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Quantum states, thermodynamic limits, and entropy inM theory
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We discuss the matching of the BPS part of the spectrum fsupeimembrane, which gives the possibility
of getting the membrane’s results via string calculations. In the small coupling lifvttbEory the entropy of
the system coincides with the standard entropy of type IIB string théocjuding the logarithmic correction
term). The thermodynamic behavior at a large coupling constant is computed by consiletipry on a
manifold with a topologyl?x R®. We argue that the finite temperature partition functitirane Laurent series
for p#1) associated with the BRShbrane spectrum can be analytically continued to well-defined functionals.
It means that a finite temperature can be introduced in brane theory, which behaves like finite temperature field
theory. In the limitp— O (point particle limi} it gives rise to the standard behavior of thermodynamic quan-
tities.
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[. INTRODUCTION cone Hamiltonian formalism for membranes wrapped on a
torus is summarized. The small coupling limitMdftheory is

There are deep connections between a fundamésial considered in Sec. lll, while the limit of large coupling con-
penmembrane andsupejstring theory. In particular, it has stant is analyzed in Sec. IV. We calculate the entropy asso-
been shown that the Bogomol'nyi-Prasad-Sommerfielcciated with a string and argue that there is an interesting
(BP9 spectrum of states for type 1IB string on a circle is in possibility allowing for a finite temperature being introduced
correspondence with the BPS spectrum of fundamental comnto the brane theory. Section V summarizes our findings and
pactified supermembrarid,2]. Brane thermodynamics can discusses the relevant results.
indicate nontrivial information about microscopic degrees of
freedom and the behavior of quantum systems at high tem-

perature. Finite temperatuhd theory defined on a manifold Il. TOROIDAL MEMBRANES
with topology T?x R®, at small and large string coupling
constant regimes, has been considered recent[3,#. In Let us consider the light-cone Hamiltonian formalism for

the small radius of compactification limil theory recovers membranes wrapped on a torus in Minkowski space. A com-
the type [IB superstring thermodynamics. In that case theactification ofM theory with (—,+) spin structure, having
critical temperature coincides with the Hagedorn temperaturéne topologyT?x R®, assumes that the dimensioks!,X°

[3]. There is a first order phase transition at a temperaturgre compactified on a torus with radi,,R;; and two spa-
less than the Hagedorn temperature with a large latent hegh| membrane directions wind around this torus. The single-
leading to a gravitational instabilitys]. valued functions on the toruX%(c,p),X*(,p), where

The purpose of the present paper is to consider the above , 10 2;7), are the membrane world-volume coordinates:
mentioned problems, comparing small and large coupling re-

gimes by consideringyl theory on a manifold with topology

T2x R®, where one of the sides of th& torus is the Euclid-

ean time direction(fermions obey antiperiodic boundary

conditions. We turned to the problem of asymptotic density

of quantum states for fundamenfabranes already initiated _

in [6-9]. XY o,p)=Ryp+ XX a,p). (1)
This paper is organized as follows: In Sec. Il the light-

X¥(a,p)=mRygo+ X7, p),

The eleven bosonic coordinates &%, X', X X% and the

*Email address: mabdalla@ift.unesp.br transverse coordinatéé(o,p), i=1,2,...,8 are alsingle-
"Email address: abyts@uel.br; abyts@ift.unesp.br valued. The transverse coordinates can be expanded in a
*Email address: marg@unb.br; emilia@ift.unesp.br complete basis of functions on the torus, namely
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_ g i ot ten-dimensional type 1IB string. More precisely, it has been
Xi(o,p)=\a’ % Xk €57, shown[1,12] that quantum states dfl theory describe the
’ (p,q) strings bound states of type 1B superstring.
1 Let us consider string theory in Euclidean spdtiee
— > p iko+itp 2) coordinateX? is compactified on a circle of circumference
2 [ (k¢)© : : - .
(2m?Ja' &t B). The presence of coordinates compactified on circles

o 5 . ) ) gives rise to winding string states. The string single-valued
In these equations’ =(47°Ry;T,) *, while T, is the mem-  fynction X°( o, 7) admits an expansion:

brane tension. The membrane Hamiltonian in light-cone for-
malism[3,10—13 is H=Hy+ H;,;, where for bosonic modes X9, 7)=x%+2a’ p°r+ 2RyWoo + X (o, 7), 9
of membrane the Hamiltonian takes the form:

P'(o,p)=

wherep®=€y(Ry) "%, €4,myeZ. The Hamiltonian and the

’ _ 'T2p2 p2 . N
a'Ho=87"a' ToR{Rim’ level matching constraints become
1 o o
+= > [PIPL + @l XX T, 3 mgR; @’
2§n: [ n n T Wkmn n] () H:a,pig+ 0 0+ 20+2(NL+NR_aL_aR):O,
a, RO
' 1 iy _
@' Hig=——5 2, (N Xnp)(NaXng)X;, Xh X, X, . (4) NL—Ng= oMy, (10

40
) ) o, wherea, ,ar are the normal ordering constants, which rep-
In Egs. (3) and (4) n=(k,€), nxXn'=k€'—€k’, ga  resent the vacuum energy of the{1)-dimensional field
=Riy(a') '=47"R}T,, wy=(K2+m2?RiR1)Y% and  theory. In the case of type Il superstring the number opera-
(m,k,€,k",£") e Z. The interaction ternt4) depends on the tors in themy= +1 sector read
type IlA string coupling g . Mode operators, related to basic
functionsX'(a,p),P'(o,p), are

i i ~j
(kO [“(k,eﬁa(—k,—e)]:
|\/§w(k,€)

- - e ~
NRZE ' Lant n—5)83n$ , (13)
n=1
i(k{’):_[ai(ke)_ai(fkf{’)]’ ) .
: J2 : : wherea=1, ...,8. Thenormal-ordering constants are the
A . . A same as in the NS sector of the NSR formulation, ag.
X)) "=X(ck—0) (Pl =Pl o) =ag=1/2.
(6)
. . A. Th t int I string th
and o =sgnk) wy,. The canonical commutation rela- © entropy in fype 11 string theoty
tions read To begin our discussion of the entropy in string theory we
, _ B recall that the semiclassical quantizationpebranes, com-
[Xik.0):P ik,j,)]zi&kﬂ,éﬁg,ﬁ”, pactified on a manifold with top(_)logwtfl[‘px RP~P, leads
to the “number operatorsN, with n=(ny, ... n,)eZP.

Therefore, let us consider multi-component versions of the

[al(k,e)aaikf'(/)]:w(k,€)5k+k’5€+€’5ij- : , : P :
7) classical generating functions for partition functions, namely

The similar relations hold for they, ;. The mass operator 6.(2= [l [1xexp—zwn(ag)]*, (12
becomes ne ZPI{0}
M2=2p"p~—(p")2—p2=2(Ho+ Hin) — (p")%— p,. where |:z>0, A>0, w,(ag) is given by w,(aQ)
8  =(an,+9))Y? g,, anda, are some real numbers.

o ) ) In the context of thermodynamics of fundamental
The Hamiltonian of the membrane is nonlinear, but therep_branes classical generating functiodis.(z) can be re-

are two situati(_)ns where one can simplify this _Hamiltoniangarded as a partition function associated to FeioniBose

(we shall consider these cases in the next seqtions modes, where= g is the inverse temperature. In order to
(!.) The limit gA._’Q' calculate the thermodynamic quantities we need first to know
(i) The other limit of largega the total number of quantum states which can be described

by the functions2..(N) defined by
Ill. ZERO TORUS AREA LIMIT OF M THEORY

The zero torus area limit dfl theory onT? leads to the Ka(t) = 2 Q. (N)tN=6_ (—logt) (13)
asymptotic g— 0 at fixed R;9/R11). In M theory it gives a - N=0 - '
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wheret<1, andN is a total quantum number. The Laurent

p-z
inversion formula associated with the above definition has g (112)(22=p) F(T)
the form z Z,p)=
ol h| (Z,¢) (deta) 2 F(Z)
1 -
Q.(N)=-— ff; dtt™ NI (1), (14 2
27i h
where the contour integral is taken on a small circle about xe 2mEnNzZ | _gl(p—2,¢*), (16)
the origin. The p-dimensional Epstein zeta function

Z,|pl(z,¢) associated with the quadratic forg{a(n+g)]
=(wy(a,9))? for |z>p is given by the formula

OO
hy...hy

and ¢*[a(n+g)]1==,a; '(n,+g,)% Equation (16) gives
the analytic continuation of the zeta function. Note that
R ~Y ~2i2_2mi(n,h) Z,13|(z,¢) is an entire function in the complexplane ex-
(Z"’D)_nezzp (e[aln+gl) e ' ceppt for the case when all the are integers. In this case
(15) Zolfl(z,¢) has a simple pole.az=p with residue A(p)
=27"? (deta) YT (p/2)]~*, which does not depend on the
where (,h)==F_,n;h;, h; are real numbers and the prime winding numbers g. Furthermore one hagZ,|7(0,¢)
on X’ means to omit the term=—g if all the g are inte- =-1.
gers. Foz<p, Z,|p|(z,¢) is understood to be the analytic ~ By means of the asymptotic expansion /6f. (t) for t
continuation of the right-hand side of the E¢5). The func- —1, which is equivalent to thé_.(z) expansion for smal,
tional equation foer|ﬂ|(z, @) reads one arrives at a complete asymptotic limit@f. (N) [6-9]:

Zp

1+
Q+(N)N_m=C+(p)N[2AZp|3|(°v€°)p21’2(1+p)exp{Tp[AA(p)F(1+p)§+(1+D)]ll(”p)Np’(”p) [1+O(N"*)],
(17

exf A(d/d2)Zy[3l(z, @) (z=0)]
[2m(1+p)]Y?

C(p)=[AA(P)T(1+p) L= (1+p)]it—2AZplclOe)/2p+2) , (18)

where {_(z)={gr(2) is the Riemann zeta functiori, (z) that in the case of zero modes the dependence of the loga-
=(1-2V"9¢r(2),  k+=p/(1+p)min(C.(p)/p— 6/4,1/2  rithmic correction.A(p,c) on an embedding spacetime can
—6), and 0< < 2/3. Using Eqs(17) and (18) and assum- be eliminate[19].
ing linear Regge trajectories, i.e. the mass formMlia=N
for the number of brane states of madsto M +dM, one
can obtain the asymptotic density f@aupejp-brane states.
In fact, for linear Regge-like trajectories the partition  \We now focus on the cas@) mentioned at the end of
function always diverges. This IR divergence in the partitionSec. Il by letting the constantygbeing large. In this limit
function might be regularized by some effects of braner,, R,, are large with fixed Ryo/Ry;) and the nonlinear
theory, for example, like imposing U-dualitisee, for ex- interacting Hamiltonian is multiplied by the small constant
ample,[13]) or choosing nonlinear behavior of Regge trajec-g, 2 so that it can be considered perturbatively. In the leading
tory (say,M PP or something similar order of perturbative theory in,g the interaction term can

These results can be used in the context of the brange gropped and the solution of the membrane equations of
method’s calculation of the ground state degeneracy of sysy,otion takes the fornia]

tems with quantum numbers of certain BPS extreme black

holes[14-17. The brane picture gives the entropy in terms )
of partition functions®_.(z) for a gas of species of massless X Y [ 01_' e'n”
qguanta. In fact for unitary conformal theories of fixed central (o.p,7)=XFa'p'r 2 n£6.0) @n
chargec Eq. (17) represents the degeneracy of the state _ _

Q(N) with momentumN and forN— one hag4,18| X[ al@kotitr 4 gl @ iko=ito], (20)

IV. LARGE STRING COUPLING LIMIT

S(N)=log Q(N)=8,+ A(p,c)log(Sy), (19
(N)=log 2( o+ AlP.€)log(So) The momentum components in tXé° andX** directions are
where S;= AoycN and A, is a real number. It gives the pig=(£10/Ri0), and py1=(£11/Ryy), Where €q9,¢11€ 7.
growth of the degeneracy of BPS solitons fd&>1. Note  The nine-dimensional mass operator reads
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2, 2, mR:, 1 , ,
2 V10 11 0" 10
M 52 52 +_,2 (al(_k'_e) a;k,f)
I:210 Rll a’Z a’ kit
a0 (21)
The level-matching conditions are[3,200 N} —N_
=mg{ 19, N, =N, =¢;;, and
Sow ko ,
N = —a ., a ,
7 e;oo k=1 We (—k,= €)% (k,6)
e = ke
Ny = Tk, 0) X (k0) (22

(=—o k=1 Wgy

i i ~i ~i
[ -kt k-0l

R e S T T B
(23

Let us define the quantum oscillator operatbias
H= g Cai_g—nQuey o —nQure), (29

where the annihilation operato, ), (., are determined
for k>0 and¢ eZ, andk=0, €>0. In Eq.(24) the normal

ordering means taking the annihilation operators to the right.

The relation is (see [3])) H=H+2(D-3)E, E
=(1/2)2y ¢wxe, Where the constant energy shift [2(

PHYSICAL REVIEW D69, 064002 (2004

H=; Lalqani+ialan+ ogg 00 S2She

+:8 8], (26)
and
1
E=EBpt+Er=5 2 (0~ 0xr12¢),
kit
02\ 2
wke— k +T) (27)
Oetf

A. Brane thermodynamics presented inM theory

Let us consider semiclassically the partition function as-
sociated with fundamentad-branes(which is known to be
divergeni embedded in flaD-dimensional manifolds. For
the standard quantum field model the free energy associated
with bosonic(b) and fermionic(f) degrees of freedom has
the form (see, for exampld,8,9])

= gs=
F(b,f)(ﬁ):_,n.p(detm)llzf ds=™V(s.8) H

0 (28)(D7p+2)/2 0

X (0]Q) e SMo2m, (28)
where

i B?
= (b) = BRI
=2%(s,B) 63(0‘ Zs) 1,

i 32

= (f) =1— -
EW(s,B)=1 04<0 25), (29

and 65(v|7) and ,(v|7)=65(v+ 3|7) are the Jacobi theta
functions. Here=diagR; *, . .. R, %) is apXxp matrix.

—3)E (E is the Casimir energyrepresents the purely The global parameter®, characterizing the non-trivial to-
bosonic contribution to the vacuum energy of thepnoiogy appear in the theory due to the fact that the coordi-

(2+1)-dimensional field theory. In the case of supersymmenatesx, (¢ =1, . .

.,p) obey the conditions €x,<27R,.

try preserving boundary conditions for fermions the contri-The number of topological configurations of quantum fields
butions to the vacuum energy coming from bosonic and ferjg equal to the number of elements in gradp(90;Z,), that

mionic fields cancel ouf20,21].

In the presence of membrane excitation states with NONmyltiplet g= (g,

is, the first cohomology group with coefficients /3. The
..,g) defines the topological type of

trivial winding numbers around the target space torus thgjg|q (i.e., the corresponding twistand depends on the field

spectrum of the light-cone Hamiltonian is discrgse20,21.
Let the Euclidean time coordinat® play the role ofX'°.

Then fermions will obey antiperiodic boundary conditions

aroundX® but periodic boundary conditions aroudd’. In

type chosen i, g,=0 or 1/2. In our caseH(9n;7Z,)
=75 and so the number of topological configurations of real
scalars(spinors is 2P.

We follow the notations and treatment [&2] and intro-

the my= £ 1 sector fermions are antiperiodic under the re-4uce the theta function with characteristiasb for ab

placementoc— o+ 27 (while periodic underp—p-+2).
The Hamiltonian operator becomes

€ €, R; 1 .
= +—+—+—(A+2(D-3)E),
o

H__ f—
RS Ril o2

(29

where

e /P,

a )
b (Z|Q)= 2 em[(n+a)(2(n+a)+2(n+a)(z+b)]_ (30)
neZP

0

In this connectior() = (si/2m?)diagR}, . . . R?).
We assume that the free energy is equivalent to a sum of
the free energies of quantum fields which are present in the
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modes of ap-brane. The factor exp(sM32) in Eq. (29) vo(k;p)=v_(k;p)[1—2 Pk+1)=1],
should be understood as TrexggM%/27), whereM is the (36)

mass operator of the brane and the trace is taken over an ) )
infinite set of Bose-Fermi oscillatons,,. The one-loop-like ~For finite variablez these series converge and the conver-

contribution for the(supejp-brane can be evaluated making 98nce improves rapidly with the increasing of the integer
use of the Mellin-Barnes representation for the partition"Umberp. Letz=¢-2mx, then we get the series
function (energy integraland in this formalism the generat- .. o

* . k
ing function reads S o 2m0=S S ‘/;Vt(k'p)(ewx)ps:zl)ﬂ
.1 . Y pk+r pkt - )
_ —zM% 29-s
G (2)=Tre ]i_277i fms:sodsF(s)Tr[zM 1=°, 37)
1 (e Now, if we commute théup to now divergentsumz, , with
T zM?] ;5= j dtts 16, (t2). (31) the sum3,, new extra terms of the type *W. (p) will
= I'(s)Jo - appear on the right-hand side of EQ7). Therefore, the
result is
One can use some substraction procedure for the divergent .
terms in®_(z) in order to procede with the regularization 1
schemgsee for detail Refl23]). To simplify our calculation ;1 W (€2mx) +x" "W (p)
we seta,=R,=1, and the final result for the free energy is
[24.29 _y wv-(K;p) {Rl—Pp(2k+1)]
(1-p) & p+2) x-1-p(2k+1)
o ) I(k+1)T| pk+ —5—
Fo(B)=-QD.P 2 — 5 1-p
1 & VPR T2 £ 2pkr1-p)
X 11— p)xl+PEk-1) — i TP *
L+ (2pk+1—p)x , (32 sm( 5 )kz::l 03 pE T
where Q(D,p)=AA(p)I'(p)[y(p)] *~P, with A=D-p (39)
-1, and
whereW_.(p) is an integer function op (see, for example,
—vior=]| A2 g p+1 vz [24]). In the second equality the functional equation for
XB=y(p)=|A2°P" > |¢r(PHD) {r(s) has been used.
(33 The new form ofF(B) is
The asymptotic expansion %(s) for large value ofs| has _Q(D.,p) 5 ()P —p(2k+1)]
the form F-(B)= mp\ o p+2
sin(7) I'(k+1)I'| pk+ T)
I'(s)=(2m) Y% Y251+ O(s™ 1)), |args|<,
(39 ( B )1p(2k+1)
X| —— 39
y(P) 39

and for p>1 the power serie$32) is divergent for any

x=>0. In the string cased=1) the corresponding series in Eq.
(32 can be resummed into the trigonometrical form using
B. The analytic continuation of a brane Laurent series and the  the identities
thermodynamic limit

In principle, the power serie@?2) is divergent, neverthe- E £ (2k)xP= 1(1_ 77X cot 7X))
less one can construct its analytic continuation. Let us define k=1 2
for |z| <o two series

X X
_i \/;V:(k;p) (Z)p(2k+l)+1 k21 §+(2k)x2k=7tar<7). (40)
Qni(z) - e p+ 2 2 )
F(k+DT| pk+ 2 ) The finite radius of convergencps| <1, of the Laurent se-
(35 ries corresponds to the Hagedorn temperature in string ther-

modynamics(see for detail Ref[23]). Using trigonometric

where the factorg . (k;p) have the form relations, formulag40) display a certain periodicity in the
temperature. The physical meaning of that behavior is still
v_(k;p)=(—1)Pkt1 obscure. The thermal dependence in E§9), (40), corre-
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sponding to the quantum modes in two dimensions near thstring correspondence and vice versa. Therefore, even being
Hagedorn instability, can be interpreted as an indication of aot a fundamental theory gf-branes it may provide new
vast reduction of the fundamental degrees of freedom imleep insights in the understanding of string theory and con-
string theory[5]. sistent formulation oM theory.

The divergent series in E¢32) for the casep>1, when In this paper we had dealt with the same discrete mem-
reexpressed on the left-hand side of E2f), remains well-  prane spectrum as it has been used in the membrane-string
defined for finite temperature. Note that the sef®® has  correspondence. We analyzed the logarithmic correction to
smoothB— 0. limits. For example, whep— = we get the entropy in the small string coupling limit ofl theory.

_ —1-p —1-3p —1-5p Note that in the large string coupling limit & theory, com-
F-(A)=A4(D.p)A TA4D.p)A OB (4)1') pactified on manifold with topologyl?®R®, the analytic

continuation of a brane Laurent series has been given in its

where A4,(D,p)(¢£=1,2) depends on the dimension of the explicit form. Physically, it means that a finite temperature
embedding spacetime. The statistical internal enekgy can be introduced in the theory and a membrdiié can be
=(a/9B)(BF _(B)) and the entropyS=B2(a/dB)F_(B) quantized semiclassicajlypehaves like an ideal gas of quan-
can be easily calculated using E§9). The 8 behavior has a tum modes, which corresponds to a field theory at finite tem-
similar dependence which is similar to the one found for theperature(zero critical temperatuje Finally note that in the
string case i115,26]. Note that in thep—0 limit (point par- limit p—0 (point particle limi) the standard behavior of
ticle limit) Eq. (39) leads to the standard thermodynamic thermodynamic quantities has been obtained.
behavior for both,E~T.
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