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�I do not know what may appear to the world, but to myself I seem to

have been only like a boy playing on the seashore, and diverting myself in

now and then �nding a smoother pebble or a prettier shell than ordinary,

whilst the great ocean of truth lay all undiscovered before me.�

Sir Isaac Newton

"The limits of my language means the limits of my world"

Ludwig Wittgenstein
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Resumo

Nesta dissertação de mestrado, nós implementamos in�ação na supergravidade

com o volume de dimensões extras grandes atuando como o in�aton. Trabalhamos

no contexto de N = 1, d = 4 supergravidade e com in�ação gerada por um único

campo escalar que assume valores subplanckianos. A Lagrangeana de matéria chi-

ral acoplada com supergravidade é derivada desde os primeiros princípios e nós

revisamos a cosmologia padrão e as consequências de um universo in�acionário. En-

tão procedemos para a análise da in�ação na supergravidade e explicamos o que

são dimensões extras. Por �m, nós construímos um modelo de nova in�ação e

procuramos pela sua compatibilidade com os resultados observacionais obtidos pelo

satélite Planck.

Palavras-Chave: Superespaço; Supergravidade; In�ação na supergravidade; In-

�ação com dimensões extras.

Áreas do conhecimento: Cosmologia; Teoria de Campos.
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Abstract

In this master thesis we attempt to implement in�ation in supergravity with

the volume modulus of large extra dimensions acting as the in�aton. We work in

the context N = 1, d = 4 supergravity and with small single-�eld in�ation. The

Lagrangian of chiral matter coupled with supergravity is derived from �rst principles

and we review the standard cosmology and the consequences of an in�ationary

universe. Then we proceed to the analysis of in�ation in supergravity and explain

what are extra dimensions. Lastly, we construct a model of new in�ation and look for

its compatibility with the observational results obtained from the Planck satellite.

Key Words: Superspace; Supergravity; In�ation in supergravity; In�ation with

extra dimensions.

Areas: Cosmology; Field theory.
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Chapter 1

Introduction

In 1981 Allan Guth introduced the idea of in�ation, an era of the very early universe

in which the expansion of the space was accelerated [1]. Such an epoch is the most

popular way to solve some shortcomings of the Big Bang cosmology, why the universe

is so �at and so large, and it turns out that it can be used to explain the initial

inhomogeneity of the cosmological �uid [2, 3]. The most common implementation

of in�ation is using scalar �elds. There are many models using single or multi �elds,

but if they intend to be phenomenologically viable then it needs to satisfy some

observational constraints, that comes from observations of the Cosmic Microwave

Background (CMB).

The energy scale involved during in�ation is much larger than the scale tested

in the Large Hadron Collider. Therefore, it is natural to describe in�ation in an ex-

tended version of the Standard Model. Supersymmetry is present in some extensions

of the Standard Model as well as its gauged version, supergravity. Supergravity can

be treated as a supersymmetric extension of General Relativity or a theory with

local supersymmetry and is also an e�ective theory of the low energy limit of string

theory. Supergravity is self consistent at the classical level, though at quantum level

we should really consider the full string theory. Hence is possible to look for viable

models of in�ation in supergravity, a task that is not easily achieved. Once we have

a model of in�ation in supergravity, one can go further and try to �nd its origin in

string theory. In doing that we have to learn how to deal with the extra dimensions

that take part of the string inventory.

In the 1920s Theodor Kaluza and Oskar Klein introduced and study the pos-

sibility of extra spatial dimensions [4, 5]. They were interesting in the uni�cation
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of eletromagnetism with General Relativity in a single theory, that today is called

Kaluza-Klein theory. More recently, it was proposed that large extra dimensions,

dimensions with scales as large as a millimeter, can be used to solve the hierarchy

problem of the Standard Model [6, 7]. According to what we know about the quan-

tum world it seems to exist a desert between the electroweak and Planck scales, this

fact being a manifestation of the hierarchy problem. Such desert is not predicted

and would be nice if we had an explanation for it. The idea is that only gravity can

propagate in the extra dimensions and it has the e�ect of bringing the Planck scale

down to the TeV region.

In this work we explore the possibility of the volume modulus of the large extra

dimensions driving the in�ation in the supergravity context. We study single chiral

�eld models in N = 1, d = 4 supergravity. The thesis is divided as follows: chapters

2 to 3 describes what is supersymmetry and supergravity and how the Lagrangian

for pure supergravity is constructed from geometrical methods in the superspace;

chapter 4 shows the Lagrangian for the general chiral model coupled to supergravity;

chapter 5 is a review of Friedmann-Lemaître-Robertson-Walker cosmology and the

ΛCDM model; in chapter 6 we motivate and construct the slow roll in�ation and

in chapters 7 and 8 we study in�ation in supergravity and its implementation with

large extra dimensions, trying to construct a model of new in�ation in supergravity.
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Chapter 2

Supersymmetry and Superspace

2.1 The Poincaré Algebra

The Poincaré group P is the group of symmetries of Minkowski spacetime. It is the

set of linear non-homogeneous transformations of a spacetime coordinate vector xm

x′m = Λm
nx

n + am (2.1)

that leaves the Minkowski metric invariant. This means that the spacetime

interval

ds2 = ηmndx
mdxn (2.2)

is the same in the two inertial reference systems with coordinates xm and x′m.

We will denote (Λ, a) an element of the Poincaré group that transform xm to x′m

according to (2.1). The need for invariance of (2.2) is equivalent to the equation

ηmnΛm
pΛ

n
q = ηpq (2.3)

This group contains transformations that reverse time direction and change spa-

tial orientation and we are not interesting in such transformations. So we require

the conditions

Λ0
0 > 1, det Λ = 1 (2.4)
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to restrict our group elements to those that preserve parity and the direction of

time. The homogeneous part of the Poincaré group is called Lorentz group L and

consist of rotations in space and boosts in arbitrary directions.

Consider in�nitesimal group elements, that is, elements that are close to the

group identity (I, 0)

(Λ, a) = (I + λ, ε) (2.5)

with λmn � 1 and ε� 1. Using it in equation (1.3) we get

ηmn(δmp + λmp)(δ
n
q + λnq) = ηpq

ηmn(δmpδ
n
q + δmpλ

n
q + δnqλ

m
p) = ηpq

ηpq + λpq + λqp = ηpq

where we have neglected terms of order two in λ.

Therefore we have λpq = −λqp. As λ is a 4 × 4 matrix, this implies that λ has

only 4(4−1)
2

= 6 independent parameters. This is the dimension of the Lorentz group

and these parameters speci�es the three angles of a general rotation and the three

components of a velocity that de�ne a boost. If we add the four parameters εm

for translations, we get the dimension of the Poincaré group. Indeed, the Poincaré

group is a 10-dimensional group.

The Lie algebra of the generators of the Poincaré group is [8]

[Pm, Pn] = 0

[Mmn, Pq] = iηmqPn − iηnqPm (2.6)

[Mmn,Mpq] = iηmpMnq − iηmqMnp + iηnqMmp − iηnpMmq

where Mmn = −Mnm are the generators of Lorentz transformations and Pm are

the generators of translations. Such commutator relations de�ne a representation

of the Poincaré algebra in the sense that any element R(Λ, a) of a representation of

the group can be in�nitesimally written as

R(Λ, a) = IV +
i

2
λmnMmn − iamPm

where IV is the identity of the vector space V where the linear map R acts.
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2.2 The Supersymmetry algebra

In 1967 S. Coleman and J. Mandula showed that it is impossible to combine space-

time and internal symmetries in a non-trivial manner [9]. More speci�cally, using

very general assumptions, they showed that any Lie Group containing the Poincaré

P group and an internal group G, with generators Xr satisfying

[Xr, Xs] = frs
tXt

must be a direct product of P and G. In terms of the Lie Algebra, that means

[Xr,Mmn] = 0 = [Xr, Pm]

The Coleman-Mandula theorem applies to symmetries acting on elements of the

S-matrix of an arbitrary process. Essentially, this no-go theorem says that if we use

a Lie group that combine the internal and Poincaré groups in a non-trivial way, then

the S-matrix is zero for all processes.

In 1971 Gelfand and Likhtman showed that if we consider a generalization of

Lie groups, it is possible to achieve the desired combination between spacetime and

internal symmetries [10]. As the structure of any Lie group is determined by the

corresponding Lie algebra, such generalization can be viewed as an extension of the

notion of a Lie algebra. This enlargement is the inclusion of the generators Qα
i called

odd generators, that satisfy anti-commutator relations, and a Z2 graded structure

for the algebra. In other words, calling Mmn, Pm and Xr even generators, we have

the following form for commutator and anti-commutator relations

[even, even] = even

{odd, odd} = even

[even, odd] = odd

These type of algebra is called graded Lie algebra or superalgebra. The i index

in Qα
i refer to a rotation in the odd generator space and take values i = 1, ..., N .

The meaning of the α index will be reveal shortly. If N = 1 the algebra is called

supersymmetry algebra and those with N > 1 are called extended supersymmetry

algebras. We will work only with N = 1 supersymmetry.
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Using the graded structure and generalised Jacobi identities, we can construct

the supersymmetry algebra or super-Poincaré algebra [11, 12, 13]

{Qα, Q̄α̇} = 2σαα̇
mPm

{Qα, Qβ} = 0 = {Q̄α̇, Q̄β̇} (2.7)

[Pm, Qα] = 0 = [Pm, Q̄α̇]

[Mnm, Qα] = iσmnα
βQβ

(2.8)

plus the commutator relations (2.6). From this algebra we can see that the

odd generator Qα is a two component left-handed Weyl spinor and similarly, Q̄α̇

is a right-handed Weyl spinor. We can apply the exponential map to go from the

algebra (2.6) and (2.7) to the super-Poincaré group SP .
It was Haag, Sohnius and Lopuszanski, in 1975, who proved that the super-

symmetry algebra is the only graded Lie algebra of the S-matrix consistent with

relativistic quantum �eld theory. This is one of the reasons that make supersymme-

try an interesting subject to physicists.

2.3 Superspace

The Minkowski spacetime can be identi�ed with the coset space P/L. Roughly

speaking, this can be seen from the fact that any element of the P group can be

written as

p(a, λ) = ei(−a
mPm+ 1

2
λmnMmn) (2.9)

Therefore, as an element of P/L is parametrized by am, we obtain an one-to-one

correspondence between the coset manifold and Minkowski spacetime. We will now

consider the coset space super-Poincaré group/Lorentz group, SP/L.
Introducing anticommuting parameters ξα and ξα̇,

{ξα, ξβ} = {ξα, Qβ} = · · · = {ξα, ξβ̇} = 0 (2.10)

we can expresses (2.7) using commutators rather than anti-commutators:

6



[
ξQ, ξ̄Q̄

]
= 2ξσmξ̄Pm

[ξQ, ξQ] = 0 =
[
ξ̄Q̄, ξ̄Q̄

]
(2.11)

[Pm, ξQ] = 0 =
[
Pm, ξ̄Q̄

]
This suggests that a general element of the SP group is of the form

h(a, θ, θ̄, λ) = ei(−x
mPm+θQ+θ̄Q̄+ 1

2
λmnMmn) (2.12)

So, the coset space SP/L is parametrized by eight parameters (xm, θ, θ̄) and this

manifold is identi�ed with the superspace in the same sense as P/L is identi�ed with

Minkowski spacetime.

In order to understand what happens with the parameters by a supersymmetry

transformation, we will use the Baker-Campbell-Hausdor� (BCH) formula

eAeB = eA+B+ 1
2!

[A,B]+ 1
3!(

1
2

[[A,B],B]+ 1
2

[A,[A,B]])+··· (2.13)

to multiply the group elements h(0, ξ, ξ̄), h(xm, θ, θ̄) ∈ SP/L:

h(0, ξ, ξ̄)h(xm, θ, θ̄) = ei(ξQ+ξ̄Q̄)ei(−x
mPm+θQ+θ̄Q̄)

= e−ix
mPm+i(θ+ξ)Q+i(θ̄+ξ̄)Q̄+ 1

2 [i(ξQ+ξ̄Q̄),i(θQ+θ̄Q̄)]

= e−ix
mPm+i(θ+ξ)Q+i(θ̄+ξ̄)Q̄− 1

2([ξQ,θ̄Q̄]+[ξ̄Q̄,θQ])

= e−ix
mPm+i(θ+ξ)Q+i(θ̄+ξ̄)Q̄− 1

2(2ξσmθ̄Pm−2θσmξ̄Pm)

= ei[−(xm+iθσmξ̄−iξσmθ̄)Pm+(θ+ξ)Q+(θ̄+ξ̄)Q̄]

= h
(
xm + iθσmξ̄ − iξσmθ̄, θ + ξ, θ̄ + ξ̄

)
It is clear from this calculation that group multiplication induces a motion in

the parameter space

(
xm, θ, θ̄

)
→

(
xm + iθσmξ̄ − iξσmθ̄, θ + ξ, θ̄ + ξ̄

)
(2.14)

such motion is generated by di�erential operators that represents the supersym-

metry generators in this space. Hoping no confusion we will call these operators Q

and Q̄, the same name of the group generators.
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ξQ+ ξ̄Q̄ = ξα
(

∂

∂θα
− iσαα̇mθ̄α̇∂m

)
+ ξ̄α̇

(
∂

∂θ̄α̇
− iθασαβ̇

mεβ̇α̇∂m

)
(2.15)

It is straightforward to show the following relations

{
Qα, Q̄α̇

}
= 2iσαα̇

m∂m (2.16)

{Qα, Qβ} = 0 =
{
Q̄α̇, Q̄β̇

}
If we make the same analysis using left multiplication, that is, starting with

h(xm, θ, θ̄)h(0, ξ, ξ̄) we obtain a motion generated by the di�erential operators

Dα =
∂

∂θα
+ iσαα̇

mθ̄α̇∂m (2.17)

D̄α̇ = − ∂

∂θ̄α̇
− iθασαα̇m∂m

that satisfy

{
Dα, D̄α̇

}
= −2iσαα̇

m∂m (2.18)

{Dα, Dβ} = 0 =
{
D̄α̇, D̄β̇

}
The Q and D operators are anticommuting

{Dα, Qβ} = {D̄α̇, Q̄β̇} = {Dα, Q̄β̇} = {D̄α̇, Qβ} = 0 (2.19)

These last anticommutation relations are of crucial importance to construct �eld

theory in superspace in a manner that supersymmetry is kept manifest during cal-

culations. Indeed, this is one of the motivations to de�ne the superspace.

The motion in parameter space, equation (2.14), is in fact a coordinate transfor-

mation of superspace. We may write it in a more concise way, denoting elements of

the superspace by

zM ∼
(
xm, θµ, θ̄µ̇

)
(2.20)

where M take values of vector and spinor indices. It is worth remarking that if

M is an upper index then µ̇ will be a lower index. Because of the anticommuting

nature of θ and θ̄, elements of the superspace satisfy
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zMzN = (−1)n(N)m(M) zNzM (2.21)

where the functions n(N) and m(M) are zero when N and M are vector indices

and one when N andM are spinor indices, respectively. We will drop the arguments

and write just n and m for these functions.

With (2.20) we can write (2.14) as a supercoordinate transformation

zM → z′M = zM − ξM (2.22)

where ξM = −
(
i
(
θσmξ̄ − ξσmθ̄

)
, ξµ, ξ̄µ̇

)
. We want to write theories that are

covariant under general coordinate transformation of superspace. This can be ob-

tained by using di�erential forms in superspace and we will use this formalism to

construct supergravity.

2.4 Di�erential forms in superspace

We will denote dzM =
(
dxm,dθµ,dθ̄µ̇

)
the (super)coordinate basis for an one-form

in superspace. Due to equation (2.21) exterior products in superspace satisfy

dzM ∧ dzN = −(−1)nmdzN ∧ dzM (2.23)

dzMzN = (−1)nmzNdzM

A zero-form is a function in the superspace F (z) and a one-form Φ is written as

Φ(z) = dzMΦM(z) = dxmΦm(z) + dθµΦµ(z) + dθ̄µ̇Φ̄µ̇(z) (2.24)

Similarly, a p-form is

Ω(z) = dzM1 ∧ · · · ∧ dzMpΩMp···M1(z) (2.25)

Given a p-form Λ and a q-form Ω, the exterior product obey the following

relations:
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Λ ∧Ω = (−1)pqΩ ∧Λ

Λ ∧ (Ω ∧Ψ) = (Λ ∧Ω) ∧Ψ (2.26)

(a1Λ1 + a2Λ2) ∧Ω = a1Λ1 ∧Ω + a2Λ2 ∧Ω

(2.27)

where a1, a2 are numbers andΨ is an arbitrary ranked form. Exterior derivatives

map p-forms into (p+ 1)-forms, according to

dΩ(z) = dzM1 ∧ · · · ∧ dzMp ∧ dzN ∂

∂zN
ΩMp···M1(z) (2.28)

and have the properties

d(Λ + Ω) = dΛ + dΩ

d(ΛΩ) = ΛdΩ + (−1)q(dΛ)Ω (2.29)

dd = 0

With these operations we are able to construct theories covariantly under coor-

dinate transformations. To elaborate gauge theories we need to consider the local

structure of the gauge group and this is done by considering forms that span a rep-

resentation of this group. Let X be an element of a group G in some representation,

then a p-form Ω transforms as

Ω′ = ΩX (2.30)

Ω′a = ΩbXb
a

where a and b runs from 1 to the dimension of the representation. For Yang-Mills

theory the group G is some compact Lie group, and for gravity theories this group

is the Lorentz group L.
Forms which transform as (2.30) are called tensors. The exterior derivative of a

tensor is not a tensor. In general, we introduce a Lie algebra valued one-form

φ = dzMφM
r(z)iT r (2.31)
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that enable us to de�ne the covariant derivative,

DΩ = dΩ + Ωφ

= dzNDNΩ (2.32)

= dzM1 ∧ · · · ∧ dzMp ∧ dzN ∂

∂zN
ΩMp···M1(z)+

+ dzM1 ∧ · · · ∧ dzMp ∧ dzNφNrΩMp···M1(z)iT r

of a p-form Ω. The one-form (2.31) is called connection and the matrices T are

the generators of the structure group. The connection has the transformation law

φ′ = X−1φX −X−1dX (2.33)

Using this transformation, one may show that the covariant derivative map ten-

sors into tensors:

DΩ′ = (DΩ)X (2.34)

The curvature tensor F is de�ned as the covariant derivative of the connection

F = dφ+ φ ∧ φ (2.35)

it is a Lie algebra valued 2-form:

F =
1

2
dzM ∧ dzNFNM(z) (2.36)

FNM = FNM
r(z)iT r

and its transformation law is F ′ = X−1FX. There is no further tensor quantity

that can be de�ned taking derivatives of (2.32) and (2.35). Derivatives of this

equations, lead us to the Bianchi identities :

DDΩ = ΩF (2.37)

DF = 0 (2.38)

These identities are geometric and has come from the fact that dd = 0. They

may be treated as the starting point of the construction of gauge �eld theory in

superspace and supergravity.
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2.5 Super�elds

A super�eld is a function of the superspace F (z) = F (x, θ, θ̄). Since θα and θ̄α̇ are

anticommunting variables and α or α̇ take only two values, we have

θαθβθδ = 0 = θ̄α̇θ̄β̇ θ̄δ̇ (2.39)

Therefore, expanding a super�eld V (x, θ, θ̄) in terms of θ and θ̄ we get

V (x, θ, θ̄) = v(x) + θαφα(x) + θ̄α̇ψ̄
α̇(x) + θθf(x) + θ̄θ̄g(x)+ (2.40)

+ θσmθ̄am(x) + θ̄θ̄θαλα(x) + θθθ̄α̇χ̄
α̇(x) + θθθ̄θ̄d(x)

where the coe�cients of this expansion are called component �elds of the su-

per�eld. Generalizing the notion of a tensor �eld to superspace allow us to �nd

representations of the super-Poincaré group on super�elds. A tensor super�eld of

Lorentz type (n
2
, m

2
) have components that transforms according to [13]

V ′α1α2···αnα̇1α̇2···α̇m(z′) = e
i
2
λmnMmnVα1α2···αnα̇1α̇2···α̇m(z) (2.41)

under a general super-Poincaré transformation, parametrized by (a, ξ, ξ̄, λ). Note

that the Lorentz generatorsMmn acts on the external �elds only and that z′ is related

to z by (2.22) plus an ordinary translation xm + am. With this assertions, it is clear

that the super�eld V (z) in (2.40) is a scalar super�eld, that is, transforms as

V ′(z′) = V (z) (2.42)

with respect to the super-Poincaré group. For a Poincaré transformation (λ, a)

equation (2.42) yields
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V ′(z′) = v′(x′) + θ′αφ′α(x′) + θ̄′α̇ψ̄
′α̇(x′) + θ′θ′f ′(x′) + θ̄′θ̄′g′(x′)+

+ θ′σmθ̄′a′m(x′) + θ̄′θ̄′θ′αλ′α(x′) + θ′θ′θ̄′α̇χ̄
′α̇(x′) + θ′θ′θ̄′θ̄′d′(x′)

= v′(x′) + (θN)αφ′α(x′) + (θ̄N †)α̇ψ̄
′α̇(x′) + θθf ′(x′) + θ̄θ̄g′(x′)+

+ (θN)σm(θ̄N †)a′m(x′) + θ̄θ̄(θN)αλ′α(x′) + θθ(θ̄N †)α̇χ̄
′α̇(x′) + θθθ̄θ̄d′(x′)

= v(x) + θαφα(x) + θ̄α̇ψ̄
α̇(x) + θθf(x) + θ̄θ̄g(x) + θσmθ̄am(x)+

+ θ̄θ̄θαλα(x) + θθθ̄α̇χ̄
α̇(x) + θθθ̄θ̄d(x)

= V (z)

where N = e−
i
2
λmnσmn is a matrix of SL(2,C). From this calculation, we see

that the component �elds v(x), f(x), g(x) and d(x) are scalar �elds, am(x) is a

vector �eld, φα(x) and λα(x) are undotted spinor �elds and χ̄α̇ and ψ̄α̇ are dotted

spinor �elds. Supersymmetry transformations are generated by Qα and Q̄α̇ de�ned

in (2.15):

δV (z) =
(
ξQ+ ξ̄Q̄

)
V (z) (2.43)

Matching the powers of θ and θ̄ in both sides of this equality, one may �nd the

transformation laws for the component �elds.
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Chapter 3

Chiral matter and the supergravity

multiplet

3.1 Chiral super�elds and the Wess-Zumino model

In order to obtain irreducible representations of supersymmetry on super�elds, we

have to constrain the super�eld without breaking supersymmetry. The chiral con-

straint,

D̄α̇Φ = 0 (3.1)

is invariant under supersymmetry transformations, because of (2.19). In this

case, Φ(x, θ, θ̄) is called chiral super�eld and is in fact an irreducible representation

of supersymmetry. The chiral constraint is easily solved noting that D̄α̇θ = − ∂θ
∂θ̄α̇
−

iθασαα̇
m∂mθ = 0 and

D̄α̇x
n = −∂x

n

∂θ̄α̇
− iθασαα̇m∂mxn

= −iθασαα̇n = D̄α̇(−iθασαβ̇
nθ̄β̇)⇒

⇒ D̄α̇(xn + iθσnθ̄) = 0

So, if we require Φ to be function of θ and ym ≡ xm + iθσmθ̄, then (3.1) is

automatically satis�ed. Therefore, a chiral super�eld has the following expansion:
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Φ(y, θ) = φ(y) +
√

2θψ(y) + θθF (y) (3.2)

= φ(x) + iθσmθ̄∂mφ(x) +
1

4
θθθ̄θ̄∂m∂mφ(x)+

+
√

2θψ(x)− i√
2
θθ∂mψ(x)σmθ̄ + θθF (x)

The conjugated super�eld Φ̄ satis�es the antichiral constraint DαΦ̄ = 0, and

is called antichiral super�eld. It is a function of θ̄ and ȳm = xm − iθσmθ̄ and its

expansion may be obtained conjugating the above one:

Φ̄(y, θ) = φ̄(ȳ) +
√

2θ̄ψ̄(ȳ) + θ̄θ̄F̄ (ȳ) (3.3)

= φ̄(x)− iθσmθ̄∂mφ̄(x) +
1

4
θθθ̄θ̄∂m∂mφ̄(x)+

+
√

2θ̄ψ̄(x) +
i√
2
θ̄θ̄θσm∂mψ̄(x) + θ̄θ̄F̄ (x)

The most general action in superspace involving chiral and antichiral super�elds

is [11, 13]

S =

∫
d4xd4θK(Φ, Φ̄) +

∫
d4xd2θW (Φ) +

∫
d4xd2θ̄W̄ (Φ̄) (3.4)

where K is called Kähler potential and W is the superpotential. They give kinetic

terms and interactions for the components �elds, respectively.

In 1974, Wess and Zumino studied a model of interacting chiral-antichiral scalar

super�elds, with the following action in superspace [14]

S =

∫
d4xd4θΦ̄Φ +

{∫
d4xd2θ(λΦ +

1

2
mΦ2 +

1

3
gΦ3) + c.c.

}
. (3.5)

This is the most general supersymmetric renormalizable action involving a single

chiral �eld. This theory is called the interacting Wess-Zumino model. The action in

terms of the components �elds is [11]

S =

∫
d4x

{
i∂mψ̄σ̄

mψ + φ̄2φ+ F̄F+ (3.6)

+

[(
λF +mφF − 1

2
mψψ + gφφF − gψψφ

)
+ c.c.

] }
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Note that the component �eld F has zero propagator and so is no dynamical.

Generally such kind of �elds are called auxiliary �elds and can be eliminated from

the action using their Euler-Lagrange equations. In our case,

∂L

∂F
= F̄ + λ+mφ+ gφ2 = 0 (3.7)

∂L

∂F̄
= F + λ̄+ m̄φ̄+ ḡφ̄2 = 0

Isolating F and its conjugate in this equations, we can write (3.6) in terms of

dynamical �elds only:

S =

∫
d4x

{
φ̄2φ+ i∂mψ̄σ̄

mψ − 1

2
mψψ − 1

2
m̄ψ̄ψ̄ − gψψφ− ḡψ̄ψ̄φ̄− V (φ, φ̄)

}
(3.8)

where V (φ, φ̄) = (λ + mφ + gφ2)(λ̄ + m̄φ̄ + ḡφ̄2) is the scalar potential. Note

that, as expected of a supersymmetric theory, this potential is positive semide�nite.

In order to �nd the supersymmetry transformations for the component �elds

using (2.43), it is worthwhile to note that

φ(x) = Φ|θ=0=θ̄

ψα(x) =
1√
2
DαΦ|θ=0=θ̄ (3.9)

F (x) = −1

4
DαDαΦ|θ=0=θ̄

and

(
ξQ+ ξ̄Q̄

)∣∣
θ=0=θ̄

=
(
ξD + ξ̄D̄

)∣∣
θ=0=θ̄

(3.10)

when acting in some super�eld. With these remarks and the anticommutation

relations (2.18) and (2.19), we have
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δξφ =
(
ξQ+ ξ̄Q̄

)
Φ|θ=0=θ̄ =

(
ξD + ξ̄D̄

)
Φ|θ=0=θ̄ = ξDΦ|θ=0=θ̄ (3.11)

=
√

2ξψ

δξψα =
1√
2
Dα

{(
ξQ+ ξ̄Q̄

)
Φ}
∣∣
θ=0=θ̄

=
1√
2

(
ξQ+ ξ̄Q̄

)
Dα Φ|θ=0=θ̄

=
1√
2

(
ξD + ξ̄D̄

)
Dα Φ|θ=0=θ̄ (3.12)

=
1√
2

(
ξβDβDα + ξ̄β̇D̄

β̇Dα

)
Φ|θ=0=θ̄

=
1√
2

(
ξβDβDα − ξ̄β̇{Dα, D̄β̇}+ ξ̄β̇DαD̄β̇

)
Φ|θ=0=θ̄

=
1√
2

(
2ξαF + 2iσαβ̇

mξ̄β̇∂mφ
)

δξF = −1

4

(
ξD + ξ̄D̄

)
D2 Φ|θ=0=θ̄

= −1

4
ξ̄D̄D2 Φ|θ=0=θ̄ (3.13)

=
√

2iξ̄σ̄m∂mψ

Similarly,

δξφ =
√

2ξ̄ψ̄ (3.14)

δξψ̄α̇ =
√

2ξ̄α̇F̄ −
√

2iξβσβα̇
m∂mφ (3.15)

δξF̄ =
√

2iξσm∂mψ̄ (3.16)

It is easy to show that (3.6) is invariant under these transformations. If we elim-

inate the auxiliary �eld, we see that spinor transformation laws become nonlinear

and even the closure of the supersymmetry algebra is lost. It can be restored only

using the equations of motion for the spinor �elds, that is, supersymmetry is closed

only on-shell.

This feature is clari�ed if we consider the number of bosonic and fermionic de-

grees of freedom that we have in our model. When we eliminate F , there are 4

fermionic (corresponding to ψα and ψ̄α̇) and 2 bosonic (φ and φ̄) degrees of free-

dom. That is why we need to use dynamical equations to close the supersymmetry
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algebra: it reduces the fermionic degrees to 2 and we have the matching between

fermionic and bosonic degrees of freedom. So, auxiliary �elds are required to obtain

o�-shell supersymmetry.

3.2 Supersymmetric �at space

In section 1.4, we have worked in the coordinate basis dzM = (dxm,dθµ,dθ̄µ̇). In

such basis, the exterior derivative dzM ∂
∂zM

does not map super�elds into super�elds.

It happens because the operators ∂
∂zM

does not commute with the generators de�ned

in (2.15). Due to (2.19), this can be solved writing the exterior derivative in terms

of

Da =
∂

∂xa

Dα =
∂

∂θα
+ iσαα̇

mθ̄α̇
∂

∂xm
(3.17)

D̄α̇ =
∂

∂θ̄α̇
+ iθασαβ̇

mεβ̇α̇
∂

∂xm

So, we are looking for a new basis eA(z) = dzMeM
A(z) such that

dzM
∂

∂zM
= eADA (3.18)

The functions eMA(z) has inverse eAN(z), that is,

eM
A(z)eA

N(z) = δM
N (3.19)

eA
N(z)eN

B(z) = δA
B

where

δM
N =

δm
n 0 0

0 δµ
ν 0

0 0 δµ̇ν̇

 (3.20)

We can �nd these functions writing DA = eA
N ∂
∂zN

and using (3.17). Doing that,

we obtain

19



eA
M =

 δa
m ea

µ = 0 eaµ̇ = 0

iσαα̇
mθ̄α̇ δα

µ eαµ̇ = 0

iθασαβ̇
mεβ̇α̇ eα̇µ = 0 δα̇µ̇

 (3.21)

and its inverse is

eM
A =

 δm
a em

α = 0 emα̇ = 0

−iσµµ̇aθ̄µ̇ δµ
α eµα̇ = 0

−iθρσρν̇aεν̇µ̇ eµ̇α = 0 δµ̇α̇

 (3.22)

The last two equations de�ne supersymmetric �at space. It is worthwhile to note

that the exterior derivatives of the (new) basis forms are:

deA = dzM ∧ dzN ∂

∂zN
eM

A(z) (3.23)

⇒ dea = eα ∧ eα̇ (−2iσαα̇
a) , deα = 0 = deα̇

This result will be used to show that even the �at superspace has a non-zero

torsion.

3.3 Local supersymmetry: Vielbein and Torsion

The Wess-Zumino model is an example of a theory that is invariant under rigid

supersymmetry transformations (2.22). Now we wish to gauge such transformations,

in other words, work with local supersymmetry. So, our transformations are:

(
xm, θ, θ̄

)
→

(
xm + iθσmξ̄(x)− iξ(x)σmθ̄, θ + ξ(x), θ̄ + ξ̄(x)

)
(3.24)

In fact, supergravity can be viewed as a supersymmetric theory of gravity or a theory

of local supersymmetry.

In ordinary gravity, there is an issue about how to treat spinor �elds in a curved

space-time, in particular how to take their covariant derivatives. This comes from

the fact that the group of general coordinate transformations has no spinor rep-

resentations. This problem is solved using the tetrad formalism: at every point

in space-time one de�nes a set of orthonormal vectors that are called vierbein (or
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tetrad) �eld1. The covariant derivative for spinors is constructed using the Lorentz

group as structure group to de�ne the connection (that is usually called spin con-

nection) and the theory is further gauged by making the coe�cients of Lorentz

transformation space-time dependent (see [17, 18, 19]). The vierbein �eld theory is

the correct way to describe relativistic �eld theory in a curved space-time. For a

review of vierbein �eld theory, see [16].

As supersymmetry relates fermions and bosons, it is natural to use the vielbein

formalism for supergravity. The vielbein forms

EA = dzMEM
A (3.25)

are manifestly coordinate independent and it de�nes a local reference frame. The

coe�cients functions EM
A are called vielbein �elds and they change under coordinate

transformations:

E ′M
A

(z′) =
∂zN

∂z′M
EN

A(z) (3.26)

From this law, one can see that only the M index take part on the coordinate

transformation. This kind of index will be called world or Einstein index. The A is a

local or tangent space index and it is relate to the structure group, that we will take

as the Lorentz group. We will use letters from the middle (beginning) of the alphabet

to denote Einstein (Lorentz) index. So, under a local Lorentz transformations, we

have

δEA = EBMB
A(z) (3.27)

δEN
A = EN

BMB
A(z)

The generators of the Lorentz group MA
B may always be decomposed in its ir-

reducible components Mb
a, Mβ

α and M β̇
α̇ and such components are related by a

simple identity. Using the σ matrices to write

σαα̇
aσββ̇

bMab = Mαβα̇β̇ (3.28)

and the antisymmetry of Mab, one can show that

1Einstein himself proposed a vierbein �eld theory approach for general relativity in 1928 [15].

See [16] for an English translation of this work.
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σαα̇
aσββ̇

bMab = −2εαβMα̇β̇ + 2εα̇β̇Mαβ (3.29)

where M α̇β̇ and Mαβ are symmetric in their indices. This type of decomposition is

very useful because we can use the vielbein �elds and its inverse to change between

Lorentz and Einstein indices:

UM = EM
AUA (3.30)

UA = EA
MUM

and, therefore, work only with Lorentz indices.

The connection form is Lie algebra valued in its indices

φA
B = dzMφMA

B (3.31)

φMAB = −(−1)abφMBA

and, from (2.33), it transforms as

δφ = φL− Lφ− dL (3.32)

Similarly to the connection coe�cients, the curvature coe�cients will have sym-

metry relations too. This is so because the curvature tensor is Lie algebra valued:

RA
B =

1

2
dzM ∧ dzNRNMA

B (3.33)

=
1

2
EC ∧EDRDCA

B

Therefore

RNMAB = −(−1)abRNMBA

σαα̇
aσββ̇

bRNMab = −2εαβRNMα̇β̇ + 2εα̇β̇RNMαβ (3.34)

RNMA
B = −(−)mnRMNA

B

where the last relation is due to the fact that RA
B is a two-form. All other compo-

nents of R vanish.
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Together with the vielbein, the connection will be one of the dynamical variables

in our theory. They carry a large number of component �elds that will be reduced

by coordinate transformations and covariant constraints. These constraints will be

applied over the torsion tensor T A that is de�ned as the covariant derivative of the

vielbein:

T A ≡ DEA

= dEA +EB ∧ φBA (3.35)

=
1

2
EC ∧EBTBC

A

In �at superpace, we can set EA = eA and φ = 0. Then, from (3.23), the torsion

is

T A = deA (3.36)

= eα ∧ eα̇ (−2iσαα̇
a) (3.37)

and the only non-zero components of the torsion are

Tαβ̇
a = Tβ̇α

a = 2iσαβ̇
a (3.38)

Further derivatives on the torsion and curvature leads to the Bianchi identities

and, therefore, these are the only covariant tensors that can be obtained from our

dynamical �elds: the vielbein and the connection. The �elds of the supergravity

multiplet are "hidden" in its component �elds. Solving the Bianchi identities re-

stricts the number of independent components, but it does not give the minimal

number of �elds. We need additional constraints to get the minimum number of in-

dependent �elds, these are ema(x) (graviton), ψm
α(x), ψ̄mα̇(x) (gravitino) andM(x),

ba(x) = b̄a(x) (auxiliary �elds).

In general relativity, we use the torsion-free constraint to express the spin con-

nection entirely in terms of the vierbein. In supergravity we cannot require that all

torsion components are zero. In that case we were excluding �at superpace from the

solution2.
2There is other reason for do not use the torsion-free condition: in supergravity, the curvature

can be expressed completely in terms of the torsion. This is know as the Dragon theorem [20].
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The desired covariant constraints are motivated by purely superspace arguments

and turns out to be [11]

Tαβ
c = 0 = Tα̇β̇

c

Tαb
c = 0 = Taβ

c

Tαβ̇
a = Tβ̇α

a = 2iσαβ̇
a (3.39)

Tαβ
γ = 0

Tab
c = 0

where the underline in γ denotes γ or γ̇. The Bianchi identities should be solved

subject to these constraints.

3.4 Bianchi identities and its solution

Let us apply equation (2.37), in the context of supergravity, for the vielbein EA:

DDEA = EBRB
A

DT A = EBRB
A (3.40)

where we used the de�nition of torsion, equation (3.35). Now we compute this

equation in the vielbein basis:

DT A =
1

2
D
(
EB ∧ECTCB

A
)

=
1

2
EB ∧ECDTCB

A +
1

2
D
(
EB ∧EC

)
TCB

A (3.41)

=
1

2
EB ∧ECDTCB

A +
1

2
EB ∧ T CTCB

A − 1

2
TB ∧ECTCB

A

Putting it in (3.40) we obtain

EB ∧EC ∧ED
(
DDTCB

A −RDCB
A + TDC

FTFB
A
)

= 0 (3.42)

Since each index in BCDA stands for (m,µ, µ̇), the last identity contains 33+3 =

30 Lorentz-covariant components. Using complex conjugation and the constraints

(3.39) we can reduce it to thirteen independent components [21]. These are:

24



1. Rβδγα +Rδγβα +Rγβδα = 0

2. Rδγ̇βα +Rγ̇βδα = −2iσδγ̇
fTβfα − 2iσβγ̇

fTδfα

3. Rβδγ̇α̇ = −2iσδγ̇
fTβfα̇ − 2iσβγ̇

fTδfα̇

4. Rδbγα +Rγbδα = −DγTδbα −DδTγbα

5. Rbδγ̇α̇ = DδTγ̇bα̇ + D̄γ̇Tδbα̇ + 2iσδγ̇
fTfbα̇

6. D̄γ̇Tδ̇bα + D̄δ̇Tγ̇bα = 0

7. Rβ̇δ̇ca = −2iσaφδ̇Tβ̇c
φ − 2iσaφβ̇Tδ̇c

φ

8. Rβδ̇ca = −2iσaφδ̇Tβc
φ + 2iσaβφ̇Tδ̇c

φ̇

9. Rbdγ̇α̇ = DbTdγ̇α̇ + DdTγ̇bα̇ + D̄γ̇Tbdα̇ + Tdγ̇
φTφbα̇ + Tγ̇b

φTφdα̇

10. DbTdγ̇α + DdTγ̇bα + D̄γ̇Tbda + Tdγ̇
φTφbα + Tγ̇b

φTφdα = 0

11. Rβdca +Rcβda + 2iσaβφ̇Tdc
φ̇ = 0

12. DbTdcα + DdTcbα + DcTbdα + Tbd
φTφcα + Tdc

φTφbα + Tcb
φTφdα = 0

13. Rbdca +Rdcba +Rcbda = 0

where as in (3.39) the underlined indices represents φ and φ̇. The solutions to

these identities are found by decomposing the torsion and curvature in terms of their

irreducible components. This is more easily done by working with spinor notation,

that can be obtained by using identities like (3.28) and (3.29). At the end, the result

is that all the components of the curvature and the torsion can be written in terms

of a chiral super�eld R, a hermitian vector super�eld Gαα̇ and other chiral super�eld

Wαβγ that is totally symmetric in its indices. These super�elds satisfy the following

properties:

1. D̄α̇Wβγδ = 0 = DαW̄β̇γ̇δ̇

2. DαGαβ̇ = D̄β̇R
† D̄ β̇Gαβ̇ = DαR

3. D̄α̇R = 0
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4. D̄ α̇W̄α̇β̇δ̇ + 1
2
i
(
Dββ̇G

β
δ̄ + Dβδ̇G

β
β̇

)
= 0 = DαWαβδ + 1

2
i
(
Dββ̇Gδ

β̇ + Dδβ̇Gβ
β̇
)

5. (Gαα̇)† = Gαα̇

6. (Wαβγ)
† = W̄α̇β̇γ̇

The proof of the solutions to (1) − (13) above, together with conditions (1) −
(6) can be found in [21]. For now, we just list the results for the non-vanishing

components of the curvature and the torsion. For the former, we have

Rδγφα = 4 (εδφεγα + εγφεδα)R†, Rδ̇γ̇φ̇α̇ = 4
(
εδ̇φ̇εγ̇α̇ + εγ̇φ̇εδ̇α̇

)
R

Rδγ̇φα = − (εδφGαγ̇ + εδαGφγ̇) , Rδγ̇φ̇α̇ = −
(
εγ̇φ̇Gδα̇ + εγ̇α̇Gδφ̇

)
Rφcδα = −1

2
σ̄γ̇γc Rφγγ̇δα, Rφcδ̇α̇ = −1

2
σ̄γ̇γc Rφγγ̇δ̇α̇

Rφ̇cδα = −1

2
σ̄γ̇γc Rφ̇γγ̇δα, Rφ̇cδ̇α̇ = −1

2
σ̄γ̇γc Rφ̇γγ̇δ̇α̇

Rcdγα =
1

4
σ̄φ̇φc σ̄δ̇δd Rφφ̇δδ̇γα, Rcdγ̇α̇ =

1

4
σ̄φ̇φc σ̄δ̇δd Rφφ̇δδ̇γ̇α̇

Rφγγ̇δ̇α̇ = 4iεφγW̄γ̇δ̇α̇ +
i

2

(
εγ̇δ̇DφGγα̇ + εγ̇α̇DφGγδ̇

)
Rφ̇γγ̇δα = 4iεφ̇γ̇Wδγα +

i

2

(
εγδD̄φ̇Gαγ̇ + εγαD̄φ̇Gδγ̇

)
Rφγγ̇δα = i (εφδεγα + εφαεγδ) DβG

β
γ̇ +

i

2
(εφγDδ + εφδDγ)Gαγ̇+

+
i

2
(εφγDα + εφαDγ)Gδγ̇ (3.43)

Rφ̇γγ̇δ̇α̇ = i
(
εφ̇δ̇εγ̇α̇ + εφ̇α̇εγ̇δ̇

)
D̄φ̇Gγ

φ̇ +
i

2

(
εφ̇γ̇D̄φ̇ + εφ̇δ̇D̄γ̇

)
Gγα̇+

+
i

2

(
εφ̇γ̇D̄α̇ + εφ̇α̇D̄γ̇

)
Gγδ̇

Rφφ̇δδ̇γ̇α̇ = −2εφδŪφ̇δ̇γ̇α̇ + 2εφ̇δ̇Vφδγ̇α̇

Rφφ̇δδ̇γα = 2εφ̇δ̇Uφδγα − 2εφδV̄φ̇δ̇γα,
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where

Uγδφα = −1

4
(DγWδφα + DδWφαγ + DφWαγδ + DαWγδφ) +

+ (εγαεφδ + εδαεφγ)

[
−2RR† +

1

8
Gββ̇G

ββ̇+ (3.44)

+
1

16

(
D̄β̇D̄

β̇R† + DβDβR
)]

Vφαγ̇δ̇ = V̄γ̇δ̇φα =
1

4

(
Gφδ̇Gαγ̇ +Gαδ̇Gφγ̇

)
+
i

8

(
Dαγ̇Gφδ̇ + Dφγ̇Gαδ̇+

+Dαδ̇Gφγ̇ + Dφδ̇Gαγ̇

)
+

1

8

(
D̄γ̇DαGφδ̇ + D̄γ̇DφGαδ̇+ (3.45)

+D̄δ̇DαGφγ̇ + D̄δ̇DφGαγ̇

)
For the torsion:

Tδ̇c
α = −1

2
σ̄φ̇φc Tδ̇φφ̇

α, Tδc
α̇ = −1

2
σ̄φ̇φc Tδφφ̇

α̇

Tδc
α = −1

2
σ̄φ̇φc Tδφφ̇

α, Tδ̇c
α̇ = −1

2
σ̄φ̇φc Tδ̇φφ̇

α̇

Tdc
α =

1

4
σ̄δ̇δd σ̄

γ̇γ
c Tδδ̇γγ̇

α, T α̇dc =
1

4
σ̄δ̇δd σ̄

γ̇γ
c Tδδ̇γγ̇

α̇

Tδ̇φφ̇α = −2iεδ̇φ̇εφαR, Tδφφ̇α̇ = −2iεδφεφ̇α̇R
†

Tδφφ̇α =
i

4

(
εφαGδφ̇ − 3εδαGφφ̇ − 3εδφGαφ̇

)
Tδ̇φφ̇α̇ =

i

4

(
εφ̇α̇Gφδ̇ − 3εδ̇α̇Gφφ̇ − 3εδ̇φ̇Gφα̇

)
(3.46)

Tδδ̇γγ̇α = −2εδ̇γ̇Wδγα −
1

2
εδ̇γ̇

(
εδαD̄β̇Gγ

β̇ + εγαD̄β̇Gδ
β̇
)

+

+
1

2
εδγ
(
D̄δ̇Gαγ̇ + D̄γ̇Gαδ̇

)
Tδδ̇γγ̇α̇ = −2εδγW̄δ̇γ̇α̇ −

1

2
εδγ
(
εδ̇α̇DβG

β
γ̇ + εγ̇α̇DβG

β
δ̇

)
+

+
1

2
εδ̇γ̇ (DδGγα̇ + DγGδα̇) ,

and, from (3.39),

Tγφ̇
c = Tφ̇γ

c = 2iσγφ̇
c.
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3.5 The supergravity transformations of the multi-

plet

In this section, we use the freedom in the choice of the transformation parameters

ξA and LAB to transform away some lowest components (θ = 0 = θ̄) of the vielbein

and the connection. At the end we �nd the supergravity multiplet and how it

transform under a supersymmetry transformations. We begin by calculating the

transformation of the vielbein �elds under an in�nitesimal superspace dependent

transformation z′M = zM − ξM(z) and a Lorentz transformation. Using (3.26) we

have

δE ′M
A

= −ξL∂LEMA −
(
∂Mξ

L
)
EL

A + EM
BLB

A

= −∂M
(
ξLEL

A
)
− ξL∂LEML + (−1)lmξL∂MEL

A + EM
BLB

A (3.47)

From (3.35) one can calculate the components of the torsion:

TLM
A = ∂LEM

A − (−1)lm∂MEL
A + (−1)l(b+m)EM

BφLB
A−

− (−1)mbEN
BφMB

A (3.48)

Using it we obtain

δEM
A = −ξL

(
TLM

A − φLMA + (−1)mlφML
A
)
− ∂MξA + EM

BLB
A

= −DMξ
A − ξLTALM + ξLφLM

A + EM
BLB

A (3.49)

If we choose

LB
A = −ξLφLBA, (3.50)

then the two last terms in (3.49) will cancel each other. This choice for LB
A de�ne

a supergauge transformation. Under such kind of transformation, we have

δEM
A = −DMξ

A − ξLTALM (3.51)

It is possible to show that using this result and a further Lorentz transformation

we can gauge away some components of EM
A(z)

∣∣
θ=0=θ̄

, bringing it to the following

form [11, 13]:
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EM
A(z)

∣∣
θ=0=θ̄

=

ema(x) 1
2
ψm

α(x) 1
2
ψ̄mα̇(x)

0 δµ
α 0

0 0 δµ̇α̇

 (3.52)

And the inverse vielbein will be

EA
M(z)

∣∣
θ=0=θ̄

=

eam(x) −1
2
ψa

µ(x) −1
2
ψ̄aµ̇(x)

0 δα
µ 0

0 0 δα̇µ̇

 (3.53)

where ψa
µ = ea

mψm
µ and ψ̄aµ = ea

mψ̄mµ.

Now we will show that the connection can be written in terms of the remaining

�elds ema, ψm
α and ψ̄mα̇. Equation (3.32) gives

δφMA
B = −ξL∂LφMA

B −
(
∂Mξ

L
)
φLA

B + φMA
CLC

B−
− (−1)m(a+c)LA

CφMC
B − ∂MLAB (3.54)

and therefore, for a supergauge transformation (3.50),

δφMA
B = −ξL

(
∂LφMA

B − (−1)lm∂MφLA
B+

+(−1)l(m+a+c)φMA
CφLC

B − (−1)m(a+c)φLA
CφMC

B
)

The expression in brackets of this equality is exactly the components of the

curvature in the coordinate basis dzM . Thus

δφMA
B = −ξLRLMA

B. (3.55)

Similarly to the vielbein's case we can use the result above, together with another

Lorentz transformation, to get rid of φµA
B and φµ̇A

B. The only non-zero lowest

component of φMA
B will be

φmA
B(z)

∣∣
θ=0=θ̄

= ωmA
B(x). (3.56)

So, from (3.48) we have
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Tnm
a|θ=0=θ̄ = ∂nem

a(x)− ∂mena(x) + ωnm
a(x)− ωmna(x)

Tnm
a|θ=0=θ̄ =

1

2
(∂nψm

α − ∂mψnα) +
1

2

(
ψm

βωnβ
α − ψnβωmβα

)
(3.57)

=
1

2
(D̃nψm

a − D̃mψn
a) =

1

2
ψnm

α(x)

Tnmα̇|θ=0=θ̄ =
1

2
ψ̄nmα̇(x),

where

ωnm
a = em

bωnb
a

D̃nψm
a = ∂nψm

a + ψm
βωnβ

α (3.58)

ψnm
α = D̃nψm

a − D̃mψn
a

But, using the vielbein �elds to write

TLM
A = (−1)b(l+m)EM

BEL
CTCB

A (3.59)

and applying the constraints on the torsion (3.39), we obtain

Tnm
α|θ=0=θ̄ = Em

bEn
cTcb

α
∣∣+ Em

bEn
δTγb

α
∣∣+ Em

βEn
cTcβ

α
∣∣+

+ Em
bEnδ̇T

δ̇
b

α
∣∣∣+ EmβEn

cTc
β̇α
∣∣∣ (3.60)

Tnm
a|θ=0=θ̄ = Em

αEnδ̇T
δ̇
α

a
∣∣∣+ Emβ̇En

γTγ
β̇
∣∣∣

=
i

2

(
ψn(x)σaψ̄m(x)− ψm(x)σaψ̄n(x)

)
(3.61)

Thus we can use this last equation and (3.57) to �nd the connection in terms of

e, ψ and ψ̄. This is easily done if we note that ωmnl = elaen
bωmb

a = −ωmln and add

the same equation with permuted indices. The result is

ωnml =
1

2

{
ena (∂mel

a − ∂lema)− ema (∂len
a − ∂nela)−

−ela (∂nem
a − ∂mena) +

i

2
ena
(
ψlσ

aψ̄m − ψmσaψ̄l
)
− (3.62)

− i
2
ela
(
ψmσ

aψ̄n − ψnσaψ̄m
)
− i

2
ema

(
ψnσ

aψ̄l − ψlσaψ̄n
)}
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This is similar to ordinary relativity, in which the torsion is constrained to zero

and we can �nd the connection in terms of the vierbein. With equations (3.60) and

(3.57) it is possible to �nd

Tδδ̇γγ̇α
∣∣
θ=0=θ̄

=
1

2

[
ψδδ̇γγ̇α +

(
ψ̄δδ̇

ρ̇ Tρ̇γγ̇α| − ψ̄γγ̇ ρ̇ Tρ̇δδ̇α
∣∣)−

− (ψδδ̇
ρ Tργγ̇α |−ψγγ̇ρ Tρδδ̇α

∣∣)] (3.63)

where we have de�ned

ψδγ̇γ = σaδγ̇ea
mψmγ

ψδδ̇γγ̇α = σδδ̇
dσγγ̇

cec
nec

mψnma (3.64)

Using this result and the solution to the Bianchi identities collected in the last

section, we may calculate Wαβγ| and DαGβγ̇| in terms of e, ψ and ψ̄:

Wδγα|θ=0=θ̄ =
1

16

∑
(δγα)

(
1

3
εδ̇γ̇ψδδ̇γγ̇α − iε

γ̇δ̇ψδγ̇γ Gαδ̇|
)

(3.65)

DδGαα̇|θ=0=θ̄ =
1

4
ψ̄α

γ̇
δγ̇α̇ +

1

12
εδαψ̄

γγ̇
γα̇γ̇ + iψαα̇δ R

†∣∣−
− i

4

(
ψ̄αρ̇

ρ̇ Gδα̇|+ ψ̄δρ̇
ρ̇ Gαα̇| − ψ̄δρ̇α̇ Gαρ̇|

)
(3.66)

where the sum in the �rst equation is over all cyclic permutations of the indicated

indices. From the supergauge transformations of scalar and vector super�elds, we

have

δR = −ξCDCR

δGa = −ξCDCGa +GbL
b
a (3.67)

From which we can see that the lowest components of R and Gαβ̇ cannot be

gauged away. So, since it is not possible to write it in terms of the graviton and

gravitino �elds, we de�ne
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Ga(z)|θ=0=θ̄ = −1

3
ba(x) (3.68)

R(z)|θ=0=θ̄ = −1

6
M(x).

These �elds are auxiliary bosonic �elds. They do indeed equalize the number

of degrees of freedom between our fermionic and bosonic �elds: ema(x) has sixteen

components but we can use a Lorentz transformation (Lab| = −Lab| with six in-

dependent components) and a coordinate tranformation (ξa| with 4 components)

to deal with six independent components only; Each ψmα(x) and ψ̄mα̇(x) has eight

components, but since we can make a supersymmetry transformation (ξα|,ξ̄α̇| each
with 2 components), we have twelve fermionic degrees of freedom. The six missing

bosonic degrees of freedom come from M(x), M̄(x) and ba(x). The set of �elds e,

ψ, ψ̄, b and M is the supergravity multiplet.

We have expressed some components of the torsion in terms of the vielbein com-

ponent �elds e, ψ and ψ̄. Now we will apply the same procedure for the curvature.

For the components of R we �nd

Rnma
b(z)

∣∣
θ=0=θ̄

≡ Rnma
b(x)

= ∂nωma
b − ∂mωnab + ωma

cωnc
b − ωnacωmcb (3.69)

but, as we did for the connection, we can use

Rnma
b = (−1)cdEn

CEm
DRCDa

b (3.70)

and the solution to the Bianchi identities to �nd a relation between the second

derivatives of R and G and the �rst derivative of W in terms of e, ψ, ψ̄, M and b.

For further reference, we just list the result for the second derivative of R:

DDR(z)|θ=0=θ̄ = −1

3
ea
meb

nRmn
ab(x) +

4

9
M(x)M̄(x) +

2

9
ba(x)ba(x)+

+
1

12
εklmn

(
ψ̄k(x)σ̄lψmn(x) + ψk(x)σlψ̄mn(x)

)
+

+
2

3
iψ̄m(x)σ̄nψmn(x)− 2

3
iea

mDmb
a(x)+ (3.71)

+
1

3
ψ̄(x)ψ̄(x)M(x)− 1

3
ψm(x)σmψ̄nb

n(x)
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Although we are working in a gauge in which the vielbein �elds and connection

take the form (3.52) and (3.55), we can act any supersymmetry and Lorentz transfor-

mation on it, including those that change these equations. So, it is interesting to �nd

transformations that preserve our gauge choice. We shall call these the supergravity

transformations, that turns out to be de�ned by the following parameters:

ξα(z) = ζα(x) ξ̄α̇(z) = ζ̄α̇(x)

ξa(z) = 2i
(
θσaζ̄(x)− ζ(x)σaθ̄

)
Lαβ(z) =

1

3

[
θα
(
2ζβ(x)M̄(x)− bβγ̇(x)ζ̄ γ̇(x)

)
+

+θβ
(
2ζα(x)M̄(x)− bαγ̇(x)ζ̄ γ̇(x)

)]
(3.72)

Lα̇β̇(z) =
1

3

[
θ̄α̇
(
2ζ̄β̇(x)M(x)− ζγ(x)bγβ̇(x)

)
+

+θ̇β̇
(
2ζ̄α(x)M(x)− ζγ(x)bγα̇(x)

)]
Lab =

1

4
σ̄a

αα̇σ̄b
ββ̇Lαα̇ββ̇ =

1

4
σ̄a

αα̇σ̄b
ββ̇
(
−2εαβLα̇β̇ + 2εα̇β̇Lαβ

)
=

1

2
(σ̄aσbε)

α̇β̇ Lα̇β̇ −
1

2
(εσaσ̄)αβ Lαβ

We may now calculate the tranformations of the supergravity multiplet under

supergravity transformations. For the vierbein, we �nd

δem
a = δEm

a| = −Dmξ
a| − ξBTBm

a
∣∣

= −ξβTβma
∣∣− ξ̄β̇T

β̇
m
a
∣∣∣

From the constraints on the torsion, we have Tβm
a = 2iEm

γ̇σβγ̇
a and Tβ̇m

a =

−2iEm
γσγβ̇

a, hence we get

δem
a(x) = i

(
ψmσ

aζ̄ − ζσaψ̄m
)
. (3.73)

For the gravitino we have

1

2
δψm

a = δEm
α| = −Dmξ

α| − ξBTBm
α
∣∣

From the solutions (3.46) of the Bianchi identities, we �nd
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T β̇ c
α = −iσ̄β̇αcR

Tβc
α =

i

8
σ̄γ̇γc (3εβγG

α
γ̇ + δγ

αGβγ̇ − 3δβ
αGγγ̇)

and therefore

δψm
α = −2Dmξ

α + iem
c

[
bcζ

α +
1

3
M
(
εσcζ̄

)α
+

1

3
bd (ζσdσ̄c)

α

]
(3.74)

The transformation of δψ̄mα̇ can be easily computed by conjugating the last result:

δψm
α = −2Dmξ̄α̇ − iemc

[
bcζ̄α̇ +

1

3
M̄ (ζσc)α̇ −

1

3
bd
(
σ̄cσdζ̄

)
α̇

]
(3.75)

It remains to calculate δM and δba. Remembering that R is chiral, this is given

by (3.68):

−1

6
δM = δR| = −ξαDαR|

−1

3
δba = δGa| = −

(
ξαDα + ξ̄α̇D̄

α̇
)
Gα

∣∣ (3.76)

Equation (3.66) together with property (2) from last section, allows to compute

DαR in terms of the supergravity multiplet:

DαR| = −
1

3

(
σab
)
α
βψabβ +

i

6

(
σaψ̄a

)
α
M − i

6
ψaαb

a (3.77)

where σab = 1
4

(
σaσ̄b − σbσ̄a

)
and ψabβ is de�ned in (3.58). Thus from (3.76), we

obtain

δM = −ζ
(
σaσ̄bψab + ibaψa − iσaψ̄aM

)
(3.78)

and

δbαα̇ = ζδ
[

1

4
εδαψ̄

γγ̇
γα̇γ̇ +

3

4
ψ̄α

γ̇
δγ̇α̇ −

i

2
M̄ψαα̇δ+

+
i

4

(
ψ̄αρ̇

ρ̇bδα̇ + ψδρ̇
ρbαα̇ − ψ̄δρ̇α̇bαρ̇

)]
− ζ̄δ

[
1

4
εδ̇α̇ψ

γγ̇
α γγ̇ +

3

4
ψγ δ̇γα̇α+

+
i

2
Mψ̄αα̇δ̇ −

i

4

(
ψρα̇

ρbαδ̇ + ψρδ̇
ρbαα̇ − ψρδ̇αbρα̇

)]
(3.79)
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Equations (3.73), (3.74), (3.75), (3.78) and (3.79) are the desired supergravity

transformation laws of the supergravity multiplet. In the next chapter, we shall �nd

an action that is invariant under such transformations.
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Chapter 4

Coupling supergravity with chiral

matter

4.1 Chiral �elds in curved superspace and the chiral

densities

In �at superspace, chiral �elds satisfy (3.1). The covariant constraint

D̄α̇Φ = 0 (4.1)

is the condition that reduces to the previous in the �at limit and will be satis�ed by

any chiral �eld in curved superspace. This was already used to derive the transfor-

mations of M(x) in (3.76). The components of Φ will be de�ned by analogy with

(3.9):

φ(x) = Φ|

χα(x) =
1√
2

DαΦ| (4.2)

F (x) = −1

4
DαDαΦ| .

The supersymmetry transformation of these components may be �nd from

δΦ = −ξADAΦ, (4.3)

with the parameters ξA given by (3.72). This yields
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δφ = −
√

2ζαχα

δχα = −
√

2ζαF − i
√

2σαβ̇
aζ̄ β̇D̂aφ (4.4)

δF = −1

3

√
2M̄ζαχα + ζ̄ α̇

(
1

6

√
2bαα̇χ

α − i
√

2D̂αα̇χ
α

)
,

here we have de�ned a supercovariant derivative:

D̂aφ ≡ ea
m

(
∂mφ−

1√
2
ψm

µχµ

)
. (4.5)

In principle one could de�ne the components in (4.2) as the coe�cients of a

θµ expansion of the chiral �eld. But θµ carries a world index and therefore such

expansion is coordinate dependent. This motivate us to introduce a new set of

variables Θα, with Lorentz index, in such a way that

Φ = φ(x) +
√

2Θαχα(x) + ΘαΘαF (x). (4.6)

In this case it is possible to de�ne a new set of parameters λM(x,Θ) for which the

transformation law of the chiral super�eld is

δΦ = −λM(x,Θ)∂MΦ, (4.7)

where the partial derivatives ∂α, ∂α̇ are taking with respect to the new variables Θα

and Θ̄α̇. Using (4.4) we can relate λM with ζ and the supergravity multiplet:

λm = 2iΘσmζ̄ + ΘΘψ̄nσ̄
mσnζ̄

λα = ζα − iΘσmζ̄ψmα + ΘΘ

[
1

3
M̄ζα +

1

6
ba
(
εσaζ̄

)α− (4.8)

−iωmαβ
(
σmζ̄

)
β
− 1

2
ψn

α
(
ψ̄mσ̄

nσmζ̄
)]
.

From these parameters we can de�ne chiral densities. These are super�elds that

transforms as

δΩ = −∂M
[
(−1)mλMΩ

]
(4.9)

= −λM∂MΩ− (−1)m
(
δMλ

M
)

Ω
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So, the product of a chiral density and a chiral �eld transforms as a chiral density:

δ(ΩΦ) = (δΩ)Φ + Ω(δΦ) = −∂M
[
(−1)mλMΩ

]
Φ− ΩλM∂MΦ (4.10)

= −∂M
[
(−1)mλMΩΦ

]
We can decompose Ω in terms of the component �elds

Ω = ϕ+
√

2Θρ+ ΘΘf, (4.11)

that has transformation laws given from (4.9):

δϕ = −
√

2ζρ+ iϕψσζ̄

δρα = −
√

2ζαf − i
√

2Dm

(
σmζ̄ϕ

)
α

+ iψσζ̄ρα + i
(
σmζ̄

)
α
ψmρ−

− 1

3

√
2ζαM̄ϕ− 1

6

√
2ϕ
(
σaζ̄
)
α
ba +

1

2

√
2ψnαψ̄mσ̄

nσmζ̄ϕ (4.12)

δf = ∂m

(
−ϕψ̄nσ̄mσnζ̄ + i

√
2ρσmζ

)
.

The Θ variable and a special chiral density will be used to construct invariant

actions.

4.2 Action for pure supergravity

Consider the following action constructed from a chiral density Ω and a function

h(Φ) of a chiral �eld,

S =

∫
d4xd2ΘΩh(Φ). (4.13)

This action is invariant under supergravity transformations, because

δS =

∫
d4xd2Θδ(Ωh(Φ))

= −
∫
d4xd2Θ∂M

[
(−1)mλMΩh(Φ)

]
(4.14)

= 0
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where we have used (4.10). In order to write the action for pure supergravity, we

need to de�ne a chiral density E which has components that depends on the vielbein

[11, 12]. Using the notation of the last section for an arbitrary chiral density, its

lowest component is de�ned as

a =
1

2
det em

a ≡ 1

2
e, (4.15)

and the other components may be computed from the transformations (4.10). As

an example, from the transformations of the supergravity multiplet we have

δe = eea
mδem

a = ieea
m
(
ψmσ

aζ̄ − ζσaψ̄m
)

(4.16)

and comparing it with (4.12) we �nd that

ρ =
i

4

√
2eσmψ̄m (4.17)

The highest component can be calculated in a similar way and is given by

f = −1

2
eM̄ − 1

2
eψ̄mσ̄

mnψ̄n. (4.18)

Hence

E =
e

2

[
1 + iΘσaψ̄a −ΘΘ

(
M̄ + ψ̄aσ̄

abψ̄b
)]

(4.19)

A natural chiral super�eld that depends on the supergravity multiplet is R,

de�ned in the last chapter. From equations (3.68), (3.71) and (3.77), we have, with

R = ea
meb

nRmn
ab,

R = −1

6

{
M + Θ

(
σaσ̄bψab − iσaψ̄aM + iψab

a
)

+

+ ΘΘ

[
−1

2
R + iψ̄aσ̄bψab +

2

3
MM̄ +

1

3
baba − ieamDmb

a+ (4.20)

+
1

2
ψ̄ψ̄M − 1

2
ψaσ

aψ̄cb
c +

1

8
εabcd

(
ψ̄aσ̄bψcd + ψaσbψ̄cd

)]}
Thus, from the same reasoning after (4.13), the invariant action for pure super-

gravity is
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Ssugra = − 6

8πG

∫
d4xd2ΘER + c.c., (4.21)

where G is the Newton's constant. It is straightforward to write this action in

component �elds:

Ssugra =
1

8πG

∫
d4x

[
−1

2
eR − 1

3
eM̄M +

1

3
ebaba+

+
1

2
eεklmn

(
ψ̄kσ̄lD̃mψn − ψkσlD̃mψ̄n

)]
(4.22)

As expected this action contains the Einstein-Hilbert action (in vielbein formula-

tion) and the kinetic terms for the gravitino and the auxiliary �elds,M and ba. Note

that the connection is included in the derivative D̃m that was de�ned in (3.58). We

can now proceed to the construction of the coupling of chiral matter to supergravity.

4.3 Action for chiral supergravity model

We begin by writing the most general action for chiral matter in �at superspace

(3.4) in the following form:1

S =

∫
d4xd2θ

[(
−1

8
D̄D̄

)
K(Φ, Φ̄) +W (Φ)

]
+ c.c. (4.23)

and then go to the action in curved superspace by making the following replacements:

• θ → Θ. As explained, we have de�ned Θ to get a coordinate independent

expansion of chiral �elds in curved superspaces. So, it is a natural prescription;

• d2θ → d2Θ2E . This is the invariant measurement, as one can see from the

transformation for the highest component of E in (4.12);

• D̄D̄ → (D̄D̄ − 8R). This is the generalization of the chiral projectors for

curved superspace and comes from the fact that D̄α̇(D̄β̇D̄
β̇ − 8R)Φ̄ = 0.

Then, for the minimal chiral supergravity model, we have, setting 8πG = 1:

1In this section we follow [11] closely.
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S = Ssugra +

{∫
d4xd2Θ2E

[
−1

8

(
D̄D̄ − 8R

)
K(Φ, Φ̄) +W (Φ)

]
+ c.c.

}
=

∫
d4xd2Θ2E

[
−1

8

(
D̄D̄ − 8R

)
Ω(Φ, Φ̄) +W (Φ)

]
+ c.c. (4.24)

where Ω(Φ, Φ̄) = K(Φ, Φ̄) − 3. The constant −3 in Ω gives the pure supergravity

action. If we derive the action in component �elds for K(Φ, Φ̄) = ΦΦ̄, i.e. the

Kähler potential for �at superspace or canonical Kähler potential, we get a Brans-

Dicke normalization for the gravitational action:

LEH ∝ eΩR

We need a Weyl rescaling of the vierbein and spinor �elds in order to �x this

normalization, that is, to work in the "Einstein frame" where we recover the standard

Einstein-Hilbert action. When this is done, it turns out that the Lagrangian depends

on Ω on through the combination −3 ln
(
−Ω

3

)
and its derivatives. This motivates us

to begin with the following Lagrangian,

L =
1

8πG

∫
d2Θ2E

[
3

8

(
D̄D̄ − 8R

)
exp

{
−8πG

3
K(Φ, Φ̄)

}
+ (8πG)W (Φ)

]
+ c.c.

(4.25)

This is the general chiral supergravity model and if we expand the exponential,

we recover the minimal chiral coupling (4.24) plus extra terms. For an arbitrary

number of chiral �elds, the component form of (4.25) is

L = −1

2
eR − eKij̄∂mφ

i∂mφ̄j − ieKij̄χ̄
jσ̄mDmχ

i + eεklmnψ̄kσ̄lD̃mψn−

− 1

2

√
2eKij̄∂nφ̄

jχiσmσ̄nψm −
1

2

√
2eKij̄∂nφ

iχ̄jσ̄mσnψ̄m−

− 1

8
e
(
Kij̄Kkl̄ − 2Rij̄kl̄

)
χiχkχ̄jχ̄l +

1

4
eKij̄

(
iεklmnψkσlψ̄m+ (4.26)

+ψmσ
nψ̄m

)
χiσnχ̄

j − e exp

(
K

2

)(
W̄ψaσ

abψb +Wψ̄aσ̄
abψ̄b+

+
i

2

√
2DiPχ

iσaψ̄a +
i

2

√
2DīW̄ χ̄iσ̄aψa +

1

2
DiDjWχiχj +

1

2
DīDj̄W̄ χ̄iχ̄j

)
−

− e exp (K)
[
Kij̄ (DiW )

(
Dj̄W̄

)
− 3W̄W

]
42



where we made the follow de�nitions:

Kij =
∂2K

∂φi∂φj
, Kij̄ =

∂2K

∂φi∂φ̄j
, Kij̄ = K−1

ij̄, Γkij = Kkl̄∂Kjl̄

∂φi
;

DiW =
∂W

∂φi
+
∂K

∂φi
W ;

Dmχ
i = ∂mχ

i + χiωm + Γijk∂mφ
jχk − 1

4

(
∂K

∂φj
∂mφ

j − ∂K

∂φ̄j
∂mφ̄

j

)
χi;

D̃mψn = ∂mψn + ψnωm +
1

4

(
∂K

∂φj
∂mφ

j − ∂K

∂φ̄j
∂mφ̄

j

)
ψn;

DiDjW =
∂2W

∂φi∂φj
+KijW +

∂K

∂φi
DjW +

∂K

∂φj
DiW −

∂K

∂φi

∂K

∂φj
W−

− ΓkijDkW.

In the Lagrangian (4.26), the superpotential and Kähler potential depends only

on the complex scalar �elds and then the last line in this equation gives the super-

gravity scalar potential.
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Chapter 5

Standard Cosmology

One of the most remarkable features of the observable Universe is the fact that in

scales larger than 300 million light years it has a distribution of matter that is homo-

geneous and isotropic. This is a strong statement based on sky surveys observations.

In such scale we can treat the constituents of the universe as clusters of galaxies,

each one containing from a few dozens to hundreds galaxies. The extension of the

assumption of homogeneity and isotropy to the entire universe is called Cosmological

Principle. The main justi�cation for this principle is the highly degree of isotropy

of the cosmic microwave background.

Another extraordinary observation was the discovery of the expansion of the

universe, discovered in the 1920s by Edwin Hubble. He measured that light from

far galaxies were red-shifted and inferred that the galaxies were moving away from

our galaxy and from each other. Moreover, the velocity v of the galaxy depended of

its radial r distance by

v = H0r (5.1)

where H0, which is constant, is the actual value of the Hubble's constant H. It is

equal to

H0 = h · 100 kms−1Mpc−1, (5.2)

and h has a present value in the range 0.55 to 0.85. So, a galaxy 1 Mpc away

has a velocity of about 70 kms−1. Equation (5.1) is called Hubble's law and is a

consequence of the expansion of the space itself. It is worth to keep in mind that
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in cosmology we work with large spatial and temporal scales, such that when we

talk about the present we are referring to lapse of time very small if compared with

billion of years. To see this, we can invert the Hubble's constant at the present

value:

H0
−1 ' 3

h
× 1017s (5.3)

that is approximately 10h−1 billion of years.

In this chapter we shall see how Hubble's law is obtained only from the Cosmo-

logical Principle and what we get applying Einstein's general relativity for all the

universe.

5.1 Robertson-Walker metric and Friedmann mod-

els

By translating the Cosmological Principle into a geometrical language we ended up

with a speci�c form for the space-time metric, that is known as Robertson-Walker

metric. In coordinates associated to observers that are at rest with respect to the

expansion, i.e. comoving coordinates, this metric assumes the form [22]

ds2 = −c2dt2 + a2(t)

(
dr2

1− kr2
+ r2

(
dθ2 + sin2 θdφ2

))
(5.4)

where k codi�es the geometry of the spatial section and take the values k = 1,

k = 0 and k = −1 corresponding to a closed (S3), �at (E3) and open (hyperbolic)

universe, respectively. The factor a2(t), called scale factor, describes an expanding

or contracting universe and we know from observation that in our case the universe

is expanding. The behavior of a(t) and the value of k are related dynamically with

the matter content of our universe via Einstein equations, that are not necessary

to derive (5.4). It is noteworthy that this metric arises naturally from symmetry

requirements of the Cosmological Principle, see ([23, 19]) for a deduction of this

metric using only the homogeneity and isotropy of the space.

The Hubble expansion is a kinematic feature that can be obtained from (5.4),

independent of the speci�c form of the scale factor. Suppose our galaxy is located

at r = 0, and there is another galaxy at r = rg. Using (5.4), one can compute its

proper distance L(t) from us at the cosmic time t:
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L(t) = a(t)

∫ rg

0

dr√
1− kr2

= a(t)f(r), (5.5)

where

f(r) =


sin−1(r) (k = 1);

r (k = 0);

sinh−1(r) (k = −1).

(5.6)

Thus, the velocity of recession is

v = L̇(t) = ȧ(t)f(r) =
ȧ(t)

a(t)
L, (5.7)

this is exactly the Hubble law (5.1) with

H(t) =
ȧ(t)

a(t)
. (5.8)

Note that "Hubble's constant" is not a constant in general. Another observational

fact can be derived from the Robertson-Walker metric: the cosmological red-shift.

Consider successive crests of light emitted from the above galaxy in r = rg at times

tg and t + ∆tg and received by us at times t0 and t0 + ∆t0. Since the light travels

radially and ds2 = 0, we have for the �rst crest∫ t0

tg

dt

a(t)
=

1

c

∫ 0

rg

dr√
1− kr2

, (5.9)

and for the second crest: ∫ t0+∆t0

tg+∆tg

dt

a(t)
=

1

c

∫ 0

rg

dr√
1− kr2

. (5.10)

This implies ∫ t0+∆t0

tg+∆tg

dt

a(t)
=

∫ t0

tg

dt

a(t)
(5.11)

Assuming that a(t) is constant over the intervals ∆tg and ∆t0, we �nd

∆tg
∆t0

=
a(tg)

a(t0)
(5.12)

and there is a shift z between the emitted and observed wavelengths of the light.

Denoting the former λg = c∆tg and the last λ0 = c∆t0, we �nd:

z =
λ0 − λg
λg

=
a(t0)

a(tg)
− 1 (5.13)

47



Therefore, there is a red-shift if the universe is expanding, for a(t0) > a(tg). Such

cosmological red-shift was measured by Hubble and it is distinct from the gravi-

tational red-shift and the Doppler shift in which the source of the light and the

observer are in relative motion in the same inertial frame. The cosmological shift is

due to the expansion of the space itself.

We now turn to the problem of what sort of universe are allowed by Einstein's

General Relativity. This is possible provide we have an expression for the energy-

momentum tensor that describes the degrees of freedom of the total matter in the

universe. The model usually adopted is of a perfect �uid which has an energy-

momentum tensor of form

Tmn =
p

c2
gmn + (ρ+

p

c2
)umuv, (5.14)

where um is the velocity vector �eld of the �uid, p is its pressure and ρ is the energy

density. In comoving coordinates, this tensor is diagonal:

T00 = ρ, Tii =
p

c2
, Tij = 0(i 6= j), T0i = 0 (5.15)

Thus, we can use the Einstein �eld equations

Rmn −
1

2
gmnR =

8πG

c2
Tmn, (5.16)

to relate a(t), k, p and ρ1. The time-time component gives

ȧ(t) + kc2 =
8πG

3
ρa2(t) (5.17)

and the space-space components give

2a(t)ä(t) + ȧ2(t) + kc2 = −8πG

c2
pa2(t) (5.18)

The second derivative of the scale factor in the last equation can be written in terms

of the �rst derivative by di�erentiating (5.17). Substituting ä into equation (5.18)

yields

ρ̇+ 3
ȧ

a

(
ρ+

p

c2

)
= 0 (5.19)

1For a good geometrical and concise treatment of the dynamics of the cosmology see [19].
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It is possible to check that this equation expresses the conservation of the energy-

momentum tensor (5.14). Equation (5.17) is called the Friedmann equation and we

shall treat it and (5.19) as the fundamental equations.

Intuitively, we would expect that the energy content of the universe brakes its

expansion. This is exactly what we get from Einstein's equations: if we subtract

the Friedmann equation (5.17) from (5.18) we have

ä = −4πG

3

(
ρ+ 3

p

c2

)
a, (5.20)

and hence if ρ > 3 p
c2

then ä is negative, so ȧ is always decreasing in time, i.e. the

universe was expanding faster in the past than it is now. Therefore, as a consequence

of General Relativity, there must have been a time in which a was "zero". This is

the initial singularity and relativity "breaks down" at such scales that we expect to

be ruled by a quantum gravity theory.

From the Friedmann equation we can justify the connection of k and the geom-

etry of the space. If k = 0 or k = −1, ȧ2 cannot be zero and the universe expands

forever. These are the �at and open universes. For k = 1 the expansion will stop

when ρa2 = 3kc2

8πG
and after that the universe will start to contract, that is, for k = 1

we have a closed universe. The sign of the spatial curvature is determined by the

value of the energy density ρ. To see this, let us de�ne the critical density

ρc ≡
3H2

8πG
(5.21)

where the subscript 0 indicates evaluation at the present (cosmological) time. Writ-

ing (5.17) for this moment

k =
8πG

3c2
a0

2 (ρ0 − ρc) (5.22)

one can see that the open, �at and closed cases correspond to universes that has

ρ > ρc, ρ = ρc and ρ < ρc, respectively.

The discussion about k above leave us with three unknowns ρ, p and a for the

dynamics of the universe. But we have only two equations for these quantities, (5.17)

and (5.19). Hence, a complete solution requires at least one more relation between

these variables. In Friedmann models it is used an equation of state, relating ρ and

p, to solve the dynamical equations. There are three interesting models: for dust,

radiation and the vacuum.
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The dust case is the one with zero pressure, p = 0, describing ordinary matter.

In this case, equation (5.19) gives

ρ̇

ρ
= −3

ȧ

a
⇒ ρa3 = const. = ρ0a0

3 (5.23)

This is just the conservation of mass for non-relativistic matter in an expanding

space. We can use the Friedmann equation to �nd the scale factor in terms of time.

For example, with k = 0, we obtain

ȧ2 ∝ a−1 ⇒ a(t) ∝ t
2
3 (5.24)

For radiation we have ρ = 3p
c2
. Then, using the energy-momentum conservation

(5.19),
ρ̇

ρ
= −4

ȧ

a
⇒ ρa4 = const. = ρ0a0

4. (5.25)

We see that there is an extra power of a in relation to the dust case. This can be

understood by remembering the cosmological red-shift: since λ increases with the

expansion of the space, the energy of a photon E = ch/λ decreases by a factor a−1

and hence the energy density of a certain volume with fotons decreases by a factor

a−4. From (5.17) we can �nd a(t). Again for �at geometry, we have

ȧ ∝ a−2 ⇒ a(t) ∝ t
1
2 (5.26)

The vacuum case is related with static solutions of our dynamical equations. In

a static universe we have ȧ = 0 = ä and from (5.17) and (5.18) this implies

ρ = −3p

c2
(5.27)

which, assuming positive energy density, means that the universe is occupied by

a �uid with negative pressure and so corresponds to an unphysical solution. In order

to get static solutions Einstein introduced an extra term into the �eld equations,

the cosmological constant Λ [24]:

Rmn−
1

2
gmnR− gmnΛ =

8πG

c2
Tmn. (5.28)

Equations (5.17) and (5.18) become

ȧ(t) + kc2 =
8πG

3
ρa2(t) +

c2

3
Λa2(t) (5.29)
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2a(t)ä(t) + ȧ2(t) + kc2 = −8πG

c2
pa2(t) + c2Λa2(t) (5.30)

and equation (5.19) stay the same. Now a static universe is possible since the

requirement ȧ = 0 = ä leads to

Λ =
4πG

c2
(ρ+ p) (5.31)

As an example, for the dust model a static universe is achieved if Λ =
4πG

c2
ρ

which gives k = Λa2. Therefore, this is a static and closed universe. From this

example we see that the cosmological constant represents a force that balances the

matter attraction in such way that the space remains static. The vacuum Friedmann

model describes an empty �at space with cosmological constant, i.e. ρ = 0 = k.

Inserting this in (5.29) gives

ȧ2(t) =
c2

3
Λa2(t) (5.32)

which has the following solution,

a(t) = a(0) exp {Ht} (5.33)

and in this case, the Hubble constant is constant in time:

H =

√
c2Λ

3
. (5.34)

This is the de Sitter space and it is expanding, as expected from the "repulsive

force" described by Λ. In fact it is an accelerating expansion as well as observed

in our universe. This fact leads to the conclusion that the cosmological constant is

actually not zero. The origin of an non-vanishing cosmological constant is treated as

the contribution of the repulsive energy to the total energy density of the universe.

To see this, let us write (5.29) in the form

kc2 =
8πG

3
a2

(
ρ+

c2Λ

8πG
− 3H2

8πG

)
(5.35)

As we observe decoupled matter and radiation in the universe, ρ is the sum of

the energy density for matter ρm and for radiation ρr. Then we have, from (5.21)

kc2 =
8πG

3
a2

(
ρr + ρm +

c2Λ

8πG
− ρc

)
, (5.36)
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from which we can see that

ρΛ ≡
c2Λ

8πG
(5.37)

is the contribution of the cosmological constant for the energy density. It is im-

portant to note that the requirement for a cosmological constant to explain the

accelerated expansion observed is implemented as an extra content in the universe.

This can be seen from the fact that the conservation of the energy momentum tensor

is unchanged if we add a term proportional to the metric to it. In this case, if one

compare the "extra" energy momentum tensor

Tmn = Λgmn (5.38)

to the perfect �uid one, equation (5.14), then this correspond to an extra energy

density component ρextra of ρ in (5.17) with the equation of state ρex = −pex. Then
we can use the conservation equation (5.19) to �nd that ρex = const. and hence solve

the Friedmann equation for an universe dominated by a �uid described by (5.38).

For a �at geometry, we have

(
ȧ

a

)2

=
8πG

3
ρex, (5.39)

which implies that

a(t) = a(0) exp

{(√
8πG

3
ρex

)
t

}
. (5.40)

Comparing it with (5.33) we �nd

ρex =
c2Λ

8πG
, (5.41)

which is exactly the energy density de�ned in (5.37). Therefore, the cosmological

constant is a prescription to describe some ingredient of the content of our universe

that has the equation of state, ρΛ = −pΛ. The fundamental physical nature of this

ingredient is still unknown and it is called dark energy. As the cosmological constant

leads to the expanding empty de Sitter universe, dark energy seems to be related

with the vacuum energy, that is, it would parametrize an energy density associated

to empty space.
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5.2 The ΛCDM model

The existence of a cosmic microwave background radiation (CMB), �rst discovered

in 1965 by Arno Penzias and Robert Wilson ([25]) corroborate the idea of Ralph

Alpher, Hans Bethe and George Gamow2 that in 1948 published a paper in which

they proposed a hot beginning of the universe with matter at high density and high

temperature standing in thermal equilibrium through reactions like e+ +e− ↔ γ+γ

and p+ n↔ d+ γ, [26, 27]. This equilibrium state give rise to a thermal radiation

with a blackbody spectrum and as the universe expanded and cooled this radiation

has remained with such character. The time in which the matter and radiation

decoupled is known as recombination and happened when the universe was at an age

of 300, 000 years and a temperature of 3000 K. It was the �rst time that the photons

were with energy small enough to form neutral atoms and was when the CMB was

emitted. Moreover, the Alpher, Bethe and Gamow work provides an explanation to

the measured abundances of elements. This is called big bang nucleosynthesis.

Observations of this cosmic radiation revealed that it is almost perfectly isotropic

and that corresponds to the spectrum of a blackbody with a temperature of 2.72K.

The small degree of anisotropy in this background comes from the inhomogeneities

in the cosmic dust that further result in the formation of the large structures now

observed. These observations lead to constraints on the values of k and to a scenario

consistent with a �at universe. This justi�es the results of the previous section

and allows to estimate the energy density of dark energy. For this purpose, let us

introduce the following parameter

Ω =
ρ

ρc
(5.42)

Using it, we can write (5.36), with k = 0, as:

Ωr + Ωm + ΩΛ = 1 (5.43)

where the subscripts corresponds to which component of the total energy density

we used to write Ω. Recent estimates for the actual matter contribution gives

Ωm ≈ 0.3. Note that Ωm includes the contribution of the baryonic matter and of the

dark matter. Dark matter is made of particles that does not interact with photons

2This work is sometimes referred as the αβγ paper. Bethe was invited to allows the alphabetical

allusion.
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and then it is non-luminous. This kind of matter is needed to explain the rotation

curve of gas well outside the visible part of galaxies and turns out to be crucial to

the theory of structure formation. Up to date, the quantum constituents of dark

matter are unknown. What exactly is dark matter and dark energy are the most

important questions in modern cosmology.

For the radiation we can use the Stefan-Boltzmann law with T = 2.72 K:

ρr =
4σ

c
T 4 = 4.6× 10−31kgm−3, (5.44)

where σ is the Stefan-Boltzmann constant. From the de�nition of the critical density

with H0 = 72 kms−1Mpc−1, we have

ρc = 0.97× 10−26kgm−3, (5.45)

and then Ωr ≈ 5× 10−5.

From the above discussion we see that the dark energy dominates the dynamics of

the universe, with Ω ≈ 0.7. But this is the actual "hierarchy" of the contributions to

the total energy density. In an universe containing matter and radiation as our does,

their respective energy densities will change as expansion occurs. From equations

(5.23) and (5.25) we have

ρr
ρm
∝ 1

a(t)
(5.46)

and therefore, if there is radiation at the present time, it must have dominated over

the matter at early times. We now have an overall picture of the cosmic history of the

universe: a �at space with an initial singularity at �nite past from which hot matter

and radiation comes at equilibrium (radiation dominated era) and cools conforms

the space expands, followed by a matter dominated expansion during which galaxies

form. If there is vacuum energy, its constant energy density dominates and the space

begins an accelerated expansion. This is basically the content of what is called Λ

Cold Dark Matter (ΛCDM) model, where Λ refers to the cosmological constant and

the "cold" means that we can treat dark matter as non-relativistic matter.
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Chapter 6

In�ation

6.1 The �atness and horizon problems

Despite from its sucess the Big Bang cosmology does not explain why the universe is

so close to the �at geometry and what is the origin of the primordial inhomogeneity of

the cosmic �uid, that stayed imprinted in the cosmic microwave background (CMB)

as observed by its anisotropy. There is still another problem related to causality due

to the existence of horizons. Let us focus on the �atness problem �rst.

We can write the equation of state in a general form as

p = wρ (6.1)

so that the dust and radiation cases corresponds to w = 0 and w = 1
3
respectively.

Using equations (5.17), (5.18) and (5.36) to �nd how the density parameter Ω evolves

with respect to the scale factor, we have:

dΩ

d ln a
= (1 + 3w)Ω (Ω− 1) (6.2)

Although Ω = 1 for �at geometry, in general Ω is not constant. For matter or

radiation we have (1 + 3w) > 0 which leads to the conclusion that �at space is an

unstable �xed point: if Ω begins small than 1 then it evolves for values even small

than 1; if Ω begins greater than 1 then it tends to increase even more. That is, we

have

d|Ω− 1|
d ln a

> 0, (1 + 3w) > 0 (6.3)
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From this we see that an universe closed to the �at geometry today is a highly

�ne-tuned state. To have a quantitative idea, from the CMB measurements we know

that at present time, |Ω0− 1| < 0.02. So it is very reasonable to take Ω0 = 1± 0.05,

that implies that at the recombination we have Ωrec = 1± 0.0004, and at the time

of primordial nucleosynthesis, Ωnuc = 1 ± 10−12. This �ne-tuned situation is called

�atness problem.

Due to the �nite age of the universe, photons can only have traveled a �nite

distance since the Big Bang. Thus, the universe has a horizon: any observer sees

himself at the center of spherical horizon. This de�nes his observable universe.

The size of the horizon at time t after the Big Bang can be calculated from the

Robertson-Walker metric (5.4):

rh(t) =

∫ t

0

dt′

a(t′)
, (6.4)

where we have putted t = 0 at the Big Bang. This is the coordinate (comoving)

size, in order to obtain the proper size of the horizon we need to multiply by the

scale factor

rproph (t) = a(t)

∫ t

0

dt′

a(t′)
(6.5)

As an example, for a 14-billion year-old universe with �at geometry and matter

domination, we have, from the solution (5.24) and normalizing a as a0 = 1, rproph =

3t0 ' 13Gpc.

To examine the causal structure of an expanding universe, let us work with the

conformal time, τ . This is de�ned in such way that the �at Robertson-Walker metric

is written as

ds2 = a2(τ)
[
−dτ 2 + dr2 + r2

(
dθ2 + sin2 θdφ2

)]
. (6.6)

Then, this metric is conformally related to Minkowsky metric and since the con-

formal factor does not a�ect null geodesics, we can analyze causal structure as in

Minkowsky spacetime. From the last equation above, we have

dτ =
dt

a(t)
(6.7)
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and then,

rh(t) =

∫ t

0

dt′

a(t′)
=

∫ τ

0

dτ ′ = τ. (6.8)

So, the comoving horizon size is the age of the universe in conformal time. The

expanding universe has �nite age, and therefore unlike the Minkowski spacetime we

cannot prolong the light cone of an observer to in�nite past: the light cone "stops"

at τ = 0. In this way, two points on the CMB at 180◦ apart in the sky will have

past light cones that do not overlap: they "stop" at the spatially in�nite surface at

τ = 0. Thus, these points are causally disconnected and there is no why for such

points reach the thermal equilibrium observed. A more quantitative explanation of

this is that the comoving horizon size at the time of the recombination trec is much

less than the comoving distance that the radiation travels after decoupling [28, 29]:∫ trec

0

dt

a(t)
�
∫ t0

trec

dt

a(t)
. (6.9)

Therefore, the Big Bang cosmology does not describe why the temperature of the

CMB is so isotropic. This is the horizon problem.

Let us again use the Friedmann equation, in the form

|Ω− 1| = |k|
a2H2

(6.10)

In the Big Bang model, aH is always decreasing, and then Ω evolves away from

�atness. But if we require

d

dt

(
H−1

a

)
< 0 (6.11)

which means that the Hubble length H−1 in comoving coordinates decreases, then

Ω evolves towards �atness. The last condition is equivalent to ä > 0, this is the

de�nition of in�ation an epoch in which the cosmological expansion is accelerated.

From equation (6.2) in�ation is achieved if (1 + 3w) < 0:

d|Ω− 1|
d ln a

< 0, (1 + 3w) < 0. (6.12)

and we one see that this result implies in�ation using (5.18). In�ation solves the

�atness problem automatically, but any model has to describe enough in�ation in

order to do not lose the almost �at character after the end of in�ation. From (6.11)
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it is possible to conclude that in�ation solves the horizon problem: since Hubble

length is shrinking during in�ation, distances that we can see before in�ation are

much larger then distance that we can see after in�ation. This is true for scales

compared to the horizon too, that is, distances that are smaller than the horizon

before in�ation are "red-shifted" to scales larger than the horizon after in�ation.

In�ation complements the standard Big Bang model and need to end to give

place to the conventional behavior. It is an epoch of the very early universe and

solves the horizon and �atness problems, shortcomings of the Big Bang cosmology.

As an example let us consider the de Sitter case, for which we have p = −ρ and

d ln Ω

d ln a
= 2(1− Ω). (6.13)

We can see the solution to the horizon problem using the conformal time:

dτ =
dt

a(t)
= exp {−Ht} dt (6.14)

and so,

τ = − 1

aH
(6.15)

then, during in�ation, the conformal time is negative and in this case the value τ = 0

represents the transition of in�ationary expansion to the radiation dominated era.

The two opposite points in the sky cited before can now share a casual past in the

negative domain of the conformal time.

6.2 In�ation from scalar �elds: The slow roll in�a-

tion

The de Sitter example of last section is an explicit picture of in�ation. But the

physics responsible for accelerated expansion at early times cannot be Einstein's cos-

mological constant, because it dominates over matter and radiation contributions at

later times. We need a transition between the in�ation era and the radiation dom-

inated phase, the "vacuum" energy that drives in�ation must be time-dependent.

For this purpose, in�ation is implemented with scalar �elds. We are interesting in

models with single real scalar �eld, which in this case is called the in�aton.
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Thus, it is natural to begin with the action for the in�aton minimally coupled

to gravity:

S =

∫
d4x
√
−g
[

1

16πG
R− 1

2
gmn∂mφ∂nφ− V (φ)

]
(6.16)

where V (φ) is the potential energy of the scalar �eld. Assuming �at geometry, the

equation of motion for φ is

φ̈+ 3Hφ̇−∇2φ+
δV

δφ
= 0 (6.17)

We are interesting in an homogeneous �eld for which ∇φ = 0. The equation of

motion simpli�es to

φ̈+ 3Hφ̇+ V ′(φ) = 0, (6.18)

where the prime represents derivative with respect to the �eld. The energy-momentum

tensor of the scalar �eld is

Tmn = ∂mφ∂nφ− gmn
(

1

2
gpq∂pφ∂qφ+ V (φ)

)
(6.19)

and for a homogeneous scalar �eld, it has the same form of the energy-momentum

tensor for a perfect �uid, with energy density and pressure as follows:

ρ =
1

2
φ̇2 + V (φ)

p =
1

2
φ̇2 − V (φ) (6.20)

Then we see that the de Sitter limit p ' −ρ is the regime in which the potential

energy dominates the kinetic energy, φ̇2 � V (φ). In this case the universe expands

almost exponentially. The implementation with scalar �elds and the last approxima-

tion frequently leads to a quasi-de Sitter universe. For this reason, it is convenient

to de�ne the number of e-folds N as

dN ≡ −Hdt, (6.21)

note that N decreases as time (and the scale factor) increases. Inserting (6.20) into

the Friedmann equation (5.17) and (5.18) gives
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H2 =
8πG

3

(
1

2
φ̇2 + V (φ)

)
; (6.22)(

ä

a

)
= −4πG

3
(ρ+ 3p) ≡ H2(1− ε), (6.23)

where we have de�ned the dimensionless parameter

ε =
3

2

(
p

ρ
+ 1

)
= 4πG

(
φ̇

H

)2

(6.24)

because the de Sitter limit is equivalent to ε −→ 0, that is the case of in which

the potential energy dominates the kinetic energy, and

H2 ' 8πG

3
V (φ) (6.25)

We will assume that the frictional term in the equation (6.18) dominates the "ac-

celeration" term φ̈:

φ̈� 3Hφ̇ (6.26)

and then the equation of motion for the scalar �eld is approximately

3Hφ̇+ V ′(φ) ' 0. (6.27)

The assumption (6.26) can be written in terms of another dimensionless parameter

|η| � 1, where we de�ned

η ≡ − φ̈

Hφ̇
(6.28)

Using equations (6.25) and (6.26) we can write the parameters ε and η approxi-

mately as

ε = 4πG

(
φ̇

H

)2

' 1

16πG

(
V ′(φ)

V (φ)

)2

;

η = − φ̈

Hφ̇
' 1

8πG

(
V ′′(φ)

V (φ)

)
. (6.29)

The approximations (6.25) and (6.26) are called slow roll approximation and it

is valid as long as the parameters, called slow roll parameters, satisfy

ε� 1, |η| � 1. (6.30)
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The �rst of these conditions tell us that the �eld has a very �at potential, V ′(φ)�
V (φ) and the second slow roll condition informs that the curvature V ′′(φ) of the

potential must also be small.

Using the de�nition of ε we can write the number of e-folds as an integral in the

�eld space:

N = −
∫
Hdt = −

∫
H

φ̇
dφ = 2

√
πG

∫
dφ√
ε
' 8πG

∫ φN

φe

V (φ)

V ′(φ)
dφ (6.31)

where φe is the �eld value at the end of the in�ation, that will can be obtained by

breaking the slow conditions ε(φ) = 1, and φN is just an adjusted value that leads

to a certain number N of e-folds. In order to get enough in�ation we need to have

N > 60.

We now can put all together and construct a qualitative picture of slow roll

in�ation. At very early times the energy density of the universe is dominated by

the potential energy of a scalar �eld, the in�aton. The potential is nearly constant

and in�ation stands as the in�aton slowly rolls this region, the space expanding

almost exponentially during it. In�ation ends when the �eld enters a steeper and

more curved region and the slow roll conditions are not satis�ed anymore. To

obtain the standard Big Bang cosmology, the energy of the in�aton must decay

into the Standard Model particles in a process that is called reheating. The theory

of reheating is far for complete, as it depends on the extension of the Standard

Model to high energies. This process is model dependent, the in�aton would or

not be a fundamental �eld. This single viewed of the dynamics of in�ation driven

by scalar �elds is an e�ective representation of some underlying theory that is not

yet established. It is remarkable that only the potential energy of the in�aton is

important for the physcis of slow roll in�ation. Thus the potential speci�es the

model.

6.3 Primordial density power spectrum from in�a-

tion

In addition to its success solving the �atness and horizon problems, it is remarkable

that the primordial density perturbation of the cosmic �uid can be obtained from

in�ation. This is done by considering the quantum nature of the in�aton: in essence,
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the primordial inhomogeneity comes from the quantum �uctuations of the in�aton.

It is worthwhile to remember that is this primordial inhomogeneity that leads to the

formation of the large structures of our universe. It was this density perturbation

that leads to the anisotropies in the cosmic microwave background. Indeed, by

observation of the CMB one can construct the power spectrum of this perturbation

on the cosmic �uid.

We begin by solving the Klein-Gordon equation for a free scalar �eld ϕ, that is

not the in�aton and does not a�ect the scale factor: is just an arbitrary scalar �eld

in a �xed background. For an �at expanding space, the equation of motion is like

(6.18) but with V = 0 and in conformal coordinates, which gives

ϕ′′ + 2

(
a′

a

)
ϕ′ −∇2ϕ = 0, (6.32)

where now the prime indicates derivative with respect to the conformal time, ′ =

d/dτ . Consider its Fourier expansion in comoving wavevectors k:

ϕ(τ,x) =

∫
d3k

(2π)3/2

(
ϕk(τ)bke

ik·x + ϕ̄k(τ)b̄ke
−ik·x) . (6.33)

Then, the equation of motion for the mode ϕk is

ϕ′′k + 2

(
a′

a

)
ϕ′k + k2ϕk = 0. (6.34)

Using the �eld rede�nition uk ≡ a(τ)φk(τ) gives

u′′k +

(
k2 − a′′

a

)
uk = 0 (6.35)

We shall analyze this equation in two regimes:

• Long wavelength limit, k � a′′/a. This limit, we have

a′′uk = au′′k (6.36)

with solution uk ∝ a which implies that ϕk = const.. Then, in this limit, the

�eld modes ϕk are not dynamical, but has a non-zero amplitude. This is a

example of mode freezing : the mode asymptote to a constant;
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• Short wavelength limit, k � a′′/a. In this case the equation reduces to Klein-

Gordon equation in Minkowski space, but with conformal coordinates:

u′′k + k2uk = 0 (6.37)

that has the solution

uk(τ) =
1√
2k

(
Ake

−ikτ +Bke
ikτ
)

(6.38)

This can be identi�ed with the exact Minkowskian solution in the ultraviolet

limit.

Hence, all we need to do is set the boundary conditions on �eld perturbations in the

ultraviolet limit (short wavelength limit). But in such limit we have a Minkowskian

description of the �elds, equation (6.37), and we know how to quantize �elds in

Minkowski spacetime. In fact, one of the conditions comes from quantization and

the other comes from the vacuum selection. Together they specify Ak and Bk.

Under canonical quantization, the coe�cients bk and b̄k of the expansion (6.33)

are promoted to annihilation and creation operators with the commutation relation[
b̂k, b̂

†
k′

]
= δ3(k − k′) (6.39)

The quantum �eld ϕ̂(τ,x) is written in terms of these operators and has a canon-

ical conjugate momentum

Π̂(τ,x) = a2(t)
∂ϕ

∂τ
. (6.40)

The commutation relation[
ϕ̂(τ,x), Π̂(τ,x′)

]
= iδ3(x− x′), (6.41)

leads to

uk
∂ūk
∂τ
− ūk

∂uk
∂τ

= i (6.42)

which gives, for the ultraviolet mode solution (6.38),

|Ak|2 − |Bk|2 = 1. (6.43)

The second condition on these constants, comes from the vacuum selection. We

choose the vacuum which gives the usual Minkowski vacuum in the ultraviolet limit:

Ak = 1, Bk = 0→ uk(τ) ∝ e−ikτ .
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Now we can apply this analysis to the in�aton �eld. In this case we need to take

into account the evolution of the background spacetime that is encoded in a(τ). A

good approximation is to consider the slow parameter ε as constant, but in general

this is not the case. To an arbitrary equation of state

τ = −
(

1

aH

)(
1

1− ε

)
(6.44)

and from (5.17) and (5.18) with �at geometry we have

a′′

a
= a2H2(2− ε). (6.45)

Then equation (6.35) is

u′′k +
[
k2 − a2H2(2− ε)

]
uk = 0 (6.46)

Using (6.44) to write aH in terms of the conformal time, we have

τ 2(1− ε)2u′′k +
[
(kτ)2(1− ε)2 − (2− ε)

]
uk = 0 (6.47)

This is a Bessel equation and its solutions depends on the �rst and second Bessel

functions, Jν and Yν [30]:

uk ∝
√
−kτ (Jν(−kτ)± iYν(−kτ)) , (6.48)

where

ν =
3− ε

2(1− ε)
(6.49)

For the de Sitter case, ε = 0 and the Bessel index is ν = 3/2 and the solution is

uk ∝
(
kτ − i
kτ

)
e±ikτ (6.50)

The short wavelength limit is −kτ −→ −∞. This can be seen from the equation

(6.44):

(−kτ)(1− ε) =
k

aH
, (6.51)

since the quantity (k/aH) represents the wavenumber k in units of the comoving

horizon size rH = (aH)−1, then the limit −kτ −→ 0 corresponds to (k/aH)� 1, the

long wavelength limit. Taking the short wavelength limit to the de Sitter solution
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and selecting the vacuum, uk ∝ eikτ , with the normalization �xed by the canonical

quantization, we have:

uk =
1√
2k
e−ikτ . (6.52)

Thus, the exact solution to the mode function of in�aton in the de Sitter case is

uk =
1√
2k

(
kτ − i
kτ

)
e−ikτ . (6.53)

This solution is valid for all wavelengths: we use the short limit just to �nd the

proper normalization. Let us con�rm the long wavelength limit, −kτ −→ 0:

uk −→
1√
2k

(
i

(−ikτ)

)
=

i√
2k

(
aH

k

)
∝ a. (6.54)

Comparing with the solution of (6.36), we see that these are consistent. Therefore,

the �eld amplitude ϕk is, in the long wavelength limit

|ϕk| = |
uk
a
| = H√

2k3
= const. (6.55)

The amplitude of the quantum �uctuations can be obtained from the two-point

correlation function of the quantum �eld ϕ̂:

〈0|ϕ̂(τ,x)ϕ̂(τ,x′)|0〉 =

∫
d3k

(2π)3
|ϕ|2eik·(x−x′) ≡

∫
dk

k
P (k)eik·(x−x

′), (6.56)

where we have de�ned the power spectrum P (k) as

P (k) ≡
(
k3

2π2

) ∣∣∣uk
a

∣∣∣2 =

(
H

2π

)2

, (6.57)

note that this power spectrum is scale independent. For a more general model,

the space is not exactly de Sitter and the power spectrum of the �eld �uctuations

will only be approximately scale invariant. It is conventional to evaluate the power

spectrum at aH = k, the horizon crossing.

The primordial density perturbation, that is responsible for structure formation,

is generated by the �uctuations of the in�aton. Using the general relativistic per-

turbation theory, it is possible to show that the power spectrum of the primordial
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density perturbations R is related to the power spectrum of the in�aton �uctuations

P (k), by [28, 31]:

R =

(
H

φ̇

)2(
H

2π

)2

(6.58)

where the right hand side is evaluated at the horizon exit, k = aH. Using the slow

roll approximation (6.25) and (6.26), we have

R ' (8πG)2V

24π2ε
(6.59)

The spectral index ns is a parameter that measures the departure from scale

invariance:

ns − 1 ≡ d lnR
d ln k

(6.60)

It is possible to use the slow roll conditions to write it as

ns − 1 = −6ε+ 2η (6.61)

The tensor perturbations are related to the production of gravitational waves.

Since the transverse and longitudinal polarization states of the gravitational waves

evolves as independent scalars (see [19] for instance), we can use the power spectrum

of the in�aton �uctuation to calculate the power spectrum of the gravity waves as

the sum of the 2 correlated function for the separate polarizations:

PT = 2× (8πG)

(
H

2π

)2

(6.62)

where the factor (8πG) comes from the Einstein-Hibert Lagrangian. This power

spectrum has a spectral index nT = −2ε. Then we have a consistent condition

between the power spectra PT and R

r =
PT
R
' 16ε (6.63)

Therefore, for each model speci�ed by the in�aton potential, we have three indepen-

dent parameters to calculate: the amplitudes of the tensor and scalar power spectra

Pt and R respectively, the scalar spectral index ns and the tensor to scalar ratio
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r. The observational constraints on these parameters are, from the Planck results

[32, 33]

ns = 0.9603± 0.0073

r < 0.11 (6.64)

R ' 2.2× 10−9
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Chapter 7

In�ation in supergravity

7.1 In�aton potential and the eta problem

Up to now, there is no fundamental theory for Planckian scales and it is at such

scales that in�aton dynamics take place. So, the origin of in�ation is not known and

would be explained by a theory that should reduce to the Standard Model (SM) at

low energies. Many extended versions of the SM includes supersymmetry and this

motivates the investigation of in�ation in supergravity.

Although supergravity is the low energy e�ective �eld theory of superstring, it

is possible to implement in�ation in supergravity without requiring string theory.

Therefore, we can construct viable models for in�ation dealing with chiral matter

and its coupling to supergravity only, at least in our approach.

The model building is speci�ed giving a Kähler potential K(Φ, Φ̄) and the super-

potential W (Φ) for the super�eld, the in�aton being one component of the complex

scalar �eld in the multiplet [34]. We shall focus in single chiral super�eld models

[35, 36]. From equation (4.26) we see that the potential for the scalar �elds is

V = e
K

M2
Pl

[(
∂W

∂φi
+M−2

Pl

∂K

∂φi
W

)
K−1
ij̄

(
∂W̄

∂φ̄j
+M−2

Pl

∂K

∂φ̄j
W̄

)
− 3M−2

Pl WW̄

]
(7.1)

where K and W appearing in this formula depends only on the complex scalar

�eld in the multiplet (the other component �elds does not take part on it, see section

(4.3)) and
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Kij̄ =
∂2K

∂φi∂φ̄j
(7.2)

It is worthwhile to note that the limit MPl → ∞ in this potential leads to the

scalar potential in (3.8). This is the case of local supersymmetry.

Note that the exponential factor in (7.1) prevents the in�aton from taking large

values, greater than the Planck scale, at least for almost canonical Kähler poten-

tials. So, it is natural work with small �eld in�ation, in which the in�aton take

subplanckian values. In order to realize large �eld in�ation, we usually need a �ne

tuned Kähler potential (or even an in�aton non-depended one1) .

In general, it is not so simple to choose a superpotential and Kähler potential that

gives a scalar potential suitable for in�ation, that is, a potential that yields in�ation

parameters satisfying slow-roll conditions (6.30) and the observational constraints

(6.64). This can be seen taking almost canonical Kähler potential, at least next to

the origin of the �eld space,

K(Φi, Φ̄i) =
∑
i

ΦiΦ̄i + · · · (7.3)

and, from string theory, the coe�cients of higher order terms in that approxi-

mation are of order 1 in planckian units. Then (7.1) can be approximated as

V = eM
−2
Pl φiφ̄i+···

{[
∂W

∂φi
+M−2

Pl (φ̄i + · · · )W
]

(δij + · · · )
[
∂W̄

∂φ̄j
+M−2

Pl (φj + · · · )W̄
]
−

− 3M−2
Pl WW̄

}
=
∂W

∂φi

∂W̄

∂φ̄i
+
∂W

∂φi

∂W̄

∂φ̄i

φjφ̄j
M2

Pl

+ · · · (7.4)

where the derivatives are evaluated at the origin. From this we can see that any

scalar �eld, including the in�aton, get a e�ective mass squared ∂W
∂φi

∂W̄
∂φ̄i

. This gives a

contribution to the slow-roll parameter η that breaks the slow-rool conditions (6.30)

η = M2
Pl

V ′′

V
∼M2

Pl

|∂W
∂φi
|2

M2
Pl|∂W∂φi |

2
∼ 1 (7.5)

1For instance, one can use a shift symmetry that is broken by a small breaking term. Topological

and chaotic in�ations are of this class.
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Therefore, any model of in�ation in supergravity have to evade this problem, that

is called the eta problem. This is commonly done by appealing to (an unwelcome)

amount of �ne-tuning in the parameters of the speci�c model.

7.2 New in�ation in supergravity

New in�ation was introduced in 1982 by Linde [37] and Albrecht and Steinhardt

[38] and has the feature that the in�aton slowly rolls towards a minimum of the

potential, that is, a plateau following by a drop to the minimum. So, the potential

is very �at and the in�aton end up at a value at most of order MPl, this make it a

good class of models to realize small �eld in�ation. It is easy to see that the plateau

can be achieved by

K(Φ, Φ̄) = ΦΦ̄, W (Φ) = Φ (7.6)

which gives

V = eφφ̄
{∣∣1 + φφ̄

∣∣2 − 3φφ̄
}
' 1 +O(φ4) (7.7)

So, this would be a good starting point, to which we need to add other features,

including a minimum.

As a example of new in�ation in supergravity, we will present a single-�eld model

of in�ation that was introduced by Izawa and Yanagida [39], in 1996. In their work,

the superpotential for the chiral super�eld is given by

W (Φ) = v2Φ− g

n+ 1
Φn+1 (7.8)

where v � 1, g is of order unity, n ≥ 3 and we assume that both v and g are real

and positive. We will analyze a simplest version of the model, in which the Kähler

potential is the canonical one

K(Φ, Φ̄) = ΦΦ̄ (7.9)

For these K and W , we have
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Kij̄ = δij = 1

∂W

∂φ
+
∂K

∂φ
W = v2 − gφn + φφ̄

(
v2 − g

n+ 1
φ

)
Therefore, using (7.1) we get

V = eφφ̄

[∣∣∣∣v2
(
1 + φφ̄

)
− gφn

(
1 +

φφ̄

n+ 1

)∣∣∣∣2 − 3φφ̄

∣∣∣∣v2 − g

n+ 1
φn
∣∣∣∣2
]

(7.10)

The in�aton ρ is identi�ed as the real part of the complex �eld φ, ρ ≡
√

2Reφ.

As v � 1 and ρ is subplanckian, the in�ation dynamics is ruled by the following

potential:

V (ρ) ' v4 − 2g

2n/2
v2ρn +

g2

2n
ρ2n (7.11)

This potential has a minimum at

ρmin =
√

2

(
v2

g

) 1
n

Using the fact that, during in�ation, the potential is dominated by the �rst

constant term v4, the slow-roll parameters are given by

ε =
1

2

(
V ′

V

)2

' 1

2

(
−21−n

2 gnv2ρn−1

v4

)2

' g2n2

2n−1v4
ρ2(n−1) (7.12)

η =
V ′′

V
'

−2gv2n(n−1)

2
n
2

ρn−2

v4

 '= −n(n− 1)g

2
n−2

2 v2
ρn−2

In�ation ends at a value ρe in which |η| becomes as larger as unity, that is,

ρe =
√

2

(
v2

gn(n− 1)

) 1
n−2

(7.13)

and we can use this result to calculate N , the number of e-folds, that is given by

equation (6.31):
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N '
∫ ρN

ρe

V

V ′
dρ

=

(
−2

n−2
2 v2

gn

)∫ ρN

ρe

ρ1−ndρ

=

(
− 2

n−2
2 v2

gn(2− n)

)[
ρ2−n
N − 2

2−n
2

(
v2

gn(n− 1)

) 2−n
n−2

]
(7.14)

=

(
− 2

n−2
2 v2

gn(2− n)

)[
ρ2−n
N − 2

2−n
2
gn(n− 1)

v2

]
=

2
n−2

2 v2

gn(n− 2)
ρ2−n
N − n− 1

n− 2

where φN is the in�aton initial value that corresponds to an e-folding number

equal to N . Inverting this equation we can express the spectral index and amplitude

of the primordial density perturbations in terms of N :

Rs =
V

24π2ε
' 2n−4v8

3π2n2g2

1

ρ
2(n−1)
N

' 1

24π2
(N(n− 2))

2(n−1)
n−2 (gn)

2
n−2v

4(n−3)
n−2

ns − 1 = −6ε+ 2η ' 2η ' −gn(n− 1)

2
n−4

2 v2
ρn−2
N ' − 2

N

n− 1

n− 2
(7.15)

Inserting the observational constraint for the primordial amplitude, we can ob-

tain v for speci�c values of n, g and N . For example, putting R2
s = 2.442× 10−9 we

get v ' 6.9× 10−7 for n = 4, g = 0.3 and N = 50. The potential is showed in �gure

7.1 for these parameters.

In this case, the spectral index is ns ' 0.94 and the tensor �uctuations are not

signi�cant. This is in tension with the observations, but it can be improved by take

account higher order therms in the Kähler potential, as it was done in the original

paper, or by allowing a small constant term in the superpotential during in�ation

as did in [40].

7.3 Large extra dimensions

We will focus on supergravity in�ation models with large extra dimension, so we

will explain what these are.
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Figure 7.1: In�aton potential for Izawa and Yanagida model, in Planckian units,

with v ' 6.9× 10−7, n = 4, g = 0.3 and N = 50.

The solution to the hierarchy problem of Standard Model is one of the greatest

motivations to the construction of theories beyond SM. Let us compare the elec-

troweak and Planck scales, mEW ∼ 1 TeV and MPl ∼ 1018 GeV,

mEW

MPl

∼ 10−17 (7.16)

The gravitational interaction becomes as strong as the other gauge interactions

at scales next to MPl and there is an unexplained desert between mEW and MPl,

probably ruled by e�ective �eld theories that describe the physics beyond SM.

These energy scales have distance scales associated, 10−16 cm for electroweak and

10−33 cm for Planck scale. The former distance scale is of the order of the distances

that our present-day particle accelerators are exploring, while gravitational forces

have not been tested at distances ∼ 10−33cm. Torsion pendulum based experiments

have probed Newton's law only until ∼ 10−5cm. Then, treat MPl as a fundamental

energy scale is based on the assumption that gravity does not change over almost

thirty orders of magnitude.

A simple solution to this problem was proposed by Nima Arkani-Hamed, Savas

Dimopoulos and Gia Dvali [6], in the end of the last century. The idea is to low

the Planck scale to the TeV region, supposing n extra compact spatial dimensions

of radius ∼ R. The ratio (7.16) may be explained using the following argument.

Consider the (Newtonian) gravitational potential V (r) at a distance r � R from a
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body with mass m at the origin. It can be calculated from the Poisson equation

∇2V = 4πG(4+n)ρ(4+n) =
4π

M2+n
P l(4+n)

ρ(4+n) (7.17)

where, in this case, ρ(4+n) = mδ3+n(0). All the subscripts shown in parenthesis

denote the dimensionality of spacetime. This equation can be solved and gives

V (r) =
m

M2+n
P l(4+n)

1

rn+1
(7.18)

If we now calculate the potential at a distance r � R, we recover the usual

formula

V (r) =
m

M2
Pl

1

r
=

m

Mn+2
Pl(4+n)R

n

1

r
(7.19)

where the second equality comes from the fact that ρ(4) = Rnρ(4+n). Therefore

our usual 4 dimensional Planck scale satisfy

M2
Pl = Mn+2

Pl(4+n)R
n (7.20)

and requiring mEW ∼MPl(4+n) we have

R ∼ M
2
n
Pl

m
2+n
n

EW

(7.21)

Putting n = 1, we get R ∼ 1013cm and this case is obviously excluded. But

even with n = 2, R ∼ 10−6cm! This show that cases n ≥ 2 are allowed by present

experimental bounds on gravitational forces.

We should note that the most common way to deal with extra dimensions is the

usual Kaluza-Klein one, that the extra dimensions have Planck size. This would be

natural in a string theoretic setting.

Nevertheless, we want to consider the possibility of large extra dimensions in

supergravity in�ation. A natural light scalar that can play the role of in�ation is

the volume modulus of the extra dimensions. Indeed, a big problem with large

extra dimensions is the stability of compacti�cation of internal dimensions, more

speci�cally the stabilization of the volume modulus of the compacti�ed space [41, 42].

This volume appears to us (4 dimensional space) as a light scalar �eld and its kinetic

term, via dimensional reduction, appears from the Kähler potential
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K(Φ, Φ̄) = −δ ln
(
−i
(
Φ− Φ̄

))
(7.22)

where δ depends on the number n of extra dimensions. As an example, α = 2

and 3 for n = 2 and 6, respectively [43]. In general, the relation between δ and n

can be obtained directly from the dimensional reduction procedure.
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Chapter 8

In�ation with large extra dimensions

8.1 Perturbative expansion of the superpotential

We want to construct a model of small-�eld new in�ation in supergravity that comes

from a single chiral �eld, with a superpotential that leads to a in�aton potential

favored by Planck results [44]. As the in�aton take subplanckian values, let us make

the following expansion for the superpotential

W (Φ) =
1

Φn

(
1 + aΦ + bΦ2 + cΦ3

)
(8.1)

and take the canonical Kähler potential K = ΦΦ̄. We have

∂W

∂Φ
+
∂K

∂Φ
W = −nΦ−n−1

(
1 + aΦ + bΦ2 + cΦ3

)
+ Φ−n

(
a+ 2bΦ + 3cΦ2

)
+

+ Φ̄Φ−n
(
1 + aΦ + bΦ2 + cΦ3

)
∂W̄

∂Φ̄
+
∂K

∂Φ̄
W̄ = −nΦ̄−n−1

(
1 + aΦ̄ + bΦ̄2 + cΦ̄3

)
+ Φ̄−n

(
a+ 2bΦ̄ + 3cΦ̄2

)
+

+ ΦΦ̄−n
(
1 + aΦ̄ + bΦ̄2 + cΦ̄3

)
and therefore, the scalar potential is

V (φ) = e|φ|
2
{ ∣∣−nφ−n−1

(
1 + aφ+ bφ2 + cφ3

)
+ φ−n

(
a+ 2bφ+ 3cφ2

)
+

+ φ̄φ−n
(
1 + aφ+ bφ2 + cφ3

)∣∣2 − 3|φ|−2n
∣∣1 + aφ+ bφ2 + cφ3

∣∣2} (8.2)

77



We will identify the in�aton ρ as the imaginary part of φ, ρ ≡
√

2Imφ. So, the

in�aton potential comes from

V (φ = iσ) = eσ
2 {[

n2σ−2(n+1) − 5nσ−2n + σ−(n−1)
] [

1 + (a2 − 2b)σ2+

+
(
b2 − 2ac

)
σ4 + c2σ6

]
+ 2

[
nσ−2n−1 + σ−2n+1

] [
(a2 − 2b)σ+

+(2b2 − 4ac)σ3 + 3cσ5
]

+ σ−2n
[
a2 + (4b2 − 6ac)σ2 + 9c2σ4

]}
that may be further approximated as

V (σ) ' eσ
2 {
n2σ−2n−2 + σ−2n

[
−5n+ n2(a2 − 2b) + 2n(a2 − 2b) + a2

]
+

+ σ−2n+2
[
1− 5n

(
a2 − 2b

)
+ n2

(
b2 − 2ac

)
+ 2

(
a2 − 2b

)
+

+2n
(
2b2 − 4ac

)
+ 4b2 − 6ac

]}
≡ eσ

2 [
n2σ−2n−2 + Aσ−2n +Bσ−2n+2

]
(8.3)

where, in the last line, we de�ned

A ≡ −5n+ n2
(
a2 − 2b

)
+ 2n

(
a2 − 2b

)
+ a2

B ≡ 1− 5n
(
a2 − 2b

)
+ n2

(
b2 − 2ac

)
+ 2

(
a2 − 2b

)
+ (8.4)

+ 2n
(
2b2 − 4ac

)
+ 4b2 − 6ac

Now we can calculate the slow-roll parameters and analyze its dependence in n.

As ρ =
√

2σ, we have

ε =
1

2

(
1

V

dσ

dρ

dV

dσ

)2

=
1

4

{[
2σ
(
n2σ−2n−2 + Aσ−2n +Bσ−2n+2

)
−

− (2n+ 2)n2σ−2n−3 − 2nAσ−2n−1 − (2n− 2)Bσ−2n+1
]
×

×
[
n2σ−2n−2 + Aσ−2n +Bσ−2n+2

]−1
}2

=
1

4

{
2σ +

1

σ

−n2(2n+ 2)− 2nAσ2 − (2n− 2)Bσ4

n2 + Aσ2 +Bσ4

}2

If n 6= 0 and n 6= −1, then we have

78



ε ' 1

4σ2
(2n+ 2)2 � 1 (8.5)

and so this possibility is excluded. For n = 0, we get

ε ' 1

4

(
2σ +

2Bσ4

Aσ3

)2

= σ2

(
1 +

B

A

)2

(8.6)

with, in that case, A = a2 and B = 1 + 2(a2 − 2b) + 4b2 − 6ac and we can, in

principle, adjust the parameters to get ε� 1. Assuming that we can set B
A
∼ 1, we

have the following number of e-folds

N =

∫ ρN

ρe

1√
2ε
dρ =

∫ ρN

ρe

1√
2σ
(
1 + B

A

)dσ ∼ ∫ ρN

ρe

1

2
√

2σ
dσ (8.7)

So, N > 60 implies σN
σe
> e120

√
2. It is a �ne tuning issue and would be nice if we

do not need to deal with it.

For n = −1, we have

ε ' 1

4

(
2σ +

1

σ
2Aσ2

)2

= σ2 (1 + A)2 (8.8)

and it leads to a similar �ne tuning problem as before.

The cases with n ≤ 0 correspond to polynomial superpotentials, being a Taylor

expansion of the superpotential around zero. If n > 0 the superpotential has a pole

of order n at Φ = 0. These cases are excluded if we do not wish the �ne tune in the

value of the in�aton at the beginning of in�ation. So, the remained possibility is a

superpotential with an essential singularity. We now turn to a (very) brief review

of isolated singularities of analytic functions.

8.1.1 Isolated singular points of analytic functions

Let f be an analytic function de�ned in an open set U ⊂ C. A point z0 ∈ C is called

isolated singularity if f is de�ned and analytic around z0, but not at z0. In other

words, z0 is a point at which f ′(z0) fails to exist and does exist around this point.

It is possible to construct the Laurent series of f around its singular point z0,

f(z) =
∞∑
i=∞

ai(z − z0)i (8.9)
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and we can classify the singularity in three cases:

1. Pole. There exist j > 0 such that a−j 6= 0 and ai = 0 for all i < −j. In this

case we say that z0 is a pole of order j of f , and the Laurent series is

f(z) =
a−j

(z − z0)j
+

a−j+1

(z − z0)j−1
+ · · ·+ a−1

(z − z0)
+
∑
i≥0

(z − z0)i (8.10)

2. Removable singularity. In this case, ai = 0 for all i < 0 and the Laurent series

reduces to Taylor expansion. Moreover, f can be extended for z0 putting

f(z0) = a0.

3. Essential singularity. There is in�nitely many terms with negative powers of

(z − z0) in the Laurent series.

These possibilities are exclusives, if one happens then the others cannot be. This

allow us to de�ne an essential singularity as a singular point that is not a pole or a

removable singularity.

Now one can see that we have proved the need for an essential singularity in the

superpotential, at least if we want to get rid of the �ne-tuning mentioned before.

8.2 Models with essential singularity

In the previous analysis we considered the canonical Kähler potential. But we wish

to build a model that takes into account the existence of large extra dimensions

and we want eventually to consider that Kähler potential and superpotential can

be obtained from string theory. Therefore we need to modify the standard com-

pacti�cation result of (7.22) in order to get a canonical Kähler potential at small

�eld values. This can be achieved by considering nonperturbative corrections of the

form:

K(Φ, Φ̄) = −δ ln
(
−i
(
Φ− Φ̄

)
+ λe−αΦΦ̄

)
(8.11)

It reduces to K(Φ, Φ̄) ' δαΦΦ̄ for small Φ, and this is the case since we are

working with small �eld in�ation and the in�aton is e�ectively Φ. So, we can choose

α = 1
δ
and apply the results of the last section.
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Our task is to choose a superpotential that gives an in�aton potential suitable

for new in�ation. If we �x the Kähler potential to be the canonical one, then our

analysis in last section applies and so we require the superpotential to have an

essential singularity at the origin. A simple function with an essential singularity at

origin is e
1
z . So, let us see what happens if we add this factor to the superpotential

in (7.6),

W (Φ) = e
c
Φ Φ (8.12)

which, with canonical Kähler potential, gives

V (φ) = eφ̄φ

{∣∣∣∣(1− c

φ

)
+ φ̄φ

∣∣∣∣2 − 3φ̄φ

}
(8.13)

and the potential for the in�aton ρ =
√

2Imφ is

V (ρ) = e
ρ2

2

(
1− ρ2

2
+
ρ4

4
+

2c2

ρ2

)
(8.14)

The slow-roll parameter ε is, during in�ation,

ε =
1

2

(
V ′

V

)2

' 1

2

[
2

(
2

ρ2
+

2
√

2

ρ3

)]2

' 8

ρ4
� 1 (8.15)

and it is not viable for in�ation. To give a �avor of what terms should be used

to give a nice potential, let us consider other superpotential:

W (Φ) = Be−βe
c
iΦ Φ (8.16)

then,

∂W

∂Φ
+
∂K

∂Φ
W = Be−βe

c
iΦ

(
βc

iΦ
e
c
iΦ + 1 + ΦΦ̄

)
(8.17)

∂W

∂Φ
+
∂K

∂Φ
W = Be−βe

− c
iΦ̄

(
−βc
iΦ̄

e−
c
iΦ̄ + 1 + ΦΦ̄

)
(8.18)

and
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V = B2e
φφ̄

(
e
c
iφ+e

− c
iφ̄

) [
β2c2

φφ̄
e
c
iφ
− c
iφ̄ +

βc

iφ
e
c
iφ +

βc

i
φ̄e

c
iφ

−βc
iφ̄
e
− c
iφ̄ + 1 + φφ̄− βc

i
φe
− c
iφ̄ + φφ̄+ (φφ̄)2 − 3φφ̄

]
(8.19)

as before, we take φ = iσ to be pure imaginary to �nd the potential for the

in�aton:

V (σ) =
B2

σ2
e−2βe−

c
σ− 2c

σ
+σ2
[
β2c2 − 2cβσe

c
σ

(
1 + σ2

)
+ e

2c
σ σ2

(
1− σ2 + σ4

)]
and we can approximate it as

V (σ) ' B2e−2βe−
c
σ +σ2

(
1− 2βc

σ
e−

c
σ

)
(8.20)

To calculate ε, we need the ratio

V ′

V
=

2σ − 2βce−
c
σ

(
2 + c

σ3

)
+ 4β2c2

σ3 e−
2
σ

1− 2βc
σ
e−

c
σ

' 2σ (8.21)

in which we have assumed that c
σ
> 1 and βce−

c
σ

σ
� 1, that are reasonable

assumptions because σ � 1, during in�ation. This gives ε ' σ2, which lead to the

discussed �ne-tuning problem. Therefore, (8.16) is not a good superpotential.

The factor 2σ in the numerator of (8.21) comes from the exponential term with

the Kähler potential that gives eσ
2
, this justify why we have maintained such term

in our approximation. If there is a term eaσ in the potential then we are going to

have a factor a in the ε, that we could adjust to evade the tuning. Moreover, we

want to take the in�aton as the volume modulus of large extra dimensions and so

we expect that the potential do not prohibit this volume to take small values long

after in�ation, that is, our potential should not grows up to in�nity for large �eld

values. For this purpose we introduce a factor of e−β1Φ4
in the superpotential to win

over the eσ
2
in the in�aton potential. Hence, in face of these considerations, let us

take our superpotential as

W (Φ) = BeibΦe−β1Φ4

e−β2e
c
iΦ Φ (8.22)
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from which we obtain, using the canonical Kähler potential,

∂W

∂Φ
+
∂K

∂Φ
W = BeibΦ−β1Φ4−β2e

c
iΦ

{(
ib− 4β1Φ3 +

β2c

iΦ2
e
c
iΦ

)
Φ + 1 + ΦΦ̄

}
∂W̄

∂Φ̄
+
∂K

∂Φ̄
W̄ = Be−ibΦ̄−β1Φ̄4−β2e

− c
iΦ̄

{(
−ib− 4β1Φ̄3 − β2c

iΦ̄2
e−

c
iΦ̄

)
Φ̄+

+1 + ΦΦ̄

}
(8.23)

then,

V (φ) = B2e
φφ̄+ib(φ−φ̄)−β1(φ4+φ̄4)−β2

(
e
c
iφ+e

− c
iφ̄

){∣∣∣∣(ib− 4β1φ
3+

+
β2c

iφ2
e
c
iφ

)
φ+ 1 + φφ̄

∣∣∣∣2 − 3φφ̄

}
(8.24)

With φ = iσ we have:

V (iσ) = B2eσ
2−2bσ−2β1σ4−2β2e

− cσ

{[(
−b− 4β1σ

3 − β2c

σ2
e−

c
σ

)
σ+

+1 + σ2

]2

− 3σ2

}

= B2eσ
2−2bσ−2β1σ4−2β2e

− cσ

{[
b2 + 8β1bσ

3 + 16β2
1σ

6+ (8.25)

+
2β2c

σ
e−

c
σ

(
b+ 4β1σ

3
)

+
β2

2c
2

σ4
e−

2c
σ

]
σ2 − 2

(
b+ 4β1σ

3+

+
β2c

σ2
e−

c
σ

)(
σ + σ3

)
+ 1 + σ4 − σ2

}
Assuming that β2ce

− cσ

σ
� 1, as before, and that b is such that bσ � 1, we can

write

V (iσ) ' eσ
2−2bσ

(
b2σ2 − 2bσ − σ2

)
' B2

(
1− 4bσ + 7b2σ2

)
(8.26)
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As ρ =
√

2σ, the in�aton potential is

Vinf (ρ) = B2

(
1− 2

√
2bρ+

7

2
b2ρ2

)
(8.27)

Now we can calculate the slow-roll parameters:

ε =
1

2

(
V ′inf
Vinf

)2

' 4b2 (8.28)

η =

(
V ′′inf
Vinf

)
' 7b2 (8.29)

Note that this time we do not have the �ne-tuning issue and so we can proceed

to calculate the spectral index of the scalar power spectrum ns, the tensor-to-scalar

ratio r and the amplitude of the primordial perturbations R2(k0). Furthermore the

number of e-folds is estimated as

N '
∫ ρi

ρe

Vinf
V ′inf

dρ '
∫ ρi

ρe

−1

2
√

2b
dρ ' ρe

2
√

2b
(8.30)

where ρe is the �eld value at the end of in�ation and we considered the initial

value of the in�aton ρi as zero. Requiring N > 60 implies ρe > 120
√

2b, and from

the condition bσ � 1 there is a speci�c range for ρe

120
√

2b < ρe <

√
2

b
(8.31)

and our choice of parameters must respect this range.

The potential (8.22) �rst appeared in [43] in the context of chameleonic in�ation.

8.3 Attempting to �t the parameters with Planck

data

As discussed in section (6.3), Planck mission gives [33]

ns = 0.9603± 0.0073

r < 0.11 (8.32)

R ' 2.2× 10−9
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From equations (6.59), (6.61) and (6.63) we have

ns − 1 = −6ε+ 2η ' −10b2 (8.33)

r = 16ε ' 64b2 (8.34)

R ' Vinf
24π2ε

' B2

96π2b2
(8.35)

The last equation allows us to �nd the scale of the in�aton potential in terms of

b: B ' b10−3. After this constraint, our model has 4 independent parameters that

we will take as

b = 10−3; β1 = 1; β2 = 10; c = 1 (8.36)

With these parameter values, conditions β2ce
− cσ

σ
� 1, bρ√

2
� 1 and (8.31) are

clearly achieved. The full in�aton potential is ploted in �gure 8.1 for these pareme-

ters.

0.2 0.4 0.6 0.8 1.0 1.2 1.4
Ρ

2. ´ 10-13

4. ´ 10-13

6. ´ 10-13

8. ´ 10-13

1. ´ 10-12

Vinf HΡL

Figure 8.1: In�aton potential, in Planck units, for the parameter values (8.36).

The tensor to scalar ratio is r ' 64 × 10−6 and it is in agreement with (6.64).

Although these set of parameters seems to work, it provides only a tiny deviation

from scale invariance: ns − 1 ' 10−5. This is incompatible with the Planck data

and we could not �nd another parameter values that gives an acceptable spectral

index. Therefore, our simple model of in�ation in supergravity driven by the volume

modulus of large extra dimensions is not phenomenologically viable. That is a
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negative result but it is worth to remember that the conclusions about essential

singularities in small �eld models of in�ation in supergravity has some degree of

generality and hence are very important.
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Chapter 9

Conclusions

We saw that the in�ation in supergravity is not easily obtained. When we focus on

the class of potentials favored by the Planck results, those of new in�ation with a

plateau, there are not many models that can achieved it. In fact, we have made a

more general analysis, trying to �nd the behavior of the potential in the in�ationary

region by assuming small �eld in�ation, that is a very reasonable assumption in the

context of new in�ation. Our treatment of the extra dimension was facilitated by

the form of the Kähler potential that comes from dimension reduction procedure.

The �ne-tuning of the parameters shows almost inevitable but we have �nd a nice

potential by using the result that the superpotential needs to have an essential

singularity.

An important point to note is that the Izawa and Yanagida model for n = 4,

described in section (7.2), does not have an essential singularity. This model was

not found by our perturbative analysis of the superpotential because we did not

consider the case when all the coe�cients in the expansion were zero until the �fth

power of the super�eld in (8.1). This is a rather special case, and we considered

here general cases. More importantly, the model is incompatible with large extra

dimension, since it has K = ΦΦ̄ and the potential blows up after the in�ationary

and reheating (minimum) regions. Thus φ cannot escape the small �eld region.

Unfortunately, our model leads to a spectral tilt that is in tension with the

observational data. Note that the same problem happens to the Izawa and Yanagida

model. In their model, this is solved by the introduction of a small constant term

in the superpotential during in�ation as in [40]. Then, stays here the perspective

of the possibility to make the same procedure to �x our model with an essential
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singularity.

Let us remember that in�ation in supergravity is speci�ed by the Kähler potential

and the superpotential. In principle we do not need to motivate the choice of these

two functions: the model justi�es itself if it is consistent with the observations.

Therefore, a priori, we do not need to relate the model in (8.22) to large extra

dimensions. But the possibility to correct the Kähler potential as in (8.11), that leads

to requirement of an essential singularity, and the using of the long �eld behavior

expected from a volume modulus, leads to a restricted form for the potential. This

motivates the idea that we have found the unique superpotential with these features.
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Appendix A

Notation and conventions

In general we tried to follow the conventions of [11]. We used the mostly plus

convention for the metric: ηmn = diag(−1, 1, 1, 1) and worked in Planck units c =

~ = kB = 1 otherwise stated the contrary. The Levi-Civita symbol is de�ned by

ε0123 = −1 and the spin metric is

ε21 = ε12 = 1, ε12 = ε21 = −1, ε11 = ε22 = 0 (A.1)

Since (1
2
, 0) and (0, 1

2
) are related by complex conjugation, we have

(
ψ̄α
)

=
(
ψ̄
)
α̇
,

where as in the text, the bar in the left rand side indicates complex conjugation. It

was used the following sum convention for Weyl spinors:

ψα = εαβψβ, ψα = εαβψ
β (A.2)

ψχ = ψαχα = −ψαχα = χαψα = χψ (A.3)

ψ̄χ̄ = ψ̄α̇χ̄α̇ = −ψ̄α̇χ̄α̇ = χ̄α̇ψ̄
α̇ = χ̄ψ̄ (A.4)

The hermitian sigma matrices are

σ0 =

(
−1 0

0 −1

)
, σ1 =

(
0 1

1 0

)
(A.5)

σ2 =

(
0 −i
−i 0

)
, σ3 =

(
1 0

0 −1

)
(A.6)
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and

σ̄mαα̇ = εα̇β̇εαβσββ̇
m (A.7)

σ̄0 = σ0 (A.8)

σ̄1,2,3 = −σ1,2,3 (A.9)

These matrices satisfy many identities, see [11, 13]. From the γ matrices,

γm =

(
0 σm

σ̄m 0

)
(A.10)

we can construct the four component formalism of Dirac spinors ΨD,

ΨD =

(
χα

ψ̄α

)
(A.11)

and for Majorana spinors ΨM ,

ΨM

(
χα

χ̄α̇

)
(A.12)

We end this addendum listing some identities that are commonly used in some

calculations of chapter 2, 3 and 4:

Aαβ = −Aβα → Aαβ = −1

2
εαβ
(
εγδAγδ

)
(A.13)

θσmθ̄σnθ̄ = −1

2
θθθ̄θ̄ηmn (A.14)

(θφ)(θψ) = −1

2
(φψ)(θθ) (A.15)

εαβ
∂

∂θα
∂

∂θβ
θθ = 4 = εα̇β̇

∂

∂θ̄α̇

∂

∂θ̄β̇
θ̄θ̄ (A.16)

χσmψ̄ = −ψ̄σ̄nχ, χσmσ̄nψ = ψσnσ̄mχ. (A.17)
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