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1. INTRODUCTION

Polar curves of plane algebraic curves in characteristic zero have been
studied extensively by several people and appear in the classical literature

Ž w x.related to Plucker’s formulas see for example 2, 8, or 10 .¨
This study however has not been carried out in depth for curves defined

over fields of positive characteristic, and the aim of this work is to
contribute to filling this gap. It turns out, as we will see, that the theory in
positive characteristic is quite different from the characteristic zero case
and establishes interesting interplays between geometry and number the-
ory.

w xOur motivation comes from 5 where, making a new use of polar curves
in positive characteristic, we improved on the known upper bounds for the
number of points of Fermat curves over finite fields. After the study we

w xmake in the present paper, it will be possible to apply the methods of 5 to
other families of curves as well.

The paper is organized as follows. Let Z be a projective plane curve of
degree d and let l be an integer between 1 and d. We denote by Dl Z theP
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polar l-ic of Z at P. In Section 2 we show that the intersection multiplicity
of Z and Dl Z at P is an upper semi-continuous function in P on Z. TheP
minimum value of this function, achieved on an open dense Zariski subset
of Z, will be denoted by h . It is shown in Theorem 2.5 that there existsZ, l

Ž .an arithmetical function h d, l such that for any curve Z of degree d we
Ž .have h G h d, l , with equality holding for the general curve of degreeZ, l

d. In Section 3 we characterize the non-general curves Z, that is, the
Ž .curves for which h ) h d, l , in terms of the vanishing of certainZ, l

derivatives of the defining polynomial of Z, assuming some mild behaviour
on the singularities of the curve. In Section 4 we show how to get in some
cases the shape of the equation of a non-general curve. In Section 5 we

Ž .totally describe the arithmetical function h d, l . In Section 6 we give an
enumerative formula for the stationary points on a suitably general curve
with respect to its associated family of polar l-ics. More precisely, we
count the number of points P on Z at which Z and Dl Z have intersec-P
tion multiplicity greater than h . This result contains in particular theZ, l

usual Plucker’s formula for the number of flexes of a non-singular plane¨
projective curve. In Section 7 we introduce the polar morphisms of plane
curves, which generalize the Gauss map, and prove a formula that general-
izes Plucker’s formula relating the degree of a curve, the degree of its¨
Gauss map, and the degree of its dual curve.

2. GENERAL THEORY

Let K be an algebraically closed field, of characteristic p G 0, fixed
w xonce and for all. Let F g K X , X , X be a homogeneous polynomial of0 1 2

degree d and let Q be an element of K 3. We consider, for l s 1, . . . , d,
the homogeneous polynomials

Dl F X , X , X s D F Q X i0 X i1 X i2 ,Ž . Ž .Ž .Ž . ÝQ 0 1 2 i , i , i 0 1 20 1 2
i qi qi sl0 1 2

where D denotes the mixed partial Hasse differential operator, ofi , i , i0 1 2

order i with respect to the indeterminate X , for n s 0, 1, 2. We will alson n

denote D , D , and D respectively by Di0 , Di1 , and Di2 . Fori , 0, 0 0, i , 0 0, 0, i X X X0 1 2 0 1 2

w xthe properties of these operators needed here we refer the reader to 3 .
From the definition of the Hasse operators, we have, for P, Q g K 3 and

indeterminates t and t , the identity0 1

F t P q t Q s t dF P q t dy1 t D1 F Q q ???Ž . Ž . Ž .Ž .0 1 0 0 1 P

q t t dy1 Ddy1F Q q t dF Q 1Ž . Ž . Ž .Ž .0 1 P 1



POLAR CURVES 451

The above identity gives many relations involving the polynomials Dl F,Q
of which we use only a few.

LEMMA 2.1. We ha¨e the relations

Ž . Ž l .Ž . Ž dyl .Ž .i D F Q s D F P .P Q

l dŽ . Ž .Ž . Ž . Ž .ii D F P s F P .P l

Ž . 3iii Let T be a linear automorphism of K . For any polynomial G in
w x 3 Ž Ž .. T Ž .K X , X , X and any Q in K , we denote G T Q by G Q . Then we0 1 2

ha¨e

Tl l T
y1D F s D F .Ž . Ž .P T ŽP .

Ž .Proof. i is obtained by comparing the corresponding identity for
Ž . Ž . Ž . Ž .F t Q q t P with 1 . ii follows easily from identity 1 when we put1 0

Ž . Ž . Ž .P s Q. iii follows replacing Q by T Q in both members of 1 and then
Ž .developing the first member using again formula 1 .

Ž .Note that Lemma 2.1 ii is a generalization of Euler’s relation, which
applied to the monomial X n0 X n1 X n2 , with n q n q n s d, gives in0 1 2 0 1 2
particular the well known relation, still called Euler ’s relation,

n n n0 1 2 d
' .Ý ž /ž / ž / ž /i i i l0 1 2i qi qi sl0 1 2

Note also that what we established for polynomials in three indetermi-
nates is valid in any number of indeterminates; in particular, also in the
above Euler’s relation.

DEFINITION. If Z is a projective plane curve defined by F s 0, and if
some of the derivatives of F of order l evaluated at P is nonzero, then the
curve Dl Z defined by Dl F s 0 is called the polar l-ic cur̈ e of Z at P.P P

ŽIn particular, we have for l s 1 the polar line at P which is, for P g Z,
.the tangent line at P , for l s 2 we have the polar conic at P, and for

l s 3 the polar cubic at P.
Ž .It is clear from Lemma 2.1 i that our indices for polars are reversed

with respect to the classical use, that is, our definition of Dl is the classicalP
dyl Ž w x w x.D as defined for example in 2 or in 8 . We also have from this

formula that P g Dl Z if and only if Q g DdylZ. It follows from LemmaQ P
Ž . l Ž .2.1 ii that if P g Z, then P g D Z for all l. Lemma 2.1 iii says that theP

polar l-ic is a well defined projective object.
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In order to study the behavior of the intersection multiplicity function of
Z with its polar curves, we establish the following result.

PROPOSITION 2.2. Let Z : F s 0 be an integral projectï e plane cur̈ e and
p˜let Z ª Z be the normalization map of Z. Let l be an integer such that

1 F l - d, and some mixed derï atï e of F of order l is not identically zero.
˜Then the integer-̈ alued function on Z defined by the formula

˜ lP ¬ ord D F˜ ˜Ž .P p ŽP .

is upper semi-continuous.

˜ Ž .Proof. Let Q g Z and suppose without loss of generality that p Q s
˜Ž . Ž .1; a; b . Choose a rational function s g K Z such that its image in the

˜ ˜local ring OO is a uniformizing parameter. If U is the open set of Z ofZ̃, Q
˜ ˜Ž .all points P for which t s s y s P is an uniformizing parameter of OO ˜ ˜Z, P

˜Ž . � 4and p P f X s 0 , then we have that0

l ˜ i1 i2D F 1, x , y s D F p P x y .Ž . Ž .Ž . Ž .˜Ž . Ýp ŽP . i , i , i0 1 2
i qi qi sl0 1 2

iŽ . i iŽ . iConsider the powers series Ý D x(p t and Ý D y(p t iniG 0 s iG 0 s
˜ ˜ ˜w xww xxK U t . These powers series with their coefficients evaluated at P g U

represent the expansions of the functions x(p and y(p in the comple-
tion of the local ring OO . Consider now the expansion˜ ˜Z, P

l i ˜ i i ˜ i ˜ iD F 1, D x(p P t , D y(p P t s h P t ,Ž . Ž .Ž . Ž . Ž .˜Ž . Ý Ý Ýp ŽP . s s iž /
iG0 iG0 iG0

˜where each h is a regular function on U. Let h be the first index i fori
Žwhich h k 0 such an index exists because some derivative of F of order li

l ˜. Ž .is nonzero , then ord D F is equal to h for P in the open dense set˜ ˜P p ŽP .
˜ ˜ ˜ ˜� < Ž . 4P g U h P / 0 and is greater than h at the other points of U, so thei

˜ ˜function under consideration is upper semi-continuous on U, hence on Z.

Ž .We will denote by I P, F.G the intersection multiplicity of the curves
F s 0 and G s 0 at the point P.

COROLLARY 2.3. If F is an irreducible polynomial of degree d in
w xK X , X , X , then for e¨ery l s 1, . . . , d y 1 such that some derï atï e of0 1 2

Ž l .order l of F is nonzero, the function P ¬ I P, F.D F is upper semi-con-P
tinuous on Z : F s 0.
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The upper semi-continuity of the above intersection multiplicity implies
that its minimum value is achieved in a non-empty Zariski open set of Z.

DEFINITION. We define h as being the minimum value of the aboveZ, l

intersection multiplicity function.

The number h is well known and it is the last order « of the orderZ, 1 2
sequence of the curve in the projective plane, that is, it is the intersection

Žmultiplicity at a general point P of Z with its tangent line at P see for
w x w x.example 6 or 9 .

In order to compute the value of h , we will give the expansion of theZ, l

polynomial Dl F at a point P.Q
Ž . w x X Ž .Let f x, y be a polynomial in K x, y . If P s a, b is a point in the

Ž .affine plane, and r is an integer such that 0 F r F deg f , we define

i jX
Xf x , y s D f P x y a y y b ,Ž . Ž . Ž . Ž .Ýr , P i , j

iqjsr

where D means the Hasse differential operator of order i with respecti, j
to x and of order j with respect to y. It is clear that we have

Ž .deg f

Xf x , y s f x , y .Ž . Ž .Ý r , P
rs0

Ž .In the following we will denote by P the point a , a , a , with a / 0,0 1 2 0
3 X Ž . Ž . 2in K and by P the point a, b s a ra , a ra in K .1 0 2 0

Ž .LEMMA 2.4. Let F X , X , X be a homogeneous polynomial of degree d0 1 2
w x Ž . 3in K X , X , X , and let P s a , a , a g K , with a / 0, and l an0 1 2 0 1 2 0

integer such that 1 F l F d.

Ž . 3i If Q g K , then

l
i jl iqjyl dylD F 1, x , y s a D D F Q x y a y y b .Ž . Ž . Ž . Ž .Ž . Ž .ÝQ 0 P 0, i , j

iqjs0

Ž . Ž . Ž .ii If f x, y denotes the polynomial F 1, x, y , then

l
i jd y rl rylD F 1, x , y s a D F P x y a y y bŽ . Ž . Ž . Ž .Ž . Ý ÝP 0 0, i , jž /l y r

rs0 iqjsr

l
d y rdyl

Xs a f x , y .Ž .Ý0 r , Pž /l y r
rs0
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Ž . Ž . < <Proof. i If I s i , i , i , and I s i q i q i , we have0 1 2 0 1 2

i il 1 2D F 1, x , y s D F Q x y a q a y y b q bŽ . Ž . Ž . Ž .Ž . ÝQ I
< <I sl

l ii 21s Ý Ý ž / ž /ji< < iqjs0I sl

=

i yi i yj1 2a a1 2 i jD F Q x y a y y b 2Ž . Ž . Ž . Ž .I ž / ž /a a0 0

l
iq jyls a D ( D F QŽ .Ž .Ý Ý 0 i , i yi , i yj 0, i , j0 1 2

< < iqjs0I sl

=
i ji i yi i yj0 1 2a a a x y a y y b 3Ž . Ž . Ž .0 1 2

l
i jiqjyl lyŽ iqj.s a D D F P x y a y y bŽ . Ž . Ž .Ž .Ý 0 Q 0, i , j

iqjs0

l
i jiqjyl dyls a D D F Q x y a y y b , 4Ž . Ž . Ž . Ž .Ž .Ý 0 P 0, i , j

iqjs0

Ž . Ž .where equality 2 is obtained from the binomial expansion, equality 3 is
a consequence of the composition law for the Hasse differential operators,

Ž . Ž .and equality 4 follows from Lemma 2.1 i .
Ž . Ž . Ž .ii This formula follows from i and from Lemma 2.1 ii .

Ž .It follows from part ii of the above lemma that

I P , Z.Dl Z G 2, ;P g Z.Ž .P

DEFINITION. Let d and l be two integers such that 1 F l - d. We
define

d y 1 d y s
h d , l s min s k mod p .Ž . ½ 5ž / ž /l y 1 l y s

It is clear that

2 F h d , l F l q 1 F d.Ž .

Ž .In particular, for any d ) 1 we have h d, 1 s 2. We also have that if
Ž .p s 0, then h d, l is always equal to 2.
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DEFINITION. If d s d q d p q ??? qd pn is the p-adic expansion of0 1 n
d, then l s d q ??? qd pm, for m - n, is called the truncation of d at0 m
order m, or simply a truncation of d.

d y 1Ž .Remark 1. When p ) 0 and l / 0 is a truncation of d, then '
l y 1

1 mod p, and

h d , l s l q 1.Ž .

The above equality follows from the following well known congruence,
which we will refer to as the fundamental congruence,

a q a p q a p2 q ??? a a a0 1 2 0 1 2
' ??? mod p.

2 ž / ž / ž /b b bž /b q b p q b p q ??? 0 1 20 1 2

The following result will illustrate the importance of this arthimetical
function.

THEOREM 2.5. Let Z : F s 0 be an irreducible projectï e plane cur̈ e of
degree d G 2, and let l be an integer such that 1 F l - d. Then we ha¨e

Ž . Ž .i h G h d, l ,Z, l

Ž . Ž .ii h ) h d, l , if and only if ,Z, l

Ž .h d , l
rŽ .h d , l yrr h Žd , l.yrD ( D F yF F ' 0 mod F , 5Ž .Ž . Ž .Ý ž /X X X Xi j i j

rs0

for some i, j s 0, 1, 2, with i / j.
Ž . Ž .iii If Z is a general cur̈ e of degree d, then h s h d, l .Z, l

Ž . Ž . X Ž .Proof. i Let P s 1; a; b be a general point of Z, and let P s a, b .
Ž . Ž . Ž . Ž l .Ž .X XIf f x , y s F 1, x , y s Ý f x , y , and D f x , y sr G 0 r , P P
d y rŽ . Ž . Ž .XÝ f x, y , then we have from Lemma 2.4 ii thatr G 0 r , Pl y r

I P , F.Dl F s I PX , f.D X
l f .Ž . Ž .P P

Now, since

d y 1X Xl l
X XI P , f.D f s I P , f. D f y fŽ .P P ž /ž /ž /l y 2
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and

d y 1 d y r d y 1l
X XD f y f s y f x , y , 6Ž . Ž .ÝP r , Pž / ž / ž /l y 1 l y r l y 1Ž .rGh d , l

we have that

I P , F.Dl F G h d , l .Ž .Ž .P

Ž . Ž .ii Remark that 5 is always true if i s j. We keep the notation of
Ž . Ž . Ž Ž .i and assume that f x, y k 0 because if f x, y ' 0, then we havey y
Ž . .f x, y k 0, and the argument is similar . We may then choose ax

parametrization of Z at P as follows:

P t s 1; a q t ; b q b t q b t 2 q ??? . 7Ž . Ž .Ž .1 2

Ž .This implies, for h s h d, l , that

d y 1l
XD f y f P tŽ .Ž .P ž /l y 1

hd y h d y 1 Xhyr hs y b D f P tŽ .Ž .Ý 1 r , hyrž /ž /l y h l y 1
rs0

q higher powers of t . 8Ž .

d y h d y 1 lŽ . Ž . Ž .Since k mod p, we have that I P, F.D F ) h if and onlyPl y h l y 1

if
h

Xhyrb D f P s 0Ž .Ž .Ý 1 r , hyr
rs0

Ž . Ž . Ž . Ž .Now, since b s yf a, b rf a, b s yF 1, a, b rF 1, a, b , it fol-1 x y X X1 2
Ž l .lows that I P, F.D F ) h if and only ifP

h
r hyr

D F P F P yF P s 0, 9Ž . Ž . Ž . Ž .Ž . Ž . Ž .Ý 0, r , hyr X X2 1
rs0

Ž .and since P is general, this is equivalent to 5 for i s 1 and j s 2. The
Ž . Ž .other cases are proved taking P s a; 1; b or P s a; b; 1 .

Ž . Ž . Ž .iii Part ii shows that h s h d, l is an open condition in theZ, l

open subset of irreducible curves in the space of all curves of degree d, so
the only thing we have to show is that this condition is not empty, which

Ž .amounts to produce any polynomial F such that 5 is not satisfied.
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Given d and l as above, let

F X , X , X s XhX dyh q X X dy1 ,Ž .0 1 2 0 2 1 2

Ž . Ž .where h s h d, l . In this case the left-hand side of the congruence in 5 ,
for i s 1, j s 2, is X dqh Ždy2., which is clearly not divisible by F.2

Ž .DEFINITION. An irreducible curve Z of degree d will be called d, l -
Ž .general if h s h d, l .Z, l

Ž . Ž .In particular, a d, 1 -general curve is a curve with h s h d, 1 s 2.Z, 1
Ž .Thus if char K / 2, then d, 1 -generality is equivalent to reflexivity.

Ž . Ž .Remark 2. The proof of Theorem 2.5 ii shows that if 5 is true for
some i, j s 0, 1, 2, with i / j, then it is true for all i, j s 0, 1, 2.

Ž .COROLLARY 2.6. Let h s h d, l . If for some i and j, with i / j, we ha¨e
r hyr Ž .D ( D F s 0, for all r s 0, . . . , h, then the cur̈ e F s 0 is not d, l -X Xi j

general.

EXAMPLE 1. We give here an example of a family of non-general
curves.

Ž . s Ž . sLet d and l be such that d ' h d, l y 1 mod p with h d, l - p , for
some positive integer s. If F is of the form

F s P X p s
, X p s

, X p s
X i0 X i1 X i2 ,Ž .Ý i , i , i 0 1 2 0 1 20 1 2

Ž .i qi qi sh d , l y10 1 2

for some homogeneous polynomials P , then the curve Z : F s 0 isi , i , i0 1 2
Ž .not d, l -general.

Indeed, for all non-negative integers j , j , and j such that j q j q0 1 2 0 1
Ž .j s h d, l , we have that2

D F s 0,j , j , j0 1 2

and the result follows from the above corollary.

COROLLARY 2.7. Let Z be a projectï e irreducible cur̈ e of degree d G 2
defined o¨er a field K of characteristic p / 2. Let l be an integer such that
1 F l - d. Then h ) 2 if and only if either Z is non-reflexï e orZ, l

d y 1 d y 2
' mod p.ž / ž /l y 1 l y 2

Ž .Proof. Since h G h d, l G 2, it follows from Theorem 2.5 thatZ, l

Ž .h s 2 if and only if h d, l s 2 and for some i, j s 0, 1, 2, i / j,Z, l

2
r2yrr 2yrD ( D F yF F k 0 mod F ,Ž . Ž .Ý ž /X X X Xi j i j

rs0

w xwhich, according to 3, Proposition 4.12 , is equivalent to reflexivity.
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Remark 3. The above collary tells us that in characteristic zero we
Ž . Ž .always have h s 2, and since h d, l s 2, we always have d, l -gener-Z, l

ality in this case.

Remark 4. In general, the polar l-ic curve does not coincide with the
osculating curve of degree l, since for a general curve Z these curves have
different intersection multiplicities with Z at a general point.

3. NON-GENERAL CURVES

In order to characterize the non-general curves in terms of their
defining equations we have to make some restrictions on the singularities
of the curve.

DEFINITION. We will say that a curve Z of degree d has mild singulari-
Ž .ties with respect to the pair d, l if the following inequality holds;

e - d h d, l y 1 ,Ž .Ž .Ý P
PgZ

where e is the multiplicity of the Jacobian ideal of Z at P.P

Note that all non-singular curves satisfy the above condition.

PROPOSITION 3.1. Let Z : F s 0 be an irreducible cur̈ e of degree d with
Ž . Ž .mild singularities with respect to d, l . Suppose that for some r G h d, l

and for all i, j s 0, 1, 2, we ha¨e

r
rryrr ryrD ( D F yF F ' 0 mod F , 10Ž .Ž . Ž .Ž .Ý X X X Xi j i j

rs0

then for all i, j s 0, 1, 2, and all r s 0, 1, . . . , r, we ha¨e

Dr ( D ryrF s 0.X Xi j

Proof. We may choose coordinates in P2 in such a way that for everyK
singular point Q of Z we have for all i s 0, 1, 2 that

e s I Q, F.F ,Ž .Q X i

and such that no partial derivative of F of the first order vanishes at the
smooth points of Z located on any of the coordinates axes. In particular,
F / 0, for all i s 0, 1, 2.X i
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Ž .Now, from 10 we get, for all i, j s 0, 1, 2, that

rrD F F ' F .G mod F 11Ž .Ž .Ž .X X Xj i j

for some polynomial G.
r Ž .Suppose by reductio ad absurdum that D F / 0 for some j. From 11X j

it follows, for all i s 0, 1, 2 and for all P g Z, that

I P , F.D r F q r I P , F.F G I P , F.F . 12Ž .Ž . Ž .Ž .X X Xj i j

If P is a regular point of Z, then for some k s 0, 1, 2 we have

I P , F.F s e s 0,Ž .X Pk

Ž .therefore from 12 taking i s k, we get that

I P , F.D r F G I P , F.F ,Ž .Ž .X Xj j

hence

I P , F.D r F q e G I P , F.F . 13Ž .Ž .Ž .X P Xj j

If P is any singular point of Z, we have clearly that

I P , F.D r F q e G e s I P , F.F . 14Ž .Ž .Ž .X P P Xj j

Ž . Ž .Summing 13 over all regular points of Z, with 14 over all singular
points of Z, we have

I P , F.D r F q e G I P , F.F ,Ž .Ž .Ý Ý ÝX P Xj j
PgZ PgZ PgZ

Ž r .which together with Bezout’s Theorem yields recall that D F, F / 0´ X Xj j

d d y r q e G d d y 1 .Ž . Ž .Ý P
PgZ

It then follows that

e G d r y 1 G d h y 1 ,Ž . Ž .Ý P
PgZ

contradicting the assumption that Z has mild singularities with respect to
Ž .the pair d, l , hence

D r F s 0, ; j s 0, 1, 2.X j
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We will analyze now the vanishing of D1 ( D ry1F. If i s j, we haveX Xi j

D1 ( D ry1F s r y 1 D r F s 0.Ž .X X Xi j i

So we may assume i / j and, again by reductio ad absurdum, assume that
1 ry1 r Ž .D ( D F / 0. Since D F s 0, from 10 we have that there is aX X Xi j j

polynomial GX such that

ry1 X1 ry1D ( D F yF ' F .G mod F ,Ž .ž /X X X Xi j i j

and consequently we have for any P g Z that

I P , F.D1 ( D ry1F q r y 1 I P , F.F G I P , F.F . 15Ž . Ž .Ž . Ž .ž /X X X Xi j i j

Ž .Let now P be a regular point of Z. If F P / 0, then we have fromX i
Ž .15 that

I P , F.D1 ( D ry1F G I P , F.F . 16Ž .Ž .ž /X X Xi j j

Ž .If F P s 0, then from Euler’s relation we get, for k / i and k / j,X i

that

P F P q P F P s 0,Ž . Ž .j X k Xj k

and since our coordinates have been chosen in order that the point P is
Ž .not on any of the coordinate axes, we must have F P / 0. This impliesX j

Ž .that 16 is also true in this case. Therefore we have for all regular points
P of Z that

I P , F.D1 ( D ry1F q e G I P , F.F .Ž .ž /X X P Xi j j

Ž .If P is any singular point, then we have an equation analogous to 14
with D1 ( D ry1F in place of D r F, and the proof proceeds exactly asX X Xi j j

above to show that D1 ( D ry1F s 0.X Xi j

The same argument can now be used to show that D2 ( D ry2F s 0,X Xi j

and so on.

Let d and l be positive integers with l - d, and p a prime number.
Consider the following open statements on integers n :

d y n d y 1R n : kŽ . ž / ž /l y n l y 1

and

S n : ' i , j s 0, 1, 2, ' r s 0, . . . , n ; Dr ( DnyrF / 0.Ž . X Xi j
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THEOREM 3.2. Let Z : F s 0 be an irreducible projectï e plane cur̈ e of
Ž .degree d with mild singularities with respect to a pair d, l . We ha¨e that hZ, l

is the smallest integer in the set

< <h d , l F n F l R n and S n j n ) l S n .� 4 � 4Ž . Ž . Ž . Ž .
Ž .Proof. Let r be the smallest integer in the above set. Let P s 1; a; b

Ž .be a general point of Z, then we have a formula like 6 with r instead of
Ž . Ž .h d, l . This expression evaluated at a parametrization of Z at P like 7

Ž . Ž l .yields a formula like 8 with r instead of h, hence h s I P, F.D F GZ, l P
Ž .r. Also, h ) r implies a formula like 9 with r instead of h. The sameZ, l

Ž .argument will show that if h ) r, then 10 holds for all i, j s 0, 1, 2Z, l

with i / j, therefore from Proposition 3.1 it follows that for all i, j s 0, 1, 2
and all r s 0, . . . , r,

Dr ( D ryrF s 0,X Xi j

which contradicts the definition of r. So h s r.Z, l

Remark 5. If l / 0 is a truncation of d and Z has mild singularities,
then we have that

<h s min n ) l S n� 4Ž .Z , l

wThe following result is a generalization for all l of 7, Theorem 2.1; 3,
xTheorem 5.1; and 1, Theorem 3 , all established for l s 1.

COROLLARY 3.3. Let Z : F s 0 be an irreducible cur̈ e of degree d with
Ž . Ž .mild singularities with respect to d, l . The cur̈ e Z is not d, l -general if

and only if for all i, j s 0, 1, 2, and all integers m and n such that m q n s
Ž .h d, l , we ha¨e

Dm ( Dn F s 0.X Xi j

EXAMPLE 2. Let p s 5 and d s 38. If

F s X 17X 21 q X 9X 29 q X 38 q X 38 ,0 1 1 2 0 2

then the curve Z : F s 0 is smooth of degree 38 over the algebraic closure
of F . So we may apply to it Theorem 3.2 and the above corollary.5

Ž .For l s 3, the curve Z is d, l -general because, as it is easy to verify,
Ž . 4 5 29we have h d, l s 4, and D F s X X / 0.X 1 21

Ž .For l s 13, the curve Z is not d, l -general, because we have in this
Ž .case h d, l s 14, and for all i, j s 0, 1, 2, and all m, n with n q m s 14,

that
Dn Dm F s 0.X Xi j

Now since we have D15 F s 2 X 2 X 21 / 0, it follows that h s 15.X 0 1 Z, l0
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PROPOSITION 3.4. Let Z : F s 0 be an irreducible projectï e plane cur̈ e
Ž .of degree d with mild singularities with respect to a pair d, l .

Ž .i We ha¨e h - d.Z, l

If moreo¨er l is a truncation of d, then
Ž . X Ž X. Ž . Xii ;l , h d, l G h d, l « h G h .Z, l Z, l

Ž . 2 dyliii If P, Q g P and P g Z l D Z, thenK Q

I P , Z l DdylZ G h y l.Ž .Q Z , l

Ž . Ž . Ž .Proof. i and ii follow immediately from Theorem 3.2, while iii is
Ž .proved also using Lemma 2.4 i , replacing l by d y l.

Ž .COROLLARY 3.5. With the same hypotheses as in Proposition 3.4 iii , and
assuming that DdylF / 0, we ha¨eQ

d d y lŽ .
dyla Z l D Z F .Ž .Q h y lZ , l

4. THE EQUATION OF A NON-GENERAL CURVE

In order to give explicitly the shape of the equation of a curve which is
Ž .not d, l -general, we will need the following two lemmas:

LEMMA 4.1. Let non-negatï e integers n , n , n , h, and p be gï en such0 1 2
that p is prime, 2 F h - p, and h y 1 ' n q n q n mod p. If for all0 1 2
non-negatï e integers a and b with a q b s h, and for all i, j s 0, 1, 2, we
ha¨e

njni ' 0 mod p ,ž / ž /a b

then for all non-negatï e integers i , i , and i with i q i q i s h, we ha¨e0 1 2 0 1 2

n n n0 1 2
' 0 mod p.ž / ž / ž /i i i0 1 2

Proof. Write the p-adic expansion of n asi

n s n q n p q ??? .i i , 0 i , 1

Since a q b s h - p, we have from the hypotheses and from the
fundamental congruence that

n nj j , 0n ni i , 00 ' ' .ž / ž /ž / ž /a ab b
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It then follows that

n q n F h y 1, ; i , j s 0, 1, 2,i , 0 j , 0

hence

2 n q n q n F 3 h y 1 . 17Ž . Ž . Ž .0, 0 1, 0 2, 0

� 4Since n q n q n ' h y 1 mod p, we have, for some r g 0, 1, 2 , that0 1 2

n q n q n s h y 1 q rp. 18Ž .0, 0 1, 0 2, 0

Ž . Ž .From 17 and 18 it follows that 2 rp F h y 1 - p. So r s 0 and

n q n q n s h y 1.0, 0 1, 0 2, 0

Ž .So for all i , i , i with i q i q i s h, we have0 1 2 0 1 2

n n n n n n0 1 2 0, 0 1, 0 2, 0
' ' 0 mod p.ž / ž / ž / ž / ž / ž /i i i i i i0 1 2 0 1 2

PROPOSITION 4.2. Let d, h, and p be integers such that p is prime,
w x2 F h - p, and d ' h y 1 mod p. If F g K X , X , X is homogeneous of0 1 2

degree d, where char K s p, and

Da D b F s 0 ; i , j s 0, 1, 2, ;a ,b ; a q b s h ,X Xi j

then

D F s 0 ; i , i , i ; i q i q i s h .i , i , i 0 1 2 0 1 20 1 2

Proof. It is sufficient to prove the assertion for monomials

X n0 X n1 X n2 ; n q n q n s d ,0 1 2 0 1 2

and in this case the result follows from Lemma 4.1.

The assertion in Proposition 4.2 may fail if the hypotheses are not
satisfied, as one can see in the following example.

EXAMPLE 3. Put p s 5 and let

F s X 2 X 2 X 3.0 1 2

It is easy to verify for all i, j s 0, 1, 2 that

Da D b F s 0 ;a , b ; a q b s 6,X Xi j
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but D2 D2 D2 F / 0. This does not contradict Proposition 4.2, sinceX X X0 1 2

h s 6 ) p s 5.

Ž .Given a multi-index I s i , i , . . . , i , we will use the notation0 1 n

< <I s i q i q ??? qi .0 2 n

We will also use the notation a F b to mean that a is less than orp
equal to b with respect to the p-adic ordering, that is, a F b , for all i,i i
where a and b are respectively the coefficients of the p-adic expansionsi i
of a and b.

It follows immediately from the fundamental congruence that

a k 0 mod p m b F a.pž /b

LEMMA 4.3. Gï en non-negatï e integers m and r such that r F m andp
Ž . < < Ž .gï en J s j , . . . , j such that J s m, then there exists I s i , i , . . . , i0 n 0 1 n

< <with I s r such that

i F j , . . . , i F j .0 p 0 n p n

Proof. Suppose by reductio ad absurdum that for all I such that
< < Ž . Ž .I s r, there exists an integer s I such that 0 F s I F n and i g j .sŽ I . p sŽ I .

Ž .It then follows that for all such I there exists s I such that

jsŽ I .
' 0 mod p.

iž /sŽ I .

From Euler’s relation we get that

jj jsŽ I .m 0 ns ??? ??? ' 0 mod p ,Ýž /r ž / ž /i i iž /0 sŽ I . n< <I sr

whence r g m, a contradiction.p

PROPOSITION 4.4. Suppose that D are Hasse differential operatorsi , . . . , i0 n

acting on a function space. Assume that for some function f all derï atï es of
some order r are zero, that is,

< <D f s 0, ;I s i , . . . , i ; I s r ,Ž .i , . . . , i 0 n0 n

then all derï atï es of order m of f are zero if m G r.p
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Ž . < <Proof. Suppose that J s j , . . . , j is such that J s m. From Lemma0 n
Ž . < <4.3 there exists I s i , . . . , i with I s r such that i F j , . . . , i F j .0 n 0 p 0 n p n

Since

j j0 n0 s D ( D f s ??? D f ,j yi , . . . , j yi i , . . . , i j , . . . , j0 0 n n 0 n 0 nž / ž /i i0 n

j j0 nŽ . Ž .and ??? k 0, it follows that D f s 0.j , . . . , ji i 0 n0 n

THEOREM 4.5. Let Z : F s 0 be a projectï e plane cur̈ e of degree d with
Ž .mild singularities with respect to the pair d, l . If 1 F l - p y 1 and

d ' l mod p, then the following assertions are equï alent:

Ž . Ž .i Z is d, l -non-general
Ž . aii h s p for some integer a G 1.Z, l

Ž . w xiii There exist homogeneous polynomials Q g K X , X , Xi , i , i 0 1 20 1 2

such that F is of the form

F s X i0 X i1 X i2 Q p .Ý 0 1 2 i , i , i0 1 2
i qi qi sl0 1 2

Proof. Since 1 F l - p y 1 and d ' l mod p, it follows that l is a
Ž .truncation of d, hence from Remark 1 we have that h d, l s l q 1 - p.

Ž . Ž . Ž .i « ii : Since Z is d, l -non-general with mild singularities then
from Corollary 3.3 we have, for all i, j s 0, 1, 2 and all integers m and n
such that m q n s l q 1, that

Dm ( Dn F s 0.X Xi j

It follows from Proposition 4.4 that for all i, j s 0, 1, 2,

Dm ( Dn F s 0, ;m , n; m q n G l q 1.X X pi j

Now, since l q 1 - p, we have that the least possible value for m q n
with m q n ) l q 1 such that Dm ( Dn F / 0 is pa for some a G 1.X Xi j

Hence from Theorem 3.2 we have h s pa.Z, l

Ž . Ž . aii « iii : If h s p for some a G 1, then from Theorem 3.2 weZ, l

have for all i, j s 0, 1, 2,

Dm ( Dn F s 0, ;m , n; m q n s l q 1.X Xi j
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So from Proposition 4.2 we have

D F s 0, ; i , i , i ; i q i q i s l q 1.i , i , i 0 1 2 0 1 20 1 2

Hence for all i , i , i such that i q i q i s l, and for all i s 0, 1, 2, we0 1 2 0 1 2
have

D1 D F s 0.Ž .X i , i , ii 0 1 2

So D F, with i q i q i s l, is of the form Q p . Now from thei , i , i 0 1 2 i , i , i0 1 2 0 1 2

generalized Euler’s relation we get that

F s D F X i0 X i1 X i2 s Q p X i0 X i1 X i2 .Ž .Ý Ýi , i , i 0 1 2 i , i , i 0 1 20 1 2 0 1 2
i qi qi sl i qi qi sl0 1 2 0 1 2

Ž . Ž . Ž .iii « i : From Theorem 3.2 we have that iii implies that h GZ, l

p. Then

h G p ) l q 1 s h d, l ,Ž .Z , l

Ž .so Z is d, l -non-general.

Ž . Ž . Ž .Remark 6. Example 2 shows us that i may not imply ii if h d, l G p.

Ž .5. THE FUNCTION h d, l

Ž .DEFINITION. We define the integral function m d, l as

d y 1 d y r
m d , l s max m ' mod p , ; r , 1 F r F m .Ž . ½ 5ž / ž /l y 1 l y r

It is clear that we have

h d , l s m d , l q 1.Ž . Ž .
Ž .In this section we will study the function m d, l , and consequently the

Ž . Ž l .function h d, l . We introduce the notation a to denote the truncation
of the p-adic expansion of a s a q a p q ??? up to order l, that is,0 1

aŽ l . s a q a p q ??? qa pl .0 1 l

LEMMA 5.1. Let a, b, a , b , and g be positï e integers.

Ž . g gi If a F p and b F p , then

a pg y a a y 1bya b y 1
' y1 mod pŽ .g ž /ž /b y 1ž / a y 1b p y b

Ž . Ž g g . g Ž .ii m a p , b p s p m a , b .



POLAR CURVES 467

Ž .Proof. i First note that it is easy to prove by induction on a, observing
that the case a s 1 is Wilson’s Theorem, that

a
p y 1 ! a y 1 !' y1 mod p.Ž . Ž . Ž .

Using this and proceeding by induction on g , the case a s b s 1 is
proved. The general statement follows from observing that from the
fundamental congruence we have

g a y 1 pg q pg y a ga p y a p y aŽ . a y 1
' ' .g gg g ž /b y 1ž / ž /ž /b p y b p y bb y 1 p q p y bŽ .

Ž . Ž .ii This follows from i and from the fundamental congruence.

From now on, d and l will be integers such that 1 F l - d, and ps

Ž t. Žrespectively p will be the highest power of p that divides l respectively
.d .

Remark 7. It is easy to verify that the condition

d y 1 k 0 mod p 19Ž .ž /l y 1

is equivalent to

Ž .a s - t, l - d , and l F d , ; i G t q 1, ort t i i

Ž .b s s t and l F d , ; i G t.i i

Ž .Note that when d / 0, then t s 0 and necessarily we are in case b ,0
Ž .hence in such case we have that condition 19 is equivalent to l F d.p

PROPOSITION 5.2. Let d and l be integers such that 1 F l - d, and
d y 1Ž .suppose that k 0 mod p. Then we ha¨e
l y 1

Ž . Ž .i If m d, l ) 1 then d ' l mod p.
Ž . � < Ž i. Ž i.4ii Suppose that d ' l mod p. If l s max i d s l , then we ha¨e

dŽ l . if dŽ l . / 0
m d , l sŽ . lq1 Ž l .½ p if d s 0.

d y 1Ž . Ž . Ž .Proof. i Remark that m d, l ) 1 is equivalent to '
l y 1

d y 2 d y 2Ž . Ž .mod p, which in turn is equï alent to ' 0 mod p.
l y 2 l y 1
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Case d s 0. If l G 1, then we have0 0

d y 1 dp y 2 p y 1 p y 1 t tq1d y 2
' ??? ???ž / ž / ž / ž /l y 1 l l ž / ž /l y 1 l l0 1 ty1 t tq1

which is not congruent to zero mod p in view of Remark 7. So l s d .0 0

Case d / 0. From Remark 7 we have that l / 0 and l F d, hence0 0 p
0 - l F d . So if d s 1, we have that l s 1. If d G 2, then d y 2 -0 0 0 0 0 0
l y 1, hence d - l q 1, and therefore d s l .0 0 0 0 0

Ž . Ž l . lq1ii Suppose that d ' l mod p, and write d s d q a p and l s
lŽ l . q b plq1.

Ž l . Ž l . Ž .Case d s l / 0. From Lemma 5.1 i and from the fundamental
congruence we have, for all r with 1 F r F dŽ l ., that

a Ž l . al y rd y r
' s .Ž l .ž / ž / ž /ž /b bl y r d y r

Now, since from Remark 7 we have that l F d , for all i G l q 1, theni i
from the definition of l it follows that l - d and hencelq1 lq1

d y 1 q pd q ???Ž .a y 1 lq1 lq2s k 0 mod p.ž /b ž /l q pl q ???lq1 lq2

Ž .It then follows from Stifel’s relation and from Lemma 5.1 i that

Ž l . a y 1 a Ž l .d y d y 1 d y d
' k ' mod p ,Ž l . Ž l .ž / ž /ž / ž /b y 1 bl y d y 1 l y d

Ž . Ž l .hence m d, l s d .
Ž l . Ž l . Ž .Case d s l s 0. From Lemma 5.1 ii we have that

m d , l s m a plq1 , b plq1 s plq1m a , b .Ž . Ž .Ž .
a y 1d y 1Ž . Ž . Ž .Since k 0, it follows from Lemma 5.1 i that k 0, and from
b y 1l y 1

Ž .the definition of l we have that a k b mod p, so from i we have that
Ž .m a , b s 1, from which the result follows.

PROPOSITION 5.3. Let d and l be integers such that 1 F l - d, and
d y 1Ž . ' 0 mod p. Then we ha¨e
l y 1

dŽm. , if l g dp
m d, l sŽ . Ž sy1.½ d , if l F dp

� < Ž i. Ž i.4 swith m s max i d - l , and p the highest power of p that dï ides l.
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Proof. Case l g d. Writing d s dŽm. q a pmq 1 and l s lŽm. qp
b pmq 1, it follows from the definition of m that dŽm. - lŽm., d ) l ,mq 1 mq1
and a G b.p

First of all let us observe that dŽm. / 0. This is so because otherwise we
would have as a consequence of d ) l thatmq 1 mq1

pmq 1 y 1 a y 1d y 1
' / 0.ž / ž /Žm. bž /l y 1 l y 1

Now, for all r such that 1 F r F dŽm., since dŽm. - lŽm., it follows that

Žm. ad y rd y r
' ' 0.Žm.ž / ž /ž / bl y r l y r

On the other hand,

d y dŽm. q 1 mq 1Ž . p y 1 a y 1
' / 0,Žm. ž /Žm. Žm. bž /ž /l y d q 1Ž . l y d y 1

Ž . Žm.hence in this case we have m d, l s d .

Case l F d. In this case the hypotheses imply that s ) t G 0, hencep

dŽ sy1. / 0. Write d s dŽ sy1. q a ps and l s b ps.
Now, since dŽdy1. - ps, we have for all r, such that 1 F r F dŽ sy1., that

Ž sy1. ad y rd y r
' ' 0.sž / ž /b y 1ž /p y rl y r

On the other hand,

Ž sy1. ps y 1d y d q 1Ž . a y 1
' k 0,s Ž sy1.Ž sy1. ž /b y 1ž /ž / p y d y 1l y d q 1Ž .

Ž . Ž sy1.hence in this case we have m d, l s d .

Ž .COROLLARY 5.4. For any pair d, l of positï e integers with 1 F l - d,
we ha¨e that

m d , m d , l s m d , l .Ž . Ž .Ž .
Proof. This follows from Propositions 5.2 and 5.3 by a direct verifica-

tion.

Ž .PROPOSITION 5.5. For any pair d, l of positï e integers with 1 F l - d,
we ha¨e that

m d, d y l s m d, l .Ž . Ž .
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Proof. The proof of this result is elementary and may be done using the
Ž .definition of m d, l and twice Stifel’s relation. Alternatively, this can be

proved using Propositions 5.2 and 5.3.

COROLLARY 5.6. Let Z be a plane projectï e cur̈ e of degree d and let l
be an integer such that 1 F l - d. Then

Ž . Ž . Ž .i Z is d, l -general if and only if Z is d, d y l -general.
Ž .ii If Z has mild singularities, and l is a truncation of d, then

h G h .Z , dyl Z , l

Ž .Proof. i is a consequence of Theorem 2.5 and Proposition 5.5, while
Ž . Ž .ii is a consequence of Corollary 3.4 ii and of Proposition 5.5.

6. STATIONARY POINTS

Let Z : F s 0 be a projective irreducible plane curve of degree d. Let l
be an integer such that 1 F l - d and some mixed derivative of F of
order l is nonzero.

DEFINITION. A point P g Z will be called l-stationary if

I P , Z.Dl Z ) h .Ž .P Z , l

By the very definition of h we have that there are finitely many suchZ, l

points, and the aim of this section is to determine their number. We will
Ž .compute this number when either Z is d, l -general, or when l is a

truncation of d, and Z has mild singularities with respect to the pair
Ž .d, l . We will make this assumption from now on in this section.

For any integer r and distinct integers, i, j, k s 0, 1, 2, we define for
i - j,

r
r ryrŽ r . r ryrSS s D ( D F F yF .Ž .Ž .Ž .Ýk X X X Xi j j i

rs0

Note that from the arguments we used in the proof of Theorem 2.5, and
from Remark 5 and Proposition 3.1, we have that P g Z is a l-stationary

ŽhZ , l.Ž .point if and only if SS P s 0, for all k s 0, 1, 2.k
Remark that from the above definition we have that all singular points

of Z are stationary points.
To establish the main result of this section, namely Theorem 6.7, we will

need several auxiliary results.
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LEMMA 6.1. Let a be an integer. If b is minimal among the integers greater
than a but not p-adically greater, then there exists some r G 1 such that

b s a y aŽ ry1. q pr .

Proof. Let a s a ps q a psq1 q ??? qa pn, with a / 0, be the p-s sq1 n s
adic expansion of a. It is clear that the first integer greater than a which is
not p-adically greater than a is

b s a q 1 psq1 q ??? qa pn s a y aŽ s. q psq1.Ž .0 sq1 n

Now we can restrict our search to the integers which are greater than b0
but not p-adically greater, and the result follows clearly.

PROPOSITION 6.2. Let Z be a projectï e irreducible plane cur̈ e of degree
Ž l . Ž .d, and let l s d for some l. Suppose that Z is not d, l -general and with

mild singularities, then we ha¨e for some r,

h s dŽ l . y dŽ ry1. q pr . 20Ž .Z , l

Proof. Since l is a truncation of d, we have from Remark 5 that

<h s min n G l q 1 S n .� 4Ž .Z , l

Now, in view of Proposition 4.4, h must be an integer greater thanZ, l

Ž .h d, l s l q 1, but not p-adically greater than l q 1, and minimal with
respect to the p-adic ordering. So from Lemma 6.1 we have that

Ž .ry1 rh s l q 1 y l q 1 q pŽ . Ž .Z , l

for some r, and the proposition follows.

COROLLARY 6.3. Let Z:F s 0 be a plane projectï e irreducible cur̈ e of
Ž l . Ž .degree d and l s d for some l. If Z is not d, l -general, with mild

singularities, then h ' 0 mod p.Z,l

Ž .LEMMA 6.4. If d, l is a pair of integers such that 1 F l - d, then we
ha¨e

d y s
' 0 mod p ;s ; s s 2, . . . , h d , l y 1.Ž .ž /h d , l y sŽ .

Proof. From Stifel’s relation we have that

d y s y 1Ž .d y s d y sq s . 21Ž .ž / ž /h d , l y s m d , l y sŽ . Ž . ž /m d , l y s y 1Ž . Ž .
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Now, from Corollary 5.4 it follows that

d y m d , lŽ .d y 1 d y 2
' ' ??? ' .ž / ž /m d, l y 1 m d, l y 2Ž . Ž . ž /m d, l y m d , lŽ . Ž .

Ž .From this and from 21 , we get that

d y s
' 0 mod p , s s 2, . . . , h d, l y 1.Ž .ž /h d , l y sŽ .

LEMMA 6.5. Let d and l be integers such that 1 F l - d. If l is a
Ž .truncation of d, and h is as in 20 , thenZ, l

d y s
' 0 mod p , s s 2, . . . , l.h y sž /Z , l

Proof. Suppose that l s dŽ l . for some l G 0, and let h s dŽ l . yZ, l

dŽ ry1. q pr, for some r with 1 F r F l q 1. We will initially suppose that
r - l q 1. From the fundamental congruence we get, for all s s 0, . . . , dŽ l .,
that

dŽ l . q a plq1 y s Ž l .d y sd y s s ' ' 0.Ž l . Ž ry1. rh y s Ž l . Ž ry1. rž / ž /Z , l ž / d y d q p y sd y d q p y s

Suppose now that r s l q 1, then h s pr, and from the fundamentalZ, l

congruence we have for s G 1 that

dŽ ry1. q b pr y s Ž ry1.d y s d y ss ' s 0.r rrž / ž /p y s ž / p y sp y s

PROPOSITION 6.6. Let Z : F s 0 be a projectï e irreducible plane cur̈ e of
degree d and let l be an integer such that 1 F l - d. Suppose that either Z is
Ž .d, l -general, or Z has mild singularities and l is a truncation of d, then we
ha¨e for h s h , and for all integers i, j s 0, 1, 2, thatZ, l

XhSS Žh . ' XhSS Žh . mod F .j i i j

Proof. If i s j, there is nothing to prove. We will only prove the case
j s 0 and i s 2, since the other cases are similar.
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Ž . 3 Ž .Let P s a , a , a g K . From Lemma 2.4 ii we have0 1 2

X X1 2h hX D F 1, ,Ž .0 P ž /X X0 0

h
d y ryh hyrs a XÝ0 0 h y rž /

rs0

=
a bD F P a X y a X a X y a X ,Ž . Ž . Ž .Ž .Ý 0, a , b 0 1 1 0 0 2 2 0

aqbsr

and

X X0 1h hX D F , , 1Ž .2 P ž /X X2 2

h
d y syh hyss a XÝ2 2 h y sž /

ss0

=
g dD F P a X y a X a X y a X .Ž . Ž . Ž .Ž .Ý g , d , 0 2 0 0 2 2 1 1 2

gqdss

Now, since obviously

X X X X1 2 0 1h h h hX D F 1, , s X D F , , 1 ,Ž . Ž .0 P 2 Pž / ž /X X X X0 0 2 2

we get by comparing the coefficients of X t Xhyt of both expressions that1 2

h
d y syhD F P s aŽ . Ý0, t , hyt 2 h y sž /

ss0

=
g dytd tD F P ya a ya .Ž . Ž . Ž .Ž .Ý g , d , 0 0 2 1ž /t

gqdss

Now, from the above expression, Lemmas 6.4 and 6.5, and Theorem 3.2,
we have that

d y 1yt0dh tX D F s X yX F qŽ .2 0, t , hyt 2 0hž / ž / ž /h y 1t

=
yt 1yt0 1t tyX yX X F q yX X FŽ . Ž . Ž .0 1 2 X 1 2 X0 1ž / ž /t t

g dytd tq D F yX X yX .Ž . Ž .Ž .Ý g , d , 0 0 2 1ž /t
gqdsh
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Using Euler’s identity and the above one, we get the following equalities
and congruences mod F,

gdh Žh . g d gX SS s D ( D F X yX F FŽ . Ž .Ý Ž .0 2 X X 0 0 X X0 1 0 1
gqdsh

gdg d g' D ( D F X X F q X F FŽ . Ž .Ý Ž .X X 0 1 X 2 X X0 1 1 2 1
gqdsh

h
g dytds D F yX yXŽ . Ž .Ž .Ý Ý g , d , 0 0 1ž /t

gqdsh ts0

=
hyt ttX yF FŽ . Ž .2 X X1 2

h
hyt t d y 1h' X D F yF F yŽ . Ž .Ž .Ý 2 0, t , hyt X X1 2 ž /h y 1

ts0

=
h h

yX F yF q yX F yFŽ . Ž .Ž . Ž .0 X X 1 X X0 1 1 1

hy1qX F yF FŽ .2 X X X1 1 2

h
hyt th t hyt h Žh .' X D ( D F yF F s X SS .Ž . Ž .Ý Ž .2 X X X X 2 01 2 1 2

ts0

Remark 8. The above proposition tells us that the data

SS Žh .
a

U , ,a h½ 5ž /Xa as0, 1, 2

�Ž . < 4where U s X ; X ; X X / 0 , define a section of the fiber bundlea 0 1 2 a

Ž Ž . .OO d h q 1 y 3h , whose zeros are the stationary points of Z withZ
Ž .respect to d, l .

DEFINITION. We define the l-weight of P as being the order of
Ž .vanishing w P at P of the above section. So P g Z is a l-stationary

Ž .point if and only if w P ) 0.

THEOREM 6.7. Let Z : F s 0 be a projectï e irreducible plane cur̈ e of
degree d and let l be an integer such that 1 F l - d. Suppose that either Z is
Ž .d, l -general, or Z has mild singularities and l is a truncation of d; then we
ha¨e, for h s h , thatZ, l

w P s d d h q 1 y 3h .Ž . Ž .Ý
PgZ
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Proof. This follows immediately from the above remark, and from the
Ž .definition of w P .

Remark 9. The method of proof of the above theorem is inspired from
w x4 , where the result is proved for l s 1. Observe that if a curve Z of

Ž .degree d is reflexive, then it is d, 1 -general. And if Z is smooth and
Ž . Ž w x w x.d, 1 -non-general, then d ' 1 mod p see for example 3 or 7 , then 1 is
a truncation of d, so that Theorem 6.7 gives us the classical formula for
the weighted number of flexes of a non-singular plane curve Z of degree
d. Namely,

f s d d « q 1 y 3« ,Ž .2 2

where « is the intersection multiplicity of the curve with its tangent line2
at a general point, or alternatively, the inseparable degree of the dual map

Ž w x w x w x.of the curve. see for example 10 and 6 or 9 .
Remark also that in characteristic zero, a point is l-stationary if and

only if it is a flex, so in this case we are just counting the flexes.

7. POLAR MORPHISMS

Let Z : F s 0 be an irreducible smooth plane curve of degree d, and let
l be an integer such that 1 F l - d, and suppose that some mixed

Ž .derivative of F of order l is nonzero. Let N s l l q 3 r2.l

DEFINITION. The lth polar morphism is the morphism defined by

p : Z ª P Nl
l K

P ¬ D F P ; i q i q i s lŽ .Ž .i , i , i 0 1 20 1 2

We will denote the image of p by Z .l l

So for l s 1, we have that p is the Gauss map and Z is the dual curvel l

of Z.
We will also denote by ¨ the Veronese l-uple embedding,l

U2 Nl¨ : P ª PŽ .l K K

Q ¬ Qi0 Qi1 Qi2 ; i q i q i s l .Ž .0 1 2 0 1 2

THEOREM 7.1. Let Z be a smooth cur̈ e of degree d, and let l be an
integer such that 1 F l - d. Then we ha¨e

deg p deg Z s d d y l .Ž . Ž . Ž .l l
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Ž . Ž Ž ..Proof. We will denote by deg p respectively, deg p the separa-s l i l

Ž .ble respectively, inseparable degree of p .l

Let P , . . . , P g Z be the points such that1 r

U s Z R p P , . . . , p P� 4Ž . Ž .l l 1 l r

is the open set of points R for which

apy1 R s deg p .Ž . Ž .l s l

Let Q be a point of P2 , and consider the hyperplane H in P Nl whoseQK K
Ž . Ž Nl.Ucoefficients are the coordinates of the point ¨ Q g P . Sol K

H : Qi0 Qi1 Qi2 Z s 0,ÝQ 0 1 2 i , i , i0 1 2
i qi qi sl0 1 2

where Z are the coordinate functions of P Nl.i , i , i K0 1 2

For Q general in P2 we have thatK

H l Z ; U,Q l

because the above condition means that the general point Q of P2 is not aK
zero of any of the nonzero polynomials Dl F, for i s 1, . . . , r.Pi

Ž .Now, from standard ramification theory and from Lemma 2.1 i we have
that

deg p I p P , H l Z s I P , Z l Dl F Q s I P , Z l DdylZ ,Ž . Ž . Ž .Ž .Ž . Ž .i l l Q l y Q

where

Dl F Q s Qi0 Qi1 Qi2 D F X , X , X .Ž . Ž .. Ýy 0 1 2 i , i , i 0 1 20 1 2
i qi qi sl0 1 2

Now, from Bezout’s Theorem we have´

d d y l s I P , Z l DdylZ s deg p I p P , H l ZŽ . Ž . Ž .Ž .Ž .Ý ÝQ i l l Q l
PgZ PgZ

s deg p deg p I R , H l Z s deg p deg Z .Ž . Ž . Ž . Ž .Ž .Ýi l s l Q l l l
RgZl

The above theorem is a generalization of Plucker’s formula, which was¨
known for l s 1, relating the degree of a curve with that of the Gauss map
and of the dual curve.
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