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ARTICLE INFO ABSTRACT

Communicated by Dmitry Pelinovsky Spatial patterning is common in ecological systems and has been extensively studied via different modeling
approaches. Individual-based models (IBMs) accurately describe nonlinear interactions at the organism level
and the stochastic spatial dynamics that drives pattern formation, but their computational cost scales quickly
with system complexity, limiting their practical use. Population-level approximations such as spatial moment
dynamics (SMD)—which describe the moments of organism distributions—and coarse-grained biomass density
models have been developed to address this limitation. However, the extent to which these approximated
descriptions accurately capture the spatial patterns and population sizes emerging from individual-level
simulations remains an open question. We investigate this issue considering a prototypical population dynamics
IBM with long-range dispersal and intraspecific competition, for which we derive both its SMD and coarse-
grained density approximations. We systematically compare the performance of these two approximations at
predicting IBM population abundances and spatial patterns. Our results highlight that SMD and density-based
approximations complement each other by correctly capturing these two population features within different
parameter regimes. Importantly, we identify regions of the parameter space in which neither approximation
performed well, which should encourage the development of more refined IBM approximation approaches.
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1. Introduction including gaps, stripes, rings, labyrinths, and spots [11-14]. These

patterns are primarily shaped by environmental factors such as gra-

Populations of sessile organisms exhibit diverse spatial patterns,
from randomly scattered individuals to aggregates that are periodically
distributed in space [1,2]. The latter are particularly interesting from
a modeling point of view because they raise questions about how
interactions operating at the scale of organisms lead to organized struc-
tures at much larger spatial scales [3-5]. Moreover, regular patterns
could enhance population productivity, resilience, and resistance to
higher environmental stresses, underscoring their ecological signifi-
cance
[6-9].

Plants in water-limited ecosystems provide a good system to investi-
gate regular pattern formation in populations of sessile and semi-sessile
organisms [10]. Several studies using aerial and satellite images from
different locations have identified a variety of patterns in these systems,

dients in resource availability, interactions between plants and other
organisms, and local topography [14-19]. However, the long timescales
governing vegetation dynamics and the limited availability of long-term
datasets pose challenges for empirically investigating the ecological
significance of vegetation patterns [but see 20,21]. Alternatively, re-
searchers have used spatially explicit theoretical models to explain both
how patterns could form and their ecological significance [22-26].
Individual-based models (IBMs), also called interacting particle sys-
tems in the physics literature [27], provide a straightforward way to
describe vegetation spatial dynamics and study pattern formation [28,
29]. The simplest IBM formulations describe a population as a spatial
distribution of point-like organisms that reproduce and die according
to probabilistic rules that encode different interactions and dispersal
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mechanisms [29,30]. These models are easy to simulate computa-
tionally and can resolve the structure of spatial patterns at the level
of single organisms. However, the computational overhead associated
with these simulations scales rapidly with the system size and the
complexity of interactions, which has motivated the development of a
series of analytical tools to approximate IBMs by deterministic dynam-
ical systems. One of these approximations consists in coarse-graining
discrete IBMs, characterizing the population dynamics by a biomass
density field that changes in space and time following a partial differ-
ential equation (PDE) [31,32]. This approach resolves spatial structures
explicitly and can predict the dynamics of certain spatial processes,
such as the direction of “desertification” fronts [33]. However, density-
based models do not resolve individual plants, which limits how much
they inform about patch composition, and are accurate only in high-
density systems. This limitation makes them inappropriate for studying
random and irregular aggregated patterns [34] unless they consider
environmental heterogeneity [35-38] or demographic fluctuations ex-
plicitly [39-42]. Alternatively, individual-based stochastic dynamics
can be described through a hierarchy of differential equations for the
moments of the spatial distribution of organisms. This approach is
known as spatial moment dynamics (SMD), and it accurately predicts
population densities when dispersal and competition kernels are Gaus-
sian [28,34,43], even for low-density systems in which the biomass
field may not be well defined. However, SMD does not resolve spatial
structure directly, as it predicts only spatial averages and any spatial
structure must instead be inferred from correlation functions [28].

In this study, we systematically compare the performance of spatial
moment dynamics and density field approximations at recovering both
the population abundances and spatial patterns observed in IBM simu-
lations. We run this comparison across a variety of spatial patterns com-
monly formed by vegetation in water-limited ecosystems—including
homogeneous, segregated, and regular aggregated patterns [31]—by
systematically varying dispersal and competition scales and kernels.
Our results suggest that density field PDEs are better at reproducing
the population size when the population exhibits regular aggregated
patterns. In contrast, for segregated spatial patterns — where indi-
viduals tend to be isolated and density fields become ill-defined —
spatial moment dynamics offer more reliable estimates for the average
density and the overall point pattern structure. These findings high-
light the complementary strengths of the two approximations, defining
their respective regimes of validity in modeling the spatial population
dynamics of sessile and semi-sessile organisms.

2. Model formulation and analytical approximations
2.1. Description of the individual-level stochastic dynamics

We assume that organisms are identical except for their location and
consider that they inhabit a two-dimensional landscape €, with area
|2| = A. Therefore, the state of the population at a given time ¢ is fully
determined by the set of plant locations x; [i = 1, ..., N(1)], where N(z)
is the number of plants at time ¢. Altogether, these locations define a
spatial pattern p(x,?) = Y, 6(x — x,).

To keep our analysis as simple as possible, we consider a birth-death
dynamics in continuous time [30,34]. The ith individual, located at x;,
reproduces and disperses a new organism at location x at a rate

B;(x) = b $p(x — x;), @1

where ¢p(x—x;) is a dispersal kernel that defines the probability density
that an offspring establishes at x, given the parent is at location x;. Be-
cause it acts as a probability density function, ¢, must be normalized to
unity. Several empirical studies have measured these dispersal kernels
across species and investigated their importance in shaping ecological
dynamics [44,45]. Here, we follow a more common choice in the
modeling literature and assume this kernel to be a Normal distribution
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Table 1

Model parameters and typical values.
Symbol Parameter Value
b Intrinsic birth rate 3.05
d Intrinsic death rate 0.305
s Dispersal range 0-1.25
r, Spatial range of competition 0-4
g Strength of competition 1

centered at x; and with variance s% [30,43]. Conversely, each organism
in a given spatial distribution p dies at a rate

Di(p)=d+g Y bclx — X)) (2.2)
J#i

where d is the baseline mortality rate, and the second term accounts
for density-dependent effects due to intraspecific competition. ¢ is the
competition kernel that weighs the influence of an organism at x; on the
focal individual at x; [46]. The competition kernel models the increased
mortality an individual might experience as it competes with neighbors
for shared limited resources. The shape of the competition kernel is
a key ingredient in determining the type of spatial patterns that can
be formed [47,48]. In the simulations, we used two different types of
competition kernels. The first type is a Gaussian kernel with zero mean
and standard deviation r,. The second is a top-hat competition kernel

1 .
— iflx-xl <,
Gc(x; —X;) = zre (2.3)
0 otherwise.

In both cases, r, defines the characteristic spatial scale of the competi-
tion.

Note that, while we present a conceptual model, every model pa-
rameter quantifies a process driving plant population dynamics in
natural scenarios and can thus be linked to different plant traits. The
standard deviation of the dispersal kernel, s, is a proxy for the dis-
tance over which a plant disperses its seeds. The characteristic spatial
range of competition, r,, defines the distance over which plants’ roots
compete for belowground shared resources such as water and minerals.
Finally, the intrinsic birth and death rates, b and d, represent the rates
at which an individual plant reproduces and dies, respectively, while
in isolation. Therefore, even though our model does not represent a
specific plant species, approximate parameter values can be estimated
from empirical measurements of dispersal kernels, root systems, or
plant life-history studies [49,50].

The combined effect of birth and death terms in Egs. (2.1) and (2.2)
produces a simple logistic-like birth-death dynamics. We performed all
IBM simulations in a square domain of lateral length L = 20, using
periodic boundary conditions. We fixed this domain size to ensure that
it is sufficiently large compared to the interaction scales s and r, to
observe meaningful patterns within the domain. A summary of key
parameters of the model is provided in Table 1.

2.2. Spatial moment dynamics equations

The discrete dynamics in Section 2.1 can be approximated at the
macroscale in terms of the moments of the population spatial pattern.
For the kind of spatial point process considered in the IBM, the first
spatial moment, Z, (), represents the average plant density within the
population [51]. More formally, the first spatial moment for a given
vegetation spatial pattern, p(x, 1), over a two-dimensional landscape £,
with area |2| = A is defined as,

Z@) = %/p(x,t)dx. (2.4)
Q

The second spatial moment, Z,(&,1), is the average density of pairs of
plants separated by a displacement & [52], which is formally defined
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Fig. 1. IBM analyses using a Gaussian competition kernel. (A) Snapshots of spatial patterns from IBM simulations. From left to right: segregated, homogeneous, and clustered
patterns, denoted by triangle, circle, and diamond shapes, respectively. (B) Total number of plants normalized by the homogeneous (mean-field) expectation, N, = (b—d)/g. The
black dashed line in B correspond to the cases where N = N, (C) Radial correlation function at displacement zero C(0) [34] as a function of the dispersal and competition ranges,
s and r, respectively. In both these heatmaps, we plot the steady-state values of N /N, and C(0), respectively, and depict time-averaged values computed up to r = 250. (D) Radial
correlation function, C(r), as a function of the separation distance, r, for three combinations of s and r.. These parameter combinations are indicated by the coordinates of the
green symbols in the heat map and correspond to the respective patterns in (A). The black and gray dashed lines in C and D represent C(r) = 1.

as,
Z,(&.1) = % /QP(X, 1 (p(x + &,1) — 6(8€)) dx. (2.5)

Similarly, the third spatial moment, Z;(&,&’,1), corresponds to the
average density of triplets of plants separated by displacements & and
&', respectively [53]. Again, for a given vegetation spatial pattern p(x, t),
the third spatial moment is defined as,

AR % / P (P + 8,1 = 6(8) X (2.6
Q
(px+ ¢~ 8~ 88"~ &) dx,

where the delta functions in Egs. (2.5) and (2.6) prevent counting pairs
and triplets with repeated plants. Finally, we can obtain the radial
correlation function from the definition of the second spatial moment
(2.5) as

1

Cc@r,t) = ———
.0 27rerz(t)

/ Z,(r,0,1)rd6. 2.7)

Note that normalizing the correlation function in Eq. (2.7) by
z f(t)—the expected density of pairs of plants for a homogeneous (alter-
natively termed uniform or well-mixed) pattern-ensures that C(r,t) = 1

in the absence of spatial patterns (Fig. 1A: Circle panel) [46]. As
such, when C(r,7) > 1, the measured spatial structure has more pairs
separated by a distance r than in a homogeneous population. We refer
to these types of spatial patterns as clustered (or aggregated) spatial
patterns (Fig. 1A: Diamond panel showing an irregular aggregated
pattern); aggregated patterns can as well be regular if there exists
some order between the clusters’ positions. On the other hand, when
C(r,t) < 1, there are fewer plant pairs with a separation distance r
than if they were in a spatially random configuration. We refer to
these patterns as over-dispersed or segregated spatial patterns (Fig. 1A:
Triangle panel).

To derive the dynamical equations for the spatial moments, we
first need to compute the continuum analog of the discrete neighbor-
dependent death rate in Eq. (2.2). According to the definition in
Eq. (2.2), the contribution of a neighboring individual located at a
displacement &, to the death rate of a focal plant is given by the
competition kernel, ¢(£). Now, the probability of an individual having
a neighbor at a displacement, &, is given by Z,(&,1)/Z, (1) (see [53,54]
for detailed derivations). Consequently, the expected per-capita death
rate can be obtained by multiplying Z,(&,1)/Z(1) by g¢-(€) and
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integrating over all possible displacements as,

Dy(1)=d+ /¢c(§)Zz(§, ndg. (2.8)

8
Z (1)
Since birth events are assumed to be neighbor-independent in the IBM
[Eq. (2.1)], the expected per-capita birth rate is simply B, (1) = b.

The dynamics of the first spatial moment is entirely governed by
the balance between birth and death events because these are the only
processes influencing population size in our model. Therefore, the time
evolution of the first spatial moment is:

d
=20 = (b - Dl(t)> Z,0). (2.9)

Note that the dynamics of the first moment, in turn, is governed by the
second moment through the death rate term in Eq. (2.8).

Next, we derive the dynamics of the second spatial moment. To
this end, we first compute the death rate, D,(&,1), for a plant that is
paired with another at a displacement &. Remember that the neighbor-
dependent component of the death rate for a single plant, D,(z), was
conditioned on the presence of another plant at a displacement &.
In a similar fashion, the neighbor-dependent component of D,(&,1),
is conditioned on the presence of a third plant at a displacement
&', This conditional probability of having another plant located at
a displacement & is Z;(&,&,1)/Z,(&,1). Following the same proce-
dure as in Eq. (2.8), the expected death rate of a plant paired with
another at a separation displacement £ can be computed by multi-
plying Z5(&,&',1)/ Z,(&,1) by goc(€) and integrating over all possible
displacements as follows:

Dy 1)=d+ / bc(&) Z3(8, &', 0dE + gpc(8). (2.10)

14
Z,(&,1)
Note that the additional factor of g¢ (&) in the third term of Eq. (2.10)
accounts for the direct influence of the individual at displacement &.

We compute the dynamics of the second spatial moment by exam-
ining how the density of pairs at displacement & changes, balancing
pair loss through death and creation through birth. An existing pair of
individuals separated by a displacement & can be lost if either one of the
individuals dies, which occurs at a rate D, (&, ). Conversely, a new pair
separated by & can be generated in two ways. First, if a pair already
exists at displacement & + &', one of these individuals can disperse
a daughter organism at a displacement &, forming a new pair with
displacement &. This occurs at a rate bgp(£'). Second, a new pair at
displacement & can be created when a single individual disperses an
offspring at displacement —¢£, occurring at a rate bg(—£). Combining
these possibilities, we write the time evolution of the second spatial
moment as,

4 2,60 = 2060260+ 20 [ 9512306 + €. aE

+2bpp (=& Z, (). (2.11)

The dynamics of the second moment still depend on the third moment
through the definition of D, in (2.10), requiring a moment closure
approximation to completely solve Eq. (2.11). Here, we employ the
power-2 asymmetric closure:

Zy¢.8n =
(42:602:¢ .0+ ZEN ZE - 0+ ZE DZE -0 - Z{0)

5Z,(1) ’
(2.12)

which approximates the third moment in terms of the first two spatial
moments [52,55].

Moment closures approximating the third moment in terms of the
first two moments inherently rely on two key assumptions. First, the
third moment must be positive, as it represents triplet density and is
calculated from the product of three non-negative densities [Eq. (2.6)].
Therefore, the closure approximation must also remain non-negative.
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The second assumption is the dynamical invariance under relabel-
ing, implying that relabeling identical individuals should not alter
the system dynamics [55]. Different closure methods balance these
assumptions, with the power-2 closure we used in our computations
offering an optimal trade-off between them. However, in certain pa-
rameter regimes, these assumptions may not hold, leading to notable
discrepancies between IBM and SMD [55,56]. Additionally, truncating
the hierarchy of spatial moments at the second order may limit model
accuracy for spatial structures with significant amounts of information
in spatial moments at higher orders. Nevertheless, many previous stud-
ies successfully implemented moment closures to approximate spatial
patterns and population dynamics in interacting particle systems [43,
57,58].

2.3. Field equation for the biomass density field

Additionally, we can develop a coarse-grained equation for the
biomass density field. This approximation is particularly useful when
the spatial logistic model exhibits regular aggregated patterns, also
called periodic spatial patterns. To derive this equation, we first dis-
cretize the two-dimensional square domain of lateral length L used in
the IBM definition into m square cells of lateral length dx = L/m. Each
cell can be labeled with a pair of indices, (i,j) where i,j = 1,...,m,
represent the cell coordinates in the discrete grid.

In this discretized space, the system’s state is given by the number of
individuals in each grid cell @ = {N|;, N5, ..., N,,,,}. At a given time ¢,
the population is found in one of these states with a probability P(£2,1)
that can be used to compute the expected number of individuals in a
focal cell

(Nj)= Y NP1, (2.13)
Q

where the average is over an ensemble of independent realizations of
the individual-based stochastic dynamics. We can formally define the
dynamics of this expected occupation number as

d{N;;) OP(Q, 1)

= 2.14
T (2.149)
where the time derivative of P(£2,¢) will be given by a master equation
of the form

0P(2,1)

p” (2.15)

=Y T - QP 1) -T(Q - Q)P(.1)
Q/

where the sum in €’ runs over all possible states and 7 are the transi-
tion rates between states and are given by the rules of the individual-
based stochastic model. Because the probability of simultaneous birth
and death events is negligible, the IBM stochastic dynamics is a one
step process [59]. In terms of the Master Eq. (2.15), this means that the
transition rates 7 between pairs of states that differ in more than one
particle are all zero. With this condition and using step operators [60],
we can write the Master equation as

%ﬁm = ; (Eq —1)T (= Q)P0

+(Ef = 1) T2 > Q) P(Q.1), (2.16)
where we have defined the up-down step operators such that
EES (] = fI{Ni1s s Ny £ 1o, Ny ] (217)

and the states Qf] are identical to ©2 but have +1 individual in the k/th
element. To fully describe the stochastic dynamics, we need to define
the transition rates,

T2 - Q) = Y bNybp(lx;; — Xy Ddx?, (2.18)
ij
T = Q) = Ny <d +g Z Nijpclx;; — Xk[|)> . (2.19)
ij
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Inserting the Master Eq. (2.16) with the transition rates in
Egs. (2.18)-(2.19) into the definition for the time derivative of the
mean number of particles in each spatial cell, Eq. (2.14), we obtain

d(N,,)

i b 2 dp(Ix =X dx*(Nyy) —d(N;)—¢g 2 bc(Ix=x"{N;;Ny),
ki Kl

(2.20)

where we have used the constraint that (N;;) > 0 Vij and thus the
probability of states with a negative number of particles, and the
transition rates into them, must be zero. Finally, defining a scaled
density of individuals, n(x;;) = N;;g / bdx?, and time, T = bt, we obtain
a partial differential equation for a population density field

%(’“’) = / $p(Ix — x| (n(x"))dx" — %(n(x»

= [ detix = noone ex' @.21)
where we have omitted the time dependence on the right side. We
now define the total number of plants in the population as N =
U [{n(x)ydx = Z; x L*. For a homogeneous (or well-mixed) population,
the total number of plants in the population is denoted by N, =
(b — d)/g. Notice that, similarly to what we obtained in the spatial
moment dynamics equations in Section 2.2, Eq. (2.21) does not provide
a closed description for the dynamics of the population density, as it
also includes its spatial covariance. We could write an equation for
the dynamics of this spatial covariance and perform a moment closure
approximation, as we did with the spatial moment dynamics equations.
This approach is now much more complicated because the plant density
is a field rather than a scalar quantity obtained from a spatial average.
Thus, a closure approximation is needed to obtain a closed equation for
the average density field.

The simplest and most common approximation to treat spatial cor-
relations in Eq. (2.21) is to neglect the spatial covariance in the density
field,

Cov(x,X') = (nx)n(x")) — (n(x)){n(x")) = 0 (2.22)
which implies that
(n(x)nx")) = (n(x)){n(x)). (2.23)
Replacing Eq. (2.23) into (2.21), we obtain
E 0= [ px=xnNax = Lucx)

=0 [ delx=x Dl pax' (2.24)

which is an extension of the Fisher-Kolmogorov equation with non-
localities in the competition and growth terms. Defining a change of
variables y = x — x’ in the first integral of Eq. (2.24) and expanding
the density (n(x —y)) about x as a Taylor expansion up to second order,
Eq. (2.24) reduces to

+ %%(n(x», (2.25)
which is the nonlocal Fisher KPP (Kolmogorov-Petrovsky—Piskunov)
equation with a diffusion coefficient defined by the reproduction rate
(here absorbed in the scaled time) and the second moment of the
dispersal kernel, w, [61]. However, because we are interested in how
long-range dispersal influences spatial patterns, we will retain the
nonlocal dispersal term.
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3. Results and discussion
3.1. Spatial dynamics with Gaussian kernels

We first review the behavior of the spatially explicit logistic model
presented in Section 2.1 when both the dispersal and competition
kernels are Gaussian [28,34]. Holding the demographic parameters,
b, d, and g constant, the spatial correlations in the distribution of
organisms are controlled by the dispersal and competition range, s and
r. respectively.

Previous work has identified four possible types of spatial patterns
depending on how these two scales compare to each other [34]. When
both ranges are large, the dynamics are effectively non-spatial with a
homogeneous spatial pattern, and the IBM converges to the classical
logistic model. However, when the dispersal scale decreases, while
keeping competition long-ranged, individuals tend to clump together
forming a clustered spatial pattern. This scenario leads to smaller popu-
lation sizes than in the non-spatial case. Likewise, when the competition
range decreases while keeping dispersal long-range, individuals tend
to overdisperse, forming a segregated pattern, which increases the
total population size. We show the spatial snapshot of these differ-
ent possible patterns in Fig. 1A. Finally, when both competition and
dispersal are short-range, newborns cannot escape from competition
with their ancestors and the population goes extinct. We recover these
results integrating the SMD approximation in Egs. (2.8)-(2.11) with the
moment closure in Eq. (2.12) (Fig. 1B,C). In none of the scenarios
discussed above, however, the spatial patterns are periodic (see ra-
dial correlation functions in Fig. 1D). The density field approximation
always gives homogeneous solutions in this regime, because, as we
mentioned before, it cannot reproduce these irregular structures unless
demographic fluctuations or spatial heterogeneities are considered.

3.2. Spatial dynamics with top-hat kernels: the emergence of periodic pat-
terns

The individual-based dynamics defined by the demographic rates in
Egs. (2.1)-(2.2) can result in periodically arranged clusters of individu-
als (that is, a regular aggregated pattern) when the competition kernel
follows a generalized normal distribution ¢¢(&)  exp(—£&/R)? with p >
2 [47]. We performed numerical simulations of the individual-based
dynamics using the top-hat kernel from Eq. (2.3), which corresponds to
a generalized normal distribution with p - co. For this kernel choice,
we find periodic patterns for short-range dispersal and long-range
competition (Fig. 2A). These periodic patterns can be characterized
by their Fourier transform, which will display a circular region with
higher power that corresponds to the inverse of the distance between
clusters (Fig. 2B), and by their pair correlation function, which will now
oscillate with a frequency given by the inter-cluster distance (Fig. 2C).

3.2.1. Accuracy of the spatial moment dynamics approximation

To test how accurately SMD equations describe the formation of
periodic patterns in the IBM, we solved the SMD Egs. (2.8)-(2.12)
numerically using a top-hat kernel. SMD equations accurately predict
the value of the radial correlation function at pairwise distance zero
(top panels in Fig. 3B, C), which is a proxy for local crowding. The
SMD equations, however, predict population abundance less accurately.
Specifically, when the competition range is large and the dispersal
range is short, the SMD equations underestimate the total population
size resulting from the IBM simulations (Fig. 3B, C).

This discrepancy in the total population size comes from the inac-
curate prediction of the full radial correlation function provided by the
SMD equations. In particular, SMD does not fully capture the amplitude
of the oscillations in the radial correlation functions measured from
IBM simulations (Diamond panel in the bottom row of Fig. 3B, C). This
amplitude, especially when the radial correlation function becomes less
than unity, is critical to determine how larger the population size grows
when regular patterns form. Smaller values of C(r) indicate that the
regions between clusters are less populated, which favors the growth
of more individuals within each aggregate [62].
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the C(0) heatmaps in Fig. 3). (B) Fourier transform of the pattern snapshot. (C) Radial correlation function, C(r), of the pattern snapshot.
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correlation function at zero displacement, C(0), and the total number of individuals normalized by the homogeneous expectation, N/N,. In both these heatmaps, we plot the
steady-state values of C(0) and N/N,, respectively, which we computed using time-averaged values up to 7 = 250. The black dashed line in C(0) plot correspond to C(0) = 1 and
the black dashed lines in N/N, correspond to the cases where N = N,, respectively. The bottom three panels in B show the radial correlation function, C(r), as a function of
the separation distance r for three specific combinations of s and r,. These parameter combinations are indicated by the coordinates of the red symbols in the heat maps and
correspond to the respective patterns in (A). The gray dashed lines represent C(r) = 1. (C) Same as in B but computed directly from stochastic IBM simulations instead of SMD

predictions.

3.2.2. Accuracy of the biomass density equation

The biomass density field equation does not describe the formation
of non-periodic spatial patterns, but it can exhibit a symmetry-breaking
instability that destabilizes the homogeneous solution and leads to
periodic density solutions [11,32]. Therefore, we tested how accurately
Eq. (2.24) describes the individual-based simulations in the parameter
regime where these show periodic patterns. We obtained the onset of
pattern formation by performing a linear stability analysis around the
non-trivial homogeneous solution

d
(=1~ B’ (3.1)

which in the SMD approximation corresponds to imposing Z, = le.
The linear stability analysis is a standard technique in pattern formation

theory that consists on adding small spatiotemporal perturbations to
a homogeneous solution of the density equation and calculating the
perturbation growth rate. If this growth rate is positive, the perturba-
tion will grow in space and time and could lead to spatial patterns.
If perturbations tend to decay, then the uniform solution is stable
and patterns do not form [63]. We consider perturbations of the form
(n(x)y = (n), + Ane™®**+4 & where An is the perturbation amplitude.
Inserting this perturbation ansatz in Eq. (2.24) and linearizing around
the homogeneous equilibrium, we obtain a perturbation growth rate,

AK) = Flpplk) — (n), F [pc] ) -1, (3.2)

where F[] indicates a Fourier transform operation. The onset of pattern
formation is defined by the parameter values such that A(k.) = 0, where
k. is the non-zero Fourier mode at which the perturbation growth rate
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Fig. 4. Accuracy of the density field approximation predicting IBM-generated regular patterns. (A,B) Radially-averaged Fourier power spectra distributions obtained from IBM
simulations (black line) and spatially random point patterns (gray line). Envelopes to all curves represent the 2.5%-97.5% interpercentile range. We computed power spectra of
IBM-simulated patterns using 10 pattern snapshots for each of the 10 independent realizations we ran for each parameter combination (100 snapshots in total for each parameter
set). For the randomized patterns, we randomized 100 times each of the 10 IBM realizations. Annotations in each panel indicate the value of the regularity metric, Rys > 0 for
a regular pattern in A and R,5 < 0 for non-regular pattern in B. (C,D) Pattern snapshots used to compute the power spectra in A and B, respectively. Parameters: s = 0.3 and
r,=22 (A, C); s=0.65 and r, =2.2 (B, D). (E) R, metric for two different thresholds, 95% and 99% in the r, s parameter space. (F) Normalized power spectrum amplitude at
the characteristic wavenumber S(k,) = S(k,)/S(0), as a function of the dispersal and competition spatial scales, s and r,.. The gray line in E and F indicates the pattern formation

onset as predicted by the density-based approximation.

is maximum, and we can define the parameter combinations where
patterns might form by scanning the (s, r.) parameter space and testing
for (k) > 0.

To quantify how accurately this linear stability analysis predicts
periodic pattern formation in the IBM stochastic simulations, we first
need to define a metric to characterize the regularity of the stochastic
patterns obtained from the IBM simulations. We introduce two dif-
ferent Fourier-based metrics. Because the system is isotropic, we use
the radially-averaged Fourier power spectrum, which we obtain after
marginalizing the two-dimensional Fourier power spectrum over the
polar angle,

2z
Sk) = L

F[n](K)|*kd0,
27k Jo | F[n](k)|

3.3)
where n is the formal density field n(r) = Z,N 5(x—x;), k is the modulus
of the wavevector k, and 6 the angle of it in polar coordinates. The
radially-averaged Fourier power will usually exhibit a peak at k # 0,
which we refer to as the characteristic wavenumber k. and relates to
the characteristic spatial scale of the periodic pattern, I, by I, = 2z /k,.

The first metric, regularity R, compares the radially-averaged
Fourier power spectra of IBM-simulated patterns with those of homo-
geneous distributions of individuals. To perform this comparison, we
first generated an ensemble of spatial patterns for each parameter com-
bination using IBM simulations and obtained their radially-averaged
Fourier power spectrum. Then, we obtained the completely spatial
random counterpart of each simulated pattern by randomizing the
individual locations to be uniformly distributed within the simulation
domain. We obtained the radially-averaged Fourier power spectra for
these randomized patterns too. Lastly, we computed the mean and
2.5%-97.5% interpercentile range of the power spectra distributions,
both for simulated and randomized patterns. We define the regular-
ity Rys as the signed distance between the 2.5% percentile of the
IBM radially-averaged Fourier power spectrum distribution and the
97.5% percentile of its random counterpart, evaluated at the pattern
characteristic wavenumber (i.e., the peak of the IBM radially-averaged
Fourier power spectrum). The value of R for different values of C is
defined analogously. In Fig. 4, we show two examples in which this
metric returns regular (panels A and C) and non-regular (panels B and
D) patterns. We identify regular patterns as those associated with a
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Fig. 5. Relative error of the PDE and SMD approximations compared to the IBM results for various competition and dispersal spatial scales, r. and s. A, (B) Error in the total
population size relative to IBM simulations using SMD (A) and density-based (B) approximations. (C) Relative error in the relative amplitude of the characteristic wavenumber
computed from SMD with the one obtained directly from IBM simulations. In all panels, the gray line indicates the onset of pattern formation as predicted by the density-based

approximation.

positive regularity metric, R > 0, noting that the C% interpercentile
ranges do not overlap at the peak. Correspondingly, patterns with
negative regularity metric (R < 0) are identified as non-regular by
our metric, regardless of exhibiting a peak in the radially-averaged
Fourier power spectrum. The reason is that, for R < 0, there is a non-
negligible chance that a random pattern could exhibit the same peak
in the Fourier power spectrum as a corresponding IBM simulation.

The second metric, the relative power of the characteristic
wavenumber S(k,), quantifies the strength of periodicity in the IBM-
simulated patterns by measuring the amplitude of the radially averaged
Fourier power spectrum at the pattern wavelength relative to its value
at k = 0. We normalize this power by the power at k = 0, which
corresponds to S(0) = N2, where N is the total population size. Then,
the second metric is defined as S(k,) = S(k,)/S(0). According to this
metric, a perfectly linear periodic pattern (a sine function, for example)
has all the power (for k # 0) in the peak of the spectrum and would
exhibit a value of S(kc) = 1. On the other hand, a distribution with no
periodicity shows a flat power spectrum (for k # 0), and would exhibit
a value S(k,) — 0.

Next, we apply these two metrics to spatial patterns generated
by IBM simulations and compare the results to the outcome of the
linear stability analysis performed to the field equation in Eq. (3.2).
Both metrics identify periodic patterns in the IBM simulations when
the dispersal range is short and the competition range is large (Fig.
4E,F). To compare these results with the predictions of density field
equations, we evaluated the pattern formation onset by imposing the
conditions for a Turing instability, A(k;)) = 0 and Vi, = 0, in
Eq. (3.2). These equations define a curve in the parameter space for
the threshold of a Turing instability (gray curves in Fig. 4E, F), which
limits a region where the density equation predicts periodic patterns.
This prediction identifies the region where IBM-generated patterns
show the highest regularity and relative power in the characteristic
wavenumber (bottom right corner in Fig. 4E, F). There are, however,
parameter combinations for which the density field approximation does
not capture the regular patterns returned by the IBM (blue regions on
top of the gray line in Fig. 4E). Incorporating demographic noise in the
density equation could increase the agreement with IBM simulations, as
noise can destabilize the homogeneous solution in parameter regimes
where it is determinically stable [39,40]. Another possible strategy
to refine the predictions of the density equation is to consider the
dynamics of higher order correlations, similarly to the way they are
treated in the SMD approximation, but explicitly in space.

3.3. Comparison of the accuracy of both approximations
Our results so far show that spatial moment dynamics and density

field PDEs provide complementary approximations to IBMs, with den-
sity field equations approximating IBMs more accurately than SMD in

regions where highly regular periodic patterns form and SMD outcom-
peting density equations when patterns are not periodic but still not
uniform. We quantified these different accuracies throughout the (s, r,)
parameter space by computing the relative error of the density field
and SMD equations at reproducing the total population size and spatial
patterns from IBM simulations (Fig. 5). For population sizes, we defined
the relative error in each approximation as
_ Ny —Nim

€4 = 3.9

Nigm

where « is a placeholder index for PDE (density equation) or SMD.
Positive values of ¢ thus indicate that the deterministic approximation
overestimates population size, while negative values indicate underes-
timation and ¢ = 0 a perfect agreement between the approximation
and IBM simulations. To define a similar relative error in the char-
acterization of the spatial patterns, we first need to write one of the
Fourier-based regularity metrics in terms of quantities that can be
measured from SMD analysis. We can write the Fourier power spectrum
using the definition of the density field auto-correlation, Z,

|/n(x)eik‘xdx
// n(n(x)e® & gxgx’
F [/ n(x)n(x + x')dx] ,

= F[AZ2(x')+/n(x)5(x’)dx],

2
|Fn])* =

)

AF[Z,]+ N, (3.5)

where A is the area and N = AZ, the population abundance. This
derivation gives a relationship between Z,, Z, and the Fourier power
spectrum that we can evaluate using the solutions of the SMD equations
to obtain the relative power S(k,) and its relative error with respect to
IBM-generated patterns.

We measured these relative errors in population size and spatial
pattern structure and both for SMD and density-based approximations
(Fig. 5). SMD underestimates the population size in the region where
regular aggregated pattern formation occurs, while the density-based
approximation is accurate in this regime (Fig. 5A,B). To explain this
limitation of SMD, we computed the SMD relative error at reproduc-
ing the radially-averaged Fourier power spectrum of IBM-generated
periodic patterns. Although SMD successfully captures short-distance
correlations from IBM patterns (see measures of C(0) in Fig. 3), it un-
derestimates long-distance ones, which results in large relative errors in
S(k,) (Fig. 5C). This underestimation of long-range spatial correlations
indicates that SMD predicts spatial patterns to be more uniform than
those observed in IBM simulations, which ultimately makes SMD to also
underestimate population size, as uniformly distributed populations
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Fig. 6. Performance classification of SMD and density-based approximations when
predicting population sizes from IBM simulations. Color code: white indicates that both
the PDE and SMD approximations accurately match the IBM results; khaki denotes
regions where only the PDE performs well; dark peach corresponds to regions where
only the SMD is accurate; and black indicates parameter combinations where neither
approximation is satisfactory. Performance is evaluated using the relative error in total
population size, with a 10% threshold.

have fewer individuals than those forming periodic patterns. Finally,
both approximations underestimate population abundances — with
SMD showing a smaller relative error — when short-range competition
and long-range dispersal jointly lead to segregated spatial patterns.

Finally, to summarize this systematic comparison between existing
approximations to IBM spatial dynamics, we defined a scoring criterion
based on how accurately they reproduce the population abundance of
the IBM simulations. We set an error threshold of 10% such that we
considered SMD or density-based approximations to correctly repro-
duce IBM simulations if |¢| < 0.1. We computed e for each combination
of parameters (r., s), identifying the regions of the parameter space
where SMD and density equations outperform each other, both approxi-
mations are accurate or none of them provides a good description of the
stochastic individual-based dynamics (Fig. 6). In general, the density-
based approximation is accurate for high values of the competition
range and low values of the dispersal range, while SMD provides better
population size estimates for small competition ranges. However, when
competition ranges become too small, SMD also starts to provide inac-
curate predictions. Additionally, both methods perform poorly close to
the origin, where populations are small and fluctuations are relevant.
Finally, as expected, when competition and dispersal ranges are high,
both approaches perform equally well. This occurs because the IBM
simulations reach a well-mixed regime, the population is randomly dis-
tributed, and spatial correlations are not relevant to set the population
size.

4. Conclusions

We investigated the spatial patterns that form in a spatially explicit
individual-based logistic model in which dispersal and intraspecific
competition are long-range, using both a Gaussian and top-hat compe-
tition kernel. Combining numerical simulations of the discrete model,
spatial moment dynamics and density field based approximations, we
found that for top-hat competition kernels, the population might exhibit
regular periodic patterns with aggregates of individuals forming a
hexagonal lattice [47]. This type of pattern is not present when long-
range competition is modeled using a Gaussian kernel [34], this fact
is due to our IBM rules, and can be seen mathematically by inserting
a Gaussian kernel in Eq. (3.2); however, there are models for which
a Gaussian competition kernel can produce patterns, highlighting that
the issue of the general conditions for pattern formation is still de-
bated [31]. Interestingly, the emergence of these regular patterns also
affects the system productivity, allowing for larger population sizes
even in conditions where local individual crowding is high [48].
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Next, we looked at how accurately a field equation for the biomass
density, obtained by upscaling the individual-based dynamics, repro-
duced the existence of regular patterns. We found that the standard
approximation in the coarse-graining procedure, which neglects spatial
covariates in the density field, does not fully capture the region of
the parameter space with regular patterns, being successful mainly
in regions of the parameter space where patterns are more regular.
Refining this approximation to account for demographic noise could
significantly improve the agreement with IBMs. Noise modifies the
power spectrum of the solutions of the density equation, enlarging
the region in which the system displays a regular patterns [39,40].
On the other hand, the SMD equations poorly capture this region of
the parameter space where periodic patterns form, underestimating the
total population and the relative Fourier power spectrum amplitude at
the characteristic wavenumber. Conversely, for most parameter combi-
nations where the space-varying density approximation does not hold,
SMD provides accurate predictions of the total population size and
the spatial correlations. These results highlight the complementarity of
these two approaches, each of them being the best approximation to
IBM stochastic dynamics in particular regimes.

For ecological modeling applications in general and particularly
in the case of vegetation patterns, individual-based models provide
a robust and accurate framework to simulate individual-level pro-
cesses and interactions, capturing dynamics down to the resolution
of single plants. Consequently, these models are very effective for
understanding the fine-scale mechanisms driving vegetation pattern
formation. However, the computational overhead in simulating these
IBMs becomes prohibitively expensive when the system size is large
or when longer temporal scales are considered, limiting their practical
applicability. Density field-based models, on the other hand, are com-
putationally very efficient and often amenable to analytical exploration.
However, these models assume that interactions are, to some extent,
well-mixed, which leads to inaccuracies when trying to determine in
which conditions spatial patterns form in vegetation systems. The SMD
approximation does not resolve patterns explicitly and thus provides
bad estimates of population sizes when highly regular and periodic
patterns form. However, it retains key insights from IBMs regarding
spatial patterns and spatially explicit interactions for parameter com-
binations where density equations provide inaccurate results. These
results underscore that SMD and density-based approximations should
be seen as complementary — rather than conflicting — approaches in
the development of analytical approximations for spatially extended
systems of interacting individuals.
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