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Boson-boson effective nonrelativistic potential for higher-derivative electromagnetic theories in
D dimensions
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The problem of computing the effective nonrelativistic potential Up for the interaction of charged-
scalar bosons, within the context of D-dimensional electromagnetism with a cutoff, is reduced to
quadratures. It is shown that Uz cannot bind a pair of identical charged-scalar bosons; nevertheless,
numerical calculations indicate that boson-boson bound states do exist in the framework of three-
dimensional higher-derivative electromagnetism augmented by a topological Chern-Simons term.
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We consider in this Brief Report the problem of deter-
mining the effective charged-scalar-boson—charged-
scalar-boson low energy potential Up arising from
D-dimensional electromagnetism with a cutoff a. The
Lagrangian concerning this theory can be written as

2

L=- %FM,,F/“” + %8,,F“V8AFW\, (1)
where F,, = 9,A, — d,A, is the usual electromagnetic
tensor field. Lagrangian (1) is gauge and Lorentz invari-
ant; in addition, it leads to local field equations which are
linear in the field quantities. At distances much larger
than the cutoff, the fields described by Eq. (1) become
essentially equivalent to the Maxwell fields.

We are motivated by two quite similar developments:
In the first, we investigate whether U; can form “Cooper
pairs.”

Our second topic is related to three-dimensional
Podolsky-Chern-Simons theory. Based on the interesting
discussions from Jackiw [1] about the consistency of the
nonrelativistic limit of certain relativistically invariant
quantum field theories, it can be shown that the Chern-
Simons term alone is unable to form boson-boson bound
states [2]. Nonetheless, numerical calculations indicate
that the Podolsky term provides a stabilizing mechanism
allowing for the existence of Cooper pairs.

We use natural units throughout; our signature is
(_|_’ — =, _)_

Nonrelativistic quantum mechanics tells us that in the
first Born approximation the cross section for the scatter-
ing of two indistinguishable massive particles, in the
center-of-mass frame (CoM), is given by j—g = |2 X
fe*"l"'rV(r)e"p"dD*lrlz, where p (p’) is the initial (final)
momentum of one of the particles in the CoM. In terms of
the transfer momentum, k = p’ — p, it reads
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On the other hand, from quantum field theory we know
that the cross section, in the CoM, for the scattering of
two identical massive scalar bosons by an electromag-
netic field, can be written as j—g = ﬁ M|?, where E is
the initial energy of one of the bosons and M is the
Feynman amplitude for the process at hand, which in

the nonrelativistic limit (NR) reduces to

do 1
= |—M
10 NR

167mm
From Egs. (2) and (3), we come to the conclusion
that the expression that enables us to compute the
D-dimensional effective nonrelativistic potential has the
form

2

3

1 1

Vin =z 2m)P1

deilkMNReiik.r, (4)
which clearly shows how the potential from quantum
mechanics and the Feynman amplitude obtained via
quantum field theory are related to each other.

Now, in the Lorentz gauge Podolsky’s scalar QED is
described by the Lagrangian

1 a? 1
L= _ZF”“”FW + EGVF””GC'FM, - ﬁ(é,,A”)2

+ (D,ud))*DM(ﬁ - m2¢*¢’ (5)

where D, =4, +iQA,. Therefore, the interaction
Lagrangian to order Q for the process S + S — S + S,
where S denotes a spinless boson of mass m and charge Q,
is Liy = iqQA*($pd, ¢ — ¢*9,,¢). The Feynman rule
for the elementary vertex is shown in Fig. 1. Accordingly,
the Feynman amplitude for the interaction of two charged
spinless bosons of equal mass via a Podolskian photon
exchange (see Fig. 2) is

M = VE(p, p)D,,(k)V*(q, q'), (6)

d_g = ‘4— f V(r)e®rdP'r (2)  where D,,(k) designates the Podolskian photon

d & propagator.

- We propose now an algorithm for computing the propa-
*Electronic address: accioly @ift.unesp.br gator for electromagnetic theories with higher deriva-
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W VE(p,p") = =Q(p+ p')*

(
(

FIG. 1. The relevant vertex for boson-boson interaction.

tives, based on the usual transverse and longitudinal
. 9,0
vector projector operators, namely, 6,, = n,, — -5,
9,9, . . . .
w,, =15, which satisfy the relations Gﬂpﬁ’,ﬁ =0

wvs
w,,0) =w,, 0,0, =0, whee 7, is the

Minkowski metric. The set of operators {6, w} is a
complete set of projector operators for rank-one ten-
sors. Indeed, they are idempotent, mutually ortho-
gonal, and satisfy the completeness relation

[0 + a)]_/w = Ny = 1y

Let £ be the Lagrangian for electromagnetism with
higher derivatives. Since L is a gauge-invariant
Lagrangian, we add to it a gauge-fixing Lagrangian
L,;, which implies that £ = £ + L,; can be written
as L =1A#0,,A”. Expanding O in the basis {0, o}
yields O = x,0 + x,w. Accordingly, O~! = y,0 + y,w,
where O~! is the propagator and y, and y, are parameters
to be determined. Now, taking into account that 00~ =
I, we promptly obtain

0! =i0 +ia),
X1 X2

where we are supposing that both x; and x, are non-
vanishing. Note that the procedure we have just outlined
is quite straightforward: On the one hand, it reduces the
work of calculating the propagator to a trivial algebraic
exercise; on the other hand, it greatly simplifies calcula-
tions involving the contraction of conserved currents
(0,J” = 0) with the propagator since in this case the
alluded contraction simply gives

J
0;,‘,]“ =7 @)
X1
p’ q
k
AU
p q

FIG. 2. One-Podolskian photon-exchange contribution to the
scattering of two identical massive charged bosons.
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From the above we find that the propagator for
Podolsky’s electrodynamics in the Lorentz gauge as-
sumes the form

M? A
D,uv(k) = mﬁwj — Pw,uw (8)
where M? = 1/a’.

From Egs. (6)—(8), we get immediately M =

MO WCIH) which implies

4m2M2 Q2

My = — = 9
NR kZ(k2 + M2) ( )

Inserting Eq. (9) into Eq. (4), we obtain

00 2T T T
v(r)=f f(IkI)IkI”“dIklf dﬁlf sinﬂzdﬁzf
0 0 0 0

X sin205d0; ... | e ilklreosbiiginn=29 ., d@,_,,

2
where 2<n=D—1 and f(k|) = 5% Gk — =25p)-
Now, taking into account that
- T(m=1
] sinmgdo = YT CT) (+22 ) ,
0 I3

T : . —
. e*l|k|r9050n—151n” 29n*ld0n71

_ 2(n—2)/21"(%) n—1
(k) =272 (-

>J<n—2>/z(|k|r),

where J denotes the Bessel function, we arrive at the
following expression for the potential:

Un(r) = (- e
p\) = (2m)P-D/2,(D=3)/2 ]0 (p K2 — M2>
X K|PD2) 5 (K| r)dlK], (10)

where Up(r) = V(’) and D > 3.

On the other hand it is trivial to show that Uz can be
evaluated from the expression

_ 0 [/l 1
050 = 5o [ (i~ gz IeboCkInalkl

which allows us to conclude that Eq. (10) can also be
applied to the case D = 3. Hence, the problem of comput-
ing the effective nonrelativistic potential for D > 2 was
reduced to quadratures.

If Eq. (10) is correct, it must reproduce the Podolskian
potential in 3 + 1 dimensions. Performing the computa-
tion for D = 4, we get

01- e (r/a)
(r __7)
47 r
which is just the same result as that obtained in

Podolsky’s electromagnetic theory.
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For D = 3, Eq. (10) yields

0
2
where rg is an infrared regulator and K is the modified
Bessel function.

We discuss now the existence of boson-boson bound
states in the context of planar quadratic electromagne-
tism. The corresponding time-independent Schrodinger
equation can be written as

Us(r) = — [mri + Ko(Mr)} (11)
0

1 1d
g-[anl = (d b} Rnl + - rdr Rnl) + V?ffRnl
= Eannl’
l2
Vi = 40U ()
mr
2 2
SR 5 [m— + KO(Mr)}
mr- 21

where R, is the nth normalizable eigenfunction of the
radial Hamiltonian J{; whose corresponding eigenvalue
is E,; and V¢ is the Ith partial wave effective potential.
On the other hand,
iveff — _z_lzi_Q_z_+ QZM
dr ! mr 2mr 2w

Kl(Mr)

which allows us to conclude that £ V5T < 0 in the interval
0 < r < oo, implying that V¢ is strlctly decreasing in this
interval. Consequently, in the framework of planar qua-
dratic electromagnetism, no bound state concerning the
two charged-scalar bosons system exists.

Since boson-boson bound states do not show up in
Podolsky planar electromagnetism, we investigate here
whether the effective boson-boson low energy potential
related to Podolsky-Chern-Simons (PCS) planar theory
can bind a pair of identical charged-scalar bosons. The
Lagrangian for PCS scalar QED, in the Lorentz gauge,
can be written as
a>

£=—1F F’“’-f-—& JHHVOUF
4=+ 2

F(Dudy DG = G+

1
———(0,A")?
(3,47)
ARJVAP,  (12)
where s > 0 is the topological mass.

In the basis {6, w, S}, where S,,, = ¢,,,,9”, the propa-
gator assumes the form

01 — (a®k* — k*)6 _Aw
(a2k4 _ k2)2 _ S2k2 kZ
sS

- (@2k* — 122 — $2K2

Now, in the nonrelativistic limit the Feynman ampli-
tude for the process shown in Fig. 2 reduces to
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(a®k* + k2)40*m? BismQ%k A P
(@®k* + K22 + 2k?  (a’k* + K22 + s2k2}

MNR:|:

where P = %(p — q) is the relative momentum of the
incoming charged-scalar bosons in the CoM. On the other
hand, it is trivial to show that if a < (2+/3)/(9s) the
equation
2 2 2
P+ S+l (13)

a  at ot

where x = k? has three distinct negative real roots. In this
case Myg can be rewritten as

81st2k AP a* 40%*m?
Myw = Zkz—x s2k? * a*
3
2z A .
J
% ; k2 —x;’
J J
where x;, x,, and x5 are the roots of Eq. (13) and A =
1+a%x 1+a%x 1+d’x;
(XI_XZ)(xll_)(Ci) ’ B ),Az (= xl)(X72—X3) > “ A3 = . (3—x)(x3—x)°
— —(1+ax))” = —(1+d> X
By = s2 (0 —x2) (X —x3) B, = s2(—xp) (0 —x3) and
B. = —(1+a%x;)?
;=

s203—x)(5—xp) ©
It follows that the effective nonrelativistic potential can
be calculated from the expression

isQ o (k A P)Jy(k|r)|k|d|k|
Tma* 0 k2 + o2

= (k A P)B,J([k | [KldIK]
e

k2 _.Xj
2776142] k2

Performing the computations, we obtain

sQ [a*1 1
_W[?ﬁJﬁgBiv'%"Kﬁ |xj|r)}L
+2Qa4|:ZAjK0(1/|xj|r)i|, (14)

J

where L. = r A P is the orbital angular momentum.
Using Jackiw’s arguments [1], one can show that the
topological term alone is unable to bind the charged
scalar bosons [2].
We return now to the problem of probing whether
“Cooper pairs” exist in the framework of PCS scalar
QED. In this case, the radial Schrodinger equation is

Us(r) = 21

5§ 0—0

Jo(lkl r)lkl|d|k|.

Us(r) =

a2 1d
- 4+ - =
[a’r2 rdr

:|Rnl + m[Enl - Vleff]Rnl = Or (15)

where
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sQ a /— /—
Wma |:S—r—+ ZB Kl( xj r):|l
2
+ ) a4 |:ZAJK0(1[|XJ|r)i| +
J

Employing the dimensionless parameters y =
o =3 =kl =
bj=%B;, X; =", p="

s’ s’

V?ff(r) =

s
aj = T{, and Enl =

mE”’ , We can rewrite Eq (15) as
2 1d
— 1= T [Ey — VSTIR,; =0, (16)
dy= dy

with
lla—1)

aB
al
__be Kl(

Note that Veff behaves as y

asymptotically. On the other hand, the derivative of thlS
potential with respect to y is given by
20a — 1) 21 Ba;
eff J
J

al
+ — Zb KO jy)

Feff — _
Vit =

at the origin and as l(l 5

In order to find out whether or not boson-boson bognd
states could be formed, we shall analyze how %fof

behaves for small values of the cutoff a. Indeed, only if
a<k1 will the well-recognized properties of QED; be
preserved. In this limit, we get

d - 200 — 1) 2l  apf al
— Vit~ — | -+ K (y) — — Ko(y).
dy l y3 [ y2 ) } 1) y o)

We assume from now on a<X1 and /> 0, without any
loss of generality. It is trivial to see that, if /> «, the
potential is strictly decreasing, which precludes the ex-
istence of bound states. The remaining possibility is [/ <
«. In this interval V?ff approaches +oo at the origin and
0~ for y — +o00, which is indicative of a local minimum.
Therefore, the existence of Cooper pairs is subordinated
to the conditions a<k1 and 0 </ < a.

Of course, it is impossible to solve Eq. (16) analyti-
cally; however, it can be solved numerically. To do that,
we rewrite beforehand the radial function as R, =
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FIG. 3. V5™ with the lowest three allowed energies and the
corresponding energy eigenfunctions. Here [VST] = eV, [r] =
MeV~!, @ =8, 8 = 2000, and a = 0.00952 MeV .

u,/+/y. As a consequence, Eq. (16) takes the form

2
|:;d_y2 + 4;}]2:|unl + [Enl - V?ff]unl = 0. (17)
Using the Numerov algorithm [3], we solved Eq. (17)
numerically for several values of the parameters «, (3,
and /, keeping the cutoff a fixed. The latter was chosen
equal to 2r, = 9.52033 X 1073 MeV ™!, where r, is the
four- d1mens10nal classical radius of the electron. It is
worth mentioning that the anomalous factor of % in the
inertia related to the Abraham-Lorentz model for the
electron does not show up if a > % r, [4,5].

In Fig. 3 we present our numerical results for
the potential and the corresponding radial eigenfunctions
concerning the first three bound states in the specific case
of | = 4. The associated energies are E14 = —6.37501 X
1077 MeV, E24 = —1.2536 X 1077 MeV, E34 =
—5.22441 X 107° MeV.

The graphics shown in Fig. 3 exhibit, in a sense, the
generic features of the potential and of the radial eigen-
functions, although they have been composed using par-
ticular values of the parameters «, B, [, and a. A detailed
study of the modifications of the effective potential in-
duced by radioactive corrections, as well as the corre-
sponding alterations to the eigenvalue structure, will be
published elsewhere [2].
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