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Abstract: This study presents a tie line planning and its effects on the operating cost and environmental issues of power
systems via a novel multi-area active–reactive optimal power flow (MA-AROPF) model. In this study, the authors focus on
the significant role of tie line planning on power system operation. To select an appropriate tie line, a modified sensitivity
index is used, which not only reduces the operating cost and emissions, but also enhances the voltage stability of
individual areas and the entire power system. These benefits are obtained by increasing the degree of freedom of the
power system through providing uniform economic and emission dispatch. Moreover, in this study, to address the
drawbacks of commonly used decomposition methods for solving MA-AROPF, an integrated model is proposed. An
AROPF that considers the environmental effects is a highly non-linear problem, and the multi-area consideration of
such problems via tie line planning makes it an even more complicated and exceedingly non-linear problem. For
didactic purposes and to verify the model, a small two-area system is considered in detail, while to show the
effectiveness of the proposed approach, a three-area system consisting of 14-, 30-, and 118-bus IEEE test systems is
conducted.
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Nomenclature

Indices
i, j, k
 index for the buses

ij
 index for the corridor between buses i and j

l
 index for the transmission lines

sa
 index for the sub-areas

x, y
 index for the areas
Sets
G( · )/H( · )
 set of equality/inequality constraints of individual
buses
G′( · )/H′( · )
 set of equality/inequality constraints of
interconnected buses
ΩA
 set of areas
V
Ax
b /V

Axy

b
 set of buses at area x/interconnected area xy (x≠ y)
VAx
g /VAsa

x
g
 set of generators at area x/area x and sub-area sa
ΩIA
 set of interconnected areas
V
Ax
L
 set of transmission lines at area x
V
Ax
SA
 set of sub-area at area x
V
Axy
TL
 set of tie lines between areas x and y (x≠ y)
Functions
Ci( · )
 generation cost of unit i

Ei(·)
 maximum excitation voltage of unit i

Emi( · )
 emission produced by unit i

F
 objective function

FMA
C
 total cost function of a multi-area power system
f Ax
i (·)
 objective function of unit i at area x
flij/ji( · )
 power flow of line ij/ji
Pgi
(·)
 maximum output power of generator i, imposed by the

capability curve
Variable and limits
alij/w
l
ij
 magnitude and phase of transformer tap in line l at

corridor ij

EMSAsa

x
 emission of sub-area sa at area x

EMAx
 emission of area x

EMAx
 maximum emission limit of area x

EMS
 system emission

EMS
 maximum emission limit of system

EMSA

sa
x
 maximum emission limit of sub-area sa at area x
�f lij/ji
 maximum power flow limit of line ij/ji

Pgi

/Qgi

active–reactive power generation of unit i
Pdi
/Qdi
active–reactive power demand at bus i

Pgi
 minimum active generation limit of unit i

pij/pji
 direct/reverse active power flow of line ij/ji

p′ij/p

′
ji
 direct/reverse active power flow of tie line ij/ji
Qgi
/�Qgi
minimum/maximum reactive generation limit of unit i
qij/qji
 direct/reverse reactive power flow of line ij/ji

q′ij/q

′
ji
 direct/reverse reactive power flow of tie line ij/ji
Sgi
 rated VA of the machine

tpij
 transformer tap ratio in corridor ij

tpij/tpij
 minimum/maximum transformer tap ratio in corridor ij
uAx
i /u

Axy
i
 control variables of bus i at area x/interconnected area

xy (x≠ y)

uAx
i /�uAx

i
 lower/upper band of control variables of bus i at area x
u
Axy
i /�u

Axy
i
 lower/upper band of control variables of bus i at

interconnected area xy (x≠ y)

vi
 voltage magnitude of bus i

vi/�vi
 maximum/minimum voltage magnitude limit of bus i

Xsi
 synchronous reactance of the machine

θij
 angle differences of a line between buses i and j
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Fig. 1 Sample

300
state variables of bus i at area x/interconnected area
xy (x≠ y)
πi/ki
 Lagrange multiplier of the active–reactive demand
equality constraint at bus i
Constant
ai, bi, ci
tw
cost coefficients of unit i

gshi /b

sh
i
 shunt conductance/shunt susceptance of bus i
glij/b
l
ij/b

l, ch
ij
 conductance/susceptance/charging susceptance of

line l at corridor ij

nA
 number of areas

r, x, c
 resistance, reactance, and charging susceptance bl, chij

of line l at corridor ij

αi, βi, gi
 emission coefficients of unit i
1 Introduction

Optimal power flow (OPF) is an extension of the conventional
economic dispatch and is considered as the kernel of a power
system [1, 2]. A multi-area OPF, which is an adopted OPF tool for
multi-area power systems, aims to determine the optimum output
of all online units under steady-state conditions by optimising a
predefined objective [3]. In this regard, several constraints such as
active and reactive power balance, transmission and tie lines power
flow limits, active and reactive power generation limits etc. are
taken into account [4–6].

In addition to the importance of considering the costs, stability, and
security of a power system, currently, some countries are attempting to
reduce the harmful environmental impacts of generating electricity [7].
Since 1990, the Clean Air Act Amendments has mandated that
utilities must modify their design or operational strategies to reduce
emissions that pollute the atmosphere [8, 9]. Subsequently, two
innovative approaches of cap-and-trade emission markets were
introduced [10]. Power plants are moving toward using carbon
capture storage technology, which is a promising option to obtain
the ambitious targets of reducing carbon dioxide emissions [11].
Another method is installing desulphurisation units to reduce the
harmful environmental effects of power plants [12]. Implementation
of the energy-saving generation dispatching model is an innovative
approach, which not only results in energy savings but also the
reduction of pollutant emissions [13]. The emission limitations of a
power system can be considered in the context of a system
emissions limit (EMS), a regional emissions limit (EMA), and a
sub-area emissions limit (EMSA), and these constraints will
decrease the degrees of freedom of a power system. A system with
a low degree of freedom will be faced with a serious problem of
o-area power system
rescheduling under critical conditions such as unexpected generator
outages or transmission line failures and for unanticipated spikes in
the demand. Therefore, adding an appropriate tie line, by
transmitting enough active and/or reactive power among the areas,
is considered an applicable approach to increase the degree of
freedom and to reduce the system emissions and the operating costs.

To achieve higher efficiency in a power system, the operators of
small-scale systems prefer and tend to connect to other systems to
form an interconnected large-scale system. Though such
interconnected systems have several benefits, it is quite difficult to
determine the optimal operation point of such large-scale systems,
and the use of decentralised method is more practical in
determining the optimal solution of such systems on an
area-by-area basis [14, 15], where only a small amount of
information must be interchanged among the involved areas [16].
Decomposition methods, which are the general approaches for
solving the large-scale problems, through breaking it up into
smaller problems via a parallel or sequential approach, try to solve
such problems in DC or AC power systems [17]. To develop the
algorithm for multi-area power systems, most of the relevant works
have focused on DC-OPF. An iterative decentralised DC-OPF that
can be implemented on a network workstation was reported in [18].
In [19], a proper and simple coordination among area operators was
proposed. In [20], a non-iterative method that does not require a
central coordinator was reported. In [21], a decentralised method
that is based on a pricing mechanism was reported, with
coordination of areas, based on the prices of the power exchange
between the interconnected areas. However, the main drawback of
such methodologies is their iterative manner.

In a multi-area power system, all the activities in each area will
affect the prices, stability, degrees of freedom etc. of other
interconnected areas. In this regard, a tie line can play an important
role. From an operational standpoint of a regional transmission
organisation (RTO), tie lines are used to facilitate the energy
exchange between areas based on a pre-defined agreement [22].
Moreover, measuring the transmitted power between areas through
a tie line requires the knowledge that whether the area is balancing
its active and reactive generations and loads or not [23]. Similar to
an independent system operator (ISO), the RTO coordinates,
controls, and monitors the operation of a larger power system such
as a multi-area power system [24]. While safety and stability are the
two most important issues in an RTO, providing the security of a
power system is considered as the main role of an RTO in a power
system market to ensure that the supply and demand are in balance
and the frequency fluctuations and interruptions, which may result
in a shedding of power or a blackout, are avoided. Thus, both ISO
and RTO are responsible for managing every single-area power
system (appropriate generation and transmission), and also the
interconnections of these areas in an online consideration via a
multi-area active–reactive OPF (MA-AROPF). In this literature,
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two commonly used models for AROPF problem have been
introduced. In [25, 26], the effects of reactive power have directly
been considered on the objective function, whereas in [27, 28], the
maximum active power limit is a non-linear function of reactive
power, and consequently, the effects of reactive power have
indirectly been considered on the objective function. The
management of energy flows across the grid and the exchange of
power flow information via the RTO will result in a properly
functioning power system. One of the functions of the RTO is
expansion planning, and more specifically, tie line planning [29].
The coordination between the generation and transmission
expansion planning is a critical issue in a power system, since it can
enhance the stability of each area, thereby resulting in the entire
power system’s stability [30]. In the multi-area power system
studies, the tie lines are usually predefined and the researchers focus
on decomposition approaches, security enhancement [31] etc.

Traditionally, tie line planning is performed by considering
the location, the capacity of tie lines, as well as the rate of return,
in order to obtain the optimal economic operation of the
system. This paper focuses on the operation of a power system for
which only the effects of tie lie planning are taken into
consideration. To determine an appropriate tie line, three types of
methods can be used: metaheuristic-, enumeration-, and sensitivity
index (SI)-based methods [32]. Though metaheuristic-, and
enumeration-based methods, for an economic-oriented optimisation
problem, may determine the appropriate tie lines that result in a
lower cost than the SI method, these methods have some
drawbacks. For instance, they are time-consuming, and also
inefficient in finding an appropriate tie line that satisfies several
objectives. For example, in enumeration methods, it is quite
difficult to find a compromise between several objectives via a
classic approach, while for metaheuristics, adjusting the
compromise coefficients of the objectives is a complicated task
[9]. In this paper, regarding to [33], a modified SI that works
based on the system voltage profile, and the Lagrange multipliers
of the active and reactive demands equality constraints is
proposed. The optimal tie line is considered to be the one that
most effectively enhances the stability and degree of freedom of a
multi-area system while reducing the total operating cost. In other
words, optimal addition of tie lines result in a more stable and
re-schedulable power system with a lower operating cost.

This paper aims at contributing to: (i) proposing a novel
MA-AROPF model, (ii) considering the tie line planning effects
on a multi-area system and demonstrating its importance, and (iii)
introducing a modified SI for tie line planning problems. The
proposed MA-AROPF, which is an integrated model, addresses
several drawbacks of the commonly used decentralised methods
and accounts for the EMS, EMA, and EMSA as the emission
limits. For didactic purpose and to verify the proposed paradigm, a
simple two-area test system is used, and then a large-scale
three-area system containing three IEEE commonly used test cases
of 14-, 30-, and 118-bus test systems is considered to show its
effectiveness.

The rest of this paper is organised as follows. Section 2 contains
the proposed MA-AROPF model. Case studies and results are
presented in Section 3, and also an extra explanation on the tie
line selection process is presented. Section 4 contains the
concluding remarks and the prospects for future works.
2 Problem formulation

The main objective of an MA-AROPF problem is to minimise the
entire interconnected power system’s costs. Selecting proper tie
lines plays a significant role to achieve this goal as well as to
enhance the voltage stability of a multi-area system. It is essential
to consider the environmental limits during the tie line planning
process. Otherwise, the degree of freedom of the system may not
be sufficient to ensure proper rescheduling when the system
encounters a critical condition, and consequently, a high
rescheduling cost or a failure in rescheduling may result. In this
section, first, the mathematical formulation for an MA-AROPF
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problem is presented, followed by the presentation of the strategy
of tie line planning.

2.1 MA-AROPF mathematical formulation

In this paper, to obtain the proposed multi-area model, which is fast
and unequivocal, the coupling constraints are defined and the
resulting formulation constitutes an MA-AROPF model. This
model is readily implementable and its optimal solution can be
determined by using only a commercial non-linear solver. A
generalised mathematical formulation of a multi-area power system
can be presented by (1)–(7)

min F(C, u) =
∑
x[VA

[min
∑
i[V

Ax
g

f Ax
i (CAx

i , uAx
i )]

= min
∑
i[V

A1
g

f A1
i (CA1

i , uA1
i )

+min
∑
i[V

A2
g

f A2
i (CA2

i , uA2
i )+ · · ·

+min
∑

i[V
A(nA−1)
g

f
A(nA−1)
i (C

A(nA−1)
i , u

A(nA−1)
i )

+min
∑

i[V
AnA
g

f
AnA
i (C

AnA
i , u

AnA
i )

s.t.

(1)

G(CAx
i , uAx

i ) = 0, x [ VA (2)

H(CAx
i , uAx

i ) ≤ 0, x [ VA (3)

uAx
i ≤ uAx

i ≤ �uAx
i , x [ VA (4)

G′
x=y

(C
Axy
i , u

Axy
i ) = 0, xy [ VIA (5)

H ′
x=y

(C
Axy
i , u

Axy
i ) ≤ 0, xy [ VIA (6)

u
Axy
i ≤ u

Axy
i ≤ �u

Axy
i , xy [ VIA (7)

where (2)–(4) are equality constraint, inequality constraint, and
control variables of individual buses, respectively; and (5)–(7) are
equality constraint, inequality constraint, and control variables of
interconnected buses, respectively.

In this paper, the objective of all areas is to minimise the operating
cost. For didactic purposes, the formulation of a tie line planning
problem via MA-AROPF, for a two-area system, Fig. 1, is
considered in detail

min FMA
C = min

∑
i[V

A1
g

Ci(Pgi
)+min

∑
i[V

A2
g

Ci(Pgi
)

s.t. constraints sets (9)− (17) and (32)− (36)

(8)

(see (9–17) at bottom of the next page)

where FMA
C is the total cost of multi-area system; and (9)–(17) are the

constraints related to individual buses of each area. The cost function
of unit i (ci( · )) is approximated by a quadratic function as described
in (18)

Ci(Pgi
) = ai(Pgi

)2 + biPgi
+ ci (18)

Equations (9) and (10) are the active and reactive quality constraints,
respectively; in these constraints the direct and reverse active and
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reactive power injections are as (19)–(22)

pij = (alijvi)
2glij − (alijvi)vj[g

l
ij cos (uij + wl

ij)+ blij sin (uij

+ wl
ij)] (19)

p ji = glijv
2
j − (alijvi)vj[g

l
ij cos (uij + wl

ij)− blij sin (uij + wl
ij)] (20)

qij = −(alijvi)
2 blij +

bl, chij

2

( )
− (alijvi)vj · [glij sin (uij + wl

ij)

− blij cos (uij + wl
ij)] (21)

q ji = − blij +
bl, chij

2

( )
v2j + (alijvi)vj[g

l
ij sin (uij + wl

ij)

+ blij cos (uij + wl
ij)] (22)

Constraint (11) is related to the line power flow limit. This power
flow can be considered as active power flow, (19) and (20), or
apparent power flows as (23) and (24)

f lij =
���������
p2ij + q2ij

√
(23)

f l ji =
����������
p2ji + q2ji

√
(24)

Constrains (12) and (13) are the active and reactive power generation
limits, respectively; in (12) the upper bound is a highly non-linear
function of reactive power generation. This limit is imposed by the
capability curve and turbine and has three different portions as
seen in (25) [34]

PM
gi
(Qgi

) =

P ′
gi

Q ′
gi
− Pgi

( )
(Qgi

− Qgi
), Qgi

≤ Qgi
≤ Q ′

gi����������
S2gi − Q2

gi

√
, Q ′

gi
≤ Qgi

≤ Q ′′
gi��������������������������

v2i (Ei)
2 − (Qgi

Xsi + v2i )
2

√
Xsi

, Q ′′
gi
≤ Qgi

≤ �Qgi

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(25)

where �Ei is defined as (26); the coordinates of the intersection points
between the first and second portions (Q′

gi
, P′

gi
), and between second

and third portions (Q′′
gi
, P′′

gi
), of the capability curve are calculated as
area 1/2 (A1/2)

Pgi
− Pdi

− gshi v
2
i −

∑
ij[V

A1/2
L

i=j

pij

Qgi
− Qdi

+ bshi vi
2 − ∑

ij[V
A1/2
L

i=j

q

f lij/ji(v, u, tp)
∣∣∣ ∣∣∣ ≤ �f lij/ji, ij/

{
Pgi

≤ Pgi
≤ PM

gi
(Qgi

), i [ V

Qgi
≤ Qgi

≤ �Qgi
, i [ V

A1/2
g

vi ≤ vi ≤ �vi, i [ V
A1/2

b

tpij ≤ tpij ≤ tpij, ij [ V
A1/2
L

EMSAsa
1/2 =

∑
i[V

Asa
1/2

g

Emi ≤ EM

EMA1/2 =
∑

i[V
A1/2
g

Emi ≤ EMA

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩
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(27)–(30)

Ei =

����������������������������
(XsiP

′′
gi
)2 + (XsiQ

′′
gi
+ v2i )

2

v2i

√√√√
(26)

P′
gi
= Sgi cos (−w) (27)

Q ′
gi
= Sgi sin (−w) (28)

P′′
gi
= Sgi cos w (29)

Q′′
gi
= Sgi sin w (30)

It should be noted that usually the voltage magnitude of bus i, vi in
(26), is supposed to be 1 [per unit (pu)], but in this paper, in order to
have a more precise model, the actual voltage magnitude, (14), is
considered.

Constraint (15) is related to the transformer tap limits; constraints
(16) and (17) are the sub-area and area emission limits, respectively.
In this paper, the amount of emission for each generator [Emi( · )] is
approximated by the quadratic function of (31) [35]

Emi(Pgi
) = ai(Pgi

)2 + biPgi
+ gi (31)

Constraints (32)–(35) are only for the buses related to interconnected
areas. The advantages of this formulation are as follows: (i) no
fictitious border bus is considered; therefore, a precise
coordination is achieved; (ii) it is not an iterative information
exchange-based methodology, and consequently, comparing with
conventional decomposition approaches, it is not time-consuming
and it is quite fast; (iii) it is a real-time methodology; therefore, it
is appropriate for ISOs to use it in real-time electricity market; and
(iv) it is capable of considering different objectives for different
areas and use a proper solution methodology to solve the formed
multiobjective problem such as heuristic-based or innovative
methodologies [28] while in centralised model it is impossible (see
(32 to 36))

To calculate the aforementioned power flows, (19)–(22) are used
where in these formulation ij/ji belong to the set of tie lines
between area 1 and area 2 (ij/ji [ V

A12
TL ); constraints (34) and (35)

are transformer taps and power flow limits of interconnected lines;
and constraint (36) presents the total system emission limit,
− ∑
ji[V

A1/2
L

i=j

p ji = 0, i [ V
A1/2

b , i � V
A12
b

ij −
∑

ji[V
A1/2
L

i=j

q ji = 0, i [ V
A1/2

b , i � V
A12
b

ji [ V
A1/2
L

A1/2
g

SAsa
1/2, s [ V

A1/2
SA

1/2

(9)− (17)
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Table 1 Generators data for the two-area system

Bus a, $/MW2 b, $/MW c, $ α, kg/MW2 β, kg/MW g, kg Sg, pu Xs, pu Qg, MVAr Qg, MVAr

1, 6 0.01 40 3 0.009 −0.40 25.9 1.0 1.0 −50 15
2, 7 0.08 40 3 0.007 −0.30 28.9 1.0 1.0 −130 150
5, 10 0.05 20 5 0.007 −0.51 28.1 3.2 0.955 −140 140

Table 2 Demand of the two-area system

Bus Bus
type

Pd,
MW

Qd,
MVAr

Bus Bus
type

Pd,
MW

Qd,
MVAr

1 3 0 0 6 3 0 0
2 2 65.0 24.0 7 2 52.0 22.0
3 1 165.0 11.0 8 1 39.0 10.0
defined as (37)

EMS =
∑
i[V

A1
g

Emi +
∑
i[V

A2
g

Emi (37)
Table 3 Branch data for the two-area system

Line From to r, pu x, pu c, pu tp

1 1 2 0.03030 0.09990 0.02540 1.000
2 1 3 0.01290 0.04240 0.01082 1.000
3 2 3 0.00176 0.00798 0.00210 0.978
4 2 4 0.00595 0.01960 0.00502 1.000
5 2 5 0.02030 0.06820 0.01738 1.000
6 3 5 0.01290 0.04240 0.01082 1.000
7 4 5 0.00176 0.00798 0.00210 1.000
8 6 7 0.03030 0.09990 0.02540 1.000
9 6 8 0.01290 0.04240 0.01082 1.000
10 7 8 0.00176 0.00798 0.00210 0.978
11 7 9 0.00595 0.01960 0.00502 1.000
12 7 10 0.02030 0.06820 0.01738 1.000
13 8 10 0.01290 0.04240 0.01082 1.000
14 9 10 0.00176 0.00798 0.00210 1.000
tie line – – 0.00176 0.00798 0.00210 1.000

4 1 90.0 24.0 9 1 70.0 23.0
5 2 0 0 10 2 0 0
2.2 Short-term tie line planning via an MA-AROPF

To determine an appropriate transmission tie line that results in an
improvement on the system stability, decreases in the system’s
total operating cost, and even decreases in the regional or total
system emissions, two methods, solvable via commercial solvers,
can be used. The first is the enumeration-based approach that tests
all of the possible tie lines between the areas. By considering a
two-area system, first area with N and second area with M buses, it
is necessary to solve an N ×M AROPF, if only one tie line is
necessary. Though the tie line planning is not a real-time problem,
for large-scale multi-area power system (N and M are large), the
enumeration method is a time-consuming task. Moreover, if the
stability enhancement and cost minimisation take into account
simultaneously, the problem becomes exceedingly complex and
time-consuming. The second is an SI-based approach that works
via network data and the optimal solutions of (8)–(17). In this
paper, a modified Lagrange multiplier-based index (LMBI) is
introduced to address the concerns about system stability,
operating cost, and system’s degree of freedom.

LMBI is a function of the Lagrange multipliers of equality
constraints, (9) and (10), and the voltage angles of the
interconnected buses, as described in (38)

LMBIij = (pi − pj)(ki − kj)(di − dj), i [ V
A1
b , j [ V

A2
b (38)

A big LMBI demonstrates that one bus is under a good condition
while the other is under a bad condition, and this candidate tie line
can be chosen to transmit the power from a bus under proper
conditions to a bus under critical conditions. The LMBIs are
sorted in decreasing order to establish the priority list, the biggest
is the first to be selected and the smaller is the last.
3 Case studies and results

For didactic purposes, the proposed approach is studied in detail on a
two-area test system, and to demonstrate its effectiveness, a
three-area power system, containing IEEE 14-, 30-, and 118-bus
test cases, is conducted. The values in pu are on a 100 MVA basis.
In addition, in this paper, the power factor that is used to perform
int.area 1 and 2 A12

Pgi
− Pdi

− gshi v
2
i −

∑
ij[V

A1/2
L

i=j

pij −
∑

ji[V
A1/2
L

i=j

Qgi
− Qdi

+ bshi vi
2 − ∑

ij[V
A1/2
L

i=j

qij −
∑

ji[V
A1/2
L

i=j

tpij ≤ tpij ≤ tpij, ij [ V
A12
TL

f lij/ji(v, u, tp)
∣∣∣ ∣∣∣ ≤ �f lij/ji, ij, ji [ V

A12
TL

EMS ≤ EMS

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩
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the capability curve is 0.9. It should be stated that this paper is
carried out only for a single time interval and the future time
horizons are not considered where all the demands and limits are
in hourly basis. It is worth mentioning that the renewable energy
sources were not considered in this paper, since their associated
uncertainties further complicate the problem. In this paper, to
model the proposed approaches, a modelling language for
mathematical programming is applied [36], while the non-linear
problems are solved via the commercial solver KNITRO [37].
3.1 Two-area test system

The first test system has been portrayed in Fig. 1, which contains two
5-bus systems connected via a tie line. The generators data, active
and reactive demands, and the data of branches are available in
Tables 1–3, respectively. Voltages are allowed to vary within the
range of 0.95 and 1.05 pu, and buses are classified in three types
of 1 [unregulated (load, PQ)), 2 (generator, PV), and 3 (swing).
Though the diagram of this system is symmetric, in order to show
the effectiveness and role of the multi-area systems, the demands
p ji −
∑

ij[V
A12
TL

p′ij −
∑

ji[V
A12
TL

p′ji = 0, i [ V
A12
b

q ji −
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ij[V
A12
TL

q′ij −
∑

ji[V
A12
TL

q′ji = 0, i [ V
A12
b

(32)− (36)
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Table 4 Optimal variables of two single areas

Case number and
output variables

Bus 1 Bus 2 Bus 3 Bus 4 Bus 5 Bus 6 Bus 7 Bus 8 Bus 9 Bus 10 Time, s

case 1 δ, deg 0.00 −1.25 −1.44 −0.77 −0.22 0.00 0.01 −0.01 0.37 0.80 0.020
v, pu 1.05 1.031 1.049 1.037 1.043 1.044 1.031 1.05 1.036 1.041

Pg, MW 88.26 14.59 0.00 0.00 219.02 0.00 0.00 0.00 0.00 161.76
Qg, MVAr −4.53 39.94 0.00 0.00 22.36 −2.69 33.30 0.00 0.00 19.27

PM
g , MW 99.90 91.68 0.00 0.00 319.22 99.96 94.29 0.00 0.00 319.42

case 2 δ, deg 0.00 −1.36 −1.63 −1.39 −1.04 0.00 0.01 −0.01 0.37 0.80 0.040
v, pu 1.050 1.028 1.046 1.033 1.038 1.044 1.031 1.05 1.036 1.041

Pg, MW 100.00 96.91 0.00 0.00 124.50 0.00 0.00 0.00 0.00 161.76
Qg, MVAr 0.16 24.66 0.00 0.00 31.26 −2.69 33.30 0.00 0.00 19.27

PM
g , MW 100.00 96.91 0.00 0.00 318.47 99.96 94.29 0.00 0.00 319.42

case 3 δ, deg 0.00 −1.56 −1.89 −1.61 −1.20 0.00 −0.24 −0.25 0.07 0.52 0.020
v, pu 0.971 0.950 0.966 0.955 0.960 0.962 0.950 0.967 0.955 0.960

Pg, MW 99.27 97.79 0.00 0.00 124.50 12.19 6.24 0.00 0.00 143.24
Qg, MVAr 1.98 20.91 0.00 0.00 34.86 −5.00 30.01 0.00 0.00 25.76

PM
g , MW 99.98 97.79 0.00 0.00 318.10 99.88 95.39 0.00 0.00 318.96

Fig. 2 Capability curve – two single area, case 1, bus 2

Table 5 Tie line ranking based on the SI (LMBI)

Case First tie line Second tie line Third tie line

1 tie line 3–9 4–10 2–9
LMBI 34.9757 30.907 25.4594

2 tie line 2–10 3–10 4–10
LMBI 367.963 312.565 264.064

3 tie line 2–9 4–9 3–9
LMBI 1422.89 1164.7 901.231

Table 6 System’s costs ($/h) before and after adding a tie line

Case Before tie line After tie line

First Second Third

1 15,547.5 15,376.7 15,393.7 15,383.3
2 16,552.2 15,867.6 15,862.3 15,886.4
3 16,665.0 15,949.3 15,960.5 15,985.1
are not symmetric in such a way that the total demand of the second
area is less than the first area.

Three cases are taken into consideration including the system
under normal condition, system with emission limits, and system
with emission limits and power flow limits.

3.1.1 Case 1: normal condition: In this case, in order to
consider this two-area system under normal operating condition,
no extra limitation such as emission limits or transmission line
flow limit is considered.

3.1.2 Case 2: with emission limits (area, sub-area, and
system emission limits): For the first area the emission limit
is 285 kg, where the emission limits for its first and second
sub-areas are 190 and 100 kg, respectively. For the second area,
the emission limit is 255 kg, whereas the emission limit for its first
and second sub-areas are 90 and 170 kg, respectively.

3.1.3 Case 3: with emission limits and line flow limit: For
this case, not only the emission limits of the second case is taken
into account, but also the tie line and transmission line limits have
been taken into consideration. The power flow limits over
transmission lines (1–2) and (7–9) are 29 and 30 MW, respectively.

To show the effectiveness of the proposed approach, at first the
aforementioned three cases are analysed as single areas and
afterwards the tie line planning is taken into account.

Table 4 shows the optimal values of the system variables and the
total computational time [time spent in evaluation and central
processing unit (CPU) time] for the three cases of two-area test
304
system prior to tie line planning. The boldface numbers show that
the generators output limit, imposed by the capability curve, has
been reached. For example, this can be witnessed for bus 1 and
bus 2, in case 2, and bus 2, in case 3. Operating a generator at the
maximum limit adversely affects the system’s degree of freedom.
It is worth mentioning that the degree of freedom in the power
IET Gener. Transm. Distrib., 2016, Vol. 10, Iss. 2, pp. 299–309
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Fig. 3 Voltage profile of the first and second tie lines – case 2, the two-area test system

Table 7 System’s emissions (kg/h) before and after adding a tie line

Case Area Sub-area Before tie line After tie line

First Second Third

1 1 1 106.02 63.87 68.89 65.98
2 298.00 260.11 259.67 261.01

2 1 0.00 61.05 60.44 60.53
2 163.12 261.95 259.43 260.76

1 and 2 1 and 2 567.14 646.98 648.43 648.48
2 1 1 179.35 112.81 107.81 121.83

2 100.00 100.00 100.00 100.00
2 1 0.00 88.02 90.00 79.22

2 163.12 170.00 170.00 170.00
1 and 2 1 and 2 442.47 470.83 467.81 471.05

3 1 1 179.45 124.51 122.80 117.29
2 100.00 100.00 100.00 100.00

2 1 60.34 70.49 68.63 71.51
2 129.32 170.00 170.00 170.00

1 and 2 1 and 2 469.11 465.00 461.43 458.80

Table 8 CSD before and after adding a tie line

Case Before tie line After tie line

First Second Third

1 sub-areas 124.151 114.65 112.4951 114.0765
areas 170.342 0.72832 6.363961 4.263854

2 areas 81.30115 36.39447 36.10839 39.07898
sub-areas 82.18702 31.24705 36.9039 18.68883

3 areas 50.16916 41.68481 42.72072 40.10466
sub-areas 63.49112 12.0986 11.09451 19.94748

Table 9 Optimal variables of the two-area system – after adding the tie line

Case number and
output variables

Bus 1 Bus 2 Bus 3 Bus 4 Bus 5

case 1 δ, deg 0.00 −0.56 −0.63 −0.11 0.44
v, pu 1.031 1.016 1.034 1.022 1.028

Pg, MW 36.75 5.48 0.00 0.00 204.7
Qg, MVAr −5.65 43.52 0.00 0.00 22.50

PM
g , MW 99.84 90.03 0.00 0.00 319.2

case 2 δ, deg 0.00 −1.29 −1.57 −1.31 −0.95
v, pu 1.050 1.032 1.050 1.036 1.040

Pg, MW 93.36 14.26 0.00 0.00 124.5
Qg, MVAr −10.17 38.55 0.00 0.00 19.39

PM
g , MW 99.48 92.27 0.00 0.00 319.4

case 3 δ, deg 0.00 −1.26 −1.55 −1.28 −0.91
v, pu 1.050 1.025 1.043 1.029 1.033

Pg, MW 97.54 39.41 0.00 0.00 124.5
Qg, MVAr 11.73 49.54 0.00 0.00 17.24

PM
g , MW 99.31 79.35 0.00 0.00 319.5
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system operation is an important issue to schedule the units and to
have an economic operation of the power system and an
environmentally friendly scheduling.

As it is clear from Fig. 2, the maximum active generation
corresponding with the Qg = 39.94 MVAr is PM

g = 91.68 MW and,
according to (12), the active power corresponding with this
reactive generation is ≤91.68 MW, the dash-dot line. Moreover,
from Fig. 2 it can be seen that the optimal active power
generation, Pg = 14.59, lies on the dash-dot line and verifies that
the generator is working in its stable normal operating condition.

Table 5 presents the priority list of candidate tie lines that has been
established by sorting first three biggest LMBIs in decreasing order.
The reason the first three candidates are considered is to prove that
the priority list is working properly, that is, the first candidate tie
line has more advantages than the second, and the second
candidate has more advantages than the third.

Table 6 presents the total system cost prior to and after considering the
candidate tie lines. According to the results of this table, it can
be concluded that by adding each single candidate tie line from the
priority list, the cost has been decreased; however, the following
question comes to mind: why, for example, in case 2, does the second
tie line in priority list exhibit a lower cost than the first candidate?
In this regard, Fig. 3 can be useful to expound. Though after adding
the first tie line, the system operating cost is slightly more than adding
the second one, the voltage profile of the system for these two tie lines
indicates that the first tie line makes the system a more stable one.
Moreover, from Table 6, it can be seen that the cases with more
limitations have bigger LMBIs. This can be justified, according to the
concept of Lagrange multipliers related to equality constraint, because
by considering more constraints, the objective function may increase,
and consequently, the Lagrange multipliers may also increase.
Bus 6 Bus 7 Bus 8 Bus 9 Bus 10 Time, s

0.00 −0.41 −0.38 −0.31 0.33 0.047
1.047 1.031 1.050 1.035 1.040

6 25.75 4.98 0.00 0.00 205.48
1.48 29.69 0.00 0.00 14.96

1 99.99 95.49 0.00 0.00 319.65

0.00 −1.14 −1.08 −1.19 −0.92 0.068
1.050 1.028 1.048 1.031 1.035

0 72.60 13.29 0.00 0.00 165.24
5.24 34.40 0.00 0.00 18.59

1 99.86 93.90 0.00 0.00 319.46
0.00 −0.94 −0.87 −0.98 −0.42 0.059
1.031 1.019 1.037 1.025 1.029

0 50.53 6.13 0.00 0.00 165.24
−18.60 32.02 0.00 0.00 14.84

4 98.25 94.73 0.00 0.00 319.66
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Fig. 4 Voltage profile of the two-area system before and after adding the first tie line

Fig. 5 Active and reactive power flow of case 3 prior to the tie line planning

Fig. 6 Active and reactive power flow of case 3 after adding the tie line (2–9)
Table 7 presents the emission of each area and its sub-area and
also the total emission of the two-area system prior to and after
adding the tie line. As the emission function has an unexpected
manner, there is not a common rule between the cost and the
emission, but usually, a decrease in cost may yield an increase in
emissions [38]. From this table, it is clear that for all three cases
the total amount of emissions has been reduced, which means that
the proposed method is a useful method in both the economic and
the environmental aspects of a power system.
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To demonstrate the effectiveness of tie line planning on the system
emissions, which are presented in Table 7, a corrected standard
deviation (CSD) is used.

The results of Table 8 indicate that, after the tie line planning, the
CSDs of all three cases are less than their CDSs prior to tie line
planning. However, by focusing on the areas that play a more
important role than the sub-areas to exchange the power, it shows
far more small CDSs than prior to the tie line planning. These
results indicate that a proper tie line can result in a uniform
IET Gener. Transm. Distrib., 2016, Vol. 10, Iss. 2, pp. 299–309
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Table 10 Regional (sub-area) and area emission limits (kg/h)

Area Number of buses
(numbering)

Emission limit (kg/h)

Area
limit

Sub-area

Number Number of buses Limit

1 14 (1–14) 235 1 1 and 2 200
2 3–14 65

2 30 (15–44) 125 1 15–21 and 27 65
2 22–26 and 28–44 65

3 118 (45–162) 5750 1 45–67, 69–76,
157–159, and

161–162

950

2 68, 77–117, and
160

2500

3 118–156 2500
dispatch of emissions in the areas of the system, and consequently, a
low cost, high stability, and even a low emission can then be the
result. For example, as is clear from Tables 6 and 7, in case 3,
adding each single tie line, not only result in a decrease in cost,
but also a decrease in emissions.

Table 9 presents the optimal values of the system variables, and
the total computational time (contains the time of finding the
proper tie line and system operation, as well as the CPU time)
after adding the first tie line (as the main tie line). The results of
this table indicate that unlike the optimal values of Pg in Table 4
that have been reached their limit in some cases, after tie line
planning they do not hit their limit. Therefore, the degree of
freedom of the system has been enhanced, which means that when
a contingency in an area occurs, more capacity is available to
overcome such conditions.

Fig. 4 represents the bus voltages before and after adding the first
tie line, for the case 3. It shows that prior to tie line planning the
voltage profile is close to its lower limit, 0.95 pu, which may
result in a voltage collapse, while after adding the first tie line, the
voltage profile exhibited a significant enhancement. It proves the
significant role of LMBI and the priority list in tie line planning. It
exhibits significant effects not only on the voltage profile
enhancement, but also on decreasing the operating cost.

To consider the case 3, which is operating under several
limitations, in detail, the schematic of power flows of the two-area
systems, prior to and after the tie line planning are demonstrated in
Figs. 5 and 6, respectively.

As it is clear from Fig. 5, transmission lines (1–2) and (7–9) are
transmitting their maximum active power flows, which yield an
increase in the total operating cost, total amount of emissions, and
a decrease in the degree of freedom. However, after adding the
first tie line from the priority list, tie line (2–9), it can be seen
from Fig. 6 that only the transmission line (1–2) has reached its
limit. Therefore, it can be concluded that by adding this tie line
the degree of freedom of the system has increased, and
consequently, the total cost and emissions have been decreased,
referring to Tables 6 and 7.
Table 11 Tie line sequences for the three-area system

Tie line Set 1 Set 2

first name K K
(from, to) (14, 15) (14, 15)

LMBI 49,133.2 49,133.2
Cost 137,792 137,792

second name L M
(from, to) (41, 45) (54, 14)

LMBI 36,602.5 59,453.2
cost 134,338 135,884

third name M L
(from, to) (54, 13) (39, 45)

LMBI 6789.73 74,517.5
cost 134,493 134,714
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By considering the above-mentioned tables and figures for the first
line as the main tie line, we can make the following conclusions. For
case 1, case 2, and case 3, after adding the first tie line from the
priority list, the system cost decreases by ∼1.098% ($170.8),
4.14% ($684.6), and 4.29% ($715.5), respectively. However,
considering the voltage profiles indicate that case 1 and case 2 are
under appropriate conditions before and after adding the tie line,
but for case 3, referring to Fig. 4, adding the tie line has a
dramatic effect on the voltage profile.

As a conclusion of this test system, the proposedmethodology for all
cases has a significant effect on the reduction of the system operating
cost; on the basis of the voltage profile and the generators output
power as well as the uniform dispatch of emission, the stability of the
system has been adjusted to a good condition, while the degrees of
freedom of the system has been enhanced. Meanwhile, as is clear, the
most significant effect is related to the system with the bigger LMBI,
which corresponds with the critical case 3.
3.2 Three-area test system

This 162-bus multi-area system contains three different IEEE test
systems including 14-, 30-, and 118-bus [39]. Area and sub-area
emission limits are presented in Table 10.

For this system, first, the tie line planning without considering the
tie line power flow limits is taken into account, and after adding the
tie lines, the tie line power flow limit is applied. In this case study,
there are three tie lines, and to find an effective tie line, three
strategies can be applied.

The first strategy can be a modification of (38), as described
in (39)

LMBIi, j,k = (pi −pj)(pj −pk )(pi−pk )

(ki −kj) (kj −kk ) (ki −kk )

(di − dj)(dj − dk )(di − dk ), i[V
A1
b , j[V

A2
b , k [V

A3
b

(39)

The maximum amount of (39) determines the candidate tie lines.
This SI will be useful to determine a connected tie line (such as a
loop) for the three areas, which means that in each area, only one
bus is considered as a tie line bus. The drawbacks of this
formulation are as follows: (i) it cannot find a proper tie line
between each of the two areas and (ii) it is not a practical strategy.

In the second strategy, after finding all of the LMBI using (38) for
each of the two areas, the SI of (40) is obtained and the maximum of
that index determines the candidate tie lines

LMBIi, j, k = (LMBIi, j)(LMBI j, k )

(LMBIi, k ), i [ V
A1
b , j [ V

A2
b , k [ V

A3
b (40)

Though using this index can compensate the main drawbacks of
(39), it is not useful enough because it selects three tie lines
Set 3 Set 4 Set 5 Set 6

L L M M
(33, 54) (33, 54) (54, 14) (54, 14)
49,531.8 49,531.8 7464.66 7464.66
138,575 138,575 140,250 140,250

K M K L
(14, 42) (50, 14) (14, 15) (15, 45)
161,300 5576.5 14,852.7 30,358.2
136,392 138,870 135,884 134,548

M K L K
(58, 14) (13, 42) (39, 45) (14, 37)
112,974 158,545 74,517.5 11,069.4
134,642 135,712 134,714 134,484
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Fig. 7 Voltage profile of the three-area system prior to and after adding the first and the sixth sets of tie lines

Table 12 Costs ($/h) and emissions (kg/h) of the three-area system –
before and after the tie line power flow limit, the first set

Area Sub-area Before tie line flow limit After tie line flow limit

Cost, $/h Emission, kg/
h

Cost, $/h Emission, kg/
h

1 1 4170.5 100.41 3965.7 92.72
2 1284.7 65.00 1295.1 65.00

2 1 659.8 64.75 552.6 65.00
2 839.4 60.25 688.5 55.94

3 1 25,378.6 782.78 28,570.9 854.66
2 58,302.8 2500.00 57,944.4 2500.00
3 43,857.4 2467.22 42,478.4 2395.34

total 134,493.1 6040.41 135,495.6 6028.66
simultaneously, and adding a tie line will change the system power
flow, making the two other candidate tie lines possibly not as
effective as they can be after adding the first candidate tie line
between the two areas.

The third strategy, which is proposed in this paper, is a sequential
strategy based on (38). As in the three-area system, three tie lines are
necessary, and as the sequence of connection is important, six sets
(three!) must be considered. In this table, the tie lines from the
first area to the second area, from the second area to the third area,
and from the third area to the first area are called K, L, and M,
respectively.

Table 11 presents the sequence of adding the tie lines. For
example, in the first set, after determining the optimal operational
point of these three areas before considering the tie lines, the total
cost is $140,071 and the maximum LMBI for tie line K is
49,133.2, which is related to the candidate tie line from bus 14 to
bus 15 (14, 15); after adding this candidate tie line, the cost will
decrease to $137,792, and to find the next best tie line from the
second area to the third area, the LMBI for the candidate lines are
considered, and the maximum LMBI reveals that the tie line (41,
45) is the appropriate tie line of L; after adding L and using the
new LMBI, tie line M is selected. The first set is called the KLM
set. For the other possible sets (KML, LKM, LMK, MKL, and
MLK), this sequential method is used to determine the tie lines.

The last row in Table 11 presents the total cost for the three-area
system. To find the best set, the two items of cost and voltage profile
are taken into account. First, the set that has the least cost is
considered as an important candidate, and then, the voltage profile
of this set is considered. The set that obtained the least cost and
has an acceptable voltage profile (1 – the voltages are on the upper
part of voltage interval and/or 2 – the voltages are better than or
more or less the same as the system voltage profile before adding
the tie lines) is selected as the best set. However, if a set is good
at cost, but the voltage profile is poor, the second set with an
acceptable voltage profile is selected.
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Using Table 10 the best sets are the first and sixth and the first sets,
which the cost of system after adding them is less than the cost
obtained by adding the other sets. To select a set between the first
and sixth sets, Fig. 7, which shows the voltage profile of the critical
buses of the three-area test system prior to and after adding the first
and sixth sets of tie lines, is considered. Since in the sixth set, there
are two buses with voltages <1 pu and the average voltage profile
of this set is less than the first set, the first set is selected as the
most appropriate set of tie lines. After adding the tie lines of this
set, the total cost will decrease to $134,493, i.e. a savings of
∼3.98% in the total cost ($5578), which is a considerable savings,
is obtained. Moreover, the voltage profile indicates that the
minimum bus voltages for the three-area system before and after the
tie line connections are 0.9822 and 1.0017 pu, which corresponds to
bus 22 located in the second area; it indicates that while the
maximum possible improvement for this bus is 6.903% [(1.05−
0.9822)/0.9822], an acceptable improvement of about 1.985%
[(1.0017− 0.9822)/0.9822] has been obtained.

Table 12 presents the system’s regional and total emissions and
the operating costs prior to and after adding the first set of tie
lines. This table indicates that, though the total system emission
decreased, the regional emissions in the first sub-area of the
second area (the boldface number) reached its limit, i.e. this area is
working under the critical emissions condition.
4 Conclusions

In this paper, an integrated formulation for an environmentally
constrained MA-AROPF was proposed, which, due to its
non-iterative nature, can be a useful tool for real-time applications
such as power market. In addition, for tie line planning problems
modified LMBI was introduced to address the concerns about
system stability, operating cost, and system’s degree of freedom.
By sorting the LMBIs in decreasing order, a priority list was
performed. To show the usefulness of this priority list, three case
studies for a small two-area test system was conducted and the
results proved its significant role in tie line planning. Moreover, to
show the effectiveness of the proposed model on the large-scale
systems, a three-area test system was conducted. To perform the
priority list, which works properly for systems with more than two
areas, an efficient LMBI was introduced. Results show a
considerable savings where the voltage was enhanced as well.

The results indicate that this unequivocal proposed approach not
only has a great positive effect on the power system cost and
emission, but also has an immense effect on the voltage stability
where it will increase the degrees of freedom of the system by
ensuring uniform cost and emission dispatch. Moreover, results
show the rapidity of the proposed approach that makes it a useful
approach for power market.
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