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Use of copula functions for the
reliability of series systems
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Fernando Antonio Moala
Department of Statistics, Universidade Estadual Paulista, UNESP,
Presidente Prudente, Brazil

Abstract

Purpose — The purpose of this paper is to provide a new method to estimate the reliability of series
system by using copula functions. This problem is of great interest in industrial and engineering
applications.

Design/methodology/approach — The authors introduce copula functions and consider a Bayesian
analysis for the proposed models with application to the simulated data.

Findings — The use of copula functions for modeling the bivariate distribution could be a good
alternative to estimate the reliability of a two components series system. From the results of this study,
the authors observe that they get accurate Bayesian inferences for the reliability function considering
large samples sizes. The Bayesian parametric models proposed also allow the assessment of system
reliability for multicomponent systems simultaneously.

Originality/value — Usually, the studies of systems reliability engineering assume independence among
the component lifetimes. In the approach the authors consider a dependence structure. Using standard
classical inference methods based on asymptotical normality of the maximum likelihood estimators for the
parameters the authors could have great computational difficulties and possibly, not accurate inference
results, which there is not found in the approach.

Keywords Bayesian approach, Reliability, Copula, Farlie-Gumbel-Morgenstern, Gumbel, Series system
Paper type Research paper

1. Introduction

Usually, the studies of systems reliability engineering assume independence among
the component lifetimes. In practice, however, the components of a system are
usually dependent. Indeed, two components assembled in a system structure may
share the same load, may be subject to the same set of stresses or similar
environment and hence leading to similar performances. This way, the correlated
lifetimes can modify the reliability of the systems. This problem is of great interest in
industrial and engineering applications.

Different bivariate lifetime models could be assumed for correlated lifetimes
(see Kotz et al, 2000). The bivariate exponential has been the most popular choice for
estimation of the reliability systems (see Freund, 1961; Marshall and Olkin, 1967; Block
and Basu, 1974; Franco and Vivo, 2002).

An another popular lifetime distribution is given by the Weibull family (Weibull,
1951; Murthy et al., 2004), since this model presents a great flexibility of fzit: constant,
increasing or decreasing hazard function /(f) = f({)/R(f) where f{({) is the probability
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Figure 1.
Series system

The Weibull distribtion has been used extensively by reliability engineers (see, e.g.
Cran, 1988; Teimouri and Gupta, 2013) and mainly with censored lifetime as right
censored data (Lawless, 1982; Sirvanci and Yang, 1984; Wang and Keats, 1995; Kundu
and Raqab, 2012), randomly censored data (Danish and Aslam, 2014), interval-censored
data (Pradhan and Kundu, 2014), progressively type-II censored samples (Ng, 2005),
and others.

In this paper the bivariate Weibull distribution is derived from two different
copula functions, the Gumbel (1960) copula and the Farlie-Gumbel-Morgenstern copula,
denoted by FGM (see Morgenstern, 1956; Gumbel, 1960; Farley, 1960), in order to model
the dependent lifetimes of two-components series system.

Copula function is an alternative and flexible way to construct different multivariate
lifetime distributions with pre-specified marginal distributions (see, e.g. Nelsen, 2006;
Trivedi and Zimmer, 2005a, b).

The main goal of this paper is to describe two approaches for the construction of the
bivariate Weibull distribution where the marginal distributions are univariate Weibull
distributions. The parameters of the copulas and reliability function of the system are
estimated by using the Bayesian methods to get the posterior summaries of interest.
In this way, we use Markov Chain Monte Carlo (MCMC) methods as the popular Gibbs
sampling algorithm (see, e.g. Gelfand and Smith, 1990; Casella and George, 1992) and
the Metropolis-Hastings algorithm (see, e.g. Chib and Grenberg, 1995).

We also study how the dependency influences the performance of the system.
We extend some comparison results obtained in the case of independent components to
the case of two dependent components for each proposed copula function.

The paper is organized as follows: Section 2 presents a review of series system; in
Section 3, we introduce copula functions and provides the bivariate Weibull distributions;
in Section 4, we consider a Bayesian analysis for the proposed models; in Section 5, we
introduce simulated examples; finally in Section 6, we present some conclusions.

2. A series system with two components
Let us assume a series system with two components, where the system works if and
only if both components work (see Figure 1).

The reliability of a series system with two components in a fixed time £ is given by:

R(t) = Plmin(ty, t2) > t] @

where 77 and T, are random variables denoting the lifetimes of components 1 and 2,
respectively.

From (1), we observe that R({) =HT; >t, To > {]; under the usual independence
assumption, the reliability of the system is given by:

R(t) = P[Ty > ] P[Ty > 1] = Ri(t) R2(2) @

where R;(t)=HT; > {] is the reliability for the component j, j=1, 2.

In practical reliability engineering studies, usually we have correlated lifetimes 73
and Ty in this case we could have different reliability as assuming independence
between the lifetimes (see, e.g. Aggarwal, 1993; Smith, 1972; Nelson, 1982).

C1 CQ
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In this way, the reliability for the series system at a fixed time ¢ is given by:
R(t) = P[T1 > 1, T2 > 1] = S12(t1,t2) 3

where Sia(fy, t2) denotes the joint survival function for the lifetimes 77 and 7% and
definite as:

Si(ti, o) = P(T1 > t1, Ty > to) = 1=F1(t)—Fa(t2) + F(t1, t2) @)

where Fi(t) = P[T;<f] is the distribution function for the component j, j =1, 2 and F{¢;, t2)
is the joint distribution function.

3. Bivariate Weibull based on copula functions
In this section, we introduce two new formulations for the bivariate Weibull
distribution based on copula functions.

Copula functions have been studied by many authors (Nelsen, 2006, is a classical
book in this topic). Copula functions can be used to link marginal distributions with
a joint distribution. For specified univariate marginal distribution functions Fi(#), ...,
F,(t,), the function C[Fi(ty), ..., F,,(t,)] which is defined using a copula function C,
results in a multivariate distribution specified as Fi(f), ..., F,.(t,). It is important to
point out that any multivariate distribution function F' can be written in the form of
a copula function (Sklar, 1959), that is, if F(f, ..., £,,) is a joint multivariate distribution
function with univariate marginal distribution functions Fi(fy), ..., F.(t,,), thus exists a
copula function (Juy, ..., u,,] such that:

F(Z’Lla s tm) = C[Fl(tl), B Fm(tm)] (5)

For the special case of bivariate distributions, we have m = 2.

Observe that the probability transformations U; = Fi(t1) and Us = Fs(fs) where U
and Us have uniform (0, 1) distributions, are dependent if 77 and 75 are dependent
(Ty and T, independent implies that U; and Us are independent).

Specifying, dependence between 77 and 75 is the same as specifying dependence
between U; and Us,, thus the problem reduces to specifying a bivariate distribution
between two uniform variables, that is, a copula. Our first model considered for the
study of dependence structure for two components is based in the FGM copula.

The FGM copula is defined by:

Cr(ur, uz) = uruo[1+ 0(1—u1)(1-uz)] ©)

where u;=F(t;) and us=F5(f) and —1 <0< 1. Observe that & measures the
dependence between two marginals, that is, if §=0, we have independent random
variables. This copula is appropriated to model weak dependence structures.

The association parameter § can take different values depending on the copula,
whereas measures of association, such as Pearson’s correlation coefficient are usually
bounded. The parameter 6 is related to the well-known association coefficients
Kendall’s 7 and Spearman’s p, by the equations:

c=4 //C(ul,uz) A1, 12)—1 = 40/18+1/4]1 = 20/9 0
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and:

p=12 //C(ul,uz) dC(1n1, u2)—3 = 12[0/36-+1/4] 3 = 0/3

From (6), the cumulative joint distribution function for the random variables 73 and 7>
is given by:
E(h,t2) = CiF1(h), Fat2)) = Fit)F2(f)[1+00—F1()(1-Fa(f2)] O
that is:
Fi(ty, ) = Fr(t)Fa(ta)[14 0R1(4)Ra(t2)] ©

The joint bivariate survival function for the lifetimes 77 and 75 obtained from (4) and
(9) is given by:

Si(ty, t2) = Ri(t1)Rao(t2)[1+ 0F 1 (t1)F2(t2)] (10)
Let us assume the marginal Weibull distributions given by:
Fi(h) = 1—exp[—(t1/21)" and Fa(t2) = 1—exp[—((t2/42)™)] (11
and the reliability functions at fixed times #; and ¢ are given by:
Ri(t) = exp[—(t1/71)""] and Ra(ts) = exp[—(t2/22)™] (12)

where A1, A2, a7 and as are all positives.

Considering the bivariate Weibull distribution derived from the FGM copula
(model I), the joint distribution function for 73 and 7% at fixed times #; and #; (see (8)) is
given by:

Filty, to) = {1—exp[—(t1/21)"] }{1—exp[(t2/22) ]}
{1+0exp[— (1 /)" = (t2/72) "]} (13)

and the joint survival function for 73 and 75 at fixed times #; and £, (see (10)) is given

by:

S](tl, tg) = exp [— (l‘l//h)a1 — (tg/;uz)zz] {1 + H(l—exp [— (tl/}ul)al} ) (l—exp [— (tz/},z)m] ) }
14)

Assuming a two component series system (see (3)), the reliability of the system at
a fixed time ¢ is given by:

Rt = Si(t,1) (15)
that is:
RO = exp[—(t/2)" = (1/22)") | {1+ 0(1—exp [~ (t/2)"]) (1-ex [ (t/72) )}
(16)

Let us denote this model derived from FGM copula, as “copula-I model” or “model 1.”
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A second copula function considered for the two-component series system, which is
denoted as “copula-Il model” or “model II,” is the Gumbel copula function (1960),
defined as:

Cu(u1, u2) = uy +up—1+ (1—u1)(1-uz)exp[— @In(1—u1)In(1-uz)] 17

where 0 < ® < 1.
In this model, the joint cumulative distribution function for the random variables 73
and T3 is given by:

Fu(ty, t2) = F1() + Fo(H) =1+ (1-F1()(1-F2(t))exp[— @In(1-F1 (1) In(1-F2(t))]  (18)
and corresponding survival function given by:

Su(t1, t2) = Ri(t1)Ro(t2)exp[— @ In(Ry(£1))In(Ra(f2))] 19)

As pointed out by Gumbel (1960), for this copula model, when ® =1, the Pearson
correlation linear coefficient takes the value —0.40365. When the two variables are
independent, ® takes the 0 value.

Considering the bivariate Weibull distribution derived from the Gumbel copula
function (model II), the joint distribution function for 77 and 75 at fixed times # and #,
(see (18)) is given by:

FH(lLb tz) = 1—exp{— (tl/il)“l}—exp{— (fz//lz)az}

+6Xp{— (l‘l/ll)m1 — (l‘g/)nz)az—@ (tl//ll)al (tz/ig)lz} (20)

and the joint survival function for 77 and 75 at fixed times #; and £, (see (19)) is given
by:

Su(ti, ) = exp{— (tl/il)al — (tg/ig)az—d) (l‘l/il)“l (l‘g/ig)az} 21)

Assuming a two-component series system (see (3)), the reliability of the system at
a fixed time ? is given from (21), by R() = Sy(?, ¢), that is:

R = exp{—(t/21)" = (t/22)" =@ (t/22)" (t/72) "} 22)

It is important to point out that many other copula functions are introduced in the
literature which are appropriate to model different degrees of dependence (see, e.g.
Amblard and Girard, 2002, 2009; Chan and Li, 2008; Czado, 2010; Frahm et al, 2003;
Genest, 1987; Genest and MacKay, 1986a, b; Genest and Rivest, 1993; Joe, 1993, 1997;
Kurowicka and Joe, 2011; McNeil and Neslehova, 2009; Nelsen, 1986; Schweizer, 1991;
Shih and Louis, 1995; Song, 2000; Zheng and Klein, 1995).

4. A Bayesian analysis assuming Weibull distributions for the
component lifetimes

Let us assume a random sample of size # of a two-component series system with
lifetimes 77 and 7> related to the two components. We only observe the minimum
lifetime beween 77 and 75, that is, 7=min(77,75). Thus, we have a data set denoted
by (¢, 5;), where ;=1 if t;; <ty or 6; =0 if ;;2l5;, i=1, ..., n. Observe that, if §;=1,
the contribution for the likelihood function is given by ATy, =1;, To; > 1], if 5;=0, the
contribution for the likelihood function is given by P 7Ty; > £, To;=1].
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The likelihood function (see, e.g. Lawless, 1982) is given by:
= [ 0S(ty, ty 3S(tri tar)\ "
L= H ( Oh; ) < Oty > &)

where S(f1;, 12;) 18 the joint survival function for the lifetimes 77; and 7,

In order to determine the likelihood for the parameters of the bivariate Weibull
distribution derived from the FGM copula function (model I), we need the first
derivatives of Si(t;, 1), given in (14), with respect to #; and £ which are given,
respectively, by:

—0Si(t, t2) /0ty = [on (1) 1/ () exp [— (t1 /A1) " = (t2/72) ]

{14 6—20exp[—(t1/41)" | -Oexp[— (t2/22) ] +20exp[— (11 /71) " — (t2/22) ] }
24)

and:

—0Si(t1,2) [0tz = [oa(t2)*']/ (o) *exp[— (t1 /71)™ = (t2/ 22) ]
x {1+0—0Oexp[— (t1//1)™ ] —20exp [~ (t2/4) ]

+20exp[— (11 /21)" = (t2/ 22) ] }

and replacing (24) in (23) we have the likelihood function L;.

Now, considering the bivariate Weibull distribution derived from the Gumbel copula
function (model II), the likelihood function Ly is obtained with the first derivatives of
Snul(ty, ) given in (21) with respect to #; and #,, that is:

—aSu(ty, ta) /o1l = [aa () ']/ (Ga) {1+ D@ (t2/72) ™ }
eXp{— (tl/;ul)“l — (tg//lz)w—(b (l‘l/}yl)al (l‘g/ig)az} (25)

and:
—0Su(t1, ta) /oty = [oa(t2)* ']/ (Ge)* {1+ @ (t1 /1) }

eXp{—(tl/il)al—(tg/iz)az—q)(t]/}yl)“l (l‘g/ig)az}

From (23) and (25) we have the likelihood function for the model IL

For a Bayesian analysis of “model I” and “model II,” we assume uniform Ula, b) prior
distributions for the parameters Ay, A, ai, as, 8 and ®, with known hyperparameters
a and b. We further assume prior independence among the parameters. Other prior
distributions also could be considered, as y distributions. The joint posterior distribution
for the parameters of the model is obtained using the Bayes formula.

Due to the complex analytical form of the obtained joint posterior distributions from
where we cannot analytically obtain the marginal posterior distributions, we use
MCMC techniques as the popular Gibbs sampling algorithm or the Metropolis-Hastings
algorithm to get samples of the joint posterior distribution of interest.

Specifically, we run an algorithm to simulate a long chain of draws from the joint
posterior distribution through the conditional posterior distributions I1(0;/6;, t1, t2)
where 9(/) = (61, ceny 9]'_1, 9]'+1, ceny Qk), tl = (tn, ceny tln) and, tz = (tgl, ceny tzn),j = ]., ceny k, and
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we get Monte Carlo Bayesian point estimates or credible intervals of interest based on the
posterior summaries calculated from the simulated Gibbs samples.

5. A numerical illustration
We show in this section how one can apply the previous obtained theoretical results.

Figure 2 displays the survival functions given by (14) and (21), regarding FGM and
Gumbel copulas, respectively. It is assumed the parameter values A;1=1, A,=15,
a1=2, as=23,0=0.8 and ® = 0.8 for the both copulas. Through the contour plots we
can verify the existence of dependence between the random variables 77 and T5.

We simulate a connected two components series system. It is assumed in this
simulation that n systems were put on the life test and the lifetime of each component
that may cause the system failure was observed. The data set was generated,
respectively, from the models I and II with parameters A, =35, 1,=3.0, a; =15,
as=25,0=08 and ®=0.8.

For all considered sample sizes, we assume I'(0.1,0.1) prior distributions for 4; and a;,
7=1,2 where I'(a, b) denotes a y distribution with mean equals to /b and variance

model |

model Il

2.0
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Figure 2.

Contour plots of
bivariate survival
function for the
models I and II with
parameters 6 =0.8
and ®=0.8
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Figure 3.

equals to a/b? and 6~U(-1,1), where Ula, b) denotes an uniform distribution on the
interval (e, b). We also assume prior independence among the parameters. We use
MCMC algorithms to simulate a sample of values for the parameters from the joint
posterior distribution for 4;, a; and €. In our application, the chain was run for 25,000
iterations with a burn-in period of size 5,000. Convergence of the MCMC algorithm was
monitored using standard existing methods as time series for the simulated samples.

Figure 3 illustrates the performance of the marginal posterior densities for each
parameter Ay, Ao, a1, a2 and @ when the sample size increases (z =10, 50 and 100)
considering the model L.

In the plots of Figure 3 we observe that as the sample size increases, we have more
accurate Bayesian inferences (see also Table I). In the situation of small sample sizes we
could get very noninformative inferences. Note that the plot of the posterior
distribution for the parameter # shows a considerable skewness.

In Table I, we have the posterior means, the posterior standard deviations and 95
percent credible intervals for the parameters of “model 1.”

From the results of Table I, we observe that we get accurate Bayesian inferences for
the parameters considering large samples sizes. Based on this simulation data, the
reliability function for the system given by (10) can be also estimated. For the specified
mission time = 1.5 the true reliability value is 0.6530. The Bayes estimators of R(1.5)
are computed and the obtained results are presented in Table IL
The plot of the posterior distribution for R(1.5) is shown in Figure 4.
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Sample size Parameter Mean SD 95% credible interval
copula
n=10 a 1.5860 0.4614 (0.9525, 2.6304) functions
as 2.6305 0.7411 (1.6282, 4.4678)
M 3.5492 0.7544 (2.1834, 5.0785)
A2 3.0190 0.3985 (2.2281, 3.7656)
0 0.5607 0.0717 (04135, 0.6811) 625
n=>50 a; 1.5264 0.1652 (1.2293, 1.9121)
as 2534 0.2849 (2.0617, 3.0998)
M 3.5252 0.3422 (2.8733, 4.1871)
A2 3.0125 0.1728 (2.6856, 3.3528)
0 0.6298 0.1254 (0.3213, 0.8230)
n=100 ay 1.5054 0.1214 (1.2980, 1.7758)
as 2.5062 0.1966 (2.1374, 2.9038)
A 34748 0.2459 (2.9880, 3.9686) Table L.
Ao 2.9926 0.1268 (2.7425, 3.2431) Posterior summaries
0 0.6728 0.1400 (0.3374, 0.8620) (model I)
Mean SD Interval Table II.
Estimation of
n=10 0.6039 0.1068 (0.4031, 0.8108) reliability function
n=>50 0.6445 0.0501 (0.5447, 0.7464) for =15 with
n=100 0.6420 0.0383 (0.5670, 0.7157) model T
12 H
10
- n=10
----n=50
n=100
8 -
T 6 \
g /
4 // “‘\ ,,,,,,
2 //'/ \\\‘
S Figure 4.
0+ TmeT— Plot of the posterior
T T T T T T reliability function R
0.50 0.55 0.60 0.65 0.70 0.75 for t=15

R
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Figure 5.

The mean and

95 percent credible
intervals for the
reliability function
considering

model I for 7 =10,
50 and 100

From Figure 4, we observe that theposterior distribution for R is very noninformative
for small values of n as n=10. The plots of mean and pointwise 95 percent
credible Bayesian interval for the reliability function are shown in Figure 5.
The credible intervals illustrate the degree of uncertainty surrounding the reliability
function R(¢).

The 95 percent credibility Bayesian intervals show that there is rather little
remaining uncertainty concerning the reliability function for large 7.

As a second analysis, let us assume “model II” defined by the joint distribution
function (12). For a Bayesian analysis of “model II,” let us assume the same priors for
the parameters A, ds, a1, as considered for “model I” and an uniform U(0, 1) prior
for the dependence parameter ®. Following the same simulation procedure
considered for “model I,” we have in Table III, the posterior summaries of interest.
Convergence of the MCMC algorithm was also monitored using time series plots of
the simulated samples.

Figure 6 illustrates the performance of the marginal posterior densities for each
parameter Ay, A, a1, ap and ® with # =10, 50 and 100. We also observe a significant
skewness for the posterior distribution of the parameter ®.
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Sample size

Parameter

Mean SD

95% credible interval

Use of

copula
n=10 ay 0.6111 0.4661 0.9478, 2.7528) functions
as 2.6852 0.7686 (1.5762, 4.5887)
A 3.6025 0.7361 (2.3004, 5.1265)
A2 2.9858 0.3744 (2.2320, 3.7383)
® 0.5801 0.1061 (0.3369, 0.7331) 627
7n=>50 ay 1.5474 0.1689 (1.2454, 1.9200)
as 2.5585 0.2698 (2.0934, 3.1762)
M 3.4982 0.3275 (2.8917, 4.1149)
A2 2.9957 0.1764 (2.6528, 3.3526)
(0] 0.6921 0.1210 0.3917, 0.8710)
n=100 a; 15238 0.1156 (1.3268, 1.7635)
as 25316 0.1778 (2.1987, 2.9034)
M 3.5079 0.2430 (3.0508, 4.0216) Table III.
Ao 2.9887 0.1280 (2.7261, 3.2354) Posterior summaries
(0] 0.7358 0.1162 (0.4592, 0.8966) (model II)
4 -
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Table III presents the posterior summaries of interest obtained from the

326 simulation study.

’ From the results of Table III considering “model II,” we observe similar results for
some parameters as obtained considering “model I” (see Table II), except for the
dependence parameter ®, where the 95 percent credible interval is more accurate,
especially for » = 100 when compared to the 95 percent credible interval for 8 assuming

628 FGM copula. It is interesting to point out that FGM copula is only appropriated for
weak dependence. In our simulation with simulated data, we have a strong dependence,
that is, “model II” is more appropriated to analyze the data set.

In Table IV we have the posterior summaries for R(1.5) assuming the model II for
different values of #. Given the fixed values of the parameters for the simulation
study we have the true value of R(1.5) given by 0.6083. We observe accurate
Bayesian inferences for the reliability function R(1.5), especially for large sample sizes
(n =50 and 100).

The posterior means of the reliability function of the system are plotted in Figure 7.
We observe that we get accurate Bayesian inferences for the reliabilityfunction for the
model II, especially considering large samples sizes.

Mean SD Interval
Table IV.
Estimation of the n=10 0.5739 0.1028 0.3759, 0.7722)
reliability R(f) for 7n=>50 0.6083 0.0501 (0.5070, 0.7043)
to=1.5 (model II) n=100 0.6085 0.0338 (0.5408, 0.6711)
n=10
o] I
8 ] PN
T 6- g
E // ‘\
4] / \
2 ’ R .
Figure 7. g :
Plot of the posterior 0+
reliability function T T T T T
0.50 0.55 0.60 0.65 0.70

R(to) for t() =15

R
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In evaluating the reliability of a system, it is often assumed that the components are Use of
independent. However, this assumption is not often valid in practice. Then it is important copula
to check the impact of dependence in the reliability of a system. Tables V-VIII show the functions
estimators and credibility Bayesian intervals for the system reliability at time =15,
under the assumption of dependence and independence of the components in sample sizes
629
Sample size Parameter Mean SD 95% credible interval
n=10 o 1.6664 0.5454 (0.9301, 3.1558)
a 26755 0.8425 (15572, 4.6744)
M 3.5795 0.7613 (2.3233, 5.2678)
Ao 3.0004 0.3795 (2.2555, 3.6967)
9 — — —
n="50 a 15283 0.1779 (1.2142, 1.9544)
a 2.5261 0.2992 (2.0303, 3.2313)
M 3.5165 0.3347 (2.8549, 4.1600)
Ao 3.0075 0.1745 (2.6669, 3.3525)
0 — — —
n=100 a 15075 01203 (1.2732, 1.7580)
a 25117 0.2058 (2.1518, 2.9803) Table V.
M 3.5065 0.2319 (3.0779, 3.9687) Posterior summaries
Ao 29973 0.1306 (2.7534, 3.2392) (model I) with
0 - - - independent data
Dependence Independence Table VI.
Mean (SD) Interval Mean (SD) Interval Estimation of
reliability function
n=10 0.6039 (0.1068) (0.4031, 0.8108) 05977 (0.1182) (0.3770, 0.8416)  (model I) for t=15
n=>50 0.6445 (0.0501) (05447, 0.7464) 0.6267 (0.0557) (0.5209, 0.7314) with independent
n=100 0.6420 (0.0383) (0.5670, 0.7157) 0.6279 (0.0392) (0.5462, 0.7018) data
Sample size Parameter Mean SD 95% credible interval
n=10 a 1.5766 0.4352 0.9477, 2.6496)
as 2.6495 0.7334 (1.6139, 4.4778)
M 3.6157 0.7969 (2.2609, 5.4654)
Ao 3.0057 0.4037 (2.1958, 3.7439)
(D — — —
n=>50 o 1.5284 0.1728 (1.2266, 1.9229)
a 25333 0.3262 (2.0429, 3.2019)
M 3.5262 0.3211 (2.8987, 4.1201)
Ao 2.9898 0.1770 (2.6502, 3.3275)
q) — — —
n=100 o 1.5051 0.1197 (1.3057, 1.7549)
a 2.5095 0.2206 (2.1530, 2.9435) Table VII.
M 3.5048 0.2581 (2.9839, 4.0037) Posterior summaries
Ao 2.9961 0.1236 (2.7569, 3.2240) (model 1) with
) - - - independent data
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Table VIII.
Estimation of
reliability function
(model I) for t=1.5
with independent
data

n=10, 50 and 100. The estimations indicate a large gain with both dependence models
mainly with model II. To get more insight in the dependence structure given by models I
and II, Figures 8 and 9 display the contour plots of the densities obtained by FGM and
Gumbel copulas and assuming independence between the variables (Figure 10).

6. Conclusions
The use of copula functions for modeling the bivariate distribution could be a good
alternative to estimate the reliability of a two components series system. Bayesian

Dependence
Mean (SD) Interval

Independence

Mean (SD) Interval

n=10
n=>50
n=100

05739 (0.1028)
0.6083 (0.0501)
0.6085 (0.0338)

(0.3759, 0.7722)
(0.5070, 0.7043)
(0.5408, 0.6711)

05869 (0.0935)
06253 (0.0465)
06263 (0.0327)

(0.3956, 0.7686)
(0.5387, 0.7109)
(0.5672, 0.6881)

Figure 8.

The mean and

95 percent credible
intervals for the
reliability function
for n =10, 50

and 100
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Figure 9.

Plot of the joint
Weibull density
assuming a FGM
copula function and
independence
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Figure 10.

Plot of the joint
Weibull density
assuming a Gumbel
copula function and
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inference for this class of models using standard existing MCMC methods is not
difficult to apply providing accurate inference results.

Using standard classical inference methods based on asymptotical normality of the
maximum likelihood estimators for the parameters A, 45, ay, as, @ and ® we could
have great computational difficulties and possibly, not accurate inference results.
From the results of this study, we observe that we get accurate Bayesian inferences
for the reliability function considering large samples sizes.

The Bayesian parametric models proposed also allow the assessment of system
reliability for multicomponent systems simultaneously. For a next study, we are also
interested to estimate the reliability of the series system in the presence of censored
observations and covariates.

It is important to point out that the choice of appropriate copula function is crucial to
analyze the reliability of the systems. Many other copula functions are introduced in
literature. A carefully preliminary analysis of the lifetimes in each application or even
physical interpretations could be used in the choice of the copula.

The results of this paper could be generalized for any lifetime distribution as, for
example, y, log-normal, log-logistic or generalized y distributions (see, e.g. Lawless, 1982).

We also could get a generalization of our approach, assuming complex systems with
many two dependent component subsystems. These subsystems could be further
assumed as independents and also could be of different components with different
lifetime probability distributions. These results could be of great practical interest to
have better reliability inferences.
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