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Flow spatial structure determines pattern
instabilities in nonlocal models of
population dynamics
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Environmental flows shape spatial patterns and population dynamics; however, we do not fully
understand how they influence the onset of pattern formation and population abundance. By
combining numerical simulations and analytical approximations, we show that the spatial structure of
the flow’s velocity field determines the pattern formation instability in two nonlocal models of
population dynamics. For a simple shear flow, where one of the primary axes of the population pattern
can align with the flow, the onset of pattern formation remains unaffected. In contrast, a vortex flow
delays the pattern instability relative to the no-flowcase. The velocity field, therefore, interactswith the
spatial feedbacks driving pattern formation in complex ways, which also leads to different oscillatory
time series of population abundance. Depending on the flow, population abundance may exhibit
regular oscillationswith a characteristic frequency or long, erratic transients before settling into amore
stable regime.

Populations very often form self-organized spatial patterns due to non-
linear interactions among organisms and between organisms and their
environment1. Examples of these patterns appear on a broad range of
observational scales, from cell populations to landscapes2–5, and both in
marine and terrestrial environments6–8. Across this variety of systems,
patterns often impact several ecological processes such as population
growth and extinction9–11, species interactions12–15, or evolutionary
dynamics16,17. A considerable amount of research has therefore focused
on understanding, primarily using theoretical models, how different
feedbacks between processes controlling population growth and move-
ment affect pattern formation and their ecological and evolutionary
consequences1,6.

Most of these studies assume that organisms move randomly, either
with constant or density-dependent diffusion18–21, or exhibiting some sort
of active movement22,23. Other spatial processes affecting population
mixing, such as those induced by environmental flows in aqueous
environments, also have important ecological and evolutionary con-
sequences. For example, planktonic microorganisms live in environments
where rapidly changing flow velocities can create different levels of
population mixing24–26 and impact encounter rates27. This dependence of
the encounter rates on flow properties has important consequences for

population growth28,29 and patchiness30, determines the outcome of spe-
cies interactions31,32 and might promote the fixation of traits that would
get lost in uniform environments33–35. In wave-exposed coastal popula-
tions, such as mussel or seagrass beds, environmental variability due to
cyclic tides and marine currents shapes pattern structure and makes these
populations more resistant to long-term environmental shifts20,36. Envir-
onmental flows, therefore, play an important role in determining both
population spatial structure and their long-term dynamics.

Most studies on the influence of flows on pattern formation in
ecological systems have considered individual-based models in which the
population is described by a collection of interacting particles24 or con-
tinuous models based on partial differential equations for a population
density field in which patterns form due to Turing or differential-flow
instabilities37,38. Nonlocal models, in which interactions between organ-
isms are encoded in kernel functions that couple the dynamics of the
population density across distant locations39, have been barely analyzed in
the presence of external flows. The nonlocal logistic equation (or nonlocal
Fisher–Kolmogorov–Petrovsky–Piskunov, FKPP, equation), which
assumes only diffusive dispersal and exponential population growth
limited by long-range intraspecific competition, is one of the simplest
models exhibiting pattern formation via nonlocal interactions40–44. With
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this minimum set of processes, patterns of population density can form in
the low-diffusion regime if the intensity of the intraspecific competition
between two organisms decays sharply enough with the distance between
them. In mathematical terms, this condition requires that the Fourier
transform of the kernel function, which defines how competition strength
decays with the distance between individuals, is negative for some
wavenumbers45,46). Under these conditions, nonlocal interactions desta-
bilize the uniform population distribution, and the population self-
organizes into a periodic pattern where spots of high population density
alternate with empty regions that are subject to intense competition with
the surrounding spots45–47. Because it proposes a simple mechanism to
explain pattern formation, the nonlocal FKPP equation has been the basis
for developing more elaborated pattern-formation models that test the
effect of additional processes on spatiotemporal population dynamics,
such as demographic fluctuations or environmental heterogeneity11,48–50.

Among these extensions, previous work coupled a chaotic flow to an
individual-based formulation of the nonlocal logistic model45. Keeping all
other demographic parameters constant, this study found that increasing
mixing initially breaks the spotted pattern into non-stationary filaments,
leading the population to a well-mixed configuration if mixing continues to
increase. Across this gradient of mixing intensity, the stationary population
size decreases monotonically. However, these results are obtained only
through numerical simulations, because the complexity of the chaotic flow
and the discreteness of themodelmake any analytical treatment impossible.
Consequently, we still do not understand how environmental flows fea-
turing different space-dependent velocity fields interact with spatial ecolo-
gical feedbacks to determine pattern formation, population dynamics and
stability. To fill this gap, we work with different extensions of a continuous
nonlocal logistic model, focusing on steady flows. These choices, which
neglect demographic fluctuations51 and consider simpler shear and trans-
port dynamics, allow us to go beyond numerical simulations and, in certain
limits, develop analytical approximations to isolate the key effects of flows
on the pattern formation instability.

We consider two flows. First, a sine flow, whose simple velocity field
serves as a toy model for shear flows in confined channels. This flow
provides a simplified representation of, for example, the biophysical
environment experienced by microbial populations in pipes where they
are subject to anisotropic advective transport and shear forces32. Second,
we study a vortex flow with closed streamlines and shear forces that
are not aligned with any of the primitive vectors of the population
pattern52–54. For each of these velocity fields, we measure how the flow
changes the conditions for pattern formation, the emergent spatio-
temporal dynamics, and how these changes impact long-term population
abundance. We find that stationary velocity fields with a spatial structure
that can not be aligned with the population density patterns that appear
naturally in the absence of flow can induce a mixing effect and delay the
pattern formation instability. Additionally, in the pattern formation
regime, the pattern spatial structure and the flow velocity field jointly lead
to a variety of population dynamics. These dynamics range from oscil-
lations with a well-defined frequency for weak flow and population
patterns aligned with the main direction of shear and transport, to see-
mingly chaotic dynamics when the pattern and the flow have very dif-
ferent spatial structures.

Methods
Flowmodels
We consider two stationary two-dimensional flows in a system of size L × L
and periodic boundary conditions. This choice of environmental flows
allows us to investigate how different spatial forms of fluid strain distort the
emergent pattern of population density and how these changes in the pat-
tern impact the long-term population size. The two flows are:

Sine flow. We first consider a sine flow in which the intensity of the y
velocity component is zero and the intensity of x component changes along
the y axis. The velocityfield iswritten as v0f(x), with v0 a typical velocity scale

and f(x) a dimensionless vectorial function with components

f xðx; yÞ ¼ sin
2πm
L

y

� �
; ð1Þ

f yðx; yÞ ¼ 0; ð2Þ

wherem is a positive integer number that sets the number of flow periods in
the system (Supplementary Fig. 1A for the vector field generated by this
flow).We usedm=1 in all the analyses. For this simple shear flow, the shear
rate (proportional to the derivative of fxwith respect to y) oscillates in the y
coordinate in anti-phase with the velocity.

Rankine vortex flow. Second, we use a Rankine velocity field with
radial symmetry55, which we modify to make it suitable for the use of
periodic boundary conditions33,56. TheRankine vortex is a classic example of
an irrotational vortex flow that corrects the singularity of the velocity at the
vortex center by assuming that, in this region, theflowmotion resembles the
rotation of a solid body. In polar coordinates, the radial component of the
velocity vr is zero, and the angular component dependson thedistance to the
center of the vortex as

vθðr; θÞ ¼
Γr
a2 if 0≤ r < a;
Γ
r if r ≥ a

(
ð3Þ

where r is the radial distance to the center of the vortex, which we placed at
the center of the simulation domain; a is the distance at which the intensity
offlow reaches itsmaximum; andΓ is themaximumvortex circulation. This
parameter also defines the vortex spinning direction: counterclockwise for
positive Γ and clockwise for Γ negative.

Because the vortex velocityfielddefinedbyEq. (3) has an infinite range,
considering periodic boundary conditions leads to a velocity field involving
two infinite sums (see ref. 56 for a detailed derivation using the point vortex
model, which is also valid for the Rankine vortex if a≪ L). We can reduce
the velocity field created by a periodic array of vortices to an expression in
Cartesian coordinates that only uses one summation33,56,57

vxðΔx;ΔyÞ ¼ � Γ

2L

X1
m¼�1

sin 2πΔy
L

� �

cosh 2π Δx
L þm

� �� 	� cos 2πΔy
L

� � ; ð4Þ

vyðΔx;ΔyÞ ¼
Γ

2L

X1
m¼�1

sin 2πΔx
L

� �
cosh 2π Δy

L þm
� �h i

� cos 2πΔx
L

� � ; ð5Þ

whereΔx = x− L/2 andΔy = y− L/2. Eqs. (4–5) involve infinite sums over
the index m that can be treated with Ewald summation or similar techni-
ques. However, the terms decay very fast with m, such that terms with
∣m∣=2areOð10�20Þ33.We therefore truncate the series, retainingonly terms
with ∣m∣ ≤ 1 (Supplementary Fig. 1B for the vector field generated by this
flow). Finally, we can define the characteristic velocity of this vortex flow
v0 =Γ/2L, whichwill be used later todefine a characteristic Péclet number. In
all the simulationsweperformedusing this periodicRankine vortexflow,we
used small valuesof a, such that the vortex radius is smaller than the rangeof
the nonlocal ecological interactions.

Nonlocal extensions of the logistic model
We study two modifications of the classical logistic model that are well
established in the population dynamics literature. First, we consider a
nonlocal extension of the FKPP in which spot patterns form due to long-
range competition40. Then, we focus on a more complex model in which
organisms also interact via facilitative interactions, which leads to a variety
of gap, labyrinth, and spot patterns58. In both cases, we define a normalized
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population abundance,

AðtÞ ¼ 1
ρ�L2

Z
S
ρðx; tÞ dx; ð6Þ

where ρ(x, t) is the biomass density field, and ρ* is the density value of the
stationary and homogeneous solution of the corresponding population-
dynamics model. Therefore, ρ*L2 represents the steady-state total
abundance in the absence of spatial patterns, and A(t) quantifies the
relative enhancement or depletion of the total abundance due to flow,
compared to the no-flow case. When appropriate, we average this quantity
over time once the system has reached a quasi-stationary regime to obtain a
time-independent estimation of this population-abundance variation.

The nonlocal Fisher–Kolmogorov–Petrovsky–Piskunov equation.
The nonlocal FKPP equation is an extension of the logistic model that
describes the spatiotemporal dynamics of a single species diffusing in
space and subjected to density-independent growth (asexual reproduc-
tion) limited by long-range intraspecific competition. Under these
assumptions, the dynamics of the population density is given by

∂ρðx; tÞ
∂t

¼ αρðx; tÞ � βρðx; tÞ
Z
S
Gðx � yÞρðy; tÞ dy þ D∇2

xρðx; tÞ; ð7Þ

where D and α are the diffusion constant and the net linear growth rate,
respectively. β modulates the intensity of intraspecific competition, S
indicates that the integral is performed over the entire simulation
domain. In all our analyses, we use a square domain of lateral length L
with periodic boundary conditions, which is the standard choice in
spatial models of population dynamics. This choice of boundary con-
ditions turns the integration domain into a 2D torus. G(x − y) is the
competition kernel that defines how strongly the death rate of organisms
at a focal location x is influenced by the presence of conspecifics at
neighboring locations y. We consider that the intensity of nonlocal
competition scales with population density (rather than population
abundance), which implies that the competition kernel must be nor-
malized to one. This condition guarantees that Eq. (7) becomes the
logistic model if ρ(x, t) is uniform in space.

Previous work has shown that Eq. (7) can exhibit spatially periodic
patterns of population densitywhen the Fourier transformofG(x− y) takes
negative values for some wavenumbers45,46. As an example of this situation,
we assume that the process underlying long-range competition is isotropic
and that two organisms at a distance ∣x − y∣ will compete with each other
with a distance-independent strength provided they are closer than a
threshold distanceR.Mathematically, these assumptions imply choosing an
isotropic top-hat kernel of the form

GðxÞ ¼
1

πR2 if jxj≤R;
0 otherwise :



ð8Þ

We extend the nonlocal FKPP equation in (7) to introduce the effect of
transport by a stationary flow. For these flows, the velocity field does not
change in time and therefore it can bewritten as v(x, t) = v0f(x), where v0 is a
typical velocity and f(x) is a vector dimensionless function giving the spatial
functional dependence of the velocity field. Under the additional assump-
tion that the velocity field is incompressible, this additional transport pro-
cess leads to a model equation

∂ρðx; tÞ
∂t

¼ αρðx; tÞ � βρðx; tÞ
Z
S
Gðx � yÞρðy; tÞ dy

þ D∇2
xρðx; tÞ � v0 f ðxÞ � ∇xρðx; tÞ;

ð9Þ

where the kernel is still given by Eq. (8), assuming that the spatial depen-
dence of the long-range interaction does not change because of the flow.

To perform analytical calculations in Eq. (9), we obtain its dimen-
sionless version using the following scaled quantities,

x ! Ru; t ! τR2

D
; ρðx; tÞ ! D

R2β
ρðu; τÞ; GðxÞ ! HðuÞ

R2 ;

ð10Þ
where the scaled kernel remains normalized, ∫EH(u)du = 1 and we will
denote the Cartesian components ofu as (u, v). Using these scaled variables,
we get

∂ρðu; τÞ
∂τ

¼Da ρðu; τÞ þ ∇2
uρðu; τÞ

� ρðu; τÞ
Z
E
Hðu� vÞρðv; τÞ dv � Pe f ðuÞ � ∇uρðu; τÞ ;

ð11Þ
where E is the scaled domain, with lateral length L/R and still with periodic
boundary conditions. We have, moreover, defined two dimensionless
control parameters

Da ¼ αR2

D
and Pe ¼ v0R

D
; ð12Þ

that are, respectively, the diffusive Damköhler number and a characteristic
Péclet number. Finally, in the spatial structure of the velocity field, we have
simply replaced f(x)→ f(u) because it is already dimensionless.

The logistic model with nonlocal competition and facilitation. We
analyze a second extension of the logistic equation that also accounts for
nonlocal positive intraspecific interactions. In this model, the dynamics
of the biomass density is given by

∂ρðx; tÞ
∂t

¼ bMf ½ρ�ρðx; tÞ 1� ρðx; tÞ
K

� �
� μMc½ρ�ρðx; tÞ þ D∇2

xρðx; tÞ;

ð13Þ
where K, b, and μ are non-negative constants representing the carrying
capacity, baseline birth and death rates in the absence of nonlocal
interactions. Mf ;c½ρ� are birth and death rate enhancement factors due to
nonlocal interactions. Following the original model formulation58, these
enhancement factors are defined as

Mf ;c½ρ� ¼ exp χf ;c

Z
Gf ;cðx � yÞρðy; tÞ dy

� �
: ð14Þ

where χf,c are non-negative constants modulating how strongly long-range
interactions impact the population dynamics and Gf,c are the interaction
kernels. Also following the original model formulation in ref. 58, we use
isotropic Gaussian kernels given by

Gf ;cðx � yÞ ¼ N e�ðx�yÞ2=R2
f ;c ; ð15Þ

whereN ¼ 1=πR2
f ;c is a normalization factor andR2

f ;c sets the characteristic
spatial scale of positive and negative feedbacks. Note that Eq. (14) imposes
Mf ;c ≥ 1, and that the enhancement factors are equal to one when the
modulating coefficients χf,c are equal to zero.

We can also extend Eq. (13) to introduce the effect of transport by a
stationary flow,

∂ρðx; tÞ
∂t

¼ bMf ½ρ�ρðx; tÞ 1� ρðx; tÞ
K

� �
� μMc½ρ�ρðx; tÞ

þ D∇2
xρðx; tÞ � v0 f ðxÞ � ∇xρðx; tÞ;

ð16Þ
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where we can scale space, time, and density as

x ! Rcu; t ! R2
c

D
τ; ρðx; tÞ ! ρðu; τÞ

K
; Gf ;cðxÞ !

Hf ;cðuÞ
R2
c

ð17Þ

to obtain a dimensionless equation

∂ρðu; τÞ
∂τ

¼DaþMf ½ρ�ρðu; τÞ 1� ρðu; τÞ� 	
�Da�Mc½ρ�ρðu; τÞ þ ∇2

uρðu; τÞ � Pe f ðuÞ � ∇uρðu; τÞ;
ð18Þ

with

Daþ ¼ bR2
c

D
; Da� ¼ μR2

c

D
; Pe ¼ v0Rc

D
; χf ;c ¼

χf ;c
K

; ð19Þ

and the factors Mf ;c are already computed using scaled variables and
kernels.

Results
For each of the models we considered, we first study the no-flow limit
Pe = 0 to use it as a baseline for quantifying the effect of advection on
both the spatial patterns of population density and the long-term
population size. We study this no-flow limit analytically via a linear
stability analysis and perform numerical simulations of the fully non-
linear equations (we provide details of the pseudospectral methods we
used in the Supplementary Note 1 and code in ref. 59). The linear sta-
bility analysis is a standard technique in pattern-formation theory that
consists on adding small spatial perturbations to one of the uniform
solutions of the fully nonlinear model and obtaining the short-term
linearized perturbation growth rate60. If this perturbation growth rate is
positive for a certain wavenumber, then perturbations with that peri-
odicity will grow over time, and the system may exhibit spatial patterns.
Otherwise, the perturbation decays, meaning that the uniform solution is
stable against small spatial perturbations.

The nonlocal FKPP
Thenonlocal FKPPequation (7) has a trivial solutionρ = 0,which is theonly
non-negative homogeneous steady solution whenDa < 0. For Da > 0, a new
homogeneous steady solution appears, ρ*=Da.Toperforma linear stability
analysis on this solution, we consider a perturbed solution of the form
ρ(u, τ) = ρ*+ ϵψ(u, τ) where ρ* = Da is the equilibrium uniform solution,
and ϵ≪ 1. The linearized dynamics of the perturbation is given by

∂ψðu; τÞ
∂τ

¼ ∇2
uψðu; τÞ � Da

Z
E
Hðu� vÞψðv; τÞ dv; ð20Þ

which is a linear equation that we can solve using the Fourier transform.
Fourier transforming Eq. (20), and considering that the transformed
equation is linear, we can assume for the Fourier transform of the pertur-
bation that ψ̂ðk; τÞ / exp �λðkÞτð Þ. Note that, because we are using scaled
variables, the wavevectors k are measured in units of R−1.

We obtain an equation for the perturbation growth rate

λðkÞ ¼ �k2 � Da ĤðkÞ ð21Þ

where ĤðkÞ is the Fourier transform of the scaled competition kernel, and
k= ∣k∣ is themodulus of thewavevectork. Because thefirst termon the right
side of Eq. (21) is always negative and Da is a positive constant, pattern
formation requires that the Fourier transform of the competition kernel
must be negative for some wavenumber k44–46. In general, if we consider a
family of kernels defined by generalized Gaussian functions, GðxÞ /
exp �ðjxj=RÞ p� 	

with p > 0, pattern formationwill be possible for p > 2. The
scaled top-hat kernel,H(u) we introduced in Eqs. (8) and (10) corresponds

to the p→∞ limit within this family of kernels. Its Fourier transform is

ĤðkÞ ¼ 2
J1ðkÞ
k

; ð22Þ

where J1 is theorder-1Bessel functionof thefirst kindand thusanoscillatory
function taking negative values for some wavevector modulus k. Therefore,
when Da is large enough, Da > Dac ≈ 185.192, the uniform distribution of
population density becomes unstable and patterns form with critical
wavenumber kc ≈ 4.79. In the numerical simulations of the fully nonlinear
equation, we observe that these patterns have a hexagonal symmetry. This
spatial configuration minimizes competition throughout the entire system
and therefore leads to population abundances higher than in the uniform
case (Fig. 1)45. Consequently, in the nonlocal FKPP, spatial patterns are a
signature of high productivity, emerging only at high reproduction rates (i.e.
high Da).

Next, we investigate howadvection by theflows introduced in the Flow
models subsection in theMethods section alters the patterns formed due to
long-range interactions and how these new spatial configurations of
populationdensity affect population abundance.Weperform these analyses
by combining numerical simulations and, when possible, analytical
approximations. For the numerical simulations, we used the dimensional
equation (9)withD = 10−4,β = 1,R = 0.2L andL = 1fixed throughout all the
analyses and varying other parameters.

Sine flow. To get a first understanding of how the sine flowmight impact
pattern formation, we extend the linear stability we performed in the
previous subsection to account for an advection termwith a velocity field
given byEqs. (1, 2)withm=1 (see SupplementaryNote 2 for the details of
the calculation). We performed a linear stability analysis on the nonlocal
FKPP to simplify our calculations but we will show numerically that the
results also hold for the logistic model with nonlocal competition and
facilitation. The linearized dynamics of a perturbation to the uniform
solution is now given by

∂ψðu; τÞ
∂τ

¼ ∇2
uψðu; τÞ � Da

Z
E
Hðu� vÞψðv; τÞ dv � Pe sin ~q v

� � ∂ψðu; τÞ
∂u

:

ð23Þ

where ~q ¼ 2π=L and L is measured in units of R. Because the system is
periodic,we canuse aFloquetdecompositionof theperturbation that gives a

Fig. 1 | The nonlocal FKPP model in the absence of flow. Normalized population
abundance (A(t), from Eq.(6)), time-averaged at long times, as a function of Da for
the patterned and uniformdistributions of population density for the nonlocal FKPP
equation in the absence of flow. The blue-shaded region highlights the non-pattern
parameter regime where Da <Dac ≈ 185.192. The inset shows a typical pattern of the
normalized population density as a function of the unscaled spatial variables
x = (x, y) for Da > Dac.
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general expression for the perturbation growth rate λ(k)

λðkÞ þ k2n þ DaĤðknÞ
� 	

CnðkÞ ¼ ku
Pe
2

Cnþ1ðkÞ � Cn�1ðkÞ
� 	

n ¼ 0; ± 1; ± 2:::

ð24Þ

where Cn(k) are Fourier-Floquet coefficients of the perturbation and we
have defined kn ¼ ðku; kv þ n~qÞ for n = 0, ±1, ±2. . . (see Supplementary
Note 2). Note also that, for Pe = 0 or ku = 0, Eq. (24) for n = 0 reduces to the
expression for the perturbation growth rate we derived without flow, Eq.
(21). Thus, the value of λ(ku = 0, kv) is not affected by the flow and it will
become positive at the same value of Da =Dac as in the absence of flow.
Consequently, when increasing the value of Da in the presence of the flow,
the homogeneous population will become unstable no later than at
Da =Dac, giving rise to a pattern of wavenumber k = (ku = 0, kv), which
corresponds to horizontal stripes (i.e., aligned along the u direction). We
have to investigate if other types of instabilities appear at lower values of Da
or if this is the first instability of the homogeneous solution encountered
when increasing Da. To this end, in the Pe ≪ 1 limit, we can truncate the
system of equations in Eq. (24) to only consider n = 0, ± 1 (see
SupplementaryNote 2). This type of systemhas a non-trivial solution only if
the determinant of the coefficient matrix is zero, which gives us three
eigenvalues λ0(k), and λ±(k). By numerically analyzing the behavior of these
eigenvalues, we find that the real part of the largest eigenvalue becomes
positive at the same valueDa =Dac as in the absence of flow, indicating that
the sine flow does not play any role in setting the onset of pattern formation
(Supplementary Fig. 2). However, the characteristics of the spatial patterns
are strongly affected by the flow, as described in the following.

Numerical simulations of the full, nonlinear equation confirm the
theoretical prediction that the sine flow does not change the value of the
Damköhler number at which the uniform solution loses stability and pat-
terns form (Fig. 2a, Supplementary Fig. 3). Increasing Da at any fixed value
of Pe, the first instability appearing on the homogeneous state leads to
horizontal stripes (Fig. 2e), in agreement with the linear stability analysis
sketched above and in Supplementary Notes 2. Moreover, the spot-stripe
pattern transition only depends on the ratio Pe/Da and is thus independent
of the specific value of the diffusion constant provided thatD is low enough
to allow for pattern formation in the absence of advection.Whenwe explore
the full (Da, Pe) parameter space, however, we find that the environmental
flow leads to a diversity of outcomes, both in terms of the spatial patterns

and the total population size.As expected fromthe analysiswithoutflow, the
population abundance increases with the Damköhler number Da.
Increasing the maximum flow intensity Pe, however, reduces the total
population abundance because the flow deforms the hexagonal pattern of
circular spots (inset of Figs. 1 and 2b–e) andmakes neighbor spots compete
with each other.

The changes in total population size are not smooth over the entire
parameter space. We can quantify these irregularities by computing the
modulus of the gradient of the time-averaged normalized population
abundance in the Pe-Da plane (Supplementary Fig. 3). Non-smooth
changes in the total population size as the Damköhler and Péclet numbers
vary allow us to define at least three different regions within the parameter
space (assuming Da >Dac; see Supplementary Fig. 3). In the first region,
found when increasing Pe at fixed Da, at the bottom right corner of Fig. 2a,
the flow stretches and transports the population spots horizontally, making
the pattern non-stationary and formed by elliptic spots (Fig. 2b, c and
Supplementary Videos 1 and 2). Within this region, higher values of Pe
increase the stretch of the spots, whichmakes spots in the same pattern row
interact more strongly with their neighbors. As Pe, and consequently shear,
continues to increase, spots placed in the high-shear regions of the envir-
onment are fully stretched and become stripes (Fig. 2d; Supplementary
Video 3). Finally, when the ratio between Pe andDa is high, the shear of the
flow is strong enough to break the spots everywhere in the environment, and
stripes alignedwith the flow velocity form everywhere in the system (Fig. 2e;
SupplementaryVideo 4)Dashedwhite lines indicate the shape and strength
of the velocity field.

Next, we looked at how the changes in the spatial pattern induced by
the shear (transport and stretch of the population density spots) impact the
time series of population abundance (Fig. 3). For low Pe (b and c regions),
the total population abundance oscillates, and the frequency of these
oscillations is determined by the wavelength of the pattern and the speed at
which the environmental flow changes the symmetry of the pattern as it
transports its spots.Without the flow, the spots have a hexagonal symmetry
typical of competition-induced patterns. This geometry maximizes popu-
lation size because it minimizes competition11,45.

A weak sine flow, however, transports rows of spots in the x direction,
making them periodically interact with the spots in the upper and lower
rows and inducing oscillations in the total population size. To characterize
these oscillations quantitatively, we computed the power spectrum of the
time series of total population abundance, whichwe obtained by integrating

Fig. 2 | Population abundance and spatial patterns in the nonlocal FKPP with a
sine flow. a Time-averaged normalized population abundance as a function of Da
and Pe for the nonlocal FKPP equation in the presence of the sine flow. We per-
formed the time average for t > 2000 and sampled the spatial configuration until the
relative standard error of this temporal averagewas below 1%.The black dashed lines
limit the regions with the different spatial patterns shown in (b–e), and they are
computed from the maxima in the modulus of the gradient in this panel (see

Supplementary Fig. 3). Darker red represents higher abundance relative to the
uniform case (white). b–e Snapshots of the normalized density spatial pattern once
the system reaches an asymptotic state. We find four possible spatiotemporal pat-
ternswith increasing flow intensity: b spotsmoving horizontally (Da = 600, Pe = 20),
(c) stretched moving spots (Da = 600, Pe = 120), (d) coexisting spots and stripes
(Da = 600, Pe = 180), and (e) stripes (Da = 600, Pe = 250) (see Supplementary
Videos 1–4).
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the spatial pattern over the system size. These power spectra show a peaked
maximum at a non-zero frequency that corresponds with the natural fre-
quency at which population size oscillates (Fig. 3b). To test whether the total
population size oscillates due to the transport of spots by the environmental
flow, asdescribedpreviously,we calculate the frequencyatwhich thepattern
shape alternates between a hexagonal and a square structure. This transition
occurs while the flow transports rows of spots at a y-dependent velocity.We
can calculate its frequency by approximating the spots as point particles
placed at the spot centers and calculating the time it takes for these point
particles to travel a distance equal to one-half of the pattern wavelength.
When the flow is weak so that spots are not stretched, the results obtained

from this mapping return an excellent agreement with the frequency
extracted from the power spectra of the simulations, ωmax (Fig. 3c). At
higher Pe, however, the flow stretches the spots, the pattern loses its hex-
agonal structure, and this approximation fails.

Rankine vortex flow. The results obtained with a sine flow suggest that
the interplay between the spatial structure of the flow velocity field and
the spatial pattern is key to determining population dynamics. To explore
this connection more deeply, we next investigate a scenario with a
Rankine vortex flow. Because this flow has circular symmetry, it can not
be aligned with the hexagonal pattern that forms in the absence of

Fig. 4 | Population abundance and spatial patterns in the nonlocal FKPP with a
Rankine vortex flow. a Time-averaged normalized population abundance as a
function ofDa and Pe for the nonlocal FKPP equation in the presence of the Rankine
vortex flow. The black dashed line indicates the Damköhler number, Dac, for the
non-flow pattern instability. Darker red represents higher abundance relative to the
uniform case (white). b–e Snapshots of the long-term normalized density spatial

patterns: (b) rotating spots (Da = 280, Pe = 10); (c) central spot surrounded by a ring
of creation-annihilation spots (Da = 280, Pe = 25); (d) stretched rotating spots
(Da = 450, Pe = 10); and (e) central ring surrounded by rotating spots (Da = 450,
Pe = 25) (see Supplementary Videos 5-8 for the pattern formation dynamics).
Rankine vortex radius a = 0.05L.

Fig. 3 | Population dynamics in the nonlocal FKPPmodel with a sineflow. aTime
series of the normalized population abundance for the nonlocal FKPP equation with
the sine flow. Da = 600, and different values of Pe. The inset shows oscillations in the
long-time regime. b Log-log power spectrum of the time series in panel a at long
times (between t∈ [800, 2000]. cNatural frequency of the time series, defined as the

frequency at which the power spectrum reaches its maximum value, as a function of
Pe. Blue dots correspond to the values extracted from the power spectra obtained
from numerical simulations and the black dashed line shows the values obtained by
approximating population-density spots by point-like particles centered at the spot
center (see text).
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advection, nor with any of its primitive vectors. For this flow, the linear
stability analysis becomes too difficult and, thus, we describe in the fol-
lowing the results of numerical simulations.

For this Rankine flow, the time-averaged normalized population
abundance alsodecreaseswith increasingPe and, as expected, increaseswith
the Damköhler number Da (Fig. 4). The emergent spatiotemporal patterns
of population density are, however, much more complex than those pro-
duced by the sine flow. First, and most important, we observe that the
rotational velocity shifts the transition to patterns to higher values of the
Damköhler number (Fig. 4). Moreover, the shift in Dac increases with Pe
until it plateaus for sufficiently large Péclet. Regarding pattern dynamics, the
circular movement of spots caused by the radial symmetry of the velocity
field makes them interact more with each other, including the possibility of
spot-splitting annihilation dynamics that we did not observe for the
sine flow.

Because the spots of population density undergo this more complex
spatiotemporal dynamics, we cannot divide the parameter space into well-
defined regions using a quantitative criterion as we did for the sine flow (see
Supplementary Fig. 4). Instead, we systematically explore the parameter
space anddescribe thedifferent types of spatiotemporal patternsweobserve.
For low Da and low Pe, the pattern rotates around the central spot that
resides inside the region where the angular velocity increases linearly with r
(Fig. 4b and SupplementaryVideo 5).WhenDa is still low, but Pe increases,
the vortex origin is populated and surrounded by a ring of population
density where spots are constantly absorbed and ejected (Fig. 4c; Supple-
mentary Video 6). At larger values of Da, the central region of the envir-
onment is occupied by three stretched spots that rotate in a direction given
by the vortex circulation (Fig. 4d; Supplementary Video 7). Within this
high-Da regime, the pattern keeps the same qualitative organization we
found in Fig. 4dwhenPe increases. However, due to higher stretching in the
spots, the gap between the stretched spots closes and these forma stable ring
(Fig. 4e; Supplementary Video 8)

Finally, we investigated the consequences of this more complex spa-
tiotemporal dynamics for the total abundance (proportional to the nor-
malized abundance shown in Fig. 4). The diversity of possible
spatiotemporal patterns makes it hard to systematically classify all the
possible dynamics exhibited by the total population abundance. Instead, we
discuss a few examples to illustrate the richness of behaviors that emerge in
this flow with circular symmetry, which can not be aligned with the hex-
agonal symmetry of the natural no-flow density pattern, nor with any of its
primitive vectors. At sufficiently large times, the population abundance
converges to oscillations with a well-defined period. However, this often
occurs after long transients, during which the population abundance
changes erratically (Fig. 5). In the regionsof theparameter spacewhere spots
split and merge, these erratic transients in the time series of population
abundance are longer, with large changes corresponding to the formation
(and growth) or annihilation of spots (orange curve in Fig. 5a). This erratic
time series fluctuates in time without a well-defined characteristic fre-
quency. When Pe increases, the central ring becomes a stable structure in
which aggregates of population density do not split and merge. As a result,

the population abundance oscillates in time with a characteristic oscillation
frequency (larger-Pe curves in Fig. 5), similar to what we observed for the
sine flow. Finally, the normalized population abundance is always greater
than 1, indicating that the inhomogeneities, even in the presence of the
Rankine vortex flow, result in larger population sizes compared to the
uniform solution.

The logistic model with nonlocal competition and facilitation
We perform the linear stability analysis of this second model following
the same steps as in the case of the nonlocal FKPP model. The uniform
steady solutions ρ* of Eq. (18) are the roots of a transcendental
equation

Daþð1� ρ�Þρ� ¼ Da�ρ� e�Λρ� ; ð25Þ

where Λ ¼ χf � χc controls the number of roots. The trivial, zero solution
(ρ* = 0) is always an equilibrium solution. For Λ > 0, Eq. (25) has two
additional non-trivial uniform solutions: the larger one, ρ* = ρ+, and the
smaller one, ρ* = ρ−. ForΛ > 1 there is a subcritical range (i.e., Da+ < Da−),
for which they are both positive, thus leading to a bistable regime between
the zero solution and ρ+. Because of that, we will focus on the simpler case
where Λ < 1 for which Eq. (25) has only one solution, ρ* = ρ+, which is
positive if Da+ > Da−. We can write the positive solution in terms of the
LambertW function

ρþ ¼ 1þ 1
Λ
W �Λ

Da�

Daþ
e�Λ

� �
: ð26Þ

whichwe can evaluate numerically. Therefore, in this parameter regime, the
logisticmodelwith nonlocal competition and facilitationhas one trivial zero
solution for Da− >Da+ and a non-trivial uniform positive solution ρ+when
Da+ > Da−. This non-trivial solution emerges from zero in a transcritical
bifurcation at Da− =Da+, and then increasesmonotonically as a function of
the birth-to-death ratio Da+/Da−, approaching the value ρ*→ 1 (that is the
carrying capacity value because of the scaling in Eq. (17)) for large values of
this ratio.

To find under which conditions this model might exhibit spatial pat-
terns, we perform the linear stability analysis around the nontrivial uniform
solution ρ+. Considering a perturbed solution ρ(u, τ) = ρ+ + ϵψ(u, τ) with
ϵ≪1, thedynamics of theperturbation in the linear regime in the absenceof
flow (Eq. (18) with Pe = 0) is given by:

∂ψðu; τÞ
∂τ

¼∇2ψ � Da�eχcρþ ðψ þ ρþχc~ψcÞ
þ Daþ eχf ρþ ½ð1� 2ρþÞψ þ ð1� ρþÞρþχf ~ψf �

ð27Þ

where we have omitted the dependency of the perturbation on space and
time on the right side, and ~ψf ;c indicate the convolution of the perturbation
with the corresponding kernelGf,c. Fourier transforming Eq. (27) and using
again the ansatz ψ̂ðk; τÞ / exp �λðkÞτð Þ we obtain an expression for the

Fig. 5 | Population dynamics in the nonlocal FKPP
model with a Rankine vortex flow. a Time series of
the normalized population abundance for the non-
local FKPP equation for the Rankine vortex flow.
The inset shows oscillations in the long-time regime.
b Log-log power spectrum of the time series in panel
A in the long-time limit (t ∈ [9000, 10000]). Para-
meters: Da = 450, and Rankine vortex
radius a = 0.05L.
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perturbation growth rate

λðkÞ ¼ � k2 � Da�eχcρþ 1þ ρþχcĤcðkÞ
� 	

þDaþ eχf ρþ 1� 2ρþ þ ρþð1� ρþÞχf Ĥf ðkÞ
h i

;
ð28Þ

where Ĥf ;cðkÞ ¼ e�ðRf ;ckÞ2=4 are the Fourier transforms of the Gaussian
kernels. Imposing the conditions for a Turing instability in Eq. (28), that is
λ(kc) ≥ 0where kc≠ 0 is the fastest growingmodeof the perturbation,we can
numerically obtain the pattern formation onset, Da�c (gray dashed line in
Fig. 6), which is in excellent agreement with the numerical simulation we
performed in the full nonlinear equationwithPe=0.Note thatherewe focus
on this transition from uniform to spatial pattern states when increasing
mortality Da−. This is different from the only pattern-forming instability
occurring in the FKPP model, in which spatial patterns appear when
increasing growth, i.e., reducing mortality. This difference probably
indicates that spatial patterns in this parameter regime for this model are
a signature of stress rather than a mechanism for increasing productivity.
We do not consider here in detail the disappearance of patterns that will
occur at larger values of Da− and lead to population extinction, a behavior
more similar to that of the FKPP model studied above. Our simulations
show that this logistic model with nonlocal competition and facilitation,
even in the absence of flow, exhibits a much higher diversity of spatial
patterns than the nonlocal FKPP and more complex spatiotemporal
dynamics58. More specifically, as Da− increases, representing worsening
environmental conditions through a highermortality rate, themodel shows
a sequence of gaps, labyrinths, and spots (Fig. 6b–d), with regions of
multistability between these pattern solutions58.Within eachpattern region,
the normalized abundance increases as Da− increases, but it decreases
abruptly in the transitions between pattern shapes. The relative abundance
can even take values below 1. Again, these behaviors contrast with the ones
in the FKPP—both with flow and without it—where the abundance in the

states with spatial patterns always exceeds that of the corresponding (i.e.,
same Da) homogeneous states. As expected, however, the unnormalized
total abundance decreases with increasing normalized death rate Da−.

Effects of environmental flows on the pattern instability. Because the
linear stability analysis we performed on the nonlocal FKPP equation
with Pe ≠ 0 can be generalized to the logistic model with nonlocal
competition and facilitation, we expect that the sine flow will leave the
pattern formation instability threshold unchanged. We confirmed this
prediction with numerical simulations of Eq. (18) using the sine flow in
which we varied Pe and kept Da−within the range of values for which the
model exhibits gap patterns if Pe = 0 (Fig. 7a). We found three possible
spatial configurations as Pe increases and the stronger shear stretches the
gaps of the original pattern. When Pe is low, the flow is weak and it only
distorts the circular shape of the gaps in the Pe = 0 pattern (Fig. 7b). As Pe
increases, the gaps subjected to stronger shear change to stripes until we
recover a stripe patternwhen Pe is sufficiently high (Fig. 7c, d). Increasing
the flow strength (increasing Pe) reduces the abundance with respect to
the no-flow (Pe = 0) case. We also verified, performing numerical
simulations in a very small region around the pattern instability, that the
first instability appearing on the homogeneous state leads to stripes, as
predicted by the linear stability analysis similar to the FKPP case (Fig. 7e).

Rankine vortex flow. In the logistic model with nonlocal competition
and facilitation, the vortex flow also shifts the pattern instability toward
higher values of Da−, but we did not find this shift to saturate within the
range of Pe we used in the simulations (Fig. 8a, b). Once patterns form,
the radial symmetry of the flow induces spatiotemporal patterns very
similar to those in the nonlocal FKPP equation, but for gaps instead of
spots. When Pe is low, the gaps forming the hexagonal pattern rotate
around a central gap (Fig. 8b). Then, as Pe increases, the higher shear
stretches the gaps and arranges them circularly (Fig. 8c). Finally, high Pe

Fig. 6 | Normalized population abundance and spatial patterns in the logistic
model with nonlocal competition and facilitation. a Normalized long-term
population abundance as a function of Da− for the patterned and uniform dis-
tributions of population density from the model in Eq. (18) in the absence of flow
(Pe = 0). Red circles are computed from simulations using ρ+ plus a random per-
turbation as initial condition. From left to right, the black dashed line indicates the

onset of pattern formation; the label (b) marks the range of Da− with gap patterns;
(c), labyrinths or stripes; and (d), hexagonal spots. Correspondingly, b–d show
patterns representative of each region. The unscaled parameter values: b = 1,
D = 10−4, χc = 2, Λ = 0.8, Rc = 0.11, Rf = 5Rc/14, K = 1 and L = 1. These parameter
values lead to the scaled birth rate Da+≈ 121where the uniform population becomes
zero when Da− = Da+.
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values destroy the gaps and create a pattern of concentric rings in the
center of the environment. Outside these central rings, the population
follows a more complex rotating pattern (Fig. 8d).

Discussion
We investigated, using two spatially nonlocal models of population
dynamics, how transport and shear in a flow environment reshape spatial
patterns of population density and how these pattern changes are reflected
in the dynamics of the population abundance. We found that the spatial
structure of the flow velocity is a key driver of the pattern formation
instability, such that flows with a spatial structure that can not be aligned
with the shapes of the spatial patterns naturally arising in the population
without flow, nor with their primitive vectors, enhance mixing and can
stabilize homogeneous solutions that are unstable without the flow. In
addition to this qualitative impact on the pattern formation instability,
environmental flows reshape population patterns and impact long-term
abundances.Weak flowsmake patterns non-stationary by transporting and
stretching density spots, which leads to different types of oscillations in the

population abundance depending on the relationship between the spatial
structures of the pattern and the flow. Stronger flows stretch population
aggregates sufficiently to merge themwith their closest neighbors, resulting
in a stationary pattern inwhich the population abundance does not oscillate
and whose shape follows the flow streamlines.

Describing the environmental conditions and biophysical processes
taking place as patterns form is thus important not only to characterize
pattern formation per se, but also to better understand its ecological con-
sequences.Here, we considered two single-speciesmodels inwhich patterns
form either to minimize competition45 or due to the interplay between
positive and negative intraspecific interactions acting at different spatial
scales58. Flowsperturb the equilibriumconfigurationsbymakingpopulation
spots interact with each other, whichmakes population abundances tend to
its homogeneous value as flow intensity increases. In cases with more
complex ecological dynamics, including communities with different inter-
actions, flow-induced changes in the spatial patterns of population density
may shift the equilibrium state in different directions. Previous work has
shown that spatial patterns induced by nonlocal interactions can prevent

Fig. 8 | Population abundance and spatial patterns in the logistic with nonlocal
competition and facilitation and Rankine vortex flow. a Normalized long-term
population abundance averaged over time, computed as in Fig. 2, as a function of
Da− and Pe from simulations of model (18) with the Rankine vortex flow. The black
dashed line indicates the value of the normalized death ratio, Da�c , above which
spatial patterns form without flow. b–d Snapshots of typical long-term spatial

pattern found in the model: (b) rotating gaps (Da− = 95.17, Pe = 1.64); (c) strecthed
gaps around the center (Da−=95.17, Pe = 17.5); (d) central gap sorrounded by a ring
(Da− = 95.17, Pe = 24.06); and (e) Homogeneous mixing state
(Da− = 94.24, Pe = 24.06). Rankine vortex radius a = 0.0312L. Remaining para-
meters as in Fig. 6.

Fig. 7 | Population abundance and spatial patterns in the logistic with nonlocal
competition and facilitation and a sine flow. a Normalized Long-term total
population abundance averaged over time as a function of Da− and Pe from simu-
lations of model (18). We performed the time average for t > 5000, sampling the
spatial configuration until the relative standard error of the time average was below
1%. The black dashed line indicates the pattern instability Da�c predicted by the
linear stability analysis, both with and without flow. Darker blue represents lower

abundance relative to the uniform case (white). b–d Snapshots of the spatial pattern
once the system reaches an asymptotic state: b gaps moving horizontally
(Da− = 94.98, Pe = 2.18), (c) coexisting gaps and stripes (Da− = 94.98, Pe = 16.40),
and (d) stripes (Da− = 94.98, Pe = 32.81). e Pattern regimes near the onset instability
at Pe = 1.64: homogeneous distribution (Da− = 94.05), stripes (Da− = 94.1), and
moving gaps (Da− = 94.26). Remaining parameters as in Fig. 6.
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competitive exclusion by segregating species in space13,61 or change the
demographic properties of Allee effects11. Our results suggest that these
pattern-inducedphenomena could be very sensitive to thepresenceofflows.
Flows could, for example, prevent competing species from segregating in
space, as shown in13,61, forcing them to interact periodically and ultimately
causing the extinction of theweaker competitor. The importance of theflow
spatial structure in determining the pattern formation instability is ecolo-
gically relevant too. In scenarios where spatial patterning is necessary to
stabilize ecological communities, flow environments tending to stabilize
homogeneous distributions of organisms could lead to species extinctions,
whereas other flow structures could favor diversity.

Besides choosing a simple ecological scenario,we simplified themixing
process by choosing incompressible, stationary, and spatially periodicflows.
For example, the sine flow approximates some of the features of laminar,
parabolic flows in confined channels, but both flows differ in some
important dynamical features due to the role of viscosity and boundaries.
Similarly, different boundary conditions can also impact patterning on the
different ecological models62. Non-stationary flows enable a much richer
variety of mixing processes, including chaotic regimes whose statistical
properties mimic those of turbulent environments63. In these regimes, the
flow can create regions of differentmixing, including ones where organisms
remain trapped for a longer time and interact more often with their
neighbors26,64. This flow-induced heterogeneity in species interactions can
impact ecological processes, such as plankton blooms65 and pathogen
transmission66, and alter the outcome of evolutionary dynamics56,67.
Transport properties also change when considering compressible flows,
which impacts population mixing68,69. Previous work in local models of
population dynamics has shown that considering mixing by compressible
flows can importantly impact both the spatial distribution of organisms and
the long-term ecological and evolutionary dynamics31,35,70,71. Therefore,
investigating the emergent spatial patterns and population dynamics due to
nonlocal interactions in environments with compressible or chaotic flows is
a direction for future research.

Data availability
No new data was generated in this research. All figures can be reproduced
using the scripts provided in the Code Availability section.

Code availability
The code to reproduce the results is available at: https://doi.org/10.5281/
zenodo.16080825.
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