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Abstract: In this work, the resonance problem in the artificial sateBimotion is studied. The development of the
geopotential includes the zonal harmonigg and .J,, and the tesseral harmonick, andJ,.. Through succes-
sive Mathieu transformations, the order of dynamical systereduced and the final system is solved by numerical
integration. In the simplified dynamical model, two crilieagles are studiedjso0; and¢4211. Numerical results
show the time behavior of the semi-major axis agdingle.

Keywords: Atrtificial Satellites. Resonance. Orbits.
1 Introduction

Synchronous satellites in circular or elliptical orbitwhadeen extensively used for navigation, communication and
military missions. This fact justifies the great attentibatthas been given in literature to the study of resonant
orbits characterizing the dynamics of these satelli-tasesthe 60’s (Morando, 1963; Blitzer, 1963; Garfinkel,
1965a; Garfinkel, 1965b; Garfinkel, 1966; Gedeon and Diab71%edeoret al, 1967; Gedeon, 1969; Lane,
1988; Jupp, 1969; Ely and Howell, 1996). For example, Mdrsgries satellites used by the old Soviet Union
for communication form a constellation of approximatelyp Xhtellites, launched since 1965, which have highly
eccentric orbits with periods of 12 hours. Another examglenssions that use eccentric orbits, inclined and
synchronous, include satellites to investigate the sokgmatosphere, launched in the 90’s (Neto, 2006).

The orbits of synchronous satellites are very complex. €hsdral harmonics of the geopotential produce multiple
resonances which interact resulting significantly nordimeaotions, when compared to non-resonant orbits. It
has been found that the orbital elements show relativegelascillation amplitudes differing from neighboring
trajectories, they are in fact chaotic (Ely and Howell, 1p9& should also be noted that the characteristics of
several missions involving such orbits require that they lkeapt to a minimum fuel consumption. Geographic
requirements determined by the missions and spatial mangwo¥ minimum cost demand precise control of the
trajectories that are subjected to significant nonlinesrduring the satellite lifetime.

In this paper, the 2:1 resonance is considered; in othersydhe satellite completes two revolutions while the
Earth carries one.

2 The Resonance Problem

In this section, a simplified Hamiltonian describing theoresnt problem is derived through sucessive Mathieu
transformations.

Consider Eq. (1) to the Earth gravitational potential eritin classical orbital elements (Osorio, 1973; Kaula,
1966)

00 l l —o00
_ M pofae\!
V= % + Z Z Z Z E (;) Jlmﬂmp(I)Glpq(e>005(¢)lmpq(M7wv Qa ®>>a (1)
=2 m=0 p=0 g=+o0o0
wherey is the Gaussian constapts3.986009 x 10 m?3/s2, a, e, I, 2, w, M are the classical keplerian elements:
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a is the semi-major axis; is the eccentricity/ is the inclination of the orbit plane with the equator,is the
longitude of the ascending node,is the argument of pericentre and is the mean anomaly, respectively;
is the Earth mean equatorial radius=6378.140km, .J;,,, is the spherical harmonic coefficient of degieznd
orderm, Fi,,(I) and Gy,,(e) are Kaula’s inclination and eccentricity functions, respely. The argument
Gimpq(M, w, Q, ©) is defined by

¢l7npq(MawaQ76) = qM+ (l - 2p)w+m(Q -0 - )\lm) + (Z _m)g )

whereO is the Greenwich sidereal time ang,, is the corresponding reference longitude along the equator

In order to describe the problem in Hamiltonian form, Delayinanonical variables are introduced

L= /na G = +/pa(l — e?) H = /pa(l — e?)cos(I)
=M g=w h=Q. 2

Using the canonical variables, one gets the Hamiltoian
. MQ 00 l
F=— m 3

with the disturbing potentiak;,,, given by

I +oo
Ry = Z Z Blmpq(Lv Gv H)COS(¢lmpq(l’g’ h’ 9)) ’ (4)

p=0g=—o0

The argumeng;,,,, is defined by

Gimpg(l, 9,7, 0) = ql + (1 = 2p)g +m(h — O — Nip) + (I —m) (5)

o N

and the coefficienB;,,,, (L, G, H) by

0o l l —00

B =33 3 (1

1=2 m=0 p=0 g=—+o0

l
) Jim Fimp(L, G, HYH; H0-0720) (1, @), (6)

The HamiltonianF’ depends explicitly on the time through the Greenwich sigldime ©, where® = Q.t (. is
the Earth’s angular velocity ands the time). A new variablé, conjugated t®, is introduced in order to extend
the phase space. In the extended phase space, the extendiiilan H is given by

H=F +w.d. (7)
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For resonant orbits, it is convenient to use a new set of daabwvariables. Consider the canonical transformation
of variables defined by the following relations

r=1l+g+h y=g-+h z=nh =20, (8)

whereX,Y, Z, 0, x,y, z, 0 are the modified Delaunay variables.

The new Hamiltoniarl’, resulting from the canonical transformation defined by B9 is given by

A _m+W69+ZZRllrn7 (9)

=2 m=0

where the disturbing potentid,,  is given by

l “+o0
R =" > Bppe(X.Y, Z)c0s(Grmpg (2, y, 2, 0)). (10)
p=0g=—c0

Consider the resonance to be studied in this work; thatéscdmmensurability between the Earth rotation angular
velocity 2. and the mean motion. This commensurability can be expressed as

qn — mwe =0 (12)

consideringg andm as integers. The commensurability of the resonance stuglied is defined byn. When
this commensurability ocurrs, small divisors, associdtethe tesseral harmonics, arise in the integration of the
equations of motion (Lane, 1988). These terms are callenhesgs.

The short and long period terms can be eliminated from theiltzmian A’ by applying an averaging method. A
reduced Hamiltoniat,. is obtained from the Hamiltonial’ when only secular and resonant terms are consid-
ered. Several authors, Kaula (1966), Lima Jr (1998), Foaraigd Vilhena de Moraes (2009), Vilhena de Moraes
et al. (1995), Ely and Howell (1996) also use this simplified Haamilan to study the resonance. The reduced
HamiltonianH,. is given by

2

r 2X2 +W69+2323030(X Y, Z)+

j=1

[eS) l l

+ Z Z Z Bllmp(ozm) (Xa Ya Z>COS(¢l7rzp(am) (:Ca Y, z, @)) (12)

=2 m=2p=0

The canonical system of differential equations governed/byas the first integral

(1—E)X+Y+Z Ch (13)
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where( is an integration constant.

Using this first integral, a Mathieu transformation

(X7KZa®amay7Z79) — (X17Y15215617x17y1521591)

can be defined.

This transformation is given by the following equations

Xy

[
s

Y1

I
!
N
I
A~
—
|
Q|+
~_
b
+
~
+
N
@
I
©)

1
xlzx—(l—a)z n=y—=z 21 =2 0, =90. (14)

The subscript 1 denotes the new set of canonical variablete thatZ;=C; and thez; is an ignorable variable.
So, the order of the dynamical system is reduced in one dedfemedom.

Substituting the new set of canonical variabl&s, Y1, Z1, ©1, z1, y1, 21, 61, in the reduced Hamiltonian given by
Eqg. (12), one gets the resonant Hamiltonian. The word "r@stinis used to denote the Hamiltoniah s which

is valid for any resonance. The periodic terms in this Hamikn are resonant terms. The Hamiltonﬁn,.s is
given by

2 oo

Hi e :2“_)(12 + webi + ; B12;,0,5,0(X1, Y1, Z1)+
oo l
+) 3 Bitmpitam) (X1, Y1, Z1)08(1 tmp(am) (1, 41, 21, ©1)). (15)
1=2 m=2 p=0

The Hamiltonian]flus has all resonant frequencies, relative to the commendityabi where thep; ;.. (am)
argumentis given by
¢1,lmp(ozm) = m(axl - 61) + (l - 2]7 - am)yl - ¢1,lmp(ocm)0 ; (16)

with

™
¢1,lmp(ozm)0 =M, — (l - m)E (17)

The secular and resonant terms are given, respectivel; by ; o(X1,Y1, Z1) and
Bl,lmp(am) (Xh Yi; Zl)

Each one of the frequencies contained%ﬁg}, %, dd—@tl is related, through the coefficientsm, to a tesseral
harmonicJ;,,. By varying the coefficients m, p and keeping;/m fixed, one finds, all frequencié?%

concerning to a specified resonance.
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Now, consider a single frequency among the several resdmautencies that can be obtained from the expression

¢1,lmp(ozm) —m dxy dO1
dt dt

o a— — —) + (I =2p—ma) % (18)

The frequencybu,”p(m) for the fixed coefficientsn and(l — 2p — ma) will be the unique resonant frequency
considered in the resonant Hamiltoniém,m. This frequency will be called "critical frequency".

A critical frequency can be, for example, the one that resnla smaller numerical value fdﬁylmp(am), implying

a effect strengthening of the resonance considered. Thedreies of the argumerflsandw can become more
pronounced the presence of small divisors that arise inrttegiation of the motion equations, this depend also
on the eccentricity and inclination of the orbit plane. Timportance of the node and the pericentre frequencies is
smaller when compared to the mean anomaly and Greenwictealdene, however, they also have their contri-
bution in the resonance effect. As mentioned in precedinggraphs, the coefficientsm, p can vary, producing
different frequencies within the resonant cosines for trmesresonance. These frequencies are slightly different,
with small variations around the commensurability giveruby -0 .

In the keplerian elements, the coefficient of frequeh@ssumes the values 2, 0, -2, and the coefficient of frequency
71 assumes the values 1, -1, -3.

According to Eg. (16), the argument in the resonant Hamigtois given by

®1 imp(am) (T1,%1,01). To determine a critical frequency, one needs to fix all theffatients of the variable,
Y1, ©1; in other words, one fixes, m and (-2p-ma).

The coefficienty is fixed, because the type of resonance is defined; in this'@apeOnce the resonant angle has
been chosen, the coefficientsand (-2p-ma) must be fixed too.

By fixing the expressiol — 2p instead of the coefficientsand p separately, one has the possibility to vary

andp, considering that — 2p is a certain fixed value k. Once this critical frequency hasnbehosen among the

possible resonant frequencies, the other periodic terrﬂmdf—lamiltonianH{J.s are taken as short period terms,
with frequencies different from the critical frequency.

Defining a single critical frequency, or, assuming the isaastudy of each frequency, a new Hamiltonian is
obtained. This new Hamiltonian is given by

2 oo

ﬁLc :;—X% + weby + ; Bi,2j,0,5,0(X1,Y1,Ch)+
co I
+ Z Z Bl,lmp,(am) (Xh Y1, OI)COS((bl,lmp(am) (mla Y1, @1)) (19)
1=2 p=0

The coefficients: = [ — 2p andm are fixed. This Hamiltonian contains secular and criticahteonly. Since is
a fixed value H; . can be putin the simplified form

2

A~ ‘LL e
Hi . :2—X12 + webh + ; Bi,25.0,5,0(X1,Y1,Ch)+
(o)
+ Z B imp,(am) (X1, Y1, C1)cos(d1 imp(am) (T1,Y1,01)) (20)
p=S
2 00
where;‘? + w01 is the central part of the Hamiltonia}, Bi 2;.0.5.0(X1, Y1, C1) contains only secular terms
1 j=1

with the even zonal harmonics, and
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oo
Z Bl,(2p+k)mp(am) (Xla Yy, Cl)cos¢1,(2p+k)mp(am) (.171, Y1, 61)
p=s

represents the resonant terms that have the same criggaiefncy.

The canonical system of differential equations governetlhla)l-katmiItonianIfILC has the first integral

(k—ma)X; —maY; =Cy (22)

where(C is an integration constant.

Using this integral, a new Mathieu transformation can bengefi This canonical transformation is given by the
following equations

Xg = X1 }/2 = (k‘ — ma)X1 — maY1 @2 = @1

k —mao

1
) Y Yo =——Uy1 by = 6. (22)

Ty =21 +
mao

mao

The subscript 2 denotes the new set of canonical variables.

The Hamiltonian function is invariant with respect to thesxnMathieu transformation. Thus, from Eq. (20) and
(22), one gets the final Hamiltonidi,

2 oo
Ha s :2”_X22 +wellz + Y B2jo.4.0(Xa, C1, Ca)+

j=1

S
+ Z B2,(2p+k)mp(am) (X27 Ch, CQ)COS(¢2,(2p+k)mp(am) (.1727 @2)) ) (23)
p=S

o]
where )" Bj 2j.0,5,0(X2,C1, Cs) represents the secular terms and
7=1

oo
Z BQ,(Qp-l—k)mp(am) (XQ, Cla 02)005¢1,(2p+k)mp(am) (ZQa 62)

p=s

represents the resonant terms with the same critical fregeg Note that, = Cs andys, is an ignorable variable.

The new anglés (2p+k)ymp(am) (T2, O2) is given by

¢2,(2p+k)mp(am) (12; 62) =¢2 — ¢2,(2p+k)mp(ozm),0 ) (24)

wheregs = m(azs — 02), and
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™
¢2,(2p+k)mp(a),() = m)‘(2p+k)m - (2p +k— m)§ = ¢1,lmp(am)() : (25)

Recall that: andm are two fixed coefficients determined by choosing a critiesbnant frequency, among the sev-
eral possible resonant frequencies. The Hamiltoffany has all tesseral related to the chosen critical frequency.

For small eccentricities, the Hansen’s coefficients carxpeassed in Newcomb'’s polynomials and Kaula’s eccen-
tricity function (Kaula, 1966):

H—pt+k+1), k( ) = G (2p+k)p(am) (e). =

am

Accordingly, the HamiltoniarH’,_; can be rewritten as

2

Hy = 2X2 + weba + ZBQ 24,0,5,0(X2, C1, C2)+
j=1
S
+ Z B2,(2p+k)mp(am) (X27 Ch, CQ)COS(¢2,(2p+k)mp(am) (.1727 @2)) ) (27)
p=S
with

M2p+k+2 2

BQ,(2p+k)mp(am) (XQ; Cl; 02) W e J(2p+k)m
X F(2p+k)mp(X27 Cl; CQ)G(Q;DJrk)p(am) (X27 02) ) (28)

where the functioid,,, (¢) is the Kaula’s eccentricity function. Prime denotes theadified Hamiltonian for small
eccentricities.

The dynamical system generated by Hamiltoniﬁé(aj is

dXs

dt = —ao Z BQ,(Qp-l—k)mp(am) (XQ; Clv CQ)Sen(¢2,(2p+k)mp(am)) (29)

p=5

dos w2 A 0B2.25.0.5.0(X2,C1, Co)
— maﬁ mwe—maz J JE)XQ -

j=1

e Z B3, (2p+k)ymp(am) (X2, C1, C2)

an COS(¢2,(2p+k)mp(am) (.172, 62)) (30)

The Eq. [29) and (30) represent the motion equations in aeem®@ of commensurability.
3 Results

Figures (1) to (8) show the time behavior of the semi-majds ard¢- angle, according to the numerical integra-
tion of the motion equationd, (P9) arid{30). The initial citiods, in the Figs. (1) to (8), for inclinations at®
and55°, and eccentricities, 0.001 and 0.01. The initial valuesafismajor axis are around the critical semi-major
axis. Note that the circulation and libration regions aftedentiated by color.
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Figure 1. ¢ versus t, considering the tesseral harmonid2-. The initial conditions for inclination and eccentricity are
I = 10° and e=0.001, respectively
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Figure 2. a versus t, considering the tesseral harmonidz2. The initial conditions for inclination and eccentricity are
I = 10° and e=0.001, respectively
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Figure 3. ¢- versus t, considering the tesseral harmonid2-. The initial conditions for inclination and eccentricity are
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Figure 4. a versus t, considering the tesseral harmonidz. The initial conditions for inclination and eccentricity are
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Figure 5. ¢ versus t, considering the tesseral harmonid2-. The initial conditions for inclination and eccentricity are
I = 10° and e=0.01, respectively
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Figure 6. a versus t, considering the tesseral harmonidz. The initial conditions for inclination and eccentricity are
I = 10° and e=0.01, respectively
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Figure 7. ¢ versus t, considering the tesseral harmonid2-. The initial conditions for inclination and eccentricity are
I = 55° and e=0.01, respectively
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Figure 8. a versus t, considering the tesseral harmonidz2. The initial conditions for inclination and eccentricity are
I = 55° and e=0.01, respectively
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Figures (1) to (8) show that vibration amplitudes incregsimen the inclination varies from 2@ 55’ and when
the eccentricity varies from 0.001 to 0.01. Figures (9) atf@) 6how the time behavior of the semi-major axis
and¢, angle, considering the critical anglgsy; associated to tesseral harmodig and the critical angléss1,
associated to tesseral harmoris. The Table 1 show the resonant coefficients.

Table 1. Resonant coefficients

Degree() | Order(m) | p | ¢
2 2 0|1
4 2 11

26570 T T T T

J22
Josand Jgp ———-—-

26565

26560

26555

a (Km)

26550

26545

26540 L L L L
0 2000 4000 6000 8000 10000

t (days)

Figure 9. a versus t, considering the tesseral harmonicd22 and Ja2. The initial conditions for inclination and
eccentricity are I = 10° and e=0.01, respectively

2500

2000

1500

1000

500

@ (degrees)

-500

-1000

-1500

-2000 ' ' ' '
0 2000 4000 6000 8000 10000

t (days)
Figure 10. ¢2 versus t, considering the tesseral harmonidz2 and J42. The initial conditions for inclination and

eccentricity are I = 10° and e=0.01, respectively

Figures (9) and (10) show the difference in the time behadithie semi-major axis angh, angle, with the addition
of the tesseral harmonif;,. The tesseral harmonif; is = O(10~%) and it changes the value of the critical semi-
major axis, in some centimeters, see the Tab. (2). The Tgbsh@v the critical semi-major axis for different
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inclinations and eccentricities and it shows the difference in the numerical value of the semi-major axis, when the
tesseral harmonig,; is included. These critical values are obtained from the following condition

2 o
Iz 0B3.2j,0,5,0(X2,C1,Cs)
Koy, — 125,0.4,
X7 e D X

=0. (31)

j=1

Table 2. Critical semi-major axis

Eccentricity | Inclination ) | Critical angle| Semi-major axiskm)
0.001 10 ?2201 26557.05255
0.001 55 ®2201 26562.59742
0.01 10 2201 26557.05208
0.01 55 ®2201 26562.59758
0.001 10 (72522()14'(;54211 26557.05194
0.001 55 02201+ Pa211 26562.59767
0.01 10 (72522()14'(;54211 26557.05148
0.01 55 (72522()14'(;54211 26562.59783

4 Conclusions

In this work, the dynamical behavior of two critical angles associated to the 2:1 resonance problem in the artifi-
cial satellites motion have been investigated. Through successive canonical transformations, a simplified model
describing the problem is derived. In the regular motion region, one can study the dynamical system considering
each critical angle separately.

The results show the time behavior of the semi-major axis@nengle, considering two inclinations(® and
55°, and different eccentricities, 0.001 and 0.01. Two different regions are observed in the numerical integration,
libration and circulation regions.

Two critical angles are studiedyo; associated to/oo and ¢4011 associated td/y,. The values of the critical
semi-major axis show a difference of centimeters in the libration region, when the tesseral hafmdsmadded.

Inside the region where the resonances are found, the motion can be chaotic, because it shows sensibility to initial
conditions.
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