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Abstract

This paper presents an efficient approach based on recurrent neural network for solving nonlinear optimization. More
specifically, a modified Hopfield network is developed and its internal parameters are computed using the valid subspace
technique. These parameters guarantee the convergence of the network to the equilibrium points that represent an optimal
feasible solution. The main advantage of the developed network is that it treats optimization and constraint terms in dif-
ferent stages with no interference with each other. Moreover, the proposed approach does not require specification of pen-
alty and weighting parameters for its initialization. A study of the modified Hopfield model is also developed to analyze its
stability and convergence. Simulation results are provided to demonstrate the performance of the proposed neural
network.
� 2005 Elsevier Inc. All rights reserved.
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1. Introduction

Artificial neural networks are richly connected networks of simple computational elements modeled on bio-
logical processes. These networks have been applied to several classes of optimization problems and have
shown promise for solving such problems efficiently. Unlike most of the numerical optimization methods,
one of the main reasons to use neural networks in nonlinear optimization is that they can readily be imple-
mented in hardware. Therefore, approaches based on neural networks are powerful tools for solving mathe-
matical optimization problems so that they could then be solved in real time processes.

Mathematical optimization problems have been widely applied in practically all knowledge areas. The con-
strained nonlinear optimization plays a fundamental role in many problems involved with the areas of sciences
and engineering, where a set of design parameters is optimized subject to inequality and/or equality con-
straints [1].
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In the neural networks literature, there exist several approaches used for solving nonlinear optimization
problems. The first neural approach applied in optimization problems was proposed by Tank and Hopfield
in [2], where the network was used for solving linear programming problems. Although the equilibrium point
of the Tank and Hopfield network may not be a solution of the original problem, this seminal work has in-
spired many researchers to investigate other neural networks for solving linear and nonlinear programming
problems [3]. Kennedy and Chua in [4] extended the Tank and Hopfield network by developing a neural net-
work for solving nonlinear programming problems. However, the network of Kennedy and Chua, as well as
that proposed by Tank and Hopfield, contains penalty parameters that generate approximate solutions only
when these parameters were large.

More recently, it was proposed in [5] a recurrent neural network for nonlinear optimization with a contin-
uously differentiable objective function and bound constraints. Another neural model for solving convex qua-
dratic programming problems was presented in [6]. In [7], it was developed a multilayer perceptron for
nonlinear programming, which transforms constrained optimization problems into a sequence of uncon-
strained ones by incorporating the constraint functions into the objective function of the unconstrained prob-
lem. In [3], a projection neural network with a single-layer structure has also been proposed for solving
nonlinear programming problems. Basically, most of these neural networks proposed in the literature for solv-
ing nonlinear optimization problems contain some penalty or weighting parameters. The stable equilibrium
points of these networks, which represent a solution of the constrained optimization problem, are obtained
only when those parameters are properly adjusted, and in this case, both the accuracy and the convergence
process can be affected.

In this paper, we have developed a modified Hopfield network not depending on penalty or weighting
parameters, which overcomes shortcomings of the previous approaches. This approach has already been ap-
plied to solve several other types of optimization problems. In [8], the proposed approach was efficiently used
to solve dynamic programming problems. In [9], the modified Hopfield network was applied to solve combi-
natorial optimization problems. Another approach using the modified Hopfield network presented this paper
was also applied in [10] for mapping of robust parameter estimation problems in presence of unknown-
bounded-but errors.

Differently of most of the other neural models, the network proposed here is able to treat several kinds of
optimization problems using a unique network architecture, such as those referenced in [8–10], which have
respectively applied to solve dynamic programming, combinatorial optimization and robust estimation. In this
paper, we have proposed a novel extension of the modified Hopfield network in order to treat constrained
nonlinear optimization problems.

For this purpose, the organization of the present paper is as follows. In Section 2, the modified Hopfield
network is presented. Section 3 contains a convergence analysis associated to the network dynamics on the
context of the valid subspace. In Section 4, a mapping of nonlinear optimization problems is formulated using
the modified Hopfield network. Simulation results are presented in Section 5 to demonstrate the advanced per-
formance of the proposed approach. In Section 6, the main results of the paper are summarized and some
concluding remarks are presented.
2. The modified Hopfield network

An artificial neural network (ANN) is a dynamic system that consists of highly interconnected and parallel
nonlinear processing elements that shows extreme efficiency in computation. In this paper, a modified Hop-
field network with equilibrium points representing a solution of the constrained optimization problem has
been developed. As introduced in [11], Hopfield networks are single-layer networks with feedback connections
between nodes. In the standard case, the nodes are fully connected, i.e., every node is connected to all others
nodes, including itself. The node equation for the continuous-time network with n-neurons is given by
_uiðtÞ ¼ �g � uiðtÞ þ
Xn

j¼1

T ij � mjðtÞ þ ib
i ; ð1Þ

miðtÞ ¼ gðuiðtÞÞ; ð2Þ
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where ui(t) is the current state of the ith neuron, mj(t) is the output of the jth neuron, ib
i is the offset bias of the

ith neuron, g Æui(t) is a passive decay term, and Tij is the weight connecting the jth neuron to ith neuron.
In Eq. (2), g(ui(t)) is a monotonically increasing threshold function that limits the output of each neuron to

ensure that network output always lies in or within a hypercube. It is shown in [11] that the equilibrium points
of the network correspond to values m(t) for which the following energy function associated to the network is
minimized:
EðtÞ ¼ � 1

2
mðtÞT � T � mðtÞ � mðtÞT � ib. ð3Þ
The mapping of constrained optimization problems using a Hopfield network consists of determining the
weight matrix T and the bias vector ib to compute equilibrium points. A modified energy function Em(t) is used
here, which is defined as follows:
EmðtÞ ¼ EconfðtÞ þ EopðtÞ; ð4Þ

where E conf(t) is a confinement term that groups all the constraints imposed by the problem, and Eop(t) is an
optimization term that conducts the network output to the equilibrium points. Thus, the minimization of
E m(t) of the modified Hopfield network is conducted in two stages:

(i) Minimization of the term Econf(t):
EconfðtÞ ¼ � 1

2
mðtÞT � Tconf � mðtÞ � mðtÞT � iconf ; ð5Þ
where m(t) is the network output, T conf is weight matrix and i conf is bias vector belonging to E conf. This
corresponds to confinement of m(t) into a valid subspace [10,12] that confines the inequality and equality
constraints imposed by the problem.

(ii) Minimization of the term Eop(t):
EopðtÞ ¼ � 1

2
mðtÞT � Top � mðtÞ � mðtÞT � iop; ð6Þ
where T op is weight matrix and i op is bias vector belonging to Eop. This moves m(t) towards an optimal solu-
tion (equilibrium points).

Thus, as shown in Fig. 1, the operation of the modified Hopfield network consists of three main steps,
which are defined as follows:

Step I: Minimization of E conf, corresponding to the projection of m(t) in the valid subspace defined by
mðt þ 1Þ ¼ Tconf � mðtÞ þ i conf ; ð7Þ
Fig. 1. The modified Hopfield network.
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where T conf is a projection matrix (T conf ÆT conf = T conf) and T conf Æ i conf = 0. This operation corre-
sponds to an indirect minimization process of Econf(t) using orthogonal projection of m(t) on the fea-
sible set.
Step II: Application of a piecewise activation function constraining m(t) in a hypercube
8
gðmiÞ ¼

lim
inf

i
; if mi < lim

inf

i
;

mi; if lim
inf

i
6 mi 6 lim

sup

i
;

lim
sup

i
; if mi > lim

sup

i
;

>>>>>><
>>>>>>:

ð8Þ

where miðtÞ 2 ½liminf
i ; limsup

i �. Although m is inside a set with particular structure, the modified Hopfield
network can represent a general problem. For example, if m 2 Rn, then liminf

i ¼ �1 and limsup
i ¼ 1.
Step III: Minimization of Eop, which involves updating of m(t) in direction to an optimal solution (defined by
Top and iop), which corresponds to network equilibrium point that represents a solutions for the con-
strained optimization problem, by applying the gradient in relation to the energy term Eop, i.e.,
dmðtÞ
dt
¼ _m ¼ � oEopðtÞ

om

Dm ¼ �Dt � rEopðmÞ ¼ Dt � ðTop � m þ iopÞ:
ð9Þ
Therefore, minimization of Eop consists of updating m(t) in the opposite direction of the gradient of Eop. These
results are also valid when sigmoid-type activation functions are used [13].

As seen in Fig. 1, each iteration represented by the above steps has two distinct stages. First, as described in
Step III, m is updated using the gradient of the term Eop alone. Second, after each updating given in Step III, m

is projected directly in the valid subspace. This second stage is an iterative process, in which m is first orthog-
onally projected in the valid subspace by applying Step I and then thresholded in Step II, so that its elements
lie in the range defined by ½liminf

i ; limsup
i �.

Thus, the mapping of constrained optimization problems using a modified Hopfield network consists of
determining the matrices T conf and T op, and also the vectors i conf and i op.

In Fig. 2, is illustrated the schematic diagram representing a modified Hopfield network composed by n

neurons.
Fig. 2. Schematic diagram of the modified Hopfield network.
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3. Analysis of the modified Hopfield network dynamics

The operation of the modified Hopfield network in the early stages of convergence is analyzed in this sec-
tion. Initially, the component of _m {defined in Eq. (9)}, which lies in the valid subspace, is defined as _mconf . Since
m is confined to the valid subspace (i.e., m = Tconf Æm + iconf), any component of _m orthogonal to _mconf is contin-
ually suppressed [14]; hence it is _mconf , not _m, which best characterizes the overall dynamics of the network.
Thus, we have
_mconf ¼ T conf � _m ¼ T confðT op.m þ i opÞ
¼ T confðT opðT conf � m þ i confÞ þ i opÞ
¼ T confT opT conf � m þ T confðT op � i conf þ i opÞ. ð10Þ
The component _mconf consists of two parts, a constant term, T conf(T op Æ i conf + i op), and a term which
depends on m, T confT opT confm. These expressions can be simplified by
Tconf TopTconf ¼ A; ð11Þ
TconfðTop � iconf þ iopÞ ¼ b; ð12Þ
which gives
_mconf ¼ A � m þ b ¼ A � mconf þ b; ð13Þ

where mconf = T conf Æm and T conf ÆT conf = T conf.

With m confined to the valid subspace (i.e., m = T conf Æm + i conf and T conf Æ i conf = 0), E op can be expressed as
Eop ¼ � 1

2
mT � A � m � bT � m. ð14Þ
It is thus apparent, that the dynamics of f _m ¼ _mconf ¼ A � m þ bg simply results in the steepest descent in rela-
tion to Eop within the valid subspace, which is consistent with the goal of finding a valid solution which mini-
mizes Eop. The general solution of (13) can be expressed by means of the matrix exponential [15]
mconfðtÞ ¼ eAtmconf
0 þ

Z t

0

eAðt�sÞb � ds; ð15Þ
where mconf
0 is the value of mconf at time t = 0, usually set to be a small random vector. Rewriting the matrix

exponentials as power series gives
mconfðtÞ ¼
X1
k¼0

tk

k!
Akmconf

0 þ
Z t

0

X1
k¼0

ðt � sÞk

k!
Akb � ds ¼

X1
k¼0

tk

k!
Akmconf

0 þ
X1
k¼0

Akb

k!

Z t

0

ðt � sÞk ds

¼
X1
k¼0

tk

k!
Akmconf

0 þ
X1
k¼0

tkþ1

ðk þ 1Þ! Akb. ð16Þ
To analyze the behavior of mconf during the convergence process of the network, let us consider the vectors
mconf, mconf

0 and b written as terms of their components express on coordinate space generated from normalized
eingenvectors of A. Thus, suppose A has eigenvalues k1, k2, . . . , kn, with associated normalized eigenvectors
u1, u2, . . . , un. It is necessary to distinguish between the zero and nonzero eigenvalues of A, so the set Z is
defined, such as ki = 0 for i 2 Z and ki 5 0 for i 62 Z. Let mconf, mconf

0 and b be decomposed along the eigenvec-
tors of A as follows:
mconf ¼
Xn

i¼1

miui; mconf
0 ¼

Xn

i¼1

oiui; b ¼
Xn

i¼1

biui; ð17Þ
where mi, oi and bi refer respectively to the values of the ith component of mconf, mconf
0 and b, represented on

coordinate space generated from eigenvectors of A. Therefore, from (17), we obtain
Akmconf
0 ¼

Xn

i¼1

oik
k
i ui; Akb ¼

Xn

i¼1

bik
k
i ui.
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Substituting above equation in (16) results in
mconfðtÞ ¼
X1
k¼0

tk

k!

Xn

i¼1

oik
k
i ui þ

X1
k¼0

tkþ1

ðk þ 1Þ!
Xn

i¼1

bik
k
i ui

¼
Xn

i¼1

oiui

X1
k¼0

tkkk
i

k!
þ
X
i62Z

biui

ki

X1
k¼0

tkþ1kkþ1
i

ðk þ 1Þ!þ
X
i2Z

biui

X1
k¼0

tkþ10k

ðk þ 1Þ!

¼
Xn

i¼1

eki toiui þ
X
i62Z

biui

ki

X1
k¼0

tkkk
i

k!
� 1

 !
þ
X
i2Z

biuit

¼
Xn

i¼1

eki toiui þ
X
i62Z

biui

ki
ðeki t � 1Þ þ

X
i2Z

biuit. ð18Þ
Eq. (18) is completely general in that it holds for any arbitrary A, b and mconf
0 . However, the expression can

be simplified if A and b are defined as in Eqs. (11) and (12). In this case the eigenvectors of A with correspond-
ing zero eigenvalues are confined to spanning the invalid subspace, whilst b lies wholly within the valid sub-
space, so bi = 0 for i 2 Z. Eq. (18) can sequentially be transformed in
mconfðtÞ ¼
Xn

i¼1

eki toiui þ
X
i62Z

biui

ki
ðeki t � 1Þ. ð19Þ
It is important to examine the expression for mconf(t) given by (19) in the limits of small and large t. For
small t, we make the approximation following:
eki t � 1þ kit;
which gives
mconfðtÞ �
Xn

i¼1

½oið1þ kitÞ þ bit� � ui. ð20Þ
Further noting that for a small random mconf
0 , the terms oi are often small in comparison with the bi. Thus,

Eq. (20) transforms in
mconfðtÞ � t
Xn

i¼1

biui ¼ t � b. ð21Þ
So it is apparent that mconf initially takes off in the direction of the vector b. In the limit of large t, Eq. (19)
indicates that mconf will tend towards the eigenvector of A corresponding to the largest positive eigenvalue. In
this case, the equilibrium point of the network may be iteratively computed, since the state of the network
starting from an arbitrary initial position will converge to the equilibrium point, which is bounded by the
hypercube defined by the piecewise activation function defined in (8).

4. Formulation of constrained optimization problems through the modified Hopfield architecture

Consider the following constrained optimization problem, with m-constraints and n-variables, given by the
following equations:
Minimize EopðmÞ ¼ f ðmÞ; ð22Þ
subject to EconfðmÞ : hiðmÞ 6 0; i 2 f1 . . . mg; ð23Þ

zmin
6 m 6 zmax; ð24Þ
where m; zmin; zmax 2 Rn; f(m) and hi(m) are continuous, and all first and second order partial derivatives of f(m)
and hi(m) exist and are continuous. The vectors zmin and zmax define the bounds on the variables belonging to
the vector m. The conditions in (23) and (24) define the bounds on the feasible region. The vector m must remain
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within this region if it is to represent a valid solution for the optimization problem (22). A solution can be
obtained by a modified Hopfield network whose valid subspace guarantees the satisfaction of condition
(23). Moreover, the initial hypercube represented by the inequality constraints in (24) is directly implemented
by the piecewise function given in (8), which is used as neural activation function.

The parameters T conf and i conf are calculated by transforming the inequality constraints in (23) into equal-
ity constraints by introducing a slack variable w 2 Rm for each inequality constraint
hiðmÞ þ
Xm

j¼1

dij � wj ¼ 0; ð25Þ
where wj are slack variables, treated as the variables mi, and dij is defined by
dij ¼
1; if i ¼ j;

0; if i 6¼ j.

�
ð26Þ
After this transformation, the problem defined by Eqs. (22)–(24) can be rewritten as
Minimize EopðmþÞ ¼ f ðmþÞ; ð27Þ
subject to EconfðmÞ : hþðmþÞ ¼ 0; ð28Þ

zmin
i 6 mþi 6 zmax

i ; i 2 f1 . . . ng; ð29Þ
0 6 mþi 6 zmax

i ; i 2 fnþ 1 . . . Ng; ð30Þ
where N = n + m, and mþT ¼ ½mT wT� 2 RN is a vector of extended variables. It is important to observe that Eop

does not depend on the slack variables w. In [16], has been shown that a projection matrix to the system de-
fined in (28) is given by
Tconf ¼ I �rhðmþÞT � ðrhðmþÞ � rhðmþÞTÞ�1 � rhðmþÞ; ð31Þ

where
rhðmþÞ ¼

oh1ðmþÞ
omþ

1

oh1ðmþÞ
omþ

2

. . . oh1ðmþÞ
omþN

oh2ðmþÞ
omþ

1

oh2ðmþÞ
omþ

2

. . . oh2ðmþÞ
oxþN

..

. ..
. . .

.

ohmðmþÞ
omþ

1

ohmðmþÞ
omþ

2

ohmðmþÞ
omþN

2
66666664

3
77777775
¼

rh1ðmþÞT

rh2ðmþÞT

..

.

rhmðmþÞT

2
666664

3
777775. ð32Þ
Inserting the value of (31) in the expression of the valid subspace in (7), we have the following equation:
mþ ¼ ½I �rhðmþÞT � ðrhðmþÞ � rhðmþÞTÞ�1 � rhðmþÞ� � mþ þ i conf . ð33Þ

Results of the Lyapunov stability theory [15] can be used in order to develop a deeper understanding of the

equilibrium condition. By the definition of Jacobean, when m leads to the equilibrium point me = 0(kiconfk ! 0),
h(m) may be approximated as follows:
hðmþÞ � hðmeÞ þ J � ðmþ � meÞ; ð34Þ

where J = $h(m+).

In the proximity of the equilibrium point me = 0, we obtain the following equation:
lim
m!me

khðmþÞk
kmþk ¼ 0. ð35Þ
Finally, introducing (34) and (35) in equation given by (33), it is obtained the following iterative expression:
mþ  mþ � rhðmþÞT � ðrhðmþÞ � rhðmþÞTÞ�1 � hðmþÞ. ð36Þ

Thus, the expression defined by Step I in Fig. 1 is similar to the above equation.
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The parameters Top and iop in this case are such that the vector m+ is updated in the opposite gradient direc-
tion that of the energy function Eop. Since conditions (23) and (24) define a bounded region, the objective func-
tion (22) has minimum points. Thus, the equilibrium points of the network, which represent those minimum
points, can be calculated by assuming the following values to T op and i op:
iop ¼ � of ðmþÞ
omþ

1

of ðmþÞ
omþ

2

� � � of ðmþÞ
omþN

h iT

; ð37Þ

Top ¼ 0. ð38Þ
To demonstrate the advanced behavior of the modified Hopfield network derived in this section and to val-
idate its properties, some examples involving nonlinear optimization problems have been simulated in the next
section.
5. Simulation results

In this section, the modified Hopfield network proposed in previous sections has been used to solve con-
strained optimization problems. We provide four examples to illustrate the effectiveness of the proposed
architecture.

Example 1. Consider the following constrained optimization problem proposed in [16], which is composed by
inequality constraints and bounded variables:
Minimize f ðmÞ ¼ em1 þ m2
1 þ 4m1 þ 2m2

2 � 6m2 þ 2m3;

subject to m2
1 þ em2 þ 6m3 6 15;

m4
1 � m2 þ 5m3 6 25;

m3
1 þ m2

2 � m3 6 10;

0 6 m1 6 4;

0 6 m2 6 2;

m3 P 0:
This problem has a unique optimal solution m* = [0.0 1.5 0.0]T, and the minimal value of f(m*) at this point
is equal to �3.5. To observe the global convergent behavior of the proposed network, we generated 15 initial
points randomly distributed between 0 and 5. The bound constraints represented by the last three equations
are directly mapped through the piecewise activation function defined in (8). All simulation results obtained by
the modified Hopfield network show that the proposed architecture is globally asymptotically stable at m*.
Fig. 3 shows the trajectories of the modified Hopfield network starting from m0 = [2.33 0.31 0.16]T and
converging towards to optimal vector m*.

The trajectories of the objective function starting from several initial points are illustrated in Fig. 4. All tra-
jectories lead towards the same theoretical minimal value provided by f(m*) = �3.5 when assumed
Dt = 0.0001. These results show the efficiency of the modified Hopfield network for solving constrained non-
linear optimization problems.

To provide a more consistent analysis in relation to the efficiency of the proposed architecture, we make a
comparison between the results produced by the modified Hopfield network with those provided by the
network developed by Xia et al. in [3] and by the Kennedy and Chua�s topology presented in [4] through
the following example.

Example 2. Consider the following constrained optimization problem proposed in [3], which is composed by
inequality constraints:
Minimize f ðmÞ ¼ m3
1 þ ðm1 � 2m2Þ3 þ em1þm2 ;

subject to m 2 V ;
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Fig. 3. Transient behavior of the modified Hopfield network in Example 1.
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Fig. 4. Evolution of the objective function for 15 initial points in Example 1.
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where V ¼ fm 2 R2jm2
1 þ m2

2 6 1g. This problem has a unique optimal solution given by m* =
[�0.5159 0.8566]T with f(m*) = �9.8075. All simulation results provided by the modified Hopfield network
show that it is globally asymptotically stable at m*.

In Table 1, the results obtained by the modified Hopfield network using Dt = 0.0001 are compared with
those provided by the projection neural network proposed by Xia et al. in [3], and also those given by the non-
linear circuit network developed by Kennedy and Chua in [4]. Six different initial points were chosen, where
two points {(1,0); (0,�1)} are located in V and four {(�2,�2); (2,�2); (2,2); (�2,�2)} are not in V. The



Table 1
Comparison of the simulation results in Example 1

Initial vector Modified Hopfield Network Projection neural network Nonlinear circuit network

m(0) = [2 2]T m = [�0.5160 0.8566]T m = [�0.5160 0.8566]T m = [�0.5195 0.8641]T

m(0) = [�2 2]T m = [�0.5160 0.8566]T m = [�0.5160 0.8566]T m = [�0.5196 0.8641]T

m(0) = [�2 �2]T m = [�0.5160 0.8566]T m = [�0.5161 0.8564]T /
m(0) = [1 �1]T m = [�0.5160 0.8566]T m = [�0.5162 0.8563]T /
m(0) = [1 0]T m = [�0.5160 0.8566]T m = [�0.5162 0.8564]T /
m(0) = [0 �1]T m = [�0.5160 0.8566]T m = [�0.5161 0.8564]T /
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results obtained by the modified Hopfield network are very close to the exact solution. The mean error be-
tween the solutions obtained by the network and the exact solution is less than 0.02%. We can verify that
all solutions produced by the modified Hopfield network are quite accurate.

According to Table 1 the nonlinear circuit network proposed by Kennedy and Chua can apparently ap-
proach m* in only two cases. This confirmation was also observed in simulations performed in [3]. The projec-
tion neural network developed in [3] produces solutions for all cases presented in Table 1, and we can observe
that the final solutions depend on their initial values. It is also shown in Table 1 that the modified Hopfield
network, independently of the initial values of m, has converged to the same final values for all simulations. To
illustrate the global convergent behavior of the modified Hopfield network, Fig. 5 shows the trajectories of m

starting from several initial points.
It is important to observe that all trajectories starting from the inside or outside of the feasible region V

converge to m*. Thus, the proposed approach always converges to the optimal solution, independently whether
the chosen initial point is located in the feasible region or not. Therefore, we can conclude that the modified
Hopfield network is of high robustness.

Example 3. Consider the following constrained optimization problem proposed in [1], which is composed by
inequality and equality constraints:
Minimize f ðmÞ ¼ m3
1 þ 2m2

2 � m3 þ 2m3;

subject to m2
1 þ m2 þ m2

3 ¼ 4;

m2
1 � m2 þ 2m3 6 2;

m1; m2; m3 P 0:
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Fig. 5. Trajectories of the modified Hopfield network for 20 initial points in Example 2.
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The optimal solution for this problem is given by m* = [0.0 4.0 0.0]T, where the minimal value of f(m*) at
this point is equal to zero. Fig. 6 shows the trajectories of the network variables starting from the initial point
m0 = [1.67 1.18 3.37]T. All simulation results obtained by the modified Hopfield network using Dt = 0.001
show that the proposed architecture is globally asymptotically stable at m*.

The network has also been evaluated for different values of initial conditions. The trajectories of the objec-
tive function starting from several initial points are illustrated in Fig. 7. All trajectories lead toward the same
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Fig. 6. Transient behavior of the modified Hopfield network in Example 3.
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Fig. 7. Evolution of the objective function for 15 initial points in Example 3.
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equilibrium point. These results show the ability and efficiency of the modified Hopfield network for solving
constrained nonlinear optimization when equality and inequality constraints are simultaneously included in
the problem.

In comparison with results obtained by using the multilayer perceptron network proposed in [7], and start-
ing from the same initial points, it was observed that the modified Hopfield Network not only converges more
quickly, but also results in higher accuracy.

Example 4. In this example we consider a constrained optimization problem representing the economic
power dispatch problem [17].

The economic power dispatch problem consists of determining the optimal combination of power outputs
for all generating units, which minimizes the total fuel cost while satisfying the constraints imposed by the
system. Considering n generating units, the economic power dispatch problem can be expressed by the
following equations:
Table
Initial

Unit

1
2
3

Minimize f ðmÞ ¼
Xn

i¼1

fiðmiÞ ¼
Xn

i¼1

ðai þ bi � mi þ ci � m2
i Þ;

subject to
Xn

i¼1

mi � L� D ¼ 0;

mmin
i 6 mi 6 mmax

i ;
where fi(mi) is the fuel cost of the ith generating unit, mi is the power generated by the ith unit, mmin
i and mmax

i are
minimum and maximum generation levels for the ith unit, L is the system total demand, and D is the system
loss. The generation parameters are described in Table 2. In this example, the total demand is 850 MW and the
system loss is considered despicable [17].

The purpose of this example is also to compare the solutions obtained by the modified Hopfield network
with some other neural approaches presented in the literature, which are also used for solving economic power
dispatch problems. This problem has a unique optimal solution given by m* = [393.17 334.60 122.23]T. The
transient behavior of the generation dispatches obtained by the modified Hopfield network using Dt = 0.001 is
shown in Fig. 8.

The behavior of the cost function is illustrated in Fig. 9. The network has also been evaluated for different
values of initial conditions. All trajectories lead towards the same equilibrium point.

The values of the generation dispatches calculated by the modified Hopfield network is shown in Table 3, as
well as the dispatches provided by the linear Hopfield network proposed in [18], by the conventional Hopfield
method [19] and by the quadratic programming network proposed in [20]. The solution obtained by the mod-
ified Hopfield network is equal to the optimal solution.

The simulation results described in Table 3 shows that the modified Hopfield network has presented the
best results. From a detailed analysis accomplished on the other models, the aspects that can influence on
the their performances are the following: (i) optimization and constraint terms involved in the problem map-
ping are treated in a single stage, (ii) interference between optimization and constraint terms affects the pre-
cision of the equilibrium points, and (iii) the convergence process of the networks depend on the correct
adjustment of the weighting constants associated with the energy terms. However, the modified Hopfield
2
parameters of the problem in Example 4

ai bi ci mmin
i (MW) mmax

i (MW)

561 7.92 0.001562 150 600
310 7.85 0.00194 100 400

78 7.97 0.00482 50 200



0 0.05 0.10 0.15 0.20 0.25 0.30
50

100

150

200

250

300

350

400

450

v1

v2

v3

time

po
w

er
 o

ut
pu

ts

Fig. 8. Transient behavior of the power outputs in Example 4.
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Fig. 9. Evolution of the cost function in Example 4.

Table 3
Comparison of the simulation results in Example 4

Method m1 (MW) m2 (MW) m3 (MW)

Modified Hopfield network 393.17 334.60 122.23
Linear Hopfield network 392.90 334.39 122.14
Conventional Hopfield network 393.80 333.10 122.30
Quadratic programming network 393.10 334.52 122.20
Optimal solution 393.17 334.60 122.23
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network presented here has not presented these inconveniences since it treats optimization and constraint
terms in different stages.

6. Conclusions

In this paper, we have developed a modified Hopfield network for solving constrained optimization prob-
lems. The architecture presented here treats optimization and constraint terms in different stages. The terms
T conf and i conf (belonging to E conf) of the modified Hopfield network were developed to force the validity of
the structural constraints associated with the nonlinear optimization problem, and the terms T op and i op

(belonging to E op) were developed to find a optimal solution associated with the cost function. In contrast
to the other neural approaches used in these types of problems, the modified Hopfield network presented
in this paper does not require specification of weighting parameters in its initialization process. Thus, the main
advantages of using a modified Hopfield network to solve constrained optimization problems are the follow-
ing ones: (i) consideration of optimization and constraint terms in distinct stages with no interference with
each other, (ii) use of unique energy term (E conf) to group all constraints imposed on the problem, and (iii)
lack of need for adjustment of weighting constants for initialization.

The simulation results demonstrate that the proposed network is an efficient method to solve nonlinear
optimization problems. From the simulation results we can conclude that the modified Hopfield network pro-
posed in this paper has the advantages of global convergence and high accuracy of solutions. In order to guar-
antee this global convergent behavior, we also analyzed, for each example presented in the paper, the network
convergence from several other points randomly generated. For all simulations, the network always converged
to the same optimal solutions.

Some particularities of the neural approach in relation to primal methods normally used in nonlinear opti-
mization are the following: (i) it is not necessary the computation, in each iteration, of the active set of con-
straints; (ii) the neural approach does not compute Lagrange�s multipliers; and (iii) the initial solution used to
initialize the network can be outside of the feasible set defined from the constraints.
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