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� S �
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F (x, y) +∇yt(x, y)λ+∇ys(x, y)z = 0
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t(x, y) = 0
� ���

z ≥ 0, s(x, y) ≤ 0, zi[s(x, y)]i = 0, i = 1, . . . , q
� ���

v*1$w$p
[s(x, y)]i

HVs
i
{ H o n ~�s�� v�~��6v*1$p 1�r p�w$p

s(x, y)
7
h(x, y) ∈ IRm1

7
g(x, y) ∈ IRl

7
F (x, y) ∈ IRm

7
t(x, y) ∈ IRm2

p
s(x, y) ∈ IRq

M-�-o o }$~�n q p ~�v0o�C }$p
h, g, F

o u0v
C1 p

C0}$p
s, t

o u0v
C2 M
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HGv ��q s0w$n p 10r p�� � v0~�q p o �2p n r v�s
y
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P (x, y)p 10r u0v*s0o.q p o r q n t � p o.w$pGp C0}$n � L K$q n v*o u�v�s�o�� v)1$w$n t � p o�w$p���� ��w$v�o p ��}$n 10r pG�$q v*K$� p ~�s
~�n 1

y P (x, y)
o M s�M

t(x, y) = 0, s(x, y) ≤ 0.
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G p
F (x, y)

1$u0v�H }$~ �0q s�w$n p 1�r p*7�s�o_q p o r q n t � p o_w$p p C0}$n � L K$q n v�q p �$q p o p 10r s�~ s
o v�� }$t u�v w$v o p ��}$n 10r p��$q v*K$� p ~�s�w$p�n 1$p C }$s�t � p o3?�s�q n s0� n v)1$s�n o OVp 1$� v)1�r q s0q

y ∈ Ω
r s��

C0}$p
〈F (x, y), y − z〉 ≥ 0, ∀ z ∈ Ω
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v*1$w$p
Ω = {z ∈ IRm | t(x, z) = 0, s(x, z) ≤ 0}

M
��� �0}$~�s�o-s0�$� n � s0t � p o-w$v�x�y�;<9 p 1)?0v�� ? p ~�77�6v�qGp =$p ~��$� v�77q p w$p oGw$p*r q s*1$o �2v�q r p*7

~�v w$p � v0o.p � v*1���~�n � v�o.pGw$p o p 1�E$vV~�p � F*1$n � v�� � 7 S ��7 S ��7 R)R � M
N x_y�;<9 H-}$~ �$q v*K$� p ~�s�w$p-�$q v���q s0~�s�t u�v 1$u0v { � n 1$p s0q 7 p 10r u�v�7$�2v w$p q L s�~�v0oDr p 1 {

r s�q*q p o v0� ?)6 { � v_s��$� n � s*1$w$v_s0� ��v0q n r ~�v0o �0p q s0n o�w$pV�$q v��0q s�~�s0t u�v 1$u0v { � n 1$p s0q�� y �58�� M:�
�$q n 1$� n �$s0�6w$n �2� }$� w$s�w$pGs�o o v � n s�w$s�s*p o r s�p o r q s�r H �0n s*o pGw$p ?0p��0o.q p o r q n t � p o

zi ≥ 0, si(x, y) ≤ 0, si(x, y)zi = 0

�2v0n o.�$s�q s*r v w$v*�6v*10r v P s0� r L ? p �Sw$p ?0p ~�v�o.r p q
si(x, y) = 0

v0}
zi = 0

MD� ��v�q s
� s��Vo p

si(x, y) = 0
p 10r u�v_v �0q s�w$n p 1�r p�s0o o v � n s0w$v_� v0~�p o r s_q p o r q n t u�v_s�r n ?�s�H/8Sm

� v0~ v �0q s�w$n p 10r p-s0o o v � n s�w$v ��q p o r q n t u�v
si(x, y)zi = 0

7
� K��Vo p

zi = 0
p 1�r u0vVv��0q s�w$n p 10r pGs0o o v � n s0w$v�� v�~�p o r sVq p o r q n t u0v�s�r n ? s/H 8Sm � v�~�v

��q s0w$n p 10r pGs�o o v � n s0w$v���q p o r q n t u0v
si(x, y)zi = 0

M
8Sv���v�7�v � v)1 � }�1�r v w$v0o3?0p r v0q p o �0q s�w$n p 1�r p o�w$s�oVq p o r q n t �0p o�s�r n ?�s�o�o u�v 8Sm��$s�q s

r v w$vG�6v*10r v5P s0� r L ?0p � 70v0}�o p � s�7�1$p 1�E }$~ �2v)10r v5P s0� r L ?0p �$�$s0q sGv�x_y�;<9�H.q p ��}$� s0q M ��p ~
~�p o ~�v�s 	 
 ��� � 	 
�� ����� ��
�� � � 	 
�� � 
 ��w$p�x_s*1��0s�o o s0q n s*1 { D2q v�~�v ?$n r �5HGo s�r n o P p n r s�M

��� v)1*?0p q �*6 1$� n s*w$p�~*}$n r v�oDs�� �0v�q n r ~�v�o ��p q s�n oDw$p-y ��8�w$p �2p 1$w$p ~�P v0q r p ~�p 1�r p�w$s
E$n �2z�r p o p�w$p*q p �0}$� s�q n w$s0w$p 7Sp 10r u�v�o }$s��6p q P v0q ~�s*1$� p*�2v w$p q n s�o p qGq }$n ~�7Sp�r s�� ?0p �*s r H 7
n 1$s��$� n � � ?0p �$�$s�q s-v�x�y�;<9�M$x�p o ~�v-s0o o n ~�7*1$v0o o vGv*K!� p r n ? v5H�w$n o � } r n q:s-s��$� n � s*K$n � n w$s0w$p
w$v�o�s�� �0v�q n r ~�v�o ��p q s�n o.w$pGy �58 �$s�q s�p o r p o.r n �2v�o.w$pG�$q v)K$� p ~�s0o M

��v:9�s���L r }$� v S 7�w$p o r s-w$n o o p q r s0t u0v�70n 1�r q v w$}�� n ~�v�oS}$~�s�r p v0q n s�1$p � p o o �0q n s-�$s�q s-}$~
K2v0~d� v0~��$q p p 1$w$n ~�p 10r v-w$v-s�o o }�10r v-p ~ C0}$p o r u�v�M�;Do r s-r p v0q n s�o p�q p P p q p*7)K$s0o n � s�~�p 10r p 7
��o�� v)1$w$n t � p oDw$p�v�r n ~�s�� n w$s0w$p C0}$p�p 1*? v�� ?0p ~ ~*}$� r n �$� n � s0w$v�q p o:w$p�87s��0q s*1��0p�r s0n oD� v�~�v
��� �57'D2q n r � { A�v*E�1�pGs 	 
 ��� � 	 
�� ����� ��
�� � � 	 
�� � 
 ��w$p�x_s*1��0s�o o s0q n s*1�D2q v0~�v ? n r �*M

��v 9�s���L r }$� v R 70p = �$� v0q s�q p ~*v0o:s�� �0}$~�s�o:� s0q s�� r p q L o r n � s�o:w$vG�$q v*K$� p ~�sGx�y�;<9 r s0n o
� v0~�v�P s0� r n K$n � n w$s0w$p�p.v r n ~�s0� n w$s�w$p*M7�-� H ~ w$n o o v�7 p o r p�� s0��L r }$� v�o p.w$p o r n 1$sGs-~�v0o r q s�q:s
K$s�o p�r p z0q n � s5C0}$p 1$v�o:w$�-o }$�6v�q r p.�$s�q s-s�� q p w$n r s0q�C }$p��2v w$p ~�v�o:v*K r p q�K6v*1$o:q p o }$� r s�w$v�o
s�vVs��$� n � s�q ~�v�o�s�� �0v�q n r ~�v�o.w$p�y �58 s0v��$q v)K$� p ~�sVx_y�;<9�M�;Do r s�r p v0q n s�p o r �QK$s0o p s0w$s
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N � v)1 � }�1�r v&P s0� r L ?0p ��w$p�}$~��$q v)K$� p ~�s�w$p�v�r n ~�n � s�t u�v�7 ��p q s�� ~�p 1�r p*7�H�p o �2p � n �${
� s0w$v�p ~ r p q ~�v�o�w$pGq p o r q n t � p o�w$p�n ��}$s0� w$s�w$pGpGw$p o n �0}$s�� w$s0w$p M 8Sp ? s)1$w$v { o pGp ~ � v*10r s
p o r sVp o r q } r }$q sVv)K r p ~�v0o-}$~�sVo v �2o r n � s�w$s�� v�� p t u0vVw$p*� v)1$w$n t � p o-w$p�v�r n ~�s�� n w$s0w$p�p 1 {
?0v0� ?0p 1$w$v�s�� �0}$~*s0o�?�s�q n � ?0p n o:s0}�= n � n s�q p o 70w$p 1$v�~�n 1$s�w$s0o:~*}$� r n �$� n � s0w$v�q p o:w$p 87s��0q s*1��0p M
;Do r s0o 7'P s0� n � n r s�~ sV� s�q s0� r p q n � s�t u�vVw$sVo v0� }$t u0v�z�r n ~�s�M ��p o r p�� s���L r }$� v�72n q p ~�v�o�s0�$q p {
o p 10r s0q*s�o*� v*1$w$n t �0p o*w$p�v r n ~�s�� n w$s�w$p/C0}$p�p 1)?0v0� ?0p ~�~*}$� r n �$� n � s0w$v�q p o�w$p/87s��0q s*1��0p M
>�~ p o r }$w$v�w$p r s�� E$s0w$v*w$p o r p�s�o o }�10r v��2v w$pGo p q.p 1$� v)10r q s�w$v�p ~ � � 7 S*R 7 R � � M

�
� ������������� ����������� �"!
�#�%$&��!(')�*�#$&+
��p o r s�o p t u�v�72� v)1$o n w$p q s0q p ~�v0o.v�o p �0}$n 1�r pG�$q v)K$� p ~�s�O

~�n 1
f(x)

o M s�M
x ∈ Ω.

� S M S �
��o�� }$q ? s0o<1$v�� v*1 � }�10r v

Ω
w$p o p ~��2p 1�E$s�~ }$~ �$s0�2p �2n ~��6v�q r s*10r p 1$s*v*K r p 1$t u0v�w$p

� v)1$w$n t � p o*w$pVv�r n ~�s�� n w$s0w$p 7Ds0o o n ~�7Ds�o*� v*1$w$n t � p o*w$pVv�r n ~�s�� n w$s0w$pQC }$p/?�s�~�v0o�s0�$q p {
o p 10r s0q�p o r u0vQK$s�o p s�w$s0o�s0�2p 1$s0o�1$v�� v�~��2v0q r s�~�p 1�r v�w$s3P }�1$t u�v�v)K�� p r n ?0v�p ~�� n ~�s�w$p
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� }$q ?�s0o P s�� r L ?0p n o�C0}$p��$s�o o s0~ �2p � v��2v*10r v�� v)1$o n w$p q s0w$v�M<>-~ p o r }$w$vVw$p r s0� E$s�w$v�w$p o r p
s�o o }�1�r v��6v0w$pGo p q�p 1$� v*10r q s�w$v�p ~ � R � � M
a � � ��
 �
	 � ��� ��� ��� � 
 � 


x∗ ∈ Ω
	 ��

	�

	 
 ��� ��	 ��	 � 
 � 	

Ω
� ��	 � 
 � � �

Ck � 
�	 � � � � 

� �
x∗


�
 ����� � 
 	 
 ��� � ����

γ : [0, ε]→ Ω

� 
�� � � �
ε > 0, γ(0) = x∗

�
γ ∈ Ck[0, ε] �

R � ��� �
� � ��� ��� ��� e
��� ��
 �
	 � ! � � ��� � ��� 
 � ����Z � 
 � ��
 � ��[�� ���
� ����� ��� ��� ���
e � � ����� � ��� � � 


x∗
��	�	�� � � 	�� � 
 � 
 	�� 
 	 
�� � ��� � � � � � γ ��	�
 	 ��	 ��
 � 	

Ω
� ��	 � 
�� � �

C1 � 
�	 � � � � 
 � � x∗ ��� ��� � 
 ∇f(x∗)Tγ′(0) ≥ 0 �
yDq v ?�s O$m-p �'1$s

ϕ : [0, ε]→ IR
�6v�q

ϕ(t) = f(γ(t))
M

9�v�~�v
x∗
H-~�n 1$n ~�n � s�w$v0qD� v � s0� 7 p = n o r p

ε1 ∈ (0, ε)
r s0��C0}$p

ϕ(t) ≥ ϕ(0) = f(x∗)
�$s�q s

r v w$v
t ∈ (0, ε1)

MD��o o n ~�7
ϕ(t)− ϕ(0)

t
≥ 0, ∀ t ∈ (0, ε1).

m-p o r s3P v�q ~�s�7
ϕ′(0) = lim

t→0

ϕ(t)− ϕ(0)

t
≥ 0.

x_s�o 72�2p � s*q p ��q s�w$s�� s0w$p n s�7
ϕ′(t) = f ′(γ(t))γ ′(t) = ∇f(γ(t))Tγ′(t).

;D~ �$s0q r n � }$� s�q 7 �$s0q s
t = 0

r p ~�v�o
ϕ′(0) = ∇f(γ(0))Tγ′(0) = ∇f(x∗)Tγ′(0) ≥ 0.

a � � ��
 �
	 � ��� ���   � � 
 � 

x ∈ Ω ! ��� � � 	 
 ��� � � γ " ��	�
 	 ��	 � 
 � 	 Ω

� � 	 � 
 � � �
Ck

� 
 � � 
�� � 
 � 
 	 x � � γ : [−ε, ε]→ Ω, ε > 0, γ(0) = x
�
γ ∈ Ck �

R � ��� �
� � ��� ��� & �#� �
x∗ ∈ Ω " ��	$	�� � � 	�� � 
 � 
 	�� 
 	 
�� � ��� � � � ��� γ " ��	�
 	 ��	 ��
 � 	

Ω
� � 	 � 
 � � �

C1 � 
 � � 
�� � 
 � 
 	 x∗ � ��� � 
 ∇f(x∗)Tγ′(0) = 0

yDq v ?�s O$m-p �'1$s
γ1 : [0, ε]→ Ω

�6v�q
γ1(t) = γ(t)

p
γ2 : [0, ε]→ Ω

�2v�q
γ2(t) = γ(−t)

M
y:p � v �7p v0q p ~�s S M S M R 7$r p ~�v0o C0}$p

∇f(x∗)Tγ′1(0) ≥ 0
p
∇f(x∗)Tγ′2(0) ≥ 0.

x_s�o 7
γ′1(0) = γ ′(0)

p
γ ′2(0) = −γ

′(0)
p 72�6v�q r s)1�r v�7

∇f(x∗)Tγ′(0) = 0
M
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~�n 1
f(x)

o M s�M
h(x) = 0

� S M R �
v*1$w$p

f : IRn → IR
H�� v)10r n 10}$s0~�p 10r p�w$n P p q p 1$� n � ?0p �7p

h : IRn → IRm
H�w$p �'1$n w$sV�2v0q

h = (h1, h2, . . . , hm)
T
v)1$w$p

hi : IR
n → IR, i = 1, . . . ,m,

r s�~3K'H ~�o u0v�� v*10r n 1 }$s {
~�p 10r pGw$n P p q p 1$� n � ?0p n o M �-p o r p�� s�o v�7$r p ~�v0o

Ω = {x ∈ IRn | h(x) = 0}
M
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 � � � � ∇f(x∗)Tv = 0 �
yDq v ?�s O G p � s

v ∈ M(x∗)
M�;�1�r u0v�p =$n o r p�}$~�s�� }$q ?�s

γ
�$s0o o s*1$w$v��2v0q

x∗
r s��5C }$p

γ′(0) = v
M

m-v �7p v0q p ~�s S M S M �*o p ��}$p C0}$p
∇f(x∗)Tv = 0

M
9�v�~�v

v
HGs0q K$n r q s�q n v*� v)1$� � }$n ~�v0o<C }$p

∇f(x∗) ⊥M(x∗)
M

N r p v0q p ~�s�w$v0o�x�}$� r n �$� n � s0w$v�q p o-w$pQ87s��0q s*1��0p*w$n � 7�K$s0o n � s0~�p 10r p 7�C0}$p��$s0q s�}$~
w$s�w$v�~�n 1$n ~*n � s0w$v�qG� v � s0�

x∗
p = n o r p ~�p o � s0� s�q p o

λ1, . . . , λm
7:w$p 1$v�~�n 1$s0w$v�o�~�}$� r n �$� n {
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∇f(x∗) +
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
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∇f(x∗)
�2p q r p 1$� pVs�v�p o �$s0t v��0p q s0w$v_�2p � v�o:?0p r v�q p o ��q s�{

w$n p 10r p o.w$s0o.q p o r q n t � p o�p ~
x∗
72n o r v3H*7

∇f(x∗) ∈ Im(h′(x∗)T )
M

� K�� N ?0p r v0q ��q s0w$n p 10r p
∇f(x∗)

H_v0q r v��0v*1$s0�.s0v
Nu(h′(x∗))

� p o r p�q p o }$� r s0w$v H
� v)1$o p C }�6 1$� n s�w$n q p r s*w$v�n r p ~ � s�� 7 � �QC0}$p*7

Nu(h′(x∗)) ⊥ Im(h′(x∗)T )
� v*1$w$p

Nu(h′(x∗)) = {v ∈ IRn | ∇hi(x
∗)Tv = 0, i = 1, . . . ,m}.

N K$o p q ?�s*1$w$v�v�q p o }$� r s�w$v�p 10}�1$� n s�w$v 1$v 8Sp ~�s S M R M R p�s�n 1�r p q �$q p r s0t u0v��$s�q s
s�p C0}$s0t u�v�w$v�o�~*}$� r n �$� n � s0w$v�q p oVw$pJ8Ss��0q s*1��0p 7-w$s0w$s�1$v�n r p ~ � K�� 75H&1$s r }$q s0�5C }$p
n 1$w$s��0}$p ~�v0o.o v*K$q p:C }$s��
HGs�q p � s0t u0v*p 1�r q p

Nu(h′(x∗))
p
M(x∗)

M
\ ��� � ��� � �   ��� 
�	 

� 
 � 


x ∈ Ω
� � 	 
 � � � �

M(x) ⊂ Nu(h′(x)) �
yDq v ?�s O'G p � s

v ∈M(x)
p
γ : [−ε, ε]→ Ω

r s0��C }$p
γ ′(0) = v, γ(0) = x

M
m-p �'1$s

φ(t) = h(γ(t))
72�$s�q s*r v w$v

t ∈ [−ε, ε]
M

m-p o r s3P v�q ~�s�7 r p ~�v0o C0}$p
φ(t) = 0

�$s0q s�r v w$v
t ∈ [−ε, ε]

M
8Sv���v�7

φ′(t) = 0
�$s�q s*r v0w$v

t ∈ (−ε, ε)
M.x�s0o 72�2p � s*q p ��q s�w$s*� s�w$p n s�7$r p ~�v0o C }$p

φ′(t) = h′(γ(t))γ ′(t) = 0, ∀ t ∈ (−ε, ε).

;D~ �$s�q r n � }$� s�q 7.�$s0q s
t = 0

r p ~�v�o/C0}$p
0 = h′(x)γ ′(0) = h′(x)v

7�v0}�o p � s�7
v ∈

Nu(h′(x))
M

G p q ��C }$p_r s�~3K'H ~ ?�s0� p_s�q p � L �$q v � s�n 1$� � }$o u0v�7�v0}�o p � s�7
Nu(h′(x)) ⊂ M(x) �;D~ ��p q s0� 7�p o r s q p � s�t u0vJ1$u�vJH�?0p q w$s0w$p n q s�7�� v*1�P v0q ~�p�n � }$o r q s�v o p ��}$n 10r p�p = p ~��$� v�O

� v)1$o n w$p q p ~�v�o
h(x1, x2) = x1x2

p
x = (0, 0)T

72p 10r u�v
M(x) = {v ∈ IR2 | v1v2 = 0}

7
~�s�o

h′(x) = (0, 0)
pG� � s0q s�~�p 1�r p

Nu(h′(x)) = IR2 M
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a � � ��
 �
	 � ��� � � & � ��� � � 	 
 � � � �
x ∈ Ω = {x ∈ IRn | h(x) = 0} " ��	 � 
 ��� 


	 � ����� 
�	 � �
{∇h1(x), . . . ,∇hm(x)}


 
 	 	�

	 ��	 	 
 � � ����� 
 � � � � 
�	 	 � ��� � � � � � � � � � � ��� � !

 � � � � � � 
�� � ��� � 	 � ��� � ! � � 
 � 
 � � 
 � � h′(x) " � � ��
���
 m �

� �0v�q s�7�� v�~ s-w$p �'1$n t u0v-w$p.q p �0}$� s�q n w$s0w$p 7��6v w$p ~�v0o7p 1 }�1$� n s0q:v-o p �0}$n 1�r p�r p v0q p ~�s
� } � s�w$p ~�v*1$o r q s0t u0v*�6v w$pGo p q�p 1$� v*10r q s�w$s�p ~ � S*R 7 R � � M
R � ��� �
� � ��� � � � ��� � � 


Ω = {x ∈ IRn | h(x) = 0}, h ∈ Ck, x ∈ Ω
��	 � 
 ��� 
 	 � � ���

� 
�	 � � ��� � 
 ! � 
�	 
 � 
 � 
 v ∈ Nu(h′(x)) � ��� � � � ��	�
 	 ��	 � 
 γ � � 	 � 
 � � � Ck � 
 � � 
�� � 
 � 
 	

x
� 
���� � �

γ′(0) = v ! 
 �
� � � 
 ! Nu(h′(x)) ⊂M(x) � � 
 	 � 
���� 
 ! M(x) = Nu(h′(x)) �
m-p o r sQP v�q ~�s�72o p

x∗
HG~�n 1$n ~*n � s0w$v�q.q p ��}$� s0q.w$p
� S M R �.p 10r u�vVs�p C }$s�t u�v � S M � �.w$v�o

~*}$� r n �$� n � s0w$v�q p o�w$p38Ss���q s)1���p H*� v*1$o p C }�6 1$� n s�w$n q p r sVw$v/87p ~�s S M R M R p�w$v �7p v0q p ~�s
S M R M �)M_� �0v�q s�77p 10}�1$� n s�q p ~�v�o:P v0q ~�s�� ~�p 10r p*v�r p v�q p ~�s_w$v�o*x_}$� r n �$� n � s0w$v�q p oGw$pQ87s {
��q s)1���p*M��G��q n s0o:P v�q ~�s0o�w$pVw$p ~�v)1$o r q s�q�p o r p�r p v�q p ~�s_�6v0w$p ~ o p q�p 1$� v)1�r q s0w$s�o*p ~
� � 7 S R 7 R � � M
R � ��� �
� � ��� � � � � c���� � 
 ��� 
 � � � ��� � � ����\ ����� ������� �Ge ��� ��
 �
� � � ! ��� � � � ��� 
 ��� � �
� � � 


x∗
��	 	�� � � 	�� � 
 � 
 	 � 
 	 
���	 � � ��� 
�	�� �

f
� � � � � � 
 


h(x) = 0 ��� ��� � 
 � ��� � � � ��	
� � � 	 
�� � � 
 	

λ∗ = (λ∗1, . . . , λ
∗
m)

T ! 	 ��

	�
 � 
���� � 
 	 � 
 ��	 ��� � � � � � 	 
 � 
 	 � ��� ��� 
 ��	 
���� � !
� 
���� � �

∇f(x∗) +
m∑

i=1

λi∇hi(x
∗) = 0

� S M ���
� � ! 
�� " 	 ��� � � 
 ! f, hi ∈ C2 ! � � 	 
 � � � �

yT

(

∇2f(x∗) +
m∑

i=1

λ∗i∇
2hi(x

∗)

)

y ≥ 0, ∀ y ∈ Nu(h′(x∗))
� S M � �

��o p �0}$n q 7)?�s�~�v0oDn � }$o r q s0q�C }$p��6v0w$p-v � v0q q p q�v5P s�r v�w$p�1$u�v�p = n o r n q p ~ v�o�~�}$� r n �$� n {
� s0w$v�q p o�w$p:8Ss���q s)1���pG�$s�q s�}$~ ~�n 1$n ~�n � s0w$v�q�� v � s��
C0}$p:1$u0v*o p � s�q p �0}$� s�q M
P
	��
�%��� � ��� � � ������
 � � � � � � ��
���� 
 � � � ����� ����� ��� ��� � � �

f(x) = x1 + x2
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� � � � � � 
��
� � � � ��� � � ��� � � � � � � � � �

h1(x) = (x1 − 1)2 + x2
2 − 1 = 0, h2(x) = (x1 − 2)2 + x2

2 − 4 = 0.

��� � 
 ��� � � � �
� � � � � ��� 
 � � � ����� � � 	
� � � �
����
 � � � �
��� � � � � � ��
�� � ��� 
 � � ��
 ����
 � � ��� � ��� 
�� 
 � � 

� �
��� ��� �

�� 
 � � �

x∗ = (0, 0)
� � ����
�� � � � 
�� 
 � � 
�� � � � � � � � � 
���� 
 � � � ��� � 
�� � � 
 � � � � � � � ��� �

∇f(x∗) =

(1, 1)
��� 

� 
 � �
� � ��� � � � � � 
�� 
 ��
�� 
 ��� � ��� � � 
 � � ��� � ��� 
 � � � � � � � � � � ��� � ��� � � � � � � � � �

∇h1(x
∗) =

(−2, 0)
�
∇h2(x

∗) = (−4, 0)
�

x 2

h  (x) = 0 1

h  (x  ) = (−2,0) 1

*

*

*

*f(x ) = (1,1)

x 1

h  (x) = 0 2

x  = (0,0)
h  (x  ) = (−4,0)2

∆

∆

∆

D:n ��}$q s S M S O����  !�� " # $ %�&  �' #  ( ) � !�%

* 
 � 
 � ��� 
 ��� � � � 
�� 
 ����� � � � ��� � � � � 
 � � ��� � * � � � � � � �

∇f(x∗) + λ∗1∇h1(x
∗) + λ∗2∇h2(x

∗) = 0

�+� 
�� 
 � ��� � ��� � � � � � � � � ��� ��� � � � ��� ��� � ��� � � � �
λ∗1
�
λ∗2
� � � � 
�� � � � � � ��� � � � � ��� 
 � � � ������� ��� 
���� � � � 


� 
,� � � 
 � � � ��

Nu(h′(x∗)) = {y | y1 = 0, y2 ∈ IR}

� � � � � ��� � � � 
���� � 
 ��� ���

���� � ��
-� � � � � ��� �

M(x∗) = {y | y = 0}
� � 
 � � ��� � � � � � ��� �

x∗
� � ��� � � �.� ���

∇f(x∗) ⊥ M(x∗)
����� ��� � � �.� ���

 �

��� � � � ��� � � � � 
 � � ��� / � � � � �0����� � � � � 	 � � 
�� ���
∇f(x∗) ⊥ Nu(h′(x∗))

�

�
� 1 � ��� ��2&!43 $ �
�#$ � �
��$ � $
x�}$n r s0o�?0p � p o 7'H.~�s0n o:� v*1)?0p 1$n p 10r p�p o � q p ?0p q�s�o�� v)1$w$n t � p o<1$p � p o o �0q n s�o�p ~ r p q ~�v0o

w$s3P }�1$t u0v387s��0q s*1��0p s)1$s
L : IRn+m → R

72w$p �'1$n w$s��6v�q O

L(x, λ) = f(x) +
m∑

i=1

λihi(x).
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∇xL(x
∗, λ∗) = ∇f(x∗) +

m∑

i=1

λ∗i∇hi(x
∗),

∇λL(x
∗, λ∗) = h(x∗),

∇2
xxL(x

∗, λ∗) = ∇2f(x∗) +
m∑

i=1

λ∗i∇
2hi(x

∗).

;�1�r u0v�7 o p
x∗
H.}$~d~�n 1$n ~�n � s�w$v0q7� v � s0� q p �0}$� s�q 70s0o:� v)1$w$n t � p oDw$v�oD~�}$� r n �$� n � s�w$v0q p o

w$p�87s��0q s*1��0p.w$v �7p v�q p ~�s S M R M � � }�10r s�~�p 1�r p�� v�~ s�q p o r q n t u�v
h(x∗) = 0

o u�v�p o � q n r s0o 7
� v0~��$s�� r s�~�p 10r p 72w$s*o p ��}$n 10r p5P v�q ~�s�O

∇xL(x
∗, λ∗) = 0 ∇λL(x

∗, λ∗) = 0,
� S M � �

yT∇2
xxL(x

∗, λ∗)y ≥ 0, ∀ y ∈ Nu(h′(x∗)).
� S M � �

��o�� v*1$w$n t � p oQ1$p � p o o ��q n s0o�w$p_�$q n ~*p n q s�v0q w$p ~ � S M � �*q p �$q p o p 10r s�~ }$~ o n o r p ~�s
1$u�v�{ � n 1$p s�q�� v�~

n +m
p C }$s�t � p o-p

n +m
n 1$� z��)1$n r s�o.{�s0o�� v v�q w$p 1$s�w$s0o�w$p

x∗
p
λ∗
M

�7v w$v�~�n 1$n ~*n � s0w$v�qS� v � s0��q p ��}$� s0q
x∗
7 � }�10r s�~�p 1�r pD� v�~ v ?0p r v�q7w$v0oS~*}$� r n �$� n � s0w$v�q p oSw$p

8Ss���q s)1���p*s�o o v � n s�w$v�76q p �$q p o p 10r s�q u0v�}$~�sVo v�� }$t u�v�w$p o r p*o n o r p ~�s�M:;�10r q p r s*10r v�7S}$~�s
o v�� }$t u�v-w$v-o n o r p ~�s51$u�v-� v0q q p o �6v*1$w$p 1$p � p o o s0q n s�~�p 10r p�s�}$~d~�n 1$n ~�n � s�w$v0qS� v � s�� ��p o r s
o v�� }$t u�v��2v w$pGo p q 72�2v0q.p =$p ~��$� v�7$}$~ ~�s*= n ~�n � s0w$v�q.� v0� s�� M

��o o n ~�72v�o��2v*10r v0o.q p �0}$� s�q p o C }$pGo p � s0~ o v�� }$t � p o�w$v*o n o r p ~�s31$u0v�� n 1$p s�q






∇xL(x, λ) = 0

∇λL(x, λ) = 0

o u�v_s��6p 1$s0oG� s)1$w$n w$s r v0oGs�~�n 1$n ~*n � s0w$v�q-� v � s0� M3;Do o p o��6v*10r v�oGo p q u�v_� E$s�~�s0w$v�oGp o r s {
� n v)1$��q n v0o.v�}�� q L r n � v0o M ��s�r }$q s�� ~�p 10r p 7$v0o.�6v*10r v�o�1$u0v { q p ��}$� s0q p o.w$p

Ω
r s0~ K�H ~ o p q u0v

� s)1$w$n w$s r v0o.s�~�n 1$n ~*n � s0w$v�q�� v � s�� M
P
	��
�%��� � ���   � ������
 � � � � � � ��
���� 
 � � � ���

��� � 1

2
(x2

1 + x2
2 + x2

3)

� � � �
x1 + x2 + x3 = 3.
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 ��� � � � � ��� � � � � � 	 � � � ��� � ��� � ��� � � ��
 � � � ��� � � � ��� 
 � � � � � �

x∗1 + λ∗ = 0,

x∗2 + λ∗ = 0,

x∗3 + λ∗ = 0,

x∗1 + x∗2 + x∗3 = 3.

� � � � � � ��� � � � ��� ��� � � � � � � ����� 
 � � ��� � � 
�� � ��� � � � ���,� � � � � 
�� �+� � � � � � � �,� � ��� � � � ���,� ��� � ��� 
 � � � � 


x∗1 = x∗2 = x∗3 = 1, λ∗ = −1.

� � � � � � � � � � � � � � � � � � � � 
 �
(1, 1, 1)

��� � � � 
.� 
 � 
 ��
 ��� 
 ��� 
 ��� � � � � � � � ��� � 
 � � � � � � � � � �	� 
 � � � ��� 
 �

x∗ = (1, 1, 1)
�

 � � � � 
-� � ��� � � � � 
 ����� ��� ��� � � � 
 ��� 
 � � � � � � � � � � � � 
 ��� 
 ��
�� � � � � � � ����� 
 � � � ���

∇2
xxL(x∗, λ∗)

�
����� � � � ��� � � ��� � � � � � ���-� 
 � � � � � 
���� � � � � 	 � � � � ��� � � � ��� ��
 � � � �
� � � � �-� � ��� � � �
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����� � � � � � ��
 ����� / � ��� � � ��
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 � � � ����� � � � � � 
 � ��� � � 
�� �

��� �
−

1

2
(x2

1 + x2
2 + x2

3)

� � � �
x1 + x2 + x3 = 3.

� ��� � 
 � ��� 
 � � � � � � � ��� � � � � 	 � � � � � �
��� � ��� � � � 
 � � � ��� � � � �-� 
 � ��� � � �
x∗ = (1, 1, 1)

�
λ∗ = 1

�
� ��� � � � � � � 
 �
��� 
 � � � � � 
 ��� � � � � 	 � � � � ��� � � � ��� � 
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 �
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 � � 
 ��� � � � � � � � ��� � 
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 � � �

 ��� 
 �+� � � � ��� � ��� � � � ��� 
 � � � �����+� 
�� � � � 
 � � � � 
 �

�
� � ����������� ������� � ���)����� ��� $ + � $�� �
� �0v�q s�7�� v)1$o n w$p q s0q p ~�v0o��$q v*K$� p ~�s�o*p 1*? v�� ?0p 1$w$v q p o r q n t � p o�w$p�n �0}$s�� w$s0w$pVp_w$p {

o n ��}$s0� w$s�w$pGw$p �'1$n w$v0o.w$s�o p �0}$n 1�r p5P v0q ~�s�O
~�n 1

f(x)

o M s�M
h(x) = 0, g(x) ≤ 0

� S M � �
v*1$w$p

f : IRn → IR
H*� v*10r n 1 }$s�~�p 1�r p*w$n P p q p 1$� n � ?0p � 7

h : IRn → IRm
H*w$p �'1$n w$s��2v0q

h = (h1, h2, . . . , hm)
T
p
g : IRn → IRr

H�w$p �'1$n w$s_�2v0q
g = (g1, g2, . . . , gr)

T
v)1$w$p

hi, gj : IRn → IR
r s�~3K'H ~�o u0v_� v)10r n 10}$s0~�p 10r p�w$n P p q p 1$� n � ?0p n o M �-p o r p�� s�o v�7:r p ~�v0o

Ω = {x ∈ IRn | h(x) = 0
p
g(x) ≤ 0}

M
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r n �2v0oSw$p��$q v)K$� p ~�s��2v w$p<E$s ?0p q:~�}$n r s0oSq p o r q n t � p o:w$pDw$p o n ��}$s0� w$s�w$p�C }$p�o u�v-o s r n o P p n r s�o
�2v0q-n ��}$s0� w$s�w$p 1$vV�6v*10r vVw$p*~QL 1$n ~*vV� v � s0�7� } � v0o�?0p r v�q p o �0q s�w$n p 1�r p o-s�o o v � n s�w$v0o-o u�v
w$p �6p 1$w$p 1�r p o M39�v0~�p o r sV~�v�r n ?�s�t u�v�76w$p o p 1)?0v0� ?0p q p ~�v�oG~�s�n o.r s0q w$p 7S}$~�s�r p v�q n sVw$v�o
~*}$� r n �$� n � s0w$v�q p o�w$p:87s��0q s*1��0p5C }$p:1$u�v�p o r �QK$s�o p s�w$sQ1$sQE$n �2z�r p o pGw$pGq p ��}$� s0q n w$s�w$p*M

��� ��� � �
��� � � ��� �
� � � � ��� � � 	�
 � � � 	�
 � �
��� � ��� ��� ���

y7s0q s�r v w$v �2v)10r v&P s�� r L ?0p �
x ∈ Ω

7.v � v*1 � }�10r v w$v�oQL 1$w$n � p o�w$s�o�q p o r q n t � p o � w$p
w$p o n �0}$s�� w$s0w$p ��s�r n ?�s�o HGw$p �'1$n w$v*pGo p q ��w$p 1$v�r s�w$v��2v0q O

I(x) = {j ∈ {1, . . . , r} | gj(x) = 0}.

G p
j /∈ I(x)

w$n q p ~�v0o<C }$pGs
j
{ H o n ~�s*q p o r q n t u�v�w$pGw$p o n �0}$s�� w$s0w$p5HGn 1$s�r n ?�s�p ~

x
M

a � � ��
 �
	 � ��� & � ��� ��� � � 	 
 � � � �
x ∈ Ω " 	 � ����� 
�	 � � 
 � � � � 
 	 � � � 	 
 ��� � ��� � � � 
 �

	 � � � 	 � ��� � � � � � � ��
�� � 
 � �
∇hi(x), i = 1, . . . ,m

� 
 �#��� � 
 	 � � ��	 
 ��� � ��� � � � 
 ��	 � � � 	 � � � � �

�� � ��
 �

∇gj(x), j ∈ I(x)
� � 
 � � � � 
�	 	 � ��� ��� � � � � � � � � ��� � � �

[ ��� ��� �����
	 � �Gm-n � p ~�v0o.r s�~3K'H ~�72p = � p �6� n v)1$s�� ~�p 1�r p*7�C }$p
x
H�q p ��}$� s0q�C0}$s)1$w$v/1$u�v

r p ~�v0o�q p o r q n t � p o�w$p-n �0}$s�� w$s0w$p�p�r v w$s�o.s�o.q p o r q n t �0p o.w$p-w$p o n �0}$s�� w$s0w$p�o u0v�n 1$s�r n ?�s�o M
N r p v�q p ~�s�sVo p ��}$n q5H�}$~�s ��p 1$p q s0� n � s0t u0v�w$v �7p v�q p ~�sVw$v�oGx�}$� r n �$� n � s0w$v�q p o�w$p

8Ss���q s)1���pGpGo p q ��w$s0w$s�p ~ r p q ~�v�o.w$s3P }�1$t u0v�� s��0q s*1��0p s)1$s*w$p �'1$n w$s��2v0q O

L(x, λ, µ) = f(x) +
m∑

i=1

λihi(x) +
r∑

j=1

µjgj(x).
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x∗
��	$	�� � � 	�� � 
 � 
 	

� 
 	 
���	 � � ��� 
�	�� 
 � 	 
�� � � 	�
 � � � � � ��� ��� � 
 � � � � � � 	 � � � 
 � � � 	 
 � 
 ��� � � 
 	 � ��� 
 � 	 ��� �
� � � � � 	 
 � 
 	 � � � ��� 
 � 	 
�� � � λ∗ = (λ1, . . . , λm)

T
�
µ∗ = (µ1, . . . , µr)

T
� 
�� � � � �

∇xL(x
∗, λ∗, µ∗) = ∇f(x∗) +

m∑

i=1

λ∗i∇hi(x
∗) +

r∑

j=1

µ∗j∇gj(x
∗) = 0

µj ≥ 0, j = 1, . . . , r

µj = 0, j /∈ I(x∗)

� � 
�� " 	 ��� � � 
 ! f, hi, gj ∈ C2 � ��� � 
 � � 	 
 � � � �

yT∇2
xxL(x

∗, λ∗, µ∗)y ≥ 0,

� 
�	 

� 
 � 
 y ∈ IRn
� 
�� � � �

∇Thi(x
∗)y = 0, i = 1, . . . ,m

�
∇Tgj(x

∗)y = 0, ∀ j ∈

I(x∗) �

[ ��� � � �����
�������
S M���v��6v*10r v�w$p*~QL 1$n ~�vV� v � s0� 7Ss�oGq p o r q n t � p oGn 1$s�r n ?�s�o51$u0v�� s0}$o s�~��$q v)K$� p ~�s�o 7

p � s0o:�2v w$p ~do p q:n �)1$v�q s0w$s�o:s�vGp =$�$q p o o s0q ~�v�oDs�o:� v*1$w$n t � p o:w$p.v�r n ~�s�� n w$s0w$p M:y7v0q:v�} r q v
� s�w$v�7Ss0oGq p o r q n t �0p oGs r n ?�s0o-�6v0w$p ~�o p q-r q s�r s�w$s0o-� v�~�v�}$~�s�p = r p 1$o u0v�w$s0oGq p o r q n t � p o
w$pGn ��}$s0� w$s�w$p*M

R MD�d� v*1$w$n t u�v
µ∗j = 0

�$s�q s*r v w$v
j /∈ I(x∗)

�6v0w$pGo p q�p o � q n r s*� v�~�v

µ∗jgj(x
∗) = 0, j = 1, . . . , r

p3H�� E$s�~�s0w$sVw$p*� v)1$w$n t u0vVw$p P v�� �0s�� v�~��$� p ~�p 10r s0q M5;Do r pQ1$v�~�p�o p*w$p ?0p*s0vQP s�r vVw$p
C0}$pV�$s0q s_� s0w$s

j
7:o p ~��$q p/C0}$pVs_q p o r q n t u�v

gj(x) ≤ 0
o p � s�n 1$s r n ?�s�p ~

x∗
7:v�} o p � s�7

gj(x
∗) < 0

p 1�r u0vVs�q p o r q n t u�v
µ∗j ≥ 0

w$p ?0p�o p qGo s r n o P p n r s��6v�q-n �0}$s�� w$s0w$p
(µ∗j = 0)

p
? n � p { ?0p q o s�M >�~�s3?0p q o u0v�~�s0n o�P v0q r pGw$s�� v)1$w$n t u0v�w$p5P v�� �0s*� v0~��$� p ~�p 10r s�q.o p q �Vw$s�w$s
1$s�o�� v)1$w$n t � p o.w$p:D2q n r � { A�v)E�1�M
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��M y:p � s�v*K$o p q ? s0t u0v�P p n r s�1$v�n r p ~ s)1�r p q n v�q 7-o p
x
H�q p ��}$� s0qVp 1�r u0v��6v w$p ~�v0o

p o � q p ? p q�s0o.� v*1$w$n t � p o�w$p���� ��w$s�o p �0}$n 1�r p5P v0q ~�s�O

∇f(x) +
m∑

i=1

λi∇hi(x) +
r∑

j=1

µj∇gj(x) = 0
� S M � �

h(x) = 0
� S M S ���

µjgj(x) = 0, j = 1, . . . , r
� S M S*S �

µj ≥ 0, j = 1, . . . , r
� S M S R �

gj(x) ≤ 0, j = 1, . . . , r
� S M S � �

��o
n + m + r

p C }$s�t �0p o � S M � � { � S M S*S �5P v0q ~�s�~ }$~�o n o r p ~�s&1$u0v { � n 1$p s0q 1$s�o�n 1 {
� z��*1$n r s0o

x ∈ IRn, λ ∈ IRm, µ ∈ IRr
MV��oGo v0� }$t � p oGw$p o r p�o n o r p ~�s�C }$p�o s r n o P s�� p ~

� S M S R �:p � S M S ���:o u�v�v�o��2v)1�r v0oDp o r s�� n v*1$�0q n v�oDw$v��$q v*K$� p ~�s�M ��s�r }$q s�� ~�p 1�r p*7 v�oD�6v*10r v�o
1$u�v�{ q p ��}$� s0q p o<P s0� r L ?0p n o�r s�~3K'H ~ o u0v�� s)1$w$n w$s r v0o.s*~�n 1$n ~�n � s�w$v0q�� v � s0� M

��MDm-p � S M S R �:p � S M S � �Do p �0}$p5C0}$pGv��$q v w$} r v
µjgj(x)

H51$u�v�{ �6v�o n r n ?0v��$s�q s�r v w$v
j
M

m-p o r s P v0q ~�s�7�s0o
r
p C0}$s0t � p o:w$p �'1$n w$s�o:p ~ � S M S*S �S�2v w$p ~do p q7p o � q n r s�o:� v0~��$s�� r s�~�p 1�r p

� v0~�v
µTg(x) = 0

M

��� ��� � �
��� � � ��� �
� � � � ��� ��� 
 � � 	 �

m-p o p 1*? v�� ?0p q p ~�v0o 7�s���v0q s�7 }$~�s �0p 1$p q s�� n � s�t u�v.w$s�o7� v)1$w$n t � p o�1$p � p o o �0q n s�o7w$p ��� �
C0}$p�1$u�v&1$p � p o o n r s�w$s&E$n �6z r p o pVw$pVq p �0}$� s�q n w$s0w$p M 9�v�~ s�s � }$w$s�w$p o r s��0p 1$p q s0� n � s�{
t u0v�n q p ~�v0o.w$p w$}�� n q�s�o�� v)1$w$n t � p o�w$pGv r n ~�s0� n w$s�w$p � ��v*K r n w$s0o.pG~�s0n o.s�� �0}$~�s�o 1$v ?�s�o
� v)1$w$n t � p o 1$p � p o o ��q n s0o M�y:s�q s_r p q*}$~�s_n w�H n s_w$v&C0}$p�q p �$q p o p 10r s�~�s�o*� v)1$w$n t � p o*w$p
D2q n r � { A�v*E�1�72� v)1$o n w$p q pGv��$q v*K$� p ~�s*� v0~ q p o r q n t � p o�w$pGn ��}$s0� w$s�w$p

~�n 1
f(x)o M s�M
h(x) = 0

p 7�1$v�r p�C0}$p*7 }$~ q p o }$� r s0w$vGp C0}$n ?�s0� p 10r p�s0vGw$s0w$v 1$vGr p v0q p ~�s�w$v�o.x�}$� r n �$� n � s0w$v�q p oDw$p
8Ss���q s)1���p5H5C }$p-�$s0q s*}$~ ~�n 1$n ~*n � s0w$v�q�� v � s0�

x∗
� q p ��}$� s0q�v�}�1$u�v��Dp =$n o r p ~ p o � s�� s0q p o
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µ∗0, λ
∗
1, . . . , λ

∗
m

1$p ~ r v w$v�o�10}$� v0o�r s�n o C }$p
µ∗0 ≥ 0

p

µ∗0∇f(x
∗) +

m∑

i=1

λ∗i∇hi(x
∗) = 0.

� S M S ���

y7s0q s ? p q�s*p C0}$n ?�s0� 6 1$� n s�7'1$v r p:C0}$p E$�*w$}$s0o.�6v�o o n K$n � n w$s�w$p o O
� s �

x∗
HGq p �0}$� s�q.p*7'1$p o r pG� s�o v�72s�p C }$s�t u�v � S M S � �<HGo s r n o P p n r s*� v�~

µ∗0 = 1
M

� K��
x∗
1$u0v�H*q p ��}$� s�qGp 7�1$p o r p�� s�o v�77v�o5?0p r v0q p o ��q s0w$n p 10r p o

∇hi(x
∗)

o u�v�� n 1$p s�q {
~�p 10r pGw$p �6p 1$w$p 1�r p o 76v0}�o p � s�72p =$n o r p ~

λ∗1, . . . , λ
∗
m

1$p ~ r v0w$v0o 1 }$� v�o�r s0n o C0}$p
m∑

i=1

λ∗i∇hi(x
∗) = 0,

pG�2v0q r s*10r v�72s�p C }$s�t u�v � S M S � �<HGo s r n o P p n r s*� v0~
µ∗0 = 0

M
9�v*1$w$n t �0p oQ1$p � p o o �0q n s�oQC }$p�p 1*?0v0� ?0p ~�}$~�~*}$� r n �$� n � s0w$v�q31$u�v�{ 1$p ��s�r n ?0v��$s�q s v

?0p r v�q �0q s�w$n p 1�r p*w$s/P }�1$t u�v_v*K!� p r n ?0v�7Sr s0�:� v�~�v�s_q p �$q p o p 10r s�w$s&1$s�p C0}$s0t u0v � S M S � � 7
o u�v�� v*1�E$p � n w$s0oG� v0~�vV� v*1$w$n t � p o:1$p � p o o ��q n s0oGw$p3D2q n r � { A�v*E�1�M ��vVr p v�q p ~�sVs�o p ��}$n q 7
p 1 }�1$� n s�q p ~�v�o�P v0q ~�s�� ~�p 10r p:s�oS� v*1$w$n t � p o7w$pDv r n ~�s�� n w$s0w$p:w$p�D2q n r � { A�v*E�1:C0}$p:r s0~ K�H ~
?�u�v�P v0q 1$p � p q�}$~�s_� s0q s�� r p q L o r n � s�~�s0n o-�$q p � n o s�w$s�o�q p o r q n t � p o�� v0q q p o �6v*1$w$p 1�r p o*s�v0o
~*}$� r n �$� n � s0w$v�q p o<1$u0v { 10}$� v0o M
R � ��� �
� � ��� & �  � e
��� ��
 �
� � � ! ��� � � � ��� 
 ��� ����� � 
 � ��� ������� � ��� � � 


x∗
��	 	�� � � �

	�� � 
 � 
 	�� 
 	 
�� � 
 � 	 
�� � � 	�


	�� �
f(x)

� � 
 � h(x) = 0, g(x) ≤ 0


 � � �
f, hi, gj

� � 
 
 � � � � � � 	 
 ��� � ����

	 � ��� � ��� 
 � 	 � � 	 � �
� � � � � �
IRn

� 	
IR � � ��� � 
�� ��� � � �

��	 � � 	 
�� 
�	
µ∗0

� 	 ��� � � � � � 	 
 � 
 	 � � λ∗1, . . . , λ∗m, µ∗1, . . . , µ∗r
� 
�� � � 
 
 � � � � 
 
 ��� � ��� � ��� � �

	 
 � ��� � � � � �
� � �

µ∗0∇f(x
∗) +

m∑

i=1

λ∗i∇hi(x
∗) +

r∑

j=1

µ∗j∇gj(x
∗) = 0.
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µ∗j ≥ 0, j = 0, 1, . . . , r.

� � � � �
µ∗0, λ

∗
1, . . . , λ

∗
m, µ

∗
1, . . . , µ

∗
r

� � 
 � � 
 � 
 � 
 � ����� 
 � �
� � � � � 	 � ��
�� � � � 	 � � � � ����
�� � 


N
� �
x∗

� ��� � � � ��	
x ∈ N

� 
���� � �
λ∗ihi(x) > 0

� 
�	 
�� 
 � 
 i 	 
 	 λ∗i 6= 0
�
µ∗jgj(x) > 0 � 
�	 
�� 
 � 
 j 	 
 	 µ∗j 6= 0 �

P
	��
�%��� � ��� & � ������
 � � � � � � ��
���� 
 � � � ���
��� �

f(x) = x1 + x2

� � � �
g1(x) = (x1 − 1)2 + x2

2 − 1 ≤ 0,

g2(x) = (x1 − 2)2 + x2
2 − 4 ≤ 0.

� � � � ��� ��� � � � � � 
 � 
 � � � � � � � � � � � � � � � � � � ��� � � � � � � 
 � / � � ��� 
 � � � � � ��� � � � � � 
 ��� � � � � � � � 	
� � � � � � � � ������� � � � � � � � � � � 
 � � ��
 ��
 � � � � � � ��� � � � � 
 � � � ��� � ��
�� ��� � 
 � 
 � � 
 � � � � � � � � �

x∗ = (0, 0)
�

� ����� � 
 � � � � � 


���� � � ��� � � � 
 � � � 
 � � � � � � 
 ��� � � � 


µ∗0∇f(x∗) + µ∗1∇g1(x
∗) + µ∗2∇g2(x

∗) = 0

� 
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�
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��� v)1$w$n t u0v � n ?���n ~��$� n � s�1$s�� v*1$w$n t u�v�w$pJP v0� ��s�� v�~��$� p ~�p 10r s�q
(µ∗jgj(x

∗) =

0, ∀ j)
�2v0n oVo p

µ∗j > 0
s
j
{ H o n ~�s�q p o r q n t u�v�w$p w$p o n �0}$s�� w$s�w$p w$p ?0p o p q/?$n v�� s0w$s

(g(x) > 0)
s�q K$n r q s0q n s0~*p 10r p �$q z = n ~�v�w$p

x∗
n ~��$� n � s)1$w$v�C0}$p

gj(x
∗) = 0

p 7*o p
g(x∗) < 0

w$p ?0p ~�v�o�r p q
µ∗j = 0

�2v0n o 7�� s0o v � v*10r q ��q n v�7.p =$n o r n q n s }$~�sJ?$n � n 1�E$s)1$t s
N

w$p
x∗
C }$p

µ∗jgj(x) < 0
�$s0q s�r v w$v

x ∈ N
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P v�q ~�s�O�@ p ~�r v w$s�? n � n 1�E$s*1$t s

N
w$p

x∗
p =$n o r p

x ∈ N
C0}$pQ?$n v�� s_o n ~�}$� r s)1$p s0~*p 10r p
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y7s0q sVn � }$o r q s�q�sV} r n � n w$s�w$p�w$s�o-� v)1$w$n t � p o-w$p D2q n r � { A�v*E�1_p*w$sV� v)1$w$n t u0v � n ?�� 76p ~
�$s�q r n � }$� s�q 7So }$�2v*1�E$s C0}$p�� v*1)?0p q r p ~�v�o�}$~��$q v)K$� p ~�s�� v0~�}$~�s�B�1$n � s�q p o r q n t u0v�w$p
n ��}$s0� w$s�w$p

minh(x)=0 f(x)
p ~�}$~ �$q v)K$� p ~�s�� v�~ q p o r q n t � p o.w$pGw$p o n ��}$s0� w$s�w$p
~�n 1

f(x)o M s�M
h(x) ≤ 0, −h(x) ≤ 0.

��o�� v)1$w$n t � p o�w$p�D2q n r � { A�v*E�1�s�o o p ��}$q s0~ sGp = n o r 6 1$� n s�w$p�p o � s�� s0q p o�1$u0v { 1$p �0s r n ? v�o
µ∗0, λ

+, λ−
1$p ~ r v0w$v0o.n �0}$s�n o.s � p q v0o�r s�n o C0}$p

µ∗0∇f(x
∗) + λ+∇h(x∗)− λ−∇h(x∗) = 0.

� S M S � �
m-p 10r q p�v�o�� s)1$w$n w$s r v0o:s�~�}$� r n �$� n � s�w$v0q p o�C0}$p�o s�r n o P s�� p ~ sGp C0}$s0t u0v
� S M S � � 70s0� H ~
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p 10r u�vVw$p ?0p ~�v�o�r p q
λ+ 6= 0

p
λ− = 0
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λ+ = 0

p
λ− 6= 0
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�6p � s�� v)1$w$n t u0v � n ?��6w$v��7p v�q p ~�s S M ��M ��M7��w$p ~�v*1$o r q s0t u0v�w$p o r pDr p v0q p ~�s
�2v w$pGo p q.p 1$� v)1�r q s0w$s�p ~ � � � M
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f, hi, gj

� � 
 
 ������� � � 	 
 ��� � ����

	 � ��� � ��� 
 � 	 � � 	 � �
� � � � � �
IRn

� 	
IR �#� ��� � 
�� ��� � �

� � 	 	 ��� � � � � � 	 
 � 
 	 � � � ��� 
 � 	 
�� � � λ∗1, . . . , λ∗m �
µ∗1, . . . , µ

∗
r

� 
�� � � 
 
 � � � � 
 
 ��� � ��� � ��� � �
	 
 � ��� � � � � �

� � �

∇f(x∗) +
m∑

i=1

λ∗i∇hi(x
∗) +

r∑

j=1

µ∗j∇gj(x
∗) = 0.

� � � �
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� � � � � ����	
x ∈ N

� 
���� � �
λ∗ihi(x) > 0

� 
�	 
�� 
 � 
 i 	 
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∇hi(x

∗), i = 1, . . . ,m
� � 
 � � � � 
�	 	 � ��� � � � � � � � � � � ��� � � �

� � ��� ��� � � � ��	�� � � 
 	
d
� 
���� � �

∇hi(x
∗)Td = 0, ∀ i = 1, . . . ,m, ∇gj(x

∗)Td < 0, ∀ j ∈ I(x∗).
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��}$~ � s0o vGp =0r q p ~�v�7 vG� v)1 � }�1�r v5P s0� r L ? p �$�2v w$p q n s-o p q�?�s�� n v�MDx_p o ~�v:1$p o r p.� s�o v�7 o p q n s
n 10r p q p o o s*10r p�p 1�r p 1$w$p q-� v�~�vVv�o-s�� �0v�q n r ~*v0o.w$p*y ��8�o p�� v�~��6v�q r s0~�M�G p ~��2p q w$sVw$p
��p 1$p q s0� n w$s�w$p*7$o }$�6v*1�E$sQC }$pGs�o�q p o r q n t � p o�w$v�o��$q v*K$� p ~�s�o.w$pGy �58 o u0v�w$s�w$s0o.�6v�q O

H(u) = 0, u ≥ 0.
� R M S �

� I�p o r q n t � p oGs�q K$n r q �0q n s0o��2v w$p ~�o p qGp o � q n r s�o-w$p o r s/P v�q ~�sVs r q s ?)H oGw$sVn 10r q v w$}$t u0vVw$p
?�s�q n � ? p n o�w$p:P v�� �0s�s��$q v0�$q n s�w$s0o � M ;�10r u�vV}$~��2v)1�r vVp o r s0� n v)1$��q n v�w$s/1$v�q ~�sVw$s�o�q p o {
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r q n t � p o�s�v C }$s�w$q s0w$v H-}$~ �6v*10r v C }$p-o s r n o P s���s�o�� v*1$w$n t �0p o<1$p � p o o ��q n s0o�w$p-�$q n ~�p n q s
v�q w$p ~ �$s�q s�v��$q v*K$� p ~�s

~�n 1
‖H(u)‖22

o M s�M
u ≥ 0.

� R M R �
;D~ o L 10r p o p*7 �$s�q s�sG~�s�n v0q n s-w$v0oDs�� ��v0q n r ~*v0o:w$p.y �58 C }$s*1$w$v�~�n 1$n ~�n � s�~�v0o

f(u)o } � p n r v*s0o�q p o r q n t �0p o.w$s�w$s0o�p ~ � R M S � 7$v�o.�2v)1�r v0o.� n ~*n r p o�w$s0o.o p C }�6 1$� n s�o ��p q s�w$s0o��6p {
� v�o.s0� ��v0q n r ~*v0o��2p q r p 1$� p ~�s�}$~ w$v�o�o p �0}$n 1�r p o.� v*1 � }�10r v0o O

� s ��y:v*10r v�o � ��� � ��p o r s�� n v*1$�0q n v�o.w$p�� R M R �<C }$p:1$u0v*o s�r n o P s�� p ~ � R M S � �

� K���y:v*10r v�o P s�� r L ?0p n o C }$p:1$u�v�o s�r n o P s�� p ~ 1$p 1�E }$~�s 	 
 ��� � 	 
�� ��� � ��
�� � � 	 
�� � 
 � �

� � �.y7v)1�r v0o ��� � w$v*�$q v)K$� p ~�s*v0q n ��n 1$s0� M
|-p q s�� ~�p 1�r p*7 n 1$n � n s { o p7s.r p v0q n s�w$pD� v)1)?0p q �)6 1$� n s.w$v0oSs�� �0v�q n r ~�v�o6w$pDy ��8V�$q v ?�s*1$w$v

C0}$p��2v*10r v0oS� n ~*n r p oSo u�v��2v)10r v�o ��� � w$p � R M R � M7y:s�q s�s�� �0}�1$o6�$q v)K$� p ~�s0o � �6v�qSp = p ~��$� v�7
o pGs�q p �0n u�v P s0� r L ?0p ��H5?�s�� n s �<1$s0w$s*~�s0n o��6v w$pGo p q��$q v ?�s�w$v�M�y7v0q r s*10r v�7�HGn ~��2v0q r s*10r p
� s0q s�� r p q n � s�q.s0o.o n r }$s0t � p o�p ~ C }$pG�2v)1�r v0o ��� � w$p � R M R ��o u�v��2v)1�r v�o<P s0� r L ?0p n o M�;Do r s
HGs�~�v r n ?�s�t u�v*w$v �7p v0q p ~�s R M S M S M

2 10r q v w$}�� n 1$w$vVs0o ?�s0q n � ?0p n o-w$p:P v�� �0s
v ∈ IRm1 , w ∈ IRq

p ~ � R �.p � ��� 76�6v w$p ~�v0o
q p P v0q ~*}$� s�q�s0o.q p o r q n t � p o.w$s�o p �0}$n 10r p�P v0q ~�s�O

h(x, y) = 0, g(x, y) + v = 0, v ≥ 0,

F (x, y) +∇yt(x, y)λ+∇ys(x, y)z = 0,

t(x, y) = 0

s(x, y) + w = 0, w ≥ 0, z ≥ 0, wizi = 0, i = 1, ..., q.

� R M ���

y7v0q r s*10r v�72w$s0w$v�o
r, p > 0

q p o v0� ?0p q � R M � ��� v�q q p o �2v*1$w$p�s
~�n 1

‖h(x, y)‖2 + ‖g(x, y) + v‖2+

‖F (x, y) +∇yt(x, y)λ+∇ys(x, y)z‖
2+

‖t(x, y)‖2 + ‖s(x, y) + w‖2 + (

q
∑

i=1

(wizi)
r)p

o M s�M
v ≥ 0, w ≥ 0, z ≥ 0.

� R M ���
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� P v�q ~*}$� s�t u�v � R M � �.� v�q q p o �2v)1$w$p�sVq p P v�q ~*}$� s�t u�v�w$vV�$q v*K$� p ~�s�w$p�� v0~��$� p ~�p 1 {

r s�q n w$s0w$p/1$u0v { � n 1$p s0q�w$s0w$s p ~ � S � M�|Gp q s0� ~�p 10r p 7Dr p ~�v�o*n 10r p q p o o p�1$v � s�o v p ~ C }$p
r = 2, p = 1

7�C0}$p�� v�q q p o �2v)1$w$p�s_o v�~�s�w$s0o:1$v0q ~�s�oGw$s0oGq p o r q n t � p o�s�v C0}$s0w$q s�w$v�7
� v0~�v31$s3P v0q ~�}$� s0t u0v
� R M R � M

N �$q z =$n ~�v.r p v�q p ~�s�70� } � s-w$p ~�v*1$o r q s0t u0v-�2v w$p�o p q7p 1$� v)10r q s�w$s-p ~ � � � 7�s0�$q p o p 10r s
s�� �0}$~�s�oD� v*1$w$n t � p o��$s�q s C }$p-�2v*10r v0oDp o r s�� n v*1$�0q n v�oDw$p � R M � �Do p � s��6v*10r v�o�P s0� r L ?0p n oDw$v
x_y�;<9 M
R � ��� �
� � � � ��� ����� � � 
 ����

� � � 
 ��� � ��� � ��� � ��	 
 � ��� � � � ��� � 
 � 
�� � � 
 � � � 
 � �
� 
 �

(x∗, y∗, v∗, w∗, λ∗, z∗) " ��	 � 
 ��� 
������ � � � ��� � � �

� � ��� 	�
�� 	 � �
∇yF (x

∗, y∗) +

q
∑

i=1

z∗i∇yy[s(x
∗, y∗)]i " � � � � � � 
 � 
 � � � � ��
 � 
 � � 	 � � 


� �
∇T

y t(x
∗, y∗)

�

� 	 �
h(x∗, y∗) = 0, g(x∗, y∗) ≤ 0;

� � �
t(x∗, y) " ��	�
 
 ����� � 
�
 � 	 � � 	

y
� � 
 � 
 ��� � � � �

[s(x∗, y)]i
� � 
 	 
 ��� � ��
 � �

� � � � ��� � � � ỹ � 
���� � � t(x∗, ỹ) = 0
�
s(x∗, ỹ) ≤ 0

�

� 
 �
p ≥ 1, r ≥ 1

�
p+ r > 2 �

� ��� � 
 ! (x∗, y∗) " � 	 � 
 ��� 
#
 
 	 � � ��� � � 
�� � ��� �
N o p ��}$n 10r p�r p v�q p ~�s�7$� } � s*w$p ~�v)1$o r q s�t u�v�r s0~3K'H ~ �6v w$p-o p q.p 1$� v*10r q s�w$s�p ~ � � � 7

~�v�o r q s C0}$pDs.r p o p�w$v�r p v�q p ~�s.s*10r p q n v�qS�2p q ~�s*1$p � p�?0p q w$s�w$p n q s.o }$�6v*1$w$v�C }$pDs.~�s�r q n �
	 �-p o o n s)1$s 
�q p w$}�� n w$s H�o p ~�n w$p �'1$n w$s��6v�o n r n ?�s�o p�o }$�6v�q ~�v0o:C }$p

F
p
s
o u�v�P }�1$t �0p o

s �'1$o�� v�~ q p o �6p n r v�s
y
M

R � ��� �
� � � � ��� � ��� � � 
 ����

� � � 
 ��� � ��� � ��� � ��	 
 � ��� � � � ��� � 
 � 
�� � � 
 � � � 
 � �
� 
 �

(x∗, y∗, v∗, w∗, λ∗, z∗) " ��	 � � � 
 	 � 
 � ��	 � 
 � ��� ��� � � �

� � ��� � 
 ��� � � � �
F (x∗, y), t(x∗, y)

�
s(x∗, y)

� � 
#
 ������� � � 
 � ����� � 	
y
� �
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� 	 ��� 	�
�� 	 � �

∇yF (x
∗, y∗) " � � 	�� � � � � � � 
 � 
 � � � � � 
�� 
 � � 	 � � 
 � � ∇T

y t(x
∗, y∗)

�

� � �
h(x∗, y∗) = 0, g(x∗, y∗) ≤ 0;

� � � � ��� � � � 	 ỹ, λ̃, z̃ ≥ 0
� 
�� � � � �

F (x∗, ỹ) +∇yt(x
∗, ỹ)λ̃+∇ys(x

∗, ỹ)z̃ = 0,

t(x∗, ỹ) = 0
�
s(x∗, ỹ) ≤ 0;

� 
 �
p ≥ 1, r ≥ 1

�
p+ r > 2 �

� ��� � 
 ! (x∗, y∗) " � 	 � 
 ��� 
#
 
 	 � � ��� � � 
�� � ��� �
N o �7p v�q p ~�s�o R M S M S p R M S M R p o r s)K2p � p � p ~ � v)1$w$n t � p o.o }!�2� n p 10r p o.�$s0q s C }$p-s0� ��v0q n r {

~�v�o.w$pGy ��8 p 1$� v*10r q p ~ �6v*10r v�o<P s0� r L ?0p n o�w$v�x_y�;<9�M2� �0q v�o o v�~�v w$v�7$s0o�� v*1$w$n t � p o
o v*K$q pDv.�$q v)K$� p ~�s.w$n � p ~ C }$pDs�o7q p o r q n t � p o7w$pDp C }$n � L K$q n v�q p �$q p o p 1�r s0~ds�oS� v*1$w$n t � p o7w$p
v r n ~�s0� n w$s�w$p�w$p*}$~��$q v*K$� p ~�s�� v*1)?0p = v�M���o:E$n �2z r p o p o

h(x∗, y∗) = 0
7
g(x∗, y∗) ≤ 0r p ~ � v)1$o p C }�6 1$� n s�oVs�� ��v0q L r ~*n � s0o M�;D� s�oQ1$v�o�w$n � p ~ C0}$p H�n ~��2v0q r s*10r pV�$q p o p q ?�s�q�s

P s�� r n K$n � n w$s0w$p*w$s�o�q p o r q n t �0p o�v�q w$n 1$�0q n s�o 7�� ��C }$p 7�1$u0v��6v w$p ~�v0o ��s0q s*10r n q-s�P s0� r n K$n � n {
w$s�w$p.w$p o r s0o:q p o r q n t �0p o:o s*K6p 1$w$v-s0�2p 1$s�o�C0}$p�r p ~�v0o7}$~d�6v*10r v-p o r s0� n v)1$��q n v�w$s51$v0q ~�s
w$s�o�q p o r q n t � p o�s�vQC0}$s0w$q s�w$v�MDy:v�q r s)1�r v�7$o p q n s*n 10r p q p o o s)1�r p-r s0� ?0p �*72w$s�q.�$q p P p q 6 1$� n s�s
s�� �0v�q n r ~�v�o�C }$p-~�s*10r 6 ~ s:P s0� r n K$n � n w$s�w$p�w$s�o.q p o r q n t �0p o�v0q w$n 1$��q n s0oDp ~ r v w$s�o.s�o�n r p q {
s�t � p o M��-}$s*1$w$v*s0o�q p o r q n t � p o�v0q w$n 1$��q n s0o:r p ~ }$~�s*p o r q } r }$q s�o n ~��$� p o�� �2v0q�p = p ~��$� v�7
C0}$s)1$w$v�p � s0o.w$p �'1$p ~ }$~�s*� s�n =$s ��~�s*10r p q.s3P s�� r n K$n � n w$s�w$p5HG}$~�s�r s�q p P s P �0� n � 7$~�s�o.s
o n r }$s�t u�vQHG~�s�n o.� v0~��$� n � s0w$s3C0}$s*1$w$vVs�o.q p o r q n t � p o.o u0v3P v�q r p ~�p 10r p51$u0v { � n 1$p s0q p o M

�"� ��� ��� �%$ + � � $�� �
G }$�2v*1�E$s:C }$p�r p ~�v�o:}$~ ~QH r v w$v5C }$p.� v)1*?0p q ��p.�$s0q s-�6v*10r v�o�P s0� r L ?0p n o7w$v�x�y�;<9�M

;Do o p 1$� n s0� ~�p 10r p 7G� v)1$w$n t � p o_o }!�2� n p 1�r p o��$s0q s�o p&?0p q n �2� s�q�p o r s��$q v��$q n p w$s0w$p P v0q s�~
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w$s�w$s0o31$s o p t u�v s*10r p q n v�q�~�s0o 7Dp ? n w$p 10r p ~�p 1�r p*7�~*}$n r v�o�s0� ��v0q n r ~*v0o ��p q s�~�o p C }�6 1 {
� n s0o3C0}$p�� v)1*? p q ��p ~��$s�q s��6v*10r v�o P s0� r L ?0p n o 7D~�p o ~�v&C }$s*1$w$v s�o3E$n �2z�r p o p o*w$v �7p v {
q p ~�s R M S M S 1$u�v�o u�v�o s r n o P p n r s�o MDy7s0q s*~*}$n r v�o.s�� �0v�q n r ~�v�o�w$pGy ��8 o p-r p ~ �$q v ?�s0w$v*s
o p �0}$n 10r pG�$q v��$q n p w$s�w$p*O

Z � ����� 
 � ��� ��� � �&G p�}$~ �6v*10r v�� n ~�n r p/HQP s0� r L ?0p ��p�q p �0}$� s�q�p 10r u�v�p o r p��2v)1�r v
o s r n o P s��Gs�o.� v*1$w$n t � p o�w$p���� ���$s0q s*v��$q v*K$� p ~�s*w$s�w$v�M

9�v*1$o n w$p q s*1$w$v�s3P v�q ~*}$� s�t u�v � R M � ���6v w$p ~�v0o 1$v r s0q.s��$q p o p 1$t sVw$s�o�q p o r q n t �0p o
wizi = 0, wi ≥ 0, zi ≥ 0, i = 1, . . . , q.

� R M ���
y7s0q s�� s�w$s

i
��=$v�77o p 1$w$v

h(w, z) = wizi
7
g1(w, z) = wi

p
g2(w, z) = zi

7Sr p ~�v0o
C0}$p�v�o ?0p r v0q p o �0q s�w$n p 1�r pGw$s�o�q p o r q n t � p o�o u�v�v�o�o p �0}$n 1�r p o O




ziei

wiei





︸ ︷︷ ︸

∇h(w,z)




ei

0





︸ ︷︷ ︸

∇g1(w,z)




0

ei





︸ ︷︷ ︸

∇g2(w,z)

v*1$w$p
ei
H*v

i
{ H o n ~�v/?0p r v0qG� s)1��*1$n � v�w$v

IRq
p*��H�v/?0p r v�q 10}$� v�w$v

IRq
M�y:s�q sVr v w$v

�$s�q
(w, z) ∈ IR2q o s�r n o P s�� p 1$w$v � R M � ��w$p ?0p ~�v�o*r p q

wj = 0
v�}

zj = 0
�$s0q s_r v w$v

j ∈ {1, .., i, .., q}
M�G }$�6v*1�E$s0~�v�o3C0}$p

wi = 0
p
zi > 0

M m-p o r s&P v0q ~�s�7Dv�o ?0p r v�q p o
��q s0w$n p 10r pGw$s�o�q p o r q n t �0p o�s r n ?�s�o.o u0v�O

zi




ei

0





︸ ︷︷ ︸

∇h(w,z)




ei

0





︸ ︷︷ ︸

∇g1(w,z)

p w$s)L 7��2v w$p ~�v0o 1$v�r s�q�s�w$p �2p 1$w�6 1$� n s�� n 1$p s�q_w$v0o�?0p r v�q p o 7 � � C0}$p*7
∇h(w, z) =

zi∇g1(w, z)
M��51$s�� v���s0~�p 10r p 7�o p

zi = 0
p
wi > 0

v�o3?0p r v�q p o��0q s�w$n p 10r p�w$s�o�q p o {
r q n t � p o.s�r n ? s0o.o u�v�O

wi




0

ei





︸ ︷︷ ︸

∇h(w,z)




0

ei





︸ ︷︷ ︸

∇g2(w,z)
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p 7'1$v ?�s�~�p 10r p 7$r p ~�v0o�s*w$p �2p 1$w�6 1$� n s*� n 1$p s�q�w$v0o<?0p r v0q p o

(∇h(w, z) = wi∇g2(w, z))
M

G p
wi = zi = 0

p 1�r u0v
∇h(w, z) = 0

p 76�2v�q r s)10r v�72s�w$p �6p 1$w�6 1$� n sV� n 1$p s0q.w$v�o ?0p r v�q p o
��q s0w$n p 10r p*w$s�oGq p o r q n t � p oGs�r n ?�s�o5H*}$~ P s r v�p ?$n w$p 10r p MQ8Sv���v�7S�2v w$p ~�v�oG� v)1$� � }$n q5C }$p
�$s�q s�r v w$v��2v)10r v P s�� r L ?0p � 7Dv�o3?0p r v0q p o���q s0w$n p 10r pVw$s0o*q p o r q n t � p o�s r n ?�s�o*o u0v�o p ~��$q p
8Sm M7y7v0q r s*10r v�7Sw$p ?$n w$v�s��$q p o p 1$t s_w$s0o-q p o r q n t � p o � R M � � 7
1$p 1�E0}$~��2v)10r v/P s�� r L ?0p �:w$v
x_y�;<9 HGq p ��}$� s0q M
P
	��
�%��� � � � � � ������
 � � � � � � � ��
 �

w, z ∈ R
�

� � � � � � � � � � �
h(w, z) = wz = 0, g1(w, z) = w ≥ 0, g2(w, z) = z ≥ 0

�

� � � 
 � � ��� � � � � � � � � � �




z

w





︸ ︷︷ ︸

∇h(w,z)




1

0
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(2,0)

T

T

z

w

(0,3)
(1,0) (3,0)T T

0

w = 0, z = 0 ⇒ ∇h(0, 0) = (0, 0)T ⇒ LD,

w = 0, z = 3 ⇒ ∇h(0, 3) = (3, 0)T , ∇g2(0, 3) = (1, 0)T ⇒ ∇h(0, 3)− 3∇g1(0, 3) = 0 ⇒ LD,

w = 2, z = 0 ⇒ ∇h(2, 0) = (0, 2)T , ∇g2(2, 0) = (0, 1)T ⇒ ∇h(2, 0)− 2∇g2(2, 0) = 0 ⇒ LD.
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i
��= v�7�? n ~�v0o C0}$p

∇h(w, z) = 0
o p

wi = 0, zi = 0,

∇h(w, z) = zi∇g1(w, z)
o p

wi = 0, zi > 0,

∇h(w, z) = wi∇g2(w, z)
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wi > 0, zi = 0.

G p
wi = zi = 0
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∇h(w, z) = 0
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d ∈ IR2q }$~ ?0p r v0q C }$p
o s r n o P s��

∇h(w, z)Td = 0
M5G p

wi = 0, zi > 0
r p ~�v0o

zi∇g1(w, z)
Td = 0

~�s0o 72� v�~�v
zi > 0

o p �0}$p C0}$p
∇g1(w, z)

Td = 0
M��51$s�� v���s0~*p 10r p 7�o p

wi > 0, zi = 0
r p ~�v0o

∇g2(w, z)
Td = 0
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gi(x) + g′i(x)(z − x) ≤ 0
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γ < gi(x) < 0,

g′i(x)(z − x) ≤ 0
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gi(x) ≥ 0
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h′(x)(z − x) = 0.
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H�}$~�s w$n q p t u0v w$p�w$p o � n w$s

P s�� r L ?0p �7p ~
πk
MG��o o n ~�7Ss/1$v�q ~�sVw$p

dk,tan
?�s�n:o p q-}$o s0w$sV�$s0q sVw$p �'1$n q-vV� q n r H q n vVw$p

�$s�q s0w$s�w$v*s0� ��v0q n r ~�v�M
N �2v)1�r v

yk + dk,tan
�2p q r p 1$� p�s

πk
~�s0o51$u�v�1$p � p o o s0q n s�~�p 1�r p*�6p q r p 1$� p*s

Bk,i

M
;�10r u�v�7$w$p �'1$n q p ~�v0o.v 	 K$q p s�� �2v0n 10r 


yk + t(k,i,break)d
k,tan

v)1$w$p

t(k,i,break) = sup{t ∈ [0, 1] | [yk, yk + tdk,tan] ⊂ Bk,i}.
� ��M � �

x_s�n o�s�n 1$w$s�7�v&?�s0� v�q*w$sJP }�1$t u0v v)K�� p r n ?0v
f
p ~

yk + t(k,i,break)d
k,tan

1$u�vJH 1$p � p o {
o s�q n s0~�p 10r p ~�p 1$v�qJC0}$p

f(yk)
7*�2v0q r s*10r v�}$~ ?�s0� v�q�o }!�2� n p 10r p ~�p 1�r p��2p C }$p 1$v w$s

P }�1$t u0v�v*K!� p r n ?0v
f(yk + t(k,i,dec)d

k,tan)
w$p ? pVo p q*v*K r n w$v_}$o s)1$w$v�v�� � �0o o n � v��$q v � p w {

n ~�p 10r v 	 K$s�� r q s�� � n 1�� 
 M�D:n 1$s0� ~*p 1�r p*7
zk,i ∈ πk ∩Bk,i

?�s0nSo p q�C0}$s0� C0}$p q.�2v)1�r v*r s0��C }$p
f(zk,i) ≤ f(yk + t(k,i,dec)d

k,tan)
M���� r p q 1$s r n ?�s0~*p 10r p 7

zk,i
�2v w$pVo p q C0}$s0� C0}$p q��2v)1�r v

w$p
πk ∩Bk,i

r s0��C0}$p
f(yk)− τ1δk,i

v�}
f(yk)− τ2

72v*1$w$p
τ1

p
τ2

o u0v*�$s0q F�~�p r q v�o 1$u�v
1$p �0s r n ? v�o.w$v�s�� �0v�q n r ~�v�M

2 o r v�o n �*1$n �2� s5C }$p��$s�q sG� s�� � }$� s�q
zk,i

w$p P v�q ~�sGp �2� n p 10r p 7$�2v w$p ~�v0oDs��$� n � s0q:}$~ s0� {
��v0q n r ~�v�w$p�~�n 1$n ~�n � s0t u0v � � v�~d� q n r H q n v�w$p��$s0q s�w$s-q s�� v0� ?0p � �S�$s0q s�q p o v�� ? p q:v�o p ��}$n 10r p
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�$q v*K$� p ~�s
~�n 1

f(x)
o M s�M

x ∈ πk ∩Bk,i.
� ��M � �

G p
|| · ||

H*s�1$v0q ~�sVn 1!�'1$n r v�p 10r u�v � ��M � ��q p �$q p o p 1�r s_}$~��$q v)K$� p ~�s�w$p*~�n 1$n ~*n � s0t u0v
� v0~ q p o r q n t � p o�� n 1$p s0q p o M
� �����
	 � ���_c�$ � 
 � � �_Z���� ��� �(� � � ���_Z��
����� 
 � ���
	 �

��� v�~��$s�q s�t u0vGp 10r q p
zk,i

p
xk

p 1)?0v0� ?0p.s�s ?�s�� n s0t u0v-w$p.}$~�s5P }�1$t u�v�w$p.~QH q n r v-p ~
s�~3K2v0o.v�o��2v)1�r v0o M�>�r n � n � s�q p ~�v�o.s P }�1$t u�v�w$pG�2p 1$s�� n � s�t u�v*p = s�r sQC0}$p H-w$s0w$s��2v0q O

ψ(x, θ) = θf(x) + (1− θ)|C(x)|

v*1$w$p
θ ∈ (0, 1]

H*vV�$s�q F0~�p r q vVw$p��2p 1$s�� n � s�t u�vV} r n � n � s0w$v��$s�q sVw$s0q�w$n P p q p 10r p o-�6p o v0o
�$s�q s�sJP }�1$t u�v�v)K�� p r n ?0v p��$s0q s s P s�� r n K$n � n w$s�w$p*Md��p o � v�� E$s�w$v �$s0q F�~�p r q v

θ
p ~

� s0w$s�n r p q s0t u0v�w$p �2p 1$w$p w$p � v*1$o n w$p q s�t �0p o_�$q � r n � s�o�p�r p z�q n � s�o M�y7v0q�p = p ~��$� v�7Go p
|C(x)|

H �0q s*1$w$p*7SvV�2p o v�s r q n K$}$n w$vVs
f(x)

w$p ?0p�o p q-�6p C }$p 1$v�7S�6v�n o51$u�v/P s��*o p 10r n w$v
o pV�$q p v � }$�$s0q�� v0~�v�?�s�� v0qGw$s�P }�1$t u�v_v)K�� p r n ?0v_o p�v_�6v*10r v_� v0q q p 10r pVp o r �_� v)1���p�w$s
q p �0n u�v3P s�� r L ?0p � M

;D~ o L 10r p o p*72w$p o p � s0q p ~�v�o�C }$pGs3P }�1$t u�v�w$pG~QH q n r v*s ?�s�� n s0w$s31$vQ1$v ?0v��2v)10r v*o p � s
~�p 1$v0q�C }$p v�?�s�� v0q�w$s�P }�1$t u0v�w$p ~QH q n r v�s ?�s�� n s0w$s�p ~

xk
M N } o p � s�7:C }$p q p ~�v�o

Aredk,i > 0
v)1$w$p

Aredk,i
70sGq p w$}$t u�vGq p s�� � 	 s0� r }$s0� q p w$}$� r n v)1 
 �7w$s5P }�1$t u�vGw$p.~QH q n r v�7

HGw$p �'1$n w$s��2v0q O
Aredk,i = ψ(xk, θk,i)− ψ(z

k,i, θk,i).

;�10r u�v�7

Aredk,i = θk,i[f(x
k)− f(zk,i)] + (1− θk,i)[|C(xk)| − |C(zk,i)|].

� ��M � �
;�10r q p r s)1�r v�70� v0~�v�1$v0o:�$q v*K$� p ~�s�o7o p ~dq p o r q n t � p o 70}$~�s�q p w$}$t u0v-w$s�P }�1$t u�v-w$p�~QH q n r v
1$u�v5H�o }!�2� n p 1�r p.�$s�q s ��s0q s*10r n qSs-� v)1*?0p q �*6 1$� n s�M:m-p�P s�r v�7��$q p � n o s0~�v�o7w$p�}$~�s�q p w$}$t u0v
o }!�2� n p 10r p 7'C }$p5?�s�nSo p q�w$p �'1$n w$s�� v0~�v*o s�r n o P s r z0q n s�o p

Aredk,i ≥ 0.1Predk,i,
� ��M � �
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v*1$w$p

Predk,i
H-s*q p w$}$t u0v*�$q p r p 1$w$n w$s � 	 �$q p w$n � r p w�q p w$}$� r n v*1 
 �Dw$s P }�1$t u�v�w$p-~QH q n r v

p 10r q p
xk

p
zk,i
M ��vQ1$v�o o v�� s�o v�72w$p �'1$n ~�v0o

Predk,i = θk,i[f(x
k)− f(zk,i)] + (1− θk,i)[|C(xk)| − |C(yk)|].

� ��M � �
� C }$s*10r n w$s�w$p

Predk,i
w$p �'1$n w$s�s0� n ~�s*�6v0w$p�o p q�1$u0v { �2v�o n r n ?�s*w$p �2p 1$w$p 1$w$vVw$v3?�s0� v�q

w$v��$s�q F0~�p r q v�w$p*�6p 1$s0� n � s�t u�v�M*x_s�o 77o p
θk,i

H*o }!�2� n p 10r p ~�p 1�r p��2p C0}$p 1$v�7
Predk,i

H
s�q K$n r q s�q n s�~�p 10r p��$q z = n ~�v�s

|C(xk)| − |C(yk)|
C }$p5H�1$p � p o o s�q n s0~�p 10r p�1$u0v 1$p ��s�r n ?0v�M

y:v�q r s)1�r v�7$o p ~��$q pG�2v w$p q p ~�v0o.p o � v�� E$p q
θk,i ∈ (0, 1]

r s0�
C0}$p

Predk,i ≥
1

2
[|C(xk)| − |C(yk)|].

�-}$s*1$w$v�v�� q n r H q n v � ��M � ��P v�qDo s�r n o P p n r vGs0� p n r s�q p ~�v�o
zk,i

� v0~�vG}$~�s:1$v ? s�n r p q s�t u�v�7 v0}
o p � s�7

xk+1 = zk,i
M<9�s�o v�� v*10r q �0q n v�7$q p w$}�� n q p ~�v�o.v�q s0n v*w$s*q p ��n u0v*w$pG� v)1!�2s*1$t s�M

c ����� � � ���_U
� � ��� 
 � � �
��o o }$~�s&C }$p

η > 0, β > 0, r ∈ [0, 1), τ1 > 0, τ2 > 0
o u0v��$s�q F0~�p r q v0o�w$v

s�� �0v�q n r ~�v*n 1$w$p �2p 1$w$p 10r p�w$p
k
p ∑∞

k=0wk

HG}$~�sVo H q n p�� v)1*?0p q ��p 10r p�w$pGr p q ~�v0o 1$u0v {
1$p �0s r n ? v�o M G }$�2v)1�E$s C0}$p

x0 ∈ Ω
H_}$~�s s0�$q v =$n ~�s�t u�v n 1$n � n s0�.w$s o v�� }$t u�v p C }$p

θ−1 ∈ (0, 1)
H-}$~ �$s0q F�~�p r q v�w$p��6p 1$s0� n � s0t u0vGn 1$n � n s�� M7m-s0w$v�o

xk ∈ Ω, θk−1 ∈ (0, 1]
p

δk,0
76v�o��$s0o o v�o-�$s�q s�� s�� � }$� s�q

xk+1 v0}��$s0q s�n 10r p q q v0~��2p q.v��$q v � p o o vVo u�vVw$s�w$v0o��2p � v
o p �0}$n 10r pGs�� �0v�q n r ~*v�M
U
� ����� 
 � � �   � ���
Z���� � � � ��� � � 	 � 
�� � � 
�� � 
 
 � 
�	 �
	 � � 	 
 � � � � ��
�� � � 
 � � 

��� � ��


θk,−1 = min{1, min{θ−1, . . . , θk−1}+ wk}.

Z���� � � � � � 
 � � � ��� � � � 
���	 
 � � 

� 
�� 	 ��� � yk ∈ Ω

� 
�� � � � �
� � � � � � � � � ��� � � 

	 � 
�� � � 
 � � � 
 � � � ��� � � 

� � 
 
 
 	 � 
 � � � ��� � !

� 
�	 ��
�� � � 	 ��� � 
�� 
 
�� � 
 	 � � 	 
�� � 	 � 
�	 
�� � 
�� 
 
�� ��
 
 
 	 � � � 
 	 
�	�
 
 
 	 � � � � � � � 
 � � � ��� 
 � 

	 
 ��� 	 ��	 � 
 ! 
 
 � 
 i← 0 �
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Z���� � �  � ��� 	 � � � 
���
�� � � ��� � � � � 
�� 	 ���
� 
�� 	 ��� � dk,tan � � 
�� � 
 �

� � � � � � �
C(xk) = 0

�
dk,tan = 0

� � 	 	�� � �

 � � � 	 ��� � 
 � 


�� � 
 	 � � 	 
�� � 	 � 
 	 
�� � 
 � 	 
 ����� 	 � � � 	 � 
�� � � � 
 � �

xk
	 
 	 
 � 
 � ��� � 
 �

Z���� � �%& � � 
 � � � � � � � � 	�� � 
 � � 

� 
�� 	 ��� � t(k,i,break) � � 
�� � 
 �

� � � � � ��� � ��
 t(k,i,dec) 	 
 	 
 � � � � 
 
 � 	 � 	 � � 	 
 � � 	 	 
 � 

� � � � � � 	 � 


{tk,1, tk,2, . . .}
� 
���� � �

f(yk + tdk,tan) ≤ f(yk) + 0.1t〈∇f(yk), dk,tan〉,


 � � �
{tk,j} " � � � � � � 
 � 
 	 tk,1 = t(k,i,break)

�
tk,j+1 ∈ [0.1tk,j , 0.9tk,j ]

� 
�	 
 � 
 � 


j = 1, 2, . . . � 
�� 	 ��� � zk,i ∈ πk ∩Bk,i

� 
���� � �

f(zk,i) ≤ max{f(yk + t(k,i,dec)d
k,tan), f(yk)− τ1δk,i, f(y

k)− τ2}.

Z���� � � � � � � 	 
 � ��
 � 
 � 
�	 �
	 � � 	 
 � � � � ��
�� � � 
 � � 

��� � ��
 ! � 
�	 
�� 
 � 
 θ ∈ [0, 1],

P redk,i(θ) = θ[f(xk)− f(zk,i)] + (1− θ)[|C(xk)| − |C(yk)|].

� � 	 
 � ��
 θk,i 
 � � � 	 � 	 
 � 
 � � 
�� 
 	 � � � � θ � 
�� ��� � 	 � 
�� 
 [0, θk,i−1]
� 
���� � �

Predk,i(θ) ≥
1

2
[|C(xk)| − |C(yk)|].

Z���� � � � ��� 	 � � � 
 � � 
 
�� � � � � � � � 
�� �
zk,i

��� � ��

Aredk,i

�
Predk,i

	 
 	 
 � 	 �
� � � � � � � � � � � � � 
 � � � � � � � � � � 
 
 	 � 
�� � � 
 � � � 
 !

� � � ��

xk+1 = zk,i ! θk = θk,i

�#��
 � � � 
 
 � 
 � � 
 � � � ��
�� � � � � � � � � � ��� 
 
 
 	 � 
�� � � 
 � � � 
 !
� � 	 
 � ��


δk,i+1 ∈ [0.1δk,i, 0.9δk,i] ! 
 
 � 
 i← i+ 1
� ��
 � � � 
 
 � 
 � � 
 ���

1 � � � �����#$&��� �
� $
�
��v0o o s��$q n ~�p n q sVp o r q s�r H �0n s�H*q p o v�� ?0p qGv��$q v*K$� p ~�s�x_y�;<9�77w$s�w$v 1$s�o }$s/P v0q ~�s

�$s�w$q u0v�77s��$� n � s*1$w$vVs0� ��v0q n r ~*v0o �0p q s0n o-w$p*y ��8�M
�-s r }$q s0� ~�p 10r p 7Sp o � v0� E$p ~�v0o-s0� ��v0q n r {
~�v�o.p ~ C }$p-r p ~�v0o ��s0q s*10r n s*w$pG� v)1)?0p q �)6 1$� n s��$s�q s��2v)1�r v0o.��|Gy�M
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G u�v�p � p o OD��� �0v�q n r ~�vGw$p58Ss���q s)1���p s*1$v��-}$~�p 10r s�w$v�7 �-� ��v0q n r ~�vGw$p-yDq v��0q s�~�s0t u0v
�-}$s�w$q ��r n � s/G p C }$p 1$� n s��SpGv���� �0v�q n r ~�v*w$p:I�p o r s0}$q s�t u�vQ2 1$p = s�r s�M

N s�� �0v�q n r ~�v w$p � s���q s)1���p s*1$v�s0}$~�p 10r s�w$v�C0}$p } r n � n � s�~�v�o/P v�nGv�;D�:G�� M5;Do r p
o v P r �.s�q pQP v�nDw$p o p 1)?0v�� ?$n w$v_�2p � v ��q }$�6v_w$p�v r n ~�n � s�t u�v�w$s >51$n ?0p q o n w$s0w$p�w$p/9�s0~��$n {
1$s�o*p�p o r �_w$n o �6v*1�L ?0p ��1$s_�$����n 1$s �����:M n ~�p*M }�1$n � s�~���M K$q �

∼
~�s0q r n 1$p � ��o v P r �.s�q p*M E0r ~�M

>.r n � n � s�~�v�o.r s�~3K'H ~�s�q v�r n 1$s�m �59 N �G| w$s/4�n K$� n v�r p � s/2 x&G�8�w$v/D2v�q r q s)1��$s0q sVq p {
�$q p o p 10r s�q�v�oGs0� ��v0q n r ~�v0o-w$p��$q v��0q s�~�s0t u0v/C }$s�w$q ��r n � s�o p C0}$p 1$� n s�� M N s�� �0v�q n r ~*v�w$p
q p o r s�}$q s0t u�v�n 1$p =$s r s/H�vVw$p o � q n r v/1$sVo p t u0vVs)10r p q n v�q 72v0}�o p � s�7���� p ~�v0o�sVn ~��$� p ~�p 1 {
r s�t u�vGw$vG�-� ��v0q n r ~*v-��M S M�� n 10r p q p o o s*10r p 7 p 10r u�v�7*P s�� p q ~�v�oDs�� �0}�1$o:� v�~�p 1�r �0q n v�o:o v)K$q p
p o r s*n ~��$� p ~�p 10r s�t u�v�M

� P s0o p�w$p�q p o r s0}$q s�t u�v�r p ~d� v0~�v�v*K!� p r n ?0v�p 1$� v)1�r q s0q7}$~d�6v*10r v�n 10r p q ~*p w$n ��q n v
yko s r n o P s�� p 1$w$v � ��M R �Dp � ��M � � M:m-p o w$p5C }$p-p o r pG�2v*10r v*o s r n o P s0t s*p o r s0o�� v*1$w$n t � p o.s��$q v ?�s

w$p.� v)1*?0p q �*6 1$� n sGw$p o r p.s�� �0v�q n r ~*v51$v�o�P v0q 1$p � p�r v r s0� � n K2p q w$s�w$p�w$p.p o � v�� E$s:1$s-~�s*1$p n q s
p ~ C0}$p3?�s�~�v0o-q p s�� n � s�q-v�y:s�o o v R w$v���� �0v�q n r ~�vV��M S M*m-p o r s/P v0q ~�s�7Sw$p �'1$n q p ~�v0o-v
�2v)1�r v�n 10r p q ~�p w$n ��q n v

yk
� v0~�v*o p 1$w$vVv

arg min
w$v�o p ��}$n 10r pG�$q v*K$� p ~�s�O

~�n 1 1
2
||C(x)||22o M s�M
||x− xk||∞ ≤ β||C(xk)||2,

x ∈ Ω.

y7s0q sGq p s�� n � s�qDvGy:s�o o v ��w$vG�-� ��v0q n r ~*vG��M S C }$p�� v0q q p o �6v*1$w$p-s5P s0o p.w$p�~�n 1$n ~�n � s {
t u0v�72w$p �'1$n q p ~�v0o

zk,i
� v�~�v*o p 1$w$v�w$v

arg min
w$v��$q v*K$� p ~�s

~�n 1
f(x)

o M s�M
x ∈ πk ∩Bk,i.

��10r p o*w$p�q p s�� n � s�qGs�P s0o p�w$pV~�n 1$n ~*n � s0t u0vVr p ~�v�o C0}$pV� s�� � }$� s�q 7�1$v_y:s�o o v��_w$v
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�2v w$p ~�v�o.� s�� � }$� s�q
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� v�~�v*o p 1$w$v
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P s�� r L ?0p �:�$s�q s�s�oGq p o r q n t � p oGs�� n ~�s�~�s�o:1$u�v_o s r n o P s�� p ~�s0oGq p o r q n t � p o�� ��M S)S � MQ87v��0v�7
}$~�s�w$p o ?�s*10r s���p ~ w$sVp o r q s�r H �0n s*w$s�o v0~�sQH:C0}$p�sQC0}$s)10r n w$s�w$pGw$p�q p o r q n t �0p o�HG� v*1 {
o n w$p q s ?0p � ~�p 1�r pG~�s0n v�q 7�1$s*�$q v��2v0q t u0v*w$p
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