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São José do Rio Preto

2023



Ronisio Moises Ribeiro

Persistence of periodic orbits from planar piecewise
linear Hamiltonian differential systems with two or

three zones

Tese apresentada como parte dos requisitos para obtenção
do t́ıtulo de Doutor em Matemática, junto ao Programa
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Biociências, Letras e Ciências Exatas da Universidade
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Agradeço, primeiramente, a minha mãe Sônia, que sempre me apoiou, incentivou

e nunca me deixou desistir dos meus objetivos, além de os tornarem posśıveis.

Agradeço aos meus amigos Pablo e Ezequiel por todo o apoio que me deram e

pelos momentos de descontração. Agradeço também a todos os meus colegas de

pós-graduação por todo o conhecimento que compartilhamos durante o curso e por

toda a ajuda.

Agradeço aos meus professores de graduação e mestrado da Unifei e de doutorado

do IBILCE/Unesp pela dedicação e empenho que demonstraram durante os cursos.

Um agradecimento especial ao Prof. Dr. Claudio Pessoa pela paciência, conselhos,

apoio e por ter acreditado em mim durante a minha tese e curso, como um todo, até
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Resumo

Neste trabalho, nosso objetivo é estimar o número de ciclos limites do tipo costura

em sistemas diferenciais Hamiltonianos lineares por partes planares com duas ou

três zonas separadas por retas de modo que os sistemas lineares que definem o por

partes têm pontos singulares isolados, ou seja, centros ou selas. Mais precisamente,

começaremos determinando o número de ciclos limites de sistemas diferenciais

Hamiltonianos lineares por partes cont́ınuos ou descont́ınuos com duas ou três zonas.

Neste caso, mostraremos que se o sistema for descont́ınuo com três zonas, então ele

tem no máximo um ciclo limite, e forneceremos exemplos com um ciclo limite. Em

seguida, estimaremos o número de ciclos limites que podem bifurcar de um anel

de órbitas periódicas de um sistema diferencial Hamiltoniano linear descont́ınuo por

partes com três zonas, após perturbações polinomiais de grau n, para n = 1, 2, 3. Para

estes casos, denotando por H(n) o número de ciclos limites que podem bifurcar do

anel de órbitas periódicas do sistema, provaremos que se o sistema diferencial linear

definido na região entre as duas retas paralelas (chamado de subsistema central)

possui um centro na origem e os demais subsistemas possuem centros ou selas, então

H(1) ≥ 3, H(2) ≥ 4 e H(3) ≥ 7. Agora, para o caso particular em que o subsistema

central possui um centro e os demais subsistemas possuem apenas selas reais, se o

centro for real (não necessariamente na origem) ou se estiver sobre a fronteira da

região central, então H(1) ≥ 6, e se for virtual, então H(1) ≥ 4. Finalmente, se o

subsistema central possui uma sela real e os demais subsistemas possuem centros ou

selas, então H(1) ≥ 6. Para isso, estudaremos o número de zeros de suas funções de

Melnikov definidas em duas e três zonas. Além disso, fornecemos métodos anaĺıticos

detalhados para estudar o número de zeros das funções de Melnikov.

Palavras-chave: Ciclo limite. Sistema diferencial linear por partes. Sistema

Hamiltoniano. Função de Melnikov.



Abstract

In this work, our goal is estimate the number of crossing limit cycles in planar

piecewise linear Hamiltonian differential systems with two or three zones separated by

straight lines such that the linear systems that define the piecewise one have isolated

singular points, that is, centers or saddles. More precisely, we will start with the

study of the number of limit cycles for continuous or discontinuous piecewise linear

Hamiltonian differential systems with two or three zones. In this case, we show that

if the system is discontinuous with three zones then it has at most one limit cycle,

and we will provide examples with one limit cycle. Next, we will estimate the number

of limit cycles that can bifurcate from a periodic annulus in a discontinuous piecewise

linear Hamiltonian differential system with three zones, after polynomials functions

perturbations of degree n, for n = 1, 2, 3. For theses cases, denoting by H(n) the

number of limit cycles that can bifurcate from this periodic annulus, we prove that

if the linear differential system defined in the region between the two parallel lines

(called of central subsystem) has a center at the origin and the others subsystems have

centers or saddles then H(1) ≥ 3, H(2) ≥ 4 and H(3) ≥ 7. Now, for the particular

case where the central subsystem has a center and the others subsystems have only

real saddles, if the central subsystem has a real (not necessarily at the origin) or

boundary center then H(1) ≥ 6 and if it has a virtual center then H(1) ≥ 4. Finally,

if the central subsystem has a real saddle and the others subsystems have centers

or saddles then H(1) ≥ 6. For this, we study the number of zeros of its Melnikov

functions defined in two or three zones. Moreover, we provide detailed analytical

methods to study the number of zeros from Melnikov functions defined in two or

three zones.

Keywords: Limit cycle. Piecewise linear differential system. Hamiltonian system.

Melnikov function.
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Introduction

The qualitative theory of differential systems is important tools for investigate properties

inherent to the solutions of the equations that define the problem, without worrying about the

possible expressions that such solutions may have. One of the most famous problems of this

theory, formulated for the planar case, consist in to determine the number of limit cycles of

polynomial differential systems, which was proposed by Hilbert in 1900 as part of Hilbert’s

16th problem, (see [25]). Nowadays, this problem has been considered for piecewise differential

systems. The study of piecewise differential systems begins with the pioneering work of Andronov

[1]. After Filippov [12] establishes the conventions that regulate the transitions of solutions of

systems between different regions, piecewise differential systems have piqued the attention of

researchers in qualitative theory of differential equations, mainly because many phenomena, for

instance in mechanics, electrical circuits, control theory, neurobiology, etc, can be described by

models that involve this kind of differential equations (see the books [10, 23, 48] and the papers

[7, 13, 45, 47]).

Piecewise linear differential systems are an interesting class of piecewise differential systems

and, unlike the smooth case, have a rich dynamic that is far from being fully understood. In

addition to numerous applications in various areas of knowledge. In 1990, Lum and Chua [8]

conjectured that a continuous piecewise differential systems in the plane with two zones has

at most one limit cycle. In 1998 this conjecture was proved by Freire, Ponce, Rodrigo and

Torres in [15]. On the other hand, when the piecewise linear differential system is discontinuous,

that is, the subsystems do not coincide on the switching curve, is known that the maximum

number of limit cycles is at least three. Apparently, for it case, determining the exact number

of limit cycles is a hard task. However, important partial results about this problem have been

obtained. In summary, the results about the number of limit cycles of discontinuous piecewise

linear differential systems with two zones separated by a straight line are given in Table . The

symbol “—” indicates that those cases appear repeated in the table and the empty entries on it

correspond to cases not studied in the literature, at least as far as we know.

14
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Fr Fv Fb Sr S0
r Nv iNv C Cb

Fr 3 2∗ 3 2∗ 3 3 2∗ 2∗

Fv — 2 2∗ 2 1∗ 2 1∗ 1∗

Fb — — 1∗ 2∗ 1∗ 2∗ 2∗ 1∗ 1∗

Sr — — — 2∗ 1∗ 2 2 1∗ 1∗

S0
r — — — — 0∗ 1∗ 1∗ 0∗ 0∗

Nv — — — — — 1∗ 1∗

iNv — — — — — — 2 1∗ 1∗

C — — — — — — — 0∗ 0∗

Cb — — — — — — — — 0∗

Table 1: Lower bounds (Upper bounds*) of the maximum number of limit cycles of discontinuous
piecewise linear differential systems with two zones separated by a straight line. Here Fr, Fv,
Fb, Sr, S0

r , Nv, iNv, C and Cb denote real focus, virtual focus, boundary focus, real saddle, real
saddle with zero trace, virtual node, improper node, center and boundary center, respectively.

We denote the lower bounds in the entrances from Table by the symbols that indicate its

position on the table. For example, the lower bound for the case with a real focus Fr and a

virtual focus Fv is detonated by FrFv, that is, FrFv = 3. A proof for the lower bound FrFv

can be found in [32]. A proof for the lower bound FrSr can be found in [29]. A proof for the

lower bounds FrNv and FriNv can be found in [17]. A proof for the lower bound FvFv can be

found in [16]. A proof for the lower bound FvSr can be found in [55]. A proof for the lower

bound FviNv can be found in [56]. A proof for the upper bound SrSr can be found in [2]. A

proof for the lower bounds SrNv and SriNv can be found in [33]. A proof for the lower bound

iNviNv can be found in [27]. The other cases listed in Table can be found in [35]. In the papers

[3, 5, 18, 41, 54] we can also find proofs for some lower bounds of Table .

If the curve between two linear zones is not a straight line it is possible to obtain as many

cycles as you want. This fact has been conjectured by Braga and Mello in [4] and firstly

proved by Novaes and Ponce in [49]. Exact number of limit cycles, for discontinuous piecewise

linear systems with two zones separated by a straight line, were obtained in particular cases.

Llibre and Teixeira [39] proved that if the linear systems, that define the piecewise one, has no

singular point, then it has at most one limit cycle. Medrado and Torregrossa [46] proved that

if the straight line has only crossing sewing points and the piecewise linear system has only a

monodromic singular point on it, then the system has at most one limit cycle.

Recently, piecewise differential system defined in regions with more than two zones have

attracted the attention of researchers, see for instance [11, 26, 36, 53, 60]. Results imposing

restrictive hypotheses on the systems, such as symmetry and linearity, have been obtained.
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For instance, conditions for nonexistence and existence of one, two or three limit cycles for

symmetric continuous piecewise linear differential systems with three zones can be found in [34].

Now, for the nonsymmetric case, examples with two limit cycles surrounding a unique singular

point at the origin was found in [38, 42]. When we remove these restrictions, that is, when

we consider piecewise discontinuous differential system with three zones, there are few works in

the literature. In fact, the works available deal with planar piecewise linear near-Hamiltonian

differential systems with three zones, given by
ẋ = Hy(x, y) + εf(x, y),

ẏ = −Hx(x, y) + εg(x, y),

(1)

with

H(x, y) =



HL(x, y) =
bL
2
y2 − cL

2
x2 + aLxy + αLy − βLx, x ≤ −1,

HC(x, y) =
bC
2
y2 − cC

2
x2 + aCxy + αCy − βCx, −1 ≤ x ≤ 1,

HR(x, y) =
bR
2
y2 − cR

2
x2 + aRxy + αRy − βRx, x ≥ 1,

f(x, y) =


fL(x, y), x ≤ −1,

fC(x, y), −1 ≤ x ≤ 1,

fR(x, y), x ≥ 1,

g(x, y) =


gL(x, y), x ≤ −1,

gC(x, y), −1 ≤ x ≤ 1,

gR(x, y), x ≥ 1,

where the functions fi and gi are C∞, for i = L,C,R, and 0 ≤ ε << 1. When ε = 0 (shortly

(1)|ε=0) we say that system (1) is a piecewise linear Hamiltonian differential system. We call

system (1) of left subsystem for x ≤ −1, right subsystem for x ≥ 1 and central subsystem for

−1 ≤ x ≤ 1.

In [40], Llibre and Teixeira study the existence of limit cycles for system (1)|ε=0 when the

subsystems that define the piecewise one have a unique singular point, which is a center. More

precisely, in the continuous case, they prove that system (1)|ε=0 has no limit cycles. Now,

in the discontinuous case, system (1)|ε=0 has at most one limit cycle and there are examples

with one. Fonseca, Llibre and Mello, in [14], proved that if system (1)|ε=0 is discontinuous and
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without singular points, then the maximum number of limit cycles is also one. Many authors

have contributed to estimate the number of limit cycles of system (1) that can bifurcate, after

polynomial perturbations, from the periodic annulus of the unperturbed system (1)|ε=0. For

instance, in [59] the authors showed that at least seven limit cycles can bifurcate from a periodic

annulus, after linear perturbations, from system (1)|ε=0 with subsystems without singular points

and a boundary pseudo–focus. On the other hand, in [61], 5, 7 and 12 limit cycles were obtained

by linear, quadratic and cubic polynomials perturbations, respectively. But, in this paper,

the periodic annulus of the unperturbed system (1)|ε=0 was obtained from a real saddle in the

central subsystem and two virtual centers in the others subsystems. For the same type of periodic

annulus, in [58], 10 limit cycles were obtained through cubic perturbations.

The search for upper bound for the number of limit cycles that a piecewise linear system with

three zones can have is what motivates most of the recently works found in the literature about

this topic. However, all cases are interesting in themselves, that is, the search for better quotas

for the number of limit cycles can not be used to discourage the study of particular families.

So the type of singular points of the subsystems and their positions, that is, whether they

are real, virtual or boundary, are important questions in this study and should be considered

for all subclasses of piecewise linear systems with three zones. Motivated by the previously

mentioned works, in this thesis we contribute along these study lines. Our goal is to estimate

the number of crossing limit cycles that can bifurcate from periodic annulus of piecewise linear

near-Hamiltonian differential systems with two or three zones. For this purpose, we have the

text organized as follows.

In Chapter 1, we introduce some definitions and basic results about piecewise smooth vector

fields with two or three zones that will be essential in the development of this work. Moreover, in

Section 1.3 we will present the Melnikov function method, that is an important tool to investigate

the number of limit cycles that emerge from a periodic annulus of a piecewise Hamiltonian

differential system.

In Chapter 2, motivated by the paper [40], we study the existence of crossing limit cycles in

continuous and discontinuous planar piecewise linear Hamiltonian differential system with two

or three zones separated by straight lines, and parallel if there are more than one, such that

the linear systems that define the piecewise one have isolated singular points, that is, centers or

saddles. In this case, we show that if the planar piecewise linear Hamiltonian differential system

is either continuous or discontinuous with two zones or continuous with three zones, then it has

no crossing limit cycles. Now, if the planar piecewise linear Hamiltonian differential system is

discontinuous with three zones, that is, if system (1)|ε=0 is discontinuous, then it has at most
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one crossing limit cycle, and there are examples with one limit cycle. More precisely, without

taking into account the position of the singular points in the zones, we present examples with

the unique crossing limit cycle for all possible combinations of saddles and centers. This chapter

is the content of paper I of the list of published and submitted papers derived from this thesis

available at the end of this introduction.

In Chapter 3, we study the number of crossing limit cycles that can bifurcated, after linear

perturbations, from a periodic annulus formed by periodic orbits of system (1)|ε=0 that passes

through the three zones. We prove that if the central subsystem has a center at the origin and

the others subsystems have centers or saddles, then we have at least three crossing limit cycles

visiting the three zones. Our results are obtained by studying the number of zeros of the first

order Melnikov function associated to system (1). Moreover, we will present, in Section 1, a

normal form for system (1)|ε=0 in order to simplify the compute. This normal form will also be

used in Chapters 4 and 5. This study resulted in paper II of the list of published and submitted

papers derived from this thesis.

In Chapter 4, motivated by the results obtained in Chapter 3, we estimated the lower bounds

for the number of crossing limit cycles that can bifurcate from periodic annulus of piecewise

system (1), assuming similar hypotheses to system (1)|ε=0 from Chapter 3, but with the difference

that we perturb system (1)|ε=0 by polynomial functions of degree n, for n = 2, 3. Denoting by

H(n) the number of crossing limit cycles that can bifurcate from this periodic annulus, we prove

that H(2) ≥ 4 and H(3) ≥ 7. A part of these results are published in the paper III of the list

of published and submitted papers derived from this thesis.

In Chapter 5, we study the number of crossing limit cycles that can bifurcated, after linear

perturbations, from periodic annulus of system (1)|ε=0, assuming that the central subsystem has

a center and the other subsystems have only saddles. What differs the results of this chapter

from the one of Chapter 3 is that now the center of the central subsystem is not fixed at the

origin and therefore, we will have periodic annulus formed by crossing periodic orbits passing

through two and three zones. We prove that if the central subsystem from system (1)|ε=0 has

a real or a boundary center, then the maximum number of limit cycles that bifurcate from the

periodic annulus is at least six. Four passing through the three zones and two passing through

two zones. Now, if the central subsystem has a virtual center, then we have at least four limit

cycles bifurcating from the periodic annulus, three passing through the three zones and one

passing through two zones. This study resulted in preprint IV of the list of published and

submitted papers derived from this thesis.

Finally, in Chapter 6, we study the number of crossing limit cycles that can bifurcated from
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periodic annulus of system (1)|ε=0, assuming that the central subsystem has a real saddle and

the other subsystems have centers or saddles. We prove that the maximum number of limit

cycles that can bifurcate from the periodic annulus of this kind of piecewise linear Hamiltonian

differential systems, after linear perturbations, is at least five, when the right and left subsystems

have saddles, and at least six, when the right subsystem has a saddle or center and the left

subsystem has a center (vice-versa). Our study is concentrated in the neighborhood of the

double homoclinic loop which separates the periodic annulus of orbits that pass through three

zones from the two periodic annulus of orbits that pass through only two zones. Thus, to estimate

the zeros of the Melnikov functions we consider its expansions at the point corresponding to this

orbit. Moreover, in order to simplifies the computation, we obtain a normal form to system

(1)|ε=0 when the central subsystem has a real saddle. This study resulted in preprint V of the

list of published and submitted papers derived from this thesis.
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Conclusions

In this work, we estimate the number of crossing limit cycles in planar piecewise linear

Hamiltonian differential systems with two or three zones separated by straight lines, and parallel

if there are more than one, such that the linear systems that define the piecewise one have isolated

singular points, i.e. centers or saddles. More precisely, we started with the study of the number

of limit cycles for continuous or discontinuous piecewise linear Hamiltonian differential systems

with two or three zones. In this case, we showed that if the planar piecewise linear Hamiltonian

differential system is either continuous or discontinuous with two zones or continuous with three

zones, then it has no limit cycles, but if it is discontinuous with three zones then it has at most

one limit cycle, and we provide examples with one limit cycle.

Next, we study the number of crossing limit cycles that can bifurcate from periodic annulis

in a discontinuous piecewise linear Hamiltonian differential system with three zones, after

polynomials functions perturbations. For theses cases, we prove that if the linear differential

system defined in the region between the two parallel lines has a center at the origin and the

others subsystems have centers or saddles then we have at least three, four or seven limit cycles

bifurcating from a periodic annulus after linear, quadratic or cubic polynomials perturbations,

respectively. Now, when the central subsystem has a real or boundary center and the others

subsystems have only real saddles then at least six limit cycles can bifurcate simultaneously from

two periodic annuli, after linear perturbations. Finally, if the central subsystem has a real saddle

and the others subsystems have centers or saddles then at least six limit cycles can bifurcate

simultaneously from three periodic annuli, after linear perturbations.

201



Bibliography

[1] Andronov, A., Vitt, A., Khaikin, S.: Theory of Oscillations, Pergamon Press, Oxford,

(1966).

[2] Artés, J., Llibre, J., Medrado, J., Teixeira, M.: Piecewise linear differential systems with two

real saddles, Math. Comput. Simul. 95, 13–22 (2014). doi:10.1016/j.matcom.2013.02.007

[3] Braga, D.C., Mello, L.F.: Limit cycles in a family of discontinuous piecewise linear

differential systems with two zones in the plane, Nonlin. Dyn. 73, 1283–1288 (2013).

doi:10.1007/s11071-013-0862-3

[4] Braga, D.C., Mello, L.F.: More than three limit cycles in discontinuous piecewise linear

differential systems with two zones in the plane, Int. J. Bifur. Chaos Appl. Sci. Eng. 24, 10

pp (2014). doi:10.1142/S0218127414500564

[5] Buzzi, C., Pessoa, C., Torregrosa, J.: Piecewise linear perturbations of a linear center,

Discrete Contin. Dyn. Syst. 33, 3915–3936 (2013). doi:10.3934/dcds.2013.33.3915

[6] Caubergh, M., Dumortier, F., Roussarie, R.: Alien limit cycles near a Hamiltonian 2-saddle

cycle, C. R. Math. Acad. Sci. Paris. 8, 587–592 (2005). doi:10.1016/j.crma.2005.03.009

[7] Chua, L., Lin, G.: Canonical realization of Chua’s circuit family, IEEE Trans. Circuits Syst.

37, 885–902 (1990). doi:10.1109/31.55064

[8] Chua, L., Lum, R.: Global properties of continuous piecewise linear vector fields. Part I:

Simplest case in R2, Memorandum UCB/ERL M90/22, University of California at Berkeley,

(1990). doi:10.1002/cta.4490190305

[9] Coralina, C.: Vintém de cobre: meias confissões de Aninha, UFG Editora, p. 136, (1983).

[10] di Bernardo, M., Budd, C. J., Champneys, A. R. and Kowalczyk, P.: Piecewise-Smooth

Dynamical Systems: Theory and Applications, Springer (2008).

202

https://doi.org/10.1016/j.matcom.2013.02.007
https://doi.org/10.1007/s11071-013-0862-3
https://doi.org/10.1142/S0218127414500564
https://doi.org/10.3934/dcds.2013.33.3915
https://doi.org/10.1016/j.crma.2005.03.009
https://doi.org/10.1109/31.55064
https://doi.org/10.1002/cta.4490190305


203

[11] Dong, G., Liu, C.: Note on limit cycles for m–piecewise discontinuous polynomial Liénard

differential equations, Z. Angew. Math. Phys. 68, 97 (2017). doi:10.1007/s00033-017-0844-2

[12] Filippov, A.: Differential Equations with Discontinuous Righthand Sides, volume 18 of

Mathematics and its Applications. Springer Netherlands, First Edition, (1988).

[13] FitzHugh, R.: Impulses and physiological states in theoretical models of nerve membrane,

Biophys. J. 1, 445–466 (1961). doi:10.1016/S0006-3495(61)86902-6

[14] Fonseca, A.F., Llibre, J., Mello, L.F.: Limit cycles in planar piecewise linear Hamiltonian

systems with three zones without equilibrium points, Int. J. Bifur. Chaos Appl. Sci. Eng.

30, 2050157, 8 pp (2020). doi:10.1142/S0218127420501576

[15] Freire, E., Ponce, E., Rodrigo, F., Torres, F.: Bifurcation sets of continuous piecewise

linear systems with two zones, Int. J. Bifur. Chaos Appl. Sci. Eng. 8, 2073–2097 (1998).

doi:10.1142/S0218127498001728

[16] Freire, E., Ponce, F., Torres, F.: Canonical discontinuous planar piecewise linear systems,

SIAM J. Appl. Dyn. Syst. 11, 181–211 (2012). doi:10.1137/11083928X

[17] Freire, E., Ponce, F., Torres, F.: A general mechanism to generate three limit

cycles in planar Filippov systems with two zones, Nonlin. Dyn. 78, 251–263 (2014).

doi:10.1007/s11071-014-1437-7

[18] Freire, E., Ponce, F., Torres, F.: The discontinuous matching of two planar linear foci can

have three nested crossing limit cycles, Publ. Mat. 2014, 221–253 (2014).

[19] Guardia, M., Seara, T. M., Teixeira, M. A.: Generic bifurcations of low codimension of

planar Filippov systems, J. Differ. Equ. 4, 1967–2023 (2011). doi:10.1016/j.jde.2010.11.016

[20] Han, M., Sheng, L.: Bifurcation of limit cycles in piecewise smooth systems via Melnikov

function. J. Appl. Anal. Comput. 5, 809–815 (2015). doi:10.11948/2015061

[21] Han, M., Romanovski, V., Zhang, X.: Equivalence of the Melnikov Function Method and

the Averaging Method, Qual. Theory Dyn. Syst. 15, 471–479 (2016). doi:10.1007/s12346-

015-0179-3

[22] Han, M.: On the maximal number of periodic solution of piecewise smooth

periodic equations by average method, J. Appl. Anal. Comput. 7, 788–794 (2017).

doi:10.11948/2017049

https://doi.org/10.1007/s00033-017-0844-2
https://doi.org/10.1016/S0006-3495(61)86902-6
https://doi.org/10.1142/S0218127420501576
https://doi.org/10.1142/S0218127498001728
https://doi.org/10.1137/11083928X
https://doi.org/10.1007/s11071-014-1437-7
https://doi.org/10.1016/j.jde.2010.11.016
https://doi.org/10.11948/2015061
https://doi.org/10.1007/s12346-015-0179-3
https://doi.org/10.1007/s12346-015-0179-3
https://doi.org/10.11948/2017049


204

[23] Henson, M., Seborg, D.: Nonlinear process control, Prentice Hall PTR Upper Saddle River,

New Jersey, (1997).

[24] Herssens, C., Maesschalck, P., Artés, J. C., Dumortier, F., Llibre, J.: Piecewise

polynomial planar phase portraits-P5, https://drive.google.com/drive/folders/

1JA1D26tHwXB2wfhpywPRWgI3uOVaahf7 (2008).

[25] Hilbert, D.: Mathematical problems, M. Newton, Trans. Bull. Amer. Math. Soc. 8 437–479

(1902). doi:10.1090/S0002-9904-1902-00923-3

[26] Hu, N., Du, Z.: Bifurcation of periodic orbits emanated from a vertex in discontinuous

planar systems, Commun. Nonlinear Sci. Numer. Simulat. 18, 3436–3448 (2013).

doi:10.1016/j.cnsns.2013.05.012

[27] Huan, S., Yang, X.: On the number of limit cycles in general planar piecewise

linear systems of node-node types, J. Math. Anal. Appl. 411, 340–353 (2014).

doi:10.1016/j.jmaa.2013.08.064

[28] Huan, S., Yang, X.: Existence of limit cycles in general planar piecewise linear systems of

saddle-saddle dynamics, Nonlin. Anal. 92, 82–95 (2013). doi:10.1016/j.na.2013.06.017

[29] Li, L.: Three crossing limit cycles in planar piecewise linear systems with saddle focus type,

Electron. J. Qual. Theory Differ. Equ. 70, 1–14 (2014). doi:10.14232/ejqtde.2014.1.70

[30] Llibre, J., Swirszcz, G.: On the limit cycles of polynomial vector fields, Dyn. Contin. Discr.

Impul. Syst., Ser. A 18, 203–214 (2011).

[31] Llibre, J., Novaes, D., Teixeira, M.: Averaging methods for studying the periodic orbits of

discontinuous differential systems, IMECC Technical Report, 8 (2012).

[32] Llibre, J., Ponce, J.: Three nested limit cycles in discontinuous piecewise linear differential

systems with two zones, Contin. Discr. Impuls. Syst. Ser. B 19, 325–335 (2012).

[33] Llibre, J., Teixeira, M., Torregrosa, J.: Lower bounds for the maximum number

of limit cycles of discontinuous piecewise linear differential systems with a straight

line of separation, Int. J. Bifur. Chaos Appl. Sci. Eng. 23, 1350066, 10 pp (2013).

doi:10.1142/S0218127413500661

[34] Llibre, J., Teruel, E.: Introduction to the Qualitative Theory of Differential Systems;

Planar, Symmetric and Continuous Piecewise Linear Systems, Birkhauser (2014).

https://drive.google.com/drive/folders/1JA1D26tHwXB2wfhpywPRWgI3uOVaahf7
https://drive.google.com/drive/folders/1JA1D26tHwXB2wfhpywPRWgI3uOVaahf7
https://doi.org/10.1090/S0002-9904-1902-00923-3
https://doi.org/10.1016/j.cnsns.2013.05.012
https://doi.org/10.1016/j.jmaa.2013.08.064
https://doi.org/10.1016/j.na.2013.06.017
https://doi.org/10.14232/ejqtde.2014.1.70
https://doi.org/10.1142/S0218127413500661


205

[35] Llibre, J., Novaes, D., Teixeira, M.: Maximum number of limit cycles for certain piecewise

linear dynamical systems, Nonlin. Dyn. 82, 1159–1175 (2015). doi:10.1007/s11071-015-2223-

x

[36] Llibre, J., Teixeira, M.: Limit cycles for m–piecewise discontinuous polynomial Liénard

differential equations, Z. Angew. Math. Phys. 66, 51–66 (2015). doi:10.1007/s00033-013-

0393-2

[37] Llibre, J., Mereu, A., Novaes, D.: Averaging theory for discontinuous piecewise differential

systems. J. Differ. Equ. 258, 4007–4032 (2015). doi:10.1016/j.jde.2015.01.022

[38] Llibre, J., Ponce, E., Valls, C.: Uniqueness and non–uniqueness of limit cycles for piecewise

linear differential systems with three zones and no symmetry, J. Nonlin. Sci. 25, 861–887

(2015).doi:10.1007/s00332-015-9244-y

[39] Llibre, J., Teixeira, M.: Piecewise linear differential systems without equilibria produce

limit cycles? Nonlin. Dyn. 88, 157–167 (2017). doi:10.1007/s11071-016-3236-9

[40] Llibre, J., Teixeira, M.: Piecewise linear differential systems with only centers can create

limit cycles? Nonlin. Dyn. 91, 249–255 (2018). doi:10.1007/s11071-017-3866-6

[41] Llibre, J., Zhang, X.: Limit cycles for discontinuous planar piecewise linear differential

systems separated by one straight line and having a center, J. Math. Anal. Appl. 467,

537–549 (2018). doi:10.1016/j.jmaa.2018.07.024

[42] Lima, M., Pessoa, C., Pereira, W.: Limit cycles bifurcating from a periodic annulus in

continuous piecewise linear differential systems with three zones, Int. J. Bifur. Chaos Appl.

Sci. Eng. 27, 1750022, 14 pp (2017). doi:10.1142/S0218127417500225

[43] Liu, X., Han, M.: Bifurcation of limit cycles by perturbing piecewise Hamiltonian systems,

Int. J. Bifur. Chaos Appl. Sci. Eng. 5, 1–12 (2010). doi:10.1142/S021812741002654X

[44] Luca, S., Dumortier, F., Caubergh, M., Roussarie, R.: Detecting alien limit cycles

near a Hamiltonian 2–saddle cycle, Discrete Contin. Dyn. Syst. 4, 1081-1108 (2009).

doi:10.3934/dcds.2009.25.1081

[45] McKean Jr., H.: Nagumo’s equation, Adv. Math. 4, 209–223 (1970). doi:10.1016/0001-

8708(70)90023-X

[46] Medrado, J., Torregrosa, J.: Uniqueness of limit cycles for sewing planar piecewise linear

systems, J. Math. Anal. Appl. 431, 529–544 (2015). doi:10.1016/j.jmaa.2015.05.064

https://doi.org/10.1007/s11071-015-2223-x
https://doi.org/10.1007/s11071-015-2223-x
https://doi.org/10.1007/s00033-013-0393-2
https://doi.org/10.1007/s00033-013-0393-2
https://doi.org/10.1016/j.jde.2015.01.022
https://doi.org/10.1007/s00332-015-9244-y
https://doi.org/10.1007/s11071-016-3236-9
https://doi.org/10.1007/s11071-017-3866-6
https://doi.org/10.1016/j.jmaa.2018.07.024
https://doi.org/10.1142/S0218127417500225
https://doi.org/10.1142/S021812741002654X
https://doi.org/10.3934/dcds.2009.25.1081
https://doi.org/10.1016/0001-8708(70)90023-X
https://doi.org/10.1016/0001-8708(70)90023-X
https://doi.org/10.1016/j.jmaa.2015.05.064


206

[47] Nagumo, J. S., Arimoto, S., Yoshizawa, S.: An active pulse transmission line simulating

nerve axon, Proc. IRE. 50, 2061–2071 (1962). doi:10.1109/JRPROC.1962.288235

[48] Narendra, K.: Frequency domain criteria for absolute stability, Elsevier, (2014).

[49] Novaes, D., Ponce, E.: A simple solution to the Braga-Mello conjecture, Int. J. Bifur. Chaos

Appl. Sci. Eng. 25, 1550009, 7 pp (2015). doi:10.1142/S0218127415500091

[50] Pontryagin, L.S.: Ordinary Differential Equations, Addison-Wesley, Reading (1962).

[51] Pu, J., Chen, X., Chen, H., Xia, Y.: Global analysis of an asymmetric continuous piecewise

linear differential system with three linear zones, Int. J. Bifur. Chaos Appl. Sci. Eng. 31,

2150027, 41 pp (2021). doi:10.1142/S0218127421500279

[52] Shafarevich, I.: Basic Algebraic Geometry, Springer, (1974).

[53] Wang, Y., Han, M., Constantinesn, D.: On the limit cycles of perturbed discontinuous

planar systems with 4 switching lines, Chaos Soliton Fract. 83, 158–177 (2016).

doi:10.1016/j.chaos.2015.11.041

[54] Wang, J., Chen, X., Huang, L.: The number and stability of limit cycles for planar

piecewise linear systems of node-saddle type, J. Math. Anal. Appl. 469, 405–427 (2019).

doi:10.1016/j.jmaa.2018.09.024

[55] Wang, J., Huang, C., Huang, L.: Discontinuity induced limit cycles in a general planar

piecewise linear system of saddle-focus type, Nonlin. Anal. Hybrid Syst. 33, 162–178 (2019).

doi:10.1016/j.nahs.2019.03.004

[56] Wang, J., He, S., Huang, L.: Limit cycles induced by threshold nonlinearity in planar

piecewise linear systems of node-focus or node-center type, Int. J. Bifur. Chaos Appl. Sci.

Eng. 30, 2050160, 13 pp (2020). doi:10.1142/S0218127420501606

[57] Wolfram Research, Inc., Mathematica, Version 12.2, Champaign, IL, https://www.

wolfram.com/mathematica (2020).

[58] Xiong, Y., Han, M.: Limit cycle bifurcations in discontinuous planar systems with multiple

lines, J. Appl. Anal. Comput. 10, 361–377 (2020). doi:10.11948/20190274

[59] Xiong, Y., Wang, C.: Limit cycle bifurcations of planar piecewise differential systems

with three zones, Nonlin. Anal. Real World Appl. 61, 103333, 18 pp (2021).

doi:10.1016/j.nonrwa.2021.103333

https://doi.org/10.1109/JRPROC.1962.288235
https://doi.org/10.1142/S0218127415500091
https://doi.org/10.1142/S0218127421500279
https://doi.org/10.1016/j.chaos.2015.11.041
https://doi.org/10.1016/j.jmaa.2018.09.024
https://doi.org/10.1016/j.nahs.2019.03.004
https://doi.org/10.1142/S0218127420501606
https://www.wolfram.com/mathematica
https://www.wolfram.com/mathematica
https://doi.org/10.11948/20190274
https://doi.org/10.1016/j.nonrwa.2021.103333


207

[60] Yang, J.: On the number of limit cycles by perturbing a piecewise smooth Hamilton

system with two straight lines of separation, J. Appl. Anal. Comput. 6, 2362–2380 (2020).

doi:10.11948/20190220

[61] Zhang, X., Xiong, Y., Zhang, Y.: The number of limit cycles by perturbing a piecewise

linear system with three zones, Commun. Pure Appl. Anal. 21, 1833–1855 (2022).

doi:10.3934/cpaa.2022049

[62] Zill, G.: A First Course in Differential Equations with Modeling Applications, 11nd Ed.,

Cengage Learning, (2018).

https://doi.org/10.11948/20190220
https://doi.org/10.3934/cpaa.2022049

	Introduction
	Basic results
	Piecewise smooth vector fields with two or three zones
	Piecewise smooth Hamiltonian vector fields with two or three zones
	The Melnikov function method

	Limit cycles of planar piecewise linear Hamiltonian differential system with two or three zones
	Preliminaries and main results
	Proof of Theorems 2-4
	Examples

	Persistence of periodic solutions from system (1)|=0 having a center in the central region
	Preliminaries and main result
	A normal form to system (3.1)|=0
	A classification to system (3.1)|=0
	Melnikov functions associated with system (3.1)
	Proof of Theorem 5
	Another method to prove Theorem 5

	Bifurcation of limit cycles from a periodic annulus, by quadratic/cubic perturbations, from system (1)|=0 having a center in the central region
	Preliminaries and main result
	A classification to system (4.1)|=0
	Melnikov functions associated with system (4.1)
	Proof of Theorem 9

	Persistence of periodic solutions from periodic annulus formed by a center and two saddles of system (1)|=0
	Preliminaries and main result
	A classification to system (5.1)|=0
	Melnikov functions associated with system (5.1)
	Proof of Theorem 13

	Persistence of periodic solutions from system (1)|=0 having a saddle in the central region
	Preliminaries and main result
	A normal form to system (6.1)|=0
	A classification to system (6.1)|=0
	Melnikov functions associated with system (6.1)
	Proof of Theorem 15

	Appendix
	Proof of Theorem 11 from Chapter 4
	Proof of Theorem 12 from Chapter 4
	Proof of Theorem 16 from Chapter 6
	Proof of Theorem 17 from Chapter 6
	Proof of Theorem 18 from Chapter 6
	Coefficients of functions (4.44) and (4.45) from Chapter 4
	Coefficients of functions (4.46)–(4.49) from Chapter 4 
	Coefficients of functions (6.38)–(6.40) from Chapter 6
	Coefficients of functions (6.41)–(6.43) from Chapter 6
	Parameter values to function (4.44) from Chapter 4
	Parameter values to function (4.45) from Chapter 4
	Parameter values to functions (4.46) – (4.49) from Chapter 4

	Conclusions
	Bibliography



