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We consider a mesoscopic superconducting parallelepiped with different boundary conditions on 
different parts of the surface, xy, xz and yz surface planes. This is realized by considering different 
values of the de Gennes extrapolation length b on different surfaces of the sample. Our investigation was 
carried out by solving the three-dimensional (3D) time dependent Ginzburg–Landau (TDGL) equations. 
We studied the local magnetic field, order parameter, and both the magnetization and vorticity curves as 
functions of the external applied magnetic field for different values of b on the surfaces of the sample. 
We show that this surface anisotropy has very strong influence on the vortex configurations and the 
magnetization as a function of the external applied magnetic field, both experimentally accessible.

© 2015 Elsevier B.V. All rights reserved.
1. Introduction

A very important consequence to consider a 3D superconduc-
tor sample in a homogeneous external applied magnetic field is 
the demagnetization effect. The study of such systems by using 
the 3D TDGL equations requires an enormous computational ef-
fort. However, from the quantitative point of view it is much more 
advantageous than the two-dimensional (2D) TDGL model, since 
we obtain precisely the critical fields, the vortex configurations, 
energy and magnetization stability curves, etc. There are many ex-
perimental (see for instance [1–6]) and theoretical (see for instance 
[7–10]) studies for 3D systems. In all these theoretical studies, the 
Ginzburg–Landau model has been proven to give a good account 
of the superconducting properties in samples of several geome-
tries, i.e., disks with finite thickness and spheres [11,12], shells 
[13], cone [14], thin circular sectors, thin disks and SQUID geome-
try [15–18].

As is well-known from the microscopic theory, the Ginzburg–
Landau approach gives accurate results close to the critical tem-
perature Tc . However, from the experience it is well known that it 
is also capable of gives reasonable results beyond this limit.

In a recent work, the authors of this paper made a comparative 
study between the 2D and 3D Ginzburg–Landau models. We de-
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termined an analytical dependence of the thermodynamic fields 
and the magnetization as functions of the lateral dimension of 
the superconductor [19]. There, we have considered only the more 
common situation of a superconductor–vacuum interface.

In this paper, we have gone further by investigating the effects 
of the boundary conditions of the superconducting order parame-
ter at the surface of the specimen; they modify the structural and 
magnetic properties of the vortex state as the size of the sample 
is comparable to the coherence length ξ or the London penetra-
tion depth λ [20]. We consider a superconductor covered by a 
very thin layer of a different material. Three types of interfaces 
are taken into account: superconductor–vacuum, superconductor–
normal metal, superconductor–superconductor at a higher criti-
cal temperature. Either we employ the same boundary conditions 
in all the six faces of a parallelepiped geometry (isotropic in-
terface type), or we combine them in several different manners 
(anisotropic interface type).

The paper is outlined as follows. In Section 2 we briefly de-
scribe the theoretical formalism used to study a mesoscopic super-
conducting parallelepiped in the presence of an external applied 
magnetic field. We also present all the seven scenarios of bound-
ary conditions which will be undertaken. Then, in Section 4 we 
present the results coming out from the numerical solution of the 
TDGL equations for the magnetization, vorticity, vortex configura-
tions and local magnetic field profiles.
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Fig. 1. (Color online.) Schematic view of the geometry of the system under investi-
gation. The meaning of all symbols are described in the text.

2. Theoretical formalism

The geometry of the problem that we investigate is illustrated 
in Fig. 1. The domain �sc is filled by the mesoscopic supercon-
ducting parallelepiped of thickness c and lateral sizes a and b. 
The interface between this region and the vacuum is denoted by 
∂�sc . Because of the demagnetization effects, we need to consider 
a larger domain � of dimensions A × B × C , such that �sc ⊂ �. 
The vacuum–vacuum interface is indicated by ∂�. We consider a 
mesoscopic superconducting parallelepiped in the presence of an 
uniform applied magnetic field H along the z direction. The do-
main � is taken sufficiently large such that the local magnetic field 
equals the applied field H at the surface ∂� (see Ref. [19] for more 
details). The general form of the time dependent Ginzburg–Landau 
equations in dimensionless units are given by:

∂ψ

∂t
= −(−i∇ − A)2ψ + ψ(1 − |ψ |2) , in �sc , (1)

∂A

∂t
=

{
Js − κ2∇ × ∇ × A , in �sc ,

−κ2∇ × ∇ × A , in �\�sc ,
(2)

where

Js = Re
[
ψ̄(−i∇ − A)ψ

]
(3)

is the superconducting current density.
In Eqs. (1)–(3) dimensionless units were introduced as fol-

lows: the order parameter ψ is in units of ψ∞ = √−α/β , the 
order parameter at the Meissner state, where α and β are two 
phenomenological constants; length is in units of the coherence 
length ξ ; time is in units of the Ginzburg–Landau characteristic 
time tGL = π h̄/8K B Tc ; magnetic field is in units of Hc2, the bulk 
upper critical field; the vector potential A is in units of ξ Hc2; 
κ = λ/ξ is the Ginzburg–Landau parameter.

The phase diagram of mesoscopic superconductor is strongly 
influenced by the boundary conditions for the order parameter. In 
general, they are given by the de Gennes boundary conditions:
n · (i∇ + A)ψ = − i

b
ψ , at ∂�sc , (4)

∇ × A = H , at ∂� , (5)

where n is the unit vector outward normal to the superconductor-
medium interface, b is the de Gennes surface extrapolation length 
which describes this medium; as we have stated previously, � is 
a domain sufficiently large such that the local magnetic field h =
∇ × A equals the external applied magnetic field H.

It must be emphasized that the space between the interfaces 
∂�sc and ∂� is not filled by any material. The superconductor is 
covered by a very thin layer of another material which is contained 
in the domain �sc . This layer is described by the de Gennes ex-
trapolation length b.

In order to solve equations (1)–(3) numerically, we used the 
link-variable method as sketched in Refs. [21,22]. This is not the 
unique method available to solve these equations. A method valid 
for very thin films has been devised in Ref. [23], in which fast 
Fourier transform combined with the link-variables was employed. 
Although we used the TDGL equations, we are concerned only with 
the stationary state; they are used only as a relaxation method to 
obtain the equilibrium state.

By varying the values of b, we can change the nucleation field 
and the critical current. From the microscopic point of view, it is 
possible to show that b depends on the properties of the interface; 
it is maximum for an ideal surface with the mirror reflection of 
quasi-particles and minimum for the rough surface with the diffu-
sive reflection [24–27]. The values of b can be estimated according 
to Refs. [28,29]. The superconductor–vacuum interface, b → ∞, 
has been extensively studied by many authors (see for instance 
[30–35]). The case in which b > 0 is used, the order parameter is 
suppressed in the vicinity of the sample surface, a normal metal. 
For the superconductor–normal metal interface b is always small, 
b ∼ ξ , because of diffusion of normal electrons from the metal to 
the superconductor. The enhancement of the order parameter is 
reached at the interface by using negative values of b. This can 
be realized by covering the superconductor sample with a very 
thin layer of another superconductor having a higher critical tem-
perature [36]. This can also be achieved by covering it with a 
semiconductor, such that there is an overlap of the band gap of 
the semiconductor with the superconducting gap. In this paper, we 
will study a mesoscopic superconducting parallelepiped for several 
types of interfaces.

According to Fig. 2, we have considered the three following sce-
narios:

• Case 1: the upper and lower faces of the sample, xy planes, 
are in contact with a metallic material, b = 5ξ ; or a supercon-
ductor material at higher critical temperature, b = −5ξ ; the xz
and yz planes are in contact with vacuum, b → ∞; left panels 
of the figure.
Fig. 2. Layout of the studied samples; the external applied magnetic field H is pointed perpendicular to the xy plane.
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Fig. 3. Magnetization 4π M as a function of the external applied magnetic field in the upward branch (upper panels) and downward branch (lower panels) for the indicated 
values of b.
• Case 2: the xy planes are in contact with vacuum, b → ∞; the 
xz and yz planes are either in contact with a metallic mate-
rial, b = 5ξ , or a superconductor at higher critical temperature 
material, b = −5ξ ; middle panels of the figure.

• Case 3: all planes are either in contact with a metallic mate-
rial, b = 5ξ , or a superconductor at higher critical temperature 
material, b = −5ξ ; right panels of the figure.

• Case 4: all planes are in contact with vacuum b → ∞; not 
shown in Fig. 2.

Case 4 is used for comparison purposes. Thus, case 4 and both 
cases 3 are isotropic interface type. All the other ones are 
anisotropic interface type.

In Ref. [19] we described in details the differences between the 
2D and 3D Ginzburg–Landau models. In the 2D TDGL equations, 
all physical quantities are taken invariant along the z direction, 
that is, only xz and yz faces are taken into account. As a con-
sequence, there should be no difference: (a) between b = 5ξ and 
b = −5ξ , case 1, (b) between cases 2 and 3 for the respective val-
ues of b = ±5ξ . Thus, only upon using the 3D TDGL equations we 
could detect the influence of distributing the boundary conditions 
non-uniformly throughout all the six faces of the parallelepiped.

In the next Section, we present a detailed comparative study 
of the intra cases (negative and positive values of b, columns of 
Fig. 3), and inter cases (fixed values of b, rows of Fig. 3).

3. Results and discussion

In order to solve the 3D TDGL equations, the size of the simula-
tion box � was taken as 19ξ × 19ξ × 11ξ and the superconductor 
inside has the size 6ξ × 6ξ × 1ξ ; we used κ = 1 and a mesh with 
grid size �x = �y = �z = 0.1ξ . This choice of the dimension of 
the simulation box and the superconducting parallelepiped assures 
that the surfaces ∂�sc and ∂� are sufficiently far from one each 
other. This guarantees that the local field will be uniform faraway 
form the superconducting domain. The values of the de Gennes 
parameter are quoted in Fig. 2.

Figs. 3 and 4 show the magnetization 4π M and vorticity N , 
respectively, as functions of the external applied magnetic field 
when H is increasing (upper panels) and decreasing (lower pan-
els) for the four considered cases stated previously. As can be 
seen from these figures, for b = 5ξ , the lower critical fields are 
H1 = 0.622Hc2, H1 = 0.760Hc2, H1 = 0.614Hc2, H1 = 0.7534Hc2
for cases 1, 2, 3, and 4 respectively. Thus, the lower critical field is 
approximately equal for cases 2 and 4, and cases 1 and 3. These 
similarities are not difficult to understand if we notice that the 
thickness of the sample is rather small. Therefore, the lateral in-
terfaces (xz and yz planes) do not have a significant influence 
on shielding the superconductor from the first nucleation of vor-
tices; what really matters are the upper and lower interfaces.1

This is a very important advantage of the 3D TDGL model, since 
with the 2D counterpart we would not be able to keep these 
similarities because in both comparisons the lateral interfaces are 
different. The upper critical field strongly depends on the bound-
ary conditions. From the left upper panel of Fig. 3 we obtain 
H2 = 1.602Hc2, 1.198Hc2, 0.880Hc2 for cases 2, 1 and 3 respec-
tively. Then, we can conclude that, the larger the area of the su-
perconductor is covered by a metal, the smaller the value of H2 is. 
Again, we see the importance of the 3D Ginzburg–Landau model, 
since from the 2D perspective there should be no difference be-
tween cases 2 and 3.

Still concerning Fig. 3, we see that for the b = −5ξ curves, the 
lower critical field is the same for cases 2 and 4, H1 = 0.756Hc2; 
while for cases 1 and 3 this critical field are approximately the 
same, H1 = 0.890Hc2 and H1 = 0.911Hc2 respectively. Then, sim-

1 This result is valid only for a very thin superconductor. In this case, the upper 
and lower surfaces are so close to one each other that they have a strong influence 
inside the superconductor, inclusive in the regions near the lateral surface. Although 
we have not considered very thick samples, we expect that in this limit the screen-
ing properties would be the opposite from what we have found.
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Fig. 4. Vorticity N as a function of the external applied magnetic field in the upward branch (upper panel) and the downward branch (lower panel) for the indicated values 
of b for the cases under consideration. Inset: (up) Spatial pattern of the modulus of the order parameter, |ψ |, (down) the phase of the order parameter for H = 0.85Hc2, 
on plane z = C/2. (For interpretation of the colors in this figure, the reader is referred to the web version of this article.)
ilarly to the b = 5ξ situation, the lateral interfaces do not play a 
significant role on the values of the lower critical fields. For the 
upper critical field we find H2 = 3.150Hc2, 2.608Hc2, 2.348Hc2, for 
the cases 3, 2 and 1, respectively. In opposition to the situation of 
b = 5ξ , it seems that there is not a direct relationship between the 
value of H2 and the area of the superconductor covered by another 
superconductor at higher temperature, since the upper critical field 
is larger for case 2 than for case 1, although the difference is small. 
Again, we notice that the 2D TDGL model could not detect the dif-
ferences between cases 2 and 3.

Let us now analyze the downward branch of the magnetization 
curves (see lower panels of Fig. 3). As we have observed above, 
cases 1 and 3 present a less efficient barrier for first penetration of 
vortices than cases 2 and 4 for b = 5ξ . On the other hand, for H
decreasing, the systems of cases 1 and 3 expel all the vortices at 
larger external applied magnetic fields (see lower left panel). Then, 
it seems that those samples most covered by a metal exert more 
attraction to the vortices inside when H is decreasing. Concerning 
the b = −5ξ situation (lower right panel), we see that a similar 
scenario occurs.

Next, we present some transitions in the upward and down-
ward branches of the vorticity as a function of the external ap-
plied magnetic field H (see Fig. 4). The arrows indicate when H is 
increasing (upper panels) and decreasing (lower panels). The vor-
tex position can be found from the singularity of phase of the 
order parameter, located at the interior of the sample where it 
presents a change of 2π in a closed path (the color changes from 
blue to red in the anticlockwise sense). As we have strengthened 
above, the full vortex expulsion fields are different in the down-
ward branch of the magnetic field for each considered case. We 
can see this effect more clearly when N vanishes in the downward 
branch. Let us denote this magnetic field by H p . Just to quote, we 
have the following scenarios for the final vortex transitions when 
H is decreasing for b = 5ξ : N = 2 → 0, H p = 0.470Hc2, case 1; 
N = 1 → 0, H p = 0.202Hc2, case 2; N = 1 → 0, H p = 0.284Hc2, 
case 3. Now, when the boundary condition b = −5ξ is employed: 
N = 2 → 0, H p = 0.508Hc2, case 1; N = 1 → 0, H p = 0.060Hc2, 
case 2; N = 4 → 0, H p = 0.710Hc2, case 3.

Now we show some snapshots of the modulus of order param-
eter and its corresponding phase in the z = 0 plane (see insets of 
Fig. 4). In order to make a comparison between all cases on equal 
foot, we chose the same value of H . For H = 0.85Hc2 we see that 
the vorticity N = 2 is the same for both b = 5ξ and for b = −5ξ , 
cases 1 and 2. In addition, the vortex configurations are identi-
cal, an N = 2 giant vortex at the center, although their size are 
quite distinct. On the other hand, for the same value of H when 
the external applied magnetic field is decreasing, we have differ-
ent situations for both values of b, and also between all cases 1, 
2, and 3 for the same value of b. For b = 5ξ we have: N = 3
giant vortex state, case 1; N = 3 giant vortex state, case 2; and 
N = 2 giant vortex state, case 3. As for b = −5ξ we have: N = 2
giant vortex state, case 1; N = 4 fourfold symmetry vortex state, 
case 2; and N = 4 fourfold symmetry vortex state, case 3. For a 
fixed value of b, even when the vorticity is the same, the dimen-
sions of the vortices are visibly different. Thus, we see that the 
boundary conditions have a strong influence on the vortex config-
urations of a superconductor and they can be detected only with 
the use of the 3D TDGL equations. Until some time ago, the ex-
istence of giant vortex was a controversial issue, although all the 
numerical solutions of the TDGL equations pointed out that con-
finement effects do lead to this novel state (see for instance Refs. 
[31,37] and references therein). Experiment on Pb films by using 
scanning Hall probe microscopy were not conclusive with respect 
to the giant vortex state (see for instance Ref. [38]). However, after 
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Fig. 5. Intensity of the order parameter on the xz plane (y = B/2) for the isotropic 
case 4. At the center we have an N = 2 giant vortex state.

a direct scanning tunneling spectroscopy experiment on ultrathin 
single crystal of Pb conducted by Cren et al. [39], it remains rather 
doubt about the occurrence of ultradense arrangements of single 
Abrikosov vortices (giant vortices). Also, very recently, Lukyanchuk
et al. [4] show some magnetization measurements accompanied 
by numerical simulations which reveal both fission and fusion of 
multi-quanta vortex droplet.

We also have investigated how the order parameter and the 
size of the vortex core change along the z direction (on the xz
plane, y = B/2) for all isotropic/anisotropic interface types un-
der investigation. In Fig. 5 we show the modulus of ψ for case 
4 (isotropic surfaces, b = ∞). We see that the order parameter 
is uniform from the bottom to the top surface. This is rather ex-
pected since the film thickness is very small. In Fig. 6 we have 
plotted the remaining cases 1, 2, and 3. It can be easily seen that 
we can obtain case 1 from 4 by maintaining the lateral surfaces 
unchanged and substituting the top and bottom b = ∞ surfaces to 
either b = 5ξ or b = −5ξ . In this case we have a different picture. 
As can be seen, now we have a significant variation of the order 
parameter throughout the thickness of the film. Notice that the 
case b = 5ξ has a larger core size than its counterpart b = −5ξ ; 
and for this latter case the regions near the lateral surfaces of the 
superconductor remain much more preserved, even for higher val-
ues of H . From case 4, if we keep the top and bottom surfaces at 
b = ∞ and replace the lateral surfaces with b = ±5ξ we obtain 
case 2; now, it seems that the central core has nearly the same 
size for both negative and positive values of b. However, as ex-
pected, the regions near the lateral surfaces of the order parameter 
are more preserved for a parallelepiped with a superconductor-
superconductor at a higher critical temperature interface than for 
a superconductor–normal metal one. Lastly, we consider case 3 in 
which we have either b = 5ξ or b = −5ξ isotropic surfaces. Con-
trary to the isotropic surfaces of case 4, even small, now we notice 
some variations of the order parameter in the z direction near the 
Fig. 6. The same as Fig. 5 for all cases of Fig. 2.

Fig. 7. The local magnetic hz for H = 0.426Hc2 and the indicated values of b for the cases under consideration. Hes is the largest value of hz at the border of the sample in 
the y = 0, B plane. All panels are the frontal view of a 3D graphics of the local field magnetic intensity at the z = C/2 plane.
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border of the vortex. The central cores seem to have the same size, 
but outside this region the order parameter is less destroyed for b
negative than positive, as was expected.

Finally, in Fig. 7 we present the local magnetic field hz profiles 
in the z = C/2 plane for H = 0.426Hc2. We see that the demag-
netization effects are very enhanced at the border of the super-
conducting sample in the Meissner state, no matter if the bound-
ary conditions are of either isotropic or anisotropic interface type. 
This is a typical feature of superconductors of thickness smaller or 
equal to ξ . Nevertheless, looking at each particular choice of inter-
faces, we see that for parallelepiped covered by at least one thin 
layer of a superconductor with higher Tc the demagnetization ef-
fect is stronger. For case 1, this effect could never be detected by 
using the 2D TDGL equations, since we do not have top and bot-
tom faces. Once again, we notice the relevance of the 3D approach 
for the TDGL equations.

4. Conclusions

In conclusion, we have shown that anisotropic surface condi-
tions described by different values of the de Gennes parameter can 
produce either a reduction or an enhancement of the thermody-
namics properties of a three dimensional small superconducting 
parallelepiped in the presence of an external applied magnetic 
field. Critical magnetic fields, both for nucleation and full expul-
sion of vortices, have been studied and we found their dependence 
with different interfaces. The dependence of the vortex configura-
tions with anisotropic surfaces were also investigated. Our findings 
show that the vortex configurations and the size of the vortices 
can be strongly influenced by the anisotropic surface conditions. 
For instance, we show that, for a sample of the same size, differ-
ent boundary conditions can produce distinct giant vortex states 
(different vorticity and core size). This could not be entirely con-
clusive by using a 2D TDGL model, since in this case we would not 
have the top and bottom surfaces of the superconducting film.
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