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1. I N T R O D U C T I O N  

Let ~t be an open bounded domain of ]~n containing the origin and having C 2 boundary. Let 
: [0, (x~[--~ ]~ be a continuously differentiable function. Consider the family of subdomains 

{~t}0<t<~ of R ~ given by 

~2t = T(~) ,  T : y • ~ ~ x = 7(t)y,  

whose boundaries are denoted by Ft, and let Q be the noncylindrical domain of R ~+1 given by 

O<_t<oo 

with lateral boundary 

U 
O<__t<oo 

In this work, we study the existence of strong solutions as well as the exponential decay of the 

energy to the Kirchhoff wave equation with a nonlocal condition given by 

~0 t utt - M (llVull~)/x~ + g(t  - s)ZXu(., s) d~ + ~ -- 0, 
^ 

U ---- 0~ on E '  

u(x ,O) - - - -uo (x ) ,  u t ( x , O ) = u l ( x ) ,  in ~t0, 

in ~, (1.1) 

( i . 2 )  

(1.3) 

where u is the transverse displacement and a is a positive constant. We show the existence and 
uniqueness of strong solutions to the initial boundary value problem (1.1)-(1.3). The method we 
use to prove the result of existence and uniqueness is based on transforming our problem into 
another initial boundary value problem defined over a cylindrical domain whose sections are not 
time-dependent.  This is done using a suitable change of variable. Then,  we show the existence 
and uniqueness for this new problem. Our existence result on noncylindrical domain will follow 

by using the inverse transformation, tha t  is, by using the diffeomorphism T : Q --* Q defined by 

~ :  ~ -~  Q, (x,  t) • f it  ~ (y, t) = , t (1.4) 

and T -1 : Q ~ Q defined by 
~ - ~ ( y , t )  = ( x , t )  = ( ~ ( t ) y , t ) .  (1.5) 

Denoting by v the function 

v(y ,  t) = u o ~_-l (y ,  t) = u ( v ( t ) y ,  t),  (1.6) 

the initial boundary  value problem (1.1)-(1.3) becomes 

n--2 2 ~0 t IlVvtlL2( ))/,v+ 
+ a r t  - A ( t ) v  + a l  • V O t v  + au • Vv = 0, in Q, 

vlr ----0, 

vlt=o = vo: vt]t=o ---- Vl, in ~,  

(1.7) 

(1.8) 

(1.9) 
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where 

and 

i , j=l  

= y vj, i , j  = 1 , . . .  

a, (y, t) = -27"y- ly ,  

a2(y, t) = - 7 - 2 y  (7"'Y + 7' (aT + (n - 1)~')). 

To show the existence of strong solution, we will use the following hypotheses: 

(1..10) 

7 ~<0,  if n > 2 ,  7 ~>0,  if n < 2 ,  

7(') E L°°(0, co), inf 7(t) = 70 > 0, 
O<t<~ 

7' E W2'~(0 ,00)nw2 ' l (0 ,00) .  

(1.11) 

(1.12) 

(1.13) 

Note that assumption (1.11) means that Q is decreasing if n > 2 and increasing if n < 2 in 
the sense that when t > t' and n > 2, then the projection of ~t' on the subspace t = 0 contains 
the projection of ~t on the same subspace and the contrary when n < 2. The above method 
was introduced by Dal Passo and Ughi [1] to study a certain class of parabolic equations in 
noncylindrical domains. Concerning the function M E C 1 ([0, co[), we assume that 

M(7) > m0, M(r)7 _>/17/(7), V7 > 0, (1.14) 

where M('r)  = f [  M ( s )  ds. 
Unlike the existing papers on stability for hyperbolic equations in noncylindrical domain, we 

do not use the penalty method but work directly in our noncylindrical domain Q. To see the 
dissipative properties of the system, we have to construct a suitable functional whose derivative 
is negative and is equivalent to the first-order energy. This functional is obtained using the 
multiplicative technique following Rivera's method in [2]. We only obtained the exponential 
decay of solution for our problem for the case n > 2. The main difficulty to obtain the decay 
for the case n _ 2 is due to the influence of the geometry of the noncylindrical domain and it 
is an important open problem. From the physics point of view, problem (1.1)-(1.3) describes 
the transverse displacements of a stretched viscoelastic membrane fixed in a moving boundary 
device. The viscoelasticity property of the material is characterized by the memory term 

oo t g(t - s)Au(., s) ds. 

In a fixed domain, it is well known that if the relaxation function g decays to zero, then the energy 
of the system also decays to zero, see [3-8]. But in a moving boundary setting, the axial tension 
exerted by the horizontal movement of the boundary yields nonlinear terms involving derivatives 
in the space variable. To control these nonlinearities, we add in the system a frictional damping, 
characterized by ut. This term will play an important role in the dissipative nature of the 
problem. A quite complete discussion in the modelling of transverse vibrations of purely elastic 
membranes can be found in [9]. It seems to us that there is no result concerning the asymptotic 
stability of solutions for system (1.1)-(1.3) in the literature. So to fill this gap we study here this 
topic. The notations we use in this paper are standard and can be found in Lion's book [10,11]. 
In the sequel by C (sometimes C1, C2,. . .  ), we denote various positive constants which do not 
depend on t or on the initial data. The organization of this paper is as follows. In Section 2, we 
prove the existence of regular solutions, and finally in Section 3, we give the proof of the uniform 
exponential decay. 
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2. E X I S T E N C E  A N D  R E G U L A R I T Y  

In this section, we shall s tudy the existence and regularity of solutions for system (1.1)-(1.3). 
For this, we assume that  the kernel g : N+ --+ JR+ is in W2,1(0, c~) and satisfies 

g , -g '  > O, mo71 2 - g(s)7-2(s) ds =/3 > O, (2.1) 

where 

71 = sup 7(@ 
O < t < ~  

To simplify our analysis, we define the binary operator 

gVlV@tt)) = ~ f o t g ( t -  s)~/-2(s) ,Vu(t) - Vu(',s),2 dsdx. 

It is convenient to establish the following. 

LEMMA 2.1. Forv C CI(0, T : Hl(f~)), we have 

f a  f0 t l g(t) fa IVvl2 dx + 1  , _ V v  g(t - s)'r-2(s)Vv • Vvt ds dx - 2 72(0) ~g LA 7 

21ddt [ g [ : ] ~ - ( f o  t ~g(s) ds) Jn [Vvl2dx] " 

The proof of this lemma follows by differentiating the term g[](Vu(t)/7(t)). The well posedness 
of system (1.7)-(1.9) is given by the following theorem. 

THEOREM 2.1. Let vo E Hl(f~) • H2(f~) and v 1 E H~(Q) be functions satisfying 

where 5 is a small positive constant, and suppose that assumptions (1.11)-(1.14) and (2.1) hold. 
Then there exists a unique solution v of the problem (1.7)-(1.9) satisfying 

v • L °° (0, oo: H] (a)  n H2(a)), 
vt e n°° (O, oo : Hlo(f~)) , 

vtt • n ~ (0, oo : Le(f~)). 

PROOF. Let us denote by B the operator 

Bw = - A w ,  D(S)  = Hl(f~) n H2(f~). 

It is well known tha t  B is a positive self-adjoint operator in the Hilbert space L2(f~) for which 
there exist sequences {wn)neN and {An}heN of eigenfunctions and eigenvalues of B such that  the 
set of linear combinations of {Wn}~e~ is dense in D(B) and A1 < As _< --- _ An --* c<~ as n --* oc. 
Let us denote by 

m m 

vy = Z(vo, j)wj, v? =  (Vl, j)wj 
j = l  j = l  

Note that  for any (v0,vl) e D(B) x H01(f~), we have v~ --~ v0 strong in D(B) and v~ --* vl 
strong in H01 (f~). 
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Let us denote by Vm the space generated by w i , . . .  ,win. Standard results on ordinary differ- 
ential equations imply the existence of a local solution v "~ of the form 

m 
v'~(t)= ~g~m(t)wj 

j= l  

to the system 

+ fa f~g(t-s)7-~(s)Vv'~(',s)ds" Vwjdy+ f A(t)vmwjdy 

+~al.VV~wjdy+~az.Vvmwjdy--O, j = l , . . . , m ,  

vm(~, O) = ~,  ~?(~, O) = ~? 
(2.2) 

(2.3) 

The extension of these solutions to the whose interval [0, o~[ is a consequence of the first estimate 
which we are going to prove below. 

A Priori ESTIMATE I. Multiplying equation (2.2) by g~.m(t) and summing up the product result, 
we obtain 

1 d ,~ 2 7 -2 (7~_ 2 d [[Vvm[l~ 5 d~ Ilvt 112 + a [Iv~ll~ + --~--M ]lVvm[I22) ~-~ 

__ fn footg(t- s)7-2(s)Vvm(.,s) . Vvm dsdy + fnA(t)vmv~ dy (2.4) 

+ L a l" Vv'~v~' dy +/f~ a2" Uv'~vr dy = O. 

Noting that  

~ .  (~o-~ il~jl~) ~ II~Jl~: ~-o-~,M 
+~/ 

and using Lemma 2.1, equation (2.4) can be written as 

l d []v~l]22 + a [[v~]l 2 + l d  (7_~2~/(7~_ 2 HVvml122)) 
2 dt -2-~ 

' 1 d [ Vv m _ (/o' 
1 g(t) 1 ,_Vv m ffl A(t)vmv? dy ~ - - ~  IIWmll~-- ~9 U ~ + 

+ f al'VV?v'~dy+ fna2"Vvmv'~dy=O. 

Taking into account (1.11)-(1.14) and (2.1), we get 

1 d r, (n -- 2)')' t [~/n--2 ]j~vm]]2 M (~/,n-2 il~vrnli 2) 
~E i (t) + ce Ilv?ll~ - 27~+x (2.6) 
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where 

(/0 ) '7 

From (1.11) and (1.14), it follows that  inequality (2.6) can be writ ten as 

E~(t) -I- c~ IIv~(s)[I 2 ds < C t]v~nH 2 + 7n(0 ) 

Z + C (17)"1 + 17"1) E'~(s) ds. 

Using GronwalFs lemma and taking into account (1.13), we conclude that  

IivT~ll~ + ItV~mll~ + livTii~ ds <_ C, Vt E [0,T], Vm C N. (2.7) 

A Priori ESTIMATE II. Now, if we multiply equation (2.2) by x/~g~,~(t)  and summing up in 
j = 1 , . . . ,  m we get after some calculations 

_ _ 7 -2 /'Tn_ 2 d 
2 dt 

- /~ /otg(t-  s)7-2(s)Avm(.,s)Av'~ dsdy + /aA(t)v'~Av~ dy (2.8) 

+ / al" Vv~nAv~n dy+ / a2" VvmAv~ dy=O. 

Using Lemma 2.1, we obtain 

/f~ Jootg(t - s)7-2(s)Avrn(.,s)Av~ dy = -lg(t)7-2(O ) IIAvmll~ 
(2.9) 

1 ,F-IAvm l d r  Av "~ ds) llAv~H~]. +-~g -~ 2dr [g[--1 7 - (/ootg(s)7-2(s) 

Substituting (2.9) into (2.8) and taking into account (1.14), we get 

I d E~(t) + 2 ~ .~ IIW,~ll~ _< c IIW,'ll~ + c (17'1 + 17"1)E~(t), (2.10) 

where 

E~(t)--I lVvY',l~ + 7 -2M (7 "-2 IlVvmil~)I'"v"ll~ - (fo'g(s)7-2(s)ds)[l~vmii~. 
From (2.7), it follows that  inequality (2.10) can be writ ten as 

/o /o Er ( t )  + o~ I l V v T I l ~  ds < C] + C~. (17'1-1- ]7"l)E'~(s)ds. 

Using GronwalPs Lemma and taking into account (1.13), we get 

E ~ ( t )  +c~ IIVvmll 2 ds < C, 

A Priori ESTIMATE III. From equation (2.2), we get 

liv~(0)ll~ <_ C, 

v t  e [O,T], V ~  e N. (2.11) 

v m  ~ i~. (2.12) 
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Finally, we differentiate (2.2) with respect to t, multiply it by gS~(t), and use similar arguments 
as (2.7) to obtain 

/o E ~ ( t )  + [[v~ll 2 ds < C, Vt  E [0, T], Ym E N, (2.13) 

where 

= IIv, 112 + ~ - 2 M  - g ( s )~ -2 (~ )  d~ IIVvSll~. 
7 

~-Yom estimates (2.7), (2.11), and (2.13), it follows that  v m converge strongly to v E L2(O, oo : 
H~(~t)). Moreover, since M E Cl(0, c~) and Vv m is bounded in L°~(0, c~ : L2(~))N L2(0, oo : 
L2(~t)), we have 

where C is a positive constant independent of m' at t, so that  

Therefore, v satisfies 

, e L ~  ( 0 , ~  : H ~ ( ~ ) ) ,  

vt E L °° (0, oc : H01(gt)), 

vtt E L °~ (0, co : L2(fl)) .  

Letting m --+ o~ in equation (2.2), we conclude that  v satisfies (1.7) in the sense of L°°(0, ~ : 
L2(~)). Therefore, we have 

v E L °° (0, oo : g01 (gt)n H2(~t)). 

The uniqueness follows by using standard arguments. | 

To show the existence in noncylindrical domain, we return to our original problem in the 
noncylindrical domain by using the change variable given in (1.4) by (y, t) -- T(X, t), (x, t) E Q. 
Let v be the solution obtained from Theorem 2.1 and u defined by (1.6), then u belongs to the 
class 

Denoting by 

u E L °° (0, cc : H01(~t)), 

ut E L ~ ( 0 , ~ :  H I ( ~ ) ) ,  

utt E L °° (0, oo : L2(~t)) .  

(2.z4) 

(2.15) 

(2.16) 

~ (x , t )  = v(y , t )  = (v o T)(x,t ) ,  

then from (1.6) it is easy to see that  u satisfies equation (1.1) in the sense of L°°(O, oc : L2(~tt)). 
Let Ul, u2 be two solutions of (1.1), and Vl, v2 be the functions obtained through the diffeomor- 
phism r given by (1.4). Then Vl, v2 are solutions of (1.7). By the uniqueness result Theorem 2.1, 
we have vl -- v2, so that  ul = u2. Therefore, we have the following result. 

THEOREM 2.2. Let us take uo C Hl(~t0)nH2(~0),  ul E H~(~to) and let us suppose that assump- 
tions (1.11)-(1.13) and (2.1) hold. Then there exists a unique solution u of problem (1.1)-(1.3) 
satisfying (2.9)-(2.11) and equation (1.1) in the sense of Lee(O, oc : L2(~t)) .  | 
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3. E X P O N E N T I A L  D E C A Y  

In this section, we show that  the solution of system (1.1)-(1.3) decays exponentially. To this 
end, we will assume that  the memory g satisfies 

-clg(t)  <_ 9'(t) <_ -c2g(t), (3.1) 

for all t _> 0, with positive constants cl, c2. Additionally, we assume tha t  the function 7(') 
satisfies the conditions 

V' < 0, t > 0, n > 2, (3.2) 

1 
0 < max Iv'(t)] < ~, (3.3) 

O < t < ~  

where d = diam(~l). Condition (3.3) implies that  our domain is "time like" in the sense that  

L- L < Lvl, 

where ~ and P denote the t-component and x-component of the outer unit normal of ~ .  Let us 
suppose that  

/5 mo - g(s) ds =/31 > 0. (3.4) 

To facilitate our calculations, we introduce the following notation: 

(g[]vu)(t) = fo* g(t- s)lW(t)- Vu( . , s ) [  2 ds dx. 

First of all, we will prove the following two lemmas that  will be used in the sequel. 

LEMMA 3.1. Let F(., .) be the smooth function defined in t2t x [0, oc[ (t C [0, co[). Then, 

d F(x, t) dx = d t) dx + F(x,  t )(x .  P) dFt, (3.5) d-t ~ , ~ F ( x ,  -~ , 

where P is the x-component of the unit normal exterior u. 

PROOF. We have by a change variable x = ~(t)y, y e ~, 

d f~  F(x,t) d x =  d -~ , -~ F(~/(t)y,t)vn(t)dy 

i=1 

+ n f~ V'(t)Vn-l(t)F(V(t)y, t) dy. 

If we return to the variable x, we get 

d ~ F ( x , t ) d x = / n  OF dx 7' fn  fo -~ - ~  + --  x .  VF(x ,  t) dx + u- -  F(x, t) dx. 

Integrating by part in the last equality, we obtain formula (3.5). | 
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LEMMA 3.2. For any function g E CI(R+) and u E CI((O,T) : H2(f~t)), we have 

, g(t - s)Vu(., s). Vut ds dx = -~g( t )  , IVu(t)12 dx + -~g ~ V u  

12 dd t [g[:]Vu- ( ~ t g ( s ) d s )  /at IVu'21 
.),i f f t  

+ -~ 

The proof of this lemma follows by differentiating the term g[]Vu and applying Lemma 3.1. 
Let us introduce the functional 

1293 

,.~ t 

= - J~/g(t)JVul 2 dx + g'[~Vu. 

PROOF. Multiplying equation (1.1) by ut, performing an integration by parts over ~2t, and using 
Lemma 3.1, we obtain 

- £,  /*g(t-  s)W(.,s)ds. W, dx 

- , ~ (v.  x) (MI ~ + IWl 2) dr, = o. 

Taking into account Lemma 3.1, we have 

~ M  

Substituting equality (3.6) 
proof. 

Let us consider the functional 

(3.6) 

2"y M (][VuI[[,(a~)) [Vu[ 2 (P" x) drt .  
t 

(3.7) 

into (3.5) and taking into account Lemma 3.2, we conclude the 
| 

LEMMA 3.3. Let us take uo E H~(~o) n H2(f~o), ul E H~(~2o) and let us suppose that assump- 
tions (1.11)-(1.13) and (2.1) hold. Then any regular solution of system (1.1)-(1.3) satisfies 
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LEMMA 3 .4 .  

tions (1.11)-(1.13) and (2.1) hold. Then any regular solution of system (1.I)-(1.3) satisfies 

(1 ) 2 

+ ,,VU,,L2(~t) ( ~ t  g(s) ds)  l/2 (gDVu) 1/2 . 

PROOF. Multiplying (1.1) by u, integrating over ~t ,  and using (1.14), we obtain 

/o/o' t 

Noting that  

£/o t £/o' g(t - s)Vu(., s) . Vu ds dx = ~ g(t - s)(Vu(., s) - Vu( t ) ) .  Vu ds dx 

+ /~, (fo~g(~)ds) lVul ~ d~, 

and taking into account that  

In, fo tg(t s)(Vu(" s) - Vu(t)) " V u d x  - "VU"L2(n~) ( ~ t g ( s )  ds) 1/2 - < ( g E ] V u )  ~/2 , 

we conclude the proof. 

Let us introduce the functional 

J. FERREIRA et al. 

Let us take uo e Hol(~o) N H2(gto), ul 6 H~(gto) and let us suppose that  assump- 

£(t) = NE(t)  + ¢(t) ,  

with N > 0. It is not difficult to see that  £(t)  verifies 

| 

koE(t) < £(t) < klE(t),  

(3.s) 

d 2 £:(t) ~ -2Nallut l l~(n~) - C1NgE]Vu + IlutJlL2(~t) 

/, f t  \ 1/2 

for ko and kl positive constants. Now we are in a position to show the main result of this paper. 

THEOREM 3.1. Let us take uo 6 Hol(flo)AH2(Qo), Ul 6 H0t(~o), and let us suppose that  assump- 
tions (1.12), (1.13), (2.1), (3.2), and (3.3) hold. Then any regular solution of system (1.1)-(1.3) 
satist~es 

E(t) < Ce-etE(O), Vt >_ O, 

where C and ~ are positive constants. 

PROOF. Using Lemmas 3.3 and 3.4, we get 

(3.9) 
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Using Young inequali ty,  we ob ta in  for e > 0 

d £(t)  < - 2 N a [ b t  2 HL~(~t) - C1Ng[:]Vu + liut][~.2(~) 

e 2 ]lgl}Ll(O,~)g[::]Vu 

Choosing N large enough and  e small,  we ob t a in  

d £ ( t )  < - A o E ( t ) ,  (3.10) 

where A0 is a posit ive cons tan t  i ndependen t  of t. From (3.9) and  (3.10) i t  follows tha t  

z(t)  <_ L(0)e-(X°/kl)% Vt > o. 

From equivalence re la t ion  (3.9), our  conclusion follows. 
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