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We study here the spike state found in mesoscopic type I superconductors whose existence is confined 
to the single field where the superconducting state arises from the normal state in descending field in 
the so-called genuine type I regime. The mesoscopic type I superconductor possesses distinct κ regimes 
due to its richer critical field structure Cadorim et al. (2021) [11]. The lifetime of the spike state is shown 
to be in the nanosecond scale through the time dependent Ginzburg-Landau (TDGL) equations. The spike 
state is a giant vortex state that undergoes a process of deformation after its creation when several 
bubbles of vortices are expelled forming new but deformed giant vortices until no one is left inside the 
superconductor. Like phase slips and kinematic vortices, the spike state is also a non-equilibrium vortex 
state.

© 2021 Elsevier B.V. All rights reserved.
1. Introduction

The emergence of a finite resistance in superconducting wires 
was firstly observed in the seventies [1] and W. A. Little [2,3]
proposed an interpretation as caused by a brief vanishing of the 
order parameter at some points along the wire. McCumber and 
Halperin [4] computed the characteristic time of this brief van-
ishing and found to fall in the range of 10 nanoseconds. This 
emergence of finite resistance has been the subject of research for 
decades and currently is known as phase slips [5], and understood 
to be a consequence of metastable vortex states. In other words the 
onset of resistance is due to the entrance and exit of fast vortices 
along the wire each one carrying a topological charge. Therefore 
phase slips can be regarded as topological fluctuations of the order 
parameter [5] observed in one-dimensional superconductors such 
as wires and rings. Nevertheless soon it was realized that this rapid 
motion of vortices along a superconductor also takes place in two-
dimensional superconductors, and in this case they were called 
phase slip lines, which are rivers of fast vortices, also coined as 
kinematic vortices [6]. The phase-slip lines can be confused with 
possible local inhomogeneities in the films but to distinguish them 
low temperature scanning laser microscopy has been used to visu-
alize them [7]. Clearly the study of phase-slips centers and lines is 
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affected by the presence of pinning and inhomogeneities that obvi-
ously slow the motion of the fast vortices [8,9]. However the phe-
nomena of phase-slips centers and lines lie beyond the existence 
of pinning. Indeed, through a nanoscale scanning superconducting 
quantum interference device [10] vortices were imaging showing 
their penetration at rates of tens of GHz revealing the formation 
of mesoscopic vortex rivers. From the theoretical side the study of 
phase slips and kinematic vortices is done in the context of the 
time dependent Gizburg-Landau theory (TDGL) [8–10].

In this paper, we study another metastable vortex state, here-
after called the spike state, that arises in the passage from the 
normal to the superconducting state of mesoscopic type I super-
conductors by lowering the applied field. To characterize it, we 
must consider the work of L. R. Cadorim et al. [11] showing that 
mesoscopic type-I superconductors undergo a transition in the 
coupling from intermediate to genuine regimes associated to the 
ranges κc1 < κ < 1/

√
2 and κ < κc1, respectively. We numerically 

determine here the value of κc1 for our object of study, a very 
long cylinder with fixed radius equal to R = 6ξ . The intermediate
regime has distinct sub-regimes with a transition takes place from 
paramagnetic to diamagnetic behavior at the critical coupling κc2
observed in the descending branch, which is also determined here. 
The spike state is a feature of the genuine regime and therefore 
arises for κ < κc1. No stable or unstable vortex configuration exists 
in the genuine regime whose the magnetic response is totally dia-
magnetic with the exception at the passage from the normal to the 
superconducting state. Exactly at the critical field that character-
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izes this passage, and only there, a giant vortex state is created into 
the superconductor and immediately exits it. This is the spike state 
which is a metastable time dependent state, whose description 
and lifetime is estimated here and found to fall in the nanosec-
ond range using the TDGL theory.

A clarifying nomenclature clarification becomes necessary at 
this point. Once only stationary states were investigated in Ref. [11], 
the time dependent nucleation and expulsion of vortices described 
above were not studied. In this manner, the spike state such as de-
fined in the last paragraph could not have been found. Therefore, 
the term “spike state” was applied in Ref. [11] to define a totally 
different process, namely, the nucleation and subsequent expulsion 
of vortices over a very short interval of applied field values. In or-
der to avoid confusion, hereafter, the term “spike state” is reserved 
solely to our previous definition of it, i.e., the nucleation and im-
mediate expulsion of vortices at a single value of the external field.

The κc1 and κc2 are intrinsic transitions of the superconduc-
tor associated to changes in the ordering of some critical fields. 
The existence of such kind of transition was firstly pointed out 
by M. Tinkham [12] and P. G. de Gennes [13] in their books 
who found that for the macroscopic superconductor takes place 
at κc = 0.417. To understand the Tinkham-de Gennes κ transi-
tion we review some of its key aspects below. A. Abrikosov [14]
has shown more than fifty years ago that the Ginzburg-Landau 
(GL) coupling κ = 1/

√
2 splits the bulk superconductor into two 

classes, type-I and type-II, such that the latter kind possesses vor-
tex solutions that have repulsive interactions. Many years later E. 
B. Bogomolny [15,16] showed that at this special coupling vor-
tices cease to interact. The Abrikosov classification of bulk (without 
boundary) superconductors is well summarized by the expression 
relating two critical fields, Hc2 = √

2κ Hc , where Hc2 is the upper 
critical field and Hc the thermodynamic field. Hence the type-I 
and II correspond to the situations Hc2 < Hc and Hc2 > Hc , re-
spectively. Nevertheless Saint-James and de Gennes [17] found that 
a surface substantially prolongs superconductivity beyond Hc2 un-
til another critical field Hc3 is reached, whose value in case of a 
flat interface separating the superconductor to the external vac-
uum is Hc3 = 1.69Hc2. Hc3 has been the subject of theoretical and 
experimental research throughout the decades [18–23]. Thus the 
presence of an external boundary impacts the classification and 
novel situations arise for the type-I superconductor according to 
M. Tinkham [12] and P. G. de Gennes [13] since the situations 
Hc2 < Hc < Hc3 and Hc2 < Hc3 < Hc become feasible. In case of 
a flat surface this corresponds to the ranges κc < κ < 1/

√
2 and 

0 < κ < κc respectively, where κc = 0.417, which correspond to 
the intermediate (0.417 < κ < 0.707) and genuine (0 < κ < 0.417) 
type-I superconductors. The intermediate type-I superconductor has 
a surface state below Hc3, which has been discussed by many in 
the past [24]. For the mesoscopic superconductors this scenario is 
expected to be richer since the ratio area to volume increases and 
so the effects of the external surface are enhanced. This study was 
carried out by L. R. Cadorim et al. [11].

The mesoscopic scale superconductor possesses distinct κ
regimes due to its richer critical field structure as compared to the 
macroscopic scale superconductor. Firstly we review some com-
monly unknown properties of the critical fields of the macroscopic 
superconductors that have been stressed by M. Tinkham in his 
book [12] and experimentally verified long ago [25]. The field Hc2
is detectable in type-I superconductors through the magnetization, 
although it falls below Hc . The magnetization, and consequently 
the order parameter, behaves distinctively for type-I and type-II 
superconductors. For the type-II superconductors [26] the magne-
tization shows no special sign at the field Hc . In an isothermal 
passage from the normal to the superconducting state, the type-
II superconductor undergoes a smooth transition at the field Hc2
since it is a second-order. Distinctively, for the type-I superconduc-
2

tor it is of first order. The normal state remains in descending field 
below the thermodynamic field Hc until the lower field Hc2 is 
reached, according to M. Tinkham [12]. There the order parameter 
abruptly becomes non-zero. In ascending field the magnetization 
remains non zero beyond Hc2 until Hc is reached, thus completing 
an hysteresis cycle. However the presence of an external boundary 
affects the above view because of the field Hc3.

In our numerical simulations obtained for the mesoscopic su-
perconductor we have performed field sweeps in ascending and 
descending applied field and obtain the isothermal magnetization, 
M(H). The ascending process starts from zero field and the mag-
netization shows a nearly linear behavior that we refer as the 
Meissner state until a maximum of −M(H) is reached. This peak 
defines a critical field called H ′

c . Nevertheless the magnetization 
vanishes and the normal state sets in at another critical field, H ′′

c , 
which falls above H ′

c (H ′′
c > H ′

c), and the difference between these 
two fields depends on κ [11]. Notice that H ′

c does not coincide 
with the thermodynamic field Hc , the latter being the bulk field 
where normal and superconducting states have the same Gibbs 
free energy in the bulk and H ′

c is related with the peak of the mag-
netization as defined above. The size and the geometry do affect 
the value of the thermodynamic critical field [27]. The descending
process starts from an applied field in the normal state. As the 
field is lowered the superconducting state sets in at the field de-
fined as H ′

c3. In other words the nucleation of superconductivity in 
the descending process occurs at a critical field lower than the H ′

c , 
namely, H ′

c3 < H ′
c . Therefore remarkably distinct vortex arrange-

ment becomes possible according to κ , giving rise to the distinct 
type-I regimes studied here. The descending magnetization shows 
jumps within the intermediate phase, κ > κc1, that signal the exit 
of vortices from the cylinder at each step with a subsequent ad-
justment to thermodynamical equilibrium. In the range κ < κc1, 
the descending branch presents an abrupt and vertical growth of 
the magnetization that characterizes a first order phase transition. 
This is the genuine type-I phase where the spike state sets in, cor-
responding to a giant vortex at the surface that after being formed 
is immediately expelled. This remarkable process happens all of a 
sudden infinitesimally close to H ′

c3 and we determine its lifetime.
Our results are obtained for a very long mesoscopic cylinder 

with R = 6ξ in presence of an applied field parallel to its major 
axis for which find that κc1 ≈ 0.26 and κc2 ≈ 0.37. The cylinder 
is sufficiently long such that the top and the bottom surfaces can 
be ignored and just a transverse two-dimensional cross section is 
studied. Besides simplifying the numerical calculation we stress 
that this geometry is important to avoid the so-called geometrical 
crossover from the type-I to the type-II superconductor [28–30]. 
The basic idea behind the geometrical crossover is that a suffi-
ciently thin type-I superconductor becomes a type-II superconduc-
tor [31–33] by a change of the thickness (height), w , which causes 
the effective London penetration to become � = λ2/w instead of 
the original λ and this gives an effective GL coupling κef f = �/ξ

that replaces the original one, κ = λ/ξ . The geometrical crossover 
is not an intrinsic κ transition, and so, it can obscure the obser-
vation of the spike state whose onset is associated to the genuine 
type-I transition observed for κ < κc1. The geometrical crossover is 
set by geometry and not by intrinsic material properties.

Our results are obtained by the finite element method and cor-
roborate those obtained using the link variables for a square cross 
section [11]. However the time evolution discussed here is realis-
tic as compared to previous studies since we use the TDGL theory. 
Hence the real time evolution of vortex motion inside the super-
conductor is obtained, and this is very important to characterize 
the spike state whose visualization is reported here.

Recently an intermediate phase was predicted by A. Vagov et 
al. [34] for a bulk superconductor as a consequence of next order 
corrections to the standard GL theory carried out in its derivation 
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from the BCS theory. Their improved GL theory includes the next 
order corrections and displays a κ − T diagram that reveals the 
onset of an intermediate phase between the type-I and II super-
conductors. This is not the intermediate type-I superconductor pre-
dicted here, which is a sole consequence of surface effects which 
are ignored in their approach. Mesoscopic type-I superconductors 
have been studied both theoretically [8] and experimentally [35], 
but so far the κ transitions in the mesoscopic scale have not been 
considered before the work of L. R. Cadorim et al. [11] and the 
present paper. The emergence of superconductivity in a long meso-
scopic cylinder in presence of an applied external field has been 
studied by G. F. Zharkov et al. [36–39]. Their approach is confined 
to the search of solutions of the Ginzburg-Landau differential equa-
tions with radial symmetry which limits the search to central vor-
tex states. The description of the κc1 and κc2 transition is beyond 
the scope of their framework since they are limited to a sub set of 
possible vortex states. In our numerical search, through the finite 
element method solving the TDGL differential equations, we give a 
physical description of the spike state. Supercooling and superheat-
ing processes have been used as an experimental tool to the study 
of type-I superconductors [40,41,35] and this method can be easily 
extended to numerical studies [8]. However the present study is 
restricted to isothermal processes and instead of supercooling and 
superheating cycles we study M(H) curves under ascending and 
descending applied magnetic field H . Thus the coherence length, 
ξ(T ), is constant at any temperature, T , and so is the length scale 
set by it.

The outline of this paper is as follows. In Section 2 is presented 
the time dependent Ginzburg–Landau (TDGL) model used in this 
article. In Section 3 we report our numerical results that describe 
the standard expulsion of vortices and also the spike state. We 
gather our results into a phase diagram. A conclusion is given in 
Section 4.

2. The model

Since the spike vortex state is a metastable time dependent 
process that takes place at a single value of the magnetic field, its 
description requires adequate equations able to describe its evolu-
tion. Here we use the standard time dependent Ginzburg-Landau 
(TDGL) theory for this purpose and to predict the creation and exit 
of vortices in the superconducting mesoscopic cylinder. Its equa-
tions are given below.

∂�

∂t
= −

(
i

κ
∇ + A

)2

� + �
(

1 − |�|2
)

, (1)

1

σ

∂A

∂t
= J − ∇ × ∇ × A, (2)

J = 1

2iκ

(
�∗∇� − �∇�∗) − |�|2 A, (3)

where h = ∇ × A, and A is the vector potential. Lengths are scaled 
by the London penetration length, λ, which serves as the unit 
in our numerical procedure to solve the above equations. Nev-
ertheless, as λ and ξ are connected by λ = κξ , where κ is the 
Ginzburg-Landau coupling, the cylinder has the radius defined by 
the coherence length, R = 6ξ , thus λ changes as we change κ . The 
time is scaled by the relaxation time given by τ = ξ2/D where 
D is the coefficient of diffusion [42], which is related with the 
electrical conductivity of the material σ by D = 1/(κ2σμ0) [43]. 
The order parameter, �, is expressed in units of �∞ = √

α/β , 
where α and β are the two phenomenological constants defined 
in the Ginzburg-Landau potential. The magnetic fields, the local 
(h) and the external applied one (H), are in units of the crit-
ical field Hc . Consequently the vector potential A is in units of 
3

λHc [42,44]. In order to solve the TDGL equations boundary condi-
tions must be imposed, namely, the local and the applied fields are 
equal at the edge of the sample, i.e., ∇ × A|r=R = H, and the super 
and the normal current cannot pass through the boundary [27,45], 
∇� · n|r=R = 0, and A · n|r=R = 0, respectively.

The assumption of an infinitely long cylinder simplifies the the-
oretical treatment since the partial differential equations (1) - (3)
must be solved numerically only in two dimensional space. We 
seek to determine the order parameter, �(x, y, t), and the local 
magnetic field, h(x, y, t) = hz(x, y, t)ẑ under an applied field along 
the z axis, which is the symmetry axis of the cylinder. The numer-
ical simulations solve the above TDGL equations using the finite 
element method via COMSOL [46,45]. Recently this method was 
used to solve some bi-dimensional problems on superconductiv-
ity under the view of the TDGL theory [46,47,27,45]. The magnetic 
induction is calculated by B = 1

�

∫
h(x, y, ts)d�, where d� is the 

element of area of the surface � = π R2, where R is the radius of 
the circular cross section of the long cylinder, ts is the time after 
the system reaches the stable configuration. The magnetization is 
calculated by the usual relation −4π M(H) = B − H .

3. Results and discussions

In this section we describe the transitions that the mesoscopic 
type-I superconductors undergo in the coupling κ . For this purpose 
we discuss the time evolution of the order parameter, �, and of 
the local magnetic field, h for the mesoscopic cylinder of radius 
R = 6ξ for selected Ginzburg-Landau couplings, namely, κ = 0.1, 
0.2, 0.26, 0.28, 0.3, 0.35, 0.36, 0.37, 0.4, 0.42, 0.5, and 0.6. For 
the ascending process the initial state is taken to be � = 1 and 
H = B = 0 inside the cylinder. Then H is slowly increased, until 
superconductivity disappears in the cylinder when the state � =
0 and B = H is reached. The descending process begins with this 
state, (� = 0, B = H) and H is decreased to zero. Both the standard 
exit of vortices and the spike state are discussed in the context of 
the obtained magnetization curves.

In Section 1 we have defined the critical H ′
c and H ′′

c , from the 
ascending branch, and H ′

c3 from the descending branch. While the 
ascending branch shows a nearly linear Meissner behavior, the de-
scending branch displays jumps related to the vortices, that are 
expelled as giant vortices and can be regarded as bubbles. The 
presence of vortices into the cylinder is a fingerprint of an inter-
mediate type-I behavior and exists only for a certain κ range, thus 
revealing the phase transition in κc1, as previously discussed. The 
fact that the nucleation of superconductivity occurs at H ′

c3 instead 
at H ′

c is in agreement with M. Tinkham’s book [12]. Indeed our no-
tation for this critical fields is inspired by him. The purpose of the 
present section is to show how vortices are created and how they 
exit the cylinder, in descending field, changes dramatically accord-
ing to κ .

3.1. The traditional exit of vortices in descending field

In descending field the passage from the normal to the super-
conducting state produces the coalescence of the trapped magnetic 
field into vortices and this is true even for type-I superconductors. 
While the shielding Meissner supercurrent is diamagnetic, the cur-
rent of the vortices is paramagnetic. Although a paramagnetic state 
is expected to arise immediately when the superconducting state 
sets in, we do not know a priori which of the supercurrents be-
comes the strongest, and so, whether the magnetization is param-
agnetic or diamagnetic. For this reason it is interesting to compute 
the magnetization for each value of κ . When vortices are formed 
inside the cylinder, the reduction of the applied field renders the 
state unstable and their excess is expelled until thermodynamic 
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Fig. 1. (Color online.) Magnetization curves for a cylindrical mesoscopic superconductor
1.47Hc and H ′

c3 = 1.41Hc and κ = 0.5 (right panel) with H ′
c = 1.54Hc and H ′

c3 = 1.22H
equilibrium is restored. We report below these features as obtained 
by our numerical procedure.

We initially analyze the case κ = 0.6 as this superconductor 
falls in the type-I realm since it is below the critical coupling of 
κ = 1/

√
2.

Fig. 1, panel (a), shows the isothermal magnetization curves 
versus the applied field, M(H), for κ = 0.6, for both the ascend-
ing and the descending branches, which correspond to the red 
and blue curves (color online), respectively. The ascending M(H)

curve shows that the transition to the normal state takes place 
at H ′

c = 1.47Hc . The descending process shows several jumps in 
the magnetization, associated to the exit of the quantized vor-
tices from the interior of the cylinder. These jumps are routinely 
found in case of type-II mesoscopic superconductors [48] and have 
also been observed in type-I studies [49]. Upon crossing from the 
normal to the superconducting state, the field inside the cylinder 
coalesces into a giant vortex. Lowering the field turns this giant 
vortex unstable and its vorticity must decrease to adjust to the 
new value of the applied field. The giant vortex decreases its size 
and also its vorticity during the descending process by expelling 
vortices with vorticity higher than that allowed by thermodynam-
ical equilibrium. The excess vortices are expelled from the cylinder 
like bubbles, thus we refer to them as vortex bubbles. The pres-
ence of hysteresis effects associated to the first order transition 
that takes place in the normal to superconducting state is clearly
seen as we lower the coupling κ . Fig. 1, panel (b) shows the 
magnetization curves M(H) for a superconducting cylinder with 
κ = 0.5. The magnetization behavior is very similar to the last 
case, however H ′

c and H ′
c3 depart from each other. The Meissner 

state in the ascending process collapses when the applied field 
reaches H ′

c = 1.54Hc . The descending process shows that the nu-
cleation of � and thus the magnetization becomes non zero occurs 
at H ′

c3 = 1.22Hc . Hence, like in the case of κ = 0.6, the magneti-
zation for the descending process is paramagnetic, i.e., M(H) > 0, 
though constrained to a smaller field window.

Fig. 2 brings further understanding to the ascending and de-
scending processes shown in Fig. 1 through the density |�|2 plot-
ted along the radius of the cylinder. The first and second panels 
describe the ascending and descending field sweeps, respectively. 
The increase of H in the ascending process makes |�|2 decrease at 
the edge of the cylinder although for low fields it is constant at the 
center of the cylinder. When the applied magnetic field reaches the 
critical value H ′

c = 1.47Hc , superconductivity is destroyed through-
out the cylinder by an abrupt transition. As an example of our 
4
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 with radius R = 6ξ and Ginzburg-Landau coupling κ = 0.6 (left panel) with H ′
c =

c .

Fig. 2. (Color online.) The superconducting density, |�|2 as function of the radial 
position, for ascending field sweep (top panel) and descending field sweep (bottom 
panel). The Ginzburg-Landau coupling is κ = 0.6. Increasing the external magnetic 
field the density vanishes close to the edge of the cylinder and, all of a sudden, 
when the field reaches H = H ′

c = 1.47Hc the superconductivity is totally destroyed. 
Decreasing the external magnetic field the nucleation of superconductivity occurs 
when the field reaches H = H ′

c3 = 1.46Hc . The inset of the top panel shows the 
mapping of |�|2 for the applied field just before the phase transition, H = 1.46Hc . 
The inset of the bottom panel shows the mapping of |�|2 when H = 0, one can see, 
the blue color, the presence of a giant vortex in the center of the cylinder.
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Fig. 3. (Color online.) The vorticity of the system as function of the magnetic field 
H for the descending branch. The GL coupling is κ = 0.6.

numerical precision, the bottom panel of Fig. 2 shows that, for 
H = 1.48Hc and H = 1.47Hc , the cylinder is still in the normal 
state, � = 0. However for H = H ′

c3 = 1.46Hc , suddenly, occurs the 
nucleation of superconductivity, as seen by the red line in this 
figure. It is clear that the present configuration describes a giant 
vortex sitting in the center of the cylinder. Notice that |�|2 is small 
at the nucleation, and is only present within a rim at the bound-
ary of the cylinder with thickness of the order of ξ . The inset of 
the top panel of Fig. 2 shows the density contour plot of |�|2 for 
H = 1.46Hc , just before the collapse of superconductivity. Simi-
larly, the inset of the bottom panel shows the density contour plot 
of |�|2 for H = 0.

In summary the exit of vortices for κ = 0.6 occurs in the stan-
dard fashion. Nevertheless we describe it to show the correctness 
of our numerical procedure and for further comparison with the 
spike state that arises for κ < κc1. Fig. 3 shows the decrease of 
the vorticity as a function of the applied field for the descending
process. The quantized phase of � is numerically determined, and 
it reveals the presence of giant vortices inside of the cylinder. It 
is worth notice that |�| �= 0 is true fundamentally at the edge 
of the sample and this does not refrain the quantization of the 
magnetic field confined to the cylinder. Decreasing this magnetic 
field, makes this giant vortex looses vorticity and consequently, de-
creases in size. The decrease of the giant vortex core is also seen 
in Fig. 3.

In case of lower κ regime, new features are observed, as has 
been pointed out long ago by G. F. Zharkov et al. [36–39,50]
and more recently by L. R. Cadorim et al. [11]. Such new fea-
tures can be observed in Fig. 4, which shows the M(H) curves 
for both ascending and descending field sweeps, by showing plots 
for κ = 0.42, 0.3, and 0.2. We have selected the value κ = 0.42 be-
cause it corresponds to the genuine to intermediate type-I transition 
predicted by M. Tinkham and P. G. de Gennes for a macroscopic in-
terface. For the mesoscopic cylinder, κ = 0.42 does not correspond 
to a transition value and just falls in the paramagnetic-intermediate
regime. While for κ = 0.42 the descending field magnetization is 
paramagnetic thus controlled by the exit of vortices, for κ = 0.3
and κ = 0.2, we observe a new feature which is a totally diamag-
netic magnetization. Still there is a noticeable difference between 
the κ = 0.3 and 0.2, which is a discontinuous jump for the former 
case but not for the latter. This jump is associated to the existence 
of trapped vortex states which makes us to think that for κ = 0.2
the vortices have totally disappeared from the cylinder and a gen-
uine type-I superconducting behavior has been reached. However 
this assertion is not totally true as we show in this paper that for 
κ = 0.2 remains the so-called spike state at H ≈ H ′ .
c3

5

Fig. 4 shows that the ascending field sweep M(H) curves are 
of a typical type-I behavior for the three cases, and we obtain the 
field H ′

c = 1.61Hc , 1.78Hc , and 2.05Hc , respectively. For the de-
scending field sweep process, no noticeable sign is observed at this 
field H = H ′

c , showing that the superconducting state is not sen-
sitive to the H ′

c . However decreasing the external magnetic field 
further on, the nucleation of superconductivity emerges at the up-
per critical field H ′

c3 = 0.98Hc , 0.74Hc , and 0.43Hc , respectively. 
The transition from normal to giant vortex state is a first order 
phase transition and exemplifies quite well M. Tinkham’s claim 
about the importance of the upper critical field in type-I super-
conductors. The magnetization curve for κ = 0.42 presents several 
jumps starting at H = H ′

c3 until H = 0 is reached. The magneti-
zation of the descending field sweep process presents a paramag-
netic behavior for all superconductors with 1/

√
2 > κ > 0.37. Thus, 

one can classify these superconductors as paramagnetic intermedi-
ate type-I superconductors.

3.2. The spike state

In this section we report a detailed analysis of the spike state 
which is found in the transition from the normal to superconduct-
ing state in descending field. This passage seems to be deprived 
of the presence of vortices for κ ≤ κc1, but this is not so. It con-
tains a vortex state that corresponds to a giant vortex state that 
is created and immediately leaves the superconductor similar to a 
spike. This process takes some nanoseconds, as obtained here for 
Aluminum and it takes place at a single field H ′

c3. This intense 
time dependent process is described here through the TDGL the-
ory and depicted in Fig. 6 and Fig. 7 for some time windows. We 
observe that G. F. Zharkov et al. [36–39,50] have not reported the 
spike state, because their results are limited to the analysis of cen-
tral vortices in the context of the time independent GL theory. The 
description of the spike state can not be achieved by a stable state 
analysis.

Firstly, we seek to determine in more details the transition 
intermediate-genuine which takes place at κc1. For this we look the 
magnetization M versus field H/Hc for κ = 0.26 and κ = 0.28, as 
shown in Fig. 5. M. Tinkham [12] has remarked that the upper crit-
ical field, Hc2, is observable in macroscopic type-I superconductors 
and here we find that in the mesoscopic scale the observed field 
is H ′

c3. One observes the presence of an intermediate step in panel 
(b) in comparison to panel (a) that signals a trapped vortex state, 
that is finally expelled from the cylinder in the traditional fash-
ion. Thus we are facing a transition when going from κ = 0.28
to κ = 0.26 which corresponds to the onset of a genuine type-I 
superconductor. Recall that the intermediate type-I behavior range 
defined by Tinkham-de Gennes for macroscopic superconductor, 
i.e., single planar normal-superconducting interface, is in the range 
0.42 < κ < 1/

√
2. In this work we find that for the mesoscopic su-

perconducting cylinder with radius R = 6ξ , this range is found to 
be 0.27 < κ < 1/

√
2.

The analysis of the M(H) curves reveals the order of the phase 
transition. In the ascending branch one observes that H ′′

c ≈ H ′
c =

1.87Hc . The descending process starts at H = 2.0Hc , where |�| = 0
and decreasing H one firstly observes M �= 0 at H ′

c3 = 0.64Hc . Al-
though there are no internal jumps in the magnetization curve at 
this field, since we are below κc2, the entrance into the super-
conducting state converts the trapped internal flux into a giant 
vortex, which is promptly expelled from the volume. This is the 
spike state.

Figs. 6 and 7 show snapshots of the time evolution of the spike 
state related to its onset and disappearance. Remarkably, a sin-
gle vortex state coalesces inside the cylinder at the fixed field of 
H = H ′

c3 = 0.64Hc , and at this very same field, all magnetic field 
is expelled from the cylinder in form of bubbles of vortices. These 
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Fig. 4. (Color online.) Magnetization curve for a cylindrical mesoscopic superconductor with radius R = 6ξ . Red line shows the ascending field sweep, where a transition 
occurs at H ′

c , and the blue line shows the descending field sweep, where the transition takes place at H ′
c3. We obtain the following transition fields: κ = 0.42, H ′

c = 1.61Hc

and = H ′
c3 = 0.98Hc ; κ = 0.3, H ′

c = 1.78Hc and H ′
c3 = 0.74Hc , and κ = 0.2, H ′

c = 2.05Hc and H ′
c3 = 0.44Hc .
Fig. 5. (Color online.) The magnetization M(H) for a cylindrical mesoscopic super-
conductor with radius R = 6ξ and Ginzburg-Landau parameter κ = 0.26 and 0.28. 
The panels show the field sweep ascending in red lines, and the field sweep de-
scending in blue lines. Panel (a) shows the magnetization curve for κ = 0.26, the 
H ′

c = 1.87Hc and H ′
c3 = 0.64Hc . Similarly panel (b) shows the magnetization curve 

for κ = 0.28, H ′
c = 1.82Hc and H ′

c3 = 0.68Hc . In the last case, descending branch 
shows steps, and they are related to the exit of giant vortex from the cylinder. In 
both cases the magnetization is diamagnetic (M < 0).

two figures show several snapshots of |�|2, that is, time frames 
of the time dependent process described by the TDGL equations 
that takes place at the cylinder. It begins with the normal state at 
the panel (a) in Fig. 6. The blue color corresponds to the region 
with low density, |�|2 = 0. The panels (b) and (c) correspond to 
6

Fig. 6. (Color online.) This sequence shows the initial moments of the nucleation 
of the spike state inside the cylinder with κ = 0.26, and thus the formation of the 
giant vortex at H ′

c3 = 0.64Hc . In the first panel, all of the interior is in the normal 
state, |�| = 0.

the starting of the nucleation of |�|2. A giant vortex has been cre-
ated in the center of the cylinder, as shown in panel (d). Panel (d) 
describes a radially symmetric state that is not stable and in the 
subsequent frames this giant vortex undergoes a process of defor-
mation, as shown in panels (e) and (f). Panel (g) shows the first 
bubble of vortices expelled from the cylinder and panel (h) shows 
the second expelled bubble, and in panel (i) the order parameter 
reorganizes itself to form a new but still deformed giant vortex. 
This process will continue for some time with the expulsion of 
new vortex bubbles. At this point we jump part of the time evo-
lution to go to Fig. 7, which shows the last snapshots of the giant 
vortex into the cylinder where the vorticity has been substantially 
reduced. The panel (a) shows that the giant vortex has become 
small and close to the edge of the cylinder. In panel (b) one can 
see the deformation of this vortex along the edge direction, and 
one vortex bubble is expelled according to panel (c). The panel 
(d) shows that a reorganization takes place and after a new vortex 
bubble is expelled, shown in the (e) and (f) panels. The subsequent 
panels, namely (g), (h), and (i) show new vortex exits. In the bot-
tom line one can observe the last moments of the spike vortex. The 
panels (j) and (l) show the exit of the last vortex, now reduced to 
a single vortex. The last panel, (m), shows that the Meissner state 
is finally reached, and |�|2 = 1 holds inside the cylinder. We have 
just characterized the vortex dynamics that defines the spike state 
in the genuine type-I superconductor.
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Fig. 7. (Color online.) This sequence shows the last moments of the spike state in 
the superconducting cylinder with κ = 0.26. The begin of this process is reported 
in Fig. 6 and all takes place at the same field value, H ′

c3 = 0.64Hc . In the last panel, 
all of the interior of the cylinder is in Meissner state, |�| = 1. The lifetime of this 
spike state was calculated, t = 78.8 ns.

At this point we estimate the lifetime of the spike state for Alu-
minum (Al). The numerical lifetime of the full process partially 
reported in Figs. 6 and 7 is t = 36.000τ where τ is the time unit 
defined by the TDGL theory. For Aluminum, the coherence length 
is ξ = 1600 nm, the London penetration length is λ = 16 nm, the 
GL coupling κ = 0.01 [51]. The normal-state resistivity at low tem-
perature is ρ = 10−9 � · m [52]. Thus, the Aluminum diffusion 
coefficient is D = 1.17 m2/s, the relaxation time is τ = 2.19 ps, 
and the lifetime of the spike state is found to be t = 78.8 ns. The 
extremely low value of κ for Aluminum can be increased and ad-
justed by the inclusion of impurities. This allows us to change this 
parameter without altering the height and the cross section of the 
needles. The proposal of a long needle oriented along the applied 
field makes us consider the Aharonov-Bohm effect as a way to de-
tect the spike state [53]. The spike state could also be detected 
by using microwave radiation which was used to measure the ve-
locity of super-fast kinematic vortices in Pb thin superconducting 
films [7].

3.3. The phase diagram

In this Section, we construct the diagram κ versus the ap-
plied field H for the mesoscopic superconducting cylinder with a 
fixed radius, R = 6ξ , and show its several possible regimes. No-
tice that each simulation is performed without changing the value 
of κ . Interestingly, for κ < 0.37, both, ascending and descending 
branches present M < 0, thus κc2 = 0.37. In Fig. 4, the center and 
right panels show diamagnetic behavior, different from the cases 
shown for κ > 0.37. Thus these superconductors can be classified 
as diamagnetic-intermediate Type-I superconductors. The study of 
the magnetization curves M(H) for selected values of κ , as done 
here, makes possible to determine how the critical fields H ′

c and 
H ′

c3 depend on κ .
Fig. 8 shows this diagram and its properties, and reveals the de-

crease of H ′
c and the increase of H ′

c3 with respect to κ . Recall that 
H ′

c is determined in the ascending branch, and so, above this line 
7

Fig. 8. (Color online.) H − κ diagram for the superconducting cylinder with radius 
R = 6ξ . The dotted line at κc1 divides this diagram in two main parts, genuine type-
I superconductors for κ < κc1, and Intermediate type-I superconductors for κ > κc1. 
The last phase is also divided in two parts, the dashed line at kc2 separates the 
diamagnetic phase for κc1 < κ < κc2, and the paramagnetic phase for κc2 < κ < κc . 
The spike state is present just for κ < κc1, i.e., in the transition from the normal to 
genuine type-I superconductors phase.

(H > H ′
c) the normal state is restored and below it (H < H ′

c), is 
the Meissner state. The field H ′

c3 is determined in the descending
branches, and so, above this line (H > H ′

c3) we have the nor-
mal state. Nevertheless below this line (H < H ′

c3) there are two 
regimes, namely, the Giant vortex phase ‘down’ for κc1 ≤ κ ≤ 0.6
(κ = 0.6 is the upper limit carried in our simulations) and the 
Meissner phase ‘down’ for κ < κc1. κc1 = 0.27 sets the transition 
between the genuine and the intermediate type-I superconductors. 
For κc1 < 0.27 one naively expects no entrance or exit of vortices 
in descending field, but this is not so. In fact in this case we report 
here the existence of a spike vortex state.

Notice that the signal of M(H) reveals important information 
about the κ transitions. Notice that regardless of κ the ascending
branch shows a diamagnetic magnetization, M < 0. Nevertheless 
for the descending branch the magnetization changes its signal as 
the coupling κ is changed. For κ < κc2 = 0.37 the magnetization 
is diamagnetic while for κ > κc2 = 0.37 it is paramagnetic, M >

0. These two different magnetic responses signal the existence of 
three phases of mesoscopic type-I superconductors, the genuine for 
κ < κc1, the diamagnetic-intermediate for κc1 < κ < κc2, and finally, 
the paramagnetic intermediate type-I superconductors, for κc2 ≤ κ ≤
0.6.

4. Conclusions

In this paper we study the spike state, which is another ex-
ample of a metastable vortex state like the phase slips centers 
and phase slip lines. The study is done in the context of the time 
dependent Ginzburg-Landau equations applied in case of a long 
cylinder with radius R = 6ξ , subjected to an external magnetic 
field along its symmetry axis. We contextualize the spike state 
within the general study of κ transitions in mesoscopic supercon-
ductors proposed by L. R. Cadorim et al. [11]. These transitions 
require that, both ascending and descending sweeps of the applied 
magnetic field must be studied in order to determine the rich 
magnetic phases of the mesoscopic type-I superconductors. In the 
former case the initial state is at � = 1 and B = 0 and the field 
is slowly increased until the normal state is reached. In the lat-
ter case the cylinder begins at the normal state with � = 0 and 
the magnetic field is homogeneous inside its interior. The field is 
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then slowly decreased until H = 0 is reached. For the ascending
process, the magnetization curves present a nearly linear growth 
for increasing field, which is the typical type-I behavior for all 
the values of κ studied here. However, for the descending process, 
the superconducting cylinder with κ coupling falling in the range 
κc1 = 0.27 < κ < 1/

√
2 presents jumps in the magnetization. These 

jumps set the exit of vortices from the cylinder and happen for the 
class of intermediate type-I superconductors. The expulsion of the 
magnetic field from the cylinder, during the descending process, oc-
curs via bubbles of vortices. The jumps are absent for κ < κc1. This 
characterizes the genuine type-I superconductor. Nevertheless, at 
the fixed field H = H ′

c3, when the cylinder becomes superconduc-
tor, we find the spike state, as shown in Fig. 6 and Fig. 7 for the 
selected time frames. The TDGL simulation allows to estimate the 
lifetime of this spike state which is found to fall in the nanosecond 
range for Aluminum.
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