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Abstract

We obtain existence of asymptotically stable nonconstant equilibrium solutions for semilinear parabolic
equations with nonlinear boundary conditions on small domains connected by thin channels. We prove the
convergence of eigenvalues and eigenfunctions of the Laplace operator in such domains. This information is
used to show that the asymptotic dynamics of the heat equation in this domain is equivalent to the asymptotic
dynamics of a system of two ordinary differential equations diffusively (weakly) coupled. The main tools
employed are the invariant manifold theory and a uniform trace theorem.
© 2006 Elsevier Inc. All rights reserved.
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1. Introduction

In this paper we study the existence of (asymptotically) stable nonconstant equilibrium solu-
tions for semilinear parabolic problems of the form
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8
Ur = GN'——IAM_'_f(u) in ‘(267

5 du (-1

GN—_IE =g(u) in 896

Here £2¢ is a bounded smooth domain consisting of two fixed disconnected parts and a channel
(e-dependent) connecting them, % is the outer normal derivative on the boundary 9£2, of 2,
€ € (0, 1] is a parameter, § > 0 is a constant and f, g are nonlinear functions satisfying certain
growth and dissipativeness conditions that will be specified later.

It is well known that stable nonconstant equilibrium solutions do not exist for parabolic prob-
lems of the form

uy=Au+ f(u) inD,

du . (1.2)

— =0 indD,

on
when D is convex (see [10,21]). Therefore it is natural to seek for existence of stable nonconstant
equilibrium solutions of (1.2) when D is not convex. Of course stable nonconstant equilibrium
to (1.2) exists when D is disconnected and it becomes natural to investigate the existence of stable
nonconstant equilibrium for (1.2) in domains consisting of two disconnected parts connected by a
thin channel (dumbbell type domains). In [21], H. Matano shows an important result on existence
of patterns for (1.1) and £2, is a dumbbell type domain (as in Fig. 1). It also becomes important
to detect which is the limiting problem when the channel shrinks to a one-dimensional domain
and which dynamics of the limiting problem can be observed in the dumbbell type domains. In
this direction are the works of Hale and Vegas [14], Vegas [24] and Jimbo [16-18].

In [11], N. Consul and J. Sola-Morales extended Matano’s results proving the existence of

stable nonconstant equilibria for diffusion equations with nonlinear boundary conditions
ur = Au in D,
u =kf(u) indD. (13)
on
Later, in [12], they obtain an abstract result on the stability of local minima of semilinear prob-
lems of the form u; = Au + F(u) and apply this result to obtain stable nonconstant equilibrium
to (1.1), (1.2) and to strongly damped semilinear wave equations with homogeneous Neumann
boundary conditions.

Jimbo and Morita in [19] studied the eigenvalue problem for the Laplacian with Neumann
boundary conditions in a domain £2 C R" that consists of & fixed (disconnected) domains and
thin channels joining them. The volume of each of thin channels is controlled by a small parame-
ter € > 0, and these channels shrink to a line segment as € approaches zero (some of the channels

Fig. 1. Domain £2¢.
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may be empty). They characterize the eigenvalues and eigenfunctions for the operator —A in this
domain. Using the invariant manifold theory, they show in [23] (see also [22]) that the dynamics
of (1.2) in such domains is equivalent to the dynamics of an explicitly given system of ordinary
differential equations on an invariant manifold.

Also, there are several works where eigenvalue problems for elliptic operators on varying
domains or with varying diffusivity are studied (see, for example, [5-8,14,18,24]).

Here, we use the invariant manifold theory and a uniform trace theorem to show that the
dynamics of (1.1) is equivalent to the dynamics of a 2-dimensional ordinary differential equations
on an invariant manifold.

Patterns obtained by nonlinear boundary conditions are specially interesting for, in a control
problem involving reaction—diffusion models the boundary is, in general, the only accessible part
of the domain.

The difference between our result and the results of Consul and Séla-Morales [11,12], apart
from the technique, is that the stable nonconstant equilibria obtained here are asymptotically
stable while in [11,12] they are only stable.

Let us now introduce the assumptions on the nonlinearities f, g. Suppose that f, g:R — R
are twice continuously differentiable functions satisfying

lim sup fw <0 and limsup w

lu|>o00 U lu|»o00 U

<0.

In addition, assume some growth assumptions to ensure local well posedness of (1.1) (see [4]).
Under these assumptions, problem (1.1) has a global attractor A., 0 < € < ¢y, and
SUPp<e<ey SUPueA, llUllLo(2,) < 0o (see [4]). This enables us to cut f and g in such a way
that the attractors A, remain the same and in such a way that f, g together with its derivatives
up to second order are bounded. Hereafter we assume (without loss of generality) that f, g are
bounded functions with bounded derivatives up to second order.

Next we specify the domain £, C RN (N > 2). It has a fixed part £2 and a parameter de-
pendent part R, that is, £2. = 2 U R, where §2 = 2L U 2R, We assume that 2%, 2R and R,
satisfy the following conditions:

M) 2%, 2R are bounded smooth domains in RY with disjoint closures.
(IT) There is an orthogonal system of coordinates x = (x1, x2, ..., xy) = (x1, x") € R such that
the following conditions hold for some positive constant €y > 0:

2l x) eRY: x>0, x| <eo} ={0.x) eRY: [x'| <o),
2R {G ) eRY: x <1, ¥ <€) ={(1,x) eRY: |x'] < €0}
and R, is expressed as follows
Re = {(x1,x) eRV: 0<x; <1, |x <eh(x1)},
where 1 € C([0, 11) N C'((0, 1)) and A (x;) > O for all x| € [0, 1].

Define the line segment
L= () Re={(z.0.....00eR": 0<z< 1} ={zeR: 0<z< 1}
€€(0,1]
whose endpoints are Pp = (0,0, ...,0) and P; = (1,0, ...,0).
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Without loss of generality we assume that |£2| = 1 throughout the paper.
If we denote by {A},}72 | and {¢;}°, the set of eigenvalues and the orthonormalized eigen-
functions of the following eigenvalue problem
—Au=2Au in:=NUR,,
0 1.4
M _p in 982, 14
on

then we have the following result.

Theorem 1. The following holds:
A =0 and ¢f =272 Ve>0,

V= — —|QR| in QL
1 L L k) )
AS [§2%]
lim —2— =C,, I md'N in L*>(2) and L*(0%2),
e—0eN-1 2 QL
cg = ﬁ, in .QR,

sup |63 o g, < 00,
e>0

liminfA§ > 0,
e—0

where

1 —1
C Ly D) o / dxi
= O0ON_—_ —_— —_— , = _—
oIVt T ek AV=T(x1)
0

and on_1 is the Lebesgue measure of the unit ball in RN 1.

A proof of this result (with stronger convergence properties for the eigenfunctions) is given in
Appendix A.
If u is a solution of problem (1.1), consider the following decomposition
u(t, x) =ui (] (x) +uz()p3 (x) + o(t, x),

where u1, up and w are given by

Ui =/ug0f, u2=/u(p§, w=u—urQ] — ur05.
¢ 2

This decomposition induces the following decomposition of (1.1)

m=/f<u)¢f+ f v (8)y (#7),
¢ 082¢
)“E
u2:—66N31u2+/f(u)¢)§+ / v (8@))y (¢5).
¢

382

1)
wt:w—_lmw(n)—[/ﬂuwﬁ / V(g(u))y(wf)]wf
Qe

082,
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—[/f(u)<ﬂ§+ / V(g(u))y(cpi)}o;

2. 992
§ OJw ‘ .

g = g(u19f +u205 + ), (1.5)

where y (¢) denotes the trace of ¢.

In what follows, we give a heuristic argument to find the limiting ode that should contain the
asymptotic behavior of (1.5). To that end, we introduce a very simple lemma from semigroup
theory. Its proof follows immediately from the variation of constants formula.

Lemma 2. Let X be a Banach space and A:D(A) C X — X be the generator of a strongly
continuous semigroup of bounded linear operators {e4': t > 0}. If f:X — X is a locally
Lipschitz continuous map which satisfies sup,cx M| f(x)|lx < N < oo and, for some v >0,
lleA]|Lxy < Me™"" and x(t, xo) is the global solution to % = Ax + f(x), x(0) = xo, then

N
e x0) | < Me™ xollx + —

After this lemma we see that, asymptotically, the norm of the solution is proportional to %
and, if v is very large (compared to V), all solutions are asymptotically small.

Since the third eigenvalue GN—L goes to infinity when € — 0, we guess that w is not important
in the asymptotic behavior (1.1) (for very small values of €) and we have

iy~ /f(uupf + u205) S + /g(ulsof + U295 )5,
¢ 082¢

) Y
y ~ =8 gEruz + /f(ulfpf + u205) @5 + /g(ulwf + u2905) 5.
$2¢ 082¢

According to Theorem 1, we should have the limit system given by

78} =ff(141 +uzxpn) + fg(ul + uzx¢n),
2

0% (1.6)
iy = —38 Coup + /f(ul +u202)2 + /g(ul + u2¢2) 2,
2 982
where ¢, = c? XoL + cg Xor. Or, in terms of c(l), cg and C, given in Theorem 1,
n; = ‘QL|f(u1 —I—c?uz) + |.QR|f(u1 —i—cguz)
+}8.QL‘g(u1+c(1)u2)+|8.QR|g(u1+cgu2), (L7

iy = —6Coun + |S2L|c(1)f(u1 —i—c?uz) + |52R|cgf(u1 + cguz)
+ |8.{2L|c(1)g(u1 + c?uz) + |3.{2R|cgg(u1 +cgu2).
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The variables u; and u» may not be the best choice of variables to study this problem. A better
choice of variables is probably that which reflects the averages over 2 and 2R. To relate u;
and u with these averages we consider

v1=|.QL|_1/u(x)dx and v2=|QR|_1/u(x)dx.

QL QR
Thus
U= \.QL|U1 + |.QR|U2,
172
uz = —(|24|2%)"* w1 = v2)
and
vi=up+ C?uz,
_ 0 (1.8)
V2 =uUi+cyUn.
With the variables (1.8), system (1.7) becomes
. R 192" |
U1 = —8Co| 2R |(v1 —v2) + f(v1) + Wg(vl),
92k, (1.9)
02 = 8C, |25 (1 — v2) + f (v2) + — =8 (v).

|$2R|

Now our aim is to show that the dynamics of (1.1) can be described by the dynamics of (1.9).
With this in hand, we will try to produce asymptotically stable equilibrium solutions (vy, v2)
for (1.9) with v; # vy and they should correspond to asymptotically stable equilibrium solutions
to (1.1) which are nonconstant for v| reflects the average in 2L and v reflects the average in QR

This paper is organized as follows. In Section 2 we state the main results of the paper, in
Section 3 we prove the main results and in Section 4 we give an example for which we can
obtain stable nonconstant equilibria from the boundary nonlinearity. At the end of the paper
we include three appendixes where we prove Theorem 1 (Appendix A), an invariant manifold
theorem to take into account the dependence on € (Appendix B) and a uniform (with respect to €)
trace theorem (Appendix C).

2. Main results

In this section we will state the main results of this paper. The proofs will be given in Section 3.
Before we proceed, we need to introduce some terminology. For € > 0, let X, = LZ(.QG) and
Lc.:D(L¢) C X - X be the operators defined by

D(L¢) = {u € H*(82¢): g—“ =0},
n

8
LGM = 5N—71 Au.
It is well known that L. is an unbounded, self adjoint, nonpositive definite operator which
has compact resolvent. It follows that —L. is a sectorial operator and, for ¢ > 0 fixed, we
can define the fractional powers (—L¢ + ¢1)* and corresponding fractional power spaces X&
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(X¢ = D((—L¢ + ¢1)*) endowed with the graph norm), o > 0. X is a Hilbert space with the
inner product

0 V) = / (—Le +¢D¥p(=Le + ¢ D,
¢

1/2 .
Then, X¢/* = H'(20) (withnomm |1, = I VW 1T g, +2 1V 175 g ) and X! = D(Lo)

with the graph norm.
Also, let

V = span[ef, ¢5]. vi= {(p € L*(82¢): /gow dx =0, forall ¥ € V}
QE

and VI = VN X% ={pe X% (p,¥)y =0, for all € V}. Define A : D(A.) C VE — V4
by D(A¢) = VIJ- and Acw = L. for all w € D(A¢); that is, the restriction of L, to VL. We also

denote by A its realization in Xe1 /2 Also define

[0 0 ]
B = |
0 —5%
)\.E

If p =supy_.<i 86;—21, B(e) = GN—il and o > 0, the operators A, and B, satisfy

et w] . <e P Owllyy, >0,
HeAftw” vl < 1% B! lwllyr, >0,
leP'z| g < e P lizllge, t<0. (2.1)

Note that there is a constant ¢, independent of €, such that

_ 1
1Vl <€V PWllyy, 5 >a>0, (2.2)

forall ¥ € V(j-. Also note that, according to (1.5), if Y € VIJ/_Z’ then

)
(wi, ¥} = == (Vw, V) + / [ (195 + v205 + w)yr + / g(u19f + v205 + w) .
¢ 082¢

Proceeding as in [9] we can now rewrite system (1.5) as

{d):Agw—i—Hf(y,w)—l-Heag(y,w), (2.3)
y=Bey+Gc(y, w),
where

y = (ur, u2)*,

u=u1¢j +urp; +w,
1
Ge(y, w) = (G{(y, w), G (y, ),

S(y,w)=/f(u)<ﬁf+ / gw)ey,
2

982,
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G (y, ) = / Flgs + / @)t
¢

302

(HE o) W)yo o= / F(ur9f + u20§ + w)y,
2

(Hfg(y’w)’wwu,v;:fg(ul‘/’f"‘uwg"‘w)l/f'
92

We identify u = u1<p€1 + uz(pg +we Xel/2 with (y, w) € R? x VIL/Z. This identification is an
isomorphism which is bounded with bounded inverse uniformly with respect to €. If f and g
are bounded with bounded derivatives up to second order, (yo, wo) € R? x Vll/z, then there is a
unique solution (y, w)(z, (yo, wo)) of (2.3) defined in [0, 00).

We can now state the main results of this paper.

Theorem 3. There is a continuously differentiable map o, : R? — VIJ/-2 such that

Se ={(y,0): @ =0c(y), y e R?}

is an exponentially attracting invariant manifold for (1.5). The flow on S¢ is given by u(t, x) =
(1), 0 (¥(2))), where y is the solution of

y=BeY+Ge(YvUe(Y))~ 2.4)

Furthermore, ¢ — 0 in C! (]Rz, VIL/Z), as € — 0.

The following theorem tells us that the asymptotic dynamics of system (1.9) is equivalent to
that of system (2.4). In particular, stable equilibria of (1.9) with v; # v, corresponds to stable
nonconstant equilibria of (1.1).

Theorem 4. Assume that system (1.9) is structurally stable. Then for small enough €, the flow on
the invariant manifold given by (2.4) is topologically equivalent to the flow (1.9).

Remark 5. Making |2%| = |2R|, |02%| = [02R|, r := 8C,| 2| = 8C,| 2R | and
l9g2L| |052R

d d
FO)+ 1o 86 = F6) + o

3

g(s):=s5s—s

we can verify the conditions of [1, Theorem V, p. 395] for r # % and r # % (see [6, p. 400]).
Hence, in this case, (1.9) is structurally stable. For the general case, see [13] for conditions
ensuring that (1.9) is structurally stable.

3. Proof of the main results

In the proof of Theorem 3, we use the following uniform trace theorem whose proof is given
in Appendix C.
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Theorem 6 (Uniform Trace Theorem). Let y : VJ- — L2(8Q ) be the bounded linear operator
which associates to each w € VJ‘ its trace y (w), & > 7. Then

”]/”L(VJ_ Lz(d.Qe)) 6€(N /2 < & (31)
for some & > 0 independent of €.

Proof of Theorem 3. Note that ¢ (x) = [2:|71/2 < 1, [082| < |082| + |0R,| and that m; :=
SUP,~ SUPyeq, |95 (X)| < oo (the last estimate follows from [4, Lemma B.1] and from Theo-
rem 1). From our assumptions on f, g we have that

M, := sup| f(x)| < o0, Ly := sup| f'(x)| < o0,
xeR xeR

M, = sup|g(x)| <00

, Ly :=sup|g'(x)| < co.
xeR xeR
With this we have
e ¢ 1/2 |02
1G5, )| < [ [F w|ef |+ [ e, w||ef| < Mi12"* + Ma G
Qe 982
1/2
<Mi(1+[R1)"? + M2 (1021 +10R1 1) = Ny, (3.2)
and
|G (y. )| < M, /|¢>§| + M, / 05| < M2 + Mamo| 982
Qe 382
1/2
My (1+1Ri1)""? + Mamy (182 + [0 Ry [) = (3.3)
Hence, if Ng = ,/le + N2,
|Ge(y, )| g < Ne.
To obtain global Lipschitz continuity, let y; = (u1, u2), y» = (v1,v2) € R2, w1, wy € VIJ/-2
Then

|G§ (1, 1) — G (32, @)

L1|:|u1 —v1|+|u2—v2|/‘<p]]|<p2|+/|w1 —w2||<ﬂ1[|
+L2[|u1—v1|/|<ﬂ1| +|M2—02|/|‘P1||‘P2|+fle—wzl}

082¢ 082¢ 082¢
S Li[vV2 Iy = yallg2 + ce VD2 w) — wnl110]

+ Lo[Cilly1 — y2llg2 4+ C2e N 2oy — w2||x§/2]’

where C| := v/2(1082|+ |0 R |) max{1, m2}, C2 = ¢ (|082| + |dR:1|)'/>® and we used Theorem 6
and (2.2). Hence there is a constant £, independent of €, such that

|G (1, 1) — G (2, w2)| < Li[lly1 — YZ||R2+||CU1_0)2||V1J/-2]-



A.N. Carvalho, G. Lozada-Cruz / J. Math. Anal. Appl. 325 (2007) 1216-1239 1225

Similarly, there is a constant £;, independent of €, such that

|GL 1, @1) = G5 (2, 02)| < La[llyt = yallge + ot = 2lly, |-

Thus if £6 = /£ + £3,

[GeGrry @0 = Ge(va, )2 < L6 [lly1 = Y2l + llor — @2lly, |-

It is easy to see that

0 , 2 2

a—mGS(ul,uz,w)=/f (w195 + w205 +w)(95)” + / g (w195 + w205 + w)(e5)",
Qe 082¢

3

@Gé(uhuz,w)=/f/(u1<pf+uz<0§+w)¢f¢§+ / g (19 + u205 + w) 05,
2 302

9
(ﬁGS(ul,uz,w))w=/f’(u1<pf+uz<0§+w)¢71/f+ / g (w195 + 1205 + w)ef v
¢ 082¢

(for all ¥ € Vﬁz) and, proceeding just as before, that they are Lipschitz continuous. Hence

G§:R? x V5, — Ris continuously differentiable. Similarly G : R* x VIL/2 — R s continuously
differentiable.

Now for HZ :R* x Vi, — V2,

> using (2.2), it is easy to see that

|HE (v, o) yi < Npe@™=D
and that
[HE G on) = HE 02, o) v, S VD22 (j1y; — yallge + llwr — a)zllvﬁ/z).

The derivatives of HS? are given by

0
— HE2 (u1, up, w)h, ¥ =h/f’(u1¢f+uz¢§+w)¢fw, heR,
duq vi yL

0
—HE2 (uy1, uz, )k, ¥ =k/f’(u1<ﬂf+uz¢§+w)<p§¢, k eR,
duy vi ytL

WV g

9
<—H€Q (u1, uz, W)€, w>
Jw

1
V. V‘j-

:ff’(uw)f +urps +w)Ey, E€ VIL/z.
Q¢

It is not difficult to see that these derivatives are continuous. Just to give an idea of the techniques
involved, we observe that the continuity derivative with respect to w (after the use of Holder’s
inequality) requires that

| £/ (w1 +u2gs +wi) = f(v1g] +v2g5 +w2) | o) > O

as max{|u; — vy, luz — v2|, lw; — w2”xg/2} 0, 0, for large values of p. This follows from

the fact that it goes to zero when p =2 and it is bounded when p = oco. Finally, for HEBQ :R? x
Vij, — V2, itis easy to see that

#2250, < Npeh-DP2
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and that
| H2Z (31, 01) — H? (2, w0) | vi

< 2396(N72)/2(”y1 ~ Yol 4+ €ND2| ) — “’2”Vﬁ/z)'

The derivatives of HBQ are given by

<1H39(u1, us, ), w>

» =h/g/(u1<pf+u2<p§+w)<pf1ﬁ, heR,
1

€

a0
<—H39(u1,uz,w)k,l//> A L:k/g’(u](pf—l—ugtpg—I—w)(pgt/f, k eR,
VL v

1
v, Vi

uy

€

:/g’(m(pf—l—uzgo;—}-w)’g‘w, .f;eVllﬂ.

€

ow

<1H39(u1,u2, w)E, ¢>

1
VAV

It is easy to see that these derivatives are continuous.

With this we see that F, and G satisfy the hypotheses of Theorem B.2. It follows from (2.1)
that the conditions on A, and B, of Theorem B.2 are also satisfied. The proof of Theorem 3 now
follows from Theorem B.2. O

Proof of Theorem 4. For suitably small €, the flow in the invariant manifold is given by
v(t, %) = w1 (D@} () + uz ()9 (x) + 0c (u1 (1), 2 (1)) (x), where (u1(¢), ua (1)) is a solution of

{ iy = G§(u1, uz, oc(ur, u)),

) 3.4)
iy = —8uy + G (u1, uz, oc (U, uz)).

To obtain that the flow on the attractor of (1.6) (or equivalently (1.9)) is topologically equivalent
to the flow on the attractor of (3.4), we only need to prove that the vector fields

Xe(uy,u2) = (Xo(€), X1(e)) and  Xo(u1,u2) = (X0(0), X1(0)),
where

Xo(e)=/f(u1</>f+uzg0§+<fe(u1,u2))g0f+ / g(u19f +u2e5 + oc(u1, u2)) ey,
O 292,

)\‘E
X1(e) = —56,\,2,] uz + [ f (w195 +u295 +0c(ur, u2)) g5
£2¢

+ / g(u19] + u205 + 0e(ur, u2)) 5.
92

Xo(O)Z[f(Ml+u2¢2)+/g(141+u2¢2),
2

082

X1(0) = -6 Coup + / Sur +uxdo)dn + / g(ur +ur¢2)dn
Q2

82
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are C! close. This follows easily from the fact that o, approaches 0 in the C! (R?, VIJ/-2) topology

and the asymptotic properties of the eigenvalues and eigenfunctions of ——2— A as € — 0. Just
to give an idea of the techniques involved, let us prove that d,, X1 (¢) converges to d,, X1(0) as
€ — 0. Note that

Oy X1(e)(u1, uz) — 9y, X1(0) (w1, uz)

_ S(AE C)
=\ v~ Co Ju2

—l—/f/(ulfpf+u2¢§+ae(u1,uz))¢§<ﬂf—/f/(ul + u2¢2)
2. 2

+ / g’(uupf+u2<p§+ae(u1,uz))<p§¢f—/g/(u1+uz¢z)¢z
082¢ a2

+ / I/ (w195 + u205 + 0 (U1, u2)) @504, 0¢ (1, u2)
2.

+ / g (19 + u2005 + 0 (1, u2)) @50, 0 (1, u2).
082
All but the last two lines in the above expression go to zero, uniformly in bounded subsets of R?,

because of the convergence properties of A{, A5, ¢ and ¢§ and because ||o¢(u1, u2)||vll/2 — 0.
For the last two lines we only need to observe that ||9,,0¢(u1, u2)||VIL/2 — 0 and use Uniform

Trace Theorem (Theorem 6) to conclude that |9y, 0e (u1, u2)ll1250,) =0 0 O
4. Patterns

In this section we return to system (1.9). Now we want to obtain stable nonconstant equilib-
rium solutions for (1.1). For this purpose we consider § sufficiently small, g(«) = u — u> and
f(u) =0. Thus system (1.9) has nine equilibrium points (see Fig. 2) which (for § <« 1) are ap-
proximately equal to

PIZ(O,O), P2=(O91)1 P}Z(O,—l),
P4=(1’0)7 P5=(191)5 P6=(1’_1)’
P; =(—-1,0), Pg=(—1,1), Py=(—1,—-1).

All these equilibrium points are hyperbolic. P5, Ps, Pg, Po are stable. We have seen that the
dynamics of (1.9) is equivalent to the dynamics of (1.1). The stable equilibrium points of the
form P = (v1, v2) with v] # vy correspond to stable nonconstant equilibrium for (1.1). Thus, if
€ is suitably small, system (1.1) has asymptotically stable nonconstant equilibria.



1228 A.N. Carvalho, G. Lozada-Cruz / J. Math. Anal. Appl. 325 (2007) 1216-1239

Fig. 2. Approximate phase portrait: § < 1, g(u) =u — u’, f=0.
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Appendix A. Convergence of eigenvalues and eigenfunctions

In this appendix we show Theorem 1 concerning the eigenvalues A{ arranged in increasing
order (counting multiplicity) and a complete system of orthonormalized eigenfunctions ¢, asso-

ciated to problem (1.4). Let ¢ = |2|7"/2 =1 and ¢p = c{x ;1 + 3 X & -

For the results in this section we follow the ideas in [2,3].

Lemma A.1.

1
€

A
timsup 2 <av- [ 1ol ool dn = Co,
e—~0 € 0

where &(x1) is the solution of the boundary value problem

(WN=1E(s)) =0, s€(0,1),
£ =), &=,

where c(l) and cg are defined in Theorem 1.

Proof. From the variational characterization, we know that

AL

2 = 1n 2
lpl=dx
Ia. J

c e HY(R), 9 #0, /(pdxzo}.

(A1)

(A2)
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Defining ¥ (x1, x) by

é(-xl) in R€7

lﬁ(xl,x/) = C(l) in QL,

cg in 2R,

and
- 1 -

1,8 = ) = |/w<x1,x’>dx1dx’,

€

£2¢

since ¥ € H'(§2.), then ¥ € H'(£2,) and fgelﬁdxl dx’ = 0. So we have

§<7fﬂf|w'2dx.
[ WP dx

From the definition of y», we have
/ VY |2 dx = / V|2 dx = /|vg(x1)|2dx1 dx’'
Q¢ Re Re

1
_ _ 2
=oyn-_1€" I/hN YD |E Gen | dxy dy.

0
Also,
2
f|w|2dx=/|1/}(x1,x’)|2dx1 dx' — |$ |(/&(x1,x/)dx1dx/)
€
¢ Q¢ ¢
and since

f&(xl,x/)dxldx’:f&(xl,x/)dxldx/:O(EN_I),
$2¢ Re

we obtain

f|1/f|2dx=/\&(x1,x’)]2dx1dx/+/|12f(x1,x’)|2dx1dx’+0(62<N—”)
2 Q Re
1
=1+aN,leN—1th—l(x1)|g(x1)|2dx1 + 02N ).
0
That gives us

Jo V¥ PPdx on—1€N [N ) 18 () 2 dxy dy

JoWPPdx 1oy 1 eN=1 [T RN=10e) €)1 dxy + O(€2N-D)

and consequently

1
25 <oy-1e! / WV | P dar dy’ + 0(END).
0
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Hence,

1
€

. A - 2
timsup 22— < [ WYl (A3)
e~ - 5

Now note that the solution of (A.2) can be found explicitly by
1

X1 —1
dt dxy
§(x1)=c?+(cg—c?){/hN_l(t)}{/hN_l(x1)} (A4)
0

0

and thus
1

1 2 d -
, 2_ 0 _0\2) #
’é (xl)‘ —(Cz Cl) {hN—l(xl)} {O/hN—l(m)}

2 L -2
N 1 dxi
_<|-QL| * |9R|>{hN1(X1)} {/th(xl)}
0

Replacing it in the right-hand side of Eq. (A.8), C, appears. O

Theorem A.2 (Convergence of eigenfunctions). Let n € N and ¢, be eigenfunctions for prob-
lem (1.4), then

(i) ¢S — ¢1in H*(2) ase > 0,k > 1,
(ii) sup, (@5l L(2) < 00 and @5 — ¢3 in HY(2)ase— 0.

Proof. (i) Observe that ¢ = 122|712 and ¢ = |2|71/2 =1 are the corresponding eigenfunc-
tions associated to A = p1 = 0. It is clear that ¢ — ¢ in H*(£2) for all integer k > 0.

(ii) Let A5 be the second eigenvalue of (1.4) and ¢5 be a corresponding normalized eigenfunc-
tion. From Lemmas A.1 and [4, Lemma B.1], we have that <p§ € L (£2,) and

“‘PS ||L°°(.Q€) < C”‘»‘é “LZ(.QE)

for some constant C = C(|§2¢|, N).
This implies [, |95 12 <29 0 and /, R.95 <29, 0 and, consequently,

/‘@5’2 201 and /¢§ 0,
2 2

Also, since
/\V¢§|2 < /!W)EV =15, (A.5)
Q Qe

we have that

/ Vs> <=5 0. (A.6)
2
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Since H'!(£2) is compactly embedded in L?(£2), @5 has a convergent subsequence in L2 (),
which we denote again by ¢5. Let ¢ be its limit. Thus we have

e €—0

@; —> ¢, strongly in L?(92),

Vs <=0 0, strongly in L2(£2),

/<p=0, /<p2=1~

Q Q
Hence, V¢ = 0. From this we have that ¢ = ¢ Xor T C2Xar where c¢1 and ¢y must satisfy
1|25+ 2 |2R| =0,

A7
(c)? 2L+ (@)?|2R] = 1. &

Thus,
" |2R| d |2L]
1= —— and = —.
1 120 2= 12K
So,
/¢§¢2=/<ﬂ§¢2+/§0§¢2ﬂ> /clc?+/czcg.

2 QL QR QL QR
From the first equation of (A.7) we see that ¢; and ¢, have opposite signs. We consider ¢ with
negative sign and ¢, with positive sign. In this case ¢] = c(l) and ¢ = cg. Thus we have

[ i = @1+ (Pl
2

Now we show @5 <=2 ¢ In fact,

65 = 0212, = 165320y + 10213 ) =2 [ w502
£20

S H‘PE”iz(geﬁ 1 _2/§0§¢2<2—2/(p§¢2ﬂ>0,
12 2

From this and (A.6) we conclude that [|¢5 — ¢all 41 () 0.0 o
The exact rate of convergence of A5 to 0 is given by the following proposition.

Proposition A.3.

€

s
lim 25 = Co. (A.8)

Proof. From Lemma A.1 it remains to show

1
. AS _ 2
11§njng§1H>/hN YD) g/ (x| dixy. (A.9)
0
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For this, we consider the following family of functions & (x1, y') = ¢5(x1, €y’), where (x1, y') €
Ri={(x1,y): 0<x1 <1, Y| <h(xp}). If x' =€y,

EN\> 1
eNl/I:<£> +6—2|vy,g6|2} dxldy’:/|V<p§|2dx1dx’<A§. (A.10)
1 €
Using (A.3) and (A.10), we have

E\> 1
sup/ (i) + = |Vy&el* | dxi dy < oo. (A.11)
e>OR 0x1 €

1

It follows that the family of functions {&.}¢~¢ is uniformly bounded in H'(R;). So we can find

a subsequence {e,} with €, 2=°% 0, and a function & € H'(R;) such that &, =% &, weakly

in HY(R;) and strongly in H*(R;) for all s < 1. Hence, from (A.11) we conclude that & is
independent of x’.
Let K be the convex and closed set of H! (0, 1) defined by

K={ueH" 0, D: u0) =c,ul)=c}.

Now we show that & € K. In fact, since & € H L(Ry), we conclude immediately that &) €
H'(0, 1). To find the boundary value of &) we use the fact that (pg 0, ¢> strongly in H 1(£2).
Thus, from the continuity of the trace operator, it follows that

£ log,ne — Eolyrne in H'?(OR)).

Thus &(0) = ¢? and &(1) = ¢Y, which proves that & € K.
Note that, from (A.10),

AS > N1 98 2d dy' A12
2 Z€ 5 x1dy (A.12)
X1

Ry
and that, if J: K — R is given by
1
J () = / RN e (e)? da,
0
then J (&) = min,ck J (). Hence J(§) < J(&). From (A.12), it follows that

)\'En 3 2 8 2
lim inf —2 2liminf/ e, dxuiy’}/ %o dxi1dy’
n—>oo eN—1 €,—0 dx1 ax1
R

1 R
1

_ 2
ZoN-1 /hN Yap|€'Gep| dxy.
0
This gives (A.9), which along with (A.3) implies (A.8). This concludes the proof. O

Finally, to conclude the proof of Theorem 1 we need to ensure that A§ is bounded away from
Zero.
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Proposition A .4.

liminf§ > 0.
e—>0 -
Proof. Note that ¢5 satisfies

f¢§ =0, /‘P§¢§ =0, S ||L2(.QE) =1 (A.13)
2 2

Suppose that there is a sequence {e ]}0o | with ¢; 2%, 0 such that lim; 00 2 =0. Then

e R L e

Hence there are ¢ € H'(£2) and a subsequence of {g5’}, with 5’ 7%, 4 weakly in H'(£2)
and strongly in L2(£2). Thus we have

€, s—L%(2) €; s—L%(2)
0, —— ¢, Vo, ——— 0.

It follows that
cy, in .QL,
O I a1
Now sup ¢y A;j < 00 and [4, Lemma B.1] imply that sup ;. ||(p§j ||L00(_Q€j) < 00. This together
with (A.13) imply that c; and c; satisfy
c1|RY 4+ | 2R | =
c1cd]2Y| +czc°|9R| = (A.15)
(c1)?| %] + (c2)2|:2R| =1.
Since the above system does not have a solution, we have a contradiction and the result is
proved. O

Appendix B. Invariant manifold theorem

In this section, we state and give hints of the proof for the invariant manifold theorem used to
prove Theorem 3. The proof is adapted from the results in Henry [15, Chapter 6].

Let € € (0, 1], X and Y, be Banach spaces, Ac: D(A¢) C X — X, be a sectorial operator
and B. € L(Y¢). Denote by XZ the fractional power spaces associated to A, o € [0, 1). Let
Fe:X? xYe > Xc and G¢: X2 x Yo — Y, be Lipschitz continuous functions and consider the
following system of weakly coupled semilinear differential equations in X2 x Y,

{)'c =Acx + Fe(x,y),

. (B.1)
y=Bcy+ Ge(x,y).

Definition B.1. A set S¢ C X¥ x Y, is an invariant manifold for (B.1) if there exists o¢ : Ye — X
such that Se = {(x, y) € X¢ x Ye: x = 0c(y)} and, for each (xg, y5) € Se there exists a solution
(x(), () of (B.1), (x€(0), y°(0)) = (x5, yy), defined on R such that (x“(2), y*(?)) € S,
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Vt € R. An invariant manifold S¢ is exponentially attracting if there are positive constants v and
K such that

@) = 0 (v @) | gy < Ke™ x5 = 0 (36) | e

whenever (x€(¢), y©(t)) is a solution to (B.1) with (x€(0), y(0)) = (x5, y;) € X¢ X Ye.

Theorem B.2. Assume that
| Fe(x,y) = Fez,w)| . < Lr(e)(lx = zllxe + Iy —wly.).
| Fex, 0|y, < Nrce),
|Gee,y) = Gz w) |y, < Lg@(llx —zlixe + lly — wlly.),
|Gee, m ]y, < Ng(e),

for each (x,y), (z,w) in X x Yc where Np(€) >0, Lr(e) >0, Ng(¢) >0 and Lg(¢) > 0.
Also, assume that there are positive constants M, Mp and p, independent of € and B(€) > 0
such that

He—Aezw”Xg < MAe—ﬁ(e)t“wHXg, t 20,
He_A€thxg < MAt_ae_ﬁ(e)t”w”Xe’ t>0,
lee'z]y, < Mge™lizlly., 1 <0,

Sforanywe X% and z € Ye. If

Nr(€) o ’ Lr(e) o 0 and Lr(e)Lg(€) 0
Be)*~! Be)*~! Ble)*~!
then, for small enough €, there is an exponentially attracting invariant manifold
Se = {(x’ y):x=o0e(y),y€ Ye}

for (B.1), where o : Y — X? satisfies

)

s(€) = sup [oc () | yu =20,
yeve €

{Ilae(y) —0e(2)llxe
ly —zlly.

If Fe, G¢ are smooth, then o¢ is smooth and its derivative Do, satisfies

y,z€Ye, y;ﬁz}e—_)—()»O.

sup ” Doe(y) “ L(Ye,X%) <=5 0.
ye¥e ¢

Proof. The first and crucial step is to obtain the existence of the invariant manifold. Given D > 0
and A >0, let o : Ye — X? be a function satisfying

lloell := sup loc e <D Jloe() —0e()] yu < Al =Y lIv.. (B.2)
YE€¥e

Denote by y.(t) = ¥ (¢, T, n, o) the solution of
Ve = —Beye + GE(UE(YG)a ye), I <r,
Ye(r) =1 (B.3)
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and define

O o) () = / e 4TI F(0c(y(5)), y(5)) ds. (B.4)
Note that h

|6 @]y < / NEMAGE = 5) e PO gy < TEZATEZ (B.5)

—0oQ
Let €9 > 0 be such that, for € < €, sup,cy_ [0 (0e) ()l xe < D. Suppose that o and o/ are
functions satisfying (B.2), n,n’ € Ye, ye(t) = ¢ (¢, T, n, 0c) and y.(t) =¥ (¢, 7,0, 0/). Then
t
oy _ _—B(t—1) o —Be(t—s) _ 1. ’
Ye(t) =y (1) =e m—n)+ [ e (Ge(oe(ye), ye) — Ge(ol(¥L). y.)) ds.
T

Now,

lye(®) —)’é(t)HYE
<Mpe” " —n'lly,
T
+MB/€p(S7t) ”Gs(ae(ye)sYG) _GG(G/(y;)’yé)HYE ds

t
<Mpe” " n—1'lly,
T
My [ (Joutr =o' (00) e + e = 521y, ) ds
t
<Mpe” T —=1'lly,

T

# ML [ 0000 =000+ 1+ e = ) s

t
<Mpe? T —n'|ly.

T

+ MpL, f " (lloe — N+ (1 + &) |ye = y. ||, ) ds
t

< Mpe” T n—n'lly,

T
3 eP(T—I)MBL
+MpL(1+ A>/e”“ Olye = yely, ds + == lloe =l
t
Let ¢ (1) = e*~9||ye(t) = y.(1)l,.. Then

T
L
() < MB|:||77 —'lly. + flll(fe - O'/|||Xg] + MpLg(1+ A)_/¢>(S)dS-
t
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By Gronwall’s lemma we have

Lg _
|ye@® —ye ]y, < [MB Il —n'lly, + Mo = G/IIIXg}e[HCF](T 2h

where cr = MpLg(1+ A).
Therefore

(CICAIOECICAICR] P

T
<My / (t = 5) e PO Fe(oe(3),y) = Fe(o' 0. Y) | . ds

—00

T

<MaLp f (r =) PO o) = o' | o + 1y = ¥llv.) ds

—00

T

<MLy f (t =) % PO (jlge — o/l + (1 + M)y — Vlly.) ds

—00

and consequently

[©om) — () ) ||Xg

T
. Lc(1+A . 3
< MyLp /(‘E _ s)—ae—ﬁ(f)(f—b)(l + Me[lo‘ﬂr](f—é)) ds|loc — o'
P
—00

T
+ MaMpLE(1+ A) / (t — ) e PO=P=erlT=s) gg|in — /Iy,

—00

=L @©ln =1y, + Iz (©)lloe — oIl

where
I (E)_MALFF(I—a) MAaLFLc(1+A)(1 —a)
T Bl p(B(e) —p —cr)'—®
MsMpLr(14+A)T'(1 — )
I)(e) = .

(Be) —p—cp)l—

It is easy to see that, given 6 < 1, there exists €y > 0 such that, for € < €g, I5(€) <6, I;;(e) <A
and

[©@om = 0@ ye < Li©lin=1llv. + I © e = /]| (B.6)

The inequalities (B.5) and (B.6) imply that ® is a contraction from the class of functions that
satisfy (B.2) into itself. Hence it has a unique fixed point 6 = ©(¢/") in this class.
The rest of the proof follows in the same manner as in [15, Chapter 6]. O
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Appendix C. Proof of Theorem 6

We remark that this result is similar in nature to those presented in [20, Section 4.2]. The main
differences being that, in our case, the cylinder is not straight (each section has a different radius),
we consider the trace of less regular functions and we embed the trace space into fractional power

spaces.
For w € Val, o > %, let y(w) be its trace. Our aim is to show that there is a constant &,

independent of €, such that
“ V(CU) HLZ(BQG) < 6”0)”){? .

For simplicity of notation we also denote by w its trace y (w). Note that

12
loll 250, < ( / |l ds + / |w|2ds) <lell2pe) + 10ll20r0\00)-
082 AR\
Since §2 is a fixed domain, it is easy to estimate the norm |w|l;2(;0) in terms of the norm
||w||X€1/z. Hence we only need to estimate |w|| ;23 \50)-
Before we proceed, let us introduce some notation:

R = {(x,y,z) eERxRYZxR: 0<x <1, |(y,z)||RN,l < eh(x)},

D, = {(x,y) eRxRY"2: 0<x <1, [y] <eh(x)},

Oc:De >R, x4+ [y + Oc(x, y)? = €2h(x)?, @€<x,y>=e@1(x,1>,
€

rE={(x,y,£60c(x,y)): (x,y) € De}, RN =Tur,.

If w: R. — R we denote by w : R| — R the function defined by w(x, y’, z') = w(x, €)', €7').
Now, for 0 < € < 1, we have that

eNVURNB ) 2 ry) = Iwll L2, ) (C.1)
NV b 1 gy < Mwllgrryy <€D Dl gryys (C.2)
e NV s ry) < Nwlliscro < €NV Dl Ry, 0<s <1, €3

where (C.3) is obtained from (C.1) and (C.2) by interpolation.
Let I = lwll;2( ) and I = I+ 1= ||w||L2(3RE\3_Q). Hence, for % <s<1,

(1) = [ toPar.
r*

= /|a)(x, ¥V, £Oc(x, y))\z\/l + (0xOc (x, y))2 + (0yOc (x, y))zdy

De
y 2 y 2 y 2
= [ |lwlx,y,£eO1| x, = 1+ (€0, x, = + (€001 x, = dy
€ € €
De

- EN—Z/]w(x, ey, €0 (x, y’))]z\/l + (€0,:01(x, ) + (3, @1 (x, y))* dy’

Dy
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<eN? f |o(x, ey, £€O; (x, y’))N 14 (0:01(x, y)) + (3, O1(x, y)) dy’
Dy

N-2 [ =2 N=2013. 112 -1 2
=c /|a)€| dln<e ClWellgys g,y < € cllwellzs g,

+
Fl

N-2 2 2
<ee" ol <ol

where y = €y’, 7z = €z’ and we have used that 0 < € < 1, N > 2, and the Trace Theorem for
functions in H*(Ry), % < s < 1, which are orthogonal to a constant. The proof is complete. O

References

[1] A.A. Andronov, A.A. Vitt, S.E. Khaikin, Theory of Oscillators, Dover, New York, 1987 (translated from the Russian
by F. Immirzi, reprint of the 1966 translation).
[2] J.M. Arrieta, Spectral properties of Schrodinger operators under perturbations of the domain, Doctoral Dissertation,
Georgia Institute of Technology, 1991.
[3] J.M. Arrieta, Rates of eigenvalues on a Dumbbell domains. Simple eigenvalue case, Trans. Amer. Math. Soc. 347 (9)
(1995) 3503-3531.
[4] J.M. Arrieta, A.N. Carvalho, A. Rodriguez-Bernal, Attractors of parabolic problems with nonlinear boundary con-
ditions. Uniform bounds, Comm. Partial Differential Equations 25 (1-2) (2000) 1-37.
[5] J.M. Arrieta, J.K. Hale, Q. Han, Eigenvalue problems for nonsmoothly perturbed domains, J. Differential Equa-
tions 91 (1991) 24-52.
[6] A.N. Carvalho, Infinite dimensional dynamics described by ordinary differential equation, J. Differential Equa-
tions 116 (1995) 338-404.
[7]1 A.N. Carvalho, Parabolic problems with nonlinear boundary conditions in cell tissues, Resenhas 3 (1997) 123-138.
[8] A.N. Carvalho, J.A. Cuminato, Reaction diffusion problems in cell tissues, J. Dynam. Differential Equations 09
(1997) 93-131.
[9] A.N. Carvalho, S.M. Oliva, A.L. Pereira, A. Rodriguez-Bernal, Attractors for parabolic problems with nonlinear
boundary conditions, J. Math. Anal. Appl. 207 (2) (1997) 409-461.
[10] R.G. Casten, C.J. Holland, Instability results for reaction diffusion equations with Neumann boundary conditions,
J. Differential Equations 27 (1978) 266-273.
[11] N. Consul, J. Sola-Morales, Stable nonconstant equilibria in parabolic equations with nonlinear boundary condi-
tions, C. R. Acad. Sci. Paris Sér. I 321 (1995) 299-304.
[12] N. Consul, J. Sola-Morales, Stability of local minima and stable nonconstant equilibria, J. Differential Equations 157
(1999) 61-81.
[13] G. Fusco, W.M. Oliva, Jacobi matrices and transversality, Proc. Roy. Soc. Edinburgh Sect. A 109 (3—4) (1988)
231-243.
[14] J.K. Hale, J.M. Vegas, A nonlinear parabolic equation with varying domain, Arch. Ration. Mech. Anal. 86 (1984)
99-123.
[15] D. Henry, Geometric Theory of Semilinear Parabolic Equations, Lecture Notes in Math., vol. 840, Springer-Verlag,
Berlin, 1981.
[16] S. Jimbo, The singular perturbation of domains and semilinear elliptic equation, J. Fac. Sci. Univ. Tokyo 35 (1988)
27-76.
[17] S. Jimbo, The singular perturbation of domains and semilinear elliptic equation II, J. Differential Equations 75 (2)
(1988) 264-289.
[18] S. Jimbo, The singular domain and the characterization for the eigenfunctions with Neumann boundary conditions,
J. Differential Equations 77 (1989) 322-350.
[19] S. Jimbo, Y. Morita, Remarks on the behavior of certain eigenvalues on a singularly perturbed domain with several
thin channels, Comm. Partial Differential Equations 17 (1992) 523-552.
[20] V.G. Maz’ya, S.V. Poborchi, Differentiable Functions on Bad Domains, World Scientific, Singapore, 1997.
[21] H. Matano, Asymptotic behavior and stability of solutions of semilinear diffusion equations, Publ. Res. Inst. Math.
Sci. 15 (1979) 401-451.



A.N. Carvalho, G. Lozada-Cruz / J. Math. Anal. Appl. 325 (2007) 1216-1239 1239

[22] Y. Morita, Reaction—diffusion systems in nonconvex domains: Invariant manifold and reduced form, J. Dynam.
Differential Equations 2 (1) (1990) 69-115.

[23] Y. Morita, S. Jimbo, Ordinary differential equations (ODEs) on inertial manifolds for reaction—diffusion systems in
a singularly perturbed domain with severals thin channels, J. Dynam. Differential Equations 4 (1) (1992) 69-115.

[24] J.M. Vegas, Bifurcations caused by perturbing the domain in an elliptic equation, J. Differential Equations 48 (1983)
189-226.



