0 1 3 0 1 3     
T

D q q q q q q=q  (111) 

 

applying Eq. (110) to Eq. (86a) and pre-multiplying by 3 ,

T

D dΦ  results in 

 

 3 3 3 3 3 , 3 3

T

D D D D D d D D+ = =Λ q q p h   (112) 

 

using the information gathered from the eigenvectors and eigenvalues, the modes are divided 

as: first mode, second mode and overdamped mode. Using Eqs. (72) and (73), 0x  and 1x  can 

be defined with respect to the modal coordinates as follows 

 

 

st nd rd1  mode 2  mode 3  mode

3 0 1 3 0 1 3     

T

D q q q q q q
  

=  
  

q  (113a) 

 mod1

0 41 0 42 1x q q = +  (113b) 

 mod 2

0 43 3 44 0x q q = +  (113c) 

 ovd

0 45 1 46 3x q q = +  (113d) 

 

 mod1

1 51 0 52 1x q q = +  (113e) 

 mod 2

1 53 3 54 0x q q = +  (113f) 

 ovd

1 55 1 56 3x q q = +  (113g) 

 

Note that time dependency is assumed but is not shown for simplicity. Now the expansion and 

simplification of Eqs. (113b) and (113e) is performed using the system simplification 

methodology discussed. The expansion is exemplified for the first mode, and then expanded 
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to all the other underdamped modes for simplicity. First, using Eq. (74) to expand the first 

mode contribution of 0x  and 1x  as follows 

 

 3 ,1 3 ,2mod1 * *

0 0,1 0,1 0,1 0,1
D Dt t

x A e B A e B
 

= + + +  (114a) 

 3 ,1 3 ,2mod1 * *

1 1,1 1,1 1,1 1,1
D Dt t

x A e B A e B
 

= + + +  (114b) 

 

where  

 

 1
0,1 41 0

1

(0)
h

A q


 
= − 

 
 (115a) 

 41 1
0,1

1

h
B




=  (115b) 

 
* 2
0,1 42 1

2

(0)
h

A q


 
= − 

 
 (115c) 

 * 42 2
0,1

2

h
B




=  (115d) 

 1
1,1 51 0

1

(0)
h

A q


 
= − 

 
 (115e) 

 51 1
1,1

1

h
B




=  (115f) 

 
* 2
1,1 52 1

2

(0)
h

A q


 
= − 

 
 (115g) 

 * 52 2
1,1

2

h
B




=  (115h) 

 

and then the GRF component related to the first mode is given by 

 

 
  ( )3 ,1Remod1

3 3 ,1 3 ,1 3 ,1 3 ,1sinD t

D D D D DF G e t E


 = + +  (116) 

 

where 
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 2 2

3 ,1 3 ,1 3 ,12D D DG C D= +  (117a) 

 3 ,11

3 ,1

3 ,1

tan
D

D

D

C

D
 −

 −
=   

 

 (117b) 

    3 ,1 0 0,1 01 1,12 Re 2 ReDE k B k B= +  (117c) 

    3 ,1 0 0,1 01 1,12 Re 2 ReDC k A k A= +  (117d) 

    3 ,1 0 0,1 01 1,12 Im 2 ImDD k A k A= +  (117e) 

 

Similarly, the second mode component is given by 

 

 
  ( )3 ,2Remod2

3 3 ,2 3 ,2 3 ,2 3 ,2sinD t

D D D D DF G e t E


 = + +  (118) 

 

where 

 

 2 2

3 ,2 3 ,2 3 ,22D D DG C D= +  (119a) 

 3 ,21

3 ,2

3 ,2

tan
D

D

D

C

D
 −

 −
=   

 

 (119b) 

    3 ,2 0 0,2 01 1,22 Re 2 ReDE k B k B= +  (119c) 

    3 ,2 0 0,2 01 1,22 Re 2 ReDC k A k A= +  (119d) 

    3 ,2 0 0,2 01 1,22 Im 2 ImDD k A k A= +  (119e) 

 

Expanding the overdamped mode contribution of 0x  and 1x  as follows 

 

 3 ,5 3 ,6

0 0,5 0,5 0,6 0,6
D Dt tovdx A e B A e B

 
= + + +  (120a) 

 3 ,5 3 ,6

1 1,5 1,5 1,6 1,6
D Dt tovdx A e B A e B

 
= + + +  (120b) 

 

where 
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 5
0,5 45 1

5

(0)
h

A q


 
= − 

 
 (121a) 

 45 5
0,5

5

h
B




=  (121b) 

 6
0,6 46 3

6

(0)
h

A q


 
= − 

 
 (121c) 

 46 6
0,6

6

h
B




=  (121d) 

 5
1,5 55 1

5

(0)
h

A q


 
= − 

 
 (121e) 

 55 5
1,5

5

h
B




=  (121f) 

 6
1,6 56 3

6

(0)
h

A q


 
= − 

 
 (121g) 

 56 6
1,6

6

h
B




=  (121h) 

 

combining Eqs. (30), (120a) and (120b) gives  

 

 3 ,5 3 ,6

3 3 3 3
D Dt tovd

D D D DF S e T e U
 

= + +  (122) 

 

where 

 

 
3 0 0,5 01 1,5DS k A k A= +  (123a) 

 
3 0 0,6 01 1,6DT k A k A= +  (123b) 

 3 0 0,5 0,5 01 1,5 1,6( ) ( )DU k B B k B B= + + +  (123c) 

 

The total GRF is obtained then by summing all the modal components: 

 

 mod1 mod 2

3 3 3 3

ovd

D D D DGRF F F F= + +  (124) 
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Figure 26a shows the comparison between the GRF obtained through the modal analysis 

procedure and the GRF obtained numerically. The numerical solution was obtained by solving 

the first order system of equations of the model 

 

 1 1

3 3 3 3 3 3D D D D D D

− −= −y A g Α B y  (125) 

 

The solution of Eq. (125) is obtained numerically through 4th order Runge-Kutta method. 

Figure 26b shows the GRF obtained through the modal analysis procedure and the all the 

modes components of the GRF. 

 

Figure 26 - a) comparison between numerical ( ) and modal analysis' ( ) GRF 

solutions; b) total GRF ( ) compared to the first ( ), second ( ) and overdamped 

( ) modes. 

 

Source: elaborated by the author. 

 

It is possible to see in Fig. 26a that the GRF solution obtained through the modal analysis 

matches the numerical solution and thus the modal analysis procedure is again validated. The 

mode components in Fig. 26b show that the first mode has contribution over the whole stance 

phase and is mainly responsible for the active peak region of the GRF. The shape of the first 

mode GRF is similar to the upper body impulse forces presented in Clark et al. (2014) and 

Clark et al. (2017). The second mode also has influence over the entire stance phase, but 

mainly at the beginning (0 to 0.05s approximately) being mainly responsible for the impact 

peak and asymptote roughly 100 N in the latter part. The shape of the second mode GRF is 
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similar to the lower body impulse forces presented in Clark et al. (2014) and Clark et al. 

(2017). The overdamped mode starts approximately at -350N and slowly increases to an 

asymptote at about -150N. The results from Fig. 1b show that there are two main 

underdamped modes and a less dominant overdamped mode. The results confirm that the 

GRF can be modelled with three modes only. 

 

4.5. Conclusions 

 

In this chapter, the modal analysis of proposed LPMs (five-DOF and three-DOF) has 

been performed. The modal analysis was able to show the total GRF of each model and to 

show the modal components. The modal analysis of both models showed that there are 

dominant modes. In both cases, there are two underdamped modes that together are 

responsible for the majority of the dynamics in the GRF and there is an overdamped mode 

that acts at the beginning of the stance phase. The dominant modes have similar patterns in 

both models, suggesting the upper and lower body mass impact influence over the modes. The 

modal analysis of the five-DOF model shows that two of the modes have little influence over 

the total GRF, suggesting that three modes should be enough to represent the dynamic 

involved in running GRF. 

In the next chapter, a modal model to simulate running GRF will be proposed using 

the modes information that was observed in the modal analysis of both five-DOF and three-

DOF models. 
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5 MODEL VALIDATION AND ANALYSIS OF EXPERIMENTAL DATA  

 

5.1. Introduction 

 

In the previous chapter, the modal analysis of a five-DOF and a three-DOF model 

showed that the predominant modes have similar patterns in the GRF simulation (two 

underdamped modes representing the upper and lower body mass impact) and an overdamped 

mode acting at the first part of the stance phase. The aim of this chapter is to propose a modal 

model to simulate running GRF and validate it using different experimental GRF data. In 

section 5.2 the modal model is presented and explained. In section 5.3, the modal model is 

used to fit the vertical GRF data from Tongen and Wunderlich (2010). In section 5.4 the 

modal model is used to fit four different vertical GRF datasets from Wojtusch and von Stryk 

(2015). In section 5.5, the modal model is used to fit extracted vertical GRF data from Derrick 

et al. (2000). 

 

5.2. Modal Model – Modal Decomposition Method 

 

Despite providing important characteristics of locomotion and bouncing gaits 

(Bullimore and Burn, 2007), LPMs do not simulate accurately experimental GRF data. These 

models have problems in predicting the initial part and the two peaks of the GRF at the same 

time. This may be because these models in general only account for vertical motion, but in 

practice there is a significant amount of rotation in the movement. Other have found that it is 

difficult to directly relate the measured acceleration of human body parts to the GRF 

(Needergard et al., 2018), but Komaris et al. (2019) found that the body can be connected to 

the GRF using artificial neural networks. Thus, it is not surprising that LPMs with only 

vertical motion cannot accurately predict measured GRF datasets from a range of running 

conditions. Alternatively, more complex LPM could be proposed, but this would implicate in 

even more parameters to be determined, which may not be viable. 

With that in mind, the modal analysis of both three-DOF and five-DOF models 

showed that the GRF is mainly composed by two main oscillatory motions (one related to the 

upper body and other related to the lower body) plus one or more non-oscillatory overdamped 

modes, which means that the GRF can be well represented by three modes. This means that a 

new GRF modelling method can be implemented using these modes information. 
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The new modelling method is called modal decomposition of the GRF data. It mainly 

consists in dividing the GRF dataset in three portions (three modes). Using Eqs. (116) and 

(118) for the underdamped mode contributions and Eq. (122) for the overdamped mode 

contribution, the relation GRF relation resultant from the modal decomposition method have 

the form 

 

 ( ) ( )1 2 3

1 1 1 1 2 2 2 2 3

third mode (overdamped)first mode (underdamped) second mode (underdamped)

sin   sin  m m ma t a t a t

m m m m m m m m m mF G e t E G e t E G e   = + + + + + +  (126) 

 

Note that the first and second underdamped modes in Eq. (126) are similar to the cosine 

periodic force functions presented in Clark et al. (2017). However, in this new proposed 

model the damping is included, and there is a clear relationship with the dynamics of the 

runner based on the modal response. To obtain the parameters in Eq. (126) that best fit a GRF 

dataset, the patternsearch algorithm is used again due to its fast iteration procedures. In 

summary, the step-by-step of the modal decomposition method is defined as follows: 

1) Fit the first mode equation parameters ( 1mG ,
1ma 1m , 1m ,

1mE ) for the largest peak 

region of the experimental GRF using the pattern search optimization routine in 

Matlab (from the dip between the two peaks until the end of the time history. If a dip 

does not exist use the complete time history). 

2) Subtract the estimated response due to the first mode from the GRF to give a residual. 

3) Simultaneously fit mode 2 and mode 3 parameters ( 2mG , 
2ma , 2m , 

2m , 2mE , 3mG , 

3ma ) for the residual of the experimental GRF. 

4) Sum the responses for modes 1, 2 and 3 to obtain the estimated total GRF. 

In the next sections, the modal decomposition method is applied to six different datasets, 

available in the literature. Table 14 presents the details about the datasets used to test the 

model. 

 

Table 14 - Details of the datasets used to test the modal decomposition method. 

datasets subject mass running velocity sampling frequerncy trials type of GRF 

Tongen and Wunderlich male 77.51 kg - 2500 Hz 10 Vertical 

Wojtusch and von Stryk 1 female 57.3 kg 2 m/s 1000 Hz 1 Vertical 

Wojtusch and von Stryk 2 female 57.3 kg 4 m/s 1000 Hz 1 Vertical 

Wojtusch and von Stryk 3 male 84.8 kg 2 m/s 1000 Hz 1 Vertical 
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Wojtusch and von Stryk 4 male 84.8 kg 4 m/s 1000 Hz 1 Vertical 

Derrick et al. male 76 kg - - 10 Vertical 

Source: elaborated by the author. 

 

5.3. Tongen and Wunderlich data fit 

 

The first dataset in which the Modal decomposition method is applied is the open 

dataset obtained by Tongen and Wunderlich (2010)2. The data consists in 10 trials of a male 

subject (77,51kg) walking, speedwalking and running, obtained with a sample rate of 2500 

Hz. The data obtained represents the running GRF in x, y and z directions. Since the focus of 

the research is in the vertical GRF, only the z force dataset was used in this work (an average 

of the 10 trials was used). Figure 27a shows the 10 GRF trials with the respective GRF 

average.  The first step of the Modal decomposition method is to fit the active peak (bigger 

peak) region of the data (for this case, is the region between 0.05s and 0.25s of the time series, 

approximately). Using the optimization procedure, the first mode equation parameters from 

Eq. (126) are obtained and the comparison with the total GRF is shown in Fig. 27b. Next, the 

obtained first mode equation is subtracted from the total GRF dataset. The residual GRF is 

then is set as the objective function for the second and third mode equations fit (the sum of 

modes 2 and 3 simultaneously) in Eq. (126) and the optimization algorithm is used again. The 

residual GRF compared with the sum of second and third mode equations is presented in Fig. 

27c. The first, second and third modes obtained through the optimization procedure in the 

Modal decomposition method is presented if Fig. 27d, compared with the sum of all modes 

combined (which forms the total model GRF). Table 15 shows the obtained parameters from 

Eq. (126) relative to all the modes for the Tongen and Wunderlich GRF dataset.  

 

Table 15 - First, second and third mode equation parameters for the Tongen and Wunderlich 

data fit. 

 Gm [N] am [1/s] 
2

m


 [Hz] m  [rad] Em [N] 

First mode 1195.2 -0.6033 3.59 -0.8784 1070.30 

Second mode 999.43 -40.733 17.82 -2.1697 -3.92 

Third mode 826.62 -46.256 X X X 

Source: elaborated by the author. 

 

 
2 Available at http://www.math.jmu.edu/_tongen/TongenWunderlich.xls. 
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Figure 27 below shows each step and the comparison of the Modal decomposition results with 

the Tongen and Wunderlich GRF dataset. 

 

Figure 27 - Steps and results from the application of the modal decomposition method to the 

Tongen and Wunderlich GRF dataset. a) GRF trials (  ), GRF trials average ( ) and 

model GRF ( ); b) first mode ( ) compared to the total experimental GRF ( ); c) 

second and third modes combined ( ) compared to the subtracted GRF dataset ( ); d) 

first ( ), second ( ) and third ( ) modes compared with the sum of the modes 

combined forming the model GRF ( ). 

 

Source: elaborated by the author. 

 

The results obtained with the modal decomposition method shows that the method worked 

well for this dataset. Figure 1a compared the GRF formed by the sum of all three modes 

(which is the GRF that results from the application of the method) and the GRF dataset 

(average). The fit between them is good (RMSE = 1.64%). The modes behaviors are similar 

to the GRF waveform curves for the discrete masses in the work done by Clark et al. (2017), 

(a) (b)

(c) (d)
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which is expected since the modal decomposition method models the modes to represent the 

separated effects of the upper and lower body masses. The results also agree overall with the 

modal analysis of the three-DOF LPM, which was also expected. 

 

5.4. Wojtusch and von Stryk data fit  

 

The next analyzed datasets in which the Modal Composition method is applied is the 

openly available dataset supplied by Wojtusch and von Stryk (2015)3. The data consists in 60 

seconds of a female (57.3kg) and a male (84.8kg) human subject running in 2, 3 and 4 m/s. 

From this dataset, only the middle region of the time frame (35 to 45 seconds) will be 

analyzed, for 2 and 4 m/s form both subjects. The sample rate (frame rate) is 1000 Hz. The 

resultant GRF profile for each subject in each velocity is an average of the vertical GRF 

profile generated by the left and right leg impact on the treadmill between 35 and 45 seconds 

in the time frame. 

The first of the Wojtusch and von Stryk datasets fitted is the one related to the female 

subject running at 2 m/s. The dataset is presented in Fig. 28a. Following the procedure done 

for the previous dataset and applying the Modal decomposition method, the first step is to fit 

the active peak region of the data (for this case, it is the whole data series). The equation 

obtained after the optimization procedure (same optimization done in the previous dataset) 

represents the first mode from Eq. (126) and is shown in Fig. 28b compared with the total 

GRF dataset. The next step is to subtract the first mode equation from the total GRF dataset. 

Since the GRF dataset has a similar form compared to the first mode, only the residual is 

small. The second and third mode equations are then fitted to the residual of the GRF dataset, 

and the comparison is presented in Fig. 28c. The modes are the summed to form the total 

model GRF. The modes and the total model GRF are shown in Fig. 28d. The comparison 

between the dataset GRF and the total model GRF is shown in Fig. 28a. Table 16 shows the 

obtained parameters from Eq. (126) relative to all the modes for the dataset related to the 

woman running at 2 m/s. 

 

Table 16 - First, second and third mode equation parameters for the Wojtusch and von Stryk 

dataset related to the woman running at 2 m/s. 

 Gm [N] am [1/s] 
2

m


 [Hz] m  [rad] Em [N] 

 
3 Available at https://www.sim.informatik.tu-darmstadt.de/res/ds/humod. 

https://www.sim.informatik.tu-darmstadt.de/res/ds/humod/
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First mode 817.61 -1.9039 2.56 -0.6368 433.10 

Second mode 25.98 -1.3680 8.69 3.0971 1.91 

Third mode 0 0 X X X 

Source: elaborated by the author. 

 

Figure 28 below shows each step and the comparison of the Modal decomposition results with 

the Wojtusch and von Stryk dataset with respect to the woman running at 2 m/s. 

 

Figure 28 - Steps and results from the application of the modal decomposition method to the 

Wojtusch and von Stryk GRF dataset with respect to the woman running at 2 m/s. a) GRF 

dataset ( ), model GRF ( ); b) first mode ( ) compared to the total experimental 

GRF ( ); c) second and third modes combined ( ) compared to the subtracted GRF 

dataset ( ); d) first (  ), second ( ) and third ( ) modes compared with the sum 

of the modes combined  forming the model GRF ( ).  

 

Source: elaborated by the author. 

 

(a) (b)

(c) (d)
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The results obtained with the modal decomposition method shows that the method worked 

well for this dataset. Figure 28a compared the model GRF formed by the sum of all three 

modes (which is the GRF that results from the application of the method) and the GRF 

dataset. The fit between them is good (RMSE = 1.52%). It is interesting to note that the third 

mode was not necessary in this case. This happens because the dataset has a form similar to 

the first mode (RMSE = 2.62% when comparing the dataset to the first mode alone), and the 

second mode was already enough to capture the residual of the dataset after subtracting the 

first mode. The modes behaviors are similar to the GRF waveform curves for the discrete 

masses in the work done by Clark et al. (2017), which was again expected. 

The second dataset fitted in this section is the one related to the female subject running 

at 4 m/s. The dataset is presented in Fig. 28a. Following the procedure done for the previous 

dataset and applying the Modal decomposition method, the first step is to fit the active peak 

region of the data (for this case, it is the whole data series). The equation obtained after the 

optimization procedure (same optimization done in the previous dataset) represents the first 

mode from Eq. (126) and is shown in Fig. 28b compared with the total GRF dataset. The next 

step is to subtract the first mode equation from the total GRF dataset. Since the GRF dataset 

has a similar form compared to the first mode, only the residual is small. The second and third 

mode equations are then fitted to the residual of the GRF dataset, and the comparison is 

presented in Fig. 28c. The modes are the summed to form the total model GRF. The modes 

and the total model GRF are shown in Fig. 28d. The comparison between the dataset GRF and 

the total model GRF is shown in Fig. 28a. Table 17 shows the obtained parameters from Eq. 

(126) relative to all the modes for the dataset related to the woman running at 4 m/s. 

 

Table 17 - First, second and third mode equation parameters for the Wojtusch and von Stryk 

dataset related to the woman running at 4 m/s. 

 Gm [N] am [1/s] 
2

m


 [Hz] m  [rad] Em [N] 

First mode 716.09 -0.0027 4.29 -0.8547 653.79 

Second mode 108.01 -8.9124 11.56 -1.6363 7.14 

Third mode 0 0 X X X 

Source: elaborated by the author. 

 

Figure 29 below shows each step and the comparison of the Modal decomposition results with 

the Wojtusch and von Stryk dataset with respect to the woman running at 4 m/s. 

 



101 

 

 

 

Figure 29 - Steps and results from the application of the modal decomposition method to the 

Wojtusch and von Stryk GRF dataset with respect to the woman running at 4 m/s. a) GRF 

dataset ( ), model GRF ( ); b) first mode ( )  compared to the total experimental 

GRF ( ); c) second and third modes combined ( ) compared to the subtracted GRF 

dataset ( ); d) first (  ), second ( ) and third ( ) modes compared with the sum 

of the modes combined  forming the model GRF ( ). 

 

Source: elaborated by the author. 

 

The results obtained with the modal decomposition method shows that the method obtained a 

good fit for this dataset. Figure 29a compared the model GRF and the GRF dataset. The fit 

between both is good (RMSE = 2.41%). The third mode was not necessary again in this case. 

This happens because the dataset has a form similar to the first mode (RMSE = 5.14% when 

comparing the dataset to the first mode alone), and the second mode was already enough to 

capture the residual of the dataset after subtracting the first mode. The modes behaviors are 

similar to the GRF waveform curves for the discrete masses in the work done by Clark et al. 

(2017), which was again expected. 

(a) (b)

(c) (d)
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The third dataset fitted in this section is the one related to the male subject running at 2 

m/s. The dataset is presented in Fig. 29a. Following the procedure done for the previous 

dataset and applying the Modal decomposition method, the first step is to fit the active peak 

region of the data (for this case, between 0.05s to 0.37 approximately). The equation obtained 

after the optimization procedure represents the first mode from Eq. (126) and is shown in 

Fig.4b compared with the total GRF dataset. The next step is to subtract the first mode 

equation from the total GRF dataset. The second and third mode equations are then fitted to 

the residual of the GRF dataset, and the comparison is presented in Fig. 29c. The modes are 

the summed to form the total model GRF. The modes and the total model GRF are shown in 

Fig. 29d. The comparison between the dataset GRF and the total model GRF is shown in Fig. 

29a. Table 18 shows the obtained parameters from Eq. (126) relative to all the modes for the 

dataset related to the man running at 2 m/s. 

 

Table 18 - First, second and third mode equation parameters for the Wojtusch and von Stryk 

dataset related to the man running at 2 m/s. 

 Gm [N] am [1/s] 
2

m


 [Hz] m  [rad] Em [N] 

First mode 1340.7 -2.1556 1.90 -0.4346 500.52 

Second mode 1235.2 -49.795 9.50 -0.0556 2.42 

Third mode 0 0 X X X 

Source: elaborated by the author. 

 

Figure 30 next shows each step and the comparison of the Modal decomposition results with 

the Wojtusch and von Stryk dataset with respect to the man running at 2 m/s. 
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Figure 30 - Steps and results from the application of the modal decomposition method to the 

Wojtusch and von Stryk GRF dataset with respect to the man running at 2 m/s. a) GRF dataset 

( ), model GRF ( ); b) first mode ( ) compared to the total experimental GRF ( 

); c) second and third modes combined ( ) compared to the subtracted GRF dataset (

); d) first (  ), second ( ) and third ( ) modes compared with the sum of the 

modes combined  forming the model GRF ( ). 

 

Source: elaborated by the author. 

 

The results obtained with the modal decomposition method shows that the method obtained a 

good fit for this dataset. Figure 30a compared the model GRF and the GRF dataset. The fit 

between both is good (RMSE = 2.03%). The third mode was not necessary again in this case. 

This happens in this case because after subtracting the first mode from the dataset, the 

residual is similar to a decaying exponential, which can be well modelled by the equation of 

the second mode (see Eq. (126)). The modes behaviors are similar to the GRF waveform 

curves for the discrete masses in the work done by Clark et al. (2014), which was again 

expected due to the form of the mode equations. 

(a) (b)

(c) (d)
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The fourth dataset fitted in this section is the one related to the male subject running at 

4 m/s. The dataset is presented in Fig. 30a. Following the procedure done for the previous 

dataset and applying the Modal decomposition method, the first step is to fit the active peak 

region of the data (for this case, between 0.03s to 0.25 approximately). The equation obtained 

after the optimization procedure represents the first mode from Eq. (126) and is shown in Fig. 

30b compared with the total GRF dataset. The next step is to subtract the first mode equation 

from the total GRF dataset. The second and third mode equations are then fitted to the 

residual of the GRF dataset, and the comparison is presented in Fig. 30c. The modes are the 

summed to form the total model GRF. The modes and the total model GRF are shown in Fig. 

30d. The comparison between the dataset GRF and the total model GRF is shown in Fig. 30a. 

Table 19 shows the obtained parameters from Eq. (126) relative to all the modes for the 

dataset related to the man running at 4 m/s. 

 

Table 19 - First, second and third mode equation parameters for the Wojtusch and von Stryk 

dataset related to the man running at 4 m/s. 

 Gm [N] am [1/s] 
2

m


 [Hz] m  [rad] Em [N] 

First mode 2575.90 -2.9200 2.12 -0.1431 -138.72 

Second mode 3123.20 -72.503 11.00 0.0898 3.86 

Third mode 0 0 X X X 

Source: elaborated by the author. 

 

Figure 31 next shows each step and the comparison of the Modal decomposition results with 

the Wojtusch and von Stryk dataset with respect to the man running at 4 m/s. 
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Figure 31 - Steps and results from the application of the modal decomposition method to the 

Wojtusch and von Stryk GRF dataset with respect to the man running at 4 m/s. a) GRF dataset 

( ), model GRF ( ); b) first mode ( ) compared to the total experimental GRF ( 

); c) second and third modes combined ( ) compared to the subtracted GRF dataset (

); d) first (  ), second ( ) and third ( ) modes compared with the sum of the 

modes combined  forming the model GRF ( ).  

 

Source: elaborated by the author. 

 

The results obtained with the modal decomposition method shows that the method obtained a 

good fit for this dataset. Figure 5a compared the model GRF and the GRF dataset. The fit 

between both is good (RMSE = 3.99%). The third mode was not necessary again in this case. 

This happens in again because after subtracting the first mode from the dataset, the residual is 

similar to a decaying exponential, which can be well modelled by the equation of the second 

mode (see Eq. (126)). The modes behaviors are similar to the GRF waveform curves for the 

discrete masses in the work done by Clark et al. (2017), which was again expected due to the 

form of the mode equations. 

(a) (b)

(c) (d)
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5.5. Derrick et al. data fit 

 

The dataset used in this section was extracted from the work done in Derrick et al. 

(2000) for one single subject running in its preferred stride length. The dataset is used as last 

validation test for the Modal decomposition method, due to its features (high first peak or 

impact peak). The dataset is presented in Fig. 32a. Applying again the modal decomposition 

method, the first step is to fit the active peak region of the data (for this case, between 0.04s to 

0.20 approximately). The equation obtained after the optimization procedure represents the 

first mode from Eq. (126) and is shown in Fig. 32b compared with the total GRF dataset. The 

next step is to subtract the first mode equation from the total GRF dataset. The second and 

third mode equations are then fitted to the residual of the GRF dataset, and the comparison is 

presented in Fig. 32c. The modes are the summed to form the total model GRF. The modes 

and the total model GRF are shown in Fig. 32d. The comparison between the dataset GRF and 

the total model GRF is shown in Fig. 32a. Table 20 shows the obtained parameters from Eq. 

(126) relative to all the modes for the Derrick et al. dataset. 

 

Table 20 - First, second and third mode equation parameters for the Derrick et al. dataset. 

 Gm [N] am [1/s] 
2

m


 [Hz] m  [rad] Em [N] 

First mode 12042 -7.701 1.14 0.1265 -2361.30 

Second mode 1568.60 -49.551 23.10 -1.6626 -5.57 

Third mode 2473.20 -43.292 X X X 

Source: elaborated by the author. 

 

Figure 32 next shows each step and the comparison of the Modal decomposition results with 

the Derrick et al. dataset. 
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Figure 32 - Steps and results from the application of the modal decomposition method to the 

Derrick et al. Dataset. a) GRF dataset ( ), model GRF ( ); b) first mode ( ) 

compared to the total experimental GRF ( ); c) second and third modes combined ( ) 

compared to the subtracted GRF dataset ( ); d) first (  ), second ( ) and third ( 

) modes compared with the sum of the modes combined forming the model GRF ( ). 

 

Source: elaborated by the author. 

 

The Derrick et al. GRF dataset has a fast and considerably big impact peak (first peak) and 

decays fast after the first peak, including a small loading rate, which makes the GRF more 

difficult to fit. For this case, the third mode had a considerably effect over the total GRF, as 

we can see in Fig. 32d. The first mode is responsible for the active peak while the second and 

third modes acts more over the first peak. The fit between the mode GRF and the dataset was 

good (RMSE = 2.63%), which is a good result for the model since this GRF has difficult 

features to be modelled. In this case, the modes physical meaning is more difficult to be 

analyzed due to the bigger influence of the third mode (supposed to be smaller). 

 

(a) (b)

(c) (d)
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5.6. Conclusions 

 

In this chapter, a modal model has proposed and validated to simulate running GRFs. 

The model consists in building the total GRF by adding three mode components, two of 

which are underdamped, and one is overdamped. The modal model has been validated 

through six different vertical GRF data with different characteristics. Overall, the RMSE error 

for all GRF model fits were small, which validates the model. It was observed the third mode 

was necessary only in datasets where the loading rate were smaller. The modal parameters 

varied a lot for each fit, and it is difficult with data sets used to interpret them physically. 
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6 CONCLUSIONS 

 

6.1. Summary of the Thesis 

 

The aim of this chapter is to present the main conclusions of the thesis and 

recommendations for future work. The work reported in each chapter is first summarized. 

Chapter 1 described the historical background related to mathematical models, 

differential equations, and ground reaction force (GRF) analysis. Then, the literature review 

highlights some of the important works regarding experimental GRF measurement and GRF 

modelling. Lastly, the objectives, the contributions and the outline of the thesis are recorded. 

Chapter 2 gives a more detailed report of five important studies regarding GRF 

modelling. First, the work done by Blickhan (1989) is described, in which a one-DOF LPM is 

proposed to simulate vertical GRF for hopping in place and a two-DOF LPM is proposed to 

simulate the GRF for running and hopping forward. Next, the two-DOF LPM used by 

Alexander (1990) to simulate running vertical GRF for animals or robots with a padded foot is 

presented, with some analysis regarding energy and momentum equilibrium. Later, the classic 

work from Nigg and Liu (1999) is discussed, in which a four-DOF nonlinear LPM is 

proposed to simulate running vertical GRF for soft and hard sole conditions. The model 

introduces the wobbling mass effect to GRF modelling. Next, the two-mass model proposed 

by Clark et al. (2014) is presented, which uses impulse sinusoidal curves to build the total 

vertical GRF from the impulses of the lower and upper body masses. Finally, the two-DOF 

LPM from Verheul et al. (2019) using natural parameters to simulate the vertical GRF in 

different tasks (only running was considered in the thesis). 

Chapter 3 describes a new linear ground contact model for vertical GRF simulation 

through LPMs. First, the Zener model is explained, which is used to simulate the behavior of 

viscoelastic materials. An adaptation of the Zener model is then proposed to model the ground 

contact for lumped parameter GRF models. The adaptation simplifies the dynamics of the 

ground contact interface using a small mass in between the spring and damper connected in 

series. The AZM is then tested, replacing the nonlinear ground contact relation in the four-

DOF model from Nigg and Liu (1999) and comparing the GRF simulation with the original 

four-DOF model for soft and hard sole conditions. 

Chapter 4 presents the modal analysis of two different lumped parameter GRF models 

with the AZM. First, a general modal analysis methodology is described, using state-space 

representation. This method was chosen to accurately represent the eigenvalues (natural 



110 

 

 

 

frequencies) and eigenvectors (modes) of the models in question, which have non-

proportional damping. The modal analysis procedure is then applied to the NLM with the 

AZM (five-DOF linear model) for soft sole condition, showing that from the five modes, two 

underdamped and one overdamped are dominant (two underdamped modes are more 

dominant that the overdamped mode). This suggests three modes may be enough to represent 

running GRF. A three-DOF LPM using the AZM is then optimized to match the five-DOF 

model. Finally, the modal analysis procedure is applied to the three-DOF lumped mass GRF 

model. 

Chapter 5 presents a new modal model to simulate running vertical GRF. The modal 

model (Modal Decomposition) is described at the beginning of the chapter. The approach 

consists of dividing the total vertical GRF into three mode components, two being 

underdamped (upper and lower body mass influences) and one overdamped. The approach is 

then validated using different vertical GRF data from the literature. For each data set, an 

optimization procedure was performed to find the model’s best parameters to fit the different 

GRF datasets. The model was able to simulate the vertical GRF datasets with good accuracy 

(maximum of 3,99% RMSE was found). 

 

6.2. Main conclusions 

 

From the analysis of the proposed AZM as a ground contact model replacement for the 

nonlinear ground contact model in Nigg and Liu (1999), it can be concluded that: 

 

• The AZM with optimized parameters was able to simulate the running GRF from 

the original model for both soft and hard sole conditions, which validates the 

model. 

 

• The AZM is linear, which makes the parameter optimization more viable. As to 

the physical significance of the parameters, linear parameters have been 

investigated in the literature (Alexander et al., 1986; Blickhan, 1989; Verheul et 

al., 2019) and may be easier to correlate through experimental investigation. 

 

From the modal analysis of the five-DOF and three-DOF LPMs, it can be concluded 

that: 
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• The modal analysis procedure adopted was able to successfully represent the 

modal components of the total GRF in both models. 

 

• The overdamped modal components have little effect overall on the total GRF. 

Their influence is greater in the first part of the stance phase and mainly an offset 

on the later part (in both models). 

 

• The GRF curves can be well modelled using two underdamped components (one 

slower and larger, related to the upper body mass; another faster and smaller, 

related to the lower body mass) and one overdamped component, which acts 

mostly in the beginning of the stance phase. 

 

• The modal behavior of the model led to the proposition of a new GRF model, 

which consists of forming the total GRF using three main modal components. 

 

From the application of the Modal Decomposition model to fit the literature GRF 

datasets, it can be concluded that: 

 

• Overall, all the different vertical GRF data were fitted using the Modal 

Decomposition model, with a maximum RMSE of 3.99%. 

 

• For most of the datasets, the two underdamped modes were sufficient to obtain a 

good fit. It was observed that profiles with faster loading rates and smoother 

transitions from impact peak to active peak do not require the overdamped mode. 

 

• It may be difficult to correlate the modes physically with human body running 

since the parameters from the modal model vary significantly. 

 

6.3. Recommendations for future work 

 

In this work, vertical GRF data from the literature was used to validate a proposed 

modal GRF model. Further work might include: 
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• To experimentally obtain our own GRF datasets, in order to control parameters 

like running speed, foot sole conditions, body mass, etc. 

 

• To investigate the Modal Decomposition model fit with more experimental GRF 

datasets, to correlate physically the model parameters to human body properties. 

 

• Investigate when the third mode is needed in the Modal Decomposition model to 

simulate running GRF (also using more experimental GRF datasets). 
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APPENDIX A – Three-DOF model fit to experimental dataset 

 

In this appendix, the three-DOF LPM with the Zener ground contact model is 

optimized to fit a ground reaction force dataset to show that the optimizing the model’s 

parameters does not lead to a good GRF fit for the model. 

The dataset used for fit is the openly available data provided by Tongen and 

Wunderlich (2010), with respect to a 77.51 kg male running. The data consists of the average 

of 10 trials with respect to the measured GRF in z axis. 

The three-DOF model configuration was presented in Fig. 24. The pattern search 

algorithm was used in Matlab to optimize 0k , 01k , 1k , 0c  and 1c  with a previously defined 

range. The initial conditions used were defined by Zadpoor et al. (2007). The 1 total/m m used is 

of 0.20 (20%) which represents the best fits obtained and are in agreement with the ratio used 

by Derrick et al. (2000). The mass 0m  is 0.01 kg (needs to be small). The initial displacements 

are all zero. Table 21 shows the defined parameters and the optimized ones. 

 

Table 21 – three-DOF model parameters and initial conditions including optimized 

parameters. 

masses [kg] springs [kN/m] dampers [Ns/m] touchdown velocities [m/s] 

m0 = 0.010 k0 = 13.816 c0 = 83.125 v0(0) = 0.96 

m1 = 15.502 k01 = 42.188 c1 = 89.625 v1(0) = 0.96 

m3 = 61.998 k1 = 29.268  v3(0) = 2.00 

Source: elaborated by the author. 

 

The comparison between the GRF dataset and the fitted model response GRF is shown in Fig. 

33 bellow. 
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Figure 33 - best fit obtained through optimization of the three-DOF mass spring damper 

model ( )with respect to Tongen and Wunderlich GRF dataset ( ). 

 

Source: elaborated by the author. 

 

It is clear that the overall fit to the data is good, but the model fails to capture the impact peak 

(first peak) and the transition to the active peak (second peak), which consists of the 

deceleration of the lower body mass and acceleration of the upper body mass. Different LPMs 

were tested to fit different GRF datasets, but similar problems were encountered in their fits. 
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APPENDIX B – Expanded modal matrices 

 

In this appendix, the damped modal matrices from five-DOF and three-DOF models are presented. The matrices are shown here due to their 

space requirements and have relevant information about the modes. The damped modal matrix from the five-DOF model modal analysis is shown 

next. 

 

5 ,

0.0006 0.0014 0.0006 0.0014 0.1447 0.0754 0.1447 0.0754 0.0700 0.9299 0.0700 0.9299 1 0.3717 0.0148 0.0009

0.03615 0.0284 0.03615 0.0284 0.3724 0.3126 0.3724 0.3126 0.6299 0.0442 0.6299 0.044

D d

j j j j j j

j j j j j j

+ − − + − − − + − −

− + + − − + − −

=Φ

2 0.0016 0.3650 0.1410 0.0209

0.0109 0.4162 0.0109 0.4162 0.6540 0.3460 0.6540 0.3460 0.2562 0.2252 0.2562 0.2252 0 0.3284 1 1

0.2291 0.5667 0.2291 0.5667 0.0287 0.0011 0.0287 0.0011 0.0341 0.0837 0.0341

j j j j j j

j j j j j

− −

− − − + − + + − −

− + − + + − 0.0837 0 1 0.1364 0.7430

0.2616 0.7384 0.2616 0.7384 0.0061 0.0107 0.0061 0.0107 0.0027 0.0130 0.0027 0.0130 0 0.2394 0.2321 0.0594

0.0001 0.00008 0.0001 .00008 0.0014 0.0007 0.0014 0.0007 0.0020 0.0027

j

j j j j j j

j j j j j

− − −

− + − − − + − +

− + − − + 0.0020 0.0027 0.00002 0.0021 0.0004 0.00006

0.0033 0.0022 0.0033 0.0022 0.0002 0.0048 0.0002 0.0048 0.0020 0.0011 0.0020 0.0011 0 0.0020 0.0042 0.0014

0.0342 0.0119 0.0342 0.0119 0.0066 0.0030 0.006

j

j j j j j j

j j j

− − − −

− − − + − + + − −

− + − − − − − 6 0.0030 0.0004 0.0012 0.0004 0.0012 0 0.0018 0.0296 0.0658

0.0530 0.0040 0.0530 0.0040 0.0002 0.0002 0.0002 0.0002 0.00005 0.0003 0.00005 0.0003 0 0.0056 0.0040 0.0489

0.0681 0.0021 0.0681 0.0021

j j j

j j j j j j

j j

+ − − − + − −

− − − + − − − + − +

− − − + −0.00005 0.0001 0.00005 0.0001 0.00003 0.00003 0.00003 0.00003 0 0.0013 0.0069 0.0039j j j j
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The damped modal matrix obtained in the modal analysis of the three-DOF model is presented below. 

 

 
3 ,

0.0049 0.0165 0.0049 0.0165 0.1128 0.8872 0.1128 0.8872 1 0.0887

0.2813 0.0203 0.2813 0.0203 0.8690 0.0011 0.8690 0.0011 0.0006 1

0.6711 0.3289 0.6711 0.3289 0.0251 0.0190 0.0251 0.0190 0 0.
D d

j j j j

j j j j

j j j i

− + + −

− − − + − + − −

− − − + − − − + −
=Φ

3187

0.0014 0.00002 0.0014 0.00002 0.0038 0.0045 0.0038 0.0045 0 0.0055

0.0048 0.0230 0.0048 0.0230 0.0038 0.0042 0.0038 0.0042 0 0.0616

0.0111 0.0613 0.0111 0.0613 0.00002 0.0002 0.00002 0.0002 0 0.

j j j j

j j j j

j j j j

− − − + − + −

+ − − − − +

− + − − + − 0196
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 
 
 
 
 
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