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RESUMO

Este estudo analisa o planejamento da producédo de lajes pré-moldadas decorrente
de fabricas brasileiras especializadas. A primeira parte desta pesquisa considera
o processo de producao de lajes alveolares, para o qual sdo propostos dois mode-
los matematicos baseados no problema de corte de estoque unidimensional mul-
tiperiodo com aspectos inovadores relativos a multiplos modos de manufatura que
podem ser usados para produzir as lajes. Visando a minimizagéo de custos de pro-
ducao e de estoque, os dois modelos sédo resolvidos por métodos heuristicos. Com
base em dados fornecidos por uma fabrica, resultados computacionais indicam a
relevancia de tais modelos como ferramentas auxiliares na tomada de decisao. A
segunda parte deste estudo trata o processo de producao de lajes trelicadas, o qual
compreende dois estagios: corte de trelicas de aco e concretagem nos moldes. O
modelo matematico proposto consiste em um problema de corte de estoque uni-
dimensional multiperiodo de dois estagios de modo a minimizar custos de setup,
producao e estoque sob restricbes de capacidade e balanceamento de estoque.
Diferentes estratégias de solucdo baseadas no método de geracao de colunas sao
aplicadas a este modelo para gerar os padrdes de corte que serdo utilizados na
producdo, e um pacote computacional é utilizado para identificar solucdes inteiras.
As instancias sdo baseadas em informacdes obtidas da fabrica e os resultados

computacionais ilustram a aplicacdo do modelo proposto em um contexto realista.

Palavras-chave: Problemas de corte de estoque multiperiodo, Producao de laje
alveolar, Producao de laje treligada, Relax-and-fix, Geracao de colunas.



ABSTRACT

This study looks at the production planning of precast slabs derived from specialized
Brazilian factories. The first part of this research considers the production process
of hollow-core slabs. For this, two mathematical models are proposed for the aris-
ing problem, which consists of a multi-period one-dimensional cutting stock problem
with innovative aspects regarding the multiple manufacturing modes that can be
used to produce the slabs. These models are solved using heuristic methods, both
models aiming at the minimization of production and inventory costs. Based on real
data provided by a company, the computational results indicate the relevance of
such models as auxiliary tools in decision-making. The second part of this study
addresses the production of lattice slabs, which comprises a process in two stages:
cutting steel trusses and concreting them in the molds. The proposed mathematical
model is expressed by a two-stage multi-period one-dimensional cutting stock prob-
lem and aims at the minimization of setup, production and inventory costs, subject to
capacity and demand balance constraints. To solve this model, different strategies
based on the column generation procedure are implemented to generate the cutting
patterns used in the production and then different rounding strategies are applied
to identify integer solutions. The instances are based on information obtained from
the factory and computational results are used to evaluate the application of the

proposed model in a realistic context.

Keywords: Multi-period cutting stock problems, Hollow-core slab production, Lattice
slab production, Relax-and-fix, Column generation.
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1 Introduction

The advances in infrastructure conquered by humanity in the last two centuries
are clear. In civil construction, industrial processes ease and speed up building while
offering durability, sustainability and quality control. In the second industrial age,
precast concrete combined with steel emerged as new technology to compose struc-
tural elements of buildings, including joists, beams, columns, modular boxes, stairways
and walls, among other components. The use of precast elements enhances techno-
logical and social development since their application combines more sophisticated
equipment, better working conditions and more efficient quality management. Conse-
quently, an increasing use of precast concrete has been seen (Debs, 2000; Steinle et al.,
2019). However, the construction industry in Brazil still has many challenges, since
there is widescale waste of materials, low productivity, low quality, slow processes and
an informal and low-skilled workforce. To face these challenges, this sector has been
increasingly integrating innovative technologies and management tools into its produc-
tion processes, aiming to increase productivity, quality, safety and client satisfaction
(Debs, 2000; Barbosa and Vilnitis, 2017).

In the light of growing competitiveness, environmental responsibility and lack of
resources, the industrial sector has had to develop decision-making tools intending
to both design and produce materials economically and efficiently. As a scientific
tool, mathematical modeling applied to industrial processes provides objective and
measurable support for decision-making. In these circumstances, the cutting stock
problem (CSP) can be a helpful approach to solve arising problems.

The cutting stock problem arises in many industries as a fundamental subproblem
of production planning and establishes the best way to cut standard length objects
(material units such as aluminum or paper coils, metal or wood sheets, and steel bars,
among others) into smaller items with specified dimensions, minimizing material waste
while meeting the demand (Dyckhoff, 1990, Wang and Wischer, 2002, Wischer et al.,
2007, Morabito et al., 2009, Gomes et al., 2016). There are many studies of the CSP
from different perspectives. For example, the residual length of a cutting pattern can
be stocked for future use, i.e. handling the usable leftovers (Cui et al., 2017). A

multi-objective approach can also be considered, aiming, for example, to minimize the
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18 Introduction

frequency of different cutting patterns to be used and, simultaneously, to minimize the
number of cut objects (Aliano Filho et al., 2018, Thsan Erozan and Calskan, 2020,
Oliveira et al., 2021). Another perspective in production planning is the approach of
multiple periods, where the decision can be made looking not only at the demand of
a single period but considering the demand of future periods of a planning horizon
(Aktin and Ozdemir, 2009).

The main objective of this thesis is to study mixed-integer linear programs applied
to the production planning of hollow-core slabs and lattice slabs. According to the
classification in Melega et al. (2018), the models presented here consist of a Multi-
Period Cutting Stock Problems (MPCSP), also denoted by ( - /L2/ - /M), since they
do not presuppose more than one production level and allow integration of periods by
carrying inventory items from one period to another. Here, the one-dimensional case
of the cutting process is considered.

In Chapter 2, there is a literature review on the cutting stock problems, includ-
ing papers with similar applications to those addressed in this research, along with
a discussion of the mathematical formulations and papers that address mixed-integer
mathematical models with cutting processes of two stages. The next two chapters of
this work are based on the production planning of precast slabs derived from two differ-
ent companies. Chapter 3 addresses the hollow-core slab production planning problem
of a plant, and Chapter 4 is based on the production process of a factory specialized
in lattice slabs.

More specifically, Chapter 3 is based on the published paper by Signorini et al.
(2021) that focuses on the production planning of hollow-core slabs at a specific plant,
which is briefly described next. First, an order form is considered. It contains the client
order specifications: prestressed wire configurations, the length of the slabs and the due
date. Based on this information, the production manager plans weekly when, which and
how many hollow-core slabs (items) should be made in each available mold. Following
these instructions, the assembly sector conducts the preparation of the mold, pre-
stressing, casting the concrete, curing, post-tensioning, wire release and item removal.
A more detailed description of this process is presented in Section 3.1. Considering the
previously-described production process and focusing on the weekly planning decision
on which hollow-core slabs will be produced in each available mold, the main contri-
bution of Chapter 3 is the proposal of two mathematical models based on the cutting
stock problem literature, aiming at the minimization of inventory and production costs
(mainly related to the use of steel wires) subject to demand balance and capacity con-
straints, as presented in Section 3.2. There is one aspect of these models which, to the

best of our knowledge, has not appeared in other studies in the literature about cutting
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stock problems. In this study, the handling of wire configurations is more comprehen-
sive, as it contemplates the combination of items with different wire configurations in
the same production line (same mold) under an unusual restriction: to reduce the total
costs, an item might be produced with a wire configuration whose load is equal to or
higher than that required (multiple manufacturing modes). Moreover, a theoretical
analysis of the compact and extended formulations is discussed in Section 3.3. The
solution methods are described in Section 3.4. The first proposed model is solved by
an exact method and heuristic methods, based on decomposition approaches, are used
to solve both models. Considering a data set based on real information, Section 3.5
analyzes the computational results, which provides an interesting introspection for the
industry. Section 3.6 summarizes the outcomes of Chapter 3 and some directions to
amend this study.

Looking upon the lattice slab production process of a Brazilian factory, the main
contribution of Chapter 4 is the proposal of a mathematical model for the produc-
tion planning of lattice joist based on the one-dimensional multi-period cutting stock
problem with two stages. In the joists’ production process, a limited number of molds
is used, which are divided into sections of equal length. The production planning of
lattice slabs is also weekly and the production process starts with the preparation of
the molds. Next, each mold is filled with concrete. The steel trusses previously cut
into the length of the items are used as reinforcement, being inserted into the still
liquid concrete base. Subsequently, the items are removed from the molds, resetting
the production cycle. A more detailed description of the production process of lattice
joists is presented in Section 4.1. The main concerns of the factory are the waste of
steel trusses during the cutting process, the minimization of the setup and inventory
costs and the increase in productivity. Considering a cutting process with two stages,
Section 4.2 introduces a mathematical model based on the cutting pattern formulation
that matches the factory objectives while meeting demand and satisfying capacity con-
straints. The first stage is the cutting of steel trusses of standard length into pieces
of specific lengths, and the second stage consists of dividing the molds with separators
that will outline the allocation of each item. Different cutting patterns in the multiple
sections of each mold are allowed, which entails a setup cost related to this use. To
the best of our knowledge, this approach has not been handled by any other studies
in the literature on cutting stock problems, since we optimize the multi-period cutting
stock decisions in a two-stage scenario simultaneously. Another contribution of this
research is the proposition of different column generation-based methods with inno-
vative aspects arising from the two-stage problem, where two types of subproblems

have to be solved. Exploring decomposition by stages, different rounding strategies are
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also proposed. Details are specified in Section 4.3. To evaluate the application of the
proposed model in a realistic context, Section 4.4 presents the computational results
based on information collected from the factory. Conclusions and opportunities for
further research are discussed in Section 4.5.

Finally, Chapter 5 revises the contributions of this thesis and points out some
perspectives for extending the research presented here. Other contributions of this
thesis are presented in the appendices. Appendix A illustrate by a numerical example
the application of the solution methods proposed in Chapter 3. Tables with more
detailed computational results of Chapter 3 can be found in Appendix B. Variations
of the solution strategies proposed in Chapter 4 are in Appendix C. Lastly, Appendix
D contains a general example to illustrate the model proposed in Chapter 4 and the

application of one of the proposed solution strategies to a numerical example.



2 Literature review

This chapter reviews papers that are related to the topics studied in this thesis.
To do so, the revision includes studies addressing (i) the Multi-Period Cutting Stock
Problem, as well as its integration with other production levels and other problems,
in different applications; (ii) studies applying cutting stock problems (not restricted
to multi-period cutting stock problems) to the concrete industry; and (iii) papers that

tackle mixed-integer mathematical models with cutting processes of two stages.

2.1 Multi-Period Cutting Stock Problems

The mathematical models proposed in this thesis to represent the production plan-
ning of precast slabs consist of one-dimensional Multi-Period Cutting Stock Problems,
(- /L2/ - /M) according to the classification in Melega et al. (2018), since only one
production level (cutting objects) is considered and there is the integration of periods
by carrying inventory items from one period to another. The one-dimensional multi-
period cutting stock problems can be seen in a variety of industrial settings. Respicio
and Captivo (2002) presented an adaptation of the Gilmore and Gomory (1961) Column
Generation (CG) formulation, also called extended formulation due to the exponential
number of variables, for the cutting stock problem found in an application process
of the paper industry. The mathematical model considers cumulative demand, initial
inventory variables and capacity constraints, which are modeled in terms of the total
processing time of the objects in each period. Gramani and Franga (2006) approached
a problem from the furniture industry. They modeled an extended capacitated multi-
period cutting stock problem with setup costs, in which the goal was to minimize the
trim loss, the inventory and setup costs. Trkman and Gradisar (2007) presented a com-
pact (number of variables and constraints is bounded by some polynomial function)
formulation for a general application of the one-dimensional multi-period cutting stock
problem considering the use of objects/leftovers in stock. Aktin and Ozdemir (2009)
developed and implemented a solution method at a medical apparatus manufacturer,
proposing an extended model to meet the demand of items, where the cutting pat-

terns were generated with minimum waste. The resulting cutting patterns were used
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as input in a capacitated cutting stock problem with setup time and costs for each
cutting pattern. The number of objects used in the cutting process was limited by
the number available. In a general context, Poldi and Arenales (2010) proposed an
extended multi-period cutting stock problem, implementing the simplex method with
CG to solve the linear relaxation and developed two rounding heuristics to find integer
solutions to the problem.

It is worth noticing that, when addressing a cutting stock problem with multiple
periods integrated to other production levels, e.g., planning of the acquisition of the
objects (level 1), or the assembly of the final products using the pieces as components
(level 3), Melega et al. (2018) classify the resulting problem as the Integrated Lot-sizing
and Cutting Stock Problem. Recently, many papers have applied this integrated prob-
lem to several industrial contexts, such as: corrugated box factory (Savsar and Cogun,
1994), furniture industry (Morabito and Arenales, 2000, Vanzela et al., 2017), sheet
metal operations (Verlinden et al., 2007), window frame manufacturer (Kim et al.,
2016), paper industry (Leao et al., 2017, Campello et al., 2020, Melega et al., 2020),
mattress industry (Christofoletti et al., 2020), wood products (Kokten and Sel, 2020),
and in more general contexts (Gilmore and Gomory, 1961, 1963, 1965; Dyckhoff, 1981,
Foerster and Wascher, 2000; Yanasse and Morabito, 2006; Wang et al., 2019). Nasci-
mento et al. (2020) addressed the integrated lot-sizing and one-dimensional cutting
stock problem with usable leftovers. Considering the production process of automo-
tive springs, Andrade et al. (2021) proposed an integrated lot-sizing and cutting stock
model to reduce inventory costs and losses in the steel bar cutting process, taking into

account, parallel machines and assembly of final products in multiple time periods.

2.2 Cutting Stock Problems in the concrete industry

Recalling that the focus of this research is in the context of civil construction,
some related papers are discussed here. Prata et al. (2015) used the compact formu-
lation of the one-dimensional multi-period cutting stock problem to model the precast
concrete beam production problem, to minimize the production waste, while satisfy-
ing capacity constraints. Vassoler et al. (2016) proposed an extended formulation of
the one-dimensional multi-period cutting stock problem model for the beam produc-
tion planning problem in the lattice slab industry. Lemos et al. (2021) proposed an
extended one-dimensional cutting stock problem model based on the concrete pole pro-
duction process with the goal of minimizing the cost of the objects while meeting the
demand for final products with different configurations. Introducing a novel linear pro-

gramming model similar to the classical model for one dimension, Araujo et al. (2021a)
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and Aratjo et al. (2021b) integrate the production planning problem of heterogeneous
prestressed precast beams and the problem of cutting steel bars. In their papers, the
focus is on minimizing mold idle capacity, total completion time (makespan) and/or
waste of materials while meeting the demand and fulfilling constraints over the use of
cutting patterns corresponding to specific characteristics of the application.

We could not find any mathematical model that contemplates the same aspects
(multi-manufacturing modes in a multi-period setting) that are being addressed in
Chapter 3 of this thesis. Even so, importantly, in Lemos et al. (2021), distinct alterna-
tives of steel modes are acceptable to compose a concrete pole. However, the authors
consider a single period cutting stock problem applied to a totally different context

when compared to the contents of Chapter 3.

2.3 Two-stage cutting processes

In a similar approach to that developed in Chapter 4, there are papers tackling
mixed-integer mathematical models with two stages of cutting processes in different
contexts. Correia et al. (2004) reported a supporting system to the cutting planning
at a Portuguese paper mill, proposing two models to minimize waste satisfying the
production order. In this study, they approach the concept of an auxiliary reel, related
to the technological process involved, requiring the generation of sub-patterns. Rein-
ertsen and Vossen (2010) proposed a general cutting stock problem that integrated the
generation of cutting patterns with due date restrictions on the orders. They also pre-
sented extensions applied to the cutting of reinforcing steel bars. Santos et al. (2018)
proposed a two-stage one-dimensional cutting stock problem that arises from the steel
industry, in which ingots (objects in stock) are cut into billets that will be heated and
molded into the shape of a bar, which is then cut into smaller bars, the final products.
Muter and Sezer (2018) introduced an exact column-and-row generation algorithm to
a two-stage extension of one-dimensional cutting stock problem in a general context.

Regarding the lattice slab production planning problem addressed in Chapter 4,
where two stages of production are considered (cutting steel trusses and dividing the
molds outlining the allocation of each item), the proposed model evaluates the use
of different cutting patterns in the multiple sections of each mold. To the best of
our knowledge, this approach has not been investigated by any other studies in the

literature on cutting stock problems with two stages.



3 The multi-period cutting stock problem ap-

plied to hollow-core slab production

This chapter approaches the study on the production planning of hollow-core slabs,
where two models for the multi-period cutting stock problem are proposed to mini-
mize the inventory and preparation costs, while demand balance, capacity and some
industry’s specifications are met. A novel feature incorporated in these models is the
handling of wire configurations, where it is possible to merge items with different wire
configurations in the same production line (same mold). Also, an atypical restriction is
considered: an item must be produced with a wire configuration whose load is equal to
or higher than the required one. Exact and heuristic solution methods for these mod-
els are proposed and computational results are presented. In the end of this chapter,
the results reviewed and directions for extending this study are discussed. This chap-
ter is based on the paper “One-dimensional multi-period cutting stock problems in the
concrete industry” by C. A. Signorini, S. A. de Araujo and G. M. Melega that was pub-
lished in International Journal of Production Research, 09 Mar 2021, and is available
on https://www.tandfonline.com/doi/10.1080/00207543.2021.1890261.

3.1 Production process

In this section, the production process of prestressed concrete structures, such as
hollow-core slabs, is described as illustrated in Figure 3.1.} Initially, the client order is
specified along with the due date on a order form. The order (demand) describes the
required quantity of items of a certain length and wire configuration by a fixed date.
Here, the term “wire configuration” means the number of steel wires that compose the
slab loads (objects). This information goes to the production planning department,
where the process managers make a weekly plan, deciding when, which and how many
items must be produced, making decisions according to their knowledge and giving
preference to the items that appear in contracts with a shorter due date. Note that it

is possible to produce items for different clients in the same production line (a mold,

Images retrieved from Elecosoft PLC (2010) and CBS Precast Limited /3D Warehouse (2015).
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in this case). Generally, client orders are considered about three months before their
due date. However, urgent orders may appear, and in this case, daily reprogramming
must be performed.

Production planning goes to the assembly sector which consists of the production
of the items, from the preparation of molds, prestressing, casting concrete to item
removal. Generally, the company uses limited number of identical molds in the same
period. At first, each mold is cleaned and a release agent is applied in it to avoid
damage to the mold or the items to be produced. Then, concrete separators are placed
according to the planning (Figure 3.1(a)), and steel wires are stretched from the top
to the bottom of the mold (Figure 3.1(b)). The next step is casting the concrete: with
no interruption, the concrete is placed into the mold (Figure 3.1(c)) and allowed to
set. After the curing process, the steel in the concrete is stretched (Figure 3.1(d)).
When the concrete reaches the desired compression strength, the connection between
the wires is released (Figure 3.1(e)) and items are made from that mold. After the
concrete reaches sufficient strength, each item is removed from the mold carefully so
as not to damage its edges (Figure 3.1(f)) and transported to storage.?

Here are some points to note about this production process:

e concrete separators are placed along with the mold to define the beginning and
the ending of each item, as illustrated in Figure 3.1 (a) Mold preparation. The
only limitation to the placement of the separators is the mold length so that it

is possible to use the whole mold in the production;

e the production planning manages the assorted items for each period, in which
items of various sizes with different wire configurations can be placed in the same

mold;

e in each period, the quantity of steel wires placed in a specific mold corresponds to
the highest number requested among all demanded items that will be produced in
that mold, and the loads are readjusted manually in each part. The leading wire
configuration refers to the highest number of steel wires in a mold. The extra
wires are not removed from an item, they are prevented from being stretched
after the concrete is cured (see Figure 3.1 (d) Cure and post-tensioning). It is
worth mentioning that, in the case of mixing different wire configurations in the
same mold, there is a waste related to the excess of wires in the items of lower

loads;

2See more about prestressed concrete structures production in Husein and Softi¢ (2013), The
Prestressed Group (2020) and International Prestressed Hollowcore Association (2020).
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[/ Production planning

_________ =

Assembly sector:

N
!
!

(a) Mold preparation. (b) Prestressing.

(c) Casting concrete. (d) Cure and post-tensioning.

(e) Wires release. (f) Ttem removal.

(g) Finished items.

Figure 3.1: The production process of prestressed concrete structures.
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e any unused wire length in a part of the mold where there is no casting of concrete
is considered a loss. Prestressed steel wires are of a high cost in the production

of prestressed concrete structures;

e considering that the capacity of the production is limited to the number of avail-
able molds in each period and that the concrete cure takes about a day, the

production bottleneck consists of the use of these molds;

e related to the storage management, the plant do not appraise a fixed value for
stocking items. But since it is a task to be handled, a inventory penalty cost is

attributed to each unit of item brought between periods.

3.2 Mathematical models

Two mathematical models are proposed for the production process of hollow-core
slabs. The problem is the one-dimensional multi-period cutting stock problem, con-
sisting of cutting large objects (molds) available in inventory into smaller items (slabs)
to minimize inventory penalty and production costs, satisfying demand balance and
capacity constraints.

In the literature about cutting stock problems, the mathematical models can have
compact or extended formulations, according to the number of constraints and vari-
ables involved. Some compact models use the ideas presented by Kantorovich (1960),
that describe how to cut each object in stock via assignment variables and additional
constraints that represent the physical limitations of the cutting process, in terms of
object size/length/area/volume. Other compact formulations are based on the arc
flow model of Valério de Carvalho (1999, 2002). Cutting stock problems modeled
by extended formulations are derived from the well-known idea of cutting patterns
(Gilmore and Gomory, 1961, 1963, 1965), in which the decision variables represent
the corresponding frequencies of the cutting patterns which are composed of feasible
combinations of cutting items from each object type.

In the practical application addressed in this chapter, a low demand rate of items
arises, which is closely related to bin-packing problems. Some researchers argue that
Kantorovich (1960) based models should be considered by studies where the average
demand for items is low, as occurs in bin packing problems, and yield a weak lower
bound to the integer problem (Valério de Carvalho, 2002), as well as possibly presenting
symmetrical structures, causing branch-and-bound methods to be less efficient. On the
other hand, models based on Gilmore and Gomory (1961, 1963) perform better in cases

where the average demand for items is high as can be seen in cutting stock problems.
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The solution from these models offers a tight linear relaxation, producing stronger lower
bounds, since it eliminates some fractional solutions (Savelsbergh, 2008) and manages
to remove symmetries. In this chapter, both types of formulation are addressed to
emphasize the main advantages and disadvantages of each approach to the cutting

stock problem being studied here. Next, these models are described in more detail.

3.2.1 A Kantorovich-based multi-period cutting stock problem
(KMPCSP)

The first model is based on the formulation resulting from the description of the
problem presented in Kantorovich (1960) for the one-dimensional cutting stock prob-
lem. It consists of the assignment of items to objects in order to be cut. We consider
setup, inventory penalty, and production variables. The cutting patterns (item ar-
rangement along with the mold) are explicitly assigned in the formulation. In this

model, the following sets, parameters, and decision variables are necessary:

Sets:

I: set of items, {1,...,|I|} (index 7);

T: set of wire configurations, {1,...,|T'|} (indices 7 and 3);
K,: set of molds available in period p, {1,...,|K,|} (index k);
P: set of time periods, {1,...,|P|} (index p);

Parameters:

W: mold length;

c: cost of a meter of steel wire;

w;: length of item i;

hi p: inventory penalty cost of item ¢ in period p;

fr: number of steel wires in the wire configuration 7;

d; gp: demand of item ¢ with wire configuration § in period p;

Decision variables:

Y. rp: binary variable that takes value 1 if the leading wire configuration 7 is used
in mold £ on period p;

Si.pp: inventory level of item 4 with wire configuration 8 at the end of period p;

Zigrkp. quantity of item ¢ with wire configuration [ produced in mold %k with

leading wire configuration 7 in period p.
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Mathematical model KMPCSP:

minimize Z Z Z hm; . Si,@p +c- hiy‘p‘ . Si’5,|p|

icI BeT P

€Il \ pE8 (3.1)
YN N W (f 1) Yoy

€T peP keK,
subject to

Z Z ZiBrkp+ Sigp-1—Si8p=digp Vi, V8, Vp (3.2)
T>2B kEK),

Z Z Wi - Zigrkp S W - Yrgp VT, Vk, Vp  (3.3)
i€l BT

Y Vipp <1 Vk, Vp  (3.4)
TeT
Sipo=0 Vi, V3,  (3.5)

YTvkvp € {07 1}’ SZ,B,p € R+’ Zi7ﬁ77-7k7p € Z+ \V/Z, vﬁ’ \VIT7 Vk:7 vp‘ (3'6)

The objective function (3.1) minimizes the total cost. The first term is the inventory
cost and the extra penalization cost to products left as inventory items in the last
period of the planning horizon. This last cost is based on current company politics:
hollow-core slabs are produced only on demand since each client’s construction project
is unique and the use of the building and the loads applied will determine the slab
characteristics. The second term of the objective function is the mold cost related
to the preparation of the molds, which demands time, use of cleaning products and
workforce. In each period, a mold is cleaned and used at most once. In a real-world
problem observed in the plant, some items did not require the use of steel wires, hence
it is used the term f, + 1 instead of f; to handle null coefficients for variables Y.

Constraints (3.2) are the demand balance and constraints (3.3) impose the capacity
limits of the production process in terms of the length of the mold. Constraints (3.4)
limit to one the number of leading wire configurations for each mold £ in each period p,
regarding the number of steel wires to be placed along with the mold - this condition is
detailed in Section 3.1. Constraints (3.5) ensure that production starts with no initial
inventory and constraints (3.6) provide the integrality and non-negativity requirements.

Observe that, for each period p, the limit to the number of available molds is
implicitly included in the model, and is represented by the label k£ belonging to the
finite set K.
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3.2.2 A Gilmore and Gomory-based multi-period cutting stock
problem (GGMPCSP)

Another formulation presented in this section for the hollow-core production plan-
ning problem is based on Gilmore and Gomory (1961, 1963). The structure of this
model uses the idea of cutting patterns: the possible combinations of ordered items
satisfying the mold length limit. Let J-, be the collection of cutting patterns with lead-
ing wire configuration 7 € T" in period p € P, also described by the set {1,...,|J;,|}.

The cutting patterns are represented by columns of the type

T
Ajovp - (al,Ljﬂ',P? a/271’j17-7p7 R 7a/iaﬁ)j’7_7p7 tee ’a/lllv‘TlvjvTvp) ) (37)

where j € J.,, and a; g j -, is number of items ¢ with wire configuration 3 in the cutting

pattern j. So a valid cutting pattern A; ,, satisfies

DD ipgen wi < W, (3.8)

i€l BT

i gjmp € Loy Vi, V. (3.9)

Recalling that an item can be produced with the number of steel wires equal or greater

than that which it demands, a cutting pattern A; ., is only valid if it also satisfies

Z Z Qi 8.4, rp = 0. (310)

i€l B>T

In this model, it is assumed that all possible cutting patterns are known a priori.
Thus, a large number of variables related to the cutting patterns is involved, which
generally makes computation an infeasible task. To deal with this problem, a heuristic
method using the CG procedure, described in Section 3.4.2; is used. The following

parameters and variables are considered:

Parameters:

Cap,: number of available molds in period p;

Variables:

X rp: number of molds used according to cutting pattern j with the leading wire

configuration 7 in period p;
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Mathematical model GGMPCSP:

minimize Z Z Z hm, . Siﬁ,p +c- hi7|p| . Si,ﬁ,\PI

icl BeT \ peP
e \reh @11
XD D Wee (fr 1) Xjiry
TET pEP jEJ  p
subject to

SN ipirp Xjrp+ Sipp1—Sigp=digp Vi, V8, ¥p  (3.12)
TZ/BjeJT,P

Z Z Xjrp < Cap, Vp (3.13)
T€T j€Jrp

Sipo=0 Vi, V3 (3.14)
Sigp €ERy, Xjrp€Zy Vi, VB, Vr, Vi, Vp. (3.15)

As in the previous mathematical model, in GGMPCSP, the objective function (3.11)
minimizes the total cost: inventory cost with extra penalization costs to the last period,
and mold cost, regarding the number of used wires. The term f, + 1 is used to contour
null coefficients for variables X since we observed that in a real production context
some items might not require the use of steel wires.

Constraints (3.12) establish that the production of slabs meets the client’s demand,
whereas constraints (3.13) impose the capacity limits of molds availability. Constraints
(3.14) determine that no initial inventory is considered and variables domain is ex-
pressed by constraints (3.15).

We observe that the parameters Cap, correspond to the same number as |K,], i.e.,
Cap, is equal to the size of set K, of the KMPCSP, limiting the number of used molds

to a given available quantity in each period p.

3.3 A theoretical analysis of the formulations

In this section, the models GGMPCSP and KMPCSP are shown to be alternative
formulations to the studied problem and, also, that the linear relaxation bound pro-
vided by the GGMPCSP formulation is stronger than the KMPCSP one. The proof
consists of applying Dantzig-Wolfe decomposition to the compact KMPCSP model in
order to obtain the extended GGMPCSP model. The proof here presented is based
on the arguments presented in Vance (1998) and Valério de Carvalho (2002). This ap-
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proach is generally used to get stronger lower bounds for the cutting stock problem. It
cuts off fractional extreme points of the knapsack polytope, which are feasible solutions
to the linear relaxation, i.e., it considers only the non-negative linear combinations of
the integer solutions to the knapsack problem.

For each leading wire configuration 7 € T, period p € P and mold label k € K,
the Dantzig-Wolfe decomposition applied to the knapsack constraints (3.3) implies that
these constraints can be replaced by a convex combination of the extreme points of

their convex hull, mathematically described by the bounded and convex polytope

k I|x|T
CT"P =convi Zryp € ZU Il Z Z wi - Zigrkp < W, Z Z Zigrkp =0,
i€l B<T i€l B>1

considering the knapsack integer solutions. This fact is based on the Minkowski The-
orem (which can be found in Jiinger et al. (2009), p. 435) since C™*? has a finite
number of extreme points but no extreme rays. In other words, the polytope C7*P? can

be represented in the form

Tk _ > [T] . _ } : Al 2 : i J
¢ - Z77k7p € Z+ ' Z77k7p - /’LT,k,p AT,k,p’ /’LT,k,p - 1’ HT,k,p 20
JEN JENT k.p

where Ai,k,p = (a{,l,f,k,p’ e ,agﬁmk’p, e ’aljfl,IT\,T,k,p> e ZUIHTI with j € N; p, TED-
resent the extreme points of C7*P and N;1p is a finite set of indices. Considering
this notation, we obtain the following Dantzig-Wolfe-based multi-period cutting stock
formulation (DWMPCSP):

minimize Z Z Z hip - Si757p +c- h@\p\ . Si757|p|

iel BeT | peP

p#I Pl (3.16)
20, D Wee 4| Dy,
T€T peP jEN, 1 p keK,

subject to

S’l,ﬁ,p—l + Z Z Z /’Lz-,k,p ’ ag,ﬁ;r,k,p - Slvﬁvp = dZ,B,p Vi7 vﬁ’ vp (3'17)

T2B JEN: k,p KEK)
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o> <1 Vk, Vp (3.18)
TET]'GNT’}CJ,

Mool <1 VT, Vk, Vp (3.19)
jeNﬂ',k,p

> il alsn, €2y Vi, VB, Vr, Wk, Vp (3.20)
jeNT,k,p
Sigo=0 Vi, Vg (3.21)
1 s Sipp € Ry, Vi, VB, Vr, Vk, Vp, Vj. (3.22)

In the previous formulation, the parameters ai 5.rkp TePresent the number of items
1 with wire configuration 3 in the cutting pattern j in mold k£ with leading wire con-
figuration 7 in period p. Constraints (3.17) ensure that the chosen patterns attend the
items demand and constraints (3.18) limit to one the number of cutting patterns and
leading wire configurations to each mold &k and period p. For each mold k£ with leading
wire configuration 7 in period p, the convexity constraints (3.19) determine that only
cutting patterns in the convex hull of the integer solutions to the knapsack constraint
must be considered. Note that the inequality in this constraint is justified by the val-
idation of the null solution to the knapsack problems. Constraints (3.20) guarantee
that each convex combination result in an integer cutting pattern. Constraints (3.21)
indicate that no initial inventory is available, and the variables domain is described by
constraints (3.22).

Note that the sets C™*? can be differentiated one from the other only if the leading
wire configurations are distinct since all molds have the same length. This unique
condition is due to the load limitation in the production process: an item can be
produced only with a load equal to or higher than the one described by its requested
wire configuration. Hence, there is a single set of feasible cutting patterns to all molds
with leading wire configuration 7, in other words, C™ can be denoted as an alternative
to CTRP,

The previous formulation can be simplified. Note that constraints (3.19) and (3.20)
imply that each cutting pattern j is a feasible integer solution to the knapsack con-
straint, thus, we can look upon all integer points of C™? instead of its extreme points
only. Let A, ., = (a1,17j777p, ey Qi By a|1|7‘T‘,j,Typ), with j € J.,, be the feasible
integer solutions to the knapsack constraint to a mold with leading wire configuration
7 and period p € P. Without eliminating any feasible solution, variables /HT‘,,W can
be set to be binary and the convexity (3.19) and integrality (3.20) constraints can be
dismissed from the problem. Considering this, integer variables X ;, can be defined

as the number of molds using cutting pattern j with leading wire configuration 7 in
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period p, which can be also described as

Xjrp = > _ iy, Vi, V7, Vp.

keK,

Denoting by Cap, = |K,| the number of available molds in period p (capacity), con-
straints (3.18) imply

Z Z Xjrp = Z Z Z /’[’Z',k:,p < Z 1 = |Ky|= Cap, Vp.

€T jedrp T€T jeJrp k€K, keK,

Hence, we recover the Gilmore and Gomory-based model (3.11)-(3.15).

The formulations DWMPCSP ((3.16)-(3.22)) and GGMPCSP ((3.11)-(3.15)) pro-
vide the same lower bound by linear relaxation. First, it is proved that a solution from
GGMPCSP can be derived from a DWMPCSP solution. Note that N, C J;, for all
T €T, ke K and p € P since N, is the index set of integer extreme points of C™
and J;, is composed of indices that represent all the integer points of C™?. In other
words, each feasible cutting pattern represented by a column Ai,k,p of DWMPCSP can
be also described as a column A; ;, of GGMPCSP. Let ﬂi’k’p € Ry and S@Byp € Ry be
solutions to DWMPCSP. For each 7 € T and p € P, define

) > iy, if §€ Ny,

Xj,T,p = keK
0 if j€Jrip\ Negp-

Then

Foa(X) = Z Z Z hip - Sipp+c hijpl - Sigp

iel BeT | peP
p#|P|

D2 D Wee (4 1) Xny

TET pEP jEN, 1 p

)3 DL FIRES R

iel BeT | peP
p#|P|

Yy Y w-c-<fT+1>.(zﬂ1,k,p)FDWW

TET pEP JEN; 1 p keKp

i.,e., a GGMPCSP solution can be derived from a DWMPCSP solution and their

objective values coincide.

It remains to show the reverse, i.e., that a solution from the DWMPCSP can be
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derived from a GGMPCSP solution. To simplify the notation, let N, denote N,
(as explained previously, if 7 and p are fixed, the sets N, are identical regardless of

the mold label k) and write
Nep=A{12,... N} CSH{1,2, .. | Noply INspl 1, oo [ epl = Trps

so that the first |N;,| indices of N, , and J;, correspond to the same columns, which
represent the extreme points of the convex hull of the integer solutions to the knapsack
problem with leading wire configuration 7 € T and period p € P.

Let ijp € R, and 5}75@ € R, be solutions to the linear relaxation of GGMPCSP.
The idea to determine a solution of DWMPCSP from this GGMPCSP solution consists
of the allocation of the molds according to the number needed to cut the patterns. For
each 7 € T',p € P and j € J;,, consider

J
My,;p=0 and M,,,= ZDQWJ
=1

where M, ., represents the cumulative amount of molds used to cut patterns
¢=1,...,7 considering the rounding up of each fractional pattern, which composed the
relaxed solution, to obtain an integer solution. In this notation, molds
k= M_i.,+1,...,M;,, are assigned to the production of pattern j with leading
wire configuration 7 in period p.

Note that a convex combination of the first |N;,| columns (the extreme points)
expresses each cutting pattern assigned to the remaining indices of J.,, which are
indicated by |N;p|+1,...,|J;,|. In other words, for each 7,€ T,p € P and j € J,,,
there are tﬁ >0, £ € N;,, such that

Z tﬁ =1 and A;., = Z t? : Af’,k‘,p?

(eN, (eN,,

which is valid for any index k, since all molds are identical. The columns A;,, and
AL, belong to formulations GGMPCSP and DWMPCSP respectively.
Hereupon, for each 7 € T', p € P and j,{ € N, ,, we define [Li,k’p as follows

1 lf k:Mj—l,T,p+17"'7ijT7p_ 17

ﬁ]nk,p - ijp - LXJ}TJ’J if k= Mjmpa
0 if k= Mg_lﬂ—’p—i-l,...,Mgﬂ—’p, j#L.
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GiventeT,pe P,l e N,,and j € J., \ N, we set

tﬁ if k:Mj—l,T,p+17"'7Mj,ﬂP_ 1’
tﬁ . <Xj,’r,p — LXj,T,pJ) lf k? = Mj,’r,p'

/’LT,k,p -

If there are k € K, bigger than M;_ |, ,, we set ﬁi’k’p =0.
Hence, for each 7 € T"and p € P,

M\NT,p\fﬂp
oY il,= >, (Mj,r,p M1yt 14+ Xjrp — LXj,r,pJ)
JEN-p k=1 JENTp
J ~ Jj—1 _ ~ ~
- (z Saral = S [ Karg] + 14 Ky ij,f,pj)
JEN,p \t=1 =1
j—1 -1
- Z <(Xjfva - Z(Xfmp} - Z[XL’,T,H +1+Xjrp— LijpJ>
§ENrp =1 =1
= ([Xj,r,ﬂ + 1+ Xjrp — LXj,r,pJ)
JENTp
= j7T7p’
JENrp
and
Y Y Eum X Xt (M M 14+ Ry K
JENrp k>M|N, ,|,TP JENTp £>|N7p
S SND DI IR SiE Y D o’
JENTp £>|N7pl £>| N7 p| JENTp
= Z XZ,T,pv
£>|Nrp|

i.e., a DWMPCSP solution <ﬂi7k7p) was obtained from a GGMPCSP solution (X )
and it was proved that their objective values coincide. Therefore, it can be con-
cluded that DWMPCSP and GGMPCSP are alternative formulations. Considering
that DWMPCSP was obtained from the Dantzig-Wolfe decomposition applied to KM-
PCSP, it can be deduced that GGMPCSP and KMPCSP are alternative formulations
as well and the linear relaxation lower bound provided by the GGMPCSP formulation
is stronger than the one from KMPCSP.

Note the relevance of using the extended formulation (GGMPCSP) for the cutting
stock problem, since it yields stronger lower bounds eliminating the fractional extreme
points of the knapsack polytope, which are feasible solutions to the linear relaxation of

the compact model (KMPCSP), through the non-negative linear combination of integer
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solutions to the knapsack problem.

3.4 Solution methods

In this section, the solution methods used to solve each model are presented. In
order to solve the KMPCSP, it was used an exact solution method (MILP), which
consists of a general-purpose optimization package. Since the MILP presented difficul-
ties in solving all the instances being tested within the given time, a Relax-and-Fix
(RF) heuristic was also applied to solve KMPCSP, which is described in Section 3.4.1.
Combinations of the RF with a fix-and-optimize procedure were also tested, as an im-
provement heuristic in an attempt to obtain better solutions. However, long processing
times for the tested instances made its use nonviable.

Due to the elevated number of variables in the GGMPCSP model, a heuristic so-
lution method based on the CG procedure was used. First, integrality constraints are
relaxed. A Restricted Master Problem (RMP) with a reduced number of columns is
solved successively, being updated with columns generated by the knapsack subprob-
lems. When there are no more attractive cutting patterns left, the CG is discontinued
and integrality constraints are added to the last obtained RMP, which is then solved
by an optimization package. A more detailed description of this method is included in
Section 3.4.2.

3.4.1 Relax-and-fix procedure

The RF method is known in the literature as a MILP-based heuristic, since it uses
preceding knowledge of the problem and decomposes it, showing the way integer /binary
variables connect to each other. This type of heuristic has been used to solve production
planning problems, obtaining positive results in terms of solution quality and compu-
tational time, as can be seen in a variety of papers with uses in different industries: an
animal-feed plant (Toso et al., 2009), soft drinks plants (Ferreira et al., 2009, 2010),
brewing (Baldo et al., 2014), the paper industry (Leao et al., 2017), food industry
(Soler et al., 2019), and in more general contexts (Mercé and Fontan, 2003; Stadtler,
2003; Akartunali and Miller, 2009; de Araujo and Clark, 2013; Melo and Ribeiro, 2017;
Fiorotto et al., 2017, 2020; Melega et al., 2020).

The RF heuristic is an iterative procedure, which consists of partitioning the inte-
ger /binary set of variables into disjoints sets that will initially be relaxed. Then, subset
by subset, it is converted to integer/binary, i.e., the integrality of the variables related
to this set is inserted into the subproblem, at each iteration. This kind of method

generates smaller subproblems that are simpler to deal with and more likely to yield
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an optimal solution. Note that partitioning can be performed to one or more types of
variables. For example, for our problem it can chosen to partition variables Y and 7
separately or together, using different or similar intervals of partitioning. Moreover,
overlapping intervals can be considered.

After converting a subset of variables, the resulting model is solved. Next, the last
converted set of variables is fixed to their current integer value. A new iteration begins
with a new subset of variables being converted. This procedure ends when all subsets
of the decomposed variables are converted.

To build a partition to the variables in the RF procedure, the following parameters
must be determined: window size (Pyindow), overlap (Poyeriap) and extremes (Pyegy, and
P.,.q) of the interval in which the variables will be converted to integers. In this study,
these parameters are related to the period index p, as this is a period decomposition.
At each iteration, the parameters Py, and P.,q are updated according to Ppegin =
Perd — Povertap and Pepg = Poegin + Puindow- Hence, the chosen variables with indices
in the half-open interval [Pyegin, Pend) are converted to integer, the resultant problem
is solved and the half-open interval [Phegin, Pend — Poveriap) indicates the indices of the
variables that will be fixed to their current integer values.

In this study, all variables partitions are performed by period and the following

strategies to decompose the variables were tested:
I) keep variables Z as integer and decompose variables Y,

IT) keep variables Z relaxed and decompose variables Y - in the last RF iteration,

the integrality constraints for all variables Z are added to the resulting model;
IIT) decompose variables Y and Z together.

To each one of these three decomposition strategies, different values of the RF
parameters were tested. Their results were compared in terms of solution quality and
computational time, and for this study, the RF results based on the third strategy are

given, together with the following set of parameters:
Pwindow =1 if ’P’: 57
Puindgow = 3 if |P|= 10,
Puindow =4 if |P|= 15,

and P,,epiqp = 1 regardless of the total number of periods in the instance. The decom-

position strategies are illustrated in Table 3.1.
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Table 3.1: RF decomposition strategies per number of periods.

(a) RF partitioning considering |P|= 5.

Iterations
1
® ; Integer
'8 Integer
'5 i Relaxed Integer
~ 5 claxe Relaxed Relaxed Integer
(b) RF partitioning considering | P|= 10.
Iterations
1
1
2 | Integer
3
w| 4 Integer
G
'8 6 Integer
A~ 77 ] Relaxed
8 Relaxed
9 Relaxed Integer
10
(c¢) RF partitioning considering |P|= 15
Iterations
1
1
g Integer
4
5
6
S| 7
28
g Integer
el 9
10 | Relaxed
11 Relaxed Integer
12
13 Relaxed
1451 Relaxed

The results from the RF approach are compared with those obtained by the MILP

(optimization package).
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3.4.2 Column generation procedure

In the GGMPCSP model, assuming that all possible cutting patterns are known, a
large number of variables related to the frequency of each cutting pattern is involved,
making computation an impractical task. One of the most well-known methods to
get round this issue and solve the linear relaxation of the GGMPCSP model is the CG
procedure (Gilmore and Gomory, 1961, 1963). This method applied to the GGMPCSP
is detailed below.

Initially, RMP is defined taking into account only homogeneous cutting patterns,

where each element is given by

W _
min {—; max{l;dw,p}} ifi=7and g =r,
Wy
@i,B,5,rp =

0 otherwise,

where Ji,ﬁ,p is the sum of demands from period p to the last period of item ¢ with wire

configuration v, whose load is lower than or equal to the one in the wire configuration

B, i.e.,

1P|

C{i,,@,p = Z Zdi,'y,r‘ VZ, vﬁ? vp

¥<B r=p
Given the possibility that d; 5, can be zero for some indices, which would result in the
generation of null columns, the term ‘max {1; Ji,@p}’ was included in the homogeneous
cutting patterns definition. Consequently, for each 7 € T" and p € P, the initial value
|J7p| is equal to the number of items ||, so that the number of cutting patterns in the
first restricted master problem is the union of sets J.,, with the total of |I|x|T|x|P]
cutting patterns.

After solving the RMP, the optimal dual solutions related to the constraints (3.12)
and (3.13) are recovered and the knapsack subproblem (3.23)-(3.26) is solved to deter-
mine if there are attractive cutting patterns A; ., that can improve the current RMP
solution.

Let [N\ gp fp) be the dual variables associated to the inventory balance (3.12) and
capacity (3.13) constraints respectively, and let variable «; g represent the number of
items ¢ with wire configuration [ in the new cutting pattern. For each period p and

leading wire configuration 7, the knapsack subproblem (3.23)-(3.26) is solved in order
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to find whether there is an attractive cutting pattern for the RMP.

minimize (fr+1) Z Z B Qig) — [y (3.23)

i€l BeT

subject to

DY wiraip<W (3.24)

i€l B<T
DY i =0; (3.25)
i€l B>t
;5 € Ly Vi, V. (3.26)

The subproblem objective (3.23) is to minimize the columns reduced cost. Con-
straints (3.24) impose the capacity limits concerning the mold length, and constraints
(3.25) establish that only items of wire configuration 5 composed of a number of steel
wires lower than or equal to the quantity in the configuration 7 (which indicates the
leading wire configuration placed along with the mold) are allowed to incorporate the
new cutting pattern. Constraints (3.26) describe the variables domain.

If the reduced cost related to the subproblem solution &; 5 is negative, i.e.,

(fr4+1)— ZZ i6p " Qi) — pp <0,

i€l BeT

then the column A(|J|+1)7T7p = [&; 5] and its associated frequency variable X(|J|4+1),mp are
added to the current RMP. Note that the inventory variables are kept in the RMP and
are not generated during the CG procedure.

Each CG iteration is performed for each period p € P and leading wire config-
uration 7 € T. When the generated columns no longer price out or if there are 50
consecutive iterations without improvement in the objective function of the restricted
master problem, the CG procedure is discontinued, and a reduced variant of model
GGMPCSP (3.11)-(3.15) is built considering the initial and all the generated cutting
patterns, jointly with the integrality constraints over variables X ;,. Then, a feasible
solution to the model GGMPCSP can be obtained by solving this reduced mixed-
integer problem by an optimization package. It is worth mentioning that this approach
is classified as a heuristic method, since not all optimal cutting patterns are considered

when solving the mixed-integer problem. Figure 3.2 summarizes the column generation
procedure applied to the GGMPCSP.
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[Original formulation}

v
[Restricted Master Problem (RMP)}

Inclusion
of such
column in

the RMP

Dual variables extraction

v
[Subproblem (Knapsack problem)}

Variables conversion;
mixed-integer problem solution

Figure 3.2: Steps of the column generation procedure with a rounding strategy applied
to the GGMPCSP.

3.5 Computational results

In this section, the tests performed for the KMPCSP and GGMPCSP models are
given. Initially, in Section 3.5.1, the data set based on a real precast plant is described.
In Section 3.5.2, the results obtained using the MILP are compared with the ones from
RF heuristic, both applied to the KMPCSP model. Section 3.5.3 gives the CG results
for GGMPCSP, comparing those results with the results obtained by the MILP applied
to the KMPCSP.

3.5.1 Data set

A data set of 180 randomly generated instances was built based on real data pro-
vided by the company being studied, which is organized as follows: the standard mold
length W is 90 meters in all instances; the lengths of the items vary between 1 and 11
meters; seven types of wire configurations are considered, being composed of 0, 8, 10,
12, 14, 16 and 18 steel wires; inventory penalty cost of items are defined by h; , = w;/2
for all € I, p € P; the cost ¢ is based on real values and estimated by 10 units of cur-
rency per meter of steel wire; the demand ranges from 0 up to 20 units per item type,
in which only 3% of the demand matrix is non-null. These instances are organized in

36 classes characterized by the number of item types: 10, 25, 40 or 55; the number of
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Table 3.2: Data set configuration.

Class No. of No: of F Class No. of No: of
items periods items periods

1 1 19 1
2 5 1.5 20 5 1.5
3 2 21 2
4 1 22 1
5 10 10 1.5 23 40 10 1.5
6 2 24 2
7 1 25 1
8 15 1.5 26 15 1.5
9 2 27

10 1 28 1
11 5 1.5 29 5 1.5
12 2 30 2
13 1 31 1
14 25 10 1.5 32 55 10 1.5
15 2 33 2
16 1 34 1
17 15 1.5 35 15 1.5
18 2 36 2

periods: 5, 10 or 15; and the number of available molds, which is equal for all periods,

calculated using the following formula:

2w dis

i€l BeT

w

Number of molds = |K,|= Cap, = maz F x , peP,
pe

where factor F is a parameter that assumes the values 1, 1.5, and 2. Moreover, we
generated 5 examples for each of these 36 classes, totalling 180 instances. The data set
configuration for each class is illustrated in Table 3.2.3

The proposed models and solution approaches were implemented in Microsoft Visual
Studio Express 2017 for Windows Desktop using IBM CPLEX version 12.9 with default
settings and Concert technology in a C++ project. The machine used was a Dell 64
bit desktop with Intel Core i7-8700 CPU @ 3.20 GHz, 16 GB RAM, Windows 10 Pro.
The time limit for CPLEX execution was 1800 seconds for each instance, considering
the linear relaxation and mixed-integer problem.

In Tables 3.3 and 3.4 presented as follows, and in Tables B.1, B.2 and B.3 in
the Appendix, some specific solution information is given for each class and solution
approach. The displayed values are the average between the results of the feasible
solutions among the five instances of each class. Column “Solution status” shows the

number of instances from each class for which an optimal solution (O), a feasible

3All tested instances are available at: https://github.com/gislainemelega/DataSet_
KMPCSP-GGMPCSP.
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solution (F'), non-feasibility (NF'), or an unknown solution status (U) (the solver did
not find a feasible solution in the given time) was obtained. In the “Processing time”
column, the values, expressed in seconds, are the average processing time of the five
instances of each class. For each feasible solution of each class, the GAP1, in percentage,

is calculated by the formula:

UB — LB
GAP1 — 100 x 22— =2
“—TUp

where UB (upper bound) and LB (lower bound) are the objective values retrieved
from the mixed-integer and linear relaxation (at root node) solutions, respectively.
Considering this notation, column “GAP1” presents the average between the gaps of

each class. The parameter GAP2 is calculated similarly to GAP1:

UB - BLB
GAP2 =1 _—
00 x 0B ,

where UB (upper bound) is the mixed-integer objective value and BLB is the best lower
bound provided by CPLEX. The values in columns “Mixed-Integer objective value” and
“Linear relaxation objective value” are expressed in currency units, and in the columns
“Stock cost” and “Mold cost” the percentages of the mixed-integer objective function

related to each type of cost are displayed.

3.5.2 KMPCSP: MILP and heuristic results

Figure 3.3 illustrates the solution status distribution of the MILP and RF solution
methods applied to the KMPCSP model. It is observed that MILP found 15 optimal
solutions, 164 feasible solutions and only one unknown solution status, that was ob-
tained in Class 34 (55 types of items and 15 periods). On the other hand, RF heuristic
identified feasible solutions for all 180 instances, from which only two solutions were
identified as optimal to the original problem, as their objectives values were equal to
the optimal values obtained by MILP. The ease with which RF heuristic obtains a
feasible solution is due to the decomposition strategy, which is the main characteristic
of this method.
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MILP RF

10 items |

25 items |-

40 items -

55 items |-
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Optimal Feasible Unknown

Figure 3.3: Bar chart representing the MILP and RF solution status distribution.

Table 3.3 presents a comparison between the exact and the heuristic methods re-
garding the processing time and GAPs. In this table, only instances that are feasible
for both methods were considered, and the values shown are the average between the
results of the feasible examples of each class. Observe that MILP performed with an
average processing time of 1,513.00 seconds, which is about 61% longer than the aver-
age computational time spent by the RF heuristic, that was 939.12 seconds. In 23 of
the 36 classes, RF yielded average values for GAP1 lower than the ones provided by
MILP. The average GAP1 for the RF heuristic was of 4.51%, which is about 93% of
MILP average GAP of 4.83%. Regarding the best lower bound provided by CPLEX,
MILP provided an average GAP2 of 3.35%, which corresponds to approximately 113%
of the average yielded by the heuristic, which is 2.96%.

In the Appendix, there are tables with more detailed information about the results.
Tables B.1 and B.2 in the Appendix show the averages of the objective values and
their distribution between inventory penalty cost and mold cost for the exact and the
heuristic methods. It is observed that, for both solution methods of KMPCSP, in all
classes, the proportion of the objective value related to the mold cost is higher than
to the inventory penalty cost: an average of more than 99% of the total costs were
committed to mold preparation. Note that, along with performing in less time than
the MILP on average, the RF heuristic produces the better upper bounds compared to
those obtained by the MILP, in 22 out of 36 classes, whose values are shown in bold.

Hence, the RF approach used in this problem provided better results than the
MILP with a greater performance mainly in the larger instances, yielding better upper

bounds in 61% of all classes and performing faster in all classes.
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Table 3.3: Comparison between MILP and RF heuristic results: processing time and
GAPs.

Processing time  GAP1 (%) GAP2 (%)

Class  yiLp RF MILP RF MILP RF
1 366.24 2385 1235 1543 0.30  3.67
2 717.50 12058 10.07  13.32  0.59  3.34
3 718.06 24235  10.07 1333 115  3.89
4 1,479.37 361.67 535 813 295 574
5 1,457.72 33347 547 775 332 5.48
6 1,792.53 36421 535 775 323 556
7 1,796.77 32045 585  7.54 446  6.00
8 1,789.47 61459 580 742 451  5.96
9 1,755.54  811.35 587  7.94 455  6.51
10 1,447.82 43296 437 630 175  3.44
11 944.22 57449 436 569  1.77 285
12 1,662.62  904.82 438  6.06 259  3.95
13 1,497.84 101552 321 345 255  2.83
14 1,453.03 77523 380  3.30 356  3.01
15 1,490.46  892.01  3.89 246  3.64 224
16 1,486.57 1,017.11  3.51 232 327  2.05
17 1,481.61  793.93 344 239 321 216
18 1,468.77 1211.65 422 239 398 217
19 1,416.21  919.12 351 331 295 276
20 1,511.15  1,062.49  3.61  3.36  3.23  2.89
21 1,529.22 74628  3.63  3.74  3.26  3.43
22 1,659.38  753.63  3.54 222 333  2.02
23 1,606.35 1,017.53  3.19 227  3.08  2.05
24 1,660.97 1,048.19 3.38 232 332 217
25 1,676.48 1,525.75 412 176 3.98  1.62
2 1,727.72 153570 434 170 424  1.57
27 1,719.69 1,494.95 490 168 480 1.57
28 1,464.89 1,220.82 353 254 292 1.95
29 1,598.94 1410.10  3.37 247 324  2.38
30 1,621.64 1,192.19  3.02 242 290  2.33
31 1,697.68 1,284.72 388 171  3.80 1.57
32 1,695.38 1,391.07 3.8 163  3.82  1.57
33 1,696.71 141044 379 177 375  1.70
34 1,796.04 1,629.15 4.86 146 481  1.44
35 1,788.74 1,690.69 579  1.38 573  1.33
36 1,794.59 1,656.18  6.08 148  6.14  1.43

Average 1,513.00 939.12 4.83 4.51 3.35 2.96

3.5.3 GGMPCSP: CG procedure results and a comparison with
the KMPCSP results using the MILP

In this section, we present the results obtained with the CG procedure for the
GGMPCSP formulation.

For this model, only the first 27 classes, totalling 135 different instances, were
tested. The limit was set due to the poor quality of the upper bound and the significant
difficulty to solve instances during the CG procedure. This difficulty is a result of the

large cutting pattern matrix and the high number of generated columns, which caused
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an insufficient memory failure. Considering that all instances from classes 22 to 27
yielded unknown solution status, these lines were omitted from the tables. All values
shown in the tables are the average between the feasible instances of each class.

For the generated columns, this method did not obtain a feasible solution for 69
out of 135 instances, of which 13 were declared infeasible problems due to the limited
number of available molds and the restricted assortment of cutting patterns. The other
56 instances indicated unknown solutions due to insufficient memory, including 11 out
of 15 instances in classes 13 to 15 (25 items and 10 periods), all instances in classes 16
to 18 (25 items and 15 periods) and classes 22 to 27 (40 items and 10/15 periods).

In the Appendix, Table B.3 shows the total number of cutting patterns in the
demand matrix at the end of the CG procedure, the processing time in seconds and the
distribution of objective values between inventory penalty cost and mold preparation
costs.

For simple comparison, Figure 3.4 shows, side by side, solution status and Table
3.4 presents linear relaxations, mixed-integer objective values and GAP1 to KMPCSP
solved by the MILP and GGMPCSP solved by the CG procedure. The MILP for
KMPCSP obtained 39 feasible solutions more than GGMPCSP, apart from the other 30
instances from classes 22 to 27 in which feasible solutions were recovered for KMPCSP

but not for GGMPCSP.

MILP CG

10 items |-

25 items |-

40 items |-

0 ) 10 15 0 ) 10 15

Optimal Feasible Non-feasible Unknown

Figure 3.4: Bar chart representing the MILP and CG solution status distribution.

It is observed that the linear relaxations obtained for GGMPCSP are, on average,
0.56% larger than KMPCSP. Although these linear relaxations are of better quality,
the GGMPCSP upper bounds are 20.78% greater than KMPCSP. This fact produced
the high GAP values for GGMPCSP, whose average was 21.94%, is about four times
the average GAP obtained by the MILP for KMPCSP, which was 5.54%. Accord-
ingly, GGMPCSP with a CG procedure can provide good lower bounds, even though
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it is a difficult strategy to deal with. Regarding the complexity in generating inter-
esting columns, the large demand matrix and the high number of generated columns

demanded more from the hardware, causing insufficient memory failures.

Table 3.4: Comparison between KMPCSP MILP and GGMPCSP CG procedure re-
sults: linear relaxations, objective values and GAP.

Linear relaxation Mixed-Integer GAP1
Class objective value objective value

MILP CG MILP CG MILP CG
1 118,526.00 120,143.50 128,802.00 157,135.00 7.90 23.60
2 93,184.18  94,340.36  103,480.80 127,561.66  10.07  26.46
3 93,184.18  94,333.56  103,480.42 127,561.66  10.07  26.46
4 183,869.00 185,485.33 193,158.00 237,741.67  4.72 22.58
5 185,222.75  186,838.25  195,563.00 232,107.50 5.17 19.92
6 180,167.20 181,575.40 190,402.20 232,503.60 5.35 22.16
7 220,745.80 222,365.60 234,321.20 291,568.20 5.85 24.09
8 220,745.80 222,359.00 234,194.80 291,565.40 5.80 24.09
9 220,745.80 222,359.00 234,359.00 291,266.40 5.87 24.01
10 253,716.67 254,843.33  263,994.67 312,654.33 3.98 18.73
11 218,186.20 219,130.40 227,799.60 281,349.80 4.36 23.07
12 218,186.20 219,130.40 227,851.60 279,665.80 4.38 22.57
13 - - - - - -
14 - - - - - -
15 351,682.00 352,596.00 365,900.00 426,946.00 3.89 17.41
16 - - - - - -
17 - - - - - -
18 - - - - - -
19 291,327.33  292,143.67 303,529.00 355,748.33 4.01 18.37
20 314,618.80 315,348.40 326,391.80 387,319.60 3.61 18.77

21 314,618.80 315,348.40 326,347.80 387,319.60 3.63 18.77
217,420.42 218,646.29 228,723.49 276,250.91 5.54 21.94

Average

3.6 Conclusion and future research

In this chapter, two mathematical models are proposed based on compact and ex-
tended formulations of the one-dimensional multi-period cutting stock problem applied
to the production planning of hollow-core slabs in the concrete industry. Motivated
by the production planning system of a real plant, these models enable multiple man-
ufacturing modes to designate the products to meet client demand, considering that
several wire configurations are suitable to meet the demand for an item, provided that
some restrictions are satisfied. This specific aspect is related to the idea of product
substitution present in Operations Management literature, since it offers alternatives
to meet the demand for a product within a category of items. To the best of our
knowledge, these models carry a novel feature concerning the way products can be

made. In addition to the modeling, theoretical proofs are presented showing that both
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models produce the same optimal mixed-integer solution and that one model provides
stronger linear relaxation than the other. Computational results were obtained using
instances based on real data provided by the plant.

Unlike some other papers that approach the extended formulation, in this study,
the results showed that MILP applied to our compact model performed better than
the CG procedure applied to our extended model due to some particularities of the
problem being studied. The demand matrix is based on specific characteristics of
items that vary in each construction planning project, which operates differently from
a large scale production system. In the mathematical models, these item characteristics
are represented by different indices which attribute higher dimensions to the demand
matrix and, consequently, to the cutting patterns matrix, increasing the complexity
in generating interesting columns and requiring more from the hardware. Despite this
fact, the CG procedure utilized in our extended model yielded better lower bounds than
MILP applied to the compact model. Regarding the two solution methods applied to
the compact model, the RF heuristic found more feasible solutions and produced better
upper bounds than MILP mostly in the larger instances, generating better quality
solutions while performing in a shorter time.

As future research, the research group intends to study alternatives to obtain good
results for our extended model, through the proposition of alternative mathematical
models and the implementation of different ways of generating attractive columns. The
application of the models in practice is also an interesting area for future work since it

could bring interesting insights that can then be used in the decision-making process.



4 The multi-period cutting stock problem ap-
plied to lattice slab production

This chapter considers lattice slab production planning, where a mathematical
model is proposed, based on the multi-period cutting stock problem with two stages,
that minimizes setup, production and inventory costs while meeting demand and sat-
isfying capacity constraints. The first stage is the cutting of steel trusses of standard
length into pieces of specific lengths and the second stage consists of dividing the molds
with separators that will outline the allocation of each item. The proposed model con-
templates the possibility of using different cutting patterns in the multiple sections of
each mold, which entails a setup cost related to this use. To the best of our knowl-
edge, this strategy has not been dealt with in any other studies in the literature on
cutting stock problems with two stages. Furthermore, different solution approaches
are described for the proposed model and the computational results are given. At the
end of this chapter, the conclusions and some prospects for extending this study are

presented.

4.1 Production process

In civil construction, a lattice joist (called ‘item’ in this study) is a precast concrete
structure composed of a plank base of concrete reinforced with a steel truss, which is
composed of steel rebars welded to form trusses joined by a vertex in the shape of a
triangle (Figure 4.1). The production planning of lattice joists starts with the client
order (demand), which specifies the quantity and length of the items together with the
due dates. This information is organized in a weekly plan by the process manager, who
decides which and how many items will be produced in each period of the planning
horizon.

The production process of a lattice joist is described as illustrated in Figure 4.3.
The first stage of production is the steel truss cutting, where steel trusses of standard
length are cut into the length of the items. The second stage is the manufacturing of

the concrete planks, where a limited number of molds are used and they are divided

50
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into sections of identical dimensions. Some companies may present a set of molds with
heterogeneous sizes, however, the studied factory uses identical molds. Initially, the
molds are prepared, being cleaned and wet with a release agent. In each section of the
mold, separators are used according to the length of each item, composing a cutting
pattern (Figure 4.2). Then, the mold is mechanically filled with a mixture of cement,
water, aggregates and additives to obtain the concrete base of the joists (plank). The
steel trusses cut in the length of the items are inserted into the still liquid concrete
base, which is vibrated to settle. Following the curing process, the items (finished
lattice joists) are removed from the molds, resetting the production cycle. The stocked

items are organized in layers, overlapped and supported on wooden slats.

Steel truss é\

Plank

3cm [ Qb‘“
12 cm

Figure 4.1: Representation of a lattice joist.

([T Separators Mold Section

Figure 4.2: Representation of a mold used in the lattice joist production.

Considering the lattice joist production process, the main concerns of the factory
are the waste of steel trusses during the cutting process, the minimization of the setup
and inventory costs and the increase in productivity during the production periods
(better use of the workforce is desirable, avoiding consuming time in the placement of

different cutting patterns in sections of the same mold).
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Figure 4.3: The production process of lattice joist.

4.2 Mathematical model

Based on the production process described in Section 4.1, we present a two-stage
multi-period cutting stock model to minimize setup, production and inventory costs,
subject to capacity and demand balance constraints, without back-order. The following

sets, parameters and decision variables are necessary for this model.

Sets:

I: set of items, {1,...,|I|} (index 7);

P: set of time periods, {1,...,|P|} (index p);

K, set of available molds in period p, {1,...,|K,|} (index k);

Jpc . set of cutting patterns for concreting the mold sections for period p, {1, .. ., |Jpc |}
(index jc);

J:f: set of cutting patterns to the steel trusses for period p, {1,..., ]J]f]} (index jg);

Parameters:

WY length of molds (objects);

W5 standard length of steel trusses (objects);

N: number of sections in a mold;

w;: length of item i;

d;p: demand of item ¢ in period p;

aj.p: number of joists of length w; in the cutting pattern jc, which composes a
mold section configuration, in period p;

bijsp: number of steel trusses of length w; in the cutting pattern jg in period p;

scg“’ld: setup cost of a mold in period p;
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scgat: setup cost for using a cutting pattern in a mold section in period p;
¢: mold section production cost in period p;

c”: steel truss production cost in period p;

hg: inventory penalty cost of item ¢ in period p;

hfp: inventory penalty cost of steel truss of length w; in period p.

Decision variables:
Yggold: binary variable that takes value 1 if mold & is used in period p, or 0 otherwise;

Y “,ﬁp: binary variable that takes value 1 if the cutting pattern (mold section con-

figuration) jc is used in mold k in period p, or 0 otherwise;

chc kp: frequency of cutting pattern jo in mold £ in period p;

X ji - frequency of steel trusses cutting pattern js in period p;
Sicp: inventory level of item ¢ in period p;

S Lol . .
S;: inventory level of steel truss of length w; in period p.

Mathematical model

s mold  y, mold at  yrpat
e Y Y g v+ 35 Y v,

peEP keK, pEP kEK)p joeJ§
¢ wC . vC S 1S . vS
2D 2 G WKLt G WX, (g
pEP kEKp joef PEP jseJs
C . oC 5 oS
+Zzhip'sip+zzhip'sip
pEP i€l peP icl
subject to
C C C .
D D G Xiay + Sipr) — S5, = di, i€l,peP (42

keKyp chJE

s s s
Z bijsp - stp + Si,(p—l) - S’i,p
is€J7 iel,peP  (4.3)

B .. . C
=D D Wen Xy

keKp joeJf

> Xh, SNVl peEP keK, (44)
joedy
X SN YU pEP jeeJ, ke K, (45)
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X i € Ly, pEP jeeltl ke K, (47)
X5 ey, pEP s, (48)
yeld ¢ B, peP ke K, (49)
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Y €B, peEP joe S, ke K, (4.10)

The objective function (4.1) minimizes the mold setup in the first term, which con-
sists of preparing a mold (a complete mold and not only a specific section), cleaning
and wetting it with the release agent. The cutting pattern setup costs in the second
term involves placing the separators according to a mold section configuration to de-
termine the allocation of the items inside the mold section, penalizing the utilization
of different cutting patterns in the sections of the same mold in each period. The third
term of the objective function represents the concrete planks production cost in the
mold sections, while the fourth term is the steel truss cutting cost. The last two terms
of the objective function compute the inventory penalty costs of finished items (lattice
joists) and cut steel trusses respectively.

Constraints (4.2) require that the lattice joist demands are met, while constraints
(4.3) establish the integration between the steel trusses cutting and the production of
the concrete planks. The steel trusses are cut considering the lattice joists production
and there is the possibility of stocking to be used in subsequent periods. Constraints
(4.4) ensure that, in each period, the sum of the frequencies of the cutting patterns
used in each mold does not exceed the number of sections of the mold. Constraints
(4.5), together with the objective function (4.1), compute the use of different cutting
patterns in the same mold. In the production process of the lattice joist, the placement
of separators in the sections of the molds requires a considerable amount of time and
workforce, being related to the number of different configurations (cutting patterns)
used in the same mold. Consequently, the smaller the number of different cutting
patterns used in the same mold, the faster this activity is performed. The variable
domains are described by constraints (4.6), (4.7), (4.8), (4.9) and (4.10).

Chapter 3 proposed two mathematical models for the production process of hollow-
core slabs, one based on the compact formulation resultant from the Kantorovich (1960)
description for the one-dimensional cutting stock problem (KMPCSP), and the other
based on the extended formulation reasoned by the papers Gilmore and Gomory (1961,
1963). Unlike the hollow-core slabs plant, the demand profile of the lattice joist factory
is non-degenerate, which makes it unprofitable to apply the compact formulation to

this production process.

4.3 Solution methods

Cutting stock problem models based on the Gilmore and Gomory (1961, 1963)

formulation are generally solved using column generation procedures since these models
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contain a large number of variables associated with all the possible cutting patterns

(in total, there are Z (2- |J§|-|Kp|+|JI;9|) decision variables related to the cutting

peP
patterns). In this strategy, a restricted number of cutting patterns (columns) is selected

to compose the initial basis for the linear relaxation. The dual solution related to this
Restricted Master Problem (RMP) is used to build the pricing problem, which will
identify, via reduced costs, attractive columns to be part of the new relaxed problem.
This procedure continues until interesting columns are no longer found or if another
stop criterion formulated by the user is reached.

This section presents solution methods based on the column generation procedure
used to solve the proposed model. Different strategies are used to explore the two-stage
feature and are classified according to their approach to the column generation. The
classification depends on whether the column generation is performed in an integrated
set, which considers the two cutting processes together, or in a separated configuration,
where two different models are used to investigate the best columns for each stage
one at a time. Besides that, in the integrated column generation approach, a similar
strategy using the separated configuration is applied to obtain an integer solution.
Other variations of the integrated and separated configurations were tested, however,
some of their aspects made their use impractical. More details of these tests are in

Appendix C. The proposed methods are detailed in Subsections 4.3.1, 4.3.2 and 4.3.3.

4.3.1 Integrated column generation procedure (ICG)

In this section, the RMP is initially defined taking into account only homogeneous

cutting patterns, given by

WC
min{ ; max{l;%@}} if i = jo
Wi
ai:jc:I) =

0 otherwise,

and

WS

min{ ; max{l;%,p}} if i = jg
w;

biij?p =

0 otherwise,

where ; ,, is the sum of demands of item ¢ from period p to the last period, i.e.,

1P|
ﬁ/i’p:de« 'L'GI, pGP

T=p
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After solving the RMP, the dual optimal solutions [\;,, 04y, fikp] respectively related
to constraints (4.2), (4.3) and (4.4) are recovered and the knapsack subproblems related
to the two stages of the production are solved to verify if there are any columns that
would enhance the RMP solution. For each period p € P, the knapsack subproblems
(4.11)-(4.13) and (4.14)-(4.16) are solved to check if there are attractive cutting patterns
for the RMP.

e Stage 1: Steel truss cutting subproblem

OFgyg(p) =min ¢ - W9 — Z Oip - af (4.11)
i€l
s. t.
> wi-af <WS (4.12)
i€l
o el, iel. (4.13)

OFSUB([)) = I?el}? C;(:J W — Z()‘z‘p — Tip) - O‘zc + fkp (4.14)
b icl
s. t.
> wi-af <WE (4.15)
il
af €Z, iel. (4.16)

For each period p, a cutting pattern is attractive and hence added to the RMP if
OF§yp(p) < 0 or OFgyp(p) < 0.

Observe that, since all molds are identical, it wouldn’t be coherent to associate
different sets of columns to each mold. For this reason, in Stage 2 subproblems, the
minimum is taken over all molds & € K, and only the generated column associated with
the lowest reduced cost is added to the RMP, where the cutting pattern can be used

with all molds. After solving the ) (14 |K,|) subproblems, a new column generation
peP
iteration is started. When there are no attractive columns for both subproblems or

if the improvement of the RMP objective value is lower than the tolerance (0.001)
in 3 consecutive iterations (tailing off stop criterion), the method is interrupted and
integrality constraints on variables chc kps X jSS . Yk";"ld and Y;pc “,zp are included in the
last built RMP.

Note that the dual variables related to constraints (4.5) are not taken into account
in the column generation procedure, since these constraints only exist after the cutting

pattern generation. Moreover, this variable absence does not restrain the method
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of recovering a lower bound to the problem (a similar case is addressed by Melega
et al.,, 2020). Indeed, let [m.ky] be the dual variables related to constraints (4.5).
The corresponding subproblem including all dual variables related to the constraints

associated to variable Xj(’;k,p is

OFgyg(p) = lzrel}? Cg W - Z(Az’p — Oip) - af + Hkp — Tjckp (4.17)
P iel
s. t.
Zwi caf <WC (4.18)
i€l
af €Z, i€l (4.19)

Because dual variables [r;,x,| are non-positive by duality theory, they produce a non-
negative increment to the subproblem reduced cost. Hence, comparing the objective
functions (4.14) and (4.17), one obtains OF$5(p) < OFS 5(p), which assures that
every column generated by subproblem (4.17)-(4.19) can be generated by subproblem
(4.14)-(4.16). Thus, in the procedure, the similar generation of columns by both sub-
problems might lead to similar values of objective functions of the restricted master
problems at optimality, both being lower bounds to the original problem.

After the column generation procedure, a feasible solution to the original problem
can be obtained from the reduced mixed-integer linear problem using an optimization
package. Observe that this is a heuristic procedure since the mixed-integer linear
problem solved is restricted to the generated columns from the relaxed problem. It is
worth mentioning that, in this strategy, the difference between the last built RMP and
the mixed-integer problem used to obtain the feasible solution is the presence of the

integrality constraints in the latter.

4.3.2 Integrated column generation with two steps (ICG with

two steps)

In this strategy, the column generation procedure is performed as described in Sec-
tion 4.3.1. Regarding the resultant mixed-integer linear problem, the previous ICG
approach deals with a unique integrated problem, adding integrality constraints con-
sidering the two stages simultaneously, which can be computationally costly to solve.
On the other hand, the ICG with a two-step approach adds integrality constraints and
solves each cutting stage separately, as will be detailed as follows.

In this method, the first step after the column generation procedure is to add

integrality constraints and solve the RMP sub-model regarding Stage 2 (Model (4.20)-
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(4.27)):
D SDIRLLRILED SO DD DT 7
peP keK, peEP kEKp joel§
c C yC C  qC (4.20)
+Z Z Z ¢ W ‘chkp+zzh¢p'5¢p
peEP keK, jcejg peEP i€l
s. t.
D D tier X+ S
ke joel 1el,peP (4.21)
_Sgp = dip,
> Xk, S N-Ye, pEP kEK, (4.22)
chJE
X SN-YPO peP jeel] kekK, (4.23)
Sq, € Ry, iel,peP (4.24)
X i € Ly, pEP, jeeJ, keK, (4.25)
Yot ¢ B, pEP kEK, (4.26)
Y €B, pEP, jo€J, keK, (4.27)

In the second step, values of the variables X, = are recovered from Model (4.20)-(4.27)

solution and are used as parameters XJ% rp t0 formulate the sub-model related to Stage
1 (Model (4.28)-(4.31)):

: s S vS S @S
min Z Z e W X5, + Z Z hip * Sip (4.28)
peEP jseJg peP iel

s. t

S S S
Z bijsp - stp + Si,(pfl) - Si,p

; S
Js€Jy

. iel, peP (4.29)
=2 2 er X
keEKp joedS
Si € Ry, icl,peP (4.30)
X5, €Ly, pE P jse . (4.31)

Note that the solutions of Models (4.20)-(4.27) and (4.28)-(4.31) compose a feasible
solution to the integrated problem, since the original constraints are directly satisfied.
Due to the separation of the integrated mixed-integer linear problem into two dis-

tinct models using different variables in the two-step approach, the ICG with the
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two-step strategy is likely to perform faster than the traditional ICG.

4.3.3 Separated column generation procedure (SCG)

The SCG approach, as the name suggests, splits the column generation procedure.
Based on the cutting stages of the proposed model, two separated column generations
are performed. Therefore, a two-step strategy is likewise applied. First, the column
generation is applied to the linear relaxation of the Stage 2 sub-model (Model (4.20)-
(4.27)) and then, after adding the integrality constraints, the resultant mixed-integer
linear problem RMP is solved. Subsequently, the integer solution of the second stage
is used to define the linear relaxation of the Stage 1 sub-model (Model (4.28)-(4.31)),
which is solved by column generation. Finally, the integrality constraints are added
to the last RMP and the resultant mixed-integer linear RMP is solved. The solutions
of both stages compose a feasible solution to the original problem. When comparing
this strategy to the integrated column generation procedure, some straightforward
adaptations for the separated column generation procedure become apparent. For
reasons of simplicity, such adjustments have been omitted.

Note that the difference between the SCG and ICG with two-step approaches lies

in the time to apply the separation: before or after the column generation procedure.

4.4 Computational results

To validate the proposed model and compare the proposed solution methods (ICG,
ICG with two steps and SCG) to the two-stage multi-period cutting stock problem,
computational tests were performed using a randomly generated set of instances based
on real data, obtained in a Brazilian lattice slab factory.

The proposed model and solution methods were implemented in Microsoft Visual
Studio Express 2017 for Windows Desktop using IBM CPLEX version 12.9 with default
settings and Concert technology in a C++ project. The apparatus used was a Dell 64
bit desktop with Intel Core i7-8700 CPU @ 3.20 GHz, 16 GB RAM, Windows 10 Pro.
The time limit for CPLEX execution was 1800 seconds for each instance, considering
the linear relaxation and mixed-integer problem and an optimality gap tolerance of
0.1% for each instance. Considering the ICG with two steps and the SCG approach,

the time limits were adapted: 900 seconds for each step.
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4.4.1 Data set

Table 4.1 presents how the 16 classes were generated based on the number of items
and periods, which assume the values 5 or 10; the length variation establishes the
interval in meters in which the length of the items will be generated: “Small” indicates
the interval [0.6, 2.8] and “Varied” indicates [0.6, 5.0]. Since the capacity is a tolerance
parameter being tested, every two instances (1 and 2, 3 and 4, ...) are identical except
for the number of available molds, calculated from expression (4.32), where there is a

multiplier factor F assuming the values 1.5 or 2.

Z wj - di,p

Number of molds = max | F X ZEI—C : (4.32)
peP N-W

Briefly, equation (4.32) indicates that, for a certain instance, the number of available
molds in each period is given by the maximum number of molds required for the
production of items in any period of the planning horizon, a number which is multiplied

by factor F. For each class, 5 examples are generated, yielding a total of 80 instances.

Table 4.1: Data set distribution.

Cl No. No. Length variation

A5 of items  of periods of the items

! Small  [0.6,2.8] 15
2 5 2
3 Varied  [0.6, 5] L5
4 5 2
o Small  [0.6,2.8] 1P
6 2
7 10 1.5
g Varied  [0.6, 5] 5
9 1.5
10 i Small  [0.6,2.8] 5
1 Varied  [0.6, 5] Lo
12 2
13 10 1.5

Small  [0.6,2.8] :

14 2
15 10 1.5
16 Varied  [0.6, 5] 5

Considering data retrieved from a Brazilian lattice slab factory, for all instances,
the following parameters are set: the length of the mold W is 10 meters; the standard
length of the steel truss W* is 12 meters; each mold is divided in N = 10 identical
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sections, measuring 10 m x 0.12 m x 0.03 m; and the demand of each item randomly
varies between 50 and 150 units in every period.

The following information is based on a search over Brazilian specialized websites
and online stores accessed on April 30, 2021. The estimated average cost of concrete was
BRL 440.00 /m?, while the cost of a steel truss of 12 meters in length was approximately
BRL 132.00 per unit. This information was used to determine the variable costs.
Representing the cost of the concrete volume necessary to fill a meter of a mold section
length, we define cg = 1.6, and the cost per meter of steel truss is cf = 11. The setup
costs are predefined according to sc = 2- WY = 20 and scb™ = 0.1 - s¢7* = 2 for
each p € P. Since storage is limited, the inventory penalty costs in this study represent
a percentage of the total length of each produced item or cut steel truss: hg) =0.5-w;,
and h;?n:O.QS'wi foriel and p € P.

In Tables 4.2, 4.3 and 4.2, specific solution information is presented for each class.
Table 4.2 presents the number of instances from each class for which a feasible solution
(F) or an unknown solution status (U) (the solver did not find a feasible solution in
the given time) was obtained.

It is worth mentioning that, in all 80 instances and all solution methods applied
to the model studied here, the column generation procedure was stopped after not
achieving a significant improvement in the relaxed objective value for three consecutive
iterations (tailing-off). For this reason, no solution obtained can be considered optimal
for the relaxed problem. This condition generally occurs when there are degenerate
solutions. Since the reduced cost tolerance criterion is satisfied, the column generation
procedure continues, but the RMP objective value scarcely improves, causing tailing-
off. A mechanism based on duality was applied to get through the tailing-off difficulty.
According to Valério de Carvalho (2005), the insertion of a polynomial number of
dual cuts in the problem when applying a column generation-based solution strategy
can reduce the number of columns generated, degenerate iterations and processing
time. Inopportunely, the model and data structures used in our research inhibited the
operation of the dual cuts strategy and another approach was chosen. In this case, a
stop criterion was implemented to discontinue the column generation procedure when
the RMP objective function improvement was lower than a tolerance (0.001) in three
consecutive iterations.

Moreover, considering the linear relaxation solution OF" in an iteration » (RMP at
iteration r), a lower bound (LB) was calculated based on the approach presented by

Degraeve and Jans (2007) (see also Desaulniers et al., 2005):

LB =OF + Z (OFgy5(p) + OF§y5(p)) - (4.33)

peEP
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Also, for each mixed-integer solution (U B, upper bound), the ‘GAP’ is calculated by
the following formula:
UB—- LB

AP =100 —/————~0 4.34
G 00 B % (4.34)

In Tables 4.2 and 4.3, the processing times are expressed in seconds, the lower and
upper bounds are in currency units and the GAPs are percentages. More details are

described according to necessity in the next section.

4.4.2 General analysis of the results

This section presents an overall analysis of the 3 strategies applied to the studied
model. Figure 4.4 shows the number of instances each method found a feasible solution
for. The ICG obtained feasible solutions for 78 instances while its two-step version
found feasible solutions for 71 instances. On the other hand, SCG obtained feasible
solutions for all 80 instances. The efficiency with which SCG obtains a feasible solution
is a consequence of the separation of stages to apply the column generation, which
makes the resultant problems simpler to be solved. Observe that the unknown solution
status can be seen in Figure 4.4 from classes in the data set distribution that manages 10
different item lengths. This solution status becomes more common where the number
of periods in the time horizon is 10.

Note that in Tables 4.2 and 4.3, only the solution of instances that are feasible
in all proposed methods are used to calculate the average for each class and the final
result is presented for every class. Since all instances of Class 14 presented an unknown
solution status either in ICG or its two-step version, no averages can be presented to
this class. The values in bold in Table 4.2 indicate the lowest processing time and the
lowest average GAPs of each class between the applied methods. This table also shows
the average processing time performed by each solution method: ICG reached the
predetermined time limit of 1,800 seconds in most instances, while its two-step version
performed in 1070.17 seconds on average, and SCG operated in 1171.06 seconds on
average. Note that, in SCG strategy, the Stage 1 master problem is not a relaxed
formulation of the original problem, since this method restrains its feasible space using
the Stage 2 solution. For this reason, the Equation (4.33) is not valid to calculate a
lower bound using the SCG values. In this case, the GAPs are calculated using the
ICG lower bounds (see Equation (4.34)), which are presented in Table 4.2. Observe
that, once again, the traditional ICG approach obtained the largest number of the
lowest GAPs of each class. In addition, the overall average GAPs floated from 0.21%
to 1.80%.
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Figure 4.4: Bar chart representing the solution status distribution of the ICG, ICG
with two steps and SCG strategies.

Table 4.3 presents the lower bounds obtained by ICG strategy and the upper bounds
of each method. The values in bold correspond to the lowest upper bounds of each
class. Observe that the traditional ICG obtained the largest number of the lowest upper
bound values in each class, although SCG obtained the lowest upper bound average.

Summarizing the results, one can infer that the SCG strategy was the best for ob-
taining feasible solutions, while the ICG with two steps performed in a shorter time on
average. Although the two-step method operated faster than the traditional ICG, the
latter obtained the best upper bounds and GAPs. Note that the ICG strategies clearly
provide solutions of higher quality, while the SCG approach is better at obtaining fea-
sible solutions, mostly in larger (or more complex) instances. In general, the column

generation procedure applied to the studied model was certainly profitable, yielding
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high-quality feasible solutions.

Table 4.2: General analysis of the results: processing time and GAP.

Class e 106 with
wi wi

ICG two steps SCG 1CG two steps SCG
1 1798.65 1616.94 1259.24 0.40 0.44 0.56
2 1798.87 1303.86  1618.82 0.42 0.41 0.60
3 1799.83  1079.02 1083.69 0.24 0.25 0.41
4 1799.45 1067.48 1259.07 0.28 0.28 0.42
5 1799.98 1077.94 915.76  0.37 0.38 0.39
6 1800.00 1081.35 1088.35 0.38 0.40 0.42
7 1800.00 900.83 899.45 0.21 0.22 0.28
8 1800.00 900.16 900.06 0.23 0.24 0.28
9 1800.00  929.33 1798.45 0.63 0.75 0.49
10 1800.00 1133.04 1162.40 0.64 0.67 0.39
11 1800.00 904.04 900.36 0.24 0.21 0.22
12 1800.00  1076.50  1080.27  0.27 0.26 0.27
13 1800.00 1168.25 1798.97 1.35 1.80 0.45
14 - - - - - -
15 1800.00 906.14 900.48 0.22 0.33 0.23
16 1800.00 907.61 900.59  0.42 0.25 0.25

Averages 1799.78  1070.17 1171.06  0.42 0.46 0.38

Table 4.3: General analysis of the results: lower and upper bounds.

Lower bound Upper bound
Class ICG with
ICG ICG two steps SCG

1 64224.62 64484.38 64513.22 64583.10

2 64219.22 64492.00 64485.32 64606.96

3 92084.10 92304.84 92314.44 92463.40

4 92077.20 92339.46 92339.36 92461.00

5 110710.66 111104.74 111130.56  111138.44
6 110698.96 111110.26 111132.16 111153.02
7 175024.80 175382.40 175406.40  175500.20
8 175010.00 175397.60 175426.60  175494.00
9 93949.40 94546.50 94656.80 94408.50
10 109121.35 109805.15 109840.33 109544.60
11 175830.60 176244.40 176199.60 176208.40
12 175816.20 176282.00 176269.20 176289.60
13 192509.00 195138.00  196042.00 193375.00
14 - - - -

15 373022.75 373808.25 374204.50  373884.25
16 379855.25 381372.25 380789.75  380805.00

Average 158943.61 159587.48 159650.02 159461.03
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4.4.3 Additional analysis of the results

Further information was obtained in the computational tests and is displayed in
Tables 4.4 and 4.5 and Figure 4.5. Unlike Subsection 4.4.2, where the values are
presented for each class, in this subsection, the values represent the average between
all classes, considering only instances in which all 3 methods obtained feasible solutions.
Additionally, in each of these tables there is a ‘Overall average’ column containing the
average between all classes and solution method results, providing an overview of the
results.

Table 4.4 presents, for each solution strategy, the percentages of each type of cost
that composes the mixed-integer objective value: item and steel truss inventory penalty
costs, mold section and steel truss production costs, mold and cutting pattern setup
costs. Figure 4.5 illustrates the overall average of distribution of costs. It is observed
that the overall average of 85.52% of the objective function is allocated to steel truss
production cost, since the cost of a steel truss of standard length is very high compared
to the other costs. About 12.53% of the objective function is directed to mold section
production cost, while 1.61% is used in mold setup cost, and only 0.34% of the objective
function is assigned to costs related to item inventory penalty, steel truss inventory and
cutting patterns setup.

Table 4.5 gives the values of inventory level, and mold and steel truss usage that
help to understand the percentages indicated in Table 4.4. A relatively homogeneous
distribution of costs is seen in Table 4.4.

However, there is a contrasting quantity concerning the inventory levels in Table
4.5. The SCG strategy obtained feasible solutions producing half or less than half the
number of inventory items yielded in ICG strategies. Table 4.5 also presents the mold
availability and usage per period, together with a space metric comparison of available
mold, used mold and production. The total space of the available molds (column
‘Available space’), the space of the molds used in production (column ‘Used mold
space’), and the total space of the concrete planks production (column ‘Production
space’) are expressed in meters. On average, about half of the total number of available
molds per period were used. Related to the used mold space, the average productive
space was 98.27%, indicating very satisfactory space management by the proposed

solution methods.
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Table 4.4: Additional analysis of the results: distribution of costs.

Methods
ICG ICG with e
two steps
Item inventory
penalty cost (%) 0.08 0.15 0.04
Steel truss inventory
penalty cost (%) 0.05 0.05 0.05
Steel truss
production cost (%) 85.52 85.43 85.60
Mold section
production cost (%) 12.52 12.55 12.52
Mold
setup cost (%) 1.62 1.61 1.60
Cutting patterns 0.90 091 0.0

setup cost (%)

Steel truss production cost

| Others!(0.34%)
Mold setup cost

Mold section production cost

Figure 4.5: Distribution of costs: overall averages between all results of ICG, ICG with
two steps and SCG strategies.

Ttem inventory penalty cost, steel truss inventory penalty cost and cutting patterns setup cost.
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Table 4.5: Additional analysis of the results: inventory level, use of steel truss, mold

availability and usage.

Methods
ICG with Overall
ICG two steps SCG average
_ No.of 173.03  275.90 67.48 | 172.14
inventory items
. No. of 205.26 152.19 126.14 161.20
inventory steel trusses
No. of 1033.50  1032.97  1032.96 | 1033.14
used steel trusses
Average No. of
used steel trusses 140.98 140.91 140.91 140.94
per period
No. of 1251.58  1253.67  1250.38 | 1251.88
mold sections used
No. of 129.10 128.41 128.02 | 12851
mold setups
_ No.of 160.60 16240  156.41 | 159.80
cutting pattern setups
Average No. of
available molds 34.28 34.28 34.28 34.28

per period

Average No. of

used molds 17.60 17.50 17.43 17.51
per period
Available space 30442 30442 30442 30442
(AS)
Used mold space
(UMS) 12515.83  12536.73  12503.77 | 12518.78
Pmd“‘("ggr)‘ space 12280.75  12277.27  12276.96 | 12278.33
PS/AS (%) 41.18 41.16 41.16 41.17
PS/UMS (%) 98.34 98.08 98.38 98.27
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4.5 Conclusions and future research for this model

In this chapter, a mathematical model is presented for multi-period cutting stock
problems with two stages, representing the cutting of steel trusses and the production
of concrete planks, looking at the production planning of lattice joists in a Brazilian
factory. Based on the extended formulation of the cutting stock problem and con-
sidering the characteristics of the factory, the model contemplates the availability of
different cutting patterns to be used in multiple sections of the same mold and period.
To satisfy the main concerns of the factory, the proposed model minimizes the setup
and production costs, while managing inventory. Another contribution of this chapter
is the proposal of different solution strategies based on the column generation proce-
dure. These strategies explore the two-stage feature that led to the use of two sets
of subproblems, which provide cutting patterns for each cutting stage. This allowed
analysis of the applicability of each approach to the model. Based on the information
retrieved from the factory, the computational results suggest a very positive evaluation
of the column generation procedure for solving the model, providing interesting infor-
mation, like high-quality GAPs and low rates of waste, that encourage its application
in the factory.

A possible opportunity for extending this specific study is to incorporate other
production processes, such as packing and distribution of final products or acquisition
of raw materials since steel trusses represent the largest portion of the production
cost. For this, it may be necessary to apply other modeling approaches, for example,
an exact formulation based on the arc flow model presented by Wolsey (1977) and
Valério de Carvalho (1999, 2002). The implementation of alternative ways of generating
interesting columns and the use of stabilization techniques are also possibilities for
future work. Applying this model in practice could provide an extensive understanding

to be used in decision-making.



5 Conclusion and future research

The main objective of this research was to develop mathematical-computational
tools that assist the decision making for the production planning of hollow-core slabs
and lattice slabs motivated by partnership with precast concrete producers in Brazil.

Considering the production planning of hollow-core slabs at a specific plant, two
models based on compact and extended formulations of the one-dimensional multi-
period cutting stock problems were proposed in the first part of this thesis. Both
models aim at the minimization of inventory penalty and production costs (mainly
related to the use of steel wires while satisfying demand balance and capacity con-
straints). Also, both models handle with wire configurations more comprehensively,
since they foresee the combination of items with different wire configurations in the
same production line provided that the wire configuration of a produced item is equal
or higher than that required. To the best of our knowledge, this feature has not ap-
peared in other studies. To solve the compact model KMPCSP, the MILP approach
and the Relax-and-fix heuristic were applied, while a strategy based on the column
generation procedure was used to solve the extended model GGMPCSP. The compu-
tational results used fictional instances generated based on real data from the plant. A
better efficiency of the compact model compared to the extended model was observed.
This unusual result arises from some particularities of this problem that produces a
demand matrix and cutting pattern matrix of higher dimensions, which increases the
complexity in generating interesting columns, forcing the hardware. It was also noted
that bin-packing based models (compact formulation) are generally considered by stud-
ies where the average demand for items is low and a weak lower bound to the integer
problem is produced, along with symmetrical structures, decreasing the efficiency of
branch-and-bound methods. On the other hand, models based on the cutting stock
problems (extended formulation) perform better in cases where the average demand
for items is high, granting a tight linear relaxation and stronger lower bounds through
the elimination of some fractional solutions and removal of symmetries. In this study,
the low demand rate in the instances tested caused a drawback in the performance of
the column generation procedure used to solve the extended formulation, provoking

its low efficiency. Furthermore, a theoretical analysis of the compact and extended
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formulations was argued.

Another widely used precast slab in Brazil is the lattice slab, the focus of the second
part of this research. Considering the production planning of lattice joists (which com-
pose the slab) and keeping in view the central interests of the factory (the minimization
of setup and production costs and waste of steel trusses, while managing the inventory
level and increasing productivity), a model based on the compact formulation for the
multi-period cutting stock problem with two stages was proposed. The first stage
comprehends the cutting of steel trusses of standard length into smaller pieces, while
the second stage involve the division of the molds with separators, outlining the place-
ment of each item. Since this model optimizes cutting stock decisions in a multi-period
and two-stage scenario concomitantly, to the best of our knowledge, it provides an in-
novative addition to the related literature. An additional contribution of this research
is the proposal of three different solution strategies based on the column generation
procedure that explore the two-stage feature, where two groups of subproblems are
used to deal with the two cutting processes involved. The computational results used
fictional instances based on existing orders from the factory in focus, and provide a
very positive evaluation that supports the application of such research in the real-world
problem.

Opportunities for further research include the incorporation of other production pro-
cesses, e.g., the acquisition of raw material, packing, and distribution of final products.
Readjustments in the proposed models and the use of alternative mathematical models,
such as the arc-flow formulation, might be necessary. Other possibilities to extend this
research are improving the solution methods addressed here, while comparing their re-
sults to others existent in the literature, implementing different techniques to generate

interesting columns, and exploring combinations of different heuristic approaches.
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Appendix A - Numerical example for the hollow-

core slab production planning

In this appendix, an algebraic example is presented to illustrate the application of
the MILP and RF strategies to the KMPCSP, and the CG procedure to the GGMPCSP
proposed in Chapter 3.

This instance is based on the information presented in a fictitious order form de-
scribed in Table A.1, where there are |I|= 2 items with |T'|= 3 types of wire configu-
ration that must be produced in |P|= 5 periods. In addition, suppose that:

i. in each period p € P, there are available |K,|= 3 molds to produce hollow-core

slabs;
ii. each available mold measures W = 13 meters in length;

iii. the number of steel wires in each wire configuration 7 is given by

1, ifr=1,
f'r: 3, 1{"7—:27
8, ifr=3;

iv. the cost of a meter of steel wire is fixed in ¢ = 100 currency units;

v. the cost of stocking a hollow-core slab/item in currency units is calculated based
on the length of the item:
ifi=1,

2,
Vp.

1.5, ifi=2

79
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Table A.1: Order form for the hollow-core slabs production planning numerical exam-

ple.
Items length w; =4 we = 3
dlll =1 d211 =2
Period 1 d121 =0 dggl =1
diz1 = doz1 =0
d112 =0 d212 =3
Period 2 d122 = d222 =2
d132 - d232 =1
Demanded d113 = d213 =0
quantities Period 3 d123 = d223 =0
(diﬁp) dy33 = dos3 =0
d114 = d214 =2
Period 4 d124 =2 d224 =1
d134 - d234 =2
diis =3 do1s =4
Period 5 d125 = d225 =6
d135 = d235 =0

Applying the example to the KMPCSP

Considering the previous information, the mathematical model KMPCSP for this

example is presented as follows:

minimize 2-5S111+2-S1124+2-S113+ 25114+ 200-S115 +2- S191 +2- S190

+2- 5123 +2- 5124 +200 - S125 +2 - S131 +2 - S132 +2 - S133 +2 - S134
4200 - S135 + 1.5 S911 + 1.5+ S919 + 1.5 - So13 + 1.5 - So14 + 150 - So15 + 1.5 - S991 + 1.5 - So99

+ 1.5 S923 + 1.5 - So24 + 150 - Sao5 + 1.5 - S231 + 1.5 - Sa32 + 1.5 - Sa33 + 1.5 - Soz4 + 150
-+ 2600 -
-+ 2600 -
=+ 2600 -
-+ 5200 -
+ 5200 -

Y111 + 2600
Y122 + 2600
Y133 + 2600
Y514 + 5200
Yo95 + 5200

- Y112 + 2600 - Y713 + 2600 - Y114 4 2600 - Y715 + 2600 -
- Y123 + 2600 - Y124 + 2600 - Y125 + 2600 - Y731 + 2600 -
- Y134 + 2600 - Yi35 + 5200 - Y211 + 5200 - Y212 + 5200 -
- Yo15 + 5200 - Ya21 + 5200 - Ya22 + 5200 - Ya23 + 5200 -
- Y531 + 5200 - Yo39 + 5200 - Yoz3 + 5200 - Yo34 + 5200 -

+ 11700 - Y311 4+ 11700 - Y319 + 11700 - Y313 + 11700 - Y314 + 11700 - Y315

+ 11700 - Y391 4+ 11700 - Y399 + 11700 - Y393 + 11700 - Y304 + 11700 - Y395

+ 11700 - Y331 + 11700 - Y332 + 11700 - Y333 4+ 11700 - Y334 + 11700 - Y335

subject to

Y101
Y132
Yo13
Ya04
Yo3s

Zi1111 + Zii211 + Ziisi1 + Zii121 + Zii221 + Ziis21 + Zi1131 + Zi11231 + Z11331 — S111 =1

Zo1111 + Za1211 + Z21311 + Zat121 + Z21221 + Z21321 + 221131 + 221231 + 221331 — S211 = 2

- 5935
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Zh2911 + Z12311 + Z12221 + Z12321 + Z12231 + Z12331 — S121 =0

Z9o11 + Zazs11 + Zozo1 + Zoa321 + Z22231 + Zazzz1 — S221 = 1

Z13311 + 213321 + 213331 — S131 = 1

Za3311 + Z23321 + Z23331 — S231 =0

Ziinz + Zui212 + Z1is12 + Zini22 + Zi1222 + Z1is22 + Ziis2 + Zi2s2 + Ziiss2 + 5111 — S112 =0
Zo12 + Z21212 + Zo1s12 + Zo1122 + Z21222 + Z21322 + Zo1132 + Z21232 + Z21332 + So11 — S212 = 3
Z12212 + Z12312 + Z12202 + Z12322 + Z12232 + Z12332 + S121 — S122 = 2

Z2212 + Z22312 + Z22222 + Z29322 + Z22232 + Z22332 + S221 — S222 = 2

Z13312 + Z13322 + Z13332 + S131 — S132 = 0

Za3312 + Za3322 + Zossz2 + Sa31 — Sazz =1

Ziims + Zu213 + Zusis + Zinzs + Zii223 + Z11323 + Z11133 + Z11233 + Z11333 + Stz — Sz =3
Zo113 + Z21213 + Z21313 + Z21123 + Z21223 + Z21323 + Z21133 + 221233 + Z21333 + S212 — S213 = 0
Z19913 + Z12313 + Z12223 + Z12323 + Z12233 + Z12333 + S122 — S123 = 0

Z29913 + Z22313 + Zo2223 + Z22323 + Z22233 + Z22333 + S202 — S223 = 0

Z13313 + Z13323 + Z13333 + S132 — S133 = 3

Z23313 + Z23323 + Z23333 + S232 — S233 = 0

Ziima + Zu21a + Zusia + Zin2a + Zii22a + Z11324 + Z11134 + Z11234 + Z11334 + S113 — S114 =0
Zo1114 + Z21214 + Z21314 + Z21124 + 221224 + 221324 + Z21134 + Z21234 + Z21334 + S213 — S214 = 2
Z19914 + Z12314 + Z12224 + Z12324 + Z12234 + Z12334 + S123 — S124 = 4

Z2914 + Z22314 + Z22224 + Z22324 + Z22934 + Z22334 + S223 — S224 = 1

Z13314 + Z13324 + Z13334 + S133 — S134 = 0

Z23314 + Z23324 + Z23334 + S233 — S234 = 2

Z11115 + Z11215 + Z11315 + Z11125 + Z11225 + 211325 + Z11135 + 211235 + 211335 + S114 — S115 = 5
Zois + Z21215 + Zoas1s + Zon12s + Z21225 + Z21325 + Zo1135 + Z21235 + Z21335 + S214 — S215 = 6
Z19915 + Z12315 + Z12225 + Z12325 + Z12235 + Z12335 + S124 — S125 = 0

Z29915 + Z22315 + L2225 + L2325 + Z22235 + Z22335 + S224 — S225 = 6

Z13315 + Z13325 + Z13335 + S134 — S135 = 5

Z23315 + Z23325 + Z23335 + S234 — S235 = 0

“Zinm +4- Zonn < 13- Y

“Zunz +4 - Zoinie

N

13- Y112
Y13
Y114

- Z11113 +4 - Zo1113

N
—
w

“Z1114 + 4 - Zo1114

N
—
w

N
—_
w

- Z1111s + 4 - Zo111s Y115

W W w W w w

N
—
w

- Zi121 +4 - Zo1io1 Y121
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W W W W W W W W W W W W W WwWww W W W w W W w W WY W W W

“Zin +4-
“Zinas +4-
“Zin2a +4-
“Zins +4-
~Zing +4-
“Zins2 +4-
~Ziss +4-
“Zinsat+4-
~Zinss +4-
“Zi1211 + 3
“Zui212+ 3
“Z11213 + 3 -
“Z11214 + 3
“Z11215 + 3 -
“Zi1221 + 3
“Zi1222 + 3
~Z11223 + 3 -
“Zi1224 + 3 -
< Z11225 + 3 -
~Z11231 + 3
~Zi1232 + 3
~Zi2ss + 3
~Z11234+ 3
< Z11235 + 3 -
~Zi1311 + 3
“Z11312 + 3
“Znziz +3-
“Z11314+ 3 -
“Z11315 + 3 -
~Zi1321 + 3
~Zi1322 + 3 -
~Z1s2s +3-
~Z11324 + 3 -
-+ Z1ss + 3

N
—_
w

Z21122

N
—_
w

221123

N
[t
w

221124

N
—_
w

Z21125

N
—
w

Z21131

N
—_
w

Z21132

221133

NN
—_
w

221134

Z21135 < 13-

Zigon +4-
Zi2912 +4-
Zh2913 +4-
Z12214 + 4 -
Zh2915 +4-
Z12221 + 4
Z12222 + 4
Z12923 +4-
Z12224 + 4 -
Z12995 +4 -
Zh2231 +4-
Zi2932 +4-
Zi9233 +4 -
Zi2931 +4-
Z12935 +4 -
Zy2311 + 3
Z12312+ 3
Z19313 + 3~
Z12314+ 3
Z12315 + 3 -
Zi2z1 + 3
Z12322 + 3 -
Z19323 + 3~
Z12324+ 3
Z19325 + 3

13-

Yi3s5

Zo1211 +4-
Zoi212 +4-
Zoi213 +4-
Zo1214 +4 -
Zoi215 +4 -
Zor221 +4 -
Zor222 +4-
Zoi223 +4 -
Zo1224 +4 -
Zoi225 +4 -
Zoi2z1 +4-
Zoi2z2 +4-
Zoig33 +4-
Zo123a +4-
Zoi23s +4 -
Z13311 +4-
Z13312 +4 -
Zy3z13 +4-
Z13314 +4 -
Z13315 +4 -
Zizszon +4-
Z13322 +4 -
Z13323 +4-
Z13324 +4 -
Zy3325 + 4+

L1l < 13-

N
—
w

Z£99212

N
—
w

299213

N
—_
w

299214

N
—
w

222215

N
—_
w

Z22221

N
—_
w

299999

N
—_
w

Z£99923

N
—
w

299924

N
—_
w

292925

N
—_
w

222231

N
—
w

Z22232

N
—_
w

Z£92933

N
—_
w

Z£99934

Z22235 < 13-

Z21311 +4 - Zag311 +4 -
Z21312 +4 - Za9312 +4 -
Zosi3 +4 - Zaazi3 +4-
Z21314 +4 - Z2314 + 4 -
Z21315 + 4+ Za9z15 +4 -
Zoizon +4 - Zaozon +4-
Z21322 + 4 - Z29320 +4 -
Zize3 +4 - Zoozaz +4-
Z21324 +4 - Zoa394 + 4 -
Zoasas +4 - Zoozas +4-

Y35

N
—
w

223311

N
—
w

223312

N
[
w

223313

N
—
w

Z23314

N
—_
w

Z23315

N
—_
w

Z93321

N
—
w

Z93322

N
—
w

Z93323

N

Z23324

Z93325 < 13-

13-
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w w w W w

Y111 + Yo + Ya1n
Y121 + Yao1 + Y321
Y131 + Ya31 + Y31
Y112 + Yo12 + Y312
Y122 + Yao2 + Y322
Y132 + Yaz2 + Yo
Y113 + Y213 + Y313
Y123 + Y3 + Y323
Y133 + Yazs + Yass
Y114 + Yo14 + Y314
Y124 + Yo24 + Y324
Y134 + Yoz4 + Yaza

Y115 + Ya15 + Y315
Y125 + Yao5 + Y325
Yiss + Yass + Yags
S110=10
S210=10
S120 =0
S220 =10
S130 =10
Sa30 =10

<

NN NN NN NN N N N NN
— —

VA
—

~Z11331 + 3+ Z12331 + 3 -
~Z11332 + 3+ Z12332 + 3 -
711333 + 3 - Z12333 + 3 -
211334 + 3+ Z12334 + 3 -
- Z11335 + 3 - Z12335 + 3 -

1
1

S G S G U S G Sy

—_

Zh3szr +4- Zoigzn +4 - Zoozz1 +4 - Zogzs < 13-
Z13332 +4 - Z21332 +4 - Z29332 +4 - Zagzze < 13-
213333 +4 - Z2o1333 +4 - Z22333 +4 - Zozzzz3 < 13-
Zigzza +4 - Zoizza +4 - Zogzza +4 - Zozzza < 13-
Zn33zs +4 - Zoiggs +4 - Zoosss +4 - Zogsss < 13-

Yeikp €{0,1}, Sigp €Ry, Zigrkp € Ly Vi, VB, V1, Yk, Vp.

In the MILP approach, first the linear relaxation of the problem is solved, then the

integrality constraints are added to the problem and the optimization package CPLEX,

in its default settings, is called to solve the resultant mixed-integer problem. This is

done to assess the quality of the upper bound obtained by the application through the

GAP calculation.

Applying the RF approach to this example, the decomposition strategy portrayed
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in Table 3.1(a) will be used. In the first RF iteration, the integrality constraints over all
variables are relaxed with the exception of variables Y 1, Y12, Zig k1 and Z; g - 12
for all indices i, 3, 7, k, which are maintained as integer, and the resultant problem is
solved by the optimization package. Next, the values of the variables Y, ;1 and Z; g - 1.1
are retrieved from the solution and are fixed at these values for the next iteration.

In the second RF iteration, the integrality constraints to variables Y, ;3 and Z; g ; .3
are added to the problem together with variables Y, ; o and Z; g ;1 2, while the integral-
ity constraints over variables Y ; 4, Y715, Zigrka and Z; g - 5 are maintained relaxed
for all indices 2, 3, 7, k.

In the third RF iteration, for all indices ¢, 3, 7, k, variables Y. ;o and Z; 5,12
are fixed in their integer values, the integrality constraints over variables Y, 3, Y. 1 4,
Ziprks and Z; 5,14 are added to the problem, and only variables Y. ;5 and Z; 5,15
are maintained relaxed.

In the fourth and last RF iteration of this example, variables Y. ; 3 and Z; g 5 3 are
fixed, and the integrality constraints over variables Y .4, Yr k5, Zigrka and Z; 515
are added to the problem. These variable conditions, at each iteration, are illustrated
in Table A.2. Note that this procedure works until a feasible solution to the origi-
nal problem is obtained or an infeasible problem is detected. Then the procedure is

stopped.

Table A.2: Numerical example for KMPCSP - variable conditions in each RF iteration.

Variables RF iterations
conditions 1 2 3 4
Yika
YT,k,l Y‘r,k,2
Fixed - Yioka Yik2 Y ks

Zigrk1l  Ziprkl  Ziprkil
Zigrk2  Zigrk2

Zi,B,T,k,S
Yika Yk Yiks Yk
Integer | Yoe2 Yo Yora o Yuus
Zi,ﬁ,f,k,l Zl’,ﬁ,‘f‘,k,2 Zi,ﬁ,T,k,3 Z'L’,B,T,k,4
Zi,ﬁ,T,k,Z Zi,ﬂ,’r,k,3 Zi,,B,T,kA Zi,ﬁ,ﬂ',k,{)
Y‘r,k,S
Yika Yika
Relaxed Yiks Yiks Yiks i

Zigrks  Ziprka  Ziprks
Zigrka  Zigrks
Zigrks

In comparison to the original problem, in the RF solution method, a smaller number

of integrality constraints is considered at each iteration, which generally makes the
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resultant problem easier to be solved.

The results of the MILP and RF strategies are presented in Tables A.3, A.4 and
A.5, where processing time is given in seconds, the objective values and lower bounds
are expressed in currency units, and in columns containing the term (%)’, the values
are percentages. Besides that, two types of GAP are considered. The first, GAP1, is

calculated as a percentage by the formula:

UB - LR
APl =1 _
G 00 x 0B

where UB (upper bound) and LR (linear relaxation) are the objective values retrieved
from the mixed-integer and linear relaxation (at root node) solutions, respectively. The

parameter GAP2 is calculated in a similar way to GAP1:

UB - BLB
GAP2 =100 X ————
“TUB
where UB (upper bound) is the mixed-integer objective value and BLB is the best

lower bound provided by CPLEX in the MILP strategy.

Table A.3: Numerical example for KMPCSP - MILP and RF results: solution status,
processing time, objective value and distribution of costs.

. . . I
Solution Processing Mixed-Integer nventory Mold cost
status time objective value penalty (%)
J cost (%) °

MILP RF MILP RF MILP RF MILP RF MILP RF

Optimal Feasible 1.75  0.08 66332.00 66351.50 0.05 0.08 99.95 99.92

Table A.4: Numerical example for KMPCSP - MILP and RF results: lower bounds
and GAPs.

Linear relaxation Best lower bound GﬁyP)l GZA(}P)2
. . . 0 (0]
objective value provided by CPLEX MILP RF MILP RF
60305.50 66267.50 9.09 9.11 0.10 0.13

Table A.5: Numerical example for KMPCSP - MILP and RF results: mold usage.

AV(?,rage no. of Average no. of  Used mold Production PS/UMS
available molds used molds space space (%)
per period per period (UMS) (PS) ¢

MILP RF MILP RF MILP RF MILP RF
3.00 2.20 2.20 143.00 143.00 140.00 140.00 97.90 97.90
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Applying the example to the GGMPCSP

Here, a numerical example of solving the GGMPCSP is presented considering the
same instance used to exemplify the KMPCSP solution methods.
Writing in a matrix all possible combinations (cutting patterns) to allocate the

ordered items (hollow-core slabs) in a mold, one obtains:

[] a1, 12300001211
il —
’ Ay, 00012341123

which is illustrated by Figure A.1.

71T IIIIIIII I 7 77777777777 77777777777) 7777777777 7777777777777
Y1177 7777777777777 7707007707777 7777777777
7IIII I I I 7 7777777777777 71111117177

— : : |
w1 w1 w1
. 1 . 2
(a) Cutting pattern NE (b) Cutting pattern NE
1 1 1 ]
I T T 1
w1 w1 w1 w2
. 3 . 0
(c) Cutting pattern ol (d) Cutting pattern e
| | Vi
| 1 ]
I ] 1
w2 w2

(e) Cutting pattern [g}

| | | Viiizzz4 | | | | %
I ™ i s i Wa | I ™ i s i Wa i o |
(f) Cutting pattern B] (g) Cutting pattern B]
| | P | | Vi)
— o
(h) Cutting pattern [ﬂ (i) Cutting pattern E]
| | V.77 | | | |
| IL 1 ] | 1 1 1 ]
I wl L] w2 ] w2 1 I wl ] w2 ] w2 ] w2 1
(j) Cutting pattern [ﬂ (k) Cutting pattern B]

Figure A.1: Cutting patterns for the GGMPCSP numerical example.

Considering all possible cutting patterns to formulate this problem, one would have

to solve a linear problem with 195 variables. To get round this laborious task, the
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Table A.6: Initial cutting patterns for the GGMPCSP numerical example.

RHS

Periods
1,2, 3 and 4

Period
5

X11p Xo1p Xigp Xoop Xizp Xogp

X115 Xo1s Xio5 Xoos Xi35 Xogs

= dip
= dop

3
0

0
4

= dig
= d22p 0 4

= di3p 30
= d23p 0 4
= dizs 1 0

= di3s 2

Demand balance constraints
I

selection of a smaller number of available cutting patterns enables the formulation of a
restricted master problem. Thus, removing the integrality constraints of the variables,
a column generation procedure can be applied as a solution method. In this study, the
RMP is initially defined only taking into account homogeneous cutting patterns, given
by
W 5 e
min ¢ —; max {1;di,57p} ifi=jand =7,
w.

7

@i B.jrp =
0 otherwise,
where .
P
Ji7ﬂ7p = Z Z di;Yﬂn vz’ v/87 vp‘
Y<B r=p

Table A.6 contains the initial cutting patterns used in the first iteration of the col-
umn generation procedure applied to this example. This strategy yields a total of 60
variables, which represents less than a third of the total possible variables, making the
resultant problem more straightforward to be solved. To elucidate the operation of the
column generation procedure, the models and solutions of each iteration are presented.

Iteration 1
The first column generation iteration starts with solving the RMP with homoge-

neous cutting patterns as follows:

minimize 25111 +2- 5112+ 25113+ 25714 + 200 S115 +2- S101 + 2 - S122 + 2 - S1o3
+2- 5124 +200 - S125 +2-S131 + 2 - S132 + 2 - S133 + 2 - S134 + 200 - S135 + 1.5 - So11

+1.5-8519 4+ 1.5-9513 4+ 1.5-59514 4+ 150 - So15 + 1.5 S991 + 1.5 S999 + 1.5 - Soo3
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subject to

+ 1.5 S924 + 150 - Sag5 + 1.5 - S231 + 1.5 - Soza2 + 1.5 - Sogz + 1.5 - Sagq + 150 - Sazs

+ 2600 - X711 + 2600 - X712 + 2600 - X113 + 2600 - X714 + 2600 - X715 + 5200 - X191

+ 5200 - X192 + 5200 - X723 + 5200 - X194 + 5200 - X795 + 11700 - X131 + 11700 - X132

+ 11700 - X133 + 11700 - X134 + 11700 - X135 + 2600 - X211 + 2600 - X212 + 2600 - X213
+ 2600 - X214 + 2600 - X215 + 5200 - X991 + 2600 - X122 + 5200 - Xo93 + 5200 - X994

+ 5200 - Xo95 + 11700 - X231 + 11700 - X232 + 11700 - X933 + 11700 - Xo34 + 11700 - X235

X111 +3- X921 +3 - Xy31 — S111 =1

- Xo11 +4- Xoo1 +4- Xoz1 — S211 =2

- X121 +3- X131 — S121 =0

+ X991 +4- X031 — So21 =1

- X131 — S131 =1

- Xo31 — S231 =0

- X112 + 3+ X122 + 3 X132 + 5111 — S112 =0
- Xo1o +4 - Xogo +4 - Xogo + S211 — S212 =3
- X122 + 3 - X132 + S121 — S122 = 2

- Xogo +4 - Xoga + Sa21 — Sz = 2

- X132 + S131 — S132. =0

- Xogg + Sa31 — Saz2 = 1

- X113 +3- X123 +3 - X33 + S112 — S113 = 3
- Xo13 +4- Xogg +4 - Xogz + Sa12 — S213 =10
- Xi23 +3- X33 + S122 — S123 =0

- X223 +4 - Xo33 + Soo2 — S223 =0

- X133 + S132 — S133 = 3

- X933 + Sa32 — Sa33 = 0

- X113+ 3+ Xio3 + 3 Xugz + S113 — S114a =0
- X913 +4 - Xoo3 +4 - Xogz + S213 — S214 = 2
- X123 + 3+ X133 + S123 — S124 = 4

- X223 +4 - Xo33 + So03 — Soas =1

- X133 + S133 — S134 =0

- Xo3g + Sazg — Saza = 2

X3+ 1- Xi93+2- Xig3 + S114 — S115 =5

=~ W ok W kR W R W R W W W W W WY W

- Xo13 +4 - Xoo3 + 1+ Xo3z3 4+ So14 — S215 =6

—_

- X123 +2- Xq33 + S124 — S125 =0
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4 Xogz + 1+ Xo33 + So24 — S225 = 6

2 X133+ S134 — S135 =5

1- Xa33 + 5234 — S235 = 0

X111 + Xonn + Xi21 + Xoo1 + Xig1 + Xog1 <3
X112 + X212 + X122 + X022 + X329 + X032 < 3
X113 + Xo13 + X123 + Xooz + X33 + X233 < 3
X114 + Xo14 + Xi24 + Xoog + X134 + Xo34 < 3
X115 + Xo15 + X125 + Xaos + X135 + X235 < 3

S110 =0
S210 =10
S120 =10
Sa20 =0
S130 =0
Saz0 =0

Si757p7 Xj7T’p E Z+ VZ’ vﬁ? VT7 v.]? vp'

After solving it with CPLEX using the default settings, the following results are
obtained:
Relaxed RMP Objective Value = 65332.5.

The initial solution is given by:

X1 Xq2 Xqizs Xiua Xiis -0.33 0 1.08 092 O
Xio1 Xioo Xiog Xioa Xios 0 067 0 067 O
Xis1 Xizo Xizz Xisa Xiss B 033 0 1 0 0.67
Xo11 Xoo Xo1z3 Xouu Xois 105 075 0 067 083
Xoo1 Xooo Xooz Xooy Xoos 0.25 0.5 0 025 1.5
| Xoz1 Xozp Xosz Xoza Xoss | | 0025 0 05 0|
St Sue Sz Sua Sus 0 0 025 0
Si21 Siz2 Si23 Sia Sios 00 O 0
Siz1 Sizz Sizz Sz Siss| |00 0 0
So11 So1a Sz Saa Sars 00 0 0670
Soa1 Saoz S293 Soza Saos 00 O 0
_5231 Soza Sazz Saza 5235_ 00 0 0 0

The dual optimal variables \; 5, (related to the demand balance constraints) and
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t, (related to the capacity constraints) are given below.

At Az Az M A [ 866.67 864.67 866.67 868.67 870.67]
Mot Ao Aoz Aioa Aios 1733.33 1733.33 1733.33 1735.33 —200
Mzt Az Az Mz Aiss 3900 3898 3900 3902 3904
Xot1 Aata Aotz Ao Aaws| = | 650 650 650  651.5 653
Xozi Mooz Mooz Aaos Aaos 1300 1300 1300 1301.5 1303
Xast Aaza Aoz Aosa Aess 2925 2925 2925  2926.5 —150
| M1 p2 M3 4 s 0 0 0 —6 —12

Now, let variable o; g represent the number of items ¢ with wire configuration /3 in

the new cutting pattern. For each period p and leading wire configuration 7, the fol-

lowing knapsack subproblems are solved in order to find whether there is an attractive

cutting pattern for the RMP.

Reduced cost: — 216.67

1

O O O O W

Reduced cost: — 433.33

aql

min 2600 — 866.67 - a1; — 650 - oy a9
s.t. 4-a11+3-a <13 M a2
Q12 + a1z + a2 + ags =0, Q22

aig €Ly Vi, VB a3

_()[23_

T=2

min 5200 — 866.67 - a;1 — 1733.33 - 12 a1
—650 - ag; — 1300 - o9 91

st d-an+4 01043 a2 +3- 0z < 13 solution, 1, ,
a1z + az3 =0, Q22

aig €Ly Vi, VB, a3
_0[23_

0

o O w = O
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min

s. t.

min

s. t.

min

11700 — 866.67 - vy — 1733.33 - vy — 3900 - 13
—650 - ag; — 1300 - 9o — 2925 - o3
4-ap1+4-o9+4-a13+3 a1 +3-ax
+3-a93 <13
aig €Ly Vi, VB.

2600 — 864.67 - a;1 — 650 - aoq

4- 011 +3-a91 <13 solution
=

a2 + o3 + a2 + ao3 = 0,
aip €Ty Vi, VB,

5200 — 864.67 - 11 — 1733.33 - 12
—650 - ag1 — 1300 - a2

4~a11+4-a12+3-0z21+3-a22<13 solution
a13 + agz = 0,
aip € Ly Vi, VB.
11700 — 864.67 - av11 — 1733.33 - cv12 — 3898 - «q3
—650 - a21 — 1300 - 29 — 2925 - 23
solution
4-o1+4-012+4-a13+3- a1 +3-a —_—

+3 - o3 <13
;g € Ly Vi, V.

solution
SRR

Reduced cost: — 975

a1l
21
Q12
22
@13

Q23

Reduced cost: — 214.67

11
Q21
12
(6%)))
a13

23

Reduced cost: — 433.33

a11
Q21
12
Q22
13

Q23

0

w = O O O

1

3
0
0
0
0

0

0
1
3
0
0

Reduced cost: — 973

a11
21
12
Q2
13

Q23

0

w = o O O
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[ ] p = 3
T=1
Reduced cost: — 216.67
a1 1
min 2600 — 866.67 - a11 — 650 - a1 3
Q21
s.t. 4-a11+3 a1 <13 solution
_— o192 0
a2 + a13 + e + ang = 0, =
. @99 0
aip € Ly Vi, VB.
13 0
| 23 | 0]
T=2
Reduced cost: — 433.33
min 5200 — 866.67 - 11 — 1733.33 - 192 11 0
—650 - a91 — 1300 - 29 a1 0
s.t. 4-ap1+4-aia+3- a9+ 3 <13 M aig| 1
a3 + g3 = 0, Q22 3
a3 € Ly Vi, VB. a13 0
| 23 | 0]
T=3:
Reduced cost: — 975
min 11700 — 866.67 - 11 — 1733.33 - 12 — 3900 - a13 11 0
—650 - a91 — 1300 - 99 — 2925 - Q93 a1 0
luti
s.t. 4-a;1+4-a9+4-a13+3-a21 +3- a9 somtion, az| 0
+3 - a3 <13 22 0
a;p € Zy Vi, V. 13 1
| o3 | 3]
e p= 4
T=1
Reduced cost: — 217.17
. 11 1
min 2606 — 868.67 - 11 — 651.5 - croq 5
Q21
S.t. 4 a1 +3-a0; <13 solution
_— a9 0
12 + a13 + a2 + ang = 0, =
a929 0
;g € Ly Vi, V.
13 0
| o3 | 0]
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T=2
Reduced cost: — 433.83
min 5206 — 868.67 - 11 — 1735.33 - 12 11 0
—651.5 - a1 — 1301.5 - a929 a91 0
Luti
st doon+4-0+3 021 +3 a2 <13 SO, Nag| |1
13 + agz = 0, Q92 3
a; B € Zy Vi, V3. 13 0
| o3 | 0]
T=3
Reduced cost: — 975.5
min 11706 — 868.67 - a1 — 1735.33 - av12 — 3902 - «vy3 a1 0
—651.5 - a1 — 1301.5 - a9 — 2926.5 - 23 a91 0
luti
s.t. 4-a1+4-a19+4-a13+3-a21+3-a m aig| 0
+3- a923 < 13 a29 0
Q; 3 € Y/ V. 13 1
| v23 3]
T=1

Reduced cost: — 217.67

. 11 1
min 2612 — 870.67 - 11 — 653 - a1
a21 3
s.t. 4-a;1+3 a0 <13 solution
EEEE— 12 0
aj2 + a1z + agy + agsz =0, =
. 929 0
a8 € Ly Vi, VB.
a13 0
Q23 0

T=2

Reduced cost:0

min 5212 — 870.67 - ary + 200 - vy | o]

—653 - ag; — 1303 - ao a9 0

s.t. dran+4-a124+3- a1 +3-a22 <13 M aiz| 0

13 + agz = 0, an| |4

;8 € Ly Vi, V. 13 0

| 23 0]
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T=3

Reduced cost:0

min 11712 — 870.67 - axq + 200 - argy — 3904 - g | [0

—653 - ag1 — 1303 - o9 + 150 - cvo3 . a9 0

s.t. 4-a1+4-ap+4-a13+3-a01+3- a9 M aiz| 0

43 ag3 <13 99 o

;8 € Ly Vi, V. a13 3

| o3 | 0]

For each of these subproblems, the columns are evaluated whether their reduced
costs are lower than or equal to —0.001. In these cases, the subproblems solutions
are added as new cutting patterns followed by new variables in the RMP. Table A.7
contains the initial cutting patterns and the columns generated in the first iteration
of the column generation procedure. After updating the RMP with the new cutting

patterns, a new iteration is done.
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Iteration 2
Then, for the RMP with the new columns:

minimize 25111 +2- 5112+ 2- 5113+ 25714 +200 - S115 +2- S101 + 2 - S122 + 2 - S1o3
+2-5124+200-S125 +2-S131+2-S132+2-S133 + 25134 + 200 - S35 + 1.5 - So11
+1.5-8519 4+ 1.5-85134+1.5-5314 4+ 150 - So15 + 1.5+ S991 + 1.5 S990 + 1.5 - Soo3
+ 1.5 5224 + 150 - Sa25 + 1.5 - Sa31 + 1.5 - Sa32 + 1.5 - Sa33 + 1.5 - Sa34 + 150 - Sa3s
+ 2600 - X111 + 2600 - X112 + 2600 - X113 + 2600 - X114 + 2600 - X115 + 5200 - X121
+ 5200 - X122 + 5200 - X123 + 5200 - X724 + 5200 - X125 + 11700 - X131 + 11700 - X132
+ 11700 - X133 + 11700 - X134 + 11700 - X35 + 2600 - X211 + 2600 - X212 + 2600 - X213
+ 2600 - X214 + 2600 - X215 + 5200 - X991 + 2600 - X129 + 5200 - X923 4+ 5200 - X994
+ 5200 - X995 + 11700 - X231 4+ 11700 - X230 + 11700 - X233 + 11700 - X934
4+ 11700 - X235+2600 - X311 + 2600 - X312 + 2600 - X313 + 2600 - X314
42600 - X315 + 5200 - X321 + 5200 - X322 + 5200 - X323 + 5200 - X324
+11700 - X331 + 11700 - X332 + 11700 - X333 + 11700 - X334

subject to
3- X111 +3- X1 +3- Xz +1 - X311 +1- X321 +1- X331 — S111 =1
4-Xonn+4- Xog1 +4- Xoz1+3 - Xg11 +3 - X321 +3 - X331 — S211 = 2
3 Xi21 +3- Xy31+1 - X321 +1- X331 — S121 =0
4 Xoo1 +4- Xo31+3 - X321 + 3 - X331 — S221 = 1
3 Xi131+1- X331 — S131 =1
4 Xo31+3 - X331 — S231 =0
3- X112 +3- X122+ 3- Xyzo+1- X312 + 1 X322 +1- X332 + S111 — S112 =0
4-Xo12 +4- Xogo +4- Xozo+3 - X312 + 3 - X322 + 3 - X332 + 5211 — S212 =3
3 Xi22 + 3 Xiz2+1 - X322 + 1 X332 + S121 — S122 = 2
4 Xogo +4- Xo3o+3 - X322 + 3 - X332 + S291 — Sog2 = 2
3 Xi32+1 - X332 + S131 — S132 =0
4 Xozo+3 - X3z + S231 — Saz2 = 1
3- X113 +3- X123 +3- Xy33+1- X313 + 1 X323 + 1 - X333 + S112 — S113 = 3
4 Xo13 +4- Xoog +4- Xozz+3 - X313 +3 - X323 + 3 - X333 + 5212 — S213 =0
3 X123 +3- Xuzz+1 - X323 + 1 - X333 + S122 — S123 =0
4- Xooz +4- Xo33+3 - X323 + 3 - X3z3 + Sa22 — S223 =0
3+ Xi33+1 - X333 + S132 — S133 = 3
4 - Xo33+3 - X333 + S232 — S233 =0
3- X113 +3- Xq23 +3- Xy33+1 - X314 + 1+ X324 + 1 X334 + 5113 — S114 =0
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X913 +4 - Xooz +4 - Xogz3+3 - X314 + 3 - X324 + 3 - X334 + S213 — S214 = 2
- X123+ 3 - Xi33+1 - X324 + 1 - X334 + S123 — S124 = 4

- Xoo3 +4 - Xo33+3 - X324 + 3 - X334 + 5223 — S224 = 1

- X133+1 - X334 + S133 — S134 = 0

- X233+3 - X334 + S233 — S234 = 2

“Xy13+1- Xyo3 + 2 Xygz+1- X315 + 5114 — S115 = 5

W e W e W

- Xo13+4 - Xoo3 + 1+ Xo33+3 - X315 + So14 — S215 = 6

—_

- X123 + 2 X133 + S124 — S125 =0

4 Xoog + 1+ Xo33 + Sa24 — S225 = 6

2 X133+ 5134 — S135 = 5

1+ X933+ S234 — S235 = 0

X111 + Xo11+X311 + X121 + Xoo1+X321 + X131 + Xo31+X331

N

X112 + Xo212+X312 + Xi22 + Xo22+X322 + X132 + Xo32+X332
X113 + X213+X313 + X123 + Xoo3+X323 + X133 + X233+X333 <

N
w W w W

X114 + X214+X314 + X124 + X224+X324 + X134 + X231+X324

N

X115 + Xo215+X315 + Xi25 + Xoos + X135 + Xozs < 3

S110=10
S210=10
S120 =0
S220 =0
S130 =0
Saz0 =0

Si,ﬂ,pv ijp € RJr VZ, vﬁv VTv VJ, Vp

After solving it with CPLEX using the default settings, the following results are
obtained:

Relaxed RMP Objective Value = 62129.9.
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The solution for the RMP in the second iteration is given by:

(Xin X2 Xus Xiu Xus|  [011 0 067 0 0.33]
Xio1 Xizo Xioz Xjog Xios 0 022 0 0 0
Xi31 Xizo Xizz Xiza Xiss 033 0 078 0 0.56
Xont Xorz Xoiz Xoww Xois 0 0 0 0 0
Xoo1 Xogo Xooz Xooy Xoos 0 0 0 0 0
Xo31 Xoza Xozz Xogy Xoss 0 0 0 0 0
X3 X312 X313 Xz Xais 067 1 0 0.67 1.33
X321 X322 X323 X3 =1033 1 0 2

X331 X33z X33z Xasa 0 033 0.33 0.33

St Suz Sz Sia Sus 0 1 0 067 0
Sio1 S22 Stz S1aa Stas 033 0 0 0 0
S131 Sz Sizz S Siss 0 033 0 033 0
So11 Sa1z Sz So1a Sais 0 0 0 0 0
Sog1 Saoz Sz Soza Saos 0 1 1 6 0
| So31 S2zz Sazz Saza Soss | | 0 0 1 0 0 |

The dual optimal solutions A; g, (related to the demand balance constraints) and

tp (related to the capacity constraints) are the following:

A1l M2 A3 Atig s [ 866.67 864.67 866.67 864.67 866.67 |
A21 A2 A2z Aas Aqos 1731.33 1733.33 1728.83 1726.83 —200
A131 A132 A133 A1z Aigs 3900 3898 3900 3898 3900
A211 Ao1z Ag1z Aows Aoz | = | BTT.7T8  578.44 57778  579.28  577.78
Aoo1 A22o A993 Agag oo 1156.22 1155.56 1157.06 1158.56 1160.06
X231 Aoga Agzz Aazs Aogs 2600  2600.67 2600 2601.5  —150
| M1 M2 M3 4 s |0 0 0 —2.5 0

Now, let variable o; g represent the number of items ¢ with wire configuration 3 in
the new cutting pattern. For each period p and leading wire configuration 7, the fol-
lowing knapsack subproblems are solved in order to find whether there is an attractive
cutting pattern for the RMP.
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(p=1)

s. t.

min

min

s. t.

2600 — 866.67 - aryp — HT7.78 - oy
4 011+ 3 a9 <13

a1 + a3 + e + g3 =0,

aig €Ly ¥i, VP.

5200 — 866.67 - ary; — 1731.33 - avpo
—B77.78 - aig1 — 1156.22 - (9o
4-a11+4-a19+3 a1 +3- a9 <13

a3 + a3 =0,
aig €2y Vi, VB.

11700 — 866.67 - ai;; — 1731.33 - 12 — 3900 - 13
—577.78 - cvg1 — 1156.22 - g — 2600 - o3
4-011+4-o19+4-a13+3 a1 +3- a9
+3-a03 < 13
a3 € Ly Vi, VB.

2600 — 864.67 - ar;; — 578.44 - ayg
4 11+ 3 a9 <13

Q12 + a3 4+ o + aing = 0,

;g €Ly Vi, VB.

solution
S

solution
e

solution

solution
—_—

Reduced cost: 0

a1l
@21
12
Q2

@13

23

3

0
0
0
0
0

Reduced cost: 0

a1l
21
Q12
@22
@13

23

0

0
1
3
0
0

Reduced cost: 0

a11
Q21
@12
Q22
13

@23

0

0
0
0
3
0

Reduced cost: 0

a1
Q21
12
Q22
Q13

Q23

1

o O O O Ww
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Reduced cost: 0

min 5200 — 864.67 - a11 — 1733.33 - aro an| [0
—578.44 - a1 — 1155.56 - aizs s 0

s.t. dran+4-a124+3 a1 +3-a20 <13 M aiz| 3
a13 + asg = 0, 99 B 0

a8 € Ly Vi, VB. 13 0

| a3 | 0]

Reduced cost: 0

min 11700 — 864.67 - 1] — 1733.33 - 12 — 3898 - a13 a1 0
—578.44 - a91 — 1155.56 - 99 — 2600.67 - 23 a921 0

solution
s.t. 4-ap1+4-ap+4-a13+3- a1 +3- — |aq2 B 0
+3 * (X923 < 13 929 0
Q; 3 € Z+ Vi, V. 13 1
| a3 | El

= 3)

Reduced cost: 0

. a1 3
min 2600 — 866.67 - ay1 — 577.78 - o 0
Q21
s.t. 4o +3-a9 <13 solution
12 + 13 + a9 + ag3 = 0, =
. 29 0
;g € Ly Vi, V.
13 0
| 23 | 0]

Reduced cost: 0

min 5200 — 866.67 - ay; — 1728.83 - a9 a1 0
—b77.78 - ag; — 1157.06 - (g Q91 0

s.t. drann+4-a2+3 a1+ 3 ap <13 M aiz| 1
a13 + agg = 0, an| |3

;g € Ly Vi, V. Q13 0

| 23 | 0]
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Reduced cost: 0

min 11700 — 866.67 - 11 — 1728.83 - a19 — 3900 - a3 a1l 0
—577.78 - a1 — 1157.06 - 99 — 2600 - 23 a1 0

solution
s.t. 4-apn+4-ao+4-a13+3 a1 +3- a9 e arz| 0
+3 -3 <13 Q92 0
a; 5 € Zy Vi, V. 13 3
| 23 0]

Reduced cost: 0

11 1
min 2602.5 — 864.67 - 11 — 579.28 - Q921
a1 3
s. t. 4-a;1+3-a <13 solution
e o192 0
Q12 + a3 + age + aeg = 0, =
‘ 99 0
g € Ly Vi, VB.
a13 0
a3 0

Reduced cost: 0

min 5202.5 — 864.67 - 11 — 1726.83 - avq9 a1 0
—579.28.5 - aig; — 1158.56 - oo Q21 0

St 4-au+4-a12+3-a2 +3-a <13 solution, oLl |
a3 + ag3 = 0, 022 |3

g € Ly Vi, VB. 13 0

| 23 | 0]

Reduced cost: 0

min 11702.5 — 864.67 - 11 — 1726.83 - o192 — 3898 - 13 a1 0
—579.28 - Q921 — 1158.56 - a99 — 2601.5 - a23 a1 0

solution
s.t. 4-a;1+4-ap+4-a13+3-a21 +3- a9 — 7 |a2| 0
+3 a3 <13 Q22 0
a;p € Zy Vi, V. 13 1
| 23 | 3]
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:5)

Reduced cost: 0

a1 3
min 2600 — 866.67 - 11 — 577.78 - a1
Q91 0
s.t. 4-a;1+3 a9 <13 solution
- o192 0
a1z + 13 + agg + asg = 0, =
. 929 0
;8 € Ly Vi, V.
13 0
23 0

Reduced cost: 559.78

min 5200 — 866.67 - 11 + 200 - g2 a1 0
—b77.78 - ag1 — 1160.06 - o9 Q91 0

s.t. dran+4-a124+3- a1 +3-a22 <13 M aiz| 0
a1z + agz = 0, axn| |4

;8 € Ly Vi, VB. 13 0

| 23| 0]

Reduced cost: 0

min 11700 — 866.67 - o171 4 200 - a2 — 3900 - 13 a1l 0
—577.78 - cvg1 — 1160.06 - cvog 4+ 150 - o 91 0

solution
s.t. 4-ap1+4-ap+4-a13+3- a1 +3- o — |aiz| 0
+3 + (X923 < 13 929 0
Q; 3 € Z+ Vi, V0. 13 3
| 23 | 10

Since all subproblems yielded non-negative reduced costs, there are no columns that
would improve the RMP solution and the column generation procedure is discontinued.
The integrality constraints related to the variables X, are inserted to the latter RMP,
and the optimization package is applied to solve the resultant mixed-integer problem.
The results of this heuristic applied to solve this example problem follow. First, the
variables are given. Tables A.8, A.9 and A.10 present specific solution information.
The processing time is expressed in seconds, the objective values are in currency units.

And, in the columns containing the term ‘(%)’, the values are percentages.
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Table A.8: Numerical example for GGMPCSP - CG results: solution status, processing
time, objective value and distribution of costs.

Inventory
Solution Processing Mixed-Integer penalty Mold cost
status time objective value cost (%)
(%)
Feasible 0.00 69250.00 0.51 99.49

Table A.9: Numerical example for GGMPCSP - CG results: lower bounds and GAPs.

Linear relaxation GAP1 CG stop Total No. of
objective value (%)  criterium columns CG iterations
62129.90 10.28  Optimality 43 1

Table A.10: Numerical example for GGMPCSP - CG results: mold usage.

Average no. of Average no. of Used mold Production
. PS/UMS
available molds used molds space space (%)
per period per period (UMS) (PS) ¢
3 2.40 156.00 146.00 93.59




Appendix B - Hollow-core slab production plan-

ning detailed results

This appendix presents tables of more detailed computational results of Chapter
3. Tables B.1 and B.2 show the averages of the objective values and their distribution
between inventory and mold costs for the MILP and RF heuristic applied to the KM-
PCSP. Table B.3 shows the total number of cutting patterns in the demand matrix at
the end of the CG procedure applied to the GGMPCSP, the processing time in seconds

and the distribution of objective values between inventory and mold preparation costs.

104
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Table B.1: Comparison between MILP and the RF heuristic results: objective values.

Linear relaxation Best lower bound Mixed-Integer objective value

Class =~ biective value provided by CPLEX  MILP RF

1 03,184.18 104,933.58 105,246.34 108,928.22
P 93,184.18 102,873.20 103,480.80 106,431.50
3 03,184.18 102,293.66 103,480.42 106,431.80
4 180,167.20 184,782.40 190,399.60 196,031.80
5 180,167.20 184,395.00 190,723.60 195,095.80
6 180,167.20 184,254.60 190,402.20 195,003.00
7 220,745.80 223,865.60 234,321.20 238,143.60
8 220,745.80 223,634.60 234,194.80 237,817.60
9 920,745.80 923,695.40 234,359.00 939,259.40
10 218,186.20 223,815.60 227,808.40 231,788.20
11 218,186.20 923,777.40 227,799.60 230,330.80
12 218,186.20 221,951.60 227,851.60 231,068.60
13 385,977.80 388,806.80 398,962.00 400,142.80
14 385,977.80 386,885.40 401,168.40 398,890.40
15 385,977.80 386,823.00 401,455.00 395,684.00
16 519,975.00 521,433.80 539,077.40 532,334.20
17 519,975.00 521,178.60 538,488.00 532,671.60
18 519,975.00 521,072.60 542,686.40 532,622.80
19 314,618.80 316,251.40 325,880.60 325,231.20
20 314,618.80 315,861.40 326,391.80 325,248.60
21 314,618.80 315,711.40 326,347.80 326,917.20
22 561,871.20 562,658.80 582,047.00 574,246.00
23 561,871.20 562,537.80 580,417.20 574,298.40
24 561,871.20 562,456.80 581,746.60 574,913.80
25 967,603.60 968,787.00 1,008,973.40 984,728.80
26 967,603.60 968,769.80 1,011,613.40 984,200.40
27 967,603.60 968,575.80 1,017,449.60 983,989.80
28 429,029.80 431,771.20 444,758.40 440,346.00
29 429,029.80 429,626.00 443,992.80 440,107.00
30 429,029.80 429,532.40 442,369.80 439,765.20
31 880,640.20 881,812.60 916,616.60 895,887.80
32 880,640.20 881,133.20 916,120.00 895,166.00
33 880,640.20 881,163.80 915,457.80 896,421.40
34 1,380,592.50 1,390,467.50 1,460,742.50  1,410,727.50
35 1,342,360.00 1,343,040.00 1,424,642.00  1,361,106.00
36 1,342,360.00 1,342,856.00 1,430,642.00  1,362,386.00

Average 510,842.00 513,430.16 534,669.84 525,123.70
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Table B.2: Comparison between MILP and the RF heuristic results: distribution of
costs.

Clags  Dventory penalty cost (%) Mold cost (%)

MILP RF MILP RF
1 0.13 0.18 99.87 99.82
2 0.18 0.21 99.82 99.79
3 0.18 0.21 99.82 99.79
4 0.25 0.36 99.75 99.64
5 0.24 0.35 99.76 99.65
6 0.25 0.35 99.75 99.65
7 0.29 0.61 99.71 99.39
8 0.39 0.64 99.61 99.36
9 0.31 0.63 99.69 99.37
10 0.13 0.21 99.87 99.79
11 0.12 0.20 99.88 99.80
12 0.14 0.21 99.86 99.79
13 0.16 0.27 99.84 99.73
14 0.17 0.32 99.83 99.68
15 0.19 0.33 99.81 99.67
16 0.33 0.42 99.67 99.58
17 0.36 0.42 99.64 99.58
18 0.37 0.41 99.63 99.59
19 0.08 0.16 99.92 99.84
20 0.13 0.17 99.87 99.83
21 0.11 0.18 99.89 99.82
22 0.20 0.30 99.80 99.70
23 0.24 0.31 99.76 99.69
24 0.27 0.29 99.73 99.71
25 0.30 0.32 99.70 99.68
26 0.32 0.34 99.68 99.66
27 0.34 0.36 99.66 99.64
28 0.08 0.14 99.92 99.86
29 0.11 0.17 99.89 99.83
30 0.11 0.17 99.89 99.83
31 0.16 0.25 99.84 99.75
32 0.17 0.25 99.83 99.75
33 0.25 0.30 99.75 99.70
34 0.19 0.30 99.81 99.70
35 0.25 0.31 99.75 99.69
36 0.40 0.36 99.60 99.64

Average 0.22 0.31 99.78 99.69
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Table B.3: GGMPCSP CG procedure results: total number of columns, processing
time and distribution of costs.

Class Tz;aclorll;lrrrrllrll):r Processing time Inventory(%e)nalty cost Moz(;) )cost
1 401.00 0.30 0.63 99.37
2 399.20 0.20 0.82 99.18
3 399.20 0.20 0.82 99.18
4 859.00 1,795.67 0.98 99.02
5 858.20 1,035.94 0.96 99.04
6 857.60 827.22 1.00 99.00
7 1,344.20 1,702.94 1.55 98.45
8 1,343.40 1,670.20 1.55 98.45
9 1,343.40 1,627.97 1.58 98.42
10 1,039.20 1,793.11 0.50 99.50
11 1,036.60 1,091.03 0.73 99.27
12 1,036.80 1,081.29 0.79 99.21
13 - - - -
14 - - - -
15 2,178.00 1,798.22 1.13 98.87
16 - - - -
17 - - - -
18 - - - -
19 1,644.00 1,274.83 0.84 99.16
20 1,639.00 1,796.72 0.84 99.16
21 1,639.00 1,797.16 0.84 99.16

Average 1,126.11 1,205.81 0.97 99.03




Appendix C - Variations of ICG with two steps
and SCG strategies

This appendix discusses the variations V-ICG and V-SCG of the strategies ICG
with two steps and SCG, respectively, proposed and applied in Chapter 4, as well as
explains the lack of success when applying these variants to the proposed model in

Section 4.2.

C.1 Variant of the Integrated column generation with

two steps (V-ICG)

In the V_ICG strategy, the column generation procedure is performed as described
in Section 4.3.1. The first step after the column generation procedure is to add integral-
ity constraints and solve the RMP sub-model regarding Stage 1 (Model (C.1)-(C.4)):

min Z Z WS stsp—i—ZZh zp (C.1)

pEPjSGJiO9 peP i€l
s. t.
D bijep Xy + S5y — S5, = d; ,
ijsp " Ajsp T Pi(p-1) i.p P vel, peP (C.2)
jsEJE
Sp € Ry, icl,peP (C.3)
X5, €Ly, pE P jse . (C.4)

Next, the second step consists of recovering the values of the variables X? , from

Jjckp
Model (C.1)-(C.4) solution that are used as parameters X ]SC rp to formulate the sub-

model related to Stage 2 (Model (C.5)-(C.12)):

mold mold pat pat
min E E sc, Y "‘E E E scy Yckp

peP k€K, pEP k€K joelf
c c c  aC (C.5)
YD D WX, D kG S
pEP kEKp joeJl peP i€l
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s. t.
Z Z Qijep * Xj%kp + Sicj(pfl)
keKp joeJS .
P _ iel,peP (C.6)
_Sfp - Z bijsp - XJSsp’
jsEJI;g
> X, SN YO, peEP keK, (C.7)
chJpC
X SN-YP pEP jceJ, keK, (C.8)
Sq, € Ry, icl, pePl (C.9)
XS ip € Ty, pEP, jceJ, keK, (C.10)
yoeld ¢ B, peEP keK, (C.11)
YPr €B, pEP, jo€J, keK, (C.12)

C.2 Variant of the Separated column generation pro-

cedure (V-SCQG)

Likewise the SCG approach, in the V-SCG strategy, two separated column genera-
tions are performed. At first, the column generation is applied to the linear relaxation
of the Stage 1 sub-model (Model (C.1)-(C.2)) and then, after adding the integrality
constraints, the resultant mixed-integer linear problem RMP is solved. Thereafter, the
integer solution of the Stage 1 is used to define the linear relaxation of the Stage 2
sub-model (Model (C.5)-(C.9)), which is solved by column generation. Finally, the in-
tegrality constraints are added to the last RMP and the resultant mixed-integer linear
RMP is solved.

C.3 Explanation of the non-applicability

Note that it is not guaranteed that the solutions of Models (C.1)-(C.4) and (C.5)-
(C.12) compose a feasible solution to the integrated problem, since the original con-
straints of lattice joist demand balance (4.2) and two stages integration (4.3) were
modified and, hence, are not directly satisfied.

In practice, a lattice joist of length w; is made only if there is available a steel truss
cut in w; length. Since constraints (C.6) allow that a lattice joist can be produced

without a steel truss, leading to an incongruity.
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Following, an example of a feasible solution that turns these variations impractical.
Fixed an item i = 1 and a period p = 1, suppose that w;, = 2, W5 =12, by, = 6
and dy; = 22, a feasible solution to Stage 1 sub-model (Model (C.1)-(C.4)) is given by

X7, =4, 57y =0and 57, =2, since

S S S _
E: bijsp - stp + Si,(pfl) o S@P = dy
jseJs

that is, constraint (C.2) is satisfied. Using Xfl = 4 to define the sub-model related to
Stage 2 (Model (C.5)-(C.12)) and considering a; ;1 = 5 and N = 10 a feasible solution
is Yypod =1, YAT = 1, X}, = 6, S¢) = 0 and S{| = 6, given that constraints (C.6):

c c c _ S
2 2. wer - X T Shpmy = SG = D buw - X,

kEKp joeJS jseJs

— 5 - 6 + 0 — 6 = 6 - 4

constraints (C.7):

je€df
— 6 < 10 1
and constraints (C.8):
C pat
chkp < N Jckp
— 6 < 10 - 1

are all satisfied. Note that, to produce 5 -6 = 30 lattice joists with w; = 2, it is
necessary that at least 30 units of steel trusses with w; = 2 were available in the same
period. However, in this example, only 6 - 4 = 24 were cut in Stage 1, turning these

solutions impractical to the factory.



Appendix D - General and numerical exam-
ple for the lattice slab produc-

tion planning

In this appendix, we present a general example in Section D.1 to illustrate the
model proposed in Section 4.2 and to explain in more detail how the subproblems are
formulated according to the ICG solution strategy. In addition, Section D.2 shows how

this method is applied in a numerical example.

D.1 General example

Suppose that there are |I|= 2 different items that must be produced in |P|= 3
periods in |K,|= 2 molds for each p € P. In addition, for each period p € P, consider
that |J$|= 2 and |JJ|= 2 are the number of cutting patterns available at the first
column generation procedure. The RMP of the first ICG iteration is given as follows
(note that all terms involving variables were adapted to be in the left hand side of the

equations and inequalities).

min Scanold . 1T{Lold + chnold . 27110[(1 + chnold . 1rgold + chnold . 2T£LOld

s Y st Y ke VI sk YIS s Y
s YR s VI 4 soh™ YR s VI 4 s Vi
+ s VHE 4 s YR + s Y s Yoy 4 of - WO X
+¢& W XG, +& Wl XS+ Wl XS, + & WO XE, 1)
+c§ W XS+ W XG + 5 WY X5 + 5 WO X,
+e§ WO XGig 4§ WO Xigg + 6§ - W Xipg +¢f - W X33
-i—cf-WS'X251+c§-WS'Xigz—kcg-WS'X%—i-cg-WS-X%
+c5 WY X5+ h§ -8 + hS) - SS + h$, - SG 4+ kS, - SS + b - SG
+ hSy - SS + hiy - STy + b3y - S5y + BTy - STy + hiy - S5 + hiy - ST5 + hiy - Soy
s. t.

ainy - XG4 arn - X% + ara1 - X§) 4 a1 - X5, — SG = dn (D.2)
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a211

a112

a212

@113

a213

c
- X171 + a2n

C

- X112 tane -
C

- X112 taz212 -
C

- X113 + anis -

c
- X113 + a213 -

C
- X791 + a2z

C

X9 + a2z -
C

Xig9 + ago -
C

X3 + a123 -

c
X9 + ags -

c
- X911 + ag

C

X519 + a2 -
C

X519 + ago -
C

Xo1g + a3 -

c
Xo1g + ags -

c c
- X951 — S5 = doy

XQ%Q +Sﬁ - 5102 =di2
X550 + S5 — S5 = das
X555+ S5 — S5 = dus

XG5+ 55 — S% = dos

S S S C
blll . Xll + b121 . X21 — Sll —aliy - )(111 —aiil - Xl%l —ai91 - X2CU

boi1 - X3 + boo

briz - Xy + bioo -

bo12 - X1 + boaa -

bi13 - Xigg + b123 -

b1z - X5 + bas -

XC + X§, - N -y <

c c
X1+ X§ — N - Yareld <

X1022 + XQ%Q - N- anzwm <

Xiig + Xgig — N - V5™ <

0
0
Xfio + X§12 = N - V54 <0
0
0
0

XG5+ XG5 — N - Yol <

X, - NV <0
X§, - N YA <0
X1021—N'Y1112a1t<0
X§ — N Y5 <0
XG4y, - N-YEY <0
X§,— N -YEY <0
X —N-YEY <0
X§0 —N-YBE <0
Xz —N-YHE <0
X513 — N -YJ5 <0
X1023—N'Y1p2%t<0

s s s
X5 + 571 — Sty — a2

s s s
X5 + 551 — S5y — a2

s s s
X33 + STp — ST3 — a113

s s s
X33 + S5 — S53 — a213

c
—a121 - X991 =0

S S C C C
’ X21 - 521 — @211 * X111 — az11 - X121 — a92921 * X211

c
—ag21 - X991 =0

c c C
- X119 —a112 - Xyg9 — a122 - X9)9

c
—a122 - Xg99 =0

C C C
- X192 — a212 - X199 — G222 - X519

c
—a222 - Xg99 =0

C C C
- X113 — a113 - Xyo3 — a123 - Xoj3

c
—a123 - X993 =0

C C C
- X113 — a213 - X{93 — a223 - X513

c
—ag93 - X993 =0

(D.10)

(D.11)

(D.12)



General example 113
X3 — N - Y <0 (D.31)
So, S Ry, iel, peP,
chckpa in~p6+’ iel,peP, (D32)
0 <Y, YR <1, pEP, joe S, ke K,

Let the dual variables \;, be associated to the demand balance constraints (D.2)-

(D.7), 0;, be related to the integration constraints (D.8)-(D.13), and ju, be related to

the mold capacity constraints (D.14)-(D.19). The corresponding dual problem is given

below.

maximize dll . )\11 + d21 . )\21 -+ dlg . )\12 + d22 . )\22 + d13 . )\13 + d23 . )\23

subject to
@111 - A1+ @211 - 21 — Q111
@121 - A1+ @221 - A1 — Q121
112 - A2 + @212 - Aag — @112
@122 - A2 + Q222 * Ao — @122
@113 - A1z + a213 - A2z — @113
@123 * A13 + Q223 - Aoz — Q123
C
— A1+ A2 <A
— Xo1 + Ao < RS,
21 22 X 91
— Ao + i3 < RS
12 13 X Nqo
— Aoz + Aoy < BS
22 23 X 99
C
- )\13 < h13
C
- )\23 < hgg
S
bi11 - 011 4+ bo11 - 091 < ¢
S
bi21 - 011 + booy - 021 < ¢
S
biig - 012 + ba12 - 022 < €5
S
bigg - O12 + bagg - 092 < €5
S
bi1g - 013 + bo13 - 023 < 3
S
bi2s - 013 + baa3 - 023 < €3
S
— o011 + o012 < hY
—~ < hj
091 + 0922 < hgy
— < Y
012 + 013 & Ny
_ < hS
092 + 023 X Ngg

011 — Q211
* 011 — A221
* 012 — (212
c 012 — (222
* 013 — G213
* 013 — (223

021 + i1+ pl21
021+ 11+ fl21
022 + p12 + fl22
022 + 12 + f2
023 + {13 + f23
" 023 + 13 + fl23

INCINCIN NN N

¢

¢ ¢ 2 [®)

e
wQ v vQ FQ FQ

“Q
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— 013 < h‘ls3

— 023 g hgg

— N -y < sctd
— N - gy < scod
— N - g < scyd
— N - g < scye
— N - i3 < scd
— N - g3 < scyoe

>\ip S R, Oip S R, Hip <0 VZ, Vp

Tables D.1, D.2, D.3, D.4 and D.5 contain the objective functions and constraints
coefficients of the primal and dual problems.

The RMP (primal) is solved, the dual optimal solution is retrieved and the dual
variables are used to formulate the subproblems. A new column is attractive if the
associated reduced cost is negative. In this case, by duality, the first block of dual
constraints correspond to the inequalities that must be inactive for a new column jg
from Stage 2 to be interesting to be added in the RMP:

2 2 2
@ity Nip — Qijlp - Oip + <cC
ijep © Vip ijep " Oip Hkp D>
i=1 i=1 k=1

and the third block of dual constraints correspond to the inequalities that must be
inactive for a new column j§ from Stage 1 to be attractive:
2
S
Z szsp Uzp p )

=1

where p € P. Moreover, these columns must also satisfy capacity constraints regarding

the mold section length:
2
Zwi “Qijlp S WS in Stage 1,
i=1

and

Z Wi - ALy < W in Stage 2.

Finally, there must also be an integrality constraint over these new columns. Based on

these arguments, the subproblems are given as follows.
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Stage 1: Steel truss cutting subproblems

OFEUB(l) = min Cig'WS—O'H 'Ckf—O'Ql 'Oég

OF§up

OF§up

s. t. wl-af+w2-oz§<WS

S S
Qy, &y EZ—F

(2) =min ¢ -W* —015-af — 09 - a5

s. t. wl-af+w2-a§<WS

Oéf, Oég € Z+

S

(3) =min ¢ - W —013-af — 093 -

s. t. wp-al fwy-ah KW

s s
ar, oy € Ly

Stage 2: Mold section concrete filling subproblems

OFgyp(1) = min,

s. t.

OF§yp(2) = min,

s. t.

OFyp(3) = min,

s. t.

C? : WC - (/\11 - J11) : Olf - ()\21 - 021) : Oégc — M1

wl-af+w2-a§<W0

Oé?, QQC S Z+

cé’ - WE - (A12 — 012) - Olf — (A2 — 022) - Oégc — Hk2

wl-af+w2-ag<W0

a?? QQC S Z+

- WY — (i3 —013) - af — (Nag — 093) - S — pugs

w - af +wy-af <KW

a?? O[QC S Z+

These subproblems are solved and their objective values (reduced costs) are eval-

uated to see whether they are negative so that their solutions can be added as new

columns to the new RMP. It is important to note that, since all molds are identical,

it wouldn’t be coherent to associate different sets of columns to each mold. For this

reason, in Stage 2 subproblems, the minimum is taken over all molds & € K and only

the generated column associated with the lowest reduced cost is added to the RMP,

where the cutting pattern can be used in all molds.
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D.2 Numerical example

Here, a numerical example of solving a multi-period cutting stock problem with two
stages is given, which represents the production planning of lattice slabs, based on the

following fictional order form:

Demanded quantities (d;,)
Item length | Period 1 Period 2 Period 3
U}1:4 d11:5 d12:O d13:13
Wy = 3 d21 =15 d22 =10 d23 =1

Table D.6: Order form.

Suppose that:

i. in each period p € P, there are available | K,|= 2 molds to produce lattice slabs;

ii. each available mold is divided into N = 4 identical sections of W¢ = 10 meters

in length each;
iii. the steel truss’ standard length is W* = 12 meters;
iv. the cost of preparing a mold (sc™°4) is fixed at 20 currency units;
v. the setup cost of a mold section (scP™) is fixed at 2 currency units;
vi. the cost of producing in a mold (c) is fixed at 1.6 currency units;
vii. the cost of using a steel truss (¢”) is fixed at 11 currency units;

viii. the cost of stocking a lattice slab/item (h®) in currency units is calculated based

on the length of the item:

92, ifi=1,
15, ifi=2

ix. the cost of stocking a steel truss (k) in currency units is calculated based on the

1, ifi=1,
0.75, ifi=2.

length of the item:

Next, all possible combinations (cutting patterns) to allocate the ordered item

lengths in a steel truss of standard length are represented in a matrix:

by 1230000121
[b‘-}: ol -
. bajs 0001234112
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and illustrated by Figure D.1.
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Figure D.1: Cutting patterns for the steel truss cutting problem.

Writing in a matrix all possible combinations (cutting patterns) to allocate the

demanded items (lattice slabs) in a mold section, one obtains:

?

|::| A0 1 200011
a.ri.: =
e agje 00123132

which is illustrated by Figure D.2.



Numerical example 123

— I 1 I

w2 w2 w2

. 0 . 0

(¢) Cutting pattern nE (d) Cutting pattern NE
I 1 1 ] “ I Il ]
I w2 T w2 T w2 1 I wl L w2 1

(e) Cutting pattern [g] (f) Cutting pattern [ﬂ

I wl T w2 T w2 1

(g) Cutting pattern [ﬂ

Figure D.2: Cutting patterns for the concrete filling problem.

Considering all possible cutting patterns to formulate this problem, one would have

to solve a linear problem with 132 variables. To get round this laborious task, the

selection of a smaller number of available cutting patterns enables the formulation of a

restricted master problem. Thus, removing the integrality constraints of the variables,

a column generation procedure can be applied as a solution method. In this study, the

RMP is initially defined taking into account only homogeneous cutting patterns, given

( min{WS; max{l;%,p}} if i = jg
bijs.p = v

\ 0 otherwise,

( min { Wc; max{l;%p}} if i = jo
Qijo.p = o

\ 0 otherwise,

where 7, is the sum of demands of item ¢ from period p to the last period, i.e.,

|P|
r}/iJJZZdiﬂ‘ iel, pGP

r=p
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In this example, the matrices with the initial columns are

po_[303030
040401

and

p_|202020
030301

Applying the ICG strategy to this example, the models and solutions of each iter-
ation of the column generation procedure are presented to clarify the functionality of

this solution method.

Iteration 1

The first column generation iteration starts with solving the Restricted Master

Problem (RMP) with homogencous cutting patterns as follows:

minimize 20 - Y7 4 20 - Yyrold 4 20 - YRold 1 20 - Ygnold 4 90 - yyneld 4 o0 . ygpeld
2V 2 YR 42 YR 2 YR 2 YR 42 YR H 2 YR 2 Yy
2. VP 42 VP 2. YR 2. VP 416 XG, +16- X5, +16- X,
+16- X5, +16- XG5 +16- X§5 +16- XG0 +16 - XG0 + 16 - XG5+ 16 - XG5
+16- XG53 +16- X5 + 132 X7 + 132 X9, + 132 X2, + 132 X5, +132- X3
+132- X5, 4+2-5G +1.5-854+2-85+1.5-85+2-55 +1.5- 85 +1-57
+0.75- 55 +1-85+0.75- S5, +1- 55 +0.75 - Sy

subject to
2- X5, +2- X5, +0-X5,+0- X5, -84 =5
0- X9, +0- X5, +3- X5, +3-X5, -84 =15
2- XG0 +2- X% +0- X5 +0- X5, +55 -85 =0
0- XG0 +0- XG0 4+3- X504+ 3- X5y + 55 — S5 =10
2- X0 4+2- X040 X5, 4+0- X5+ 55 -85 =13
0-XG340- X5, 4+1-X5,4+1- X5, 4+ 85 -85 =1
3- X2 40X, —8% —2- X9, -2- X5, -0-X§,—0- X5, =0
0- X2 +4-X5, -85 —0-X9,-0-X5,-3-X§,-3-X5,=0
3- X040 X5, +87 -85, —-2- X5, —2- X5 —0- X5, —0- X5, =0
0- X1 +4-X5y+55 =S5 —0-X5,-0-X%,-3-X§,-3-X5%, =0
3- X5 +0- X +50 —S5h—2- X5, -2 X0, —0- X5, -0- X535 =0
0- X +1- X5 +5% =S5 —0-X5,-0- X0, —1-X§,-1-X5,=0
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C C mold
X+ Xgpp <4-Y9]

mold
! Y21

mold
: Y12

C C mold
X1z + X913 <4- Y3

C C mold
Xio3 + Xgog < 4-Yo3

C pat
X <4-Yq

4
4
4
Xioo + X5pp < 4- Y5
4
4

<
C pat
X211 < 4- Y211
C pat
X121 < 4- Y121
C pat
X221 < 4- Y221
C pat
X112 < 4- Y112
C pat
Xo1o <4 Yoo
C pat
X122 < 4- Y122
C pat
Xogo <4+ Y9
C pat
X113 <4- Y3
C pat
X913 <4-Yyi3
C pat
X3 <4- Yy
C pat
X923 <4+ Yoy
t .
0 <Y, Y, <1 Vp, Vk, Vic,
chckp’ sts;m ng ng € R+ Viv Vp, Vka ij) VJS

After solving it with CPLEX using the default settings, the following results are
obtained:

Relaxed RMP Objective Value = 2031.33.

The initial solution is given by:

_erlnold Ypold  ymold ymold yimold Y'Qrgold- 1 092 063 08 0 1
VECOYRE VR vE vBE YRy | o6 0 063 0 0 1
YR YRy YRR YR vay Vi 038 092 0 08 0 0
Xt Xt Xf X X X _ 2.5 0 25 0 0 4
X$, XSG, X§, X5, X5, XS, 1.5 367 0 35 0 O
Xy Xy Xy Xy Xy, Xs, 1.67 0 433 3.75 2775 0
8G S8G sG s s SG | o oo o 0o 1 0
| syoosy oSS s, oss] Lo oo o o0 0

The dual optimal solutions A, (related to the item demand balance constraints), ;)
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(related to the steel truss demand balance constraints) and s, (related to the capacity

constraints) are the following:

54.75 52.75 54.75 40.17 40.17 41.67

/\11 >\12 )\13 )\21 )\22 >\23

H13 o1 flo2  fh23 -5 -5 -5 -5 -5 -5

Next, we use the optimal dual solution values to build two sets of subproblems

associated to the two stages of production.

Stage 1: Steel truss cutting subproblems

OF3Syp(1) = min
s. t.

S. t.

OF§y5(3) = min
s. t.

132 —44-af —33- a5
4-af +3 a5 <12

afv O_/g € Z-i-

132 —44-af — 33 - a3
4-af +3-a5 <12

S 8
ar, oy € Ly

132 — 44 - af —33.75 -
4-af +3-a5 <12

S S
ay, Qg EZJr

Reduced cost:0

solution o iq 3
as 0
Reduced cost:0
solution g
a3 ] H
Reduced cost: — 3
solution
S

KR

Stage 2: Mold section concrete filling subproblem?!

s. t.

s. t.

OF§yp(3) = min
s. t.

21 —10.75 - af — 7.17-af
4-af +3-a§ <10

af,af € Z,

21 —8.75-af —7.17-af
4-af +3-a5 <10

c ,C
oy, oy € Ly

21 —10.75-af —7.92-af
4-af +3-af <10

¢ C
ar, EZ-‘:—

!Observe that Hrp = —5 regardless k£ and p values.

solution
s

solution
R

solution
TR

Reduced cost: — 4.08
af e
af 2
Reduced cost: — 2.08
af e
af 2
Reduced cost: — 5.58

-1
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For each of these subproblems, the columns are evaluated whether their reduced
costs are lower than or equal to —0.001. In the positive case, the subproblems solutions
are added as new cutting patterns followed by new variables in the RMP.

The updated cutting pattern matrices are

B! — [b }_ biir b1zt buz bizo bz biaz biss
= |bip| =
_5211 bao1 bata baza Doz Doz bass
3030300
0404014
and
Al — _|Gu1 Qi21 @131 Q112 (G122 A132 (113 @123 A133
Gijp
| G211 G221 A231 G212 G222 A232 (213 04223 A233

201201201
03203201 2

After updating the RMP with the new cutting patterns, a new iteration is realized.

Iteration 2

Then, for the RMP with the new columns:

minimize 20 - Y7 4- 20 - Ygold 4 20 - Y5Ol 420 - Ygpeld 420 - YyRold 4 20 - yypeld
+2 VI 2V 2V 2 VI 2 Yy 20 Vi 20 Yy 20 Y
2V 2 VI R 2 Y 42 VRS2 YR 42 YE, +2- YRS + 2 VB
+2-YR2 4 2. YRR 116 X, +16- XG, +16- X5, +16- X5, +16- Xy
+16- X$0+16- XG0 +16 - X500 +16 - XG5 +16 - X§15 + 16 - XG5 4+ 16 - X5y
+16 - X31q + 16 - X35 + 16 - X315 + 16 - X35, + 16 - X315 + 16 - X3y
+132- X9 +132- X9 +132- X7, +132- X35 + 132 X5 4+ 132 X5,4+132 - X3,
+2.80 41585 +2-55+1.5-85+2-55 +1.5-85 +1-57 +0.75- S5,
+1-8% +0.75- S5, +1-S% +0.75 - S5

subject to
2- X5, +2-X5,40- X5, +0- X5,41-X§,+1-X5%, - 56 =5
0-X4,+0- X5, +3- X5, +3-X5,+2-X$,+2- X5, — 55 =15
2 XG0 +2- X500 4+0- X5 +0- X$04+1- X, +1-X$, 4+ 54 — 55 =0
0- XG0 +0- XG0 4+3- XG0 +3- XH0+2- XGpo +2-X§5s + 55 — S5 =10
2 X342 X0 4+0- XG5 +0- X5541 - XG5 4+1- X5 + 55 — 56 =13
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0-XG34+0- X3 +1-X534+1- X542 XG5 +2 X553 +55 — 85 =1
—1-X35, =0
s s s c c C C
0- X7 +4-X5 —SH —0- X, —0- X —3-X§, —3- X5, 20' X311
—2 X321 == 0
3 X040 X5+ S — S —2- X[, —2- X5y — 0 X5, —0- X§5—1- Xy
C
—1-Xg5,=0
0-Xih+4-X5y+89 —S5—0-X5,—0- X% —3-X§, —3- X5—2-X$,,
—2- XG5 =0
s s S s S c c c c
3 X753+ 0 X554+0 - X35 + 57 — S5 — 2 X113 — 2+ Xia3 _((3) - X913 — 0+ Xoo3
—1-X§3—1-X§H3=0
0-XP3+1-X535+4- X5+ 95 — Sy —0- X{15— 0 X{o3 *é'ngfé'XQ%
—2'X313—2'X323:0
X+ X5 +X8§, <4y
X121 + X221+X321 <4 YmOld
X112 + X212+X312 <4 YmOld
X5y + X590+ XS0 < 4 - Ygpold
X113 + X213+X313 <4y
X{os + XS5+ XShg < 4- Y5l
¢
X, <4V
¢
X5 <4-YH

X$1 <4-YE
X121 4- }/1p2alt
X221
X321

X112

N

pat
4- Y221
pat
4- Y321
pat
4- Y'112

X212

N

pat

4. }/212
pat

X312 Y312

X122

N

pat
4. }/122

N

C pat
X222 4- YQZZ
pat
X322 <4 Y322

pat
X113 4- Y113

N

t
X§s <4-YJ

pat
X313 4- Y313

pat
X123 < 4- }/123
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t
Xy <4-Yhy

C pat
X323 <4 Y3a3

t .
0< Y]g;wld7 Y'jlglkp <1 Vp7 Vk:7 V]Ca
C S . .
chk‘p’ stp S R-F vpa Vkv ij? VJS
S5, So, € Ry Vi, Vp.

After solving it with CPLEX, the following results are obtained:
Relaxed RMP Objective Value = 2002.21.

The solution is given by:

_Y'lrlnold Y{Sold Y{gold_ 1 0.13
Yppold 'y mold -y mold 0.67 0.25 0.94
i ovie vy o 0 o
D € 0 0 094
TR S o 0 0
Y Yhy  Yhy 042 0 0
YR yRat yp 1 1 013
YR YR YDA 025 025 0
X 111 X SQ X ﬁ3 O O 0
X5, X5, XG, 0 0 3.75
X§, X§, X§,|=1]0 0 0
X5, XS, X$, 1.68 0 0
Xgn Xglz XgIS 4 4 0.5
X§:21 X§:22 X?ZS 1 1 0
X5 X5 X3 1.67 1.67 2.67
X5 X5 X5 375 25 0

X5, 0.25
'S¢ s8¢ s oo s o0
s§ S S§ 0 0 0
syosh oSyl o0 0

s s, s Lo o 0

The dual optimal solutions \;, (related to the item demand balance constraints), ;)

(related to the integration between stages constraints) and py, (related to the capacity
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constraints) are the following:

A1 A M| [5117 5275 54.75]
Mot Aas Ao 40.17 39.38 38.38

o1l O12 O13| 44 44 44
o O oag| | 33 33 33
M1 Mz fas =5 -5 =5
Ho1  flo2 o3 -5 =5 =5

These optimal dual solution values are used to build the subproblems.

Stage 1: Steel truss cutting subproblems

OFSyp(1l) =min 132 —44-af — 33 - af Reduced cost: 0
s.t. 4-af+3-af <12 solution, af| |3
as 0

of, a8 € Zy
OFSyp(2) =min 132 —44-af —33- a5 Reduced cost: 0
s.t. 4-af+3-af <12 — (o] 13
as 0

OFSyp(3) =min 132 —44-af —33- a3 Reduced cost: 0
s.t. 4-af+3-af <12 — |af L
as 0

OF$yp(1) =min 21 —7.17-af —7.17-af Reduced cost: — 0.5
s. t. 4-af+3-a§ <10 solution, af |0
af 3

a107 Oég € Z+
OF$yp(2) =min 21 —8.75-a% —6.38 - af Reduced cost: — 0.5
s. t. 4-af +3-a§ <10 — |af |1
af 2

Ozlcv O'/QC € Z+

S S
ay, Qg €Z+

S S
ar, Qg €Z+

Stage 2: Mold section concrete filling subproblem?

2Observe that uy, = —5 regardless k and p values.
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OF$p(3) =min 21 —10.75-af — 5.38 - af Reduced cost: — 0.5
s. t. 4-af +3-a§ <10 — |af |2
af 0

Note that all generated columns are already included in the cutting pattern ma-

alc7 CYQC S Z+

trices. Even the Stage 2 columns have their associated reduced costs lower than the
tolerance of —0.001, so they don’t need to be added to the related matrix. This con-
dition generally occurs when there are degenerate solutions. Since the reduced cost
tolerance criterion is satisfied, the column generation procedure is continued but the
RMP objective value scarcely improves, causing tailing off. To resolve this situation, a
stop criterion based on the solution upgrade is inserted in the heuristic. The improve-
ment in the RMP objective function is evaluated and compared to that previously
obtained. The column generation procedure is discontinued when the improvement is

lower than the tolerance (0.001) in 3 consecutive iterations.

End of column generation procedure: solving the mixed-integer problem

By adding integrality constraints to the resultant RMP, one obtains the following

mixed-integer problem:

minimize 20 - Y77 4-20 - Ygold 4 20 - Y5O 420 - Yol 420 - YRold 4 20 - Yol
+2 VI 2 VR A2 Y 2 Y 2 Yy + 2 Y 42 Yy 42 Vi
2 YR 2 YR 42 Y 2 YR 2 YR 2. Y 2 Y + 2 Yy
+2- YR 4 2. YRS 116 XG, +16- X5, +16- X5, +16- X5, + 16 - X,
+16- X550 +16- X5y +16 - X500 +16- XG5 +16 - X§13 + 16 - XG5 + 16 - X$g
+16 - X351 + 16 - X35y + 16 - X315 + 16 - X35y + 16 - X315 + 16 - X3y
+132- X9 +132- X9 +132- X7, +132- X355 + 132 X5 4+ 132 - X5,4+132 - X3,
+2-80415-85+2-85+1.5-85+2-5% +1.5-85 4+1-8% +0.75- S5
+1-8%+0.75- S5y +1- S35 +0.75 - S5,

subject to
2 X{, +2- X{5 +0- X5, +0- X5, +1-X§;, +1-X§, — S =5
0- X +0- X5 +3- X5, +3- X5,+2- X§); +2-Xgy; — 55 =15
2 XG0 +2- X040 X5 +0- XG04+1- X, +1-X$, 4+ 54 — 55 =0
0- XG0 +0- XG0 4+3-X$0+3- X$0+2- XG0 +2- X5, + 55 — S5 =10
2 X342 X0 4+0- XG5 +0- X5541 - XG5 4+1- X5 + 55 — 55 =13
0-XG34+0-XG0s4+1- X5, 4+1- X542 XG5 +2 XS +55 — 85 =1
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3- X7 +0-X5, -5 —2- X5, -2- X5, —0-X§, —0-X5,-1-X§,,

_1‘ngl =0

Xp +4- X5 — S5 —0-X{1, —0- X{) —3- X§), —3- X5, -2 X§)y

—2‘X?(,321 =0

‘Xi92+0'X§92+5igl—Sig2—Z‘XSQ—Q‘chm—0‘X2C12—0'X2%2—1'Xg12

C
—1-X322=0

s s s s c c c c c
X +4- X5+ 55 — 85 — 0 Xp75 — 0 Xiyoy — 3 X3jp — 3 X509—2- X379

-ng+0.X§3+0-X§3+552—Sf3—2-X1013—2-X1023—0-X213 0 X2023

-ng—|—1-X§93—|—4-X§3+S§2—S§3—O-Xﬁ3—O-ng—l-X213—1-X223

C C
—2'X313—2'X323:O

Xy + X5 +X8§, <4y

X + X5 +X 80 vyt

N

Ymold

N

X112 + X212+X312
X122 + X222+X322

N

X{is + X§13+X$s e

N

4.
4.
4-
4. ygpold
4-
Xog + X3+ X 53 < 4- Y55l
Xfy <4-vhY
X5 <4-Y3Y
X5 <4-YE

pat
X121 4- }/121

N

X221 4. }/2p2alt
X321 4- Yggitl:
X112 4- }/1171a2t
X212 4- }/'2])1(1215

N

C
X312

N

pat
4- Y312

C
X122

N

pat
4. )/122

C
X222

N

4-Yhy
X322 4. Ygza;
Xfi3 <4-Y[Y
X213 4'Y2pla3t

N

t
X§s <4- Y55

N

C pat
X123 4- }/123

t
X3 < 4- Yy
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C pat
X323 <4 Ygo3

ld t .
ymeld, yrt e Vp, Vk, Yjo
C S . .
chk‘p’ stp € Z+ vpv Vka \V/]C, v]S
S5, So, €Ry Vi, Vp.

The CPLEX optimization software is used to solve the resultant mixed-integer
problem. The results of this heuristic applied to solving this example problem follow.
First, the variables are given. Tables D.7, D.8, D.9 and D.10 present specific solu-
tion information. The processing time is expressed in seconds, the objective values
are in currency units and, in the columns containing the term ‘(%)’, the values are

percentages. Besides, the GAP is calculated using the Equation (4.34).

Variables:

_Y'lnlwld Y'lgv,old Y'l%wld Y'Qq@old Y'{émld }ggold 11010 1 |
VoV ovRy ovm vy v | fooooo01
Yy Yy Yay Yanm o Yoy 0000100
YT Yay Y YR Yin Yy 110100
Xt Xt Xfy X Xy X _ 0000004
X X§o X5 Xo X5 X5 0000200
X1 X5 X5y Xow X5 Xy 440200
xX5OX5 X5 X§ x5 oxg X5 2225200
8¢ S84 SsG sS sG, s | |rso0310
| si sk Sh s sy osh ] lozozz2 |

Table D.7: Numerical example results: solution status, processing time, lower and
upper-bound and GAP.

Solution Processing Llnea.r Lower bound Mixed-integer GAP
. relaxation s .
status time . value (4.33) objective value (%)
objective value
Feasible 0.02 2002.21 1999.21 2086.50 4.04

Table D.8: Numerical example results: distribution of costs.

Item Steel truss Steel truss Mold section .
. . . . Mold Cutting pattern
inventory inventory production production
setup cost setup cost
penalty cost penalty cost cost cost (%) (%)
(%) (%) (%) (%) ’ °

0.86 0.31 82.24 12.27 3.83 0.48
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Table D.9: Numerical example results: mold and steel truss inventory level and usage

No. of No. of
No. of No. of No. of Average no. of No. of .
. . mold cutting
inventory inventory  steel trusses steel trusses . 1d
. . sections pattern
items steel trusses used used per period setups
sed setups
10 8 13 4.33 16 4 5

Table D.10: Numerical example results: mold availability and usage.

Average no. of . .
available Average no. of Available Used mold Production PS/AS PS/UMS
molds molds u'sed space space space (%) (%)
per period per period (AS) (UMS) (PS)
2.00 1.33 288.00 160.00 150.00 52.08 93.75

Analyzing these numbers, one can observe that, despite the tailing off issue, a good
solution was obtained by this column-generation-based heuristic, since it provided a

low GAP (4.04%) and a reasonable mold space management (93.75% of productivity
over the molds effectively used in the production).
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