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Abstract—In this paper, we prove the exponential decay as time goes to infinity of regular
solutions of the problem for the Kirchhoff wave equation with nonlocal condition and weak damping

t
ute — M (HVUH%) Au+ / g(t — s)Au(-, s)ds + aus =0, in Q,
0

where Q is a noncylindrical domain of R**! (n > 1) with the lateral boundary ¥ and « is a positive
constant. (© 2004 Elsevier Ltd. All rights reserved.

*Author to whom all correspondence should be addressed.

This research was started while the first author was visiting the Federal University of Para-UFPA (Pa-Brazil),
during September 2002, the Federal University of Paraiba-UFPB (PB-Brazil) during January and February 2003
and the State University From Sio Paulo - UNESP (SP-Brazil) during April 2003, where this research was ended.
He was partially supported by CNPq—Brasflia under Grant No. 300344/92-9. The authors are thankful to the
referee of this paper for valuable suggestions which improved this paper. Also, the authors would like to thank

Professor J. Lorenz for this valuable attention to our paper. Finally, the authors are grateful to Professor Dr.
J. E. Murnioz Rivera.

0895-7177/04/8 - see front matter (© 2004 Elsevier Ltd. All rights reserved. Typeset by ApMS-TEX
doi:10.1016/j.mcm.2004.06.008 ‘



1286 J. FERREIRA et al.

Keywords—Kirchhoff wave equation, Noncylindrical domain, Exponential decay.

1. INTRODUCTION

Let © be an open bounded domain of R™ containing the origin and having C? boundary. Let
7 : {0,00[— R be a continuously differentiable function. Consider the family of subdomains
{2 }o<t<oo Of R™ given by

Q =T, T:iyeQmz=1(ty,

whose boundaries are denoted by T';, and let Q be the noncylindrical domain of R*! given by

Q= |J @ux{t}

0<t<oo

with lateral boundary

S = | rex s

0<Lt<oo

In this work, we study the existence of strong solutions as well as the exponential decay of the
energy to the Kirchhoff wave equation with a nonlocal condition given by

uge — M (|| Vul|3) Au+ /tg(t — 8)Au(-,8)ds + auy =0, in Q, (1.1)
0

u =0, on 2, (1.2)

u(z,0) = uo(z), wue(z,0)=ui(x), in Qo, (1.3)

where u is the transverse displacement and « is a positive constant. We show the existence and
uniqueness of strong solutions to the initial boundary value problem (1.1)-(1.3). The method we
use to prove the result of existence and uniqueness is based on transforming our problem into
another initial boundary value problem defined over a cylindrical domain whose sections are not
time-dependent. This is done using a suitable change of variable. Then, we show the existence
and uniqueness for this new problem. Our existence result on noncylindrical domain will follow
by using the inverse transformation, that is, by using the diffeomorphism 7 : Q — Q defined by

A z
T:Q—)Q, (I,t)EQtF—)(y,t):‘ (:Y—(t—)',t> (14)
and 771 : Q — Q defined by
Ty, t) = (z,t) = (v(t)y, B). (1.5)
Denoting by v the function
v(y,t) = uor Yy, t) = u(y(t)y,t), (1.6)

the initial boundary value problem (1.1)—(1.3) becomes

¢
v — M (7““2||Vv!|%z(m) Av+ /0 g(t — s)v72(s)Av(-, 5) ds
+av; — A(t)v + a1 - VO + ag - Vu =0, in Q,

1.7)

’Uh-* = 0, (18)

v|t=0 = Vg, Ut‘t:o = V1, in Qv (19)
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where n
Aty = Z By; (ai50y;v)
1,7=1
and
aij(y,t) = — (7’7‘1)2yiyj, Li=1...,n,
a1(y,t) = 2977y, (1.10)
a(y,t) = =y 2y (Y'y+9 (ey + (n = 1)¥)) .

To show the existence of strong solution, we will use the following hypotheses:

7 <0, ifn>2  +'>0 ifn<2, (1.11)

. oo 3 =
v(-) € L=(0, 00), onf Y(t) = >0, (1.12)
¥ € W2(0,00) N W21(0, 00). (1.13)

Note that assumption (1.11) means that Q is decreasing if n > 2 and increasing if n < 2 in
the sense that when ¢t > ¢’ and n > 2, then the projection of Qi on the subspace ¢ = 0 contains
the projection of ; on the same subspace and the contrary when n < 2. The above method
was introduced by Dal Passo and Ughi [1] to study a certain class of parabolic equations in
noncylindrical domains. Concerning the function M € C([0, 0¢[), we assume that

M(t)>mo, M(T)T> M(T), Y7 >0, (1.14)

where M (1) = [ M(s)ds.

Uunlike the existing papers on stability for hyperbolic equations in noncylindrical domain, we
do not use the penalty method but work directly in our noncylindrical domain . To see the
dissipative properties of the system, we have to construct a suitable functional whose derivative
is negative and is equivalent to the first-order energy. This functional is obtained using the
multiplicative technique following Rivera’s method in [2]. We only obtained the exponential
decay of solution for our problem for the case n > 2. The main difficulty to obtain the decay
for the case n < 2 is due to the influence of the geometry of the noncylindrical domain and it
is an important open problem. From the physics point of view, problem (1.1)—(1.3) describes
the transverse displacements of a stretched viscoelastic membrane fixed in a moving boundary
device. The viscoelasticity property of the material is characterized by the memory term

/ g{t — s)Au(-,s) ds.
0

In a fixed domain, it is well known that if the relaxation function g decays to zero, then the energy
of the system also decays to zero, see [3-8]. But in a moving boundary setting, the axial tension
exerted by the horizontal movement of the boundary yields nonlinear terms involving derivatives
in the space variable. To control these nonlinearities, we add in the system a frictional damping,
characterized by wuy. This term will play an important role in the dissipative nature of the
problem. A quite complete discussion in the modelling of transverse vibrations of purely elastic
membranes can be found in [9]. It seems to us that there is no result concerning the asymptotic
stability of solutions for system (1.1)—(1.3) in the literature. So to fill this gap we study here this
topic. The notations we use in this paper are standard and can be found in Lion’s book [10,11].
In the sequel by C (sometimes C;,Cy,...), we denote various positive constants which do not
depend on ¢t or on the initial data. The organization of this paper is as follows. In Section 2, we

prove the existence of regular solutions, and finally in Section 3, we give the proof of the uniform
exponential decay.
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2. EXISTENCE AND REGULARITY

In this section, we shall study the existence and regularity of solutions for system (1.1)—(1.3).
For this, we assume that the kernel g : Ry — R is in W21(0, 00) and satisfies

>0
0,-g' 20,  moyy®— / g(s)y2(s)ds = B> 0, (2.1)
0
where
M= sup (t).
0<t< o0

To simplify our analysis, we define the binary operator

7(t / / gt — s)772(s) |Vu(t) — Vu(-, 5)|* dsda.

It is convenient to establish the following.

LEMMA 2.1. Forv e CY0,T : H*(Q)), we have

//g(t—-s ~2(s)Vv - Vo dsdz = t) /|V 2 dx + ’D———

18- ([ 84) e

The proof of this lemma follows by differentiating the term gl(Vu(t)/~(t)). The well posedness
of system (1.7)—(1.9) is given by the following theorem.

THEOREM 2.1. Let vp € HH{Q) N H?(Q) and v; € H}(N) be functions satisfying
Vool 220y + I V1l1Z2(0) < 6,

where § is a small positive constant, and suppose that assumptions (1.11)—(1.14) and (2.1) hold.
Then there exists a unique solution v of the problem (1.7)—(1.9) satisfying

v € L% (0,00 : Hy(Q) N H*(Q))
vy € L™ (0,00 : H&(Q)) )
Vit S Loo (01 o0 L2(Q)) *

PRrooOF. Let us denote by B the operator
Bw = —Auw, D(B) = H}(Q) n H%(Q).

It is well known that B is a positive self-adjoint operator in the Hilbert space L2(f)) for which
there exist sequences {wn}neN and {A,}nen of eigenfunctions and eigenvalues of B such that the
set of linear combinations of {wy, }nen is dense in D(B) and Ay < Ay < --- < A\, — 00 asn — oo.
Let us denote by

m m

o= (vo, wiwy, o= (vr,wj)w;

j=1 j=1

Note that for any (vo,v1) € D(B) x H}(2), we have vJ* — v strong in D(B) and +* — v;
strong in H(£).
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Let us denote by V;,, the space generated by wi,...,wn. Standard results on ordinary differ-
ential equations imply the existence of a local solution v of the form

v (t) = Z gim(t)w;
=1

to the system

/vl?wjdy+a/vl”wjdy~7‘2M (7”"2 lIvaiiie(n)/Avmwj dy
Q Q 0
t
+/ / g(t — 8)y 2(s)Vu™ (-, s) ds - Vw, dy+/ A" w; dy
Q2 Jo Q

+/a1'Vvlnwjdy-i-/ag‘vawjdy:O, j=1,...,m, (2.2)
Q Q
v"(z,0) = vy, vz, 0) = 1" (2.3)

The extension of these solutions to the whose interval [0, oo[ is a consequence of the first estimate
which we are going to prove below.

A Priori ESTIMATE 1. Multiplying equation (2.2) by g},,(t) and summing up the product result,
we obtain

1d d .
2 o2+ ol + Lon (=2 [9om ) & oo

24t
/ / t—-s)v"z(s)V'um(v,s)-vadsdy+/A(t)vmvgndy (2.4)
Q
+fa1-Vv{”v§"dy+/ a - Voot dy = 0.
Q Q
Noting that
T (7R V) S = iy (7 9o )
) 7 2 = 2
—-n n—2 mi|2 _ _ /.—3 mi2 n—2 my2
4 & (st (772 [90m3) ) = (- 207y~ (902 M (72 9 2)

and using Lemma 2.1, equation (2.4) can be written as

L2 i ol B 4+ 2o (vt (29 )

2dt 2 dt

S [ v ) 4 (19

gl ([ ] o
+'21',Ygz((2) vomz - 'DV” / A(tyom oy d

+/ ay - Vo'u* dy-l—/ ag - Vo™ dy = 0.
Q Q
Taking into account (1.11)—(1.14) and (2.1), we get

1d m ™ 2 (TL—2)’)’/ N2 m 2 n—2 my 2
3 BT + a1} = T [y eI M (v Vi)

M (2 v IR)] < €1+ ) (B + 197 3)
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where
m m —n 37 n— m Vo™ ‘ - m
EP () = ol + 3t (=2 190miE) +. 0050 - ([ g(or26)ds) [9mi.

From (1.11) and (1.14), it follows that inequality (2.6) can be written as

EP(t) +o / @i ds<c (nvrni + %@M (v-20) nwsnn%))

t
+0 [+ 1D Er(ds.
Using Gronwall’s lemma and taking into account (1.13), we conclude that
t
[P+ Ivom3+ [ Plids<c,  vieT), VmeN. (2.7)
0

A Priori ESTIMATE II. Now, if we multiply equation (2.2) by 1/A;g;,,(t) and summing up in
j=1,...,m we get after some calculations

53 IV 15 + Vo713 + Lo (v 9o 3) = 1803
t
—/ / g(t—s)'y—z(s)Avm(-,s)Avf‘dsdy—{—/A(t)vav?‘dy (2.8)
Q Jo Q

+/ a; - VP Avt dy + / ag - Vo™ AV dy = 0.
Q Q
Using Lemma 2.1, we obtain

[ [ ot = i) 80m ()0 dy = = a2 0) o

1, Av™ 1d Av™ ¢ = 2
+-2~g D—~’Y_ T3E [QD 5 (/0 g(s)y™*(s) ds) |Av HQ] :

(2.9)

Substituting (2.9) into (2.8) and taking into account (1.14), we get

1 d v o m m / " "
5= BP0+ S VP < CIVo™ I3+ C (] + ') BR (e, (2.10)

where
¢
R () = |Vopl} +v7°M (v°=2 | Vom|3) a3 - ( / 9(s)772(s) ds) lav™]l3.
From (2.7), it follows that inequality (2.10) can be written as
t t
Ep(®)+o [ IVoTI3 ds < it Ca [ (114 1) EF(s) ds.
0 0
Using Gronwall’s Lemma and taking into account (1.13), we get
t
E(t) +a/ IVor|2ds<C,  Vte[0,T], YmeN. (2.11)
0

A Priori EsTIMATE III. From equation (2.2}, we get

I3 <C,  YmeN. (2.12)
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Finally, we differentiate (2.2) with respect to ¢, multiply it by 97m(t), and use similar arguments
as (2.7) to obtain

t
E?) +/ W2 ds<C, Vte[0,T], VmeN, (2.13)
0

where

B () = il 70 (72190 3) 1901 + o0 = ([ a(s)y72(s) s ) 19l

From estimates (2.7), (2.11), and (2.13), it follows that v™ converge strongly to v € L?(0,c0 :
H3(9)). Moreover, since M € C'(0,00) and Vo™ is bounded in L*(0, 00 : L2(£2)) N L2(0, o0 :
L%(9)), we have

[

where C is a positive constant independent of m’ at ¢, so that

M (w-? ||Vv"‘H§) - M ("~ Vv|2)

t
ds < c/ o™ = vl 31 ) ds,
0

M (y"=2 Vo™ [3) (Ao, wy) = M (72 [Vol) (Ao, wy).
Therefore, v satisfies

ve L™ (0,00 : Hy(Q)),
vy € L™ (0,00 : HS(Q)) ,
vy € L™ (0,00 : LZ(Q)) .

Letting m — oo in equation (2.2), we conclude that v satisfies (1.7) in the sense of L>(0, o0 :

L2(Q2)). Therefore, we have
v e L® (0,00 : H} () N HA(Q)).

The uniqueness follows by using standard arguments. ]

To show the existence in noncylindrical domain, we return to our original problem in the
noncylindrical domain by using the change variable given in (1.4) by (y,t) = 7(z,t), (z,t) € Q.
Let v be the solution obtained from Theorem 2.1 and u defined by (1.6), then u belongs to the
class

u € L> (0,00 : Hy()), (2.14)
u, € L™ (0,00 : Hy (), (2.15)
ug € L™ (0,00 : L2(Qt)) . (2.16)

Denoting by
u(z,t) = v(y,t) = (vo1)(z,t),

then from (1.6) it is easy to see that u satisfies equation (1.1) in the sense of L>°(0, 00 : L2({})).
Let ug, us be two solutions of (1.1), and v, v, be the functions obtained through the diffeomor-
phism 7 given by (1.4). Then v;, vy are solutions of (1.7). By the uniqueness result Theorem 2.1,
we have v; = vy, so that u; = up. Therefore, we have the following result.

THEOREM 2.2. Let us take ug € H}(Q0)NH?(Q), w1 € HE(Qo) and let us suppose that assump-
tions (1.11)—(1.13) and (2.1) hold. Then there exists a unique solution u of problem (1.1)—(1.3)
satisfying (2.9)—(2.11) and equation (1.1) in the sense of L>(0, 0o : L?(£;)). ]
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3. EXPONENTIAL DECAY

In this section, we show that the solution of system (1.1)—(1.3) decays exponentially. To this
end, we will assume that the memory g satisfies

—c1g(t) < g'(t) < —cag(t), (3.1)

for all t > 0, with positive constants ¢1, cz. Additionally, we assume that the function ~(:)
satisfies the conditions

v <0, t>0, n> 2, (3.2)

1
"M <= .
0<0ggi>g°|7()l_d, (3.3)

where d = diam(f2). Condition (3.3) implies that our domain is “time like” in the sense that
le| < {7,

where v and 7 denote the t-component and z-component of the outer unit normal of 2 Let us
suppose that

mo — /000 g(s)ds =B > 0. (3.4)

To facilitate our calculations, we introduce the following notation:

(gOVa) () / / (t — 8)|Vault) = Vau(-, )| ds da.

First of all, we will prove the following two lemmas that will be used in the sequel.

LEMMA 3.1. Let F(-,-) be the smooth function defined in Q; x [0, 00][ (t € [0,00[). Then,

% FG, t)da:—-/ SRz, d:v+—/ F(z,t)(z - 7)dT%, (3.5)

where U is the x-component of the unit normal exterior v.

PRrROOF. We have by a change variable z = y(t)y, y € Q,

4 Fmﬂm=%AmeﬁW®@

Q¢
=/n(%) 7"(t)dy+§/9%’xi (%) Y () dy
+n4¢ww*uwwm%ﬂ@.

If we return to the variable x, we get
!

!
4 [ Flatyds = ——d + x-VF(m,t)dm+n1/ F(z,t) dz.
dt Ja, Q. 7 Ja, v Ja.

Integrating by part in the last equality, we obtain formula (3.5). 1
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LEMMA 3.2. For any function g € CY(R.) and u € CY((0,T) : H*()), we have

¢
/ / g(t — s)Vu(-, s) - Vuydsdz = ~——1—g(t) / |Vu(t)|? dz + lg'DVu
o, Jo 2 o 2

—-;-gt- [gDVu— (/otg(s) ds) /Q ;vulz]

Y ¢ ~
+.27y /I‘g /0 g(t — 8)[Vu(t) — Vu(, s)[2 (7-z) dly.

The proof of this lemma follows by differentiating the term gl0Vu and applying Lemma 3.1.
Let us introduce the functional

E(t) = |lut| 220, + M (”VU”iz(ntO - </Ot9(3) ds) IVul|Z2q,) + 9OVu.

LEMMA 3.3. Let us take ug € H3(€0) N H%(Q), u1 € HE () and let us suppose that assump-
tions (1.11)-(1.13) and (2.1) hold. Then any regular solution of system (1.1)—(1.3) satisfies

—%E(t) +20lue| 320,y — /F t 77 7 z) (Iut]2 +M (nvu“iz(gt)) ]Vu[2) dr,

- L @) [ ot = 9)IVult) = Vu(, o) dsr

= —/ g(t)|Vu|2 dz + ¢'0Vu.

t

PROOF. Multiplying equation (1.1) by u., performing an integration by parts over {1, and using
Lemma 3.1, we obtain

d 1d
7 e, + 5;ﬁnvuniz(m) + afluellfzq,)

t
- / / g(t — s)Vu(-,s)ds - Vus dz (3.6)
Q; JO

Do)

_/ .2”% @ - z) (Jue|® + |Vul?) dTy = 0.

t

Taking into account Lemma 3.1, we have

5 (IVuliaqay) [ GIV0ltde = 320 (1Vuliaca,)

: (3.7)
~;—7 /r‘, M (”V“”%z(gt)) |Vul2 (7 - z) d;.

Substituting equality (3.6) into (3.5) and taking into account Lemma 3.2, we conclude the
proof. 1

Let us consider the functional

Y(iE)=2 | wuudr+ aHUtflﬁz(n )
Q2 '
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LEMMA 3.4. Let us take up € H3(Q0) N H2(), u1 € H3(Q) and let us suppose that assump-
tions (1.11)~(1.13) and (2.1) hold. Then any regular solution of system (1.1)—(1.3) satisfies

1d X t
53590 < laliaay — 3 (IVullay) + [ 966)ds) Vel
1/2

+ IVl L2, (/Ot g(s) ds) (gDVu)I/Q.

Proor. Multiplying (1.1) by u, integrating over Q;, and using (1.14), we obtain

| =

t
= 0(t) = lusl2aay = M (I Vula,) + /ﬂ /0 g(t - $)Vu(,s) - Vuds da.

o] =
.

Noting that

/m /:g(t — 8)Vu(-,8) - Vudsdr = /s;, /Otg(t ~ 8)(Vu(,s) — Vu(t)) - Vudsdz

+ /ﬂ (/Otg(s) ds> |Vul? de,

and taking into account that

1/2

< [Vullaon o) is) (GO,

/ / ol — $)(Vul, 5) - Valt)) - Vada
Q, JO

we conclude the proof. |

Let us introduce the functional
L(t) = NE(t) + ¥(t), (3.8)
with N > 0. It is not difficult to see that L£(t) verifies
koE(t) < L(t) < k1 E(2), (3.9)

for ko and k; positive constants. Now we are in a position to show the main result of this paper.

THEOREM 3.1. Let us take up € H(Qo)NH2(Q), w1 € HE(Qo), and let us suppose that assump-
tions (1.12), (1.13), (2.1), (3.2), and (3.3) hold. Then any regular solution of system (1.1)-(1.3)
satisfies

E(t) <Ce S E(0), Vt>0,

where C and & are positive constants.

Proor. Using Lemmas 3.3 and 3.4, we get

d
Ei[*(t) < —2Na|wl|}z(q,) — C1NgOVu + Nut“%?(nt)

t
=1 (19ullay) + ([ 9(6)ds) IVuliza,
1/2

IVl ([ sds) " @OV,
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Using Young inequality, we obtain for € > 0

d
Egﬁ(t) < —QNCX“'!.Lt”%z(Qt) - C’lNgDVu + “’U«t“%z(gt)

t
1 (IVullsqa) + [ o9)ds) 19220,

€ 2 llgll 1 (0,00)
Choosing N large enough and € small, we obtain
d
SL() < —MoE(t) (3.10)

where Ag is a positive constant independent of t. From (3.9) and (3.10) it follows that
L(t) < L(0)e~Po/RE . yg > .
From equivalence relation (3.9), our conclusion follows. ]
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