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Abstract

We study the two-dimensional three-body problem in the general case of
three distinguishable particles interacting through zero-range potentials. The
Faddeev decomposition is used to write the momentum-space wave function.
We show that the large-momentum asymptotic spectator function has the same
functional form as derived previously for three identical particles. We derive the
analytic relations between the three different Faddeev components for the three
distinguishable particles. We investigate the one-body momentum distributions
both analytically and numerically and analyze the tail of the distributions to
obtain two- and three-body contact parameters. We specialize from the general
cases to the examples of two identical, interacting or non-interacting, particles.
We find that the two-body contact parameter is not a universal constant in the
general case and show that the universality is recovered when a subsystem is
composed of two identical non-interacting particles. We also show that the three-
body contact parameter is negligible in the case of one non-interacting subsystem
compared to the situation where all the subsystems are bound. As an example,
we present the results for mixtures of lithium with two cesium or two potassium
atoms, which are systems of current experimental interest.
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1. Introduction

The surprising and unexpected predictions from quantum mechanics have been challenging our
classical intuition for a century. Since then, efforts in both the theoretical and experimental
fields have increasingly aimed at a better understanding of quantum systems. In particular,
experiments with cold atomic gases [1] are an interesting way of building and probing quantum
systems: the properties of the atomic condensates near absolute zero temperature are governed
by pure quantum effects. An interesting example of an unexpected quantum mechanical
prediction that was experimentally confirmed in cold atomic gases is the so-called Efimov effect,
which predicts that three identical bosons interacting through short-range potentials present
infinitely many bound states, where the energies between the states are geometrically spaced.
This effect was predicted by Efimov in 1970 [2] and was experimentally verified in cold atomic
gases experiments in 2006 [3]. The Efimov effect happens for three-dimensional (3D) systems,
while quantum theory predicts that the same two dimensional (2D) system presents only two
bound states and no Efimov effect [4-8]. The theoretical difference arising from changing
system dimension could most probably also be verified in cold atomic gases experiments in
the near future since the experimentalists are already able to change the dimensionality of such
systems and build experiments in effectively one (one dimensional (1D)) or two (2D) spatial
dimensions.

Another important theoretical prediction, that was recently reported in [9], is the emergence
of a parameter in the study of two-component Fermi gases, the two-body contact parameter, C,,
which connects the universal relations between the two-body correlations and the many-body
properties [9-19]. This parameter can most easily be defined by considering the single-particle
momentum distribution of the system, n(q). In the limit where ¢ — oo, one finds

Jlim g*n(g) = C. (1)

As mentioned above, this parameter appears in a number of universal relations for both few- and
many-body properties. These relations also hold for bosons and were confirmed in cold atomic
gases experiments for the two-component Fermi gases [20, 21] and bosons [22]. One way to
determine this parameter is to find the coefficient in the leading order asymptotic behavior of the
one-body momentum density of the few-body systems. The next order in this expansion defines
the three-body contact parameter, Cs, but since the Pauli principle suppresses the short-range
correlations for the two-component Fermi gases, the three-body parameter is only important for
the bosons [14, 18]. In a gas of identical bosons in 3D, the Efimov effect occurs and one finds a
momentum distribution of the form

C i 1 +6
n(q) — _42 £ G sin(sg ns(q) )
q q

forg — oo, (2)

where s is the Efimov parameter [2] and § is a constant [17].

The two- and three-body contact parameters were studied for a 3D system of three identical
bosons in [16, 17, 23] and for the mixed-species systems in [24]. These results show that the
influence of non-equal masses in the three-body systems goes beyond changing the contact
parameter values. In 3D the sub-leading term, which defines C3, changes to a different functional
form when the masses are not equal. In view of that, one may ask what changes could we obtain
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when dealing with the mixed-species systems in 2D. It is known that the mixed-species systems
have a richer energy spectrum in 2D compared with the symmetric mass systems [25-27]. The
study of the momentum distribution for three identical bosons in 2D was reported in [28],
where the two-body contact parameter is found to be a universal constant, in the sense that
% is the same for both the three-body bound states of energy E3. The leading order term of the
momentum distribution at large momenta has the same inverse quartic form in 1D [29, 30], 2D
and 3D. This can be derived on general grounds and is intuitively connected to the behavior of
the free propagator for the particles [23, 31]. However, the three-body contact parameter and
the functional form of the sub-leading term were shown to present very different behavior in
2D, compared with 3D [28], although no analytical results have been presented to estimate the
value of the contact parameter.

In this paper, we study the cylindrically symmetric three-body bound states of the 2D
systems composed for three distinguishable particles with attractive short-range interactions. We
derive the analytic expressions for C, and C3 and numerically obtain the one-body momentum
density to verify our results. Unlike the 3D systems, the sub-leading order in the asymptotic
momentum density presents the same functional form for both equal masses and mixed-species
systems. We find that C, no longer shows universal behavior in the general case but that the
universality is recovered in at least one special case of two identical non-interacting particles.
We also extend our asymptotic formulae to the full range of the momenta and use it to give an
analytic expression for C, for the ground state.

The paper is organized as follows. The formalism and the quantities that appear in the work
are properly shown and defined in section 2. The analytic formulae for the asymptotic spectator
function are discussed in section 3 and the one-body large momentum behavior is derived in
section 4. The numerical results with an appropriate discussion are presented in section 5.
Discussion, conclusions and an outlook are given in section 6.

2. Formalism

We consider the 2D problem of three interacting particles of masses m 4, mg and m ¢, which are
pairwise bound with energies E 45, Esc and Epc. The interaction is assumed to be described as
attractive zero-range potentials and the resulting s-wave three-body bound state of energy — E
is fully determined by these six parameters: three two-body energies and the three masses. We
shall only investigate the bound states and we therefore let £; > 0 denote the absolute value
of the binding energy. We use the Faddeev decomposition to write the momentum space wave

function as [32]
)+ 1 )

2 2
Es+ qu;w + Zr‘,’l—j‘sy
where q,, p, are the Jacobi momenta of the particle o and mpg, , = mo(mg+m,,)/(my +mg+
m,) and mg, = (mg+m,)/(mg+m,) are the reduced masses. We use here (o, B, y) as the
cyclic permutations of (A, B, C). The wave function is written in the Jacobi coordinate system
related to the momentum, q,, of the particle o relative to the center of mass of the f—y
subsystem.

fu @)+ s (

__"s + my
Po — 7o Ga Po+ 5o

YV (Qes Po) = ; 3)
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The three spectator functions, f, g, (q), or the momentum space Faddeev components,
obey the three coupled homogeneous integral equations for any given bound state [32]

/g (k) fy (k)
fa (q):Ta(q7E3)/d2k q £ 2 1 + q . K2 1 s (4)
Ests,—+5, -tk q Extgy—+s5—+.-k-q
where
~1
To(q, E3) = | 4mmpg, In (&)

The equations of motion defining the spectator functions are seen to be invariant under the
following scaling relations: (i) multiply all the energies, that is E3 as well as all Eg,, by the
same constant 7.; and (i1) multiply all the masses by a constant factor s.. Then, all the momenta
(qu» po) should be multiplied by +/Z.s.. This means that we can choose both a unit of energy,
say E,, and a unit of mass, say m,, while using the momenta in the unit of \/m;,E,. In other
words, after all the calculations are done with E; =1 and m, = 1, we have to multiply all the
energies by E,, all the masses by m; and all the momenta by «/m; E,. The one-body momentum
density of particle « is defined by n(q,) = [ d*ps|¥ (qq, Ps)|?, Wwhere W (qq, py) is given in (3).
We use the normalization where [ d*q, n(q,) = 1. Following the procedure in [17, 24, 28], we
group the nine terms in f d?ps|¥(qe, Po)|* into four components with a distinctly different
integrand structure. The one-body momentum density is expressed as a sum of four terms, that
is n(qa) = Yo1_; 7i(4a).

A general system of three distinguishable particles presents the three distinct one-body
momentum density distributions corresponding to the different particles. The four terms for the
particle @ can be expressed as

1 2mgy | fu (q0)|?
mig) =1fu @ [ dp— e = T e G ©)
(Eatmi+a5r) Bt o
2 2
fo k) £, (k)
nz(Qa)=fd2k J l - 2+-/‘d2k 2| 4 J — (7)
Es+ 2gzzy 2r]:z,3y + m;q:) <E3 + 2:% 2rl:zﬁy - m_q:)
(k) £, (k)
n3(d0) =2 f (4a) /dzk e Rl IS | ®
Ya 4 _k*  KGe Yo k2 KQa
<E3 + 2myy + 2mpg, + my <E3 + 2mep + 2mg, mg >

Jy (k) fp(Ik+qql)

)2+/d2k< " Lgﬁf’ )

n4(61a)=/d2k fo () f, (K +Gu)

2 2 .
<E3+q_a+k_+lﬂ

2myy 2mg, my 2mqp 2myg mg
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where the integration variables originating from (3) are properly redefined to simplify the
arguments of the spectator functions in the integrands. Only n4 is then left with an angular
dependence through the spectator functions. We emphasize that the distributions for the other
particles can be obtained by the cyclic permutations of («, B, y) in these expressions.

3. Spectator functions

The spectator functions are the key ingredients. They can be characterized by their behavior in
the small and the large momentum limits. We are first of all interested in large momenta, but we
shall also extract the behavior for small momenta. Hopefully, these pieces can be put together
in a coherent structure.

3.1. Large-momentum behavior

For three identical bosons all the spectator functions are equal, and the large-momentum
behavior was previously found to be [28]

1
lim f(g) — To—t, (10)
q—>00 q

where the constant I'y depends on which excited state we focus on. Corrections, §f (g), to (10)
must vanish faster than In(g)/g> for g — oo, i.e. §f(q)g*/In(q) — 0. Henceforth, we will refer
to (10) as the large-momentum leading order behavior of the spectator function.

For three distinct particles, we have three different spectator functions. However, their
large-momentum asymptotic behavior remains identical, when all three two-body subsystems
are bound, except for the individual proportionality factors. To prove this, we carry out the
angular integrals in (4), which immediately gives

kfg (k)
2 K2 k2q%/m2
(E3+ e T sz,y) \/1 T Y

q
2may + Zlnﬁy

fo (@) =2714(q, E3) f dk
0

0 q? k2 kzqz/m?}
(E3+%+ZM,3;/)\/1_(E3+ 42 K2 )2

2maﬁ * Zmﬁy

The two terms in (11) have the same form, and one can be obtained from the other by
interchange of B and y . It therefore suffices to calculate the first integral in (11).

The contribution for large ¢ can in principle be collected from the k-values ranging from
zero to infinity. To separate the small and the large k-contributions we divide the integration into
two intervals, that is from zero to a large (g-independent) momentum A > /E3 and from A to
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infinity. Thus,

kfp (k)
q2 k2 _ k2q2/m2
<E3 + 2y + Zmﬂy) \/1 (E 42 ykz )2

3+ 2may +2mﬁy

A
fa ((I) = Ta(qa E3) A dk

o kfg (k
+/ dk Jp® . (12)
A q2 k2 _ k2q%/m2
<2may +2mﬂy>\/l <E3+%+ 2 )2

2m By

where the dots indicate that the second term in (11) should be added. For ¢ — oo the first term,
fa.1, on the right-hand side of (12) goes to zero as

lim f,, (q) — May[mpy (4 kfp &) (13)
g0 “! qzln(Q) 0 k2q?/m? ’
1— 2 sz 2
(E3+2’Zay+W>

where we used t,(q, E;) — [2m5y In q]_l and that both E; and % are much smaller than
Y

%. The integral in (13) is finite and only weakly g-dependent for large g > A. The asymptotic

spectator function in (10) can be inserted in the second term, f, », on the left-hand side of (12),
because we are in the asymptotic limit where k > A. For ¢ — oo we then obtain

. Fﬁ o0 Ink
lim f,,(q) > ———— dk (14)
q—o0 2m,3y lnq A k( L + k2 ) 1— k2q2 /m?
2mey | 2mpy £ 2 \?
(E3+2may+m)
I o Ink I o Iny+1
T / dk—r—" = / dy—— 35
2mg, Ing J, k( e +2L) q*Ing Ju,, y<m+y2>
My megy Myy

where we changed the integration variable, k = gy, in the last expression. Carrying out the two

integrals we obtain
> o yln?y May 5 (A In’ g
+/ dy 5 —> —3 In"{ — | — ~ 27
Ag UM < ) Mgy q P

/wdy Iny 1 In? y
Al y<m+y2> 2(:—2’:+y2)

May m—Z+y2 My
(16)
(o]
0 1 In o° In o A In
/ dy — +2f dy—2 y2—>—myln<—)—>m—ﬁi],
A y(’m"—f:+y2) Gy TY ), /00 <'Z—Z+y2> Mpr N4 ey
(17)
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Figure 1. The difference f, (q) — #lg—f as a function of the momentum g. We see
14

that (19) exactly describes the asymptotic spectator function within our accuracy.

where we found that the integrals on the right-hand side of (16) and (17) are finite and their
contributions can be neglected when ¢ — 00 in comparison with the terms maintained.

In total, the spectator functions in (11) are now found by inserting (16) and (17) in (15).
Notice that the contribution from (17) has to be multiplied by In g. With the y—p interchange,
we also get the second term on the right-hand side of (11). The leading order large-momentum
behavior of the spectator functions is therefore

ay Mg Ing
g+ r ) . (18)
2myg, 2myg, q*

Replacing f,(gq,) in (18) by its conjectured asymptotic form, (10), we find a system of three

linear equations for the three unknowns, I'y = 2”}:1“; Ts+ 2””11_“;I‘y, which can be rewritten as
4 Y

mg, 'y =mgy,I'g =T ,myp :=1T". The leading order large-momentum asymptotic behavior for
the three spectator functions is then

lim f, (g) — (
g—> 00

' In q
hm folq) > —— (19)
mgy q°
This result relates the asymptotic behavior of the three spectator functions for one state. The
remaining constant I still depends on which excited state we consider, and furthermore, also on
the two-body masses and the two-body energies.
The derived large-momentum asymptotic behavior and the coefficients in (19) beautifully

agree with the numerical calculation. In figure 1, we plot the difference f, (¢) — #lz—f as a
Y

7
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Figure 2. Ratios between the three distinct spectator functions for a generic case of
three distinct particles. Discrete points are the ratios between the spectator functions
numerically calculated through (4) and the full lines are the ratios between the
coefficients in (19).

function of the momentum ¢ for the two different spectator functions for the '33Cs-133Cs—°Li
system. We also show the same difference for a different system with three identical bosons.
Firstly, this demonstrates that the large-momentum behavior is always Ing/g? for any 2D
spectator function. Secondly, for a given state the three cyclic permutations of f, (¢) mg, for
large g approach the same constant I" times Ing/q?. This general large-momentum behavior
is further demonstrated in figure 2 for a system of three distinct particles. The numerically
calculated points are compared with the full lines obtained from (19). This comparison is
again consistent with the derived asymptotic behavior, and furthermore exhibits the rate and the

accuracy of the convergence. The limit is reached within 10 and 1% already for \/WLEAC ~ 50

9~ 10 .
and NN 10%, respectively.

3.2. Parameterizing from small to large momenta

The asymptotic spectator function in (19) seems to be a good approximation even for moderate
values of ¢, e.g. g &~ 34/E;. We also have information about the large-distance behavior for
a given binding energy, that is exp (—«p), where « is related to the binding energy and p is
the hyperradius. Fourier transformation then relates to the small momentum limit with overall
behavior of (D +¢?)~!, where D is a constant related to the energy. This perfectly matches (3)
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Figure 3. Comparison between the analytical spectator function estimated for the
ground state, given in (20), and the numerical solution of (4), for a '3*Cs—!3*Cs—°Li
system.

when two Jacobi momenta are present as in the three-body system. We therefore attempt a
parameterization by combining the expected small momenta with the known large-momentum
behavior:

2
E3 In < zmqﬂ%a + E3)
In v E3 4 + E3

2mgy .«

fa(q) = fu(0) ; (20)

where f,(0) is a normalization constant that satisfies [ d’q, n(gy) = 1.

We should first emphasize that excited states with the same angular structure must have
different numbers of radial nodes. Therefore, we concentrate here only on the ground state.
The expression in (20) for the three ground state spectator functions parameterizes the small
momentum behavior almost perfectly for the case of three distinguishable particles. This is seen
in figure 3 where we compare the numerical and the parameterized solutions. However, when the
small momenta are reproduced, the large-momentum limit deviates in the overall normalization,
although with the same g-dependence. Surprisingly, the analytic expression is most successful
for the spectator function related to the heaviest particle in the three-body system. This large-
momentum mismatch is due to the normalization choice in (20), which is chosen to exactly
reproduce the g = 0 limit.
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4. One-body large momentum density

The one-body density functions are observable quantities. The most directly measurable part is
the limit of large momenta. We therefore separately consider the large-momentum limit of the
four terms in (6)—(9). We employ the method sketched in [28] and used to present the numerical
results for three identical bosons in 2D. Here, we shall give more details and generalize to the
systems of three distinguishable particles.

In 3D, the corresponding problem was solved by inserting the asymptotic spectator
function (19) into each of the four terms in (6)—(9), and by evaluating the corresponding
integrals [17, 24]. This procedure is not guaranteed to work in 2D because momenta smaller
than the asymptotic values may contribute in the integrands. However, for the 3D it was shown
that the leading order in the integrands is sufficient to provide both the leading and the next-
to-leading order of the one-body momentum distributions. The details of these calculations
in 3D can be found in [17] for three identical bosons and in [24] for mass-imbalanced
systems.

The large-momentum spectator functions change a lot as the dimensionality is changed,
going from sin (In (¢))/g> in 3D to In (¢)/q? in 2D. If we try to naively proceed in 2D as we
have successfully done in 3D, the integrals diverge. We can circumvent this divergence problem
by following the procedure used in the derivation of the asymptotic spectator functions. In the
following, we work out each of the four momentum components defined in (6)—(9). In addition,
we must simultaneously consider the next-to-leading order term arising from the dominant
n,-term.

e n1(gy). This term is straightforward to calculate. The argument of the spectator function
in (6) does not depend on the integration variable. The large-momentum limit is then found
by replacing the spectator function by its asymptotic form and taking the large ¢ limit after
a simple integration. We then obtain

2 2
o o o l o
fo (I ) Mpya 2107 (G)

% g, o 21)

lim — 47
qa_)oonl(%) megy omMpy

e 1,(q,). We integrate the two terms in (7) over the angle as allowed by the simple structure
where the spectator function is angle independent. The result

k|f,3(k)\2(E3+ 9 4 K )

2myy,  2mpy,

g2 2 2 k2 g2 3/2
(E3 + 2meqy + Zmﬁy) T2

14

(22)

2 2
o k‘fy(k)‘ (E3+2Z{:5+27ﬁ;)
+2n/ dk
0

5 32
Ex+ a2 + k% _ K2 q2
3 2mep  2mp, m/23

10



New J. Phys. 16 (2014) 013048 F F Bellotti et al

is then expanded for large ¢g. Since fooo dk k | f,(k)|*> is finite, the large-momentum
expansion becomes

. 87 ( * 2 _ Cpy
qllm n2(qe) =~ 7 My dk k| fpl))? +ma,3 dk k| f, (k)| )+ ns(qa) = pr +15(qa),
o —> 00 0

o o

(23)

where the last equality defines Cg,, which we call the two-body contact parameter for
the By two-body system. The second term on the right-hand side, ns(g,), gives the
next-to-leading term in the expansion of n,(q,). It turns out that this term has the same
asymptotic behavior as n3(g,) and n4(q,). We must consequently keep it, but we postpone
the derivation. We emphasize that the one-body large-momentum leading order comes only
from n,(q,). Here, we cannot replace the spectator function by its asymptotic expression,
because the main contribution to fooo dk k | f,,(k)|? arises from the small k. This replacement
would therefore lead to a completely wrong result. However, this is not always the case, as
we shall see later for ns(q,).

e n3(gy). The structure of the n3(g,) in (8) is similar to the n,(q,) in (7). The only difference
is that the spectator function under the integration sign now is not squared. This small
functional difference leads to a completely different result. As in the previous case, we can
still carry out the angular integration, which only involves the denominator. Integrating (8)
over the angle we obtain

o kfak) (E3 A
n3(qe) = 47 fo(qa) / dk 5 43/2
’ (E3 + 2m ay + %) - krzn_gs

Y

)
) foo " kf, (k) ( 2m w T 2:%) .
"

2 - 3/2
95 k2 _ kg4
(E3+2mﬁ+2mﬂy> m% ] /

Here, the difference between n, and n; becomes important, since fooo dk k f (k) is divergent
and we cannot expand (24) as we did for (22). We shall instead proceed as we did in
obtaining the asymptotic spectator function. We divide the integration in (24) at a large,
but finite, momentum, A > +/E3, and each term on the right-hand side is split into two
others. The two terms only differ by simple factors, and we therefore only give details for
the first term. Changing variables to k = g, y, (24) becomes

(24)

A Vf5(qay) ( ke +y2>
lim ns(qy) — 16wm> fa(;]a) dy it

32
a0 9a  Jo 2y, E 2 amd
grE3 | Mpy 2 By ,2
<T+_+y ) — Y

o [In(ge) +In (] 2+
2 Je@) T / dy ( )
A

Mg, 4 3/2
qa may /4a m,sV 2 4’”%7 2 !
Y, T b w2 Y

11

+167
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where fz(k) is replaced by its asymptotic form and Ej; is neglected in the second term on
the right-hand side, where «/E3; < A and k > A. In the limit g, — oo, the integral vanishes
in the first term, which therefore does not contribute to the large-momentum limit. The
integrals in the second term are

/°° (A _ 1,
A 2

00 1 00
dy RO RG] -2 / dyIn? (»)g(y)
A

/4 y Na 2
— —5—~In’ <—) L ) (26)
2mﬂy Qe 2m—§y

ay

[ h o gz A 1 o
f dy%):ln(y)h(y)ﬁo/%— / dyln(y)g(y)e—m—zyln(—)e 0 1)
A

/4a A/qo mﬂy 4o %
where
2 2 —-3/2

m m 4m

0= ()| () - e | o5
Mgy Mgy ms,

dh(y) . 2 . 2
§(y) = Oy lim In“(y)g(y) = 0, lim In"(y)g(y) — 0. (29)

The function g(y) and its limits ensure that the integrals on the right-hand side of
equations (26) and (27) are finite and their contributions to the momentum distribution can
be neglected when g, — o0. Finally, by inserting the results given in (26) and (27) into (25)
and replacing the spectator function f,(g,) by its asymptotic form, the leading order term
of the one-body momentum distribution from n3(g,) is given by

Meyy + maﬂ) F21n3 (Qa) 7 (30)

lim n3(g,) — 87 ( S
Go—> 0 mﬁy qa

where the second term on the right-hand side of (24) is recovered and added by the
interchange of m,,, — myg in (25)—(27).

Although n,(q,) and n3(gq,) have rather similar forms, their contributions to the one-body
large momentum density are quite different. As we shall see later, the next-to-leading order,
ns(q), of n,(q,) 1s comparable with the n;(q,) leading order, given in (30).

e 14(gy). This is the most complicated of the four additive terms in the one-body momentum
density. The angular dependence in both the spectator arguments cannot be removed
simultaneously by variable change. The formulation in (9) has the advantage that the
argument in f), (lk+q|) (or in fg(]kK+qe|)) is never small in the limit of large g,. This
is in contrast to a choice of variables where the numerator in the first term of (9) would
be f, (k) fg(|k — qql), and the argument in fg would consequently be small as soon as k is
comparable with g,. The main contribution to the integrals in (9) arises from the small k.

12
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For large q,, we can then use the approximation, f, (|k+q.|) = f),(q.) (or fg(|K+qe]) ~
f8(qs)). The integrals are then identical to the terms of n3 in (8). By keeping track of the
slightly different mass factors we therefore immediately obtain the asymptotic limit to be

o (09 1n3 o
(my+mﬁ)r2 (f). 31)
4y

e n5(gy). This is the next-to-leading order contribution from the n,(g,) term. It turns out that

this term has the same large-momentum behavior as the leading orders of both n3(g,) and
n4(gy). By definition we have

lim n4(qy) — 4m

go—> 00

maﬁ l’l’lay

. C
15(0u) = 2(qu) = lim n2(ge) =n2(g0) = 2F. (32)

o

which can be rewritten in detail as

i, K
, © P <E3 + Zrlr]zay + 2mﬂy> 4m§y

ns(qe)= lim 27 | dkk | fs(k)| — +-00, (33)

qo—> 00 0

3/2 4
2 q
2 2 k2g2
<E3 + qoz + k ) _ qoz ] «

2mey | 2mpy m%

where the dots denote the last term in (22) obtained by the interchange of 8 and y.
The tempting procedure is now to expand the integrand around ¢, = oo assuming that
qo overwhelms all the terms in this expression. This immediately leads to the integrals
corresponding to the cubic moment of the spectator function, which, however, is not
converging. On the other hand, (33) is perfectly well defined due to the large-k cut-off
from the denominator. In fact, the spectator function is multiplied by k* and 1/k* at the
small and large k-values, respectively. The integrand therefore has a maximum where
the main contribution to ns arises. This peak in k moves toward the infinity proportional
to ¢g. To compute n5(q,) we then divide the integration into two intervals, that is from zero
to a finite but very large k-value, Ay, and from A to infinity. The small momentum interval,
k/q, < 1, allows an expansion in k/q, leading to the following contribution ns ;(q,):

m? m? As
ns.1(qe) = 87— <3 “V—m‘”)f Ak | R+ L+ (34
q 0 q

2
o my mﬁV o

where 7 is a constant. Thus, the contribution from this small momentum integration
vanishes with the sixth power of g,, which is faster than the other sub-leading orders
we want to keep. We choose A; sufficiently large for the spectator function to reach
its asymptotic behavior in (19). The large interval integration can now be performed by
omitting the small E3-terms and the change of the integration variable to y, k* = yg2, i.e.

al? [ dy
n52(qa) = — — [I0*(y) +1n*(g2) +21n y In(g;) ]
Qo J82/q2 Y

§ <[ 1+ ymy, /mpg, ]3/2 _1>+..._, (35)

(1+ymyy /mp,)? —dym? /m?

where the large y-limit behaves like In’y/y* and therefore ensures rapid convergence,
whereas the integrand for small y behaves like (In®(y) +1n*(¢?) +2In y In (¢?))/y. Thus,

13
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the integration from an arbitrary minimum value, y; (independent of g,), of y > A%/q2
yields a g,-independent value except for the logarithmic factors and ¢, in the numerator.
Thus, the large-g,, dependence is found from the very small values of y close to the lower,
and vanishing, limit. In total, we obtain by expansion in small y that the limit for large g,
approaches zero as

16712 [ m; o wod
fim n52(q,) = —— (3 A ) f i’ () +1%(g2) +2Iny In(@))]. (36)
q A

2
G o my mlg}’ ?/43 y

Together with the term from the interchange of # and y in (19) we obtain in total that

16 m2, —m? wy + 1y In’(q,
qninoon5(qa)—>7”[3( ’ /’)—my mﬂ}r”(g). (37)

2 2
my mﬂ m}gy

o

5. Two- and three-body contact parameters

We first collect the analytically derived relations, and secondly we compare them with
numerically calculated values.

5.1. Analytic expressions

Two- and three-body contact parameters are defined via the large-momentum one-body density.
The two-body contact parameter, Cg,, is the proportionality constant of the leading order ¢, *
term, which arises solely from n,(gq,) in (23). For three distinguishable particles we have three
contact parameters each related to the momentum distribution of one particle. The definition is
already given in (23). They are related through

Cop+Cay =cﬁy+16nmgyf dk k | f, (k)| (38)
0

and the cyclic permutations. For a specific system, where two of the particles are non-interacting
in 2D, the corresponding two-body energy vanishes, Eg, =0 [32, 33]. Then, from (4) the
spectator function also vanishes, f,(g) =0, and (38) reduces to

Caﬂ + Cay = C,By for E,BV =0. (39)

In this case, we have this simple relation between the three two-body contact parameters. This
relation between the different two-body parameters does not depend on the system dimension.
Although our calculations are in 2D, this relation in (39) applies as well for 3D systems with
one non-interacting subsystem. We emphasize that a non-interacting system and a vanishing
two-body energy are not the same in 3D, where some attraction is necessary to provide a state
with zero binding energy.

The three-body contact parameter, Cg, o, is defined as the proportionality constant on the
next-to-leading order in the one-body large-momentum density distribution. For distinguishable
particles we have again three of these parameters, each related to one of the particle’s momentum
distributions. The asymptotic behavior, In*(g,)/ g5, receives contributions from the three terms
specified in (30), (31) and (37). In total, we have

2 2
M, +m m m m m

Cppq=16m =220, v | —oF 22 (40)
6mg, dmyp  4mg, m;  mg
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It is worth emphasizing that only a logarithmic factor distinguishes the behavior of the three-
body contact term from the next order, In*(g,)/ g8, which arises from n; as well as from n,, n;
and ns. In practical measurements, it must be a huge challenge to distinguish between terms
differing by only one power of In(g,).

For the three-body contact parameter, (40), with only one non-interacting two-body system,
we obtain

+t

(41)
3mg, dmeg  4mg,  m3  my

2 2
Moy tMep Moy  Meg My, maﬂ)rz

Cpy = 167 (—

which is obtained by collecting the contributions from only the non-vanishing n4 and ns terms
(since f,(q) =0, n; and n3 do not contribute). Cyclic permutations of the indices in (40)
and (41) now allow the conclusion that the three different three-body contact parameters are
related by the mass factors in (40) and (41). This conclusion holds for all the excited states.
Universality of independence of the excited state is another matter and in fact not found
numerically.

5.2. Numerical results

The results in the preceding subsection hold for any mass-imbalanced three-body system. Such
a system has six independent parameters, which are reduced to four by choosing one mass and
one energy as the units [33]. This merely implies that all the results can be expressed as ratios
of masses and energies, in this way providing very useful scaling relations. Results depending
on the four independent parameters are still hard to display and digest.

To built up our understanding, we now focus on systems composed of two identical
particles, A, and a distinct one, C. Such a system has four independent parameters from the
beginning, which are reduced to two after the choice of the units. From now on, we shall use E ¢
and m, as our energy and mass units, and for simplicity we introduce the mass ratio m = 2—2
In these units, the energies and the momenta appearing in the equations must be multiplied
by Eac and /mp Eac, respectively. For this system the two-body contact parameters in (38)
are given by

2 o0
Can =167 () / dk k | fa(0)2, 42)
0

C oo
Cac = %+2n/ dk k | fe(k)|?. (43)
0

For three identical particles where all the masses and the interactions are the same,
Caa = Cac = (5, and the quantity g—’;‘ is a universal constant in 2D [18, 28]. To be explicit,
this quantity has the same value for the only two existing bound states, ground and the first
excited state. Mass-imbalanced systems have a richer energy spectrum with many excited
states [27, 33]. Maintaining the universal conditions for all the excited states is obviously more
demanding.

Detailed investigations reveal that when the mass—energy symmetry is broken, the
universality of 2 does not hold any more. The two two-body contact parameters defined in (42)
and (43) diVided by the three-body energy are not the same for all the possible bound states
in the general case. However, in at least one special case of the two identical non-interacting
particles, Exa = 0, the universality is recovered. This is implied by fc =0 as seen from the
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Figure 4. The leading order of the one-body momentum density divided by E7 for each

bound state labeled as 7 in a system composed of two identical (A = '33Cs) particles
and a distinct one (C = SLi) as a function of the momentum ¢ for both Exx = 1 and 0.

set of coupled homogeneous integrals equations (4). Then the two universal two-body contact
parameters are related, that is

C
Cac= % for Eap =0. (44)

We illustrate in figure 4 how the two-body contact parameters vary with the excitation energy
for a mass-asymmetric system. We choose '3*Cs—!33Cs—SLi corresponding to A = '*3Cs and
C = SLi. This system has four excited states at the energies depending on the size of Ex,, and
the large-momentum limit of the constants is reached in all cases. For Exa = 0, the universality
is observed, since all the two-body contact values, Cac/E3, are equal in the units of the three-
body energy. This case is rather special because the two particles do not interact and the three-
body structure is determined by the identical two-body interactions between the other two
subsystems. In other words, the large-momentum limit of particle A is determined universally
by the properties of the A—C subsystem. The other contact parameter, Caa/ E3, is also universal
and follows from (44).

This picture changes when all the particles interact, as seen in figure 4 for Exa = 1. Now,
the large-momentum limit, the constants still independent of the momentum, changes with the
excitation energy. The systematics is that both Caa/E3; and Cuac/E5 as the functions of the
excitation energy move toward the corresponding values for Exx = 0, one from below and the
other from above. First, the non-universality is understandable, since the interaction of the two
identical particles now must affect the three-body structure at small distances, and hence at large
momenta. However, as the three-body binding energy decreases, the size of the system increases
and the details of the short-distance structure become less important.
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Table 1. The constant values for the scaled two-body contact parameters = CAC CAA and
257: fo dk k | fe (k)l in the limit ¢ — oo are shown for the two different 1nteract10ns

and the two different systems represented by C = SLi and A = '33Cs or A = 3°K. The
values in the fifth column are plotted in figure 4.

System o State S e FE S dkk | fe)?

Ground 0.02210 0.07625 0.065 03

| First  0.02495 0.04062 0.028 12

A= 13CsC= °Li Second 0.02616 0.026 12 0.01305

Third  0.02718 0.01837 0.004 78
0 Al 0.02748 0.01374 0

Ground 0.06337 0.11499 0.08372

| First  0.07438 0.08256 0.04727

A= ¥KC=SLi Second  0.07934  0.05369 0.018 40
0 Al 008304 0.04152 0

The quantities CE;A; and é—’: fooo dk k | fc(k)|? are defined by the limiting large-g behavior of
n, in (23). Plotting the corresponding pieces of n,(g)g* as a function of ¢ leads to figures very
similar to figure 4, where different excitation dependent lines emerge for Exp = 1, while they
all coincide for Exs = 0. The constant values for CL;*C, Cg" and Z fo dk k | fc(k)|? in the limit
q — oo are shown in table 1 for two different interactions and two different systems represented
by C= SLi and A = '*3Cs or *°K. These results of the numerical calculations confirm the
systematics described above in complete agreement with (43) and (44).

In general, for two identical particles the two-body contact parameters divided by the
three-body energy depend on the mass ratio m. The dependence changes from universal for
Eaa = 0 to non-universal for Exa = 1. The mass dependence for the ground states is shown in
figure 5, where we see that the ratio (Cj—fé = 2in (44) holds for Ex, = 0 in the entire mass interval
investigated. We also see how the second term on the right-hand side of (43) affects the relation
between the two two-body contact parameters. Figure 5 shows that the values rapidly increase
from small m up to 1 and become almost constant above m = 5. This behavior is similar to the
mass-imbalanced system in the 3D [24].

We can estimate the two-body contact parameter dependence on the excitation energy by
use of the approximation to the ground state in (20). In (42) we find inserted an expression for
Caa that is

E;°

2

%zurm—fj(m(u 2, 22 ) (45)

E; (1+m)2+m) In(E3) In” (E3)

A comparison between this approximation and the numerical results is shown in figure 6. We
see that (45) provides a fairly good estimate, which is accurate within 5% for small m, around
10% for m > 1 and within about 20% deviation in the worst case of m = 1. The divergence
in (45) for E; — 1 means that the two-body contact parameters diverge when the three-body
system approaches this threshold of binding. This does not reveal the full energy dependence
since the normalization factor, f3(0), also is state and energy dependent.
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Figure 5. The two-body parameters Caa and Cac defined in (23) as a function of the
mass ratio m = :’;—i for an AAC system in both cases where Exa = 0 and Eac.

The non-universality of the two-body contact parameters does not encourage universality
investigations of the three-body contact parameter, which is related to a sub-leading order.
However, at least the system with two non-interacting identical particles turned out to be
universal and may lead to an interesting large-momentum three-body structure. As before,
by inserting Exp =0 in the set of coupled integral equations (4) we find fc (gc) =0.
Then, (6)—(9) show directly that n,(g.) and n3(gc) vanish when fc (gc) =0, leaving only
possible contributions from n4(gc) and ns(gc).

We show in figure 7 the sub-leading order of the large-momentum distribution multiplied
by qg /ln3 (gc), that is Caa ¢, as functions of g¢ for the four bound states for a system where
A = 133Cs and C = °Li and for both Ex, =1 and E5 = 0. We only show one of these three-
body contact parameters defined in (40) and (41) since the other one, Cxc a, 1s related state-
by-state through the mass factors in (40) and (41). The momentum dependence approaches
the predicted constancy at large gc by increasing or decreasing for the interacting or the non-
interacting identical particles, respectively. We divided by the three-body energy to see if a
simple energy scaling could explain the differences. Not surprisingly, more complicated and
non-universal behavior is present.

However, it is striking to see that this sub-leading order in the large-momentum limit is
negligibly small for the non-interacting compared with the interacting identical particles. This
implies that a negligible three-body contact parameter combined with a universal two-body
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Figure 6. Comparison between the analytic estimate of Caa, given in (45), and the
numerical calculation in (42).

contact parameter can be taken as a signature of a two-body non-interacting subsystem within a
three-body system in 2D.

6. Discussion and outlook

In this work, we have considered three-body systems with attractive zero range interactions for
general masses and interaction strengths in 2D using the Faddeev decomposition to write the
momentum-space wave function, through which the one-body momentum density is obtained.
The momentum density tail gives the two- and the three-body contact parameters, namely C,
and Cj3, respectively. We derived the analytic expressions for the asymptotic spectator functions
and for both C, and Cj for three distinguishable bosons.

We found that the asymptotic spectator function for each of the three distinguishable
particles has the same functional form as calculated for the three identical particles in [28].
Moreover, we showed that the three distinct spectator functions relate to each other through
a constant, I, properly weighted by the reduced masses. These analytic results are supported
by an accurate numerical calculation, which confirmed both the asymptotic behavior and the
relation between the asymptotic expressions for different spectator functions in a generic case
of the three distinguishable particles.
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Figure 7. The sub-leading order of the one-body momentum density divided by EJ
for each bound state labeled as n in a system composed of two identical (A = '33Cs)
particles and a distinct one (C = °Li) as a function of the momentum ¢ for both Exp = 1
and 0.

The spectator functions and their asymptotic behavior define both the two- and the three-
body contact parameters, C, and Cs. The parameter C, arises from integration of the spectator
functions over all momenta, and both the small and the large momenta contribute. In the case of
the ground state, we are able to use our knowledge of the asymptotics of the spectator function
to infer the behavior for all the momenta. We found that the three two-body parameters for a
system of three distinguishable particles are related by simple mass scaling. However, these
two-body contact parameters are in general not universal in the sense of being independent
of the state when more than one excited state is present. In contrast, we find universality
for the three-body systems with one distinguishable and two identical, non-interacting particles.
In that case the third particle apparently does not disturb the short-distance structure arising from
the two interacting particles. Hence, the two-body contact parameter turn out to be universal.
This is similar to the 3D case and the three identical bosons where C; is universal in the scaling
or Efimov limit where the binding energy is negligible [17].

In 3D systems, the two-body contact has been observed in experiments using time-
of-flight and the mapping to momentum space [20], Bragg spectroscopy [20-22, 34, 35]
or momentum-resolved photoemission spectroscopy (similar to angle-resolved photoemission
spectroscopy) [36]. Measuring the sub-leading term and thus accessing C; requires more
precision, which has so far only produced the upper limits for the particular case of 8’Rb [22].
In 2D systems the functional form of the sub-leading term is different from the 3D case, so it is
difficult to compare with the 3D case. However, given that the precision improves continuously
it should be possible to also probe the 2D case when tightly squeezing a 3D sample. As we have
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shown here, the mass ratio can change the values of the contact parameters significantly. We thus
expect that mixtures of different atoms is the most promising direction to make a measurement
of a 2D contact parameter.

We have analyzed in detail two different systems of the heavy—heavy—light type that is
relevant for current experiments with cold gas mixtures. In both cases the light particle is
®Li while the two heavy particles are either both '33Cs or both *’K. We find that, unlike the
equal mass scenario, the two-body contact parameters are not universal constants when all the
subsystems are interacting. Here, universal means that C, divided by the three-body binding
energy is independent of which excited state is considered. However, if the two identical
particles are not interacting, the heavy—heavy and the heavy—light two-body contact parameters
become universal and are related to each other by a factor of two.

The methods presented here are in principle also applicable to 1D setups and it would be
interesting to investigate the question of universality of the contact parameters for three-body
states there as well. In some respects, 1D is easier to handle since zero-range interactions do not
require regularization and one can in fact map the 3D scattering length to a 1D equivalent [37],
which provides access to confinement-induced resonances that allow the study of the infinite
1D coupling strength limit. This was recently demonstrated for trapped few-fermion systems
in 1D [40, 41]. In that case, the two-body contact can be determined fully analytically using
the methods described in [38, 39]. It would be very interesting to consider the bosonic case
where the three-body bound states are possible with or without an in-line trap. In the case of
the quasi-1D setups where the transverse trapping energy is a relevant scale compared with
the binding energies, one needs to also take into account the transverse (typically harmonic)
degrees of freedom [23, 42]. Our formalism can be adapted to this case as well. Another
interesting pursuit would be the long-range interactions using either heteronuclear molecules
or atoms with large magnetic dipole moments [43], where the momentum distribution has in
fact already been probed in the experiments [44]. Bound state formation has been predicted in
both the single- [45], the bi- [46—48] and the multi-layer systems [49-51], as well as in one or
several quasi-1D tubes [52-56]. The current formalism should be adaptable to dipolar particles
and the contact parameters could subsequently be studied. In particular, in the limit of small
binding energy one may in some cases use the effective short-range interaction terms to mimic
the dipolar interactions [56], which makes the implementation through the Faddeev equations
considerably simpler. This is of course also the limit in which the contact parameters are most
interesting.
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