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1. Maps from manifolds with boundary

There are several studies for C*° map-germs f : (R™,0) — (R",0) with A-equivalence. Two map-germs
fig : (R™,0) — (R",0) are A-equivalent if there exist diffecomorphisms ¢ : (R™,0) — (R™,0) and
o : (R™,0) — (R™,0) such that g o ¢ = ® o f. There is also several studies for the case that the
source space has a boundary. In [2], map-germs from 2-dimensional manifolds with boundaries into R? are
classified, and in [9], map-germs from 3-dimensional manifolds with boundaries into R? are considered. Let
W C (R™,0) be a closed submanifold-germ such that 0 € OW and dim W = m. We call f|w a map-germ
with boundary, and we call interior points of W interior domain of f|w . Since OW is an (m—1)-dimensional
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submanifold, regarding W = B, map-germs from manifolds with boundaries can be treated as a map-germ
f:(R™0)— (R",0) with a codimension one oriented submanifold B C (R™,0). We consider that (R™,0)
has an orientation and the submanifold B such that 0 € B. We define the interior domain of such a
map-germ [ as the component of (R™,0) \ B such that the positively oriented normal vectors of B point
into it. With this terminology, an equivalent relation for map-germs with boundary is the following. Let
fyg: (R™,0) = (R",0) be map-germs with codimension one submanifolds B, B’ C (R",0) respectively,
which contain 0. Then f and g are B-equivalent if there exist an orientation preserving diffeomorphism
v: (R™,0)— (R™,0) such that p(B) = B’, and a diffeomorphism ® : (R",0) — (R",0) that satisfies

gop==>oof.

A map-germ f : (R?,0) — (R?,0) is a cuspidal edge if f is A-equivalent to the map-germ (u,v)
(u,v?,v?) at the origin. We say that f is a cuspidal edge with boundary B C (RQ, 0) if B is a codimension
one oriented submanifold, that is, there exists a parametrization b : (R,0) — (R?,0) to B satisfying
b'(0) # (0,0). In this case, the domain which lies the left hand side of b with respect to the velocity direction
is the interior domain of f.

In this note, we will consider differential geometric properties of cuspidal edges with boundaries. In order
to do this, we first construct a normal form (Proposition 2.1) of it. It can be seen that all the coefficients
of the normal form are differential geometric invariants. We give geometric meanings of these invariants.
See [4,6,8,11,12,15-17,22], for example, for geometry of cuspidal edges itself. An application of this study
is given by considering flat extensions of flat ruled surfaces with boundaries. See [13] for singularities of
the flat ruled surfaces, and see [14] for flat extensions of flat ruled surfaces with boundaries. See [3] for flat
extensions from general surfaces.

The authors would like to thank Takashi Nishimura for his constant encouragement.

2. Normal form of cuspidal edge with boundary
Now we look for a normal form of cuspidal edges with boundary. Let f : (RQ, 0) — (RS, 0) be a cuspidal

edge with boundary b : (R,0) — (R?,0), b'(0) # (0,0). One can take a local coordinate system (u,v) on
(R?,0) and an isometry ® on (R?,0) satisfying that

@ o f(u,v)
1 b b b b 2.1
= (e e g, B Bt B B ne, Y

where b03 7& O, bQo > 0, and
h(u,v) = (0, u4h1(u), u4h2(u) + u2v2h3(u) + uv3h4(u) + v4h5(u, v)),

with hq(w), ha(u), hg(u), he(u), hs(u,v) smooth functions. See [11] for details.
Now we consider b(t) = (b1(t), b2(t)). We have two cases.

In the case (1), one can take u for the parameter of b and parametrized by

3
< Z k—ku +ute u)> (e = =£1). (2:2)
k=1
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Fig. 1. Cuspidal edges with boundary. The boundaries are drawn by thick lines, and the exteriors of the surfaces are drawn by thin
colors. Left to right, b(t) = (t,t), b(t) = (t,t2), b(t) = (t, —t?), b(t) = (t3,t).

In the case (2), one can take v for the parameter of b and parametrized by

k=2

di g g
b(v) = Y +v*d(v), ev (e = £1). (2.3)

In summary, we have the following proposition.

Proposition 2.1. For any cuspidal edge f : (R*,0) — (R>,0) with boundary b : (R,0) — (R?,0), there exists
a coordinate system on (R*,0) and an isometry ® : (R 0) — (R>,0) such that ® o f(u,v) has the form
(2.1) and b is parameterized by (2.2) (respectively, (2.3)) if b'(0) ¢ kerdfy (respectively, b'(0) € ker dfy).

By this proposition, all coefficients c1, co, c3, ds, d3 are geometric invariants of the cuspidal edge with
boundary. In fact, one can easily verify that all coefficients of (2.1), (2.2) and (2.3) are uniquely determined.
It means that any cuspidal edge with boundary has this form using only coordinate changes on the source
and isometries of R>. See Fig. 1.

Let f: (R?,0) — (R? 0) be a cuspidal edge. Then there exists a unit vector field v along f satisfying
(dfy(X),v(p)) = 0 for any X € T,R* and p € (R?,0), where ( , ) stands for the Euclidean inner product
of R®. We call v unit normal vector of f. Moreover, we see that the pair of the map-germs (f,v) : (R?,0) —
(R® x S2,(0,v(0)) is an immersion. Thus a cuspidal edge is a front in the sense of [1]. See also [17].

3. Differential geometric information

Several geometric invariants on cuspidal edges are defined and studied. See [11,12,17] for details. Co-
efficients of (2.1) are invariants and, according to [11], it is known that agp coincides with the singular
curvature kg, bog coincides with the absolute value of the limiting normal curvature k,, bgs coincides with
the cuspidal curvature k. and bio coincides with the cusp-directional torsion k; at the origin.

In what follows, we consider the geometry of the boundary. Let f : (R?,0) — (R>,0) be a cuspidal edge
with boundary, v : (R,0) — (R?,0) a parametrization of its singular set S(f), and b : (R,0) — (R?0) a
parametrization of the boundary. We set 4(t) = f o v(t) and b(s) = f o b(s).

3.1. The case (1)

We assume that b (0) ¢ ker dfy and, by this assumption, 4 = f oy and b = f o b are both regular curves
and they are tangent each other at 0. Hence we have [ # 0 such that

d
Eb

(3.1)

d
Eﬂt:o =1 s=0"

We take a parametrization of s by ¢t as s = s(t). By the assumption (3.1), s'(0) = I. Let d(¢) be the curve
given by
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) =50 - 0.

Then we define the approaching ratio of boundary to cuspidal edge (or shortly approaching ratio) by

1/2

1 ¥ d
= Wdet (/}//(0), d//(o), l/(0,0)) , Where /: ﬁ,

and v is the unit normal vector of f.

Lemma 3.1. The number « does not depend on the choice of the parameter t and the function s(t).

Proof. Since
a0 o= -
2 ~ ~
) = 30~ 1 (GO0 - 60D,

and (d/ds)ls‘s:o is parallel to 4'(0), s'(0) = I, we have

1 . 1/2
et (3(0), 4"(0) — bss(0)1, (0,0
Thus « does not depend on s(t). We next assume ¢ = t(x) (¢£(0) = 0 and s(0) = 0) for a parameter x, and
denote (+), = (d/dx)(:), (+)s = (d/ds)(:). By (3.1), 4'(0) and b,(0) are linearly dependent, and by s'(0) = I,
we have

det ((

2
—~
~~
—~
&
~
~
N
8
—
ISH
—~
o~
—~
&
~
~
~—
8
8
S
N———

19" ((0))[? ’
where Q = (s'(t(z)))?(t.(x))?l~!, and vy = v(0,0). This proves the assertion. O

Since the image b of the boundary is a curve in R®, its curvature s and torsion 7 as a curve in R’
are invariants. Moreover, b is a curve on the surface f. Thus the normal curvature x,; and the geodesic
curvature kg, of b are invariants. We have the following proposition for these invariants.

Proposition 3.2. It holds that

(1) KZ(O) = \/b%O + (C% + a20)2,

(2) /{/(O) _ bgg(bogc‘% —+ 36()126% + €b30) —+ (C% —+ 0@0)(30162 —+ 60,30)
V30 + (¢ + az0)?

(C% + ago)(d)o?,c:ls + 3b120§ + b30) — bao(3eciea + azp)
b%o + (C% + a20)2

?

(3) 7(0) =

)
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(4) Fnp(0) = bao, ,

(5) K, (0) = bogcl + 2ebiac? — % + ebso — asobia,
(6) Kgb(0) = —e(ef + ago),

(7) Kp(0) = —c1 <% + 36(:2) — aszo — bi2bao,

(8) a=|c1].

Proof. Since

2
A ci+a 3cic +€a -
b(u) = <5u, L 5 20,2 ! 26 30u3’

(3.2)

b%qﬂ N bozc3 + 8(32126% + b30)u3> +O(4),

where O(7) stands for the terms whose degrees are higher or equal to i (i = 1,2, ...), we have the assertions
(1)—(3). Next, since

boscy

v(b(w)) = (—bgoau, (- - bug) u, 1) +0(2),

we have the assertions (4)—(7). The assertion (8) is obvious by (3.2) and 4(u) = (u,azu?/2,byou?/2) +
0(3). O

Since a = |c1], and b(u) = (eu,cru + O(2)), the invariant « measures the difference of boundary. We
can give a geometric interpretation of o by using the curvature parabola given by [10] as follows. Let
f:(R%0) — (R?0) be a map-germ satisfying rank dfy = 1, and set

Nof ={Y € R®; (Y, dfo(X)) = 0 for all X € TyR?},

where we identify Ty R® with R®. By this identification, Npf is a normal plane of dfy(X) passing through 0.
The curvature parabola A is defined by

Ao = {a® £, (0) + 2abf, (0) + b7 £,,(0) € Nof;
a,b € R, a*E(0) + 2abF(0) + b*°G(0) = 1},

where E(0) = (f.(0), f.(0)), F(0) = (£.(0), £,(0)), G(0) = (£,(0), f(0)) and, given w € ToR>, w' is the
orthogonal projection of w to Ny f. The curvature parabola is a usual parabola if and only if f is a cross cap,
and otherwise, Ag is a line, a half-line or a point. If f is a cuspidal edge, then as we will see, Ay degenerates
in a half-line. Let £ be the line which contains Ag. In this case, the umbilic curvature is defined in [10] by
the distance from the origin to £ and it is equal to the limiting normal curvature defined in [17] up to sign
(see also [10,11]).

Let n be the principal normal vector of b as a space curve. Since b is tangent to 4 at 0, the vector n(0)
lies in Ny f.

Lemma 3.3. Under the above setting, if the limiting normal curvature of the cuspidal edge f is non zero,
then 0 ¢ £, and £ and n(0) are not parallel.
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Fig. 2. Situation of Proposition 3.4.

Proof. Without loss of generality, we can take the normal form for f as in (2.1). Then since E(0) =
F(0) = G(0) =0, and £ (0) = (az20,b20), £ (0) = (0,0), fi5(0) = (1,0), we see that A is a half-line:

Ao = {(070,20 + t2,b20); te R},

where the normal plane is Nof = {(0,y, 2) ; y, 2 € R}. This means that £ = {(0, ago, b20)+t(0,1,0); t € R}.
On the other hand, we see that n.(0) = (0, ¢?+az0, b2o)/\/(c3 + a20)? + b3,. Since bag # 0, two vectors (0, 1,0)
and (0, ¢ + agp, bag) are not parallel. This proves the assertion. 0O

Since Ay is a half-line, let us set that V' be the endpoint of Ag. For instance, for f given as in (2.1),
V = (0, a0, bao). By Lemma 3.3, if the limiting normal curvature of f is non zero, there exists a intersection
point P of lines containing n and Ay.

Proposition 3.4. If the limiting normal curvature of f is non zero, then the distance between V and P
coincides with c3.

Proof. Like as the proof of Lemma 3.3, we take the normal form for f. Then P = (0, c% + asp, bag) which
proves the assertion. 0O

We illustrate the situation in Ny f of Proposition 3.4 in Fig. 2
3.2. The case (2)

We assume that 5(0) € kerdfy, and set b = f o b. Then we see that b(0) = 0 and b”(0) # 0. Thus we
define the angle between boundary and cuspidal edge by

<b” (0),(0) >
|b”(0)||7 0)

One can easily check that 8 does not depend on the choice of parameters of b and ~. If f is given by the

8=

normal form (2.1) with (2.3), we have 8 = dy. On the other hand, since b has a singularity, the curvature
and torsion may diverge. So we have to prepare curvature and torsion for a singular curve. We denote by
Ksing (Tespectively, Tsing) the cuspidal curvature (respectively, the cuspidal torsion) defined in Appendix A
for a singular curve. Then the following proposition holds.

Proposition 3.5. The cuspidal curvature and the cuspidal torsion of b satisfy that

P b3s(1+d3) + d3
sing (1+d%)5/4 )

*35(120()036@ + 3b20d%d3 + 6b12d2d3 — h5 (O, O)dg + 6b03d4 2
. . N v/ 1+4d5.
(033(1 + d3) + d3)

Tsing —
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4. Singularities of flat extension of a flat surface

In this section, as an application of the study on cuspidal edges with boundary, we consider flat extensions
of a flat ruled surface with boundary. Let v : I — R® be a smooth curve satisfying /() # 0 for any t € I,
where I is an open interval and 0 € I. Let § : I — S? be a smooth curve satisfying §(t) # 0 for any ¢ € I,
where S? is the unit sphere in R®. Then the map F : I x (—¢,¢) — R®

F(t,v) = Fo ) (t,v) = 7(8) +v3(0), (4.1)

where € > 0, is called a ruled surface. It is known that F' is flat if and only if det(y’, §, ¢") identically vanishes.
(See [7, Proposition 2.2], for example.) Since §’ # 0, one can assume that the parameter ¢ is the arc-length.
Then {6,d’,0 x 0’} forms an orthonormal frame along §, and

8" (t) = =8(t) + ks (t)d(t) x &' (¢).

The function kg is called the geodesic curvature of §, and § is determined by ks with an initial condition.
On the other hand, we set

V'(t) = x()6(t) + y()d'(t) + 2(1)5(t) x &' (1) (4.2)

Then v is determined by {x(t), y(t), z(t)} with an initial condition. Then F is flat if and only if z(¢) identically
vanishes. Moreover, setting S(F) the singular set of F', so S(F)N (I x [—¢,¢]) = 0 if and only if |y| > ¢ since
(t,v) is a singular point of F' if and only if y(t) + v = 0 as we will see. Thus we set the space of flat ruled
surface F'R as

FR = {(xvya/€5) € COO(IvRX (R\ [_6’6]) X R)} X Xa

where X = {(d0,01) € S% x S?; (09, 61) = 0} represents the initial conditions §(0) = &y and §'(0) = J;.

Let us assume that a ruled surface F' = F{ 4 satisfies S(F') N (I x {0}) = (). Then consider extensions
of F forv e (=M, M) (M > ¢) by the same formula (4.1). We call singular points (¢,v) of F the birth of
singularities of extension of F if ¢ is a minimal value of y(t), since (¢,v) is a singular point of F' if and only
if y(t) +u=0.

We have the following result.

Proposition 4.1. Let I be an open interval. Then the set

@ :{((x,y,m;), (60751)) € FR ; all birth of singularities of
the extensions of F(, ) are cuspidal edges
whose c¢1 vanishes and cg # 0,
where c1, co are given by (2.2),

v is defined by (4.2), and ¢ is defined by

the curvature kg with the initial condition dg, 51.}
is open and dense in F'R with respect to the Whitney C'* topology.

To prove this proposition, we show the following lemma.
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Lemma 4.2. For a flat ruled surface F as in (4.1),

o (t,v) is a singular point of F if and only if y(t) +v =0.
o F is a cuspidal edge at (t,v) € S(F) if and only if y'(t) —x(t) # 0, Ks(t) # 0.

Proof. Since F' =+' +vd" = 26 + (y + v)d0’ and F, = J, where we omit (¢t) and ' = 9/9%, (-), = 0/0v, we
see the first assertion. Moreover, we see that ker dF(; ,y = (0t — xz0v)g for (t,v) € S(F), and 0 x §" gives a
unit normal vector of F. Set n = 0t — x0v. Thus we see that (4 x §') = xd, and n(y +v) =y’ — z. By the
well-known criteria for cuspidal edge ([18, Corollary 2.5], see also [8, Proposition 1.3]), we see the second
assertion. O

Proof of Proposition 4.1. We define subsets of the 2-jet space J2(I, R x (R\ [—¢,¢]) x R) as follows:

Ci = {5°(z,y,ks)(t,0); Ks(t) = 0},

Cy = {jQ(Qj,y,/{5)(t,v); y/(t) —x(t) = 0}, (4.3)
Cs = {5*(z,y,k5)(t,0); y'(t) = 0}, .
Co = {5%(z,y,ks)(t,0); y"(t) = 0}

Since a coordinate system of J2(I, R x (R \ [—¢,¢]) x R) is given by
(t, T, Y, K, 93/7 ylv Hg? I//, y/lv H:S/)v

we see that these subsets are closed submanifolds with codimension 1, and C; N C5 (i = 1,2,4) are closed
submanifolds with codimension 2. By the Thom jet transversality theorem, the set

O/ :{((.I‘,y,/{(;), (60751» € FR 5
Py ms) - T (1L R x (R\ [~¢,]) x R)
is transverse to C1,C,C3,Cy and C; N C3 (i =1,2,4)}

is a residual subset of FR. Let ((z,y,ks), (00,01)) € O" and assume that (tg,v) is a birth of singularity
of F. Since (to,vp) is a birth of singularity, and S(F) = {y(to) — vo = 0}, we see y'(¢o) = 0. Since y/(to) =0
and (z,y,ks) € O, F at (to,vo) is a cuspidal edge by Lemma 4.2. Moreover, we have y”(ty) # 0. This
implies that the contact of S(F') and the t-curve {(¢,v); v = vg} is of second degree. On the other hand,
the condition ¢; = 0 and ¢p # 0 as in (2.2) implies that the contact of S(f) (the v-axis) and b is of second
degree. Since the degrees of contact of two curves do not depend on the diffeomorphism, the cuspidal edge
F at (to,vp) has the property ¢; = 0 and c¢o # 0. This proves the assertion. O

We remark that singularities of flat surfaces with boundaries are studied in [13], and the flat extensions
of flat surfaces are studied in [14]. Flat extensions of generic surfaces with boundaries are studied in [3].
In [5], flat ruled surfaces approximating regular surfaces are studied.

Appendix A. Curvature and torsion of space curves with singularities

In the case (2) in Section 2, the image of the boundary of a cuspidal edge with boundary has a singularity.
Thus we need differential geometry of space curves with singularities. In this appendix we give curvature
and torsion for space curves with singularities. It should be mentioned that the discussions here are quite
analogous to the study for the case of plane curves given by Shiba and Umehara [20], and we follow their
discussions in the following.
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Let v : (R,0) — (R? 0) be a smooth curve and assume that 7'(0) = (0,0,0). We say that 0 is called
A-type if 4"(0) # (0,0,0), and 0 is called (2, 3)-type if 4" (0) x v"/(0) # (0,0,0). Let 0 be a A-type singular
point of «, then we define

" x5"0)
S O ZE

We call kging the cuspidal curvature of . This definition is analogous to the cuspidal curvature for (2, 3)-cusp
of plane curve introduced in [21]. See [19] for detail. Moreover, let 0 be a (2, 3)-type singular point of +,
then we define

V1" (0)] det(7"(0), v (0), v (0))

e TOREOT

We call 74,4 the cuspidal torsion of v. By a direct calculation, one can show that xsing and 7sng do not

depend on the choice of parameter. Furthermore, we have the following. Let s, be the arc-length function
fo |7/ (t)| dt, and let k and T be curvature and torsion of the space curve 7 defined on regular set.

Fact A.1. ([20, Theorem 1.1, Lemma 2.1|) The functions

sen(t)y/Isg ()] and /], ()](0)

are C*°-differentiable, and

tim /[y (1) (1) =

HSZ’I’L
2\f 9

By this fact, sgn(t)y/|sq(t)| can be taken as a local coordinate of the curve vy at ¢ = 0. It is called
half-arclength parameter. We have an analogous claim for the torsion.

Proposition A.2. The function sgn(t)\/|sq(t)|7(t) is C*° differentiable, and

. / 2
}g% Sgn(t) ‘SQ|T(t) - ﬁ’rsiny

Proof. By L’Hépital’s rule, we see

' x2"2 _ 6ly"(0) x " (0)]

L A1 :
1. det(,)//’ ,_)///7 ,_Y///) _ det(,}///(o)’ 7///(0)7 7////(0))
tE;I(l) 3 o 3! '

Thus these two functions are C'*°-differentiable at ¢ = 0. Moreover,

det(y',7",7") 1

lim ¢7(¢) = lim

t—0 t—0 t3 |y x 4|2
_ det(y"(0),7(0),7"(0)) 4l
- 3! [7"(0) x ~"(0)[?

shows that t7(¢t) is C°°-differentiable. On the other hand, by L’'Hépital’s rule, we have
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! 1
t—0| t2 |2t] 2
Thus
1
V@ VRO
] V2
Hence

" VIO \/Iv” o det(, 7" 9") ¢
V2

lim sgn(t) Hm t3 [y X~

//|2

2 /[7"(0)] det(v"(0),~"(0),7""(0))

= 3\/5 |’YN(0) X 7///(0)|2

which shows the assertion. O

We remark that this proof is analogous to that of [20, Lemma 2.1]. Thus Ksing (respectively, Teing) is a
geometric invariant of A-type (respectively, (2,3)-type) singular space curve, and it can be regarded as a
natural limit of usual curvature (respectively, torsion). We also remark that an A-type space curve-germ
7 : (R,0) — (R?,0) at 0 is (2, 3)-type if and only if Ksing 7 0. By (A.1), a parametrization ¢ of the A-type
space curve-germ < is the half-arclength parameter if and only if |v/(¢)| = 2[¢| (see [20, Remark 2.2]). We
have the following proposition.

Proposition A.3. Let o, 5 : (R,0) — R be C*®-functions satisfying o > 0. Then there exists a unique
(2,3)-type curve-germ v : (R,0) — (R>,0) up to orientation preserving isometric transformations in R>
such that

sg(t)|K(t) = a(t) and [|se(t)|7(t) = B() (A.2)
and t is the half-arclength parameter.

Proof. Let us consider an ordinary differential equation

0 —at) 0
A’(t):2A(t)<a(()t) ﬁ?t) —ﬁ()(t)).

Then we see that A(t) is an orthonormal matrix under an initial condition and A(0) is the identity matrix.
Set A(t) = (e(t),n(t),b(t)) and set y(t) = 2f0 te(t)dt. Then |¥'(t)] = 2|t| and which shows that ¢ is the
half-arclength parameter. One can eablly see that *y( ) satisfies (A.2). O

We remark that this proof is analogous to that of [20, Theorem 1.1].

For a space curve-germ 7 of A-type, one can easily see that there exist a parameter ¢ and an isometry A
such that

9 1
Aon(t) (t Z ,mt Z it ) (0,0(1 +1),0(1+1)), (A.3)

where O(l+1) stands for the terms whose degrees are greater than [+ 1, and v;; € R (j =2,3,i=2,...,1).
If 7 is of (2, 3)-type, then a5 # 0, and we see that
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_ |’>’23| V34
Rsing = mv Tsing — %

We set
i (v
ina = 5 (Vs 0100
g dt ! t=0
Then Ii;ing = (723 +4724)/(12v/2]y23]). Hence we would like to say that Ksing, H;ing, Tsing are all invariants

of (2, 3)-type singular space curve up to fourth degree. However, it is not easy to compute the differentiation
of \/|s4(t)|k(t) for a given curve. Thus we set

[7"(0) x y"(0)[* (+"(0),~""(0))
(v(0),~v"(0))

(y"(0) x 7"(0),7"(0) x ¥ (0)) — 2
(7(0), 4 (0)) 14

Then this is independent of the choice of the parameter, and

Osing —

Tsing = Y23(724 — 2723)

holds for 7 of the form (A.3). Thus invariants {Ksing, Osing, Tsing } can be used instead of {Kging, KLy, o Tsing }
for (2, 3)-type singular space curve up to fourth degrees.
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