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1. Introduction

Sedenions, like quaternions or even octonions, are well known as hypercomplex
numbers. In algebra, sedenions whose set is denoted by .S, from a 16-dimensional
algebra over the reals. They are currently classified in 2 types: (i) sedenions
obtained by applying the Cayley-Dickson construction; (ii) conic sedenions (M-
algebra 16 dimensional) or sedenions of Charles Musés, as they are also known,
belonging to a part of a hypernumber concept, see [4], [5] [6], [7]. As well as
octonions numbers, multiplication of Cayley-Dickson sedenions is neither com-
mutative nor associative. They do have the property of power associativity,
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meaning that if S is a sedenion, s".S™ = S™™™ but in contrast to the octo-
nions, the sedenions do not even have the property of being alternative. Every
sedenion may be regarded as a real linear combination of the unit sedenions
1,4,7,h,e' i, 5" K e i" 3" K" ", i, 7" k" . The sedenions have a multiplica-
tive identity element 1 and multiplicative inverse, but they are not a division
algebra, as they have zero divisors. This means that two nonzero numbers can
be multiplied to obtain a zero result. Let us now define a sedenionic function
on a domain in S. Suppose that I and I’ are two domains in the 16 dimensional
space R, T c Sand I’ C S afunction f : I — I’ is called a sedenionic function
if f is a mapping such that for each

x = (ag,a1,as,...,a15) € S

we have y— f(x) y € I' C S. Being f a sedenionic function it can be decomposed
in a scalar part, fo(x) = ¢(x) and a vectorial part given by ifi(x) + jfa(z) +
kfs(x) + € fa(x) + 4 f5(x) + §' fo(x) + K fr(x) + " fs(x) +i" fo(z) + 7" f10(z) +
K" fu(z)+€” fra(@)+4" fis(x) + 5" fra(z) + K" fi5(z) = ¢(2), i.e f(z) = fo(z)+
if1(x)+jfa(x)+hfs(x)+e fal(@)+i' f5(x)+ 5 fo(x) + K fz(x)+e" f(z)+i" fo(x)+
3" fro(@) + K" fii(x) + " fra(w) + 4" frz(x) + §" fra(z) + k" f15(x) = ¢(x), then
f(@) = fo(z) +&(z) = d(2) +p(x) = fo(z) +ifi(z)+jf2(x) +kf3(x)+€ fa(z) +
i’ fs(x) + 5" fo(x) + K fr(x) +€" fs(x) +3" fo(z) + 5" fro(z) + K" f11(z) +€" fra(z) +
i" f13(z)+ 5" fra(x)+E" f15(z) where the f; : R'® — R the coordinates functions
of real values to i = 0,1,2,...,15. Consequently, a norm of f may be defined
as:

= (B+ R+ B+ B+ o+ i+ B+ i+ o+ fo+ iy

+ fis+ [ +f125>§- (1)

Nowadays, sedenions are also useful in applications to physics. For instance,
the Dirac equation in physics can be expressed on hyperbolic octonion algebra
and then transformed into a counterpart on circular octonions, by means of
conic sedenions as unifying number concept, see [6], [7]. In this work, with
the purpose of setting geometrical features for sedenions, we present remarks
on differentiability and integrability of hypercomplex functions of sedenionic
type. A set of Cauchy-Riemann like relations is obtained for Cayley-Dickson
construction.
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2. On Cauchy-Riemann Like Equations for Sedenions

Recent works [1], [2], [3], have shown as hypercomplex regular functions satis-
fying integrability conditions. In this paper we use the concept of integrability
the left and to the right to expand Cauchy-Riemann like equations for sede-
nions. Let f be a function, R'® — R. As sedenions are non-commutative we
define two intregrals: Either f function R'® + S, of ownership the fact that
sedenions to be born comutatives, defines two integrals (i) [ fdz = [(fo +
fl+ fo + fak + fae' + fii + foi + frk + fse” + fol + frof + fuk +
flgem +f131m +f14J +f15k )(dao +da11+da2J +da3k+da4e' +da51/ +da6,], +
da7k —I—dage +da91 —|—da10J +da11k +da12e —|—da131 +d(114.] —|—da15k'")
[ (fodao— frday — fadas — fadaz — fadas— fsdas— fedag— frdar — fsdag— fodag—
frodaig — fuidan — fiadais — fisdais — fiadars — fisdais) + [(fidag + fodai —
fsdag+ fadas — fsdas+ fadas+ frdag — fedar — fodag+ fsdag+ fr1daio — frodar1 +
fisdaia — fiadars — fisdais + fradais)i+ [(fodag + fzday + fodao — fidas —
feday — frdas + fadag + fsday — fiodag — fi1dag + fsdarg + fodair + fradaiz +
fisdais— fiadais— fizdais)j+ [(fsdao— faday + firdas + fodas — frdas+ fedas —
Jsdag + fadar — fridas + firodag — fodaio + fsdair + fisdai2 — fradais + fizdais —
fradais)k+ [(fadao + fsday + fedas + frdas + fodas — frdas — fadas — fadar —
fiadas — fisdag — fradaro — fisdarr + fsdars + fodais + frodais + fridais)e +
[ (fsdao— fadai+ frdaz— fedas+ frdas+ fodas+ fadas— fzda7 Jizdag+ fradag—
fisdaio + fradarr — fodarz + fsdarz — fiidais + frodars)i + [(fedao — frday —

faday+ fsdaz+ fadas— fzdas+ fodas+ frdar— fradag+ frsdag+ fradaio— frzdan —
frodaia+ fridaiz+ fedars— fodais)j + [ (frdao+ feday — fsdas — fadaz+ fadas+
fadas — frdas + fodar — fisdas — fradag + fizdaio + fradain — fuidaiz — frodass +
fodara+ fsdais)k + [(fedao+ fodai+ fiodaz+ fridas+ fradas+ fizdas + fradag+
fisdar + fodas — fidag — fadaio — fzdars — fadais — fzdarz — fedais— frdars)e” +
[ (fodag — fsday + firdas — frodas+ fizdas — fradas — f15da6 + fuadar + frdag +
fodag+ fadaio— fadayy + fsdary— fadars— frdars+ fedas)i  + [ (frodao— frida —
fsdaz + fodaz + fiadas + fisdas — fradas — fizdar + fadas — fadag + fodaio +
fiday + fedaia + frdais — fadars — fsdais)j + [(firdao + fiodar — fodas —
fedaz + fisdas — fradas + fradag — fradar + fadas + fadag — fidaio + fodaiy +
frdaiz — fedais + fsdars — fadars)k + [(fiedag — fisday — fradag — fisdag —
Jadas + fodas + frodas + fridar + fadag — fsdag — fedaio — frdaiy + fodaia +
fidais + fodais + fadais)e” + [(fizdao + fiadar — fisdas + fradaz — foday —
fedas — firdag + frodar + fsdag + fadag — frdaro + fedan — frdaiz + fodais —
fadais + fadais)i + [(fradao + fisdar + fradas — fizdas — frodas + fridas —
fsdag — fodaz + fedag + frdag + fadaro — fsdair — fadarz + fadars + fodais —
fidais)j + [ (fisdao— fradar+ fizdas+ fradag— fi1das— frodas+ fodas— fsdaz+
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frdag — fedag + fsdaio + fadayy — fadars — fodars + fidars + fodars)k  and (ii)
[dzf = [(dag +da1i+da2j+da3k+da4e’+da51’+da6j’+da7k’+da8e”+da91”
dayoj’ +dank’ +darze” +dargi” +darsj” +da15k"')( fort fyit fo+ fak+ fae +
fsi + foi + frk + fse" + fol + fiof +fiik + fize” + fisi + frai +fisk ) =
[ (dao fo—day fr —das fo—das f3— das f4— das fs — das fo — daz fr— dag fs — dag fo—
daro fro — dar1 f11 — daia fi2 — dars fr3 — dara fra — dais fis5) + [(dao fi + day fo +
das fs—das fo+day fs — das f1—dag fr+dar fo+das fo—dag fs — daig f11+dair fio—
dayz f13 + daig fr2 + dara fis — dais fra)i + [(daofo — daq f3 + dag fo + dasfr +
day fe + das f7 — dag f4 — daz f5 + dag fi0 + dag f11 — daio fs — dai1 fo — dar2 fr4 —
dars f15+daia fra+dars f13)j+ [(dao f3+day fo —das f1 + das fo + daa f7 — das fo+
dag f5 — daz f4+dag f11 — dag f10 +daio fo — dai1 fs — day2 fi5 +dai3 f1a — dars f13+
days fr2)k + [(dao fa — day f5 — dag fo — das f7 + day fo + das f1 + dag f2 + daz f3 +
das f12 + dag f13 + daio f14 + daqy f15 — daia fs — dars fo — dara fro — dars fr1)e” +
[(dao f5+day fa—das fr+das fo—daa fr +das fo—dag f3+daz fo+dag fr3—dag fro+
dayo f15 — dary fra + dara fo — days fs + daya fiy — days fro)i + [(dag fe + day fr +
das fa—das fs—day fot+das f3+dag fo—daz f1+dag fra—dag f15—daio fra+daiy fi13+
daya fr0—dars f11 —dars fs+days fo)j + [ (dao fr— day fo+dag fs +das f4—day f3 —
das f2+ dag 1+ das fo+ das f15 + dag f14 — dao fr3 — dai1 fr2 + darz fr1 +darz fro -
dai4 fo—days fz)k +f(da0f8—da1f9—da2f10—dagfll—da4f12—da5f13—da6f1§—
day f15+dag fo+dag f1 +daio f2+dary fs+dara fa+dars fs+dais fe+dais fr)e +
[(dao fo+day fs — das f11 + das f1o — day f13 + das f12 + da6f15 —daz f14 —dag f1 +
dag fo—dayg f3+dayy fo—days fs+dars fatdars fr—dais f6)i. + [(dag fro+day fri+
day fs — daz fo — das fra — das f15 + dag fr2 + daz f13 — dag f> + dag f3 + daio fo —
day1 f1 — dara fe — daiz fr + dara fa + darsfs)j + [(daofin — daq fio + dasfo +
daz fs — day fi5 + das f1a — dag f13 + daz fra — das f3 — dag f2 + dayo fr 4 daxy fo —
daia f7 + dars fo — daiafs + dais fa)k + [(dao fi2 + day frs + das fia + dag f15 +
dayfs — das fo — dag fro — dag f11 — dag fa + dag f5 + dayo f6 + dar1 fr + daia fo —
dayzfi — dayafo — dars fz)e” + [(dag frs — day fra + das fi5 — dag fia + dagfo +
das fs + dag fi1 — dag fro — das f5 — dag fa + dayo f7 — daxy fe + darz f1 + days fo +
darafs — darsfo)i + [(dao fia — day f15 — daa f12 + das f13 + daa fro — das f11 +
dag fs + daz fo — dag f6 — dag f7 — dayo fa + dan f5 + dara fa — dayz f3 + dara fo +
daisf1)j  + [(daofis + day fra — das fi3 — das f12 + dag f11 + das f10 — dag fo +
day fs — dag fr + dag fo — dayo fs — dayy f1+ days f3+ days fo — darg f1 + dars fo )k
Assuming the function f; : R'® +— S, and a path with extremites in z =
(w0, 21, T2, T3, 24, T5, T, T7, T8, Tg, 10, T11, £12, L13, T14, 15) and y = (Yo, Y1, Y2,
Y3, Y4, Y5, Y6, Y7, Y8 Y9, Y105 Y11, Y12, Y13, Y14, ¥15) in a connected region in a space
of 16-dimensions, the integrals f fdz e f dz f, will be independent of the inte-
gration way if they satisfy the conditions of the following theorems.
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3. Cauchy-Like Theorems for Sedenions

Theorem 1. For all pair of points x and y any path way binding them in
a 16-dimensional simply connected space, the integral ff fdz does not depend
of the given path if, and only if, there exists a function F' = Fy+ Fii+ Fbj+

F3k+ Fye + Fsi + Fsj + Frk + Fge' +Foi +Fyj +Fik +Fipe” +Fisi +
Fuij’ + Fisk” with [Y fdz = F(y) — F(z) and that it satisfies the following
conditions
_0Fy O0Fy 0F, O0F3 O0F, O0F5 0Fs 0F; O0F
fO B 8@0 B 8@1 B 8@2 n 8@3 n 8a4 n 8a5 B 8a6 B 8a7 B 8a8
0Fy B 0F1g . 0F11 . 0F19 B 0F3 B 0F4 B 0Fy5

8@9 N 8(110 B 8(111 B 8a12 n 8@13 n 8@14 n 8@15’

(2)

0F, 0Fy OF3 0F, 0F; OF} 0F; 0Fs 0Fy

h= Oag :_8(11 - das :_8a3 - Oay :_8a5 :_8(16 - dar - Odag
. _aFg . _8F11 . 8F10 . _8F13 . 8F12 . 8F15 . _8F14 (3)
N 8&9 N aaw N aau N 8a12 N 8a13 N 8&14 N 6a15’

g0 _ 0B OR _OR _0OF _OF _ _OF:i __0F _ 0Fy

2 8&0 aal 8&2 8&3 8&4 8a5 8&6 6a7 6ag
o 8F11 _ aFg _ 6F9 o _8F14 o _6F15 o 8F12 o 8F13 (4)
N 6a9 N 8&10 N 8&11 N 8a12 N 8&13 N 6a14 N 6a15’

f _ 8F3 _ 8F2 _ _8F1 _ _aFo _ 8F7 _ _8F6 _ 8F5 _ _8F4 _ 8F11

3 Odag Oay das Odas Oay Oas Odag Oar Odag
N _8F10 N 8F9 _ aFg N _8F15 N 8F14 N _8F13 N 8F12 (5)
N 8@9 N 8(110 N 8(111 N 8@12 N 8@13 N 8@14 N 8@15’

f4 _ 8F4 _ _8F5 _ 8F6 8F7 . _8F0 . 8F1 8F2 8F3 . 8F12

8&0 aal _86L2 - _8a3 N 8&4 N 8&5 - 8&6 - 6a7 N 6ag

. 8F13 . 8F14 . 8F15 _ 8F8 _ 8Fg . _8F10 i _8F11 (6)
N 6a9 N 8&10 N 8&11 N 8&12 N 8&13 N 6a14 N 6a15’

6F5 6F4 8F7 8F6 8F1 6F0 8F3 8F2 B 8F13

f5 B 8&0 B 8&1 B _Oag - 6a3 6a4 8&5 6a6 n 6a7 6ag
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N _(9F12 N 8F15 N _(9F14 N 6F9 _ (9Fg N aFH B _aFw (7)
N 8a9 N 6@10 N 8a11 N 8a12 6@13 N 6@14 n 6@15’
f _ BFG _ 6F7 _ 6F4 _ _6F5 _ _8FQ _ 8F3 _ _aF[) _ _8F1 _ 8F14
6 8@0 8@1 8@2 8@3 6a4 6a5 8@6 6a7 aag
_6F15 N _aFlg B 6F13 N 8F1[) N _6F11 N _aFg N aFg (8)
N 8@9 N 8@10 n 8@11 N aalg N 8@13 N 6a14 N 8@15’
g _OF_ OF OF OR_ _OFy _ _OF, OR _ _OF _ 0P
7 8a0 8@1 6a2 8a3 6a4 8a5 8a6 6a7 6@8
B 8F14 B _(9F13 B _(9F12 B OFH B aFm _ (9Fg _ (9Fg (9)
N 6ag N 8a10 N 8a11 N 6@12 N 6@13 N 6@14 N 6@15’
fo = OFs  0Fy  0OFy  OFn _ OFip  0Fi3  0Fy
8 8a0 n 8@1 N 8a2 n 8a3 n 8a4 n 6a5 N 6@6
_ ORs  0Ry OF OF, 0F; OF, 0F;  OF;  OF
n 8a7 N 6@8 B 6ag B 8a10 n 8a11 N 6@12 n 8a13 N 6@14 N 8a15’
(10)
f . aFg - aFg o _6F11 o 8F10 o _8F13 o 8F12 - 6F15 - _8F14
9 8a0 N 8a1 N 6a2 N 6a3 N 6a4 N 6a5 N 8a6 N 6a7
__OR_ OR _ OF _OR _ OF _OF _0F _ 0F
N 8a8 N 8a9 N 8a10 N 8a11 6@12 N 8a13 N 6@14 6@15’

f o aFIO o aFll o aFS o _aFg o _8F14 o _8F15 o 6F12 o 6F13
10— 6a0 N 6a1 n 8@2 B 8@3 n 8@4 n 6a5 n 8@6 n 8@7
__6F2_8F3__6F0__6F1__aFg__6F7_8F4_6F5 (12)

n 8@8 B 6a9 B aalo B aall n aalg B aalg B 8@14 N 6a15’
f . 8F11 . _aFlo . 8F9 . 8F8 N _8F15 N 6F14 N _8F13 N aFlg
= 6a0 N 6a1 N 6a2 N 6a3 N 8@4 N 8@5 N 8@6 N 8@7
__6F3__6F2_ BFl __6F0 __6F7 . 8F6 __8F5 N 6F4 (13)
N 8a8 N 8a9 N 6@10 N 8@11 N 6@12 N 8a13 N 8a14 N 6@15’
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- OF19 - 6F13 . OF14 . 6F15 - 8F8 . 8F9 - 6F10 - 0F1,

hz = dag  Oa;  Oay  Oas  Oay __8a5 - Jdag - day

_ R _OF _OF _0F _ OR _ _OR __OF: _ _OF
8&8 8&9 8&10 aau 8a12 8a13 6a14 8a15 ’

B 8F13 B 8F12 B 8F15 . 8F14 B 8F9 B 8F8 . 8F11 B 8F10

f13— 8@0 __8(11 N 8@2 __8(13 N 8a4 N 8a5 N 8@6 __8a7

_ OB _ OB _ O OR 0K __OR _OR _ 0B
8&8 6a9 8&10 aau 8a12 8&13 6a14 8a15 ’

- OF14 - OF5 - 0F1o - OFi3 - o0Fyg . 0F1p - 0Fy - 0Fy
f14_ 8@0 __8(11 __8(12 n 8@3 n 8a4 __8(15 n 8@6 N 8@7
_ _OF_ OF _ OF _OF _0F _ OF _ OR _ 0K g
8@8 8@9 8@10 8(111 8@12 8(113 8(114 8@15 ’

8F15 8F14 8F13 8F12 8F11 8F10 8Fg 8F8

f15 N ao - 8&1 - Oag - 6a3 - 6a4 - 8&5 - _6a6 - 6a7
__OF _OF _ OF _ OF _OF, OR _ 0R _ OR .,
N 8&8 N 8&9 N aaw N aau N 8a12 N 8a13 N 6a14 N 6a15'

Proof. The integral ff fdz, will not depend on the path if there exists a
function G such that [7 fdz = [YdF = [V d(F}, + Fi+ Foj+ Fsk+ Fye' + Fsi +

" "

Foj + Fik + Fse' + Foi +Fioj +Fuk +Fioe” + Fisi’ +Fuj +Fisk' ) =
F(y) — F(x), in way that the value of this difference will depend solely on the
extreme points GG, such that

0F, o0Fy 0F, o0Fy oFy o0Fy
dFy = —da d d d da das
0 Dag 0+81a1+82a2+83a3+84 4+a5

OF, OF, OF, OF, OF,
—da d d —d d

+0a6 6+87a7+6 a8+89a9+810 aio
8F0 aFo aFo 8F0 aFO

d d d

Dars Bay a2 + Dars a13 + Bay a4 + Datrs

= fodao — fiday — f2da2 — fadaz — faday — f5da5 — fedag — frdar — fsdasg

— fodag — fiodaip — fridair — fiedaiz — fizdais — fiadais — fisdais,

days
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0Fy 0F; 0Fy 0F; 0Fy 0F;
dFy = —da d d d d d
e an g0+ 8a1 a1+ 8(12 a2+ 8a3 a3+ 8(14 a4t 8a5 5

8F1 6F1 8F1 6F1 aFl
+ a—ﬁdaﬁ + 8—7(1&7 + Ja 8da8 + da gdag + 8(110
8F1 8F1 8F1 8F1 8F1
d d d d
(9 o1+ 8(112 12 + 8@13 13+ 8&14 14t 8(115
= fldao + foday — fzdas + fadaz — fsdas + fadas + frdag — fedar — fodag

+ fsdag + fiidaio — fiodair + fizdai2 — fiadaiz — fisdais + fradass,

d(llo

days

OF, 0F, OF, OFy OFy OFy
Bag do-i—8 d1-|—a d2+8 d3-|—a d4+8a5d5

(9F2 8FQ 8F2 8FQ o,
—=da —=d —=d d
+86 6+8 CL7+8 CLg—f—a a9—|—8a10
aFQ aFQ 8F2 8F2 6F2
d d d d
8(111 @ + 8a12 12 + 8(113 a3 + 8(114 a1 + 8a15
= fodag + fsday + fodas — fidaz — fedas — frdas + fadag + fsdar — fiodag

— fuidag + fsdaio + fodarr + fiadars + fisdaiz — fiadars — fizdass,

dFy =

dal()

+ da15

OF3 OF3 OF3 OF3 OF3 OF3
Dag do—|—a d1+8a2da2+3 d3+8 d4+3a5d5

8F3 8F3 8F3 8F3 8F3
a 6d 6+8 d(l7—|—a dag—i—a da9+aa1

0F3 8F3 8F3 0F3 das + 0F;
8&11 8(112 8@13 8&1 1 da ais
= fsdag — faday + fidas + fodas — frdas + fedas — fsdas + fadar — fii1dag

+ fiodag — fodaro + fsdair + fisdaiz — fradaiz + fizdars — fiadass,

dFy =

d(llo

da15

o0Fy oFy oFy oFy o0Fy oFy
dFy = —da d d d da da
4= Dag o+81a1+82a2+83a3+84 4+8a5 as

8F4 6F4 8F4 6F4 aF4
—da d d d d
* a6 " T 5 M ag M8 Bag M0 T Fag, 10
8F4 8F4 6F4 8F4 aF4
—d d d d
8@11 (111-1-@1 a12+81 (1134-81 (114-1-@1
= fadag + fsdai + fedas + frdaz + fodas — frdas — fadag — fzda7 — fradag

— fizdag — fradaio — fisdarn + fedaiz + fodaiz + fiodais + fiidass,

days
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O0F5 OF5 OF5 OF5 OF5 OF5
dFs = —da d d d day da
> 8&0 @0 + aal “ + 8&2 @2 + 6a3 3 + 8&4 + 8a5 5
OF5 OF5 OF5 O0F5 OF5
6a6 8&7 6ag 8&9 8&10
8F5 8F5 8F5 8F5 aFE)
d d d
8(111 8 2+ 8(113 13 + 8 it 8@15
= fsdag — faday + f?daz — fedaz + firday + foda5 + fadag — fodaz — f1sdag

+ fizdag — fisdaig + fiadair — fodara + fsdaiz — firidais + fiodass,

da10

days

0Fg OFg 0Fg 0Fy 0Fy 0Fy
dFg = 8d0+8d1+8 d2+8 d3+8 d4+8a5d5

8F6 8F6 8F6 8F6 8F6
—da —d —d —d
+ Dag ae + Dar ar + Das ag + BDag ag + Bato
OFg 6F6 6F6 OFs OFg
da —d ——da —d
Dars a1 + Day a2 + Dars a1z + Dy a4 + Days
= fedag — frdai — f4da2 + fsdaz + faday — fsdas + fodag + fiday — fiadasg

+ fisdag + fiadaig — fizdair — fiodai2 + fiidais + fedais — fodass,

da10

+ da15

oF; oFy oF; oFy oF; oFy
Dag do-l-a d1+8a2da2+6 d3+a d4+6a5

8F7 8F7 8F7 8F7 8F7
aagd 6+ et —da7 + Bas ——dag + % da9+8a1
8F7 8F7 8F7 8F7 aF?
da14 +
dais
= frdag + feda1 — fsdas — fidas + fzdas + f2da5 — fidag + fodar — fisdag

— fuadag + fizdaio + fiadarr — fiidaiz — fiodais + fodais + fadass,

dF; = das

da10

da15

OFy 0Fy OFy OFy oFy OFy
dFy = —da d d d da da
8§ = Dag 0+81a1+82a2+83a3+84 4+8a5 as
OFy OFy 0Fy 0Fy 0Fy
—da —d —d —d —d
+ Dag as + Dar a7 + Das ag + Dag ag + Barg a1o
8F8 0Fy aFg 0Fy 0Fy
8&11 —dayy + Da; da12 + Das ——day3 + Da; da14+ Datrs

= fsdag + foday + floda2 + fuidaz + fiaday + fizdas + fiadae + fisdar
+ fodag — fidag — fadaio — fsdar1 — fadaiz — fsdais — fedais — frdass,

days




SEDENIONS OF CAYLEY-DICKSON AND... 175

0Fy 0Fy 0Fy 0Fy 0Fy 0Fy
dF: —da d d d day da
o= a(lo @0 + 8a1 “ + 8(12 @2 + 8a3 3 + 8(14 + 8a5 5
OF, OF, OF, OF, OF,
8(16 8(17 8a8 a(lg 8(110
8F9 8F9 8F9 8F9 8F9
d d
8@11 8(112 8&13 13+ 8&14 a4+ 8(115
= fodag — fsday + fi1das — fiodas + fizdas — fradas — fisdag + fradaz

+ fidag + fodag + fadaio — fadar1 + fsdaia — fiadaiz — frdais + fedais,

d(llo

days

0Fyg 0F1o 0F1o 0F1o 0F O0F
dFyy = d d —d d d d
10 8(10 a0+ 8(11 a1+ 8&2 a2+ 8&3 a3+ 8(14 a4t 8(15 5
d ——da da da —d

+ Dag ag + Dar a7 + Bas ag + Dag ag + Daro aio
OF, 3F aF aF OF'

+ 10 dai1 + 10 d aig + 10 dais + 10 daig + 10 days
daiy Jay Oays daq Oaq

= fiodag — fi1da; — fsdaz + fodaz + fraday + fisdas — fiadag — fizdar
+ fadag — fzdag + fodaio + fidair + fedarz2 + frday3 — fadays — fsdais,

OF11 0F1 0F1 0F1 0F11 0F11
dFy1 = d d ——d d d d
11 Bag ap + da, a + Bty az + Dats as + By a4 + Das as
3F11 0F1y 0F11 0F11 0Fn
——da, da da da d
aa 6+a 7+a 8+a 9+8a10 aio
da d d d d
+ Bary a1l + Dy a2 + Bas a1z + Day a4 + Day a1s
= fuidag + froday — fgdCLQ — fedaz + fisday — fradas + fizdag — fiadar
+ fadag + fadag — fidaig + fodaii + frdai2 — fedai3 + fsdais — fadays,
OF12 0F12 0F12 0F12 O0F12 O0F12
dFis = d d —d d day d
12 Dag ag + Day a + Day as + Das a3 + Day + as as
da da d d d
aa6 6+87 7+a8 a8+69 a9+8a10 aio
O0Fi2 0F12 O0F12 O0F12 O0F12
—d da da da d
+8a11 a11-1-a 12-1—a 13+a 14+al ais

= fi2dag — fi1zday — f14da2 - f15da3 — faday + fodas + fiodae + firidar
+ fadag — fsdag — fedaio — frdair + fodai2 + fidaiz + fadars + fadais,



176 M.F. Borges, M.D. Roque, J.A. Marao

0F3 0F3 O0Fi3 O0Fi3 O0Fi3 0F3
d d —d d da d
Dag ag + Bay a1 + Day ao + Bas as -+ Day a4y + Das as
d da da da d
Dag " Dan M ag 8T Bag 10T gy, 10
6F13 5F13 3F13 O0Fi3 O0Fy3

——da
3a11 11+812d12+8 d13-|-a dl4+81

= fizdag + fi2dai — fisdaz + f14da3 - f9da4 — fsdas — fi1dae + fiodar
+ fsdag + fadag — frdaio + fedair — fidai2 + fodais — fadais + fadays,

dF3 =

+

da15

OF14 0F14 OF14 (9F14 OF14 0F14
d
6a0 0 + 6 al dal + 8&2 da 8 as d + 8 ay da4 + 8a5

OF14 OF14 O0F14 O0F14 O0F14
d ——da d d —d
g ae + Dar a7 + Das ag + Dag ag + Daro aio

5F14 (9F14 0F14 O0F14 O0F14
da ——da ———da ——da

8a11 11+812 12-1-a 13-1-(9 14-1-815
= fuadag + fisdai + fiadas — f13da3 - floda4 + fuidas — fsdag — fodar

+ fedag + frdag + fadaig — fsdair — fadaia + fzdaiz + fodars — fidass,

da5

_l’_

da15

OF5 O0F5 0F5 0F5 0F5 0F5
d d —d d da d
8@0 a0+ da aq a1+ 8@2 a2+ 8@3 a3+ da a4 a4+ 8@5 5

O0Fs 5F15 O0Fs5 O0Fs5 O0Fs5
da ——day d
+8a6 % + daz +88a8+09da9+510
0Fi5 8F15 oF5 oF5 0Fi5
d d
8a11 “ 8(112 “ 8 a3 + 8 14 + da ais
= fisdag — fiadai + fizdaz + f12da3 - f11da4 — fiodas + fodag — fsdaz
+ frdag — fedag + fsdaio + fadai1 — fzdara — fodais + fidais + fodais.

dF15 -

da10

_l’_

da15

Consequently the following relations will appear directly:

oFy O0Fy O0F, O0Fy O0OFy O0Fs 0OFs O0OF; O0Fy O0Fy

fO - 8@0 - 8@1 - 8@2 - 8@3 - 8@4 - 8a5 - 8a6 - 8a7 - 8a8 - 8a9
_OFy 0Fn  OF12  0Fi3  0OFiy  0Fs
a 8@10 a 8(111 a 8(112 a 8(113 a 8@14 a 8@15’
s oFy oFy OF3 oFy  OF; oF, oF;, 0Fs 0Fy
1= = — — = — — e — _ —

8&0 aal Oag 8&3 8&4 8&5 6a6 6a7 6ag
_aFg B _6F11 . 8F10 B _8F13 . 8F12 . 8F15 i _8F14
8&9 N 8&10 N aau N 8a12 N 8a13 N 8&14 N 6a15’
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OF,  OFy;  0F, OF _0F;, OF,  0F,  OF, 0F

f2:8a0:_6a1:_8a2:8a3:8a4:8a5:_8a6:_6a7 6@8
N 8F11 _ aFg _ aFg N _6F14 N _6F15 N 8F12 N 8F13
N 6ag B 6@10 B 8@11 N 8a12 B 8a13 B 6@14 B 6@15’
f B 6F3 B 6F2 N _aFl B _8F0 N 8F7 N _6F6 B 6F5 B _8F4 N 8F11
5 8@0 N 8@1 B 8@2 N 6a3 n 6a4 B 8@5 N 8@6 N 6a7 n aag
. _aFlo N 6F9 . _aFg . _6F15 . 8F14 . _aFlg . 8F12
N 8@9 N Balo N 6a11 N 8@12 N 6a13 N 8@14 N 6a15’
f B 6F4 B _8F5 B _6F6 B _8F7 B _(9F0 B (9F1 B 8F2 B 8F3 B 8F12
1 8a0 N 8@1 N 8a2 N 6a3 N 8a4 N 8a5 N 6@6 N 6a7 N 6@8
B 8F13 B 8F14 B 6F15 _ aFg _ 8F9 B _aFw B _8F11
N 6ag N 6@10 N 8a11 N 8a12 N 8a13 N 6@14 N 6@15’
s _OF _OF_ OF _0R_ _OR _ _OR _ _0F _0F
> 8@0 n 8@1 B 8@2 n 8@3 n 6a4 B 8@5 n aag B 6a7
o 6F13 N _aFlg B 6F15 N _6F14 B 6F9 N _aFg N 8F11 B _8F1[)
n 6a8 B 8@9 N 8@10 B 8@11 N aalg B aalg B 6a14 N 6a15’
f - 6F6 N 6F7 . 6F4 o _6F5 N _8FQ . 8F3 . _aF[) N _8F1 o 8F14
6= 8a0 N 8a1 N 8a2 N 8a3 N 6a4 N 6a5 N 8a6 N 6a7 N 6@8
_6F15 B _8F12 B 6F13 B 6F10 B _6F11 _ aFg B (9Fg
N 8a9 N 6@10 N 8a11 N 8a12 N 8a13 N 8a14 N 8a15’
f B 6F7 B _8F6 N 8F5 B 6F4 B _8F3 N _(9F2 B (9F1 B _8F0 N 8F15
T 8a0 n 8@1 N 6a2 n 8a3 n 6a4 N 8a5 n 8a6 n 6a7 N 6@8
N 8F14 N _6F13 N _6F12 o 6F11 N 8F10 _ (9Fg _ (9Fg
N 6a9 B 8@10 B 8@11 n 8@12 B aalg N 6a14 B 6a15’
f an 8F9 aFlo 8F11 8F12 8F13 6F14 6F15
s = — [ I I I I I

_8—(10__6—(11_ das  Oas  day  Oas  Odag  Oar
_8F0 _on OF, oFy  O0Fy OF}s 0Fg OF;

6a8 N 6a9 - 8@10 - 8@11 N aalg N 8@13 N 6a14 - 8@15’
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6F9 aFg 8F11 B 8F10 N _8F13 N 8F12 N 8F15 N _8F14

fo= dag  Oay T day das  Oday  Oas  Oag  Oay
_ OR  0Ry  OFy OF,  0Fy OF, 0F
N _86L8 N _aag N _aaw N 8&11 N _86L12 N 8a13 N 8&14
_ OF;
N _8a15’
N 8F10 N 6F11 N aFg N 8F9 N 8F14 N 8F15 N 6F12
fro = dag  day  das  Oaz  Oay  Oaz  Oag
OFy  OF, OFy  OFy,  OF, _ OF;  OF, 9F,  OF;
n 8@7 B _8(18 n 8@9 B _8a10 B _8a11 B _8a12 n _8(113 n 8(114 n 80,157
- OF11 - JF1o - 0Fy - OFg . 0Fy5 . OF14 . 0Fi3 . 0F19
fll_ 8@0 __8(11 n 8@2 n 8@3 __8a4 N 8a5 __8a6 B 8a7
oF;,  O0F, OF  0Fy  OF, 0F,  OF;  OF
N _8a8 B _8(19 n 8(110 B _8a11 B _8a12 B 8@13 n _8(114 N 80,157
- OFo - 0F13 . OF14 . 0F15 - 0Fy . 0Fy - 0F1g - 0F11
f12_ 8@0 n 8@1 B 8@2 B 8@3 n 8a4 __8(15 __8(16 __8a7
OF, OFs 0F, 0OF,  0FR, _ 0F, _ 0F, _ OF
N _8a8 N 8@9 N 8@10 N 8(111 N _8(112 N _8(113 N _8(114 N _8(115’
. OF13 . OFo . OF5 . 0F4 . 0Fy . 0Fy . 0F1p
f13— 8@0 - 8@1 N 8@2 - 8@3 N 8a4 N 8a5 N 8@6
J0F1g . OF5 . OF} . OF; . 0Fy . 0F; . 0F, . 0F3
N 8@7 N _8(18 N _8a9 N 8@10 N _8(111 N 8a12 N _8a13 N 8@14
R
N _6a15’
. OF14 . OF5 . 0F1o . OFi3 . o0Fyg . 0F1p . 0Fy . 0Fy
f14_ 6a0 __aal __Oag N 6a3 N 6a4 __8a5 N 6a6 N 6a7
)2 ) ) S S ) ) 2 ) 2 ) o)
N _86L8 N _aag N _aaw N 8&11 N 8a12 N _8a13 N _8a14 N 8&15’
f15 - 8F15 - OF14 - 8F13 - OF19 - 0F, - aFm - 8F9 - 8F8

6a0 8&1 Oag - 6a3 N 6a4 N 8&5 N 6a6 N 6a7

OF: _OF _ OF _ OF, _0F; _0F, _ OR _ 0R
8&8 N 8&9 N aaw N aau N 8a12 N 8a13 N 6a14 N 6a15'
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Theorem 2. For all pair points x and y any path does not binding them
in a 16-dimensional simply connected space, the integral ff dzf, depend on the
given path if, and only if, there exists a function G = Go + G1i+ Goj+ Gsk +

G4e//;|— G51'/ + /C/f@j/ + G7k/ + Gge// + Ggl'” + Gloj” + Gllku + G12em + G131'/” +
Guj + Gisk with [Ydzf = G(y) — G(z) and that satisfies the following

condition

0Gy 0G1 0Gy 0G3 0G4y 0G5 0Gs 0G7; 0Gy

dayg - day - OJas - das - Oay - Odas - Jdag - Oar - Odag (18)
_0Ge  0Gyy  0G11  0Gip  0Giz  0Giy  9Gis

8(19 N 8(110 a 8(111 a 8&12 N 8(113 a 8(114 a (9&157

0G 0Go 0Gz  0G» 0Gs 0G4y 0Gy 0Ge 0Gy

dag  Oa;  Oay  Oaz  Oay  Oas  Oag  Oar _8a8(19)
L 9Gs  9Gn | 0Gy  9Gis  0CGh  0Gi G
N 8&9 N 8(110 N 8@11 N 8(112 N 8&13 N 8&14 N 8&15’

0Gy 0G5 0G 0G1 0Ge 0G;  0Gy 0G5  0Gho

dag _ Oay  Oay  Oaz  Oas  Oas  Oag  Oay  Ouag (20)
_8G11 ~0Gg 0Gg 0G4 0G5 _8G12 _ 0G3

8&9 N 8(110 N 8(111 N 8(112 N 8&13 8(114 8(115,

0Gs 0Gy  0Gq 0G 0G7  0Gs 0Gs 0G4 0Gu

6(10__8@1:6a2__8a3__6a4:8a5__8a6:8a7_ aag
N 3G10 - aGg aGg N 3G15 - 3G14 N 3G13 - _8G12

a(lg a _8a10 a 8(111 B 8a12 - 8(113 B 8a14 a 8(1157
(21)

0G4y 0G5 0Gs 0Gy 0G 0G1 0G> 0Gs _ 0Gip

8(10 - 8(11 - 8&2 N 8&3 8&4 B 8&5 - 8&6 - 8&7 N 8&8
_8G13 . _3G14 . 3G15 aGg aGg . aGlo . 8G11

8a9 N 8a10 T 8(111 N 8a12 - 8(113 N 8a14 N 8(115’
(22)

8G5 0Gy 8G7 8G6 0G4 8G0 8G3 0Go . _8G13

8(10__8&1:8(12__8(13:8&4__8&5:8&6__8&7_ 8&8
C0G  0Gis  9Gu  0Gy  9Gy  0Gu  9Gy

8&9 a 8@10 a 8(111 a _8(112 a 8&13 a 8(114 a (9&157
(23)
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6G6 . 8G7 . 0G4 . 6G5 - 0Gy - 6G3 - 6Go - 0G4 . 0G4
dag _aal__aag_8a3_8a4__8a5__8%_8&7__6618

0G5 9Gr  9Gi3  9Gy  0Gn  9Gs  0Gy
B 8@9 n 8@10 n _8(111 n _8a12 B 8@13 n 8@14 B _8a15’

(24)
9G;  0Gs  0Gs 9G4 9Gs 9G,  9G, Gy, 3G
8@0 B 8@1 - 8@2 - 8@3 n 8a4 n 8a5 B 8@6 B 8a7 T 8@8

G 8Gh3  9Gh  OGn Gy 9Gy  0Gs
- 8@9 N 8(110 N 8@11 - 8a12 - 8@13 N 8(114 N 8@15’

(25)

8Gg - 8G9 . 8G10 - 0G11 - 0G19 . 6G13 - 0G4 - 8G15 . 8G0

dag  day  Oas  Oaz  Oay  Oas  dag  Oar  Oag (26)

~0Gy  0Gy  0Gy 0G4y  0Gs  0Gg  0Gq
B 8@9 n _8(110 _8(111 _8(112 _8(113 _8(114 n _8a15’

8Gy  8Gs Gy 9Gy  9Gi3  0Gi  0Gis 3G

8@0 __8a1 n 8@2 B 8@3 n 8a4 T 8a5 - 8a6 B 8@7
L 9G1  8G, Gy 8Gy 98G5 G,  0G;  9Gg
N 8@8 - 8@9 N 8@10 N _8(111 N 8a12 N _8(113 N _8(114 N 8@15’

(27)

G 9Gn Gy  0Gy 9G1  9Gis  0Gi  0Gis
8@0 - 8@1 __8(12 N 8@3 N 8a4 N 8a5 - 8@6 T 8@7

_0Gy  0G3  0Gog 090Gy  0Ge  0G;  0Gy  0Gs
6ag - 6a9 N _aaw N 8&11 N 8&12 N 8a13 N _8a14 _6a15’

(28)

0G11 - 8G10 - 6G9 - aGg - 8G15 - 0G14 - 8G13 - 0G12
8&0 N 8&1 __8CL2 __8CL3 N 6a4 - 8a5 N 6a6 - 6a7

Gy 0Gy  0G,  0Gy,  0G;  9Gs  9Gs  0G,
N 6ag n ag _aaw n _6a11 n 8&12 N _86L13 N 6a14 n _6a15’

(29)

0G19 . 8G13 - 0G14 - 6G15 . 8Gg . 6G9 . 8G10 . 0G11
8@0 T 8@1 - 8@2 - 8@3 __8(14 B 8a5 B 8a6 B 8@7

_0Gy 0G5  0Gg  0G7;  0Gy 090Gy 0Gy  0Gs
8@8 - 8@9 B _8(110 n _8(111 n _8(112 n 8(113 n 8@14 B 8@15’

(30)
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3G13 . 3G12 B 3G15 . 3G14 B 8G9 aGg B 3G11 . 3G10

dag  Oa; " Oay das  Oay das Jdag day
L 9Gs  9Gy  0G;  9Gs  9Gy  0Gy,  0Gy  9Gs
N 8(18 N 8&9 a _8(110 a 8@11 N _8a12 B _8a13 N _8a14 N 8(1157
(31)
3G14 . 3G15 . 8G12 . 8G13 . 8G10 . 8G11 . 8G8 . 8G9
a(lo N 8a1 N 8a2 __8a3 - 8(14 N 8a5 __8(16 __8(17
98G5  9G;  0Gy 98G5  9Gy Gy G,  9G,
B 8a8 B a(lg a 8(110 B _8(111 B _8(112 B 8a13 a _8a14 a _8(1157
(32)
3G15 . 8G14 . 8G13 . 8G12 . 8G11 . 8G10 . 8G9 . 8G8
a(lo - 8a1 N 8(12 N 8a3 - 8(14 - 8a5 N 8(16 __8(17
_9G;  9Gs 0G5  9Gy  9Gs Gy,  9G,  9Gy
B 8a8 8a9 B 8a10 a 8(111 B 8(112 B 8(113 B 8a14 a _8a15‘
(33)

Proof. The integral ff dzf will not depend on the path if there exists a
function G such that [Y dzf = Go+G1i+Gaj+Gsk+Gae +Gsi +Gej +Grk +

"

Gge' +Goi +Goj +Gi1k +G2e” +Gisi +Guj +Gisk = G(y)—G(z),
in way that value of this difference will depend solely on the extreme points G,
such that
0Gy 0Gy 0Gy 0Gy 0Gy 0Gy
dGy = d d d d da das
0 80a0+81a1+82a2+83a3+84 4+85
0Gy " 0Gy " 0Gy 0Gy 0Gy
8(16 8a7 8a8 8 8a9 8a10
8G0 Gy Gy Gy 0Gyo
——day1 + ——days + ——daiz + ——dayy +
T Ban T 9“2 B0y T B0, M G
= dag fo — day f1 — das fo — dag f3 — dayg fy — das f5 — dag fo — daz f7 — dag f3

— dag fg — daio fio — dai1 fi1 — dai2 fi2 — daiz fi3 — daia fia — das fis,

~0Gh 0G4 0G4 0G4 0G4 0G4
dG1 = 9 0d(lo—|— 90 1da1+ 90 2d&2+ 90 3da3+ 84d 4+8 5d

0G4 0G4 0G4 0G4 0G4
Jas D ——day + 9% 8da8+ 9% gdag—i- Daro

0G4 8G1 0G1 0G4 0G4
d d d d
T Ban M 8" T Bass " Ban "™ T Bass
= dao f1 + day fo + das f3 — das fo + daa fs — das f4 — dag f7 + daz fg + dag fo

— dag fg — daio f11 + dai1 fio — dai2 f13 + daiz fi2 + daia fi5 — dais f1a,

da10

d(115

da10

da15
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0Go 0Go 0Go 0Go 0Go 0Go
dGy = d d d d —d —d
Go g ap + Day ai + 9ay as + as as + Day a4 + as as

0G9 0G9 0Gs 0G9 0G9
+8—6da6+ e ——day + D0 Sdag—l- D0 9da9+6
Gy 8G2 0G9 0G9 0G9
—Zda —2da —Zda —2da
+811 H+81 12+81 13+81 14+81
= dag fo — day f3 + das fo + das f1 + day fe + das f7 — dag f4 — dar f5 + das f1o

+ dag f11 — daio fs — dai1 fo — daia fia — dais fis5 + dara f12 + days f13,

dag

da15

0G3 0G5 0G5 0G5 0G3 0G3
Bag d0+8 d1+8 d2+8 d3+8 da4+8—a5da5

8G3 8G3 da7 n 8G3 9G3 1ag + 8G3 9G3 14y + 0G3
8 8 8@10

0G3 8G3 0G3 0G5 G
da —da —da —da

Dary 11+81 12+81 13+81 14+8a15
= dao f3 + day fo — dag f1 + dag fo + day f7 — das fe + dag f5 — dar f4 + dag f11

— dag f10 + daio fo — dar1 fs — daia f15 + dai3 fia — daia f13 + dais fi2,

dGs =

dalo

+ da15

0G4 0G4 0G4 0G4 0G4 0G4
Baag d()-l-a d1+82da2+8 dg-l-a da4+8a5
8G4 0G4 0G4 0G4 0G4
aaﬁd 6 + Bar ——da7 + s ——dag + D0 da9+aa1

dG4— da as

da10

= dagfs — day f5 — das fo — das fr + day fo + das f1 + dag fo + dar f3 + dag f12
+ dag f13 + daio f14 + darr fis — dara fs — dais fo — daia fro — dais fi1,

B 0G5 0G5 0G5 0G5 0G5 0G5
dGs = 9 Oda0+ 90 1da1+ 90 2da2+ 90 3da3+ 90 4da4+ Das

JG G G JGs 0Gs
—da —d —d —d —d
t 905 T 90 M 90 18 T By 110 T 5y, 410
JGs 0G’ G 8G5 G
aaudau—l—a s da12+6 s da13—|—8 s 61(114-1-8 s
= dao f5 + day f4 — das f7 + das fe — daa f1 + das fo — dag f3 + dar f2 + dag f13

—dag f12 + dayig f15 — dayy fia + dais fo — daysfs + daysfi1 — days fio,

—das

da15
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0Gs 0Gs 0Gs 0Gs 0Gs 0Gs
= d d d d —d —d
a(lo g0+ a(ll o1+ 8(12 92+ 8(13 a3 + 8(14 G4t 8(15 4
0Ge 0Ge 0Ge 0Ge 0Gg

8(16 8a7 8a8 8 8a9 8a10

dGe

daio

6

daiy ¢ dai ¢ Oai3 ¢ Oaiy ¢ dais

= dao fe + day fr + das f4 — dag f5 — day fo + das f3 + dag fo — day f1 + dag f14
— dag f15 — dayo fi2 + dayi fi3 + daia f10 — dais f11 — daya fs + daqgs fo,

_0Gy 0Gr 0Gr 0Gr 0Gr 0Gr
dGr = day dag + 4, day + Jay das + das das + da dag + Ja: das
oG 0G7 0G7 0G7 oG
—Ldag + ——day + ——dag + ——d
+ Bag ag + Dar ar + Das ag + Datg ag + Batrg
0G7 0Gr 0Gr 0Gr 0Gr
8a11 dall + 8(112 da12 + 8a13 da13 + 8a14 da14 + 8(115

= dao f7 — day fo + daa f5 + dag f4 — day f3 — das fo + dag f1 + daz fo + das f15
+ dag fia — daig fi3 — darr fi2 + daia fi1 + daig fio — daia fo — dags f3,

dalo

da15

0Gy 0Gy 0Gg 0Gg 0Gg 0Gg

3, dagy + D, day + Daty dag + Bas dasg + a—a4d“4 + a—%dag)
0Gyg 0Gyg 0Gyg 0Gyg 0Gyg

+ 3—(16da6 + 8—a7da7 + 3—agda8 + a—agdag + —8a10 dayg
0Gyg 0Gg 0Gyg 0Gyg - 0Gs

Oaiy dai Oai3 dars ' Bays

= dag fg — day fo — daa f10 — daz f11 — daa f12 — das fi13 — dag fi4a — daz f15
+ dag fo + dag f1 + dayo fo + dayy f3 + days f4 + days fs + darafe + days fr,

dGg =

da15

_ 0Gy 0Gy 0Gy 0Gy 0Gy 0Gy
dGg = Dy dag + 4, day + Ja, das + D das + da dayg + Ja: das

0Gy 0Gy 0Gy 0Gy 0Gy
—d —d —d —d —d
* 8(16 a6 + 8a7 ar + 8a8 a8 + 8a9 a9 + 8a10 @10
0Gy 0Gy 0Gy 0Gy 0Gy
+ —3a11 day1 + —aaw dayo + —aalg dayz + —aam dayg + Dars
= dag fo + day fs — das f11 + dasz fio — daa f13 + das fi2 + dag f15 — daz fia

—dag f1 + dag fo — daio f3 + dai1 fa — dara f5 + daiz f4 + dara f7 — daqs f,

d(115
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dGio =

dGyy =

dG2 =

dG13 -
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0G1o 0G1o 0G1o 0G1o aGlo 0G1o
8a0d0+81da1+8a2da2+83da 8461l4+ 8a5da5
0G1o 0G1o 0G1o 0G1o 0G1o
g, 16+ 5, dar + 5 mdas + 5 Fdag + 5 da
0G1o 0Gho 0Gho 0G1o 0G1o
+8a11d11+8 611124-(9 d1-|—8 d1+81da15

dao fro0 + daq fi1 + dazfs - dasfg — day f14 — das f15 + dag f12 + day f13
— dag fo + dag f3 + dayg fo — dar1 f1 — daia f6 — dais fr + daia f4 + days f,

0G11 0G11 0G11 0G11 0G11 0G11
Baag dag + By ——da + Dty dag + Das das + 8—a4
oG oG oG oG oG
LG %Gy G o 9G, , 9G0
dar dag ay dayg

Odag
0G11 a OGH “ OGH 91 s + 0G11 G g+ 0G11
6a 8 a4

dag f11 — daq fio + daz fg + das fs — das f15 + das f14 — dae f13 + daz f12

—dag f3 — dag fo 4 dayo f1 + dar1 fo — dara f7 + daiz fo — daia f5 + das fa,

0G12 0G12 0G12 0G12 0G12 0G12
Oag dao + day da day daa + das das + day Day T das s
0G12 0G12 0G12 0G12 0G12
+0a d6+8 d7—|—8 d8+8 dg—l—aalodalo
oG (9G (9G 8G oG
+ 12 dai1 + 12d 12 + —12da13 + 12d 14 + 12 dais
8@1 8@1 8@13 8a1 8a1

dag f12 + day fi3 + dag f14 + das f15 + dayg fs — das fo — dag f10 — daz f11
— dag f4 + dag f5 + daig fo + dai1 fr + daia fo — daiz fi — dara fo — das f3,

0G13 0G13 0G13 0G13 0G13 0G13
—d —d d d —d —d
g ap + Day a) + Bas ao + Bas a3 + Daa ay + Bas as
0G13 0G13 0G13 0G13 0G13
da d d da d
+aa 6+a7 a7+88 a8+69 9+010 aip
3G13 0G13 0G13 0G13 0G13
aa11d11+8 d12+6 da13—|—8 d14+81
dag f13 — daq f12 + da2f15 - da3f14 +day fo + das fs + dag f11 — daz f1o

—dag f5 — dag f1 + dayo f7 — dayy fe + daya f1 + dais fo + days f3 — days fo,

da15
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0G14 0G14 0G14 0G14 3014 0G14
d = da —d d d ——da d
Gig Bag ag + —— Dy a1 + Day as + Bas as 8 m a4 + Bas as
0G14 0G14 0G14 0G14 0G14
——da d d ——da —d
+ Dag ae + Dar a7 + Das ag + Dag ag + Do aio
oG oG oG oG oG
+ e + = Hday + —Ldars + —2days + —2days
dayq Oaiz Oai3z daiy ais

= dag f1a — day f15 — das f12 + das f13 + daa fi0 — das f11 + dag fs + daz fo
—dasg f¢ — dag f7 — dayg f4 + daq1 f5 + dars fo — daiz f3 + dais fo + days f1,

3G15d ao + aGlE’da . 0G5 das + 0G5 0G5 0G5

80 81 8a2 2 83d3+84da4+ 8a5da5
0G5 0G5 0G5 0G5 0G5

T g a6+ 5, mdar + 5 Edas + 50 Fdag + - dao
0G5 3G15 0G5 0G5 0G5

4+ ——day1 + ——dais + ——dai13 + ——da4 + da
a1, ay + 5 s a2 + o ap (st 5 a4 Bays 05

= dag f15 + day f14 — das f13 — dag f12 + dag f11 + das fio — dag fo + dar f3

— dag f7 + dag fo — daio f5 — daiy fa + daia f3 + dais fo — daia f1 + dass fo.

dG5 =

Consequently, the following relations will appear immediatily:

9Gy 9G, 0G, 0Gs 0G; 0G5 0G, 9G; 0Gs
dap  Oa;  das  Oas  Oday  Oas  Odag  Oay  Oag
9Gy  9Gy  0Gn  0Gy  0Gh;  9Gu  0Gis

8(19 N 8(110 a 8(111 a 8&12 N 8(113 a 8(114 a (9&157

0Gi _ 0Gy _ 0Gs 0Gy 0G5 0G4 0Gr  0Gg  0Gy
dag  Oa;  Oas  Oas  Oay  Oaz  dag  day  ODag
aGg 0G11 . _8G10 . 8G13 . _8G12 . _8G15 . 0G14

8@9 8@10 N 8(111 a 8@12 N 8(113 a 8(114 a 8(1157

0Go . 8G3 8G0 0G4 8G6 - 8G7 0Gy 3G5 3G10

dag  Oay - das das C day das - dag  Oar  Oag
_8G11 . aGg 6G9 . 0G14 . 8G15 . 0G12 . 8G13

a(lg a 8(110 B 8a11 a 8(112 B 8a13 a 8(114 B 8(1157

0G;  9Gy 9G,  9Gy  9G; 0Gs  9Gs 9Gi  9Gu

8a0_ 8a1_8a2__8a3__8a4_8a5:_8a6:8a7:_8a8
N 3G10 - _aGg aGg N 3G15 - _3G14 N 3G13 - 3G12

a(lg a 8a10 a 8(111 B 8a12 a 8(113 B 8a14 a 8(1157




186 M.F. Borges, M.D. Roque, J.A. Marao
604 o 6G5 N 8G6 N 8G7 o _8G0 o 8G1 o _8G2 o _8G3 o _8G12
dag  Oay  Oasy das  Oay  Oas  Oag  Oar  Oag

_9G13 G 0G5 0Gs  9Gy  0Gy  9Gn
N 8@9 n 8@10 n 8(111 N 8@12 n 8(113 N 8@14 n 80,157
0G5 9G4y 0G;  0Gg 9Gy 090Gy 9Gs Gy  0Gy
dag  Oa;  Oay  Oas Oay  Oaz  Oag  Oar  Oag
_0Gip  0Gi5  9Gu  0Gy 3Gy 9G1 DGy
N 8@9 n 8(110 N 8@11 n 8@12 N 8@13 N 8@14 n 80,157
OGG i _8G7 i _8G4 . 6G5 B 8G2 B _6G3 B _OGO . 8G1 i _8G14
dag  Oa;  Oas  Oas Oday  Oaz  Odag  Oar  Oag
o 6G15 N 6G12 N _6G13 N _6G10 o OGH N aGg o _aGg
N 8@9 n 8@10 n 8@11 n 8a12 N 8@13 n 8@14 80,15’
0G; 090Gy 0G5  0G, 090Gy 090Gy — 0Gy  0Gy G
dag  Oay  Oay  Oas  Oay  Oas  Oag dar  Oag
o _8G14 N 8G13 o 6G12 N _6011 o _8G10 N 8G9 N aGg
N 8@9 n 8(110 N 8@11 n 8a12 N 8@13 n 8(114 n 8@15’
aGg . 8G9 B 8G10 B 8G11 . 6G12 . 8G13 B 8G14 . 6G15 . _OGO
dag  Oa;  Oay  Oag  Oay  Oas  Oag  Oar  Oag
_0G 9Gy Gy 090Gy 93G5  0Gs  0G;
n 6a9 n aaw n aau n 8a12 n 8a13 n 6a14 6a15’
8G9 B _aGg . 8G11 i _6G10 B 8G13 i _6012 B _6015 i 6G14
8&0 N 8&1 N Oag N 6a3 N 6a4 N 8a5 N 8&6 N 6a7
0GL  0Gy 9Gs  9Gy OG5 0Gy  9Gr  0Gg
n 6ag N 8&9 N aaw aau n 8&12 8a13 6a14 N 6a15’
8G10 _8G11 _aGg . 8G9 B 8G14 i 8G15 . _8G12 _6G13

8&0 N aal Oag N 8&3 N 6a4 N 8&5 N 6a6 N 6a7

C0Gy  9Gy Gy  9Gy  0Gs  9G; 9G4 0Gs
6a8 n 6a9 aaw n 8&11 n 8&12 N 8a13 n 6a14 6a15’

8G11 . 6G10 . _aGg . _aGg B 8G15 i _6G14 B 8G13 i _6012
8&0 N 8&1 N 8&2 N 8&3 N 6a4 N 8a5 N 6a6 N 6a7

_0Gs  0Gy  0Gy  9Gy 0G;  0Gs 93G5  0Gy
N 6a8 n ag aaw n aau n 8&12 N 8&13 N 6a14 n 6a15’
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3G12 . _8G13 . _8G14 B _3G15 . aGg 8G9 . 3G10 . 3G11

dag daq das das  Oay B das  Oag  Oay
_ 0Gy __8G5 __8G6 __8G7 __8Go ~0Gy  0Gy  0Gjy
8(18 B 8(19 B 8@10 B 8@11 B 8&12 B 8&13 a 8&14 B 8(1157

0Gi3  0G1,  9Gis  0Gu  9Gy  9Gs  9Gu  9Gu

8&0 B 8(11 a 8&2 B 8(13 a 8&4 8&5 8&6 B 8(17
_0Gs  0G,  0G; 0Gs  9G _ 9Gy  0G3  0G,
N 8(18 N 8&9 N 8(110 N 8@11 N 8&12 N 8&13 N 8&14 N 8(115’

0Gu  9Gi5  9G1;  9Gi;  9Gw  9Gn  9Gs 3Gy

8&0 8(11 8(12 8(13 8&4 8(15 8&6 8&7
_0Gs  0Gr 9Gy 0G5 090Gy, 9Gs 090G, G
N 8a8 N a(lg N 8(110 N 8(111 N 8(112 N 8a13 N 8a14 N 8a15’

3G15 . 8G14 . 8G13 . 8G12 . _8G11 . _8G10 . aGg aGg 8G7

dag  Oda;  Oay  Odaz  Oay das Jdag dar  Oag
__0Gs _ 0G5 _9Ga __0Gs __0Gy _ Gy __0Go
N a(lg N 8a10 N 8a11 N 8a12 N 8a13 N 8(114 N 8(115.

4. Conclusion

In this work we obtain a like wise extension of results and concepts of the clas-
sical complex variable theory, see [8]. Concepts such as left and right derivation
on independent paths have been all well discussed through the paper.
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