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ARTICLE INFO ABSTRACT

Editor: Olalla Castro Alvaredo A systematic construction for supersymmetric negative graded (non-local) flows for mKdV and
KdV based on s5/(2, 1) with a principal gradation is proposed in this paper. We show that smKdV
and sKdV can be mapped onto each other through a gauge super Miura transformation, together
with an additional condition for the negative flows, which ensure the supersymmetry of the
Negative graded flows negative skKdV flow. In addition, we classify both smKdV and sKdV flows with respect to the
Deformed vertex operators vacuum (boundary) solutions. These are classified according to zero or non-zero constant vacuum.
Soliton solutions Each vacuum solution is used to derive both soliton solutions and the corresponding Heisenberg
subalgebra for the smKdV hierarchy. We present the new solutions corresponding to non-zero
bosonic and fermionic vacuum by constructing the deformed vertex operators. Finally, the gauge
Miura transformation is employed to obtain the sKdV solutions, which exhibit a rich degeneracy
due to both multiple gauge super Miura transformations and multiple vacuum possibilities.

Keywords:
Integrable hierarchies
Supersymmetric mKdV/KdV equations

1. Introduction

Integrable field theories are very peculiar models admitting infinite number of conservation laws. These are, in turn responsible
for the stability of soliton solutions. The Korteweg—de Vries (KdV) [1-3] and modified KdV (mKdV) [4,5] equations are for instance,
typical examples of such a class of models and have acted as prototypes for many new developments in the subject. More recently
integrable hierarchies appear in many areas of theoretical physics, as in 2D CFTs [6-9] and string theory [10,11]. In fact, apart from
single equations, say mKdV (or KdV) a series of other (higher/lower grade) evolution equations of motion (flows) can be systematically
constructed given rise to an Integrable Hierarchy [12-14]. It has been realized that these classes of field theoretical models can be
described and classified in terms of an affine algebraic structure [15-27] within the framework of zero curvature representation.
The zero curvature representation appears as a very powerful method in constructing systematically flow equations. It has the virtue
of being gauge invariant and this property has been explored in order to construct soliton solutions from a vacuum solution and
moreover, to generate Backlund and Miura transformations for generalized A,— mKdV hierachy [28,29]. The key ingredient in the
construction involves the construction of an object of algebraic origin, the Lax operator, universal to all flows of the hierarchy. It
depends upon the decomposition of the affine Lie algebra G according to a grading operator denoted by Q. The Lax operator is
further specified by a second decomposition according to a choice of a constant grade one generator E(), The construction of (multi)
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soliton solutions consists in mapping the zero curvature for a specific vacuum configuration into a non-trivial solution by gauge
transformation. It therefore follows that a hierarchy is defined and classified by the following Lie algebraic ingredients, namely, i)
the affine Lie algebra G, ii) the grading operator Q, iii) the constant grade one generator E() and iv) a vacuum orbit.! The N = 1
supersymmetric version of KdV and mKdV equations (sKdV and smKdV) was originally introduced in [30], and generalized to odd
sKdV hierarchy in [31]. Following the algebraic approach of constructing integrable hierarchies based on superalgebras [32], the
sKdV equation has been studied both under a construction based upon the osp(2|2) [33,34] or s/(2,1) affine algebra [35,36]. In
addition, the smKdV and the supersymmetric sinh-Gordon (sshG) equations have also been largely explored [37-41], and it turns out
that both equations belong to the same integrable hierarchy when negative odd flows are taken into account [36]. Soliton solutions
within the zero vacuum orbit were also explored for both smKdV and sshG equations using the dressing method [42], as well as
integrable defects and Bécklund transformation for such systems, by using both the Lagrangian and Gauge-Bécklund transformations
formalisms [43-47]. More recently, novel results on negative even flows for the bosonic mKdV hierarchy required non-zero vacuum
orbit in order to construct soliton solutions [4,48]. It follows that the structure of the vacuum and the commutativity of the flows are
directly connected. Two sub-hierarchies can be considered, namely, mKdV-I (positive and negative odd flows with a zero vacuum)
and mKdV-II (positive odd and negative even flows with non-zero vacuum) [49]. Similarly, the same splitting in terms of different
vacuum structures can be observed within the KdV hierarchy. This can be accomplished from the Miura transformation realized as a
gauge transformation [29]. In fact it has been shown that the KdV hierarchy also splits in two sub-hierarchies, both having the same
flows, positive and negative odd, but with different vacuum orbits. Consistency requires additional conditions upon the temporal
derivative of the KdV fields for negative flows, the so-called temporal Miura relations. This paper aims to fill some gaps concerning
the supersymmetric versions of mKdV and KdV equations, namely:

o To explore the negative even flows of smKdV hierarchy and determine whether they are supersymmetric. As expected, in order
to do that, we analyse the hierarchy in terms of its orbit vacuum solution.

o To obtain the super Miura transformation as a gauge transformation, and use it to study the negative flows of sKdV hierarchy,
as well as its implications.

o To construct new soliton solutions for the smKdV and sKdV equations by combining both the new non-zero dressing orbits and
super Miura transformation.

This paper is organized as follows. In section 2, we review the algebraic formulation for the Lax pair of smKdV and sKdV hierachies,
and exhibit some examples of flows, including a new negative even non-local flow for smKdV, and a negative odd for sKdV. In
section 3, smKdV and sKdV hierarchies are connected by a gauge transformation leading to four types of super Miura transformations
together with additional conditions for the time derivatives for the negative flows. In section 4, we introduce the dressing method
for 5/(2,1) in order to prove, in section 5, the existence of different sub-hierarchies and its supersymmetry. Finally, we calculate the
smKdV solution considering different vacuum orbits in section 6. In 7 we discuss the super Miura transformation to determine sKdV
solutions.

2. Lax pair for the smKdV and sKdV flows

In this section, we shall employ the algebraic formalism to construct integrable smKdV and sKdV hierarchies. The general structure
for a given flow ¢, with N € Z, is encoded in the zero curvature condition (ZCC),

O+ Ay 0y, +A,N] =0, 2.1)

for the universal spatial Lax potential, £, = d, + A,, and the temporal Lax potential, Ly =9, + A, which is specified for each
integer N. Both smKdV and sKdV hierarchies are based upon the affine s/(2,1) superalgebra endowed with a principal grading
operator Q (see Appendix A). For the smKdV spatial gauge potential, we have

\/Z-i—l) 1 4

Aimkdv:8(1)+A0+A%: A \/;—U \/;ll_/ ’ @2
Vie - 22

where

eV =k"+keg,. (2.3)

is a constant grade one element,

Ay=vM” g, (2.4)

contains the bosonic field v = v(x,7y) and

1 See for instance [4] for a review.
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1
4, =96 eg, (2.5)
2

1
2
contains the fermionic field ¢ = {(x, ¢, ) and the generators are given in Appendix A. On the other hand, the spatial gauge potential
for sKdV hierarchy differs from smKdV in the algebraic elements associated to the fields,

Vi 1 0
=|a+s Vi z/Vi (26)
0 —z/VA 2V

ARV =g 1 A_ +A

1
2

with
1 _ _
AL=317 (K} Do M ”) €6, 2.7)
and
1 D =D
A_L=§)? F, > +G, * )€g 1, (2.8)
2 2

which contain the bosonic J = J(x,?,) and the fermionic y = y(x,t,) fields respectively. Now, regarding the temporal gauge po-
tential, it is possible to propose a different ansatz for each integer flow:

+ For the smKdV positive sub-hierarchy

(N-1) 3
ATV — p"+p, >+ +D2 +DY, DY €6,). (2.9)
+ For the sKdV positive sub-hierarchy

1 1

KdV _ (M) VD) (N-D) O "2 =D (@)
AIN —Z)N +Z)N +Z)N +'"+DN +Z)N +Z)N s (Z)N EG,)- (2.10)
The elements Dg\';) and Z)Ss) can be determined recursively using grade by grade decomposition of ZCC (for details see Appendix B).
This leads to a constraint upon the highest grade elements for the associated positive sub-hierarchies, i.e.,

[8(1),D§\7)] _ [8(1),2)5\7)] —0. (2.11)

Consequently both D%V) and Z)(]\JIV) belong to the kernel of EWD (see more details in (A.6)), implying that N =2m+ 1, with me Z. In
both positive sub-hierarchies only odd flows are allowed.
Considering now the temporal gauge potentials for the negative flows, we propose the following structure:

« For the smKdV negative sub-hierarchy

&)

1
2) (@)
_N (DZ €Go)- (2.12)

_ -N+
Aff‘;]‘dV=D£]f]V)+DEN 4+ 4D

« For the sKdV negative sub-hierarchy
KAV _ -N-2) "N -N-1) NG (a)
AT =D TTHD T DT+ e+ D+ D g, (DI €6, (2.13)

where, analogously to the positive case, we can decompose the ZCC and determine each component D(_”])V or 1)(_”])V From the smKdV

lowest grade, we find the non-local equation for D(;A],V ),
-N -N
0,03 + 49, D] =o0. 2.14)
Now, unlike the smKdV negative case (2.14), we do obtain a constraint for the negative sub-hierarchy of sKdV,
[4_.050 ] =0, 2.15)
implying that Z)(__]\IIV =2 s proportional to A_; = % J(K f_l) - M;_l)), and restricting the negative flows to N =2m + 1. We can

therefore conclude that the negative sub-hierarchy of sKdV admits only odd flows, while there are no restrictions on the negative smKdV
sub-hierarchy.?
Let us now consider the smKdV hierarchy and present the first few flows (the Lax Pairs are given in Appendix C):

2 In Sect. 3 we shall demonstrate how equations can be mapped from one hierarchy to another through super Miura transformations. The fact that there are fewer
temporal flows in sKdV side leads to a coalescence of smKdV flows into sKdV flows.
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- N=3
49, v=0}v— 60700 — 30, (v0, ), (2.16a)
49, = 03 — 3vd, (vp), (2.16b)
leads to the super mKdV equation, which names the whole hierarchy.
- N=5
160,;0=0, (9% +60° = 100 (9,0)° = 1002020 - Sup 0l
— 502000, — 50,0502 + 20031/76xy7), (2.17a)
160, = 02 — 50°00 — 1500, 0059 — 10(0,0)*0, + 1000,
— 100,000 — 500> v — 1509200, + 200°9, v (2.17b)
- N=-1
0,0,_, ¢ =2sinh2¢ — 2y sinh ¢, (2.18a)
0,_1 W =2y cosh ¢, (2.18b)
o,y =2y cosh ¢, (2.18c)

leads to the super sinh-Gordon equation. Here, we have introduced a convenient reparametrization v(x,ty) = d,¢(x,?y) (or
P(x,ty) = a;l v(x,15)).

e N=-2
0, 0xp=-2(a_+a,)+20 (Q_+Q,), (2.19a)
0, w=-2(Q-Q), (2.19b)
with
w, =07 (e*%), (2.20a)
a, =0 ¥ (1 + o, )], (2.20b)
and
0, = S0 [0 (0 1 2 2.21
+= 5 0% [e Wt_w¢+(xv/¢)( tyv_y, F a:)]~ (2.21)

Here we have used the anti-derivative operator, defined as 0;] f= f Y fdy.

Taking the limit y — 0, we recover the mKdV bosonic hierarchy, which is based on the s/(2) affine algebra [49]. Now, if we consider
the N = % case, we obtain

oV =0, \u= Eop, (2.22a)
2

ow=o, y=-¢v, (2.22b)
2
the supersymmetry transformation relating the bosonic and fermionic fields of smKdV. Here £ is a Grassmann constant parameter.
For the sKdV hierarchy the first temporal non-trivial flows leads to the following equations (the Lax Pairs are given in Appendix C):

- N=3

40,0 =0)J —6J0.J —3 707, (2.23a)
40, 7 =07 30, (J 7). (2.23b)

which is the supersymmetric KdV equation and name the entire hierarchy.
« N =5 leads to the supersymmetric Sawada-Kotera equation,

160, J =03 — 100, J02J — 10J0}J +30J%0,J

+26J 7027 +320,J 70,7 — 870t 7 — 40,79 7. (2.24a)
160, 7 =027 —503J 7 — 1002J0, 7 — 100, J 02 7

—5J0 7 +20J0,J 7 +10J%0, . (2.24b)
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P N=-1
0,0 =202 (0_n+r)-40_0momn-o,(0_77)
0’707 = 0, (2.25a)

1%

— 010,70, 7+057 (V- — ¥y +27) +20

o, (dxn ax}_’) + a)z( (‘7+ + ‘7—> +0x (al_] 0%7 +20,7+20,7 7)
=0V — Vv, +27) =0, (2.25b)

here we have used the following reparametrization,

J(x,15) = 0n(x, 1), Fx, 1) =0, 7(x,1y), 05y =0,79, 7, (2.262)
0,7, =0, no,7. 0,.7_=0,n0,_ 7. (2.26b)
=1
« N = 3
§I=0, J=-£0,7, (2.27a)
2
57=0, 7= ¢l (2.27b)
2

provides the supersymmetry transformation for skdV model.

The sKdV(—1) equations (2.25) were derived in [50]. Notice that these equations present a very remarkable feature compared to
negative flows of smKdV (2.18) and (2.19), since they do not depend on exponential terms and are mainly composed of temporal and
spatial derivatives.

Regarding supersymmetry property, it was already proven in [36] that the positive flows of sKdV were supersymmetric, as well
as the positive and odd negative flows for the smKdV hierarchy. In this work, we extend this verification to the novel negative flows
of sKdV and smKdV exhibited here. It is possible to check by direct calculations that the equation of motion for smKdV(-2) is indeed
supersymmetric (see Appendix D). For the sKdV(—1), the supersymmetry proof is accomplished by making use of the super Miura
transformation (SMT) in section 3.

The supersymmetric mKdV and KdV hierarchies are related through via super Miura transformation (SMT), and it is known that
each positive flow of the sKdV hierarchy is mapped (SMT) into a positive flow of smKdV [33]. Now, with the presentation of these
novel negative flows for skdV and even negative flows for smKdV, a discussion opens up on how to map the negative flows from
one hierarchy into the other, since that there are more negative flows in smKdV sector than in sKdV. This indicates a coalescence
similar to those we have indicated in earlier work for the pure bosonic case [49]. In the next section, we present the super Miura
transformation as a gauge transformation and demonstrate how it provides a map between the sKdV and smKdV hierarchies.

3. Gauge super Miura transformation

In this section, we discuss the connection between the supersymmetric versions of mKdV and KdV hierarchies. For the bosonic case,
the mKdV and KdV equations can be related through the well-known Miura transformation [1,51,52]. The extension to the complete
hierarchy was shown to be connected to the s/(2) affine algebra and considered in [53]. This construction was later generalized to
the si/(r + 1) case in [29] and more recently, extended to negative flows in [49].

For the supersymmetric case, a connection between smKdV and sKdV equations was established by the super Miura transformation
[30]. More recently, we have recovered and extended these results for the complete hierarchies in [50]. The key ingredient is to
construct a gauge transformation S which maps the gauge potentials given by (2.2) and (2.6) as

ASKY = gAKAV ST 4 9, 571 (3.1)
Following the algebraic approach proposed in [29], two different graded ansatz can be considered for S:
1
S = 5O 4502 4 D or S, = sCD 4 g3/ 4 5(72)’ (3.2)

where s are given by the following graded elements

a; 0 0 Viby  ap 0
SCm =m0 @y 0 [, sCMV=a" Gay Vib, 0 | (3.3)
0 0 ag 0 0 Viby
1 0 0 ap \ 0 0 Viag
s =m0 0 Viay|, s@2D =7 o 0 hary | (3.4)

Viay ap 0 Aay Viay 0
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leading to four different solutions, namely,

1
10 0 0 3 0
_ 1 =Y ¥
Si+=| v 1 -yl Sy = iVa (3.5)
+ 0 +1 ¥ £
+y + 0 F Y
The sKdV and smKdV fields are related by
JUH =2 — 9 v+ o, v,
(3.6)
7 =Fop £0,9,
for Sy . and by
JED =0 + 9,0+ o, v,
(3.7)

720 = F0p 0,7,

for S, . The existence of several different gauge transformations is nothing more than a manifestation of the symmetry of super
mKdV equation under the parity transformation v - —v and @ — —. Also, we might consider the inversion matrix L_ acting upon
the fermionic subspace, i.e.,

0
01, (3.8)

so we relate

S.

=

=L_S,, with =12

Thus, we can proceed with our analysis assuming that S = S, | without loss of generality. This is indeed highly convenient, as it
allows the gauge-Miura S, to be expressed in exponential form

1 1
v (kO 52 602
2 1 2 2 2 1

It therefore follows that it is possible to show that each positive smKdV N flow can be mapped into a one-to-one correspondence
with sKdV N flow:

S=8,=¢ (3.9)

Kdv _S KdV
tﬁ{;‘ — tﬁv . (3.10)

In order to extend this analysis to the negative sector, consider (3.9) and a generic negative odd flow A?";KEY under the gauge
—zhn

transformation induced by S, yielding the following graded structure

3 1
sKdV  — (=2n+1) (=2n+3) (=3) —1 1
Az,z,,H =S (D—2n+l +D 0t D, ) ST 4SO, S
(3.11)
1 1
_ y(—2n=1) (=2n-3) (~2n) (—1) (-3)
- D—2n+] + D—2n+1 + Z)—Zn+l ot D—2n+1 + D—2n+1 :

Considering the subsequent negative even flow , the lower grade operator is proportional to D(__Zi") ~M 1(_2"), leaving the

algebraic structure invariant, i.e.,

AsmKdV
1_2p

TKAV (<2m) , p"2mp) A -1
A =S(D +D2 +~~'+D2 S +80, S
—=2n —2n —2n —2n

1 2nt1 21
( ; )
2

—2n+1"

(3.12)

1
R e VN it -
T T 2n+1 + D—2n+l + D—2n+l

(—2n) =D

++ D) +D

Since the potentials Af(KdV and Aimkdv are universal within the hierarchies, the zero curvature condition for (3.11) and (3.12) must
yield the same operator, i.e.,

ASKdV — ;SKC]V (3 13)

12n+1 T_on41’
and the two gauge potentials provide the same evolution equations. Therefore, a negative even and its subsequent odd flow collapse
into the same negative odd sKdV flow, which is consistent with the fact that there is no even negative flow within the sKdV hierarchy,
ie.,
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tsmKdV
—-N \S\
sKdV 3.14
N (3.14)
tsmKdV S
—-N-1

for N =2n—1, n € Z*. Let us consider the explicit example of Afl_“leV and Aff‘deV given by (C.5) and (C.6) in Appendix C. The
mapping
ATV = AN ST 150,571, (3.15)

implies the following relations among the smKdV and the sKdV fields,

N, = 2 (e_2¢ + e_¢q/1/7) s (3.16a)

7, =2y, (3.16b)

where (#,7) are a distinct set of parametrized solutions and the smKdV fields in r.h.s. are solutions of 7_; equations (2.18). However,
if the map follows IS_“;KdV into ts_KldV, ie.,

AFY = KAV 4 59,57, (3.17)
this relation requires

M, =4<a_+$2_1/‘/+ %u/#p_), (3.18a)

7, = 4Q. . (3.18b)

where v, , a, and Q, are given by (2.20a), (2.20b) and (2.21) and the fields satisfy (2.19). Notice that such set of relations involving
KdV fields, (#,7) define a distinct set of solutions for equation (2.25). This allows us to determine a larger class of solutions for the
negative flows within the sKdV hierarchy and will be quite useful in determining the Heisenberg sKdV subalgebra. Moreover, one of
the most remarkable applications of such relations is to allow us to directly verify supersymmetry of (2.25). It is straightforward to
show that combining the reparametrization J = d,# and 7 = 0,7 together with relations (2.27), we have
oy =¢&J - oy=En+ [, (3.19a)
6J==80, 7 — on=-80y +g). (3.19b)

For the positive sKdV equations, f(¢) and g(¢) have no relevance, since there is always at least one derivative with respect to x acting
upon 7 or 7. Nevertheless, for sKdV(—1) and other negative flow equations, there will always be additional explicit relations involving
temporal derivatives like (3.16) or (3.18) to take care of those terms. Consider for instance sKdV(—1) as gauge transformed from the
sshG (2.18) and uses (3.19) together with (3.16), it is possible to determine f(¢) and g(¢) to obtain

oy =&n—2¢t, (3.20a)
on =—E0, 7. (3.20b)

Furthermore, in order to compute the supersymmetric transformations of the auxiliary fields y and v, (2.26a) sKdV(—1), we will need
to use (3.6) and (3.16) to get the expressions

y =2y, (3.21a)
VL =V, +27 =29 — 20, pe Py — 26720, (3.21b)
and finally obtain the variations
Sy=¢(vo—v,+27), (3.22a)
6 (VL — vy +27) =—¢0,7. (3.22b)

It is clear that this pair acts as supersymmetric variables among themselves. Finally, after a straightforward but long calculation, by
using (3.20) and (3.22), it is possible to show that the pair of equations (2.25) is supersymmetric invariant. On the other hand, if
we had used (3.18), the procedure will follow the same steps, with a minor adjustment in the auxiliary variables, which will now be
given by

y=4pQ_ -2y, y_, (3.23a)

V=V 427 =2 + 2%y + 2e Py, + 20wy, —4Fa_ —40,9Q_. (3.23b)
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This however, will not introduce any changes to the supersymmetry relations (3.20) and (3.22), leading to the same result, i.e., the
sKdV(-1) flow is supersymmetric. In this way, the importance of the gauge-Miura mapping in determining sKdV properties in terms
of smKdV becomes evident once again.

Despite the fact that the temporal Miura is an essential ingredient and highly non-trivial relation, it is possible to obtain a general
formula for any flow using both the zero curvature equation for sKdV and the super Miura transformation. Let us consider an arbitrary

1

negative sKdV flow. The ZCC decomposition in Appendix B gives us equations (B.8g) and (B.8f) that set both Z)E Nz) and Z)(__Al,) in the
Kernel of &D. Next, one can use the equations (B.8e) and (B.8d) to obtain the following form for the lowest elements D_y for any
N, namely®

H 0 (1) (-1)
D_y lr.nl= — A (3.24)
and
I o1 i}
o) 7n= 5 (y +d,7N11(x,t)) K+ S o+ K (3.25)

Additionally, the super Miura transformation (3.9) gives us the following results for a generic mapping upon smKdV(—M) flow to

_1
sKdV(—N) flow for the minus one-half graded (Di ]3)[;7, n1) element

D “H Iy (D =D
D_3 7.l =D_ )} [, ] + — (F2 Y+6, 7). (3.26)

2
Using (B.6d), the equation of motion for y is determined

1

o w==2b_7 (3.27)
where
- CEMCE RN CR NS
D_ . dl=a_ F, > +b_ ;G *. (3.28)
Combining these two equations, it is easy to see that
-3 3 L EDY D
D_y7.nl= <a_,\j —b_, )F2 2 (3.29)
and due to the Lax pair uniqueness, one can compare (3.24) and (3.29) to obtain the first temporal super Miura
-H b
0  ¥(x,1)=2 <a_]\j -b_y ) . (3.30)

The other one is obtained in the same way, by using the results obtained from the super Miura transformation for the grade minus
one element, D(__Al,)[)?, nl:

_ _ _ - _ - 0N e
Z)(_,\l,)[}_’,ﬂ] = (a(_}é,) +C(—1\14)> K; D +% <l +b(_A1,)+y7a_Aj —z/‘/b_kj >K§ D, (3.31)
where
1) 1) p(~1 —D\ (=1 —1) q g1
D). )= KT + (4 b DKSTY MY, (3.32)
and when compared with (3.25) yields
) n=2a"Y+cMvo 0w (3.33)
NG =2@a,  +el, )+, T, D .

) - -H ) .
It therefore follows that, knowing the elements D(_ 1\? [W,¢] and D_ Aj [w, @] of the smKdV hierarchy we are able to determine the
temporal Miura relations (consider the notation f(x,7y)= fy for simplicity):

e G _
2 <a_2i+1 - b_2f,+1> [#_2n1:W_opy1] for odd smKdV flows,

(3.34)

) (A h ; f KAV fl
a_, —b_, [¢_2”,u/_2,,] Or even Sm ows.

3 Here, we have chosen the integration constant appearing in the K, term to be 1. We also recall that d,y = 0,79, 7.
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() D B 7
2 (a—2n+1 + Coon+1 ) [¢—2n+1 ’ W—2Vl+1] + af—2n+1 Y ¥oont1 g);v?sdd smkdv
n= (3.35)
5 (a<_—21n> i c(_—;ﬂ)) [ Won] + 0, 7 Wy for even smKdV
flows.

a’—2n+l

T _2n+

As examples, equations (3.16a), (3.16b), (3.18a) and (3.18b), are direct applications of this relation. Now we have established all the
structure concerning the equations of motion for both the smKdV and sKdV hierarchy as well as the ingredients to map the equations
of motion of one into the other. In next section, we will consider the remaining ingredient, namely, the solution of the field equations.

4. The dressing method and tau functions for s/(2,1)

We shall now discuss the construction of soliton solutions for smKdV and sKdV hierarchies. In order to do that, we will introduce
the dressing method and classify each hierarchy according to its vacuum orbit. Let us start with a brief compilation of the most
important ideas of this method. The main point of the dressing method is to start with a simple solution (vacuum solution or vacuum
orbit) to obtain the non-trivial (multi)-soliton solutions for the entire hierarchy. Let us define

APC=4, (4.1)

U:Uvac’
where y = x,1y, and v, is the vacuum solution for the zero curvature condition (2.1). We use the fact that ZCC is invariant under
a gauge transformation ®, to map the vacuum into some non-trivial soliton solution, i.e.,

A, =0,0, +A7)0]". (4.2)

The plus-minus label upon O indicates that it can be decomposed either as a exponential of positive or negative graded elements of
the algebra, i.e.,

e, =Heg”/2, 0_ =H69*"/2, (4.3)

n>0 n>0

where 0, € G, (see Appendix A). Another important property is the fact that the Lax potentials can be written as a pure gauge
potential

AR =Tyo, Ty, A, =To, T, (4.4)
where

Ty=e 4™  and T=6,T, (4.5)
Combining (4.2), (4.4) and (4.5), we can show that the following condition holds,

0-'0, =TygT;". (4.6)
where g is a constant group element. Let us introduce highest weight representation (based upon the Kac-Moody algebra @) such that

6;14;)=0, with i>0. 4.7)
Consider the matrix elements 7; ;@)

7,;(v,0) = (416,070, ]4;), (4.8)
where G, is a properly chosen algebra element of grade ¢. On the other hand, using (4.6) we can also write the following equivalence

7,(0,0) = (4G, Ty g Ty ' 14)). (4.9)

Now, let us consider the constant element g in the following form, where n refers to the n-soliton solution
n
o= He‘“ki) such that [Ajj‘c, V(kl.)] =, (k)V (k). (4.10)
i=1

where V' (k;) is the so-called vertex operator [20,21,25]. It there follows that expression (4.6) became rather simple

n
TogTy' =] ]ertvovto, (4.11)

i=1

with

pilty,x) = v ek, (4.12)
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Substituting the above expressions in (4.9), we find
n
7,(0,0) = (416, [ [ e " 14)), (4.13)

i=1

and assuming that V'(k;) is a nilpotent operator, we have

7,00 = (Al T (6o +0GaV (k) + -+ =G,V (K ) 14,), (4.14)
i=1 :

where m depends on the vertex operator and » is chosen to match the number of solitons. For instance, for models based on the
sl(2,1) superalgebra, m = 1, and we are mainly interested in one-soliton solution, i.e. n =1, so we can simplify the expression above
as

7;(,0) = (416,070, |4;) = (416, 1 4;) + (A 1G,V (k)I4;)p(t, X). (4.15)

Now, let us do some practical calculations concerning the s/(2, 1) smKdV case. First, we establish the fundamental weight system as
follows

’A(l’{i):l/li)v </1i|’%:</1i|’
MO 12y =614, (| M = (4] 5, n=1,2,3...) (4.16)
g(n/Z)Ml_):O’ (/1,-|Q(_%)=0,

and consider the spatial Lax for super mKdV hierarchy*:

)
AT = gD 4 A+ AL @) =KV + K + 0,9 MO +0,vk + 56,7 (4.17)
2

Consider the most general vacuum projection (v, ¢, w) = (0, vyx, )

e
AR = gD 4 KD 0y M + 5,67 (4.18)

x,vac

Since the field appears in grade 0 and % terms, we propose 7 functions with projections on these grades. The first obvious choice for
the grade zero term is

700, 0) = 75 = (1|0710, | A9) = (Aole | 4y), (4.19a)
7(,0)= 7, = (410210, 14,) = (4;1e®[1,). (4.19b)

In turn, since the matrix element must have zero grade in general, and it must project on grade % in order to extract some information
of the fermionic  field, we will propose the following projections,

(41610710, 14;) = (4,161 (1 -0, +02<9_1)> e®]4;)
2 2 2 2

(4.20)
=—(41610_1e"|4;),
2 2
and define

700 (.3 ) 272 = (401610710, 1dg) = (4161 0_1€M14g) and (4.21a)

2 2 2

1 _

711 (v, 5) =5=(4 |gl®_l®+|/ll> =—(41610_1eM]4)). (4.21b)

2 2 2

Now, we use equations (4.2), (4.3) for ®,, and (4.18), in order to establish the relation between 6, 6 1, and the fields of the model.
2

Then, from the grade zero term, we have

@M + @,k = ~0,0, + e (uo M](O)) e~fo, (4.22)
with solution given by

=00 = @00 OM| vk (4.23)
and then

4 We have added a central extension contribution v, x in order to complete the model, but the v field has no physical relevance.

10
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79 = (410710, |4g) =", (4.24)
7= (410710, |4;) = e PH0x, (4.25)
from where we find the bosonic field written as
d(x.1) = vyx +1n <T"(x’ ”) . (4.26)
T1(x,1)

Of course, we could continue the calculation of the following higher grades terms in order to completely determine ®, . However,
since we are mainly interested in determining the field components, we now apply the same procedure using equations (4.2), (4.3),
(4.17) and (4.18) with ®_. The simplest projection is given on the grade % term,

AL =10_1,6V1+ A1 (), (4.27)
2 2’

1
2

from which we get

(G I IR
F, +§(W—W())G]

1
0 2 ), (4.28)

=,

1
T2

=

The other projections are slightly more complicated, given by

Ag=10_1, A1 1+ 1[071,[071,8“)]] +10_1,EVT+ Ag yaes (4.29)
A 273 3
0,0 1 =10_1,Agya) +10_3,6D1+10_1,[0_,,8"1]
2 2 2 2
1 1
+=[0 1,[0 1,A + =00 1,10 1,16 1.&P1+1[6_,,A , 4.30
20-P O AL el 311011610 BTN 4101 4 ] 30
0.0 =10_5.8V1+16_, Aguucl +10 3. Ay 1+ 210,60 1.6 11+1[6_,.16_,.67]]
’ 3 Va2 3 T3 2
HO_1.10 5 EVN+ 210_1,10_ 1 Agyacl1+10_1.10_1.41 1]
2 3 2573 2 ’ 3 3-vac
1 1
=10 1,160 1.,16_,,&D =10 1.[0 1,00 i,A
+31 7%[ 1[0, 87N+ 5510 [,% [ -1 1 yaclll
+110_ 1,10 1,10 1.16_ 1.8V, 4.31)
4' 2 2 2 2

Thus, by proposing a general form for the other § components appearing in the equations, namely
-1 -1 -1
0_, =f1,—1K§ +f2,—1Ké +f3,—1M§ ,
“d -
0 3 :fl—éFl 2 +f2_§G2 27 (4.32)
2 T3 T2

=)
0_,= fl,—2h1M; ),

we find the following set of equations

O =f, _1W+2f _1W+2f3_1+0p (4.33a)
) )
1 _ _ 1__
ov=—fii+fo1—f3-1— Efl’,%llf - fl,,% 0+ 5V (4.33b)
_ Vo, _ 1 __
Ouf\ L =Whs+ 5 W =W = 3/, 100w (4.330)
oW = Zf],_% vp + 4f2,_% + 4f17_% F3o1 = 20121 + o)W (4.33d)
Since we are mainly interested in determining 6 1, let us consider equations (4.33a) and (4.33c), to find the following differential
2
equation (where we have renamed f, 1 = % for simplicity)
)
_ - - 38 _

0xPW =0, E — v, + - Vv (4.34)

which completely determines E in terms of the (¢, ) fields for a given vacuum configuration (see Appendix E). Once we have

determined 6 _;, we are able to write the functional form of ¥ in terms of = functions. From equations (4.21a) and (4.21b), we have
2

Ty = —</10|§1 0_% |).0>C_v = —(/10|§%6'_1 |/10>T0, (4.353)
2 2

T3 =—(44|G10_1]4)e”V ¢ = (416160 1|47y, (4.35b)
2 2 2 2

11
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and by choosing G1 = F]( 2’ from equation (4.28), we find that the r functions are given by
2

|
n=3 (E— @ —wp) 00 (4.36)
|
S R (437)
and the fermionic field is given in the following form
3T
u_/:%_’__z__z' (4.38)
L3 S

Having established the relationship between the fields of the model and the = functions, we can now compute the 7z functions using
equation (4.15). The next natural step is to determine the vertex operators as described in equation (4.10). However, the vertex
operator is highly dependent on the vacuum configuration accepted by the model. Therefore, we will first focus on understanding
the possible vacuum states for each flow.

5. Heisenberg subalgebras and the commutativity of flows

Let us now discuss the different vacuum configurations and its implications in the commutativity of the flows. The equations of
motion derived so far allow for a direct verification of the following conditions for the vacuum:

+ For positive smKdV flows, any combination of a constant vacuum (0, 0), (v, 0), (0,%y), and (vy, ) are allowed;

« For negative even smKdV flows only two combinations possibilities (v, 0) and (v, §) are allowed;

+ For negative odd smKdV flows, only the zero vacuum for bosonic and fermionic field is possible, i.e. (vy, %) = (0,0);
+ For sKdV flows, any combination of a constant vacuum is possible, (0, 0), (vy,0), (0, ), (vg, ¥)-

We would like to provide a general algebraic argument for such conditions. In order to do that, consider the zero curvature in the
vacuum configuration,

A A =0, (5.1)

x, vac> “tp, vac

for both smKdV and sKdV hierarchies. Firstly, it is important to remark that the higher graded component (positive flows) and the
lowest graded component (negative flows) 4, for the smKdV case, is always non vanishing (including the vacuum configuration).
Indeed, one can use (B.2a) and (B.6a) to show that for each flow the higher graded element is always determined and non-zero,
namely

* Positive odd N =2m + 1:

p@em+l) — gm+l) o K (5.2)

* Negative even N = —2m:

DM = 2, (5.3)

* Negative odd N = -2m+ 1:

D2+ = cosh pK Y 4 KT (5.4)

Starting from the simplest case, i.e., a positive flow projected in a general constant vacuum (uo,u'/o) configuration, we find the
following relation from equation (5.1),

N-L
( 2)+...+D(0)

N ,vac N ,vac

1
[AsmKdV AsmKdV] _ [8(1) +U0M1(0) +!I70022,D(N) +D

X, vac >y, vac N ,vac

] =0. (5.5)

©

Therefore, we must find the kernel K, of the operator Q = &V + vy M h

projection for the positive flows. Such kernel is given by:

1
+ 9 622 , and analyze whether it coincides with the vacuum

1
Ko, = {Qoms1-Tame1 ) such that [X,S(‘) +uoM© + %022] =0, Xe%,, (5.6)
with
o — o M@ G(2'"+%) K@mtD | pe@mt1) (5.7
ome1 = VoM + WG, + K X, ’ 7

V 2m+ 3
=K§2m+l)+ @F( " 2).

b (5.8)

Loyt

12
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It is straightforward to show that the vacuum projection of the smKdV Lax operators given in the Appendix C are linear combinations
of the K elements, namely

Af?lxlr(adcv Avac =Q,, (5.9a)
2
ASmKAV _ Q,+ U_O (F e ) (5.9b)
tyvac 2 1 1> ’
AR = ‘i I;-Q % Q -T
t5.vac 5+7<3— 3)+T( 1=T1), (5.9¢)
2
f;:li?\ilac Qo1 + Z " (0101 + b1 ) (5.54)

where g;, b; are constant coefficients. The relation (5.5) is valid for any combination of constant vacuum (0, 0), (vy,0), (0,¥y), and
(v, Wy), as stated before. Notice that for the special case of the zero vacuum state (0,0), I',,,,; vanishes and hence

smKdV  _
At2n+1 wvac Q2n+1

i =gt (5.10)
(00-70)=(0,0)

For negative smKdV flows, the situation is a bit more intricated. If vy # 0, from the lowest grade equation

—N,vac

[ M(O) DM ]20’ (5.11)

and we conclude that the only possible value for N is —2m, since no odd element commutes with M. Then, considering the case
where N = —2m, we get from equations (5.1) and (5.3), the following relation

1
smKdV  4smKdV | _ [ (1) O, - A2 < 2m) mt3) n |

[AX’ vac ’A’—Ns Vac] - [8 * UOMI + WOGZ ’ + D —2m,vac t-+D —2myvac| 0, (5.12)
from which we can easily obtain the elements of K, as long as we introduce a factor of Ual. For instance, in the N = —2 case, we
have

psmav _ L —(Q_ -T_)+T_, (5.13)

t_p,vac v

and for a general vacuum operator, we can write

m
KdV —2(m—i)-1
A e = Z v T (€ Qi + AT g4 ) 5 (5.14)
i=1
where ¢;, d; are constant coefficients. Notice that in this case we can not take the limit v, — 0, due the pole introduced. Therefore
follows that the only vacuum configurations possible are (v, 0) and (v, ).
On the other hand, if vy =0, the lowest grade equation is now given by

[%G2 D' ]f,"vac] =0, (5.15)

which is clearly not satisfied by any even flow (N = —2m). However, for each odd flow, we get the following restriction on D' j\llv ‘)I ac
(=N) _ —2m+l (—2m+1) (=2m+1)

D—N,vac =ay :/nac (K Kz ) . (5.16)

A quick check on equation (5.4) with vy = ¢y = 0 shows that the super sinh-Gordon and other lower flows within the hierarchy do
not obey this restriction®

vac

pmtl) (Kf_z'"“) i Ké—2m+1)> = g-2mtD) (5.18)

and hence y, = 0. Therefore, for super sinh-Gordon and other negative odd flows, both the bosonic and fermionic vacuum vanish. In
fact, the lowest equation in such case is

5 By solving the ZCC for odd negative flows of the N = —1 case, we can perform some modifications of the constant parameters in such a way that we obtain a
distinct temporal Lax operator, associated with a modified super sinh-Gordon that allows us to set both (0,0) or (0, ) as a vacuum configuration (restriction (5.16) is
completely satisfied), i.e.,

9.0, = 2sinh2¢ — 2@y cosh ¢, o, = 2y sinh¢p, 0,y =2y sinh . (5.17)

13
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[a“hu“’“ ]:0, (5.19)

—N ,vac

which is automatically satisfied for negative odd flows. In general, we have

ASMKAV g2, (5.20)

T_2p41,vac

and the vacuum structure is such that we have a zero vacuum configuration for both bosonic and fermionic fields.

Finally, the same analysis can be applied for both positive and negative sKdV flows. The conclusion is that all the vacuum
combinations are possible (see more details in Appendix F).

Now that we have determined the vacuum structure, it is possible to show which flows are in involution with each other.® First,
we recall that for a given integrable model described by a general Lax operator

Ly=0,, +4,,, (5.21)

a sufficient condition to prove the commutation of two different flows, say N and M, is to show that their corresponding operators
commute with each other, i.e.

[£Ln.Ly] =0. (5.22)

As a direct consequence of the dressing operator (4.2), this expression can be rewritten as,

[-CN’ LM] =0 [LN,vac’LM,vac] 0! = 0, (5.23)
showing that commutation of the flows is equivalent to prove that the corresponding vacuum operators commute with each other.
For smKdV, the vacuum operators are defined in terms of three objects &*"*!, Q,,,, | and T',,,, . As one can easily verify, two distinct
abelian subalgebras can be formed with these objects. The first one is composed of

[82m+1 ’82n+1] =0, (5.24)

and the second is

[92m+l’92n+1] =0, [F2m+1»92n+1] =0, [F2m+1»rzn+1] =0. (5.25)

When a central extension is considered, they correspond to the so-called Heisenberg subalgebras. This leads us to conclude that two
different hierarchies (in the sense of flows in involution) exist within smKdV. The first one is formed for flows where Ly . = &™)
as vacuum operator, namely, positive odd (5.10) and negative odd (5.20) flows. Hence, using (5.23) and (5.24), we find that

i £msv] = [, e o' =, 526
with n,m € Z. Similarly, we obtain a second hierarchy of vacuum operators formed by the linear combination, £y yac = Z,N Q001+
p:I'5;,1, namely, positive odd (5.9d) and negative even (5.14). Then, equation (5.25) leads to

m n
[ L] =0y, Z Qo1 + BT gip1; 2 7/ Qi1 + ;T | ©71 =0, (5.27)
- -

J

with n,m € Z and «;, f;, 7;, ; coefficients.” Therefore, we find that are two distinct sets of hierarchies within smKdV:

+ Positive and negative odd flows within smKdV commute with each other and form a hierarchy with zero vacuum orbit, smKdV -
L

« Positive odd and negative even flows within smKdV commute with each other and form a hierarchy that posses non-zero vacuum
orbit, smKdV - II.

For the sKdV the procedure is quite similar (see Appendix F). In this case, the Lax operators are constructed based on &1, A, |
and II,,,, | operators (F.3), which also form two different abelian subalgebras:

[82m+1’82n+1] =0, (5.28)

and

[Aomers Aont] =00 [Agprs Moy ] =0, [Ty Ty ] =0 (5.29)

From them, we can conclude that sKdV also has two distinct sets of hierarchies:

6 The argument for commuting flows follows the same line of reasoning used in the bosonic case [49,25,5].
7 For simplicity, we are considering any combination with a non-zero bosonic vacuum orbit (v,, 0) or (vy, ¥,), as a non-zero vacuum. This works very well since the
commutation relations hold for any of them. The same is valid for sKdV.

14
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« Positive odd and negative odd flows within sKdV commute with each other and form a hierarchy with zero vacuum orbit, sKdV
-1
« Positive odd and negative even flows within sKdV commute with each other and form a hierarchy with non-zero vacuum orbit,
sKdV - II.

At this point, several important remarks can be made:

. For smKdV, the hierarchy splits in two different classes, both constructed using the same A, but with different vacuum orbits.
Both type I and II share the same positive flows in this case, but distinct negative flows.

. The smKdV - I and smKdV - II hierarchies are constructed using different dressing operators ®; and ®,,, since the operators 6,
depend explicitly on the vacuum chosen. This will lead to different vertex operators and soliton solutions.

. Although sKdV - I and sKdV - II are constructed using different vacua and dressing operators, they share the same positive and
negative flows.

. The super Miura transformation maps type I/Il smKdV hierarchy into type I/II sKdV hierarchy. Although the positive flows
coincide in both types for smKdV, the negative ones do not. In this way, it may appear that two different flows lead to the same
sKdV equation. However, each flow actually arises from a specific vacuum orbit, either

t?{andv_I S s I%(dv—l , (5.30)
where N =2m+ 1 forme Z, or
t;}}leV—II S s tj\l](dV—II’ (5.31)

for M =2m+1or M =-2mwithme Z*and N=2I+1 forl € Z.

Having concluded our analysis of the vacuum structure and commutativity of flows, in the next section we will obtain the vertex

operators, and construct the one-soliton solutions for different vacuum configurations.

6. Vertex operator for smKdV and soliton solutions

We recall that the final step to obtain the soliton solution involves determining vertex operators that depend upon the vacuum
structure. The general vacuum configuration, is written in terms of the operators Q,, ., and I';,,; given by (5.7) and (5.8), i.e.,

A, 1| = 0, (k)Y k. ©.1)
Let us consider a generic vertex operator as follows
V=Y k¥ [aoaj,o f+a M 4 a, KO 4 g KD 1 g M @D
= (6.2)
2j+1) 2j+1) 2j+3 2j+3
+“5F1( 7t +aﬁG; 7t +a7F2( D +agG(l ael s
from which we can compute the following matrix elements for a one-soliton solution
7= 1+ AV (k)| Ag)p =1+ ayp, (6.3a)
=1+ (VDA =1+ (a9 +a;) p, (6.3b)
() )
7 = (4| F, "'V (kI Ag)p = (ag — a7) kip, (6.3¢c)
(L
3= (A E TV (kplan)p == (ag +a7) kip. (6.3)

where the space-time dependence is given by p = p(x,ty) = e”®x*"®N'N . Now, in order to simplify the computations of our solutions,
let us summarize the results obtained for vertex operators V;, i = 1,...,5 and their eigenvalues. We consider two categories, those

containing only pure fermionic solutions and those including mixed solutions:

1. Pure fermionic vertex

15
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(a) Non-zero fermionic vacuum (y, # 0, ¢, is a generic bosonic constant)

) - 7 -2j L1 1

_ Kk, = v) 2k, + ) v eih  eid

e e e B [
1 1

= ) (6.4)
20, F(2j+%) 4k, G(2j+%)
+47c2—02 2 VTR '
1~ % 1~ %
with eigenvalues
42 -2\ ™"
Q041 Vi (k)] = 2K, <;T°> Vik)), (6.52)
1
4]}2 _ U2 2m+1
Comer ik = —— ] Vil (6.5b)
4k,
(b) Zero fermionic vacuum (¢, =0, v, is a generic fermionic constant)
o0 7 7 —2j 1 1
- 2k = vg)(2ky + vg) Vo (2j+3) 2j+3)
b= 3, (SEEEER) |- e,
= i (6.6)
2, F(2j+%) 4k, G(2j+%)
+4l_c2—v2 2 VTR '
1~ %0 1~ %0
with eigenvalues
4R — 2 \*"
(i1, Valky)] =2k, <—41”_€ 0> Vs (ky), (6.72)
1
4 2_ 2 2m+1
[Copers Vo)) = [ ——2 Vy(ky). (6.7b)
4k,
In both cases, there are no problems taking the limit v, — 0 to obtain other vacuum configurations, such as (0, ).
2. Bosonic-fermionic vertex
(a) Non-zero bosonic vacuum (v # 0):
7 v [ -j 2 (votki) Vg 2j+1
Vilki) = 2 (Kt = vp) Ml( V- kb0t 5 Kl( o
Jj==0 ky vp Ky
7 1 3 ok o] 3 (6.8)
k; Qi+ | —1- ~2i+3) Yy Qi+3) Yokl @2j+3)
+—— M g, - Y 0 G2
2_ 7272 0 Y02 2_72°2 2_z2 1 ’
vk vy~ ki v~ ki
with eigenvalues
(i1 V3 k)] =2k, (K3 = 03)" V3(ky). (6.9a)
[Camsr: Va(kp)] =0. (6.9b)
By taking the limit of {; — O one obtains the vacuum configurations (v, 0).
(b) Zero bosonic and non-zero fermionic vacuum (v, =0, @, # 0):
ST e _ 1 1o, Vo @ity | Wo Qi+
Vi(ky) = K99 IM™ - k60— —M7T  + —F" Y +—=F"?
Wk ,:z_:w ! {[ TR T M T 2022
] , (6.10)
vo 2i+3) Wy (2j+5)
ro | gt Vg ]}
! [Zkl 2 262!
with eigenvalues
[ Qi1 Valkep)] =2k Vi (k) (6.11a)
[Camsr Valkp)] =0. (6.11b)
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(c) Zero bosonic and zero fermionic vacuum (vy =0, yy = 0):

o - 1
-2j 2 _ 1, L @i, Yo @ity
Vstk)= Y k ]{[Mff)—zxéj’o——M(j '+ LF 2]

L T k2 2k, 1
= (6.12)
Qi+p 1 Qi+
+v [G2 - k—lG1 ,
with eigenvalues
[ Qo1 Vs k)] =2k Vs (ky), (6.13a)
[Camsrs Vs k)] =0. (6.13b)

Once we have constructed the vertex operators and its eigenvalues, we can finally obtain one-soliton solutions for the different
hierarchies related to smKdV. Here, we will use c¢; to denote a bosonic constant, and v; to denote a fermionic constant. It is also
worth mentioning that although we are mainly focusing in one-soliton solutions,® we can use the vertex operators to obtain in general
multi-soliton solutions for the models [42].

6.1. The smKdV-I (zero vacuum) solutions

For both positive and odd negative flows, we must have a zero vacuum solution such (vy, %) = (0,0). In such case, we consider
the vertices V| (k;) and Vs(k;) leading to two different solutions:

To _ 3 D
v, =0, In{ — ) =0, Wy =— — = =2kvipn, (6.14)
T T T
and
1=3pN _ 1=3oN
vs =0,In . s Ws=v;0,1n . (6.15)
1+§pN l+§pN

with py = p(x,ty) = e 2kix-oNTN where the subscript number on the fields corresponds to the vertex that was used. For both cases,
the eigenvalues are given by

* The smKdV (N = 3)

w3 = 2k?; (6.16)
» The sshG (N =-1)

w_y =2k}"; (6.17)
» General Case (N =2m+1)

Wypy = 2k7"H (6.18)
These solutions are in agreement with the ones reported previously in the literature [42].
6.2. The smKdV-II (non-gzero vacuum) solutions
Now, for the flows possessing a wider range of vacuums solutions, we can obtain novel combinations. First of all, for both positive

and negative even flows, we must have a non-zero bosonic vacuum solution (v, ) = (v, 0) or (vy, ). In that case, we can consider
the vertex V;, V, or V3, leading to three different solutions. For V;(k,) and V,(k,):

47(%—112
U =0y, ll_ll :l[_/() +| —— Cll[_/()pN, (6.19)
2k,
47{%—1)3
Uy =0y, = —=—— |virn, (6.20)
2="Yo v2 2%, 1PN

where py = p(x,1y) = e 2K1*"®N'N | with eigenvalues given by’

8 All the solutions we obtained were double checked using the Hirota Method implemented in Mathematica.
9 A general formula for the eigenvalues can be obtained by using (5.14), (5.9d) and (6.5).
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_ 37(111%

o3 =2k} - ——, for N=3, (6.21)
4k, 02 (vg — 1) + 16K3 (vy + 1

w_y= 195 (20 = 1) + 165 (v ), for N=-2, (6.22)

- 2
vy (4k% - ug)

Regarding V;(k,), we have a more interesting solution that includes mixed terms

_ hateg) UL
2k _ _ 77 2k
vy =0y + 0, In (kl_luo) . U=t U—;’ o, In (;;,_luo) (6.23)
T+ = rw I+ = rn
with the eigenvalues
wy =2k =30k,  for N=3, (6.24)
2k
W_y = ﬁ, for N = —2, (625)
Uy (kl - Uo)

which can also be generalized using (6.9). In addition, we can construct solutions for positive times with a different mixed vacuum
(v, W) = (0,9), by using the vertices V; (k) and V,(k;). We get

v; =0, W =Wy + 2k pyepy s (6.26)
and
1_1PN 2¢1y + Wop l—le
vy =0, In| ——|. |/74=y_/0+( 07 N)axln 2 (6.27)
1+ 3oy 4y 1+ 3on

both with eigenvalue w; = ZkT. In this case, we notice that v, does not contribute to the eigenvalue.

These results show us that introducing different parameters to the vacuum configuration leads to novel and interesting solutions
that mix bosonic and fermionic parameters. The possibility of combining vacuum configurations leads to six different solutions for
smKdV-II models. In order to visualize the difference in the behavior of the solutions, in Fig. 1 we have plotted the profile for the
dynamical solutions vs, 3, v4, ¥, and vs, 5, considering ¢ = 0. For the fermionic fields ;, we have plotted only the bosonic part of
the solution, factorizing the Grassmann constant, namely the bosonic projection P[y;], such that @; =y, P[y;], or ¥; = v, P[y;]. We
see that different kind of solutions, kinks, anti-kinks, dark-solitons and discontinuous solutions, appear by choosing the parameters
accordingly.

In the next section, we will combine these solutions with the Gauge-super Miura transformation to obtain new solutions for the
sKdV system.

7. The sKdV solutions via super Miura transformation

As highlighted in section 3, one can map the smKdV solutions into the sKdV solutions by using the super Miura transformation
(3.6) with the positive sign:

J =0 =00+,

7=—0p+0..
Due the fact that the smKdV equation is invariant under the parity transformation v - —v and ¥ — —, it is possible to obtain three
other different kinds of super Miura transformations, leading to four different possibilities. Here, we evaluate all of them to obtain
the corresponding sKdV solutions.®

7.1. The sKdV-I (non-zero vacuum) solutions

For the sKdV-I hierarchy, we must have a zero vacuum solution such (J, 7,) = (0,0). In this case, we get six different solutions:

el P R R I 7.1)
and

JE =—22m(1-1 7t =22y 02In (14 (7.2)

5= % 2PN > X5 _==xsvpopin 2PN , .

10 Here, we use the same notation for subscript label of the vertex. The subscript + sign denotes if the solution is obtained using either v or —v, while the upper +
sign denotes if the solution is obtained using either y or —y. In addition p, and w, are the same as defined by smKdV in the previous section.
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v, g v, @ v, @

25

] z_oﬁﬁ 5
2% ] 15

-5
4 ] 0.0 x
4 2 o0 2 4 4 2 0 2 4 2 1 0 1 2
(a) — V5 v P[] (b) e Z T P [@;] (c) e Z P [@;]
4 v 4 v
2 2
0 _ X 0 X
4T 0 2 e 4T 0 2 e
() — vy e P (e) — v e P

Fig. 1. The smKdV-I and smKdV-II solutions. In all cases, k; = 1 and ¢ = 0. (a) Classical profile for the zero vacuum solution vs, 5. In this case, both the bosonic field
and the projection of the fermionic field matches. (b) Setting the bosonic vacuum background to be positive v, =2 for the v;,y; solution, we obtain a anti-solitonic
profile (dark soliton). In this case, the projection background for the fermionic field will depend on ¥, (c) On the other hand, choosing a negative vacuum background
vy = —2 for vy, 5 solution leads to a discontinuous solution. Notice that due to the inversion of the vacuum, the fermionic projection will have a overall signed
compared to the bosonic solution. (d - e) Analysis of the ¢, dependent solution v,, ,. Both share the same bosonic profile since it does not depend on the constant
but have different fermionic projection. In (d) we have chosen ¢, = —1, leading to anti-kink profile, while in (e) we have chosen ¢, = 1, leading to a mirrored standard
solution.

1 B 1
JE =-202In (1 + EPN) . Xi_=£2v0In (1 + EPN) : 73

with py = p(x,1y) = e 21X ONIN

These solutions agree with the well-known format for KdV system, which includes a second-order derivative acting on the log-
arithmic term [54,26]. Notice that the parity transformation for the bosonic field v — —v interchanges the 7, function with the 7;
function. This feature will be also present for a non-zero vacuum. On the other hand, the parity transformation for the fermionic field
just changes a global sign.

7.2. The sKdV-II (non-zero vacuum) solutions

Now, for the sKdV-II flows, we find again several solutions associated to the different vacuum configurations. For (J, 7o) = (Jy,0)
or (Jy, ¥o), we find twelve different solutions. The first set contains eight solutions where only the fermionic field is dynamical,
namely

(4K} =) (vo +2K)

T =uy,  ZE =TFul T - C1WoPN (7.4)
B B 2k1
(47(2 — U2) (v -2k )
_ o 1 0/ \"0 1 _
= % X, = FooW F Y CL¥OPN (7.5)
1
(47(2 - 1)2) (UO + 27(1)
+ =U27 7t o= 1 O_ VioN, (7.6)
- % X 2%, 1PN
(47(2 - 1)2) (UO - 27(1)
J21,.+ = U(Z)’ )?;_:+ =F— Ozk ViPN- 7.7)
1

Notice that the sKdV and smKdV vacuum are related by J, = v2, no matter if we are using the positive or negative sign for the bosonic
field. Then, for the sKdV systems, the background for the bosonic vacuum is always positive. On the other hand, for the fermionic
vacuum is y, = +0,¥, allowing both positive and negative configurations.

Finally, the remaining solutions contain both dynamical fields, but only a positive bosonic vacuum is possible. They have the
following form,
(vg+ky)

JE =u5-202In| 1

vy + Ky B o2y
= _gp,\, , x;_zxuowoiu—oailn 1- on ) (7.8)

k, 0 2k,
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J, J, Jx
4 ‘ X ‘ o ) S ‘ ‘ ‘ ‘
2F Jes 4
2 , ' NN
L 2 1
0 o X Of = — X
- ! 0 X
\ / —1F
—2f \ H R N
Y ! _of B T 2= | Y e ]
B S 2 4 -3 -2 -1 0 1 2 3 -4 -2 0 2 4
Ja e P [Xs-]
(c) — Ja. o Plxad
J, x
4 4,
4 2,
X 0 X
B —2t
4 2 0 2 4 4T 0 2 42 0 T2 s
— Jy e Pxs-] — g e P [Xa-] — Jg e P [Xa-]
(d) - J3,+ e P [X3.+] (e) - J4,+ e P [X4,+] (f) - J4,+ e P [X4,+]

Fig. 2. Plots of the KdV-I and KdV-II solutions. We use both the positive and negative super Miura transformation for the bosonic field (equations (3.6) and (3.7))
and only the positive one for the fermionic field. (a-b) Using the zero vacuum solution vs, s, we obtain two different solutions for sKdV. We obtain a discontinuous
solution by using the first Miura, and by changing the super Miura leads to soliton/dark-soliton profile. (¢) Now using the non-zero positive vacuum v, = 2, we obtain
dark-solitons for the bosonic field and solitons for the fermionic projection for sKdV-II solutions. In such case, changing the super Miura only leads to a phase shift.
(d) Setting a negative smKdV-II vacuum v, = —2 leads to discontinuous solutions, although now the quadratic nature of the super Miura transformation leads to a
positive vacuum for the sKdV-II field. (e-f) The ¢, dependent solution vy, ¥, is quite interesting for the sKdV case. As the bosonic field does not depend on ¢, we have
in both cases a discontinuous solution for the first super Miura, and dark-soliton for the second one. For the fermionic projection, in (e) the choice ¢; = —1, leads to
a null solution for the first Miura, and a dark-soliton for the second one. In turn, in (f) with the choice ¢, = 1, the first super Miura leads to a discontinuous solution,
while the second one gives a solution that is always zero.

(ky = vy) _ _ 2y (ky = vp)
J3i,'+=1)3—20)2(1n 1+TpN , T =Foow iv—ailn 1+TpN . (7.9
1 0 1
In addition, for the mixed vacuum configuration (v, ¥,) = (0, §r)), we have
TP =UE =0, = gf, =4k oy, (7.10)
and
1 i (e +1) % 1
Ji_:—Zailn(l—sz>, 7= agln(l—EpN>, (7.11)
1
1 _ (er = 1) W 1
Ji+:—26iln<l+§p1\,), Xi_:i—l aﬁln(1+§pN), (7.12)
An interesting feature about this solution is the possibility of having a vanishing fermionic solution for 7, _ if ¢; = —1, or for g, , if

¢; = 1. In Fig. 2, we have plotted the obtained solutions for skdV, for ¢t = 0, where the upper index is always considered to be positive.
Again, several interesting solutions appear, such as solitons, dark-solitons and discontinuous solutions.

8. Discussion and further developments

In this paper we have extended the algebraic construction of positive flows to integrate the negative grade sector for both smKdV
and sKdV hierarchies. These follow the ideas developed for the pure bosonic case [49] with the inclusion of fermionic fields.

The vacuum orbit plays a crucial role in classifying the hierarchies, splitting both smKdV and sKdV into two different types: the
type-I hierarchy, which allows only a zero bosonic and fermionic vacuum, and a type-II hierarchy, which only has a non-zero bosonic
vacuum. For the smKdV, the type I and II share the same positive flows but have different negative flows, while for the sKdV they
share the same equations of motion for both the positive and negative part.

Soliton solutions for the smKdV were constructed by applying the dressing method. This approach generates different vacuum oper-
ators that form an abelian subalgebra, which is essential for the involution of the flows: {&2*+1} for the smKdV-I, and {Qy,,1,T541 }
for smKdV-II. Five different vertex operators were obtained in such context, leading to two different types of one-soliton solutions for
smKdV-I, and five solutions for smKdV-II.
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Concerning the super Miura map, we have extended this transformation to all integer flows, whether they are positive or negative.
For the negative flows, it was necessary to introduce an additional condition on the time derivatives of the sKdV field, the so-called
temporal super Miura. These temporal relations are extremely important to show consistency of the gauge transformation for both
super Miura and the dressing transformation, but also to prove the supersymmetry of sKdV (—1). Another interesting result is the
coalescence of two subsequent negative flows of smKdV hierarchy into a single flow of the sKdV. The soliton solutions for the sKdV
hierarchy was obtained by using the super Miura transformation. Due to the existence of four possible super Miura transformation,
we find that each smKdV solution lead to multiple solutions for sKdV.

On the other hand, regarding the vacuum structure, note that &%"+1 has degree 2n + 1 according to the grading operator 0=
2d + %M fo), whereas Q,,,,; and I',,,,; seem to have different grades in each part of its components.'! This issue can be solved if we

associate degree 1 to v, and % to ¥, by redefining the grading operator as follows,

0=0+d where dEv0ﬁ+%1ﬂ0$, (8.1)
in such a way that both Q,, ., and I';,,; have degree 2n + 1, and the vacuums v, {;, could be interpreted as the new spectral
parameters. Thus, each term in L;‘n“ff“é;é and Ls_‘gff]‘gl has now grade 2n + 1 and 2n, as would be expected. This idea was previously
discussed in [49], where v, only was assumed to be a new spectral parameter, leading to define a two-loop algebra [55] associated
with it.

In the supersymmetric case is necessary to introduce two new spectral parameters, making unclear whether this concept can be
extended to a three-loop algebra. We intend to investigate this further.

In addition, it would be also interesting to explore different solutions with non-zero vacuum, such as multi-soliton solutions and
quasi-periodic solutions in future investigations. The quasi-periodic solutions have already been obtained for supersymmetric systems
by using different methods [56,57], but we would like to extend the dressing method to obtain it more systematically. We also would
like to implement the Backlund transformations [58] via a regular ansatz [28]. This will allow us to obtain the defect matrix for
systems such as sKdV(—1) and smKdV(-2), and to use it for performing the scattering of the solutions. Finally, it would be also
interesting to explore what would happen to the ZCC if we use a semi-integer ansatz for the Lax Pair, i.e. N € Z + % Some of these
issues are currently under investigations, and we hope to report it in the future.
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Appendix A. The sl(2,1) superalgebra

In this section, we present the algebraic structure used to construct the smKdV and sKdV integrable hierarchies. Let us consider
super Kac-Moody algebra G = s/(2, 1) generated by

ta

Ly= {hj’”) = 2"y, hS" = A" hy, ES = JME K} ,

L = {E(i”;; = "E,,, E™ PLT-I } , (A1)

Hay+ay)

where A € C, m €N, &k is central extension term and

11 The grades would be 2n, 2n + %, 2n+1and2n+1,2n+ % respectively.
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1 0 0 000 010

m=[0 -1 of m=fo 1 0| E,=[0o 0 of E,=E,
0 0 0 001 000
000 00 1

Ey=[0 0 1| Eupp=|0 0 0f E,=El. E_uu=E,,, (A2)
000 000

The L, and L, are called the bosonic and fermionic parts of algebra, respectively, satisfying the following relations
[Lo.Lo) c Ly, [Lo.Li|c Ly, [Ly.Li] CL.
The principal grading operator is defined by
o=2d+ %hl, (A.3)
where d is a derivation operator,
[d. 7™ =mT™, Tmeg.
The principal grading operator decomposes the algebra in graded subspaces, G = @, G,,, where

[0.6,] =aG,.  [GuGb] € Guso

for a,b € Z. For our purposes, the subspaces to consider are:

(m)
g2m = {hlm } s
62m+% _{Eaz » Eoyvay E—'Zg E 4%,
Gome1 = {E(m) E(m+l) h(m+ )}’

{E(m+1)’ E(”'+%)’ E(’”+ ) | Em+D }

ay+ay —a)—ay

(A4

G

2m+—
Another key ingredient in constructing our models is the grade one constant element, defined as
Vi 1 oo

i oVio0 | (A.5)
0 0 2v2

which decomposes the algebra into G = K @ M, where Kg = {x € G| [E,x] =0} is the kernel of &, and Mg its complement,

l
gV =E® + EW +4| @ +2h =

Kyore =K 1 Lo = {Kizmm’ K52m+1)}’ Mose = Mg 0 Lo = {MEZm)’M£2m+1)}’

@m+3) @me3/2) o3/ mtd)
Kpermi =Kg N Ly =1 F, . F, s Mpemi=MgnL; =4 G, , G, )

The bosonic generators are defined as

(A.6)

@Cm+1) _ 1(m) (m+1)
Kl _Eal +E—a] s M(zm) h(m)

1 1
+2 += Q@m+1) _ r(m) (m+1)
K§2m+l)=h(lm 2>+2h(2m Y M, =E," - ECH,

and the fermionic generators are

(2m+%) _ (m+ ) (m)
F - <E"2 E“1+0’2 t{Fw —(ay+ay)

<(’"+) E(m+1) )
(a1 +ap)

E0 4 g >

FOmD _ <E(’"+l)+E( e )>

2 aptay

@m+3) (1) _ g3 )
G = <Ea’2" +

('"+ ) (m+1)
1 ”l +”2 "1 +a2) ’

EM — F > .

2 @ ar+a letem

G(2m+%) _ <E(m+ 3 £

22



Y.F. Adans, A.R. Aguirre, J.F. Gomes et al.

Nuclear Physics, Section B 1018 (2025) 117003

From (A.3) and (A.5), we can reorganize the graded subspaces (A.4) in terms of the kernel-image decomposition in the following

way,

vEas

_ emt+l) _@m+d)
92m+% - {Fl . G, ’

K(2m+1) K(2m+1) M(2m+l)}

s

_ emt+d) _@m+d)
g2m+%_{F2 . G }

The commutation relations of the algebra are then given by
(Km0, K] = k0= 0101

K(2m+]) K(2n+l)] 0,

s

K(2m+1) M(Zn)] ) M;2m+2n+1)

2mtl) o, Qntl 2 M _ ¢
KOmHD, gyt )] =2M D) f(m 16 i1 06
KCm+D K(2"+1)] —RC2m+1)6y 4105

2§2m+1) M(2n)] 0.

@2m+1) M(2n+1)] 0

|
|
|
[
|
[
|
|
|
%
%
[%

=

>~

ME™, M<2">] 2RMB 105

M(zm) M(zn+1)] _ 2K§2m+2n+1),

M(2m+1) M(2n+1)] —R (M = M pmr 1.0
K @m+D) F(2n+l/2)] F(2(m+n)+3/2)
KCm+D, F(2n+2/2)] F(2(m+n+1)+1/2)

K(2m+]) G(2n+3 /2)] G;Z(m+n+])+l /2)’

and the anti-commutations relations, given by

{F(2m+]/2),Fl(2n+l/2)} — 2(I<(2m+2n+1) + K§2m+2n+l)) _ k(4m + 1)5

F(2m+1 /2) F(2n+3/2) 0,

F(2m+l /2) G(2n+3/2) 9 M(2(m+n+l)) +Rbppmron

F(2m+1/2) G(2n+l/2) M(2m+2n+l)

FOmi3/D) pnt3/2)
)

I\J

F(2m+3/2) G(2n+l/2) M (2(m+n+l))

K5n+m+l,07

G(2m+% /2) G(2n+3 /2)

G(2m+3/2) G(2n+1/2) (2m o — 1)5n+m+1 o

{ )=
{ )=
{ ==
{r )
{ 2m+3/2)’ G§2n+3/2) } M (2(m+n+1)+1)
i )=
{ )=
{ )=

{G;2m+1/2)’ G;2n+l/2)} _ 2(K§2m+2n+1) + K;2m+2n+l)).

Appendix B. Grade decomposition of zero curvature condition

K§2m+1)’ G;2n+l /2)

K

K

K(2m+1)’ Fl(2n+1/2)
K(2m+l)’ G(12n+3/2)

2m) F(2n+1/2)] —_
!

(A.8)

(2(m+n)+3 /2)

(2(m+n)+3/2)
F(Z(m+ﬂ+l)+l/2)
_G(2(m+n+ +1 /2)

(2(m+n)+3 /2)

G;Z(m+2)+1 /2)’

_F2(2(m+2)+3 /2) ,

_Fl(2(m+2)+ 1/2) i

_G§2(m+n)+3/2) ,

— _G;2(m+n+l)+l/2)’

M§2m+1)’G(12n+3/2)] =F1(2(m+n+1)+1/2),

[
[
|
[
[
|
[ M, F2(2n+3/2)] - _052(m+2)+3/2)’
|
[
[
|
[
|

M§2m+1)’ G;2n+] /2)] _ F2(2(m+n)+3/2)’

(K(Z(m+n+1)+l) +K(2(m+n+])+]))

Z(K(Z(m+n+l)+1) K;Z(m+n+1)+1)),

In this appendix, we present explicitly the grade by grade decomposition proposed for each ansatz in section 2.
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+ The smKdV positive flows
d +A. 0 +DV+ DEVN%) ot Dﬁs)] =0,
decomposes as follows
[8(”, D;},V)] =0,
[8(]),D;]IV_%)] + [A%,Dg\’]‘”] =0,

(-1

6.0 "] + [Al,DN 2)] + 40, 00" + 0,0 =0,
2

[Al,Dgs) +
2

&) 3
Ap. Dy ] +0,Dy —a,NA% =0,
[Ao, DES)] +0,DY) — 9, Ag=0.
« For sKdV positive flows, we have

N-1 _
[ax+Ax, 9, +D§f,v)+1)iv Vg +D§V”] =0,

@) HN] _

[e®.0] =0,
1

M VD
[8 Dy ]_0,

N, o) y(N=D] _
0,00+ [80. 04 "] =0,
(

_1 1
aXZ)N2)+ [A,l,z)N ] + [A_l,Z)(O)] —0, A_1 =0,
2 2

0,0 + [ 0] + [Afl,DN
2
+ The smKdV negative flows
D D ™| _
[ax +A,, a,_N +D_y +Dy ' +--+D | =0,
decomposes as follows
|40, 5] +0.05 =0,

N+D
-N

=N+

=0,

[AL,D(__NN)] + [AO,D ] +a.D
2

1

et o]
_1

[8(1[ D(_N2>] —0,_, A

+ The sKdV negative flows

-1 - _N-
[ax+Ax, 0 +D 2 +0(" + -+ 0] 2)] =0,

decomposes in the following way

e
- —%)]

N
N
N

[A_l,D(__]f,V_Z)] + [A_I,Z) 0,
2
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(B.1)

(B.2a)

(B.2b)

(B.2¢)

(B.2d)

(B.2e)

(B.3)

(B.4a)

(B.4b)

(B.40)

(B.4d)

(B.4e)

(B.5)

(B.6a)

(B.6b)

(B.60)

(B.6d)

(B.7)

(B.8a)

(B.8b)
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~N— -N- -N-3
0.0+ [4_, 0 1>]+[A 2 n]:o,

_ -1 _
0,00+ [A_%,Z)_J\f)] + [8(1),1)(_1\2,)] —0, A =0,
(— 0 (— 2)
0,0+ |60 0P| =9 a4 =0,
2
V.05 =0,
O D)
2
e0.51] o

Appendix C. Lax pairs for smKdV and sKdV

Nuclear Physics, Section B 1018 (2025) 117003
(B.8¢)

(B.8d)

(B.8e)

(B.8f)

(B.8g)

Here we present the explicit form of the Lax pairs for some specific flows of both sKdV and smKdV hierarchies.

C.1. The smKdV hierarchy

« N=3
3 &) 2, 1 & 1 >
AsmKdV K()+K(3)+WGZ +UM()+§ ‘F2 +—(3xl/_/Gl
o o 1
-5 L2 +wop ) KD + Ewaxw K+ 700 My
1 ) IO RNE| 1 3
+ 7 {vow -0} Fy? +{45§‘V— Y W} G,
1, 13 3 ) )
{4f’x”‘5” - qoro | M),
- N=5

S
ARV — DY + D, 2 +D?,
with

D(S) K(S) Kés) — 8(5),

(C.1

(C.2)

1,_ .3 _ o o 1 _ _ o
+ = (waiy/— 0x1//6)2(u/—4112y/0)(1//) K;l) + 3 (0iv—6vzaxu—4dxuylaxw —2011/0}2(1//) Mél),

3 5 GO

s Svo
DY =vM®,

GO 1 am, 1, /),
D’ = vy FP + 200 G,

G_ Lo oy, 1 oo 3, 1 ©)
D; —_E(Waxw+u ) K, +§y/()xu/K2 +50XUM2 ,

3 1 5/2 _ (52
D’ = 2 (v =0.0p) FP + 4( ~20%p +0%w) GO7,

2 1 _ 2

D(5 ) = ) (=3vpo -7 +0§U) Ml( ),

3 1 o _ YN e _ _\ G/2
D' = ¢ (003w + 9030 =0y — 000.0) By + ¢ (0w = 30%0,9 — 3uo,0w) 617,

1,_ 3. _ 0 o

D;I) =3 (waiy/ - dxwdiy/ —80%pa, W — (0,0)> + 21)6)2(1) -

H 1 bl 3 2 2 3 3
DS = 6 (400,00 — 400, — 0,002 + 0200, W + VO W — 02 vW)

| v 22 - - 2 2 - 4\ ~1/2)
+ T (6X1//—4U 0y — 800, 00, — 2(0,v)" Y — 6V VY + 6V u/) 02 s

o_1

pO=—

5 16

25
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« N= %
ATV _ ¢ Ff%) +eyMO. .4
2
“N=-1
A = cosh 2 KV + KD~ sinh2¢p M)~y sinh F;%) —wcoshg G(f%), (€.5)
where v(x,?_;) =0, p(x,1_}).
“N=-2
ARV _ g2 e"% <Fl<—%> N G;—%>) _ e“’;vu <Ff_%) _ G;—%>>
wa_ (K7 M) =y (K70 = M) (L) RSP (6)
+Q, <F2(_%) + G(l_%)> +Q_ (F,j_%) - G(l_%)> .
where

v=0,¢, Ve = 0;1 (eﬂ)‘/_’) , ay = eﬁzﬁ@;l [e¢2¢ (1+ V’xax‘/’i)] ’
and
ex? =1 [.F2¢ - -
QiZTax [e V’r“‘»"1+ax‘/’¢(1+‘/’—‘/’++2ai)]'

C.2. The sKdV hierarchy

e N=3
— 3 1
kv o3 B, EA3) T, 07 (3)
A; = K" +K, +5G1 2M2 + 1 G,
9.J . 0 Ry Jz (%) (‘%)
MU 3 LG R (€7
02‘1 J2 /?ax/? 1
+ X g _ K(_)—M(_l)).
(57555 ) (-
- N=5
9
AR = 2+ 1)(52) +o 0, (C.8)
with

5 1

3)

DI =0,

@ _

o =0,

O

D3 =5G7,

3 __d

oy == M7,

) _ X D
D3 =567,

a.J

@) ) @

o =—=M7,

N A 3
02 =L L2 25767

5 8 8

O_ Lo, ooy Lo 1 5 2, 25 5\ D
D, —g(l +70.7) K, —g;(ax;(Kz +§(—0XJ+2J +70.0) M,
1 ( )

1 1
_ _ 3, 1 3 - = G
DR = (-0 7+ 07 Ry 4 e (<027 -30,(U ) Gy’

s
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o _ 1 3 2 55325\ a0
Dy —E(—0XJ+30XJ +27077) M7,

-H 1 _ _ _ _ _ “H=H
Dy ? =3—2(aj;(—3@§(J1)+612;(—Ja§1—a§u) <F2 +G, 2 )
D0 = L (04— 60,07 — 81027 +6J° 470> 7 +87 70.7) (K“” —M<‘”)
5 32 VX x x x x 1 2 .
1
N_z
1
KdV _ = (3) _ oo (=D (1)
Afl =&k 4 (Kl M, )
2
« N=-1
_s _1
AV = D T Y
with
o =_LI5.0 on+ar-20n(a, n+
-1 T T %\ XMt 0xY XM\ O ntY
+0,7] <\7_ -V, +27 - a,_lax;‘/)} (Kf‘” - M§_3)),
-3 1 o 2 _ i =D
D =§(ax(v++v_)—a,7]axy+2axyy+2axy) F 76 7)),
9 1 (=2)
D= 7 (a,flaxnmxy) M2,
-H 1, IR N
D_lz —Z(v+—v_—2y) F, 2 —Z(),_lax}/Gz 27,
-n_ 1 D, DY, 1 1) | (=D
o Ey(Kl + K} )+§a,_1:11<1 +KY,
-H 1, _ D
D—l _Eat—lyFZ .

Appendix D. Supersymmetry transformation for smKdV(—2)
Let us consider the field equations for smKdV(-2),

0,_,0up=-2(a_+a,)+2y (Q_+Q,),
ar_zll_/ =-2 (Q+ - Q—) >
with
e =0 (),
a, =071 7 (1 +yo.u,)].
and

+¢ _
Q= eTa;l [eﬂd)‘/’t v F (Ouvs) (1 +yow, F2a,)],

where the anti-derivative operator is defined by 6;‘ f= f * f(y)dy. By applying the supersymmetry transformation

su=co — Sh=¢&p,
8w =—Ev=—E0,.

on the fields y,, a, and Q,, we have:

0,0y, =6 (ePW) = =0, (e?),

and then

Sy, = —¢ge?.

Similarly, for y_ we get

Sy_ = 56_4’.
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(D.5)

(D.6)

D.7)
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Now consider for a,,
sa, =5{e*o [ (1+y_o,)|}
=26pa, +e*0 1 {5e (1+w_ o, )]}
Now, let us evaluate the second term
8™ (1+y_ 0w, )] =—28¢e™ (1+y_ow,) +e 5 (y_d.w,)
= —2.fy7e_24’ + e_2¢§e_¢e‘7’u7 - e_z‘l’y/_éaxq}e‘f’
=0, (w_e™?),
leading to
da, =26pa, +e*?0;" {6 [e7 (1 +w_d,w,)|}
=2¢pa, — ¢! {0, (v_e™?)}
=28pa, —&ely_.
For a_, the calculation is rather similar and gives us the following result
ba_=-2tpa_+Ee Py,

Finally for Q,, we have

¢

6Q, =690, + 507 {6 [Py, — v~ (0w) (~2a, +yiy, +1)]}.
Calculating the second term, we find

8w, —y_ — (0w ) (—2a, +w_w, +1)] =

gy - 28+ o e (<2a, +w_w, +1) +3EPy_.
By noting that the following relation holds,

0, (e (2a, —1—y_y,)) =

0, (=2a, + 1 +yw_y, ) —2Ee™ + e Py + 3EPy_,
we can write

6 [e_2¢w+ —y_ — (axw_) (—2a+ +y_y, + 1)] =£0, (e_¢ (—2a+ -1- l[/_l[/+)) s
and finally, we get

e? _
69, =270, + 507 (o, (¢ (<20, ~ 1-vs))).

y_y, +1
—
Now, one can calculate for Q_ and obtain

6Q, =EPQ, —Ea, — &

v_y, +1
—

By using (D.6), (D.7), (D.9), (D.15) and (D.16), we can finally evaluate the supersymmetry of the field equation, namely

0Q_=—-¢pQ_+éa_—¢

80, =-2(5Q, —6Q_)

_y, +1
- <§¢/Q+ ~ga, e 0~ fa_+¢

=—¢20 (Q, +Q_) —2(a;, +a_)| =—&0,_,0.¢,
implying that

vy, +1
2

80, W =—£0,_,0..
If we check the other way around, we have
80,0, =2 (6a_+38a,) +26p (Q+Q, ) +2y (5Q_ +6Q,)
=¢2w (a_—a +1+y_y,) +2p e -2y, e? -20,¢ (Q, +Q_)].
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and then we can verify that the fermionic equation satisfies

0,0, = =2(0,Q, —0,Q_)

(D.20)
=29 (a_—a, +1+w_w,)+2y_e? -2y, e -20.4(Q, +Q_),
from which we conclude that this pair is supersymmetric, namely
30,0, ,¢=£E0, 0. (D.21)

Appendix E. Determining 6

1

2

In order to completely determine the element 6 ; in (4.28), we need to solve the following ordinary differential equation
2

=

2
Therefore, let us analyze it for different vacuum configurations:

0xPW = 0,E — Yoy + — Wy (E.1)

1. For (v, ¥y) =(0,0) and (v, ¥y) = (v, 0), the equation (E.1) simplifies as follows

O D)y =0,E, (E.2)

and then we get the following solution

E=0;" (¢,0). (E.3)
2. For (vy, W) = (vg, ¥y), the equation (E.1) simplifies as follows

=X

2
In this case, the solution is slightly more complex, and can be written as follows

(0, +v) W =0, E+ = (E.4)

_o-! ( 3w

(3 )3;1 <60;1<3v770w) (¢xll7+UolI70)>, (E.5)

where is possible to take the limit gy — 0.

[1]

=e

Appendix F. Vacuum projection and Heisenberg subalgebra for sKdV hierarchy

In section 7, we have obtained the solutions for sKdV hierarchy from the smKdV solutions by applying the super Miura transfor-
mation. However, we have not exhibited explicitly the sKdV vacuum operators. They are presented in this appendix.
Let us start from the vacuum projection of the spatial sKdV Lax

J Ll
KAV _ A _ o(1 0 (=D D), %o
Afc,vac_A_a()-'-?(Kl _M2 )+7<F22+G12>~ (F.1)
The Kernel of A is given by

Kn={Aomi1- Moy} such [X,A]=0, X€e%K,, (F.2)

where

J _ _ ¥ em-%) _@m-1)
— gmtl) 4 20 (p@m=1) _ 5 0m-1Y\ , 40 2 2
Aameny =20+ 2 (K| M)+ 2 <G| +F, :
N X (F.3)
@F(2m+5)
JO 2 ’

We notice that any linear combination of these operators will satisfy the ZCC in the vacuum.

_ @ml)
Homen =K, -
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Firstly, in the case of positive flows, we set (J, 7) = (Jy, 1), and obtain the following vacuum projection

sKdV _ 4sKdV =A
ty,vac — “ixyvac D

J,
AV A4 7“ (I, - Ay),

t3,vac
ckav Jo 305 (F.4)
Argvae =05 + 57 (T = Ag) + —= (A =T,
m—
Kdv 2(m—i)
Af2”1+l,vac =Agppr + Z v " (@ Agigy + BTl -
i=0
Clearly, the zero vacuum limit is given by
KAV  _ o(m+])
Aiz,,,ﬂ,vac =&, (E.5)
Then, the zero curvature condition projected on the vacuum, i.e.
AKAV gV | (F.6)

x, vac’ 1, vac

is satisfied as long as we can express the vacuum potential in terms of A, 1) and I, 1)

For the negative sKdV flows, the vacuum projection is a little more subtle. We notice that the Lax pair given by equations (2.25)
and (2.26a), is highly dependent of a,fl n and 6,71 7. Therefore, besides specifying the vacuum, (J, 7) = (d,#,0,7) = (Jy, x;), we must
also specify the time derivatives. To do that, we must use the temporal and spatial Miura relations for a specified vacuum. For a zero
vacuum solution, we can project (3.16a) and (3.16b) to obtain:

ne=¥x=%=0 and #,=2, (F.7)

leading to the following vacuum operator

AsKdV _K( 1)+K( D _ 8(_1), (F.8)

t_j,vac

which only commutes with other zero vacuum flows. However, we can also use the relations (3.18a) and (3.18b), which also holds
for non-zero vacuum flows, and obtain

_ _ _ ylvg =1 2
Me=vg, Fx=-voWp, ¥ =——"3— and n==—, (F.9)
vy Vo

and then the vacuum operator is given by

Affi,\\iac = ULO (A—l 1 ) +IL, = J ) (A 1 _H—l) +IL,, (F.10)

which only commutes with non-zero vacuum operators. For lower flows, the procedure follows the same approach: to identify the
negative vacuum operator, we must first establish the vacuum configuration. This will then lead to:

ASKdV = g2+, (F.11)

I_2m+1,vac
for a zero vacuum, or to

m
7(m 1)7
AN =200 (Mg +dill gi4y) s (F.12)

t —2m+1,vac
i=1

for a non-zero vacuum.
Data availability

No data was used for the research described in the article.
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