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Universidade Estadual Paulista

TESE DE DOUTORAMENTO IFT–D.001/21

On Hybrid Painlevé Equations
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Resumo

Esta tese é focada na teoria das equações de Painlevé e sua coalescência, bem como na sua

conexão, através de um processo de degenerescência, para equações de soliton, que são herdadas

como limites das Funções Eĺıpticas de Jacobi.

As equações de Painlevé e equações de solitons sempre desempenharam um papel importante

na integrabilidade das equações diferenciais, o que é trazido à luz neste trabalho é como elas têm

uma origem comum na teoria da hierarquia mKdV em SL(N), a degenerescência (coalescência)

que as conecta diretamente e também as implicações de tais relações para equações h́ıbridas e

deformações de equações diferenciais.

O esboço deste trabalho se dá pelo seguinte, o caṕıtulo (1) visa prover uma “caixa de ferra-

mentas” matemática básica de equações diferenciais para a compreensão dos diversos conceitos

aqui compreendidos sobre as equações de Painlevé, bem como apresentar alguns resultados

históricos que serão estendidos ou generalizados em algum ponto.

O Caṕıtulo (2) é baseado em [10] e elabora a teoria da hierarquia mKdV em SL(N), que

resulta na teoria de equações de Painlevé A(1)
N ou nas equações de soliton (Ince) quando tratadas

em diferentes limites de redução. Suas Transformações Bäcklund são obtidas naturalmente

como condições de invariância de Gauge neste formalismo.

O caṕıtulo (3) é baseado em [9] e conecta as equações de Painlevé com as equações de

soliton (equações de Ince) por degenerescência (coalescência). Ele também cria uma cascata

entre essas equações de soliton semelhantes à coalescence cascade de Painlevé.

O caṕıtulo (4) é baseado em [9] e [8] e mostra os desdobramentos obtidos a partir desse

formalismo, que são a criação intuitiva de equações h́ıbridas. A formulação expĺıcita para as

equações simétricas PIV e PV , bem como sua coalescência e Transformações de Bäcklund neste

framework é apresentada, bem como criação de novas equações discretas de Painlevé.

Os caṕıtulos (5) e (6) são baseados em [8] e [5] e mostram a criação de deformações de

equações mistas de Painlevé (PII−IV e PIII−V , resp.) que passam no teste de Painlevé e possuem

limites integráveis. Somado a isso, o estudo de suas soluções e Transformações de Bäcklund são

apresentados.

Este trabalho é considerado autocontido, mas com uma leitura fluida, então alguns cálculos

extensos podem aparecer nos apêndices.

Palavras Chaves: Integrabilidade clássica; Equações de Painlevé; Solitons

Áreas do conhecimento: Ciências Exatas e da Terra; F́ısica Teórica; F́ısica Matemática
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Abstract

This thesis focuses on the theory of Painlevé equations and relations among them, as well

as their connection via coalescence with Jacobi Elliptic Functions.

Painlevé equations and Elliptic equations played a major role in integrability of differential

equations. It is specially considered this work how they have a common origin in the theory

of the SL(N) mKdV hierarchy. The degeneracy (coalescence) that connects them and also the

implications of such relations for hybrid equations and deformations of differential equations.

The outline of this work is as follows, chapter (1) is aimed at providing a basic mathematical

“toolbox” of differential equations for the understanding of many concepts comprised here about

Painlevé equations, as well presenting some historic results that will be extended or generalized

at some point.

Chapter (2) is based on the work [10] and works out the theory of the SL(N) mKdV hierarchy,

which results in the theory of either the A(1)
N Painlevé equations or the Ince’s equations when

treated in different reduction limits. Their Bäcklund transformations are naturally obtained as

gauge-invariance conditions in this formalism.

Chapter (3) is based on the work [9] and connects the Painlevé equations with Jacobi Elliptic

equations (Ince’s equations) by degeneracy (coalescence). It also creates a cascade among these

elliptic equations similar to the Painlevé’s coalescence cascade.

Chapter (4) is based on references [9] and [8] and shows the developments obtained from such

formalism, which gives rise to hybrid equations. Explicit formulation for the symmetric PIV

and PV equations, as well as their coalescence and Bäcklund Transformations in this framework

is presented as well as formulation of new discrete Painlevé equations.

Chapters (5) and (6) are based on [8] and [5] by showing the creation of deformations of

mixed Painlevé equations (PII−IV and PIII−V , resp.) that pass the Painlevé test and have

integrable limits. Added to that, the study of their solutions and Bäcklund Transformations is

presented.

This thesis attempts to be self-contained and accessible to many, so some lengthy calcula-

tions may be relocated in the appendices.

Key words: Classical Integrability; Painlevé equations; Solitons

Areas: Natural Sciences; Theoretical Physics; Mathematical Physics
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1.3.6 Painlevé equations, PDEs and ARS conjecture . . . . . . . . . . . . . . . 16

2 Integrable Origin of Equations and their Bäcklund Transformations 18
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3.1 Historical classification . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 34
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Chapter 1

General results of Painlevé Theory

The theory of Painlevé equations could easily fill many tomes of long and detailed calculations

devoted on each of their aspects like symmetry, asymptotic limits, singularities, integrability

and others, their origin comes from investigations of types of singular points on the complex

plane for nonlinear equations.

With this being said, let’s start with such results.

1.1 Singularities of ordinary differential equations

Singularities are the points where Laurent and Taylor series lose their domain of validity, that is,

the functions are not well-behaved in such points like being non-differentiable or multi-valued.

The types of singularities in the solutions differ a lot from the linear to the nonlinear

equations, as well as their order [31].

Up to second order, which is our domain in this work, linear and nonlinear differential

equations may exhibit 3 types of singularities on the complex plane: poles, branch points and

essential singularities.

Poles are singularities z = a that appear in the Laurent expansion of a function

f(z) =
∞∑

k=−n

ck(z − a)k, n ∈ N, z ∈ C (1.1)

when there are non-zero ck with k < 0.

Essential singularities are singularities z = a that appear in the Laurent expansion of a

function

f(z) =
∞∑

k=−∞

ck(z − a)k, z ∈ C (1.2)

that is, when there are infinitely many non-zero ck with k < 0, like in f(z) = tan(z) or

f(z) = e1/z.
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Branch points are singularities that appear in functions with the Laurent expansion of

the form

f(z) =
∞∑

k=−∞

ck(z − a)
k
n , n ∈ N, z ∈ C (1.3)

that is, when the function gets a ramification in the complex plane due to the fractional power of

the series becoming multi-valued, therefore a cut is required to make the function single-valued

in certain region.

We also classify singularities as critical and non-critical. A point being critical means

that [17] it is a singular point of an application, being isolated or not, around which we have a

multi-valued function there, like in
√
z − a or Log(z − a).

By definition, poles are non-critical, branch points are always critical and some essential

singularities are critical and some are not.

The key difference between linear and nonlinear cases, is that for linear equations, all the

points z = a in the expansions above are determined by the coefficients of the equations, that

is, their location is independent of the constants of integration *. For nonlinear equations the

location of the singularity may be at some constant of integration z = z0. Such singularities

are called movable singularities.

Once known that, it comes the problem of uniformization of an application in order to turn

it into a single-valued function. This is normally done by cuts, however if a function possesses

a movable critical singularity in its general solution �, such procedure cannot be done, since

the location of the cut will depend on z0 too, being an obstacle to uniformization.

Guided by these concepts, Paul Painlevé started a program of determining all algebraic

differential equations of first order, then second order, then third order, etc, where the general

solution is uniform ([40], p.201).

Definition. An ODE which has general solution can be made single-valued, has the Painlevé

property (PP).

This statement can be altered to: an ODE has the Painlevé property if all movable singu-

larities of all solutions are poles. Or, an ODE which is free from movable critical singularities.

1.2 Classical results on searching for new ODEs

Since all linear ODEs (or linearizable) of all orders are free from movable singularities, they

all have the PP, therefore any linearizable ODE can define a single-valued function. Thus any

new equation to be interesting to be discovered must be nonlinear.

*The point ∞ is considered fixed (not-movable)
�The general solution of a differential equation is the whole set of particular solutions plus its singular

solutions
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Table 1.1: Possible singularities

Equation General solution Singularity type
y′ + y2 = 0 y = 1

z−z0 Movable pole

2yy′ = 1 y =
√
z − z0 Movable branch point

y′′ + y′2 = 0 y = ln(z − z0) + k Logarithmic branch point

y′4 = y (2y′2y′′ − 4y′3 − yy′′2) y = ke
1

z−z0 Isolated essential singularity
(1 + y2)y′′ = (2y − 1)y′2 y = tan(ln(k(z − z0))) Nonisolated essential sing.
y′′′ = yy′′ − 3y′2 Movable natural barrier

1.2.1 First-order ODEs

For first-order ODEs, Painlevé [39] proven that equations with the form

P

(
df

dz
, z, t

)
= 0 (1.4)

P polynomial in f(z) and f ′(z), and analytical in z, the possible movable singularities are poles

or algebraic branch points.

For first-order first-degree ODEs, Fuchs [20] proven that the only equation of the form

f ′(z) =
P (f, z)

Q(f, z)
(1.5)

where P and Q are polynomials in f and analytical in z, where the critical points are all fixed

(having the PP) is the generalized Riccati equation

f ′ = p2(z)f 2 + p1(z)f + p0(z). (1.6)

It can be linearized via a Cole-Hopf transformation:

f(z) = − 1

p2y(z)
y′(z) (1.7)

becoming

p2y
′′ − (p′2 + p1p2)y′ + p0p

2
2y = 0 (1.8)

As will be shown later here, the Riccati equation can define many special functions commonly

know like Gauss-Hypergeometric, Whittaker, Kummer, Legendre, Hermite, Bessel and Airy

functions.
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For the first-order higher-degree ODEs there is only one new function, the elliptic function

℘ of Weierstrass, which is defined from:

f ′2 = 4(f − e1)(f − e2)(f − e3) = 4f 3 − g2f − g3 =⇒ z − z0 =

∫ f du√
4u3 − g2u− g3

(1.9)

with e1 + e2 + e3 = 0. The inverse of this integral, f as a function of z,

f(z) = ℘(z − z0; g2, g3) (1.10)

defines ℘, a single-valued equation which the only singularities in the finite plane are double

poles.

If we are dealing with

f ′2 = 4(f − a)(f − b)(f − c)(f − d) (1.11)

with a, b, c and d distinct, we identify

x2 =

(
b− d
a− d

)(
z − a
z − b

)
, k2 =

(
b− c
a− c

)(
a− d
b− d

)
, (1.12)

dx√
(1− x2)(1− k2x2)

=

√
(b− d)(a− c)

2

(
dz√

(z − a)(z − b)(z − c)(z − d)

)
(1.13)

and the equation gets the form

f ′2 = (1− f 2)(1− k2f 2) (1.14)

which defines the Jacobi Elliptic Function f(x) = sn(x− x0; k) as the general solution and

its singularities are simple poles.

The Jacobi Elliptic functions do not define new functions, since they can be expressed in

terms of the Weierstrass ℘ function �, however they are simpler to use in some cases.

Also one of these functions, the cn(x; k)§ is famous for its wave solutions that describe the

motion of water waves in shallow waters, the cnoidal-wave [38], which is the traveling wave

solution for the KdV equation, for example.

The limit of cn(x; k → 1) → Sechx, which is a 1-soliton solution, is present in all of these

Jacobi Elliptic functions. This shows that all of these equations carry soliton solutions in their

structure by definition.

For further reference on first-order higher-degree ODEs, one should see the work of Briot

and Bouquet [13].

�℘(z) = e3 + e1−e3
sn(x;k)2 , k =

√
e2−e3
e1−e3

, x = z
√
e1 − e3

§sn2 + cn2 = 1
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1.2.2 Second-order ODEs

For second-order ODEs we rely on the work of Painlevé and his co-workers, specially Gambier,

for the investigation and completion of the search of all second-order first-degree ODEs with

the Painlevé Property.

The search was focused on equations of the form

f ′′ = R(f ′, f, z) (1.15)

where R is rational in f ′, algebraic in f and analytic in z.

The details of their laborious work can be found in [31], but the main points to be known here

are that their search begun by developing a method that was called the Painlevé α-method, to

search equations that were free from movable branch points, even though it was already known

by Painlevé that second-order equations also have others movable singularities like logarithmic

branch points and essential singularities. Their method was able to find 50 classes of equations

with the PP, represented by an actual equation up to a Möbius Transformation (more details

ahead). Among those 50, 44 were shown to be solvable by known function (like elliptic ones)

or were linearizable.

The remaining 6 equations defined new functions, which were later proven to be fully absent

of critical movable singularities. These 6 equations therefore define 6 new transcendents, which

were called the Painlevé Equations (and Painlevé Transcendents) which are:

w′′ = 6w2 + z (P1)

w′′ = 2w3 + zw + α (P2)

w′′ =
(w′)2

w
− w′

z
+

1

z
(αw2 + β) + γw3 +

δ

w
(P3)

w′′ =
(w′)2

2w
+

3

2
w3 + 4zw2 + 2(z2 − α)w +

β

w
(P4)

w′′ =
3w − 1

2w(w − 1)
(w′)2 − w′

z
+

1

z2
(w − 1)2

(
αw +

β

w

)
+
γw

z
+
δw(w + 1)

w − 1
(P5)

w′′ =
1

2

(
1

w
+

1

w − 1
+

1

w − z

)
(w′)2 −

(
1

z
+

1

z − 1
+

1

w − z

)
w′

+
w(w − 1)(w − z)

w2(z − 1)2

(
α +

βz

w2
+
γ(z − 1)

(w − 1)2
+
δw(w − 1)

(w − z)2

)
(P6)

where α, β, γ, δ ∈ C.
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1.3 Some properties of Painlevé equations

Painlevé equations have shown to be extremely rich in many properties such as their singu-

lar structure, isomonodronic deformations, Bäcklund transformations, symmetry, orthogonal

polynomials, rational solutions, Hamiltonian structure and many others.

Here I list the ones to be more explored in this thesis. For further and deeper clarification,

the references here listed are recommended.

1.3.1 The Painlevé Test

When one faces a new differential equation and it is desired to find out if it has the Painlevé

Property, instead of trying to find its general solution, which can be extremely hard (or almost

impossible), one can rely on the so called “Painlevé Test” to check quickly if that equation has

some movable critical point.

It was revived by Ablowitz, Ramani and Segur, and consists on requiring the existence of a

Laurent series near the singularities. The way I present it here is also called the “Kowalevskaya-

Gambier method” [17].

If the equation “fails” the Painlevé Test, it implies that the equation does not have the PP,

however if it “passes”, it only means that it may have some movable critical point which is really

hard to identify. Therefore it is just a necessary condition (not sufficient), and its advantage

is that it just demands algebraic calculations, in contrast with the already mentioned Painlevé

α-method which requires solving differential equations in the process.

Considering an ODE for y(z), it has the PP if its solutions can be expanded as a Laurent

series around movable singularities, the Painlevé test detects if there is no branch point, al-

though fails for essential singularities. It consists of 3 steps:

Identify the dominant behavior

We start by expanding like y(z) v c0(z − z0)p, where c0 is a constant and p < 0. Such

expansion looks for a supposed singularity, so near z0 the higher terms (leading terms) dominate

de expression as p being negative, if we require it to be a pole, it must also be an integer.

Replacing it in the original equation, we are able to balance the factors of p and c0.

Example 1

y′′′ + yy′′ − 2y3 + ay2 + by = 0

We can balance it in 2 ways:

I) p = −1, c0 = 3, the leading terms are y′′′ and yy′′.

II) p = −2, c0 = 3, the leading terms are yy′′ and −2y3.
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Example 2

y′′ = 2y(y′)2

y2−1

Explicitly, it becomes:

p(p− 1)c0(z − z0)p−2 =
2c30p

2(z−z0)3p−2

c20(z−z0)2p
−→ (p− 1) = 2p −→ p = −1

and c0 is set to an arbitrary non-zero number

In fact, it has the solution y(z) = tanh(az + b), having no movable critical points.

If a rational p is found, it indicates an algebraic branch cut:

Example 3

yy′′ = 5
2
(y′)2

We may choose p = −2/3, then we define y = v−2/3 and replace it back:

v′′ = 0

Here we notice that the original equation has an algebraic branch point, but, by a simple

transformation it becomes linear, therefore having the PP.

Now that we obtained a negative and integer p, we think of it as the first term in the Laurent

series (like in Frobenius method):

y(z) = (z − z0)p
∞∑
i=0

ci(z − z0)i, 0 < |z − z0| < R. (1.16)

As z0 is an arbitrary constant, and our equation is of n-th order, there will remain the other

n − 1 arbitrary constants of integration, to find at what powers they are located (resonances)

we move to the next step:

Finding the resonances

� Now we do a small perturbation on the leading term like:

y(z) v (z − z0)p(1 + ε(z − z0)r). (1.17)

� Then we plug it back in the original equation, retain only the terms of lower order in ε

and see what values of r we get (like an indicial equation in Frobenius method).

� The value −1 is always present (it represents the constant of integration z0)

� If c0 was arbitrary in the last step, r = 0 will appear.

� Neglect negative roots (r < 0), they contradict the hypothesis of (z − z0)p being the

leading term (they also do not indicate an essential singularity)



Chapter 1. General results of Painlevé Theory 8

� If some non-integer r is found, it indicates immediately an algebraic branch point, the

equation does not have the PP.

� If it is not found the n − 1 positive integer roots, it indicates that none of the local

solutions are general

� If it is found n − 1 non-negative distinct integer roots, there are no branch cuts and we

move on to check it back in the equation.

Finding the constants of integration

We replace the expression (1.16) in the original equation, if we can determine all non-

arbitrary coefficients without adding any logarithm, then it indicates we were successful and

our expression does not have any algebraic or logarithmic branch point.

Example 4

With the equation:

y′′ = 6y2 − k1
2

Has the leading balance: p = −2 and c0 = 1

As y(z) v (z − z0)−2(1 + ε(z − z0)r) it implies:

y′′ − 6y2 v ε ((r − 2)(r − 3)− 12) (z − z0)r−4 = 0

Having then r2 − 5r − 6 = 0, so r = −1 and r = 6. Replacing it:

y =
1

(z − z0)2
+
k1

20
(z − z0)2 +

k2

28
(z − z0)4 + . . .

In fact we could have solved it exactly and getting y = ℘(z − z0; k1, k2) where ℘ is the

Weierstrass elliptic function, and it really has movable double poles, as we have found.

1.3.2 Transformations that preserve the Painlevé Property

Some transformations preserve the PP, and they are relevant to create classes of equivalence of

equations or to immediately guarantee the PP to an equation which is related to some other

with the PP.

Homographic transformations

The original 50 equations found by Painlevé and Gambier are actually each one a representative

of a class of equivalence of equations under the homographic group, or Möbius group (also

denoted PSL(2,C)):

(u, z) 7→ (U,Z), u(z) =
α(z)U(Z) + β(z)

γ(z)U(Z) + δ(z)
, Z = ξ(z) (1.18)
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where (α(z), β(z), γ(z), δ(z), ξ(z)) are arbitrary analytic functions satisfying αδ − βγ 6= 0.

That is, any equation that under such a transformation is equivalent to the original one,

and an equation from the 50 equation’s list cannot be transformed into some other from the

list.

The reason why the Möbius transformations preserve the PP is that when one chooses a

regular point z1 and looks around its neighborhood, the above functions will be close to be

constants, then taking our transformation (1.18) to approximate to a Möbius transformation:

z 7→ αz + β

δz + γ
(1.19)

which is largely known to be the most general bijection (one-to-one map) between two Riemann

spheres.

Because of that, if our previous function had a critical (respectively non-critical) point at

z1, then Z1 will also be critical (non-critical). That’s due to the one-to-one mapping that would

send each branch in z1 to a different map, thus preserving the PP.

About the “movability” of the solution, once the functions (α(z), β(z), γ(z), δ(z), ξ(z)) do

not depend on z1, then one could not cancel or create a movable point, compelling the invariance

of this property on the equation by this transformation and, consequently, preserving the PP

as said above.

Birational transformations

The homographic group is the most widely known group of invariance for the PP, however a

larger group of transformation was identified and studied by Gambier [21] and is the group of

birational transformations (birational group)[17], which is able to reduce the number of classes

of equivalence from 50 to only 24.

These birational transformations can be put as:

(w, z)→ (W,Z) : w = r (z;W,WZ) , z = F (Z), (1.20)

(W,Z)→ (w, z) : W = R (Z;w,wz) , Z = f(z), (1.21)

where r and R are rational in w,wz,W and WZ , and f and F are analytic in z and Z.

In summary it says that some equations can be produced from others by replacements of

the dependent and independent variables for rational functions of the new coordinates. In

other words, one could create a system of 2 equations and rational on 2 functions, where the

elimination of each function generates a different equation, therefore these 2 different equations

are equivalent by this group.

Those 24 equations (classes of equivalence) will be matter of a more details in chapter (2).
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Coalescence

Coalescence is the most commonly known name of a limiting procedure that degenerates one

Painlevé equation into other.

It was discovered by Painlevé [41] and its mathematical foundation is the same as the

α-method and connects the Painlevé equation in a cascade:

PV I PV

PIV

PIII

PII PI

Table 1.2: Coalescence limits

PV I → PV W (Z) = w(z) Z = 1 + εz α = a, β = b, γ = c
ε
− d

ε2
, δ = d

ε

PV → PIV W (Z) = εw(z)√
2

Z = 1 +
√

2εz α = 1
2ε4
, β = b

4
, γ = − 1

ε4
, δ = a

ε2
− 1

2ε4

PV → PIII W (Z) = 1 + εzw(z) Z = z2 α = a
4ε

+ c
8ε2
, β = − c

8ε2
, γ = εb

4
, δ = dε2

8

PIV → PII W (Z) = 22/3w(z)
ε

+ 1
ε3

Z = εz
22/3
− 1

ε3
α = −2a− 1

2ε6
, β = − 1

2ε12

PIII → PII W (Z) = 1 + 2εw(z) Z = 1 + ε2z α = − 1
2ε6
, β = 1

2ε6
+ 2a

ε3
, γ = −δ = 1

4ε6

PII → PI W (Z) = εw(z) + 1
ε5

Z = ε2z − 6
ε10

α = 4
ε15

Coalescence assures that the PP is kept in each step, so if one could know beforehand that

PV I has the PP, the other ones would have been proven immediately by this cascade.

For a complete proof of the single-value-keeping properties of coalescence, the author refers

to [23]

1.3.3 Hamiltonian structure

Hamiltonian systems consist of the Hamiltonian H with pairs of dependent variables (q, p) in

the form:

dq

dt
=
∂H

∂p
,

dp

dt
= −∂H

∂q
. (1.22)

We may also have a dependence of H on the time parameter, so generally H = H(q(t), p(t), t).
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Painlevé equations are also realized by a Hamiltonian, namely:

H1 =
p2

2
− 2q3 − qt, (1.23)

H2 =− a1q +
p2

2
− p

(
q2 +

t

2

)
, (1.24)

H3 =
1

t

(
q ((a0 + a2) p− a0) + (p− 1)pq2 + pt

)
, (1.25)

H4 =− 2a1p− a2q + pq(2p− q − 2t), (1.26)

H5 =
1

t
(− (a1 + a3) pq + a1p+ a2qt+ p(q − 1)q(p+ t)) , (1.27)

H6 =
1

t(t− 1)

(
a2 (a1 + a2) (q − t) + p2(q − 1)q(q − t)

−p (a3q(q − t) + a4(q − 1)(q − t) + (a0 − 1) (q − 1)q)) . (1.28)

From H6, w = q gives PV I (P6) with t = z, a0 + a1 + 2a2 + a3 + a4 = 1 and

α =
a2

1

2
, β = −a

2
4

2
, γ =

a2
3

2
, δ =

1− a2
0

2
. (1.29)

From H5, w = 1− 1/q gives PV (P5) with t = z, a0 + a1 + a2 + a3 = 1 and

α =
a2

1

2
, β = −a

2
3

2
, γ = a0 − a2, δ = −1

2
. (1.30)

From H4, w = q gives PIV (P4) with t = z, a0 + a1 + a2 = 1 and

α = a0 − a2, β = −2a2
1. (1.31)

From H3, w = q/z gives PIII (P3) with t = z2, a0 + 2a1 + a2 = 1 and

α = 4(a0 − a2), β = 8a1, γ = 4, δ = −4. (1.32)

From H2, w = q gives PII (P2) with t = z, a0 + a1 = 1 and

α = a1 −
1

2
. (1.33)

From H1, w = q gives PI (P1) with t = z.

1.3.4 Bäcklund transformations and their group structure

Bäcklund transformations are usually defined for PDEs, being transformations that map one

solution of the equation into a solution of some other equation. When this second equation is

the same as the first, it is called auto-Bäcklund Transformation.
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One of the most basic properties of Painlevé equations is that they are invariant by Bäcklund

transformations, and form each equation (with parameters, i.e. PII-PV I) they belong to an

extended affine Weyl group.

In the case of Painlevé equations, BT map one solution into some other solution with a

different value of the parameter. These transformations on the parameters end up belonging to

a group, which is different for each Painlevé equation. Coalescence also degenerates the group

of symmetry of one equation into another.

The groups are, respectively, A
(1)
1 , C

(1)
2 , A

(1)
2 , A

(1)
3 , D

(1)
4 for PII to PV I , and they are extended

by automorphisms πi, which basically rotate the indexes.

Here I present the Bäcklund transformations and their respective groups of symmetry in

their Hamiltonian form. It was based on [46] and [48]:

PV I :

W (D
(1)
4 ) = 〈s0, s1, s2, s3, s4〉 : s2

i = 1, (sisj)
2 = 1, (sis2)2 = 1

α0 α1 α2 α3 α4 q p

s0 −α0 α1 α2 + α0 α3 α4 q p− α0

q−t

s1 α0 −α1 α2 + α1 α3 α4 q p

s2 α0 + α2 α1 + α2 −α2 α3 + α2 α4 + α2 q + α2

p
p

s3 α0 α1 α2 + α3 −α3 α4 q p− α3

q−1

s4 α0 α1 α2 + α4 α3 −α4 q p− α4

q

π1 α3 α4 α2 α0 α1
t
q

− q(qp+α2)
t

π2 α1 α0 α2 α4 α3
(q−1)t
q−t −p(q−t)2+α2(q−t)

t(t−1)

(1.34)

PV :

W (A
(1)
3 ) = 〈s0, s1, s2, s3〉 : s2

i = 1, (sisi+2)2 = 1, (sisi+1)3 = 1

α0 α1 α2 α3 q p

s0 −α0 α1 + α0 α2 α3 + α0 q + α0

p−t p

s1 α0 + α1 −α1 α2 + α1 α3 q p− α1

q

s2 α0 α1 + α2 −α2 α3 + α2 q + α2

p
p

s3 α0 + α3 α1 α2 + α3 −α3 q p− α3

q−1

π α1 α2 α3 α0 −p
t

t(q − 1)

(1.35)

PIV :

W (A
(1)
2 ) = 〈s0, s1, s2〉 : s2

i = 1, (sisi+1)3 = 1

α0 α1 α2 q p

s0 −α0 α1 + α0 α2 + α0 q − 2α0

f
p+ α0

f

s1 α0 + α1 −α1 α2 + α1 q p− α1

q

s2 α0 + α2 α1 + α2 −α2 q + 2α2

p
p

π α1 α2 α0 −p −f

(1.36)
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with f = p− q − 2t.

PIII :

W (C
(1)
2 ) = 〈s0, s1, s2〉 : s2

i = 1, (s0s1)4 = (s1s2)4 = 1

α0 α1 α2 q p t

s0 −α0 α1 + α0 α2 q + α0

p
p t

s1 α0 + 2α1 −α1 α2 + 2α1 q p− 2α1

q
+ t

q2
−t

s2 α0 α1 + α2 −α2 q + α2

p−1
p t

π α2 α1 α0 −q 1− p −t

(1.37)

It is important to remark that the Bäcklund transformations for the PIII can also be described

by the affine Weyl group W (A
(1)
1 )×W (A

(1)
1 ) like in [48].

PII :

W (A
(1)
1 ) = 〈s0, s1〉 : s2

i = 1

α0 α1 q p

s0 −α0 α1 + 2α0 q + α0

f
p+ 4qα0

f
+ 2α2

f2

s1 α0 + 2α1 −α1 q + α1

p
p

π α1 α2 −q −f

(1.38)

with f = p− 2q2 − t.

1.3.5 Riccati solutions of Painlevé equations

Painlevé equations have Riccati equations for certain values of parameters. Such Riccati equa-

tions have special functions as their solutions.

The method to obtain these Riccati solutions is straightforward: one takes the usual Riccati

equation

w′ = p2(z)w2 + p1(z)w + p0(z)

together with its derivative and replace the w′ and w′′ from the Painlevé equation, then one

looks for the conditions on the parameters for this relation to be satisfied.

Here, following [45] and [9], the parameters θ0, θ1, θ2 are sign choices, i.e., they are ±1.

We begin by the most complex case, the PV I equation (P6), with the special choice of

parameters:

a =
α2

2
, b = −1

2
(β − θ0(γθ1θ2 + 1))2, c =

1

2
(αθ1 + γ)2, d =

1

2

(
1− β2

)
(1.39)

can be written as:

(PV I) : F ′(z) = F (z)2

(
z

2w(z)
− w(z)

2

)
+F (z)

(
−θ0 (−β + γθ0θ1θ2 + θ0)

(z − 1)w(z)
− αθ2w(z) + 2z − 1

(z − 1)z

)
(1.40)
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where

F (z) =
1

(w(z)− 1)(w(z)− z)

(
w′(z)−

(
αθ2w(z)2

(z − 1)z
+
θ0 (β − θ0 (γθ1θ2 + 1))

z − 1

+
−αγθ1 + βγθ0θ1θ2 − γ2 + zw(z) ((α− β)(α + β) + αγθ1 − αθ2 + βγθ0θ1θ2 + βθ0 − γθ1θ2)

(z − 1)z (−αθ2 + βθ0 − γθ1θ2)

))
(1.41)

Notice here that the F (z) = 0 is a also a Riccati equation, and in fact that is the one treated

extensively in literature as the special case for PV I .

F (z) = 0 can be linearized with a Cole-Hopf transformation:

w(z) = −z(z − 1)

αθ2

u′(z)

u(z)

having its solutions given in terms of Gauss-Hypergeometric functions.

The equation PV (P5) can be rewritten without lose of generality with parameters

a =
α2

2
, b = −β

2

2
, δ = −1

2

by

(PV ) : F ′(z) = F (z)2(1− w(z)) + F (z)

(
−αθ2w(z)

z
+

θ1

w(z)− 1
+
αθ2 − 1

z

)
+

αθ1θ2 − βθ0θ1 + c− θ1

2z(w(z)− 1)
(1.42)

with

F (z) =
1

2(w(z)− 1)w(z)

(
w′(z)−

(
w(z)

(
θ1 −

αθ2 + βθ0

z

)
+
αθ2w(z)2

z
+
βθ0

z

))
(1.43)

Now if we set F (z) = 0, (1.43) is solvable by Confluent Hypergeometric functions (or

Whittaker functions) and (1.42) imposes the condition on the parameters:

c = θ1 (−αθ2 + βθ0 + 1)

We can see here that expressing PV as (1.42) give us automatically the conditions on the

parameters required for it to be a special function.

The equation PIV (P4) can be rewritten without lose of generality with parameter

b = −β
2

2
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by

(PIV ) : F ′(z) = −F (z)2 − 2F (z) (θ1w(z) + θ1z) +
1

2
(−2a− βθ0θ1 − 2θ1) (1.44)

with

F (z) =
1

2w(z)

(
w′(z)− βθ0 − θ2w(z)2 − 2θ2zw(z)

)
(1.45)

Now if we set F (z) = 0, (1.45) is solvable by Hermite functions and (1.44) imposes the

condition on the parameter:

a =
1

2
(−βθ0θ2 − 2θ2)

The equation PIII (P3) can be rewritten without lose of generality with parameter

c = 1, d = −1

by

(PIII) : F ′(z) = F (z)

(
θ0

w(z)
− θ1w(z)− 1

z

)
+
aθ1θ0 + b− 2θ0

zw(z)
(1.46)

with

F (z) =
1

w(z)

(
w′(z)− (aθ1 − 1)w(z)

z
− θ2 − θ1w(z)2

)
(1.47)

Now if we set F (z) = 0, (1.47) is solvable by Bessel functions and (1.46) imposes the

condition on the parameter:

b = 2θ2 − aθ1θ2

The equation PII (P2) can be rewritten without lose of generality by

(PII) : θ0F
′(z) = −2w(z)F (z) + a+

θ0

2
(1.48)

with

F (z) = θ0w
′(z)− w(z)2 − z

2
(1.49)

Now if we set F (z) = 0, (1.49) is solvable by Airy functions and (1.48) imposes the condition

on the parameter:

a = −θ0

2

These special functions also have a coalescence relation among them and it was fully exposed

at [47]:
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Gauss Kummer
Hermite

Bessel

Airy

1.3.6 Painlevé equations, PDEs and ARS conjecture

Until now we have seen how Painlevé and other equations were able to be uniformizable in the

complex plane, i.e. be made single-valued henceforth defining a function in its purest definition.

But why is that actually important?

For such a question we should go back to the early work of Sophie Kowaleswskaya in

the investigation of the motion of a rigid top and its equilibrium points. Until the time of

Kowalewskaya 3 solutions were known for the problem, when she attacked the problem, she

expanded the problem to complex variables and looked for solutions that we now characterize

with the Painlevé Property, and by doing this she discovered the fourth and last solution, which

was in the real plane!

For PDEs the concept of integrability is usually regarded in the context of the Inverse

Scattering Transform (IST), which was initially proposed as a way to provide an exact solution

for the KdV equation (being also considered a nonlinear analogue to the Fourier Transform)

which was linked with the integrability theory of solitons[22][51][2].

Since the date of the early investigations on the integrability and IST transform for some

PDEs, it was also noticed that all of them had all reductions (from their many independent

variables to only one) possessing the Painlevé Property. Even some of them reducing to Painlevé

equations (like mKdV→ PII)!

Nowadays the IST was also proven for many integrable systems, like the modified-KdV

(mKdV), Sine-Gordon, Nonlinear Schrödinger, Boussinesq, Kadomtsev-Petviashvili (KP).

This led Ablowitz, Ramani and Segur [3] to propose the following conjecture:

ARS-conjecture: Every ordinary differential equation obtained from reductions of an

integrable PDE (in the IST sense), has the Painlevé Property (up to a change of the

variables).

Such a conjecture was proven for particular cases [3][34]. If proven true, the ARS-conjecture

(also called Painlevé conjecture) could be used to explore new integrable systems or to prove

their non-integrability. However the usefulness of such a result is questionable, since one to use

it should be able to find and apply all possible reductions of the PDE (if it has any), and also

be ingenious enough to find perhaps a nontrivial variable transformation.

There is a simple PDE test for the Painlevé Property proposed by Weiss, Tabor and

Carnevale, by the use of the “WTC-expansion” [50]. They conjectured that if an PDE satisfies

this test, then it is integrable in the IST sense however, such a conjecture was not proven yet.
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The notion of Painlevé integrability is related to the Painlevé Property in the system, but we

have more concepts of integrability, the major one for dynamic systems, the Liouville-Arnold

Integrability requires n first integrals for a n-order system, however their first integrals are

generally multi-valued[26].

For this reason some other concepts of integrability for Hamiltonian systems were proposed

in order to establish a connection with Painlevé integrability. Adler and van Moerbeke [4]

considered polynomial Hamiltonian Systems, defining the concept of algebraic complete inte-

grability, which was proven by them to constrain the systems enough to their solutions can all

be expanded in Laurent series.



18

Chapter 2

Integrable Origin of Equations and

their Bäcklund Transformations

We study the integrable mKdV hierarchy on the loop algebra of sl(N) = AN−1 endowed

with a principal gradation. The commuting flows of this hierarchy are labeled as tnN+k with

k = 1, ..., N − 1 and n = 0, 1, .... It is shown that a second flow t = t2, with n = 0 and k = 2

for N > 2, of this hierarchy realized as a zero-curvature equation becomes in the self-similarity

limit the dressing chain invariant under the extended affine Weyl group A
(1)
N−1 that gives rise to

A
(1)
N−1 invariant Painlevé equations for all N after imposing periodicity condition.

If one chooses a traveling wave reduction instead, Autonomous Painlevé equations are then

generated. For N = 3 and N = 4 cases the corresponding Painlevé equations are well-known

as Painlevé IV and V equations and their relations to self-similarity limit of the sl(N) mKdV

model. Their reduction in the traveling wave limit yields the I30 and I38 equations.

One advantage of the zero-curvature approach is that it naturally allows for formulation

of the underlying Bäcklund symmetries as gauge transformations that preserve the algebraic

structure of the underlying potentials, see [15] and references therein. Here we utilize gauge

symmetries of zero-curvature equation defined on the loop algebra of sl(N) to derive from them

the Bäcklund symmetries of the extended affine Weyl group A
(1)
N−1 in the context of Painlevé

equations including higher-order Painlevé equations that follow from the underlying integrable

structure.

2.1 Zero-Curvature approach to mKdV equations

We will be working with a loop algebra of sl(N) endowed with a principal gradation as defined in

(C.7) of Appendix C, where we provide brief account of sl(N) Lie algebra, its roots, fundamental

weights, and its loop algebra ŝl(N) generalization, that all constitute algebraic foundation of

zero-curvature formulation of the sl(N) mKdV flows. The starting point of the zero-curvature
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construction is the semi-simple ŝl(N) element of grade one

E(1) =
N−1∑
k=1

Eαk + λE−α1−...−αN−1
. (2.1)

We refer the reader to Appendix C for definitions of basic matrices Eαa , . . ., Eαa+...+αb , a, b =

1, . . ., N − 1 and the gradation on ŝl(N).

We will work with the lowest nontrivial t = t2 flow of sl(N) mKdV hierarchy and conse-

quently look for solutions to the following zero-curvature equation:

[∂x + E(1) + A0 , ∂t +D(0) +D(1) +D(2)] = 0 (2.2)

where D(i) ∈ ŝli(N) (see Appendix C for definition of ŝli(N)) are to be solved for. Further

A0 =
N−1∑
k=1

vkhαk =


J1 0 · · · 0

0 J2 · · · 0
...

...
. . .

...

0 0 · · · JN


is a diagonal element of grade zero that satisfies the trace zero condition

∑N
k=1 Jk = 0. The

elements hαk of the Cartan subalgebra are defined in Appendix C. The following relations:

vi − vi−1 = Ji, i = 1, . . ., N − 1, v0 = 0, vN = 0 , (2.3)

hold between vk, k = 1, . . ., N − 1 and Ji, i = 1, . . ., N . The relation vi =
∑i

j=1 Jj follows from

(2.3) and is highly reminiscent of relation (C.5) between fundamental weights Λi and ej vectors.

With ŝl(N) being endowed with the grading structure (C.8) the zero-curvature equation

(2.2) can be decomposed into separate equations according to their grade. The highest grade

three component of equation (2.2), [E(1), D(2)] = 0, is solved by the grade 2 element

D(2) =
N−2∑
k=1

Eαk+αk+1
+ λE−(α1+...+αN−2) + λE−(α2+...+αN−1) , (2.4)

in the kernel of E(1). The lower grade matrices D(i), i = 0, 1 can be solved recursively from the

appropriate grade projections of the zero-curvature equation (2.2). For example, the grade one

element:

D(1) =
N−1∑
k=1

Fk Eαk + FN λE−(α1+...+αN−1) (2.5)
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has coefficients FN , Fi, i = 1, . . ., N − 1 :

Fk = vk+1 − vk−1 = Jk + Jk+1, k = 1, . . ., N − 1, FN = v1 − vN−1 = JN + J1, (2.6)

as determined by the grade 2 component of the zero-curvature equation (2.2):

[E(1), D(1)] + [A0, D
(2)] + ∂xD

(2) = 0 .

The grade 1 projection of the zero-curvature equation (2.2):

[E(1), D(0)] + [A0, D
(1)] + ∂xD

(1) = 0,

for D(0) =
∑N−1

a=1 dahαa can be cast as a matrix equation

∂xF + V F = Kd, (2.7)

where V is the diagonal matrix

Vkm = (2vk − vk−1 − vk+1)δkm = (Jk − Jk+1)δkm, (2.8)

and K is the (N − 1) × (N − 1) Cartan matrix (C.4). For convenience we use the following

notation:

F =

 F1

...

FN−1

 , d =

 d1

...

dN−1

 , v =

 v1

...

vN−1


to represent key objects as N − 1 vectors. Solving (2.7) and inserting it into the grade 0 pro-

jection of the zero-curvature equation (2.2) determines the flow of the model through equation

∂tA0 = ∂xD
(0), with t ≡ t2, that reads in vector notation as :

∂tv = ∂xd . (2.9)

After multiplying both sides of relation (2.9) by the Cartan matrix K and making use of relation

(2.7) we obtain:

∂t

N−1∑
m=1

(K)km vm = ∂t (2vk − vk+1 − vk−1) = ∂x (∂xF + VF)k

= ∂x

[
∂x(vk+1 − vk−1) + Vkk(vk+1 − vk−1)

]
, k = 1, . . ., N − 1

(2.10)
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Recalling the identities (2.6) and (2.8) the above equation (2.10) can be rewritten as:

∂t (Jk+1 − Jk) = −∂x
[
∂x(Jk + Jk+1)− (Jk+1 − Jk) (Jk + Jk+1)

]
, k = 1, . . ., N − 1 , (2.11)

that agrees with the result given earlier in [43]. From equation (2.11) one can derive a flow for

an individual Jm as

∂tJm = ∂x

[N−1∑
k=1

N − 2k

N
J ′k+m(modN) + J2

m −
1

N

N∑
k=1

J2
k

]
, m = 1, . . ., N − 1 . (2.12)

2.2 Reductions to Painlevé and Autonomous Painlevé

Equations

Introducing the self-similarity limit through relations

z = t−1/2x, Ji(x, t) = t−1/2Ji(z) (2.13)

one obtains in such limit from equations (2.11) after an integration :

(Ji + Ji+1)z = −z
2

(Ji − Ji+1)−
(
J2
i − J2

i+1

)
+ βi, i = 1, . . ., N , (2.14)

with βi being integration constants that satisfy
∑N

i=1 βi = 0.

Define now:

ji(z) = Ji(z) +
1

4
z (2.15)

with the zero trace condition
∑N

k=1 Jk = 0 replaced by

N∑
i=1

ji =
N

4
z (2.16)

and impose periodicity condition:

ji = ji+N . (2.17)

In this notation and with αi = βi + 1
2
, such that

∑N
i=1 αi = N/2, equations (2.14) simplify

to:

(ji + ji+1)z = − (ji − ji+1) (ji + ji+1) + αi, i = 1, . . ., N (2.18)

in which we recognize the dressing chain equation [49].
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There is also an alternative way of obtaining the dressing chain equation (2.18) from the

t2-flow (2.11) of the sl(N) mKdV hierarchy that employs the traveling wave reduction:

Ji(x, t) = ji(z)− C

2
, z = x− Ct, (2.19)

here C is a constant representing speed of a wave. We find that such reduction yields the same

differential system (2.18), but with the major difference being that the summation of ji now

yields a constant:
N∑
i=1

ji =
NC

2
(2.20)

and therefore the sum of all N equations (2.18) is:

2
N∑
i=1

ji,z =
N∑
i=1

αi = 0 . (2.21)

This is the case of α ≡
∑N

i=1 αi = 0 for which the periodic dressing chain admits a parametric

dependent Lax representation [49]. Corresponding equations for the cases N = 3 and N = 4

yield, respectively, the equations I12 and I38, that describe cnoidal waves and solitons and are

solvable in terms of Elliptic functions, which will be shown more explicitly in chapter (3) and

Appendix (E).

Define now

fi = ji + ji+1 , (2.22)

then due to identities shown in Appendix D it follows that equation (2.18) becomes in this new

notation
dfi
dz

= fi

(
k∑
r=1

fi+2r−1 −
k∑
r=1

fi+2r

)
+ αi, i = 1, . . ., N (2.23)

for N odd and with conditions
∑N

i=1 fi = Nz/2 and
∑N

i=1 αi = N/2 reproducing A
(1)
N−1 Painlevé

equations for N odd. For even N = 2n we obtain from (2.18)

nz
dfi
dz

=fi

( ∑
1≤r≤s≤n−1

fi+2r−1fi+2s −
∑

1≤r≤s≤n−1

fi+2rfi+2s+1 +
n∑
r=1

(1− 2αi+2r)

)
+ nzαi, i = 1, . . ., N (2.24)

reproducing A
(1)
2n−1 = A

(1)
N−1 Painlevé equations with conditions

n∑
r=1

fi+2r =
n∑
r=1

fi+2r+1 =
n

2
z . (2.25)
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We notice that equations (2.18) are manifestly invariant under order-N automorphisms:

π(ji) = ji+1, π(αi) = αi+1 (2.26)

ρ(ji) = −jN+1−i, ρ(αi) = −αN+1−i, ρ(z) = −z (2.27)

In the next section we will obtain the remaining Bäcklund symmetries by employing the gauge

transformations of the zero-curvature equations.

2.3 Gauge transformations of sl(N) mKdV zero-curvature

equations

2.3.1 Introducing the gauge transformation, its basic properties and

parameters

Below we will discuss symmetries of equations (2.18) derived from gauge symmetries of the

ŝl(N) zero-curvature equation (2.2) compactly rewritten as

[∂x + Ax, ∂t + At] = 0 . (2.28)

with

Ax = E(1) + A0 , At = D(0) +D(1) +D(2) ,

with D(2) given in (2.4), D(1) in (2.5) and D(0) =
∑N−1

a=1 dahαa such that its matrix elements

satisfy the second-flow equation ∂tvi = ∂xdi. We will discuss the gauge symmetries of equation

(2.28) that preserve the matrix form of potentials Ax, At and that will be shown to reproduce

the Bäcklund symmetries of Painlevé equations in the self-similarity limit.

In the setting of (2.28) we will explore invariance of (2.11) under the gauge transformation

Aµ(Ji)→ Aµ(J̃i) = UAµ(Ji)U
−1 + U∂µU

−1, µ = x, t (2.29)

or

UAµ(Ji) = Aµ(J̃i)U + ∂µU (2.30)

where U = U(J̃ , J) maps from Ji configuration to another one denoted by J̃i, while preserv-

ing the zero-curvature equation. Acting successively with U(J̃ , J) to transform from J to J̃ ,

followed by J̃ → ˜̃J transformation U( ˜̃J, J̃) amounts to applying the composite gauge transfor-

mation

U( ˜̃J, J) = U( ˜̃J, J̃)U(J̃ , J) (2.31)
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The left hand side of equation (2.29) has grades between 0 and 1 for µ = x and between 0 and

2 for µ = t. We will work with the gauge transformations given by matrices U = I + U−1,

where I is the identity matrix and U−1 is a grade −1 element of ŝl(N) of the explicit form :

U(J̃ , J) ≡ U(β1, . . ., βN) =

=



1 0 . . . λ−1βN(x, t)

β1(x, t) 1 · · · 0

0
. . . . . . · · ·

... βN−2(x, t) 1 0

0 · · · βN−1(x, t) 1


(2.32)

where βi(x, t), i = 1, . . ., N coefficients parameterize the grade −1 component of ŝl(N) and will

be determined from the condition that the grades of the right hand side of equation (2.29)

will agree with that of Aµ, µ = x, t. For convenience we employed above a notation that

expresses explicitly dependence of gauge transformation U on the parameters βi that depend

on the original configuration {J} and the transformed configuration {J̃} through relation (2.35)

obtained below.

We start by making a remark concerning matrix

U(β1, . . ., βi−1, 0, βi+1, βi+2, βi+3, . . ., βN)

with one parameter βi = 0 being zero. As a matrix it can represented by an ordered product

of single Ui matrices that only have one non-zero parameter βi:

Ui ≡ U(0, . . ., βi, . . ., 0) (2.33)

as can be verified by inspection. To maintain the form of the gauge matrix as in equation

(2.32) the product must be such that it starts at Ui+1 and goes from right to left till Ui−1 in

the following ordered fashion :

U(β1, . . ., βi−1, 0, βi+1, βi+2, βi+3, . . ., βN) = Ui+1Ui+2 · · ·UN−1UNU1U2 · · ·Ui−1 (2.34)

Since as will be explained below the gauge matrices considered in this section must, in the

self-similarity limit, to have at least one parameter equal to zero, they all can be represented

as matrices by an ordered matrix composition of single gauge matrices Uj. Note however that

the right hand side of equation (2.34) only involves the matrix multiplication of the single

Ui matrices. However each gauge transformation not only acts as a matrix but also as a

transformation that obeys the composition rule (2.31). To take into consideration those two

actions we will introduce below a “star”-product of two gauge matrices (2.54).
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We now consider matrix elements of both sides of relation (2.30) and derive differential

equations for the gauge parameters βi that follow from them. Plugging expression for the

matrix U into equation (2.30) with µ = x and considering its diagonal (i, i) element we obtain

an expression :

(i, i) : J̃i = Ji − βi + βi−1, i = 1, . . ., N (2.35)

for the transformed configuration of J̃i in terms of Ji and the βi coefficients of U(β1, . . ., βN).

The (i+ 1, i) element of (2.30) with µ = x is given by

(i+ 1, i) : βi,x = Jiβi − J̃i+1βi = βi (−βi + βi+1 + Ji − Ji+1) , i = 1, . . ., N − 1 (2.36)

Integrating (2.36) yields :

β1 = B1(t)e
∫

(J1−J̃2)dx, · · · , βi = Bi(t)e
∫

(Ji−J̃i+1)dx, · · · , βN = BN(t)e
∫
JN−J̃1dx (2.37)

where we indicated explicitly that Bi-coefficients do not depend on x but may depend on the

t variable. However considering the (i+ 1, i) element of (2.30) with µ = t we obtain :

(i+1, i) : ∂t∂x ln βi = ∂t(Ji−J̃i+1) → βi = Bi(x) exp

∫
(Ji−J̃i+1)dx, i = 1, . . ., N−1 (2.38)

We thus conclude that all coefficients Bi are constants as is consequently the product of all βi :

β1(x, t)· · ·βN(x, t) = B1· · ·BN = constant (2.39)

For diagonal elements of (2.30) for µ = t we obtain after taking a derivative with respect to x

(i, i) : di − d̃i = βiFi − βN F̃N → ∂t(βi − βN) = ∂x (βiFi − βNFN − βN(βN−1 − β1)) (2.40)

for i = 1, . . ., N − 1, where we used that ∂xdi = ∂tvi and ṽi = vi + βN − βi with Fi, FN defined

in (2.6) and accordingly transforming as F̃i = Fi + βi−1 − βi+1.

It follows from (2.40) that the quantities

Γi ≡ ∂tβi − ∂x(βiFi − βiβi+1), ΓN ≡ ∂tβN − ∂x(βNFN − βNβ1) (2.41)

are always equal to each other:

Γi = ΓN , i = 1, . . ., N − 1 (2.42)
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For transformation with only one non-zero coefficient, βi 6= 0, it holds from the transforma-

tion rule (2.35) that Ui from (2.33) generates:

Ui : Ji → Ji − βi, Ji+1 → Ji+1 + βi, Jj → Jj, j 6= i, i+ 1 (2.43)

with βi that satisfies differential equations :

βi, x = βi (−βi + Ji − Ji+1) (2.44)

and

∂tβi = (Fiβi)x = ((Ji + Ji+1)βi)x (2.45)

due to relations (2.36) and (2.42). Similar relations were derived in [43] by a different method.

2.3.2 Gauge transformations in the self-similarity limit as the ex-

tended affine Weyl group symmetries

Recall now the self-similarity limit (2.13) that in accordance with equations (2.35) and (2.36)

needs to be augmented by

βi(x, t) = t−1/2bi(z) (2.46)

The self-similarity limit can not be applied consistently to the constant in (2.39) as long it is

different from zero since the self-similarity limits of the right and left hand side of equations

∂x(β1(x, t)· · ·βN(x, t)) = ∂t(β1(x, t)· · ·βN(x, t)) = 0

will lead to inconsistent limits as long as all βi(x, t) 6= 0. Thus at least one of the Bi constants

will need to vanish for us to be able to take the self-similarity limit. Clearly in such case Γi = 0

in (2.42) and this equation yields in the scaling limit the following algebraic relations :

bibi+1 − bi(ji + ji+1) + κi = bibi+1 − bifi + κi = 0, i = 1, . . ., N − 1 (2.47)

where κi are integration constants. Furthermore equation (2.35) becomes in the self-similarity

limit

j̃i = ji − bi + bi−1 → f̃i = fi − bi+1 + bi−1, i = 1, . . ., N (2.48)

and equation (2.37) becomes

b1 = b
(0)
1 e

∫
j1−j̃2dz, · · · , bi = b

(0)
i e

∫
ji−j̃i+1dz, · · · , bN = b

(0)
N e

∫
jN−j̃1dz (2.49)
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In the self-similarity limit the choice (2.33) results in constants b
(0)
i 6= 0 and b

(0)
j = 0, j 6= i, and

we obtain from relations (2.47) that

κi = bifi → bi =
κi
fi

(2.50)

Let us recall equation (2.45) describing time flow of βi parameter. According to the self-

similarity limits (2.13) and (2.46) we obtain from (2.45) :

((Ji + Ji+1 + z/2)bi)z = 0 → 1/bi(z) = (Ji(z) + Ji+1 +
1

2
z)/κi = (ji + ji+1(z))/κi , (2.51)

where we have chosen the integration constant κi to be in agreement with (2.50). We now turn

our attention to equation (2.44) that becomes in the self-similarity limit

bi z = bi(−bi + ji − ji+1), → ∂z ln bi + bi = ji − ji+1 (2.52)

Plugging relation bi = κi/fi from equation (2.51) into equation (2.52) one obtains

∂z ln

(
κi
fi

)
+
κi
fi

= ji − ji+1

that agrees with the dressing equation (2.18) for κi = αi. Indeed it is easy to explicitly verify

that the dressing chain equation is invariant under the symmetry operations

ji
Ui−→ j̃i = ji − bi = ji −

κi
ji + ji+1

, ji+1
Ui−→ j̃i+1 = ji+1 + bi = ji+1 +

κi
ji + ji+1

,

jk
Ui−→ jk, k 6= i, k 6= i+ 1

(2.53)

generated according to transformation rule (2.43) by self-similarity limit counterpart of quantity

defined in (2.33) for κi = αi, when it is accompanied by transformations of coefficients αi →
−αi, αi±1 → αi±1 + αi. We will derive below these transformations directly from actions of

Ui matrices (see equations (2.60) and (2.64)). Thus the above transformation induced by the

gauge matrix Ui from relation (2.33) agrees with known Bäcklund transformations of A
(1)
N−1

Painlevé equations.

We will need to define the composition laws for the gauge transformations that will hold

when acting with an additional gauge transformation U( ˜̃J, J̃) following U(J̃ , J) as shown in

(2.31). The ordering of equation (2.31) will be important when defining below products of Ui

from equation (2.33). We now define a “star”-product of two single Ui and Uk matrices that

follows the composition rule (2.31) :

Ui(bi) ? Uk(bk) = Ui(b̃i)Uk(bk) . (2.54)
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Note that in addition to matrix multiplication between Ui and Uk (on the right hand side of

the above equation), Uk simultaneously acts through transformation of all the quantities bi, ji

to b̃i, j̃i according to

ji
Uk−→ j̃i = Uk(ji) =


ji → ji i 6= k, i 6= k + 1

ji → ji − bi i = k

ji → ji + bi−1 i = k + 1

(2.55)

where we used transformation rule (2.48). The following commutation relation follows from

(2.55) and corresponding rules of matrix multiplication for matrices Ui and Uk that do not have

any neighboring matrix element bi, bk:

Ui(bi) ? Uk(bk) = Uk(bk) ? Ui(bi), i 6= k, i 6= k ± 1 (2.56)

We now consider the “star”-product (2.54) with k = i meaning we let Ui(bi) twice with

each Ui acting simultaneously through matrix multiplication and through transformation of all

the quantities bk, jk to b̃k, j̃k. Thus the result of performing the gauge transformation twice is

Ui(bi) ? Ui(bi) or explicitly :

Ui(bi) ? Ui(bi) = Ui(b̃i)Ui(bi) ,

where b̃i = Ui(bi) must satisfy equation

b̃i z = b̃i(−b̃i + (ji − bi)− (ji+1 + bi)) = b̃i(−b̃i + ji − ji+1 − 2bi) (2.57)

obtained from equation (2.52) by acting with Ui. Plugging in the above expression equation

(2.52) that amounts to setting ji − ji+1 = ∂z ln bi + bi we get:

∂z ln b̃i + b̃i = ∂z ln bi − bi → ∂z ln
b̃i
bi

= −b̃i − bi (2.58)

Since b̃i
bi

= κ̃i
κi

because f̃i = fi, the left hand side of the last equation in (2.58) is zero and

consequently

b̃i = −bi

and κ̃i = −κi or α̃i = −αi. It follows now by simple multiplication

Ui ? Ui = U(0, . . ., 0,−bi, 0, . . .0)U(0, . . ., 0, bi, 0, . . .0) = 1 (2.59)
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with the identity matrix on the right hand side of the above equation. We thus obtain that

Ui ? Ui = 1 for all i = 1, 2, . . ., N . We also learn that

αi
Ui−→ −αi (2.60)

Next we will verify that

Ui i+1 ≡ U(0, . . ., 0, bi, bi+1, 0, . . .0) = U(bi) ? U(bi+1) (2.61)

according to the definition given in relations (2.54) and (2.55). Therefore we now consider the

U -matrix from (2.32) with two neighboring βi, βi+1 that are different from zero and all the other

βj = 0. The following equations hold for β’s and their self-similarity limits :

βi, x = βi (−βi + βi+1 + Ji − Ji+1) → ∂z ln bi + bi = bi+1 + ji − ji+1,

βi+1, x = βi+1 (−βi+1 + Ji+1 − Ji+2) → ∂z ln bi+1 + bi+1 = ji+1 − ji+2,

∂tβi = (βiFi − βiβi+1)x → bi =
κi

fi − κi+1/fi+1

,

∂tβi+1 = (βi+1Fi+1)x → bi+1 =
κi+1

fi+1

,

(2.62)

which agree with the dressing equations (2.18) for fi, fi+1 for κi+1 = αi+1, κi = αi + αi+1.

Comparing expression for bi given in (2.62) with those in (2.55) that define the ?-product

(2.54) we find that the relation (2.61) holds.

Further it follows that Ui i+1, as defined in (2.61), with the non-zero neighboring U -matrix

elements bi, bi+1 will induce the following non-zero transformations

fi → f̃i = fi + bi−1 − bi+1 = fi −
αi+1

fi+1

,

fi+1 → f̃i+1 = fi+1 + bi − bi+2 = fi+1 +
αi + αi+1

fi − αi+1

fi+1

,

fi+2 → f̃i+2 = fi+2 + bi+1 − bi+3 = fi+2 +
αi+1

fi+1

,

fi−1 → f̃i−1 = fi−1 + bi−2 − bi = fi−1 −
αi + αi+1

fi − αi+1

fi+1

,

(2.63)

If we now define the si+1 transformation as :

si+1 : fi → f̃i = fi −
αi+1

fi+1

, fi+1 → f̃i+1 = fi+1, fi+2 → f̃i+2 = fi+2 +
αi+1

fi+1

, (2.64)
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together with si+1 : αi → α̃i = αi + αi+1, then we can represent the transformation (2.63) as a

result of action of si+1 followed by si transformation:

si : f̃i → f̃i = fi −
αi+1

fi+1

, f̃i+1 → f̃i+1 +
α̃i

f̃i
= fi+1 +

αi + αi+1

fi − αi+1

fi+1

f̃i+2 → f̃i+2 = fi+2 +
αi+1

fi+1

, f̃i−1 → f̃i−1 −
α̃i

f̃i
= fi−1 −

αi + αi+1

fi − αi+1

fi+1

Note also that as follows from relation (2.60) si(αi) = −αi. Thus the gauge transformation Ui i+1

agrees with the composite sisi+1 Bäcklund transformation and it follows from this identification

by repetitive action with sisi+1 that

(Ui ? Ui+1)3 = 1 . (2.65)

More generally the gauge transformation U(0, . . ., 0, bi, bi+1, . . ., bi+k, 0, . . ., 0) corresponds to

the composite sisi+1. . .si+k Bäcklund transformation with relations between bi’s being of the

form (for k = 3) :

bi =
κi

κi+1
κi+2

κi+3
bi−ji−ji+3

−ji+2−ji+3

−ji+1−ji+2
− ji − ji+1

and so on for higher k.

The gauge matrices U(0, . . ., bi, bi+1, . . ., bi+n, . . ., 0) and U(0, . . ., bj, bj+1, . . ., bj+m, . . ., 0) such

that j + m < i − 1 or i + n < j − 1 will commute leading to commutation of the Bäcklund

transformations si · · · si+n with sj · · · sj+m under the same conditions.

The key conclusion of this section is that the identities (2.56), (2.65) and (2.59) establish

equivalence of the group of gauge transformation endowed with the ?-product to the extended

affine Weyl group A
(1)
N−1 with its fundamental relations

s2
i = 1, (sisi+1)3 = 1, sisk = sksi, k 6= i± 1

that agree with (2.56), (2.65) and (2.59) .

For the remaining part of this subsection we will discuss how that gauge transformations

will function in case of the traveling wave limit (2.19). In this limit we obtain

∂x(β1 · · · βN)→ ∂z(b1 · · · bN) (2.66)

∂t(β1 · · · βN)→ −C∂z(b1 · · · bN) (2.67)

and we conclude that

∂z(b1 · · · bN) = 0 (2.68)
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Contrary to the case of the self-similarity limit, the condition b1 · · · bN = 0 is no longer the only

remaining option. From equations (2.44) we find

bi, z = bi (−bi + ji − ji+1) (2.69)

and combined with relation (2.47) we find that the condition (2.68) has another valid solution

apart from b1 · · · bN = 0, namely that κ1 · · ·κN = 0 while bi 6= 0, i = 1, ..., N . Let us set

κi−1 = 0, then from relations (2.47) we find a solution:

bi−1 = fi−1, bi+1 = fi −
κi
fi−1

, bi+2 = fi+1 −
κi+1

fi − κi
fi−1

etc. Thus in this case we can obtain a solution that has all the coefficients bi 6= 0. Will such

transformation still be equivalent to a finite product of Bäcklund transformations si? To answer

this question let us consider for illustration the case of N = 3 and set κ1 = 0. Then the relevant

3× 3 matrix U(b1, b2, b3) has arguments:

b2 = f1, b3 =
κ2

f1

+ f2, b1 =
κ3

κ2
f1

+ f2

+ f3 (2.70)

Recalling that the bi transform the ji according to relation (2.48) we find

f̃1 = π(f1 +
α3

f3

), f̃2 = π

(
f2 −

α3

f3

+
α1 + α2
α3

f3
+ f1

)
, f̃3 = π

(
f3 −+

α1 + α2
α3

f3
+ f1

)
, (2.71)

using that

κ2 = α1, κ3 = α1 + α2 (2.72)

as obtained from plugging the above relations directly back into (2.18). We also get the trans-

formation on the constants αi of (2.18)

α1 → −α1 − α2, α2 → 2α1 + α2 + α3, α3 → α2 (2.73)

We see that despite of having all the three bi-coefficients different from zero that the transfor-

mation U(b1, b2, b3) obtained in the traveling wave reduction is equivalent to the composition

of Bäcklund transformations πs3s1 that this time involves the automorphism π in addition to

transformations si. This example thus confirms that the conclusions obtained in our study of

gauge transformations in the self-similarity limit extend mutatis mutandis to the traveling wave

reduction.
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2.4 Bäcklund transformations for higher flows

In references [24, 25] it was observed that the Bäcklund symmetries obtained out of the gauge

symmetries of the zero-curvature equations will hold for all flows of the integrable model. We

can here extend this observation to all higher-order Painlevé equations that are derived from

these flows. The point we are making here is that the affine extended A
(1)
N−1 Weyl group

is the symmetry group for all Painlevé equations that are derived by appropriate similarity

transformations from the higher flows of soliton equations. For simplicity we will illustrate this

point for N = 2 mKdV hierarchy with the commuting flows t2n+1, n = 1, 2, 3, . . .. Here we focus

at the first three higher times t3, t5, t7. For all the flows the Ax matrix remains defined by:

Ax =

(
v λ

1 −v

)
(2.74)

The gauge matrix U is given by

U =

(
1 β2

λ

β1 1

)
(2.75)

and maps a solution of the mKdV model to a new solution. In the self-similarity limit U

generates Bäcklund transformations as described in the previous section.

Following the steps similar to the ones taken in Section 2.1 we obtain in the zero-curvature

framework the corresponding mKdV flows for the times t3, t5, t7 :

4vt3 = −6v2vx + v3x (2.76)

16vt5 = 30v4vx − 10v2v3x − 40vvxv2x − 10v3
x + v5x (2.77)

64vt7 =− 140v6vx + 70v4v3x + 560v3vxv2x + 420v2v3
x − 14v2v5x (2.78)

− 140vv2xv3x − 84vvxv4x − 182vxv
2
2x − 126v2

xv3x + v7x

The usual dimensional considerations lead to the following self-similarity limits for tj = t3, t5, t7:

v(x, t) =
v(z)

t
1/j
j

, βi =
bi(z)

t
1/j
j

, z =
x

t1/j
(2.79)

Taking such limit of equation (2.76) (and integrating once) we get the PII equation:

v′′(z) = α + 2v(z)3 − 4

3
zv(z) (2.80)

From the gauge transformation U we inherit two Bäcklund transformations. One is given by

v → v + b, b =
2− 3α

−3v′(z)− 3v(z)2 + 2z
, α→ 4

3
− α (2.81)
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and squares to identity as follows by inspection.

Since

v → −v, α→ −α (2.82)

is an obvious symmetry of PII (and mKdV) one easily sees that b̄(v, α) = b(−v,−α) will also

be a Bäcklund transformation of PII as can also be derived directly from the gauge symmetry

argument involving the matrix U (2.75). Such symmetry (2.82) is also present for all higher

times tn, therefore it will suffice for us to show from now one only one of the two Bäcklund

transformations.

For the t = t5 mKdV flow (2.77) after imposing the appropriate similarity limit from (2.79)

and performing an integration, we obtain:

v(4) = 10v2v′′ + 10v(v′)2 − 6v5 − 16

5
vz + σ (2.83)

This equation can be identified with the F-XVII equation of reference [18] for the parameters

δ = 0, λ = −16

5
, µ = 0 .

As before we are able to derive two Bäcklund transformations from the gauge symmetry

argument that are related by the symmetry operation (2.82). We show one of them here:

v → v + b, b =
8− 5α

15v4 − 5v(3) − 10vv′′ + 5 (v′)2 + 30v2v′ + 8z
, α→ 16

5
− α (2.84)

Finally for the t = t7 and the corresponding mKdV flow (2.78) the appropriate self-similarity

limit from (2.79) yields

v(6) = α + 20v7 + 42v (v′′)
2 − 70v4v′′ + 14v(4)v2 − 140v3 (v′)

2
+ 56v(3)vv′

+ 70 (v′)
2
v′′ − 64vz

7

(2.85)

after performing an integration. One of the two BT we find in this case is :

v → v + b, b =
32− 7α

denom
, α→ 64

7
− α (2.86)

where

denom =− 70v6 − 7v(5) − 7 (v′′)
2

+ 70 (v′)
3 − 210v4v′ + 140v3v′′+

+ 14v(3)v′ + 14v
(
20v′v′′ − v(4)

)
+ 70v2

(
v(3) + (v′)

2
)

+ 32z

Common for all these higher-order Painlevé equations derived from higher mKdV flows is

invariance under the same extended affine Weyl group A
(1)
1 in the self-similarity limit.
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Chapter 3

Degeneracies of Painlevé equations

This chapter connects Painlevé equations and other Ince’s equations such as Jacobi Elliptic

functions via coalescence. These Ince’s equations are also connected among themselves like

in the traditional Painlevé’s coalescence cascade. Such degeneracy is considered also for the

special equations, symmetric equations and Bäcklund transformations.

The authors’ work [9] is used as main base for this chapter and [8] is specially used here for

the coalescence of the symmetric PIV → PII

3.1 Historical classification

As was presented in the previous chapter, Gambier [21] described that we can reduce the list

of 50 equations to only 24 by identifying that the other 26 belong to orbits of these 24 classes

of equivalence by birational transformations [17].

Gambier in his paper [21] lists the 24 equations in a table, such that its correspondence

with the usual list of 50 from Ince [31] is as follows:

Gambier 1 2 3 4 5 6 7 8 9 10 11 12 ...

Ince (n) 1 2 3 4 (PI) 6 5 7 8 9 (PII) 11 12 13 (PIII) ...

... 13 14 15 16 17 18 19 20 21 22 23 24

... 14 24 27 29 30 31 (PIV ) 32 37 38 39 (PV ) 49 50 (PV I)

Since Ince is the main reference for them, I will refer to the equations as In, where the index

n is their number on such list. The Painlevé equations will be kept as Pn since this is the usual

notation

They are listed in Appendix (A).

Composing these 24, we have the 6 Painlevé equations (PI , ..., PV I), 6 autonomous equations

solvable by Elliptic functions (I3, I8, I12, I30, I38, I49), 7 absent of parameters (I1, I2, I7, I11, I29, I32, I37),

and 5 with arbitrary functions (I5, I6, I14, I24, I27).

In the same way as Painlevé himself did connecting his 6 equations via coalescence, here the

goal is to present a full degeneracy cascade connecting the other 13 equations. The 5 equations
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with arbitrary functions, cannot be generated by this limiting procedure like the others, there-

fore will not be considered. Since the word “coalescence” brings an idea of quantities coalescing

and this may not be the case in some situations here, I will keep it only for the Painlevé and

autonomous equations, and calling by “degeneracy”, which is more general, the some Ince’s

equations.

3.2 Autonomous Painlevé equations

These autonomous equations are not solvable by Painlevé transcendents, but by Elliptic func-

tions. They are named like that due to their direct connection with each of the Painlevé

equations both in their form as in degeneracy.

These limits are present explicitly here, which will connect the following equations:

PV I

I49

PV

I38

PIII

I12

PIV

I30

PII

I8

PI

I3

So, the PV I equation (P6) under the transformations:

W (z) = w(z), Z = a+εz, A =
(a− 1)2a2b

ε2
, B =

ac(a− 1)2

ε2
, C =

a2d(a− 1)

ε2
, D =

ae(a− 1)

ε2
(3.1)

followed by ε→ 0, becomes the I49 equation (A.13).

The PV equation (P5) under the transformations:

W (z) = w(z), Z = εz, A =
a

ε2
, B =

b

ε2
, C =

2c− d
2ε2

, D =
d

2ε2
(3.2)

followed by ε→ 0, becomes the I38 equation (A.12).

The PIV equation (P4) under the transformations:

W (z) =
w(z)

ε
, Z = εz +

a

ε
, A =

a2 − b
ε2

, B =
c

ε4
(3.3)

followed by ε→ 0, becomes the I30 equation (A.9).

The PIII equation (P3) under the transformations:

W (z) =
w(z)

ε
, Z = εz, A =

b

ε
, B =

c

ε3
, C = a, D =

d

ε4
(3.4)

followed by ε→ 0, becomes the I12 equation (A.7).
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The PII equation (P2) under the transformations:

W (z) =
w(z)

ε
, Z = εz +

a

ε2
, A =

b

ε3
(3.5)

followed by ε→ 0, becomes the I8 equation (A.5).

The PI equation (P1) under the transformations:

W (z) =
w(z)

ε2
, Z = εz +

1

2ε4
(3.6)

followed by ε→ 0, becomes the I3 equation (A.3).

3.3 Coalescence cascade between the autonomous Painlevé

equations

Now continuing the same reasoning as Painlevé, we are also able to connect the autonomous

equations in a cascade in the same fashion as the original Painlevé coalescence cascade.

In fact, the transformations for the variables w and z are very similar in both cases.

The cascade will follow the same logic as the Painlevé ones:

I49 I38

I30

I12

I8 I3

So, we start by the I49 equation (A.13), that under the transformations:

W (Z) =
w(z)

w(z)− 1
, Z = εz,

A =
a

ε
, B =

4ε(a− bε+ b) + d(ε− 1)

ε2 (ε2 − 3ε+ 2)
, C =

b

ε
, D =

a

(1− ε)2ε
(3.7)

E =
aε (ε3 − 4ε2 + 4)− ε(ε− 1)2 (b (ε3 − 8ε2 + 12ε− 4)− c(ε− 2))− d(ε− 1)4

(ε− 2)(ε− 1)2ε4

followed by ε→ 0, becomes the I38 equation (A.12).

The I38 equation (A.12) under the transformations:

W (Z) =
εw(z)√

2
, Z = εz, A =

1

ε4
, B =

C

2
,

C = −8
√

2aε+ cε4 + 6

2ε4
, D =

−4
√

2Aε− 2Bε2 +Gε4 − 2

ε4
(3.8)

followed by ε→ 0, becomes the I30 equation (A.9).
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The I38 equation (A.12) under the transformations:

W (Z) = 1+εw(z), Z = z, A =
a

2ε2
, B =

b

2
− a

2ε2
+ε(2dε−c), C = ε(2dε−c), D = dε2

(3.9)

followed by ε→ 0, becomes the I12 equation (A.7).

The I30 equation (A.9) under the transformations:

W (Z) =
w(z)

ε
+

1

ε3
, Z = εz − 1

ε3
, A = − 1

ε3
− aε

12
, B =

3 + aε4

2ε6
, C = −4aε4 − 6bε6 + 3

6ε12

(3.10)

followed by ε→ 0, becomes the I8 equation (A.5).

The I12 equation (A.7) under the transformations:

W (Z) = 1+2εw(z), Z = 1+ε2z, A =
1

4ε6
, B = − 1

2ε6
, C =

2aε2 + 1

2ε6
, D =

−4aε2 + 8bε3 − 1

4ε6
(3.11)

followed by ε→ 0, becomes the I8 equation (A.5).

The I8 equation (A.5) under the transformations:

W (Z) = εw(z) +
1

ε5
, Z = ε2z − 6

ε10
, A = − 6

ε10
, B =

8 + ε12

2ε15
(3.12)

followed by ε→ 0, becomes the I3 equation (A.3).

3.4 Degeneracy to parameterless equations

The parameterless equations have a very simple form, such that they in some cases are just

the corresponding Painlevé equation with all parameters set to zero. For all the cases the

transformation for both Painlevé and corresponding autonomous Painlevé is the same, with

the only exception being PV I and I49 to I32. Also, if some parameter is not specified, it will be

naturally deleted by the transformation.

PV I

I32

I49 PV , I38

I37

PIV , I30

I29

PIII , I12

I11

PII , I8

I7

PI , I3

I2 I1

The PV I equation (P6) under the transformations

W (Z) = εw(z), Z =
ez

ε
, B = −ε

2

2
, C = ε (3.13)

(here ez is the exponential of z) followed by ε→ 0 becomes the I32 equation (A.10).
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The I49 equation (A.13) under the transformations

W (Z) = εw(z), Z =
z

ε
, A = a, B =

ε2

a
, C = − ε

4

2a
, D =

ε2

a
, E = −2aε2

(3.14)

followed by ε→ 0 becomes the I32 equation (A.10).

The PV (P5) and I38 (A.12) under the transformations

W (Z) = εw(z), Z = ε ln(z) (3.15)

followed by ε→ 0 becomes the I37 equation (A.11).

The PIV (P4) and I30 (A.9) under the transformations

W (Z) =
w(z)

ε
, Z = εz (3.16)

followed by ε→ 0 becomes the I29 equation (A.8).

The PIII (P3) and I12 (A.7) under the transformations

W (Z) = w(z), Z = εz (3.17)

followed by ε→ 0 becomes the I11 equation (A.6).

The PII (P2) and I8 (A.5) under the transformations

W (Z) =
w(z)

ε
, Z = εz (3.18)

followed by ε→ 0 becomes the I7 equation (A.4).

The PI (P1) and I3 (A.3) under the transformations

W (Z) =
w(z)

ε2
, Z = εz (3.19)

followed by ε→ 0 becomes the I2 equation (A.2).

The PI (P1) and I3 (A.3) under the transformations

W (Z) = εw(z), Z = εz (3.20)

followed by ε→ 0 becomes the I1 equation (A.1).

3.5 Riccati equations

The associated Riccati equations to the Painlevé equations may also be subject of this coales-

cence, therefore generating Riccati equations corresponding to the Ince’s equations.
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Starting by the most complex case, the Riccati equation associated to the PV I equation

(P6) is:

w′(z) =
αθ2w(z)2

(z − 1)z
+
θ0 (β − θ0 (γθ1θ2 + 1))

z − 1

− −αγθ1 + βγθ0θ1θ2 − γ2 + zw(z) ((α− β)(α + β) + αγθ1 − αθ2 + βγθ0θ1θ2 + βθ0 − γθ1θ2)

(z − 1)z (−αθ2 + βθ0 − γθ1θ2)

(3.21)

Its reduction with the same limits as in PV I → I49 (3.1) yields:

w′(z) = θ0

√
−2ac+

√
2bθ2w(z)2 − w(z)(a(ab+ b+ c+ d) + c+ e)

√
2
(
a
√
bθ2 − θ0

√
−ac

) (3.22)

From the Riccati equation associated to the PV equation:

w′(z) = w(z)

(
θ1 −

αθ2 + βθ0

z

)
+
αθ2w(z)2

z
+
βθ0

z
(3.23)

With its reduction with the same limits as in PV → I38 (3.2) yields:

w′ = aθ2w
2 − w (aθ2 + bθ0) + bθ0 (3.24)

From the Riccati equation associated to the PIV equation:

w′(z) = βθ0 + θ1w(z)2 + 2θ1zw(z) (3.25)

With its reduction with the same limits as in PIV → I30 (3.3) yields:

w′ = θ1w
2 + 2aθ1w +

√
−2cθ0 (3.26)

From the Riccati equation associated to the PIII equation:

w′(z) =
(aθ1 − 1)w(z)

z
+ θ0 + θ1w(z)2 (3.27)

With its reduction with the same limits as in PIII → I12 (3.4) yields:

w′ = θ1w
2 + bθ1w (3.28)

From the Riccati equation associated to the PII equation:

w′(z) = θ0w(z)2 +
zθ0

2
(3.29)
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With its reduction with the same limits as in PII → I8 (3.5) yields:

w′ = θ0w
2 +

aθ0

2
(3.30)

One can immediately observe that all of these autonomous limits of special functions have

the general form

w′ = c2w
2 + c1w + c0

and also that the number of parameters decrease from higher equations to lower ones, therefore

the degeneracy cascade here is trivial, only needing sometimes to do a shift b y a constant like

w → w + C, and then match the parameters.

The linearization of such general form via Cole-Hopf transformation yields:

u′′ = K1u
′ +K2u =⇒ u(z) = c1e

1
2
z
(
K1−
√
K2

1+4K2

)
+ c2e

1
2
z
(
K1+
√
K2

1+4K2

)
. (3.31)

The form (3.31) was expected, since all the autonomous Painlevé have solutions in terms of

Jacobi Elliptic Functions and (3.31) is the corresponding Riccati form for them.
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Chapter 4

Hybrid equations

In this chapter I present some of the previous results for PIV and PV but in the framework of

their symmetric equations.

I show how the traditional coalescence appears as additional terms in the equations of

motion and how the coalescence to autonomous Painlevé appears as a constraint (σ = 0) on

the parameters, as well as the exact behavior of Bäcklund transformations under coalescence.

An immediate implication of the knowledge of the exact behavior of coalescence from PIV →
PII is the possibility of the derivation of new discrete equations that obey coalescence or the

autonomous equations as limits.

4.1 Hybrid equations step-by-step

The first idea of “hybrid” or “mixed” Painlevé equations in this framework appeared in the

work of Aratyn, et. al. [12], where it was first shown a way of obtaining PIII from PV by adding

more terms to the symmetric equations of PV and taking an integration constant to zero.

Such a method was very innovative, nevertheless not very systematic, relying on trying and

error to find the extra terms for the equations of motion.

What was discovered by me and then extended, is that the later approach was actually

coalescence in disguise due to the symmetric equations. Once known this, the generation of

hybrid Painlevé equations (and later deformed Painlevé equations) could be made systematic.

Once this is known, we are able to create a cascade to degenerate Painlevé equations into

other Painlevé equations as well as Jacobi Elliptic equations. Once these transformations are

performed on the symmetric equations, one can see explicitly the terms that take the equation

to each limit.

A step-by step approach to the whole effort presented in this document can be listed as:

� Choose a symmetric representation of your favorite Painlevé equation;

� identify the σ parameter that is the sum of all parameters (αi);

� apply the coalescence limits on the variables (constant factors may be adjusted here);
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� eliminate the linearly dependent equations of the symmetric system, this will require some

integration;

� keep ALL possible integration constants explicit from the previous step;

� now you have a hybrid equation with an extended parameter space with σ, ε (from

coalescence), and the integration constants;

� play with them by taking each one to zero at a time and adjusting, if necessary, the

integration constants to maintain any term of relevance.

In the work of Aratyn, et. al. [12] and Alves, et. al [8] one also observes the concept of

Bäcklund symmetry breaking and deformation. These concepts will be covered later in this

document in the corresponding chapters.

4.2 PIV

4.2.1 Traditional symmetric PIV

We start with the symmetric PIV [35]:

f ′0 = f0 (f1 − f2) + α0 ,

f ′1 = f1 (f2 − f0) + α1 ,

f ′2 = f2 (f0 − f1) + α2 ,

(4.1)

where fi = fi(z) and ′ = d/dz.

By summing these equations we get

f ′0 + f ′1 + f ′2 = α0 + α1 + α2

Defining σ := α0 + α1 + α2 and making one integration, we get

f0 + f1 + f2 = σz + χ (4.2)

Setting the integration constant χ = 0 and eliminating f2 = σz− f0− f1 from (4.1) we obtain:

f ′0(z) =f0 (−σz + f0 + 2f1) + α0 ,

f ′1(z) =f1 (σz − 2f0 − f1) + α1 ,
(4.3)

while the third equation in (4.1) can be obtained by summing the above two equations.

Traditionally, either σ is set to 1 or it can be absorbed by the following transformations :

αi = α̃iσ, fi(z) =
√
σf̃i(z̃), z = z̃/

√
σ. (4.4)
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By further eliminating f1 or f0 from (4.3) we get for the remaining component:

f ′′i (z) =
f ′i

2

2fi
− α2

i

2fi
+

(
1

2
σ2z2 + (−1)i(2α0 + 2α1 − αi − σ)

)
fi−2σzfi

2 +
3

2
fi

3, i = 0, 1. (4.5)

4.2.2 Bäcklund and auto-Bäcklund transformations

Equations (4.1) are manifestly invariant under Bäcklund transformations si (i = 0, 1, 2) and

automorphism π defined as follows (see e.g. [35]):

α0 α1 α2 f0 f1 f2

s0 −α0 α1 + α0 α2 + α0 f0 f1 + α0

f0
f2 − α0

f0

s1 α0 + α1 −α1 α2 + α1 f0 − α1

f1
f1 f2 + α1

f1

s2 α0 + α2 α1 + α2 −α2 f0 + α2

f2
f1 − α2

f2
f2

π α1 α2 α0 f1 f2 f0

(4.6)

These transformations satisfy

s2
i = 1, (sisi+1)3 = 1, π3 = 1, πsi = si+1π, i = 0, 1, 2 (4.7)

and thus 〈s0, s1, s2, π〉 form the extended affine Weyl group A(1)
2 [35].

Due to the presence of parameter σ introduced in equation (4.2) in the setting of symmetric

PIV equation (4.1) we have additional automorphisms πi and ρi, i = 0, 1, 2 :

α0 α1 α2 f0 f1 f2 σ

π0 −α0 −α2 −α1 −f0 −f2 −f1 −σ
π1 −α2 −α1 −α0 −f2 −f1 −f0 −σ
π2 −α1 −α0 −α2 −f1 −f0 −f2 −σ

(4.8)

and
α0 α1 α2 f0 f1 f2 σ z

ρ0 −α0 −α2 −α1 f0 f2 f1 −σ −z
ρ1 −α2 −α1 −α0 f2 f1 f0 −σ −z
ρ2 −α1 −α0 −α2 f1 f0 f2 −σ −z

(4.9)

that keep equations (4.1) invariant. The automorphisms πi and ρi square to one

π2
i = 1, ρ2

i = 1, i = 0, 1, 2 , (4.10)

and satisfy the so-called braid relations

πiπjπi = πjπiπj, ρiρjρi = ρjρiρj, i 6= j . (4.11)
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The automorphisms πi and ρi are related to automorphism π from (4.6) via

π = π2π0 = π1π2 = π0π1 = ρ2ρ0 = ρ1ρ2 = ρ0ρ1 (4.12)

and satisfy the following commutation relations with the Bäcklund transformations sj:

πisi = siπi, πisj = skπi, ρisi = siρi, ρisj = skρi, i 6= j, k 6= j, i 6= k . (4.13)

We will now describe the Bäcklund transformations for the second order PIV equations (P4).

The procedure will be illustrated by considering the s2 transformation only. Generalizations to

other generators follow easily.

First, we consider s2(αi), s2(fi) from (4.6) and eliminate α2 = σ−α0−α1 and f2 = σz−f0−f1

to obtain:

s2(α0) = σ − α1, s2(α1) = σ − α0, (4.14)

s2(f0) = f0 +
σ − α0 − α1

σz − f0 − f1

(4.15)

s2(f1) = f1 −
σ − α0 − α1

σz − f0 − f1

. (4.16)

Equation (4.3) allows us to write down the following relations between f0 and f1 :

f1 =
−α0 + σzf0 + f ′0 − f 2

0

2f0

(4.17)

f0 =
α1 + σzf1 − f ′1 − f 2

1

2f1

(4.18)

used below to realize s2 as (1) Bäcklund and (2) auto-Bäcklund transformations, respectively

as shown below :

(1) Eliminating f0 from the rhs of equation (4.15) and f1 from the rhs of equation (4.16)

yields:

s2(f0) =
2f1 (σ − α0 − α1)

−α1 + σzf1 + f ′1 − f1
2

+
α1 + σzf1 − f ′1 − f1

2

2f1

, (4.19)

s2(f1) = − 2f0 (σ − α0 − α1)

α0 + σzf0 − f ′0 − f0
2
− α0 − σzf0 − f ′0 + f0

2

2f0

. (4.20)
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(2) Inversely, eliminating f0 from the rhs of equations (4.16) and f1 from the rhs of equations

and (4.15) yields (note that in this case we denote s2 by s̃2 ):

s̃2(f0) = f0 +
2 (α0f0 + α1f0 − σf0)

−α0 − σzf0 + f ′0 + f0
2
, (4.21)

s̃2(f1) = f1 −
2 (−α0f1 − α1f1 + σf1)

−α1 + σzf1 + f ′1 − f1
2
. (4.22)

Acting with ρ2 connects relations (4.19) and (4.20) as well as relations (4.21) and (4.22):

ρ2(s2(f0)) = s2(f1), ρ2(s̃2(f0)) = s̃2(f1) . (4.23)

As we saw above in items (1) and (2), s2(fi), i = 0, 1 could either be expressed in terms

of fi, i = 0, 1 or fj, i 6= j by simple substitutions (4.17) or (4.18). The transformation s2 that

maps f0 → f1 and f1 → f0 is referred by us as Bäcklund transformation of the system of

second order PIV equations (4.5) and maps equation (4.5) with i = 0 to that with i = 1 and

vice versa.

The corresponding transformation that maps f0 → f0 and f1 → f1 is denoted by as s̃2 and

is referred to as an auto-Bäcklund transformation of the second order PIV equation (P4)

with either i = 0 or i = 1.

4.2.3 Degeneracies on the symmetric PIV

Here we formulate coalescence in the setting of the symmetric PIV equations (4.1) through the

following transformations [8] :

fi(z)→ fi(z) +
1

ε
, z → z +

2

σε2
,

α0 → εα0 −
1

ε2
, α1 → εα1 +

1

ε2
, α2 → εα2 .

(4.24)

Applying the above transformation to the first order equations (4.1) yields:

f ′0(z) =f0 (f1 − f2) +
f1 − f2

ε
+ εα0 −

1

ε2

f ′1(z) =f1 (f2 − f0) +
f2 − f0

ε
+ εα1 +

1

ε2
(4.25)

f ′2(z) =f2 (f0 − f1) +
f0 − f1

ε
+ εα2

Summing the equations above and making one integration, we arrive at

f0 + f1 + f2 = εσz +

(
−ξε− 1

ε

)
(4.26)
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that term in parenthesis is a suitably chosen integration constant corresponding to χ in (4.2).

Eliminating f2 we get:

f ′0(z) = ε (α0 − σzf0 + ξf0) +
2f0 + 2f1

ε
+ f 2

0 + 2f1f0 − σz + ξ ,

f ′1(z) = ε (α1 + σzf1 − ξf1) +
−2f0 − 2f1

ε
− f 2

1 − 2f0f1 + σz − ξ .
(4.27)

By eliminating f1 from (4.27) we obtain a second order ODE for f0(z) depending on σ, ξ

and ε, which admits different solutions for different limits of these parameters.

� Such an equation is the traditional PIV (4.5) by absorbing ξ to z, followed by (4.4) and

absorbing ε from f0 and αi (inverse of (4.24));

� if we take the limit σ → 0 and absorbing ε from f0 and αi (inverse of (4.24)), we get the

I30 equation:

f ′′0 =
f ′0

2

2f0

+
3

2
f0

3 + f0
2

(
2ξε− 4

ε

)
+ f0(z)

(
α0 + 2α1 − 2ξ +

ξ2ε2

2
+

2

ε2

)
− α2

0

2f0

(4.28)

Instead of the previous steps’ limits, one keeps σ and takes ε→ 0 yielding:

f ′′0 (z) = 2f 3
0 − 2(σz − ξ)f0 + 2α0 + 2α1 − σ (4.29)

which is

� the PII equation (P2) by either absorbing ξ into z, or taking ξ = 0;

� the I8 equation (A.5) by taking σ = 0;

� the same I8 if one had taken first the limit σ → 0 and then ε→ 0.

One can see that the use of the εσ parameter here turns this procedure equivalent to (1.2)

by the relations (4.4).

This whole procedure can be visualized as:

PIV
(ε, σ, ξ)

PIV (ε, σ, ξ)
ε→ 0

PII(σ, ξ)

σ
→

0

I30(ε, ξ)I30(ε, ξ)
←→ε

σ
→

0

I8

ε→ 0

where PIV is (4.5); (ε, σ, ξ) is (4.24) with (4.26); PIV (ε, σ, ξ) is the second order ODE from

(4.27); ←→ε is (4.24) without the z transformation; and the leftmost I30(ε, ξ) is the equation

(4.28).
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4.2.4 The Bäcklund transformations in the coalescence limit

In this subsection we will show how A(1)
2 symmetry group reduces to A(1)

1 symmetry in the

appropriate limit.

A(1)
2 symmetry is maintained in equations (4.25)

Equations (4.25) are invariant under:

α0 α1 α2 f0 f1 f2

s0
2
ε3
− α0 α0 + α1 − 1

ε3
α0 + α2 − 1

ε3
f0

α0ε− 1
ε2

f0+ 1
ε

+ f1 f2 −
α0ε− 1

ε2

f0+ 1
ε

s1 α0 + α1 + 1
ε3

−α1 − 2
ε3

α1 + α2 + 1
ε3

f0 −
α1ε+

1
ε2

f1+ 1
ε

f1
α1ε+

1
ε2

f1+ 1
ε

+ f2

s2 α0 + α2 α1 + α2 −α2
α2ε
f2+ 1

ε

+ f0 f1 − α2ε
f2+ 1

ε

f2

π α1 + 2
ε3

α2 − 2
ε3

α0 − 2
ε3

f1 f2 f0

(4.30)

and the automorphism ρ2 from (4.9).

After we eliminate f2 and α2, we still have invariance under s0, s1, but no longer under π

and the s2 transformation is modified to:

s2(f0) = f0 −
ε (−α0 − α1 + σ)

f0 + f1 − σzε
, s2(f1) = f1 −

ε (−α0 − α1 + σ)

−f0 − f1 + σzε
,

s2(α0) =σ − α1, s2(α1) = σ − α0 .

(4.31)

Emergence of A(1)
1 symmetry in the ε→ 0 limit

It is now easy to see from equation (4.30) that the transformations s0, s1 and π diverge in the

limit ε→ 0. Also s2 becomes trivial in this limit. The way around this problem is to form the

composition s0s1s0 that will be shown not to diverge in the limit ε → 0 [46]. Similar ideas of

using compositions of Bäcklund transformations to obtain reduction from A
(1)
l to A

(1)
l−k appeared

in [36].

The main conclusion of this subsection is that for the PIV system of equations (4.25) for

f0, f1 (obtained after elimination of f2) the ε → 0 limit will yield transformations s0s1s0 (or

identically s1s0s1) and s2 as the two Bäcklund transformations that maintain PII invariant.

Explicitly, the action of s0s1s0 on all variables is:

s0s1s0(f0) = f0 −
(α0 + α1) ε (εf0 + 1)

α0ε2 + εf0f1 + f0 + f1

,

s0s1s0(f1) =
(α0 + α1) ε2

εf0 + 1
+

α2
1ε

4 + α0α1ε
4 + α0ε+ α1ε

(εf0 + 1) (−α1ε2 + εf0f1 + f0 + f1)
+ f1 ,

s0s1s0(α0) = −α1, s0s1s0(α1) = −α0 .

(4.32)
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Now just looking at transformations of the parameters α0, α1 and using notation β := α0 + α1

(since they are always together from now on), we see that they have a A
(1)
1 group structure due

to:
β α2

s0s1s0 −β 2β + α2

s2 2α2 + β −α2

(4.33)

and

s2
2 = 1, (s0s1s0)2 = 1, (s0s1s0)s2 = s2(s0s1s0).

From now on we will use for brevity the following notation:

S0 = s0s1s0, S1 = s2 . (4.34)

The relations (4.17), (4.18) obtained in section (4.2.2) generalize to the following relations

f0 =
α1ε

2 + σzε2f1 − εf ′1 − εf1
2 − 2f1 + σzε

2 (εf1 + 1)
,

f1 =
−α0ε

2 + σzε2f0 + εf ′0 − εf0
2 − 2f0 + σzε

2 (εf0 + 1)
,

(4.35)

obtained from (4.27). Using relations (4.35) in an exactly the same way as we did below

equations (4.17), (4.18) we obtain two expressions for auto-Bäcklund transformations S̃1 and

Bäcklund transformations S1 from those given in equation (4.31)

S̃1(f0) = f0 +
2 (−α0 − α1 + σ) (εf0 + 1)

α0ε+ σzεf0 − f ′0 − f0
2 + σz

,

S̃1(f1) = f1 −
2 (−α0 − α1 + σ) (εf1 + 1)

−α1ε+ σzεf1 + f ′1 − f1
2 + σz

,

S1(f0) =
α1ε

2 + f1 (σzε2 − 2) + ε (σz − f ′1)− εf1
2

2εf1 + 2
+

2 (−α0 − α1 + σ) (εf1 + 1)

−α1ε+ σzεf1 + f ′1 − f1
2 + σz

,

S1(f1) =
−α0ε

2 + f0 (σzε2 − 2) + ε (f ′0 + σz) + ε (−f0
2)

2εf0 + 2
− 2 (−α0 − α1 + σ) (εf0 + 1)

α0ε+ σzεf0 − f ′0 − f0
2 + σz

.

As in relations (4.23), these two Bäcklund transformations S1 and S̃1 are related by the auto-

morphism ρ2. Repeating the same steps for S0 we obtain :

S0(f0) = f0 −
2 (α0 + α1 + α0εf0 + α1εf0)

α0ε+ σzεf0 + f ′0 − f0
2 + σz

,

S̃0(f0) = − 2 (α2
0ε

3 + α0α1ε
3 − α0 − α1)

(εf1 + 1) (−2α0ε− α1ε− σzεf1 + f ′1 + f1
2 − σz)

+

−2α0ε
2 − α1ε

2 + σzε2f1 − εf1
2 − 2f1 + σzε

2 (εf1 + 1)
− εf ′1

2 (εf1 + 1)
.
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The Bäcklund transformations obtained in this way have non trivial limits for ε→ 0:

S̃1(f0) =
2 (−α0 − α1 + σ)

−f ′0 − f0
2 + σz

+ f0, S̃1(β) =2σ − β , (4.36)

S1(f0) =
2 (−α0 − α1 + σ)

f ′1 − f1
2 + σz

− f1, S1(β) =2σ − β , (4.37)

S̃0(f0) =− 2 (α0 + α1)

f ′0 − f0
2 + σz

+ f0, S̃0(β) =− β , (4.38)

S0(f0) =− 2 (−α0 − α1)

f ′1 + f1
2 − σz

− f1, S0(β) =− β . (4.39)

These expressions agree with Bäcklund transformations for PII equation and they obey the A
(1)
1

group structure, although it still lacks the additional automorphism to be introduced below.

The Π automorphism for PII model

In this subsection we will construct automorphisms Π, Π̃ of PII equation that satisfy A
(1)
1 -type

relations :

Π(f0) = f1, Π(f1) = f0, Π(β) = σ − β, (4.40)

ΠSi = SjΠ, i, j = 0, 1, Π2 = 1

and

Π̃(f0) = −f0, Π̃(f1) = −f1, Π̃(β) = σ − β (4.41)

Π̃S̃i = S̃jΠ̃, i, j = 0, 1, Π̃2 = 1 ,

with A
(1)
1 transformations Si, S̃i, i = 0, 1 defined in equations (4.37)-(4.39) as coalescence limits

of appropriate A
(1)
2 transformations to be defined below. Note that fi, i = 0, 1 in the above

relations satisfy PII equations (4.29).

We now return to PIV model where we define P and P−1 :

P := πs0 = s1π, P−1 := s0π
2 = π2s1 , (4.42)

with π and si defined by relations (4.6) from PIV model. The actions of P and P−1 on Bäcklund

transformations Si (4.34) satisfy the following relations :

S0P = PS1 : {α0 → α0, α1 → α1 + σ} ,
PS0 = S1P : {α0 → α0 − σ, α1 → α1} ,

S0P−1 = P−1S1 : {α0 → α0 + σ, α1 → α1} ,
P−1S0 = S1P−1 : {α0 → α0, α1 → α1 − σ} .

(4.43)
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Accordingly P and P−1 satisfy the product rules with Si identical to those given in relations

(4.40) and (4.41) although valid in the context of PIV model.

Further one finds using the table (4.30) and relations (4.35) to calculate the actions P and

P−1 on fi, i = 0, 1 that they both converge to Π and Π̃ in the ε → 0 coalescence limit. To

illustrate this we will act with P on fi, i = 0, 1 to obtain according to the table (4.30) :

P(f0) = π(f0) = f1 , (4.44)

P(f1) = π

(
f1 +

α0ε− 1/ε2

f0 + 1/ε

)
= f2 +

α1ε+ 1/ε2

f1 + 1/ε
, (4.45)

where as we recall f2 = σεz−f1−f0−1/ε. The relations (4.35) can now be used to substitute f1

by f0 on the right hand side of equation (4.44) and f0 by f1 on the right hand side of equation

(4.45) giving in the limit ε → 0 the result (4.41). Using relation (4.35) to eliminate f1 and

substitute it by f0 on the right hand side of equation (4.45) gives in the limit ε→ 0 the result

(4.40).

4.3 PV

4.3.1 The symmetric PV

Here the traditional symmetric PV is described as in the literature and also the coalescence to

I38 is presented.

The symmetric equations for PV , as described by Noumi [35], correspond to the system of

differential equations:

zf ′0 =
(σ

2
− α2

)
f0 + α0f2 + (f1 − f3) f2f0

zf ′1 =
(σ

2
− α3

)
f1 + α1f3 + (f2 − f0) f3f1

zf ′2 =
(σ

2
− α0

)
f2 + α2f0 + (f3 − f1) f0f2

zf ′3 =
(σ

2
− α1

)
f3 + α3f1 + (f0 − f2) f1f3

(4.46)

where σ := α0 + α1 + α2 + α3.

The following change of variables is equivalent to rescale σ → 1:

fi(z) =
√
σf̃i(x), z = (σx)1/σ, αi = σα̃i, i = 0, 1, 2, 3. (4.47)



Chapter 4. Hybrid equations 51

By summing the first and third (resp. second and fourth) equations in (4.46) we get,

respectively:

zf ′0 + zf ′2 =
σ

2
(f0 + f2)

zf ′1 + zf ′3 =
σ

2
(f1 + f3) (4.48)

we are able to perform 2 integrations, therefore obtaining 2 integration constants, ε0 and ε1:

f0 + f2 = ε0z
σ/2 (4.49)

f1 + f3 = ε1z
σ/2 (4.50)

ε0 and ε1 are normally set to 1, but for reasons explained ahead, they will be kept here.

By eliminating f2 and f3 in (4.46) using the above relations, we get for f0:

zf ′0 =α0

(
ε0z

σ/2 − f0

)
+ f0

(
f1

(
ε0z

σ/2 − f0

)
−
(
ε0z

σ/2 − f0

) (
ε1z

σ/2 − f1

))
+ f0

(σ
2
− α2

)
(4.51)

zf ′1 =α1

(
ε1z

σ/2 − f1

)
+ f1

((
ε0z

σ/2 − f0

) (
ε1z

σ/2 − f1

)
− f0

(
ε1z

σ/2 − f1

))
+ f1

(σ
2
− α3

)
(4.52)

we are able to solve the above equations either for f0 or for f1, yielding second order differential

equations. For simplicity, only f0 will be shown hereinafter, and it gets the form:

f ′′0 =
f ′0

2

2

(
1

f0

− 1

(ε0zσ/2 − f0)

)
− f ′0

z
+ ... (4.53)

such form of equation suggests it is a Painlevé equation, and we should perform the following

change of variables, as described in Appendix (F):

f0(z) =
ε0z

σ/2

1− g0(z)
, (4.54)

and in order to eliminate some powers of σ, we also perform the transformation:

z = x1/σ. (4.55)

Such change of variables reveals us it is a PV equation with parameters, respectively:

g0 : a =
α2

0

2σ2
, b = − α2

2

2σ2
, c =

(α3 − α1) ε0ε1
σ2

, d = −ε
2
0ε

2
1

2σ2
(4.56)

one can notice that the parameters above are related by an index shift.
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The case for σ = 0 is also immediately noticeable, since it appears as a singularity in step

(4.55).

In such case we have to go back to the g0 equation (4.54) still in the z variable and then set

σ → 0 followed by the transformation

z = ex

This yields the I38 equation (A.12) with parameters, respectively:

g0 : α0 = −
√

2
√
a, α1 =

1

4

(
2
√

2
(√

a+ i
√
b
)
− 2c

ε0ε1
− ε0ε1

)
, α2 = −i

√
2
√
b,

α3 =
1

4

(
2
√

2
(√

a+ i
√
b
)

+
2c

ε0ε1
+ ε0ε1

)
, d = −ε20ε21 (4.57)

4.3.2 Coalescence to PIII

An effective and very symmetrical way of obtaining the coalescence from PV to PIII is by adding

terms β0(f1 + f3) and β1(f0 + f2), such that:

zf ′0 =
(σ

2
− α2

)
f0 + α0f2 + (f1 − f3) f2f0 − β0(f1 + f3)

zf ′1 =
(σ

2
− α3

)
f1 + α1f3 + (f2 − f0) f3f1 + β1(f0 + f2)

zf ′2 =
(σ

2
− α0

)
f2 + α2f0 + (f3 − f1) f0f2 + β0(f1 + f3)

zf ′3 =
(σ

2
− α1

)
f3 + α3f1 + (f0 − f2) f1f3 − β1(f0 + f2)

(4.58)

such approach was first developed in [12].

We repeat the same steps as in the un-deformed case up to (4.55); namely, eliminating f2

and f3 from the system, solving it for f ′′0 and f ′′1 , making the variable change (4.54) followed

by (4.55), we end up with a PV equation with parameters:

g0 : a =
(α0ε0 + ε1β0) 2

2σ2
, b = −(α2ε0 − ε1β0) 2

2σ2
, c =

ε0 ((α3 − α1) ε1 + 2ε0β1)

σ2
, d = −ε

2
0ε

2
1

2σ2

(4.59)

That is, the addition of εi terms is equivalent to:

α0 → α0ε0 + β0ε1, α1 → α1ε1 − β1ε0, α2 → α2ε0 − β0ε1, α3 → α3ε1 + β1ε0.

Now, if we instead of making the transformations (4.54) when we arrive at the second-order

equation with the form (4.53), we take ε0 → 0 (respectively ε1 → 0 for the f1 equation), we
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arrive at the equation:

f ′′0 =
f ′0

2

f0

− f ′0
z

+ ε21z
σ−2

(
f0

3 − β2
0

f0

)
+ ε1z

σ
2
−2
(
β0 (−α1 − α3 + σ) + (α3 − α1) f0(z)2

)
(4.60)

that can have the powers of σ eliminated by the transformation

z = x2/σ

yielding the traditional PIII equation (P3) with parameters:

f0 : a =
4 (α3 − α1) ε1

σ2
, b =

4ε1β0 (α0 + α2)

σ2
, c =

4ε21
σ2
, d = −4ε21β

2
0

σ2
, (4.61)

as usual, we notice that the point σ = 0 is a singularity, therefore setting σ = 0 on (4.60),

followed the variable change z = ex, it becomes I12 (A.7) with parameters:

f0 : a = ε21, b = ε1 (α3 − α1) , c = −ε1β0 (α1 + α3) , d = −ε21β2
0 (4.62)

The complementary case, of f0,zz with ε1 = 0 is trivial since this limit is not a singularity,

therefore it is just PV (or I38 when σ = 0) equation.

If we translate that process of going from PV to PIII in literature’s language, that is, calling

ε0 = ε and making the appropriate relabeling of the other parameters, this process is exactly

like the old-fashioned coalescence limit (1.2).

Equations I38(g0(x)) and I12(f0(x)) are also connected by the transformations already de-

scribed.

This whole procedure can be visualized as:

PV (g0(z);σ, βi)
f0 ↔ g0

f0 ↔ g0

σ
→

0

I38(g0(z))

z
=
e
x

I38(g0(x))

PV (f0(z);σ, βi)
ε0 → 0

PIII(f0(z))

ε0 → 0

σ
→

0

I38(f0(z))

σ
→

0

I12(f0(z))

z
=
e
x

I12(f0(x))

where PV (f0(z);σ, βi) is the equation with the form (4.53) originated from the system (4.58);

f0 ↔ g0 is the transformation (4.54); and since specifically I38(g0(x)) and I12(f0(x)) that have

the form described in literature they feature here too.
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4.4 The Bäcklund transformations for σ = 0

The theory for the behavior of the affine Weyl groups of the Bäcklund transformations for the

Painlevé equations under coalescence is well described in [46] and could be seen here in full

extent for the case PIV → PII .

The result of taking σ → 0 on Bäcklund transformations is different from what happens in

coalescence; there the group structure shrinks and degenerates into a subgroup at each step of

coalescence; here the group structure is still there, but it is spoiled by an extra relation among

the constants, not allowing the generations of an infinite chain of solutions, as will be seen.

Since the conclusion here is simple we take as a case study the symmetric PIV , which is

invariant by the known Bäcklund transformations (4.6).

It is easy to see that every time the composition of transformations si combine the constants

into α0 +α1 +α2 = σ 6= 0, it can be continued indefinitely always summing σ after some steps,

creating an infinite chain of solutions for PIV . For more details the author refers to [35].

One notices that the σ-parameter plays no evident role here, so using

α2 = −α0 − α1

and after plugging it in the transformations above, they become:

α0 α1

s0 −α0 α1 + α0

s1 α0 + α1 −α1

s2 −α1 −α0

(4.63)

one can easily see that the transformations now are not independent anymore:

sisjsi = sk, i 6= j 6= k (4.64)

since relation (si)
2 = 1 and sisjsi = sjsisj are still valid, we see that the other possibility of

combination of si also degenerates to this simpler case:

sisjsk = sksisk = sj (4.65)

therefore all possible combinations of constants are restricted to ±αi and ±αi ± αj.
Since it applies to I12, this is the reason for groups of transformations not appearing in

Jacobi Elliptic functions.

The generalization of (4.64) to higher N can be written as:

(si+1 . . . si+N−1)si+N = si(si+1 . . . si+N−1) (4.66)
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and similar observations apply.

A more explicit exposition of the symmetries and Hamiltonian structure of autonomous

Painlevé equations can be found at the Appendix (G).

4.5 A discrete equation from Bäcklund transformations

of PII

The procedure to find discrete equations from the Bäcklund transformations of continuous ones

is well known [19][16] and here we recap it for PII in the notation of its version obtained by

coalescence from the symmetric PIV .

We look for the BT that creates a growing chain of solutions in relation to its parameters,

in the case of PII we were dealing with the two equations

f ′′0 = 2f0 − 2σzf0 + 2β − σ (4.67)

f ′′1 = 2f1 − 2σzf1 − 2β + σ (4.68)

and we obtained the BT (4.37) and (4.39).

Reminding that S0 came from the composition of the PIV ’s BT s0s1s0, S1 came from PIV ’s

s2 and β = α0 + α1.

Our goal is to combine BT with π automorphisms to get some invertible transformation T

such that successive applications of T can increase indefinitely the value of the parameters, in

this case, β.

We are able to obtain such transformation T by adopting T = πs0 or T = πs1, as an

example we will use T = πs1.

The action of T on f0 equation is:

T (f0) =
2β

f ′0 − f0
2 + σz

− f0, T (β) = β + σ (4.69)

and its inverse T−1 = s1π:

T−1(f0) =
2(σ − β)

f ′0 + f0
2 − σz

− f0, T−1(β) = β − σ (4.70)

by eliminating f ′0 from these equations we get:

σ − β
f0 + T−1(f0)

− β

f0 + T (f0)
= f 2

0 − σz (4.71)
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Since here we see that T (f0) increases the value of β by σ, we may consider it a shifted version

of f0, and the same idea for T−1(f0), in such a way that we may rename them as:

f0 = xn, T (f0) = xn+1, T−1(f0) = xn−1 (4.72)

yielding
σ − β

xn + xn−1

− β

xn + xn+1

= x2
n − σz (4.73)

which is the a-dPI equation, because taking

xn = ρ
(
1 + ε2w(t)

)
, z = 6ρ2, β =

1

4

(
2ρ3
(
tε4 + 4

)
+
σ

2

)
, σ =

1

2
(4.74)

with ρ3ε5 = 1 and using the expansion

xn±1 = x± εx′ + ε2

2
x′′ +O(ε3)

where x′ = x′(t), the limit ε→ 0 leads to the continuous PI

w′′(t) = 6w(t)2 + t

Here we are able to see the advantage of the augmented parameter space by σ, since it is

trivial to see that the transformations

fi(z) = fi(x), z = x− ξ

2σ
, β =

γ

2

take (4.67) to the I8 equation when σ → 0

f ′′0 = 2f 3
0 + ξf0 + γ

If we follow the logic from the previous case, by applying these definitions directly in the

discrete equation
γ

xn + xn−1

+
γ

xn + xn+1

= −2x2
n − ξ (4.75)

and also to transformations (4.74):

xn = ρ
(
1 + ε2w(t)

)
, ξ = −6ρ2, γ = ρ3

(
aε4 + 4

)
(4.76)

with ρ3ε5 = 1, leads, at ε→ 1 to the continuous I3

w′′(t) = 6w(t)2 + a .

That is, in this case, the function f0 that satisfies the continuous PII , also satisfy a discrete PI .
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When one takes the σ → 0, f0 will naturally satisfy I8 and also a discrete I3. The process of

taking σ → 0 preserves even the discrete equations.

4.6 New discrete equations from the coalescing symmet-

ric PIV

As was seen earlier in this chapter, we were able to fully connect the symmetric PIV with a

system of 2 PII .

The symmetric PIV has its BT easily described by (4.6) and we know how to connect exactly

the PIV ’ BT with the BT for PII .

We just learned that is possible to generate discrete equations from the BT of PII together

with π automorphism. Since we know precisely where does the BT and π come from PIV to

PII , we shall be able to create a discrete equation for PIV that has (4.73) as its coalescence

limit!

Here I use the same notation as in (4.2.4), that is, lower case letters for PIV and upper case

for PII . As a quick recap, the coalescence of BTs in PIV → PII is:

s0s1s0 = s1s0s1 → S0, s2 → S1, πs0 = s1π → Π, s0π
2 = π2s1 → Π−1 (4.77)

As we can see from above, we have more than one possible choice of operators in PIV to

coalesce into ΠS1, namely πs0s2 and s2πs0. I describe both cases.

4.6.1 πs0s2

Following the same notation as before, we arrive at the set of 2 equations where we have to

eliminate f ′0:

y1 =
α2

0 − 2σy0zf
′
0(z) + 2y2

0f
′
0(z)− f ′0(z)2 − σ2y2

0z
2 + 2σy3

0z − y4
0

2y0 (α0 + 2α1 − f ′0(z)− σy0z + y2
0)

(4.78)

y−1 =− (−α0 + f ′0(z)− σy0z + y2
0) (α0 + f ′0(z)− σy0z + y2

0)

2y0 (α0 + 2α1 + f ′0(z)− 2σ − σy0z + y2
0)

(4.79)

Algebraic manipulations show that:

f ′0(z) = −y−1 (α0 + 2α1 − 2σ − σy0z + y2
0) + y1 (−α0 − 2α1 + σy0z − y2

0)

y−1 + 2y0 + y1 − 2σz
(4.80)

Such value of f ′0(z) can be replaced in any equation of the system (they become equal, as

expected). Such resulting equation is just humongous and does not seem to be simplified, so

its printing here brings no further knowledge and will be avoided.
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Such resulting equation transformed by the well-known coalescence transformations (4.24),

which can be adapted to this formalism as:

yi → yi +
1

ε
, z → z +

2

σε2
,

α0 → εα0 −
1

ε2
, α1 → εα1 +

1

ε2
, σ → εσ

(4.81)

and then taken the limit ε→ 0 yields the a-dPI equation (4.73).

Unfortunately it was not possible to find the proper continuous limits to this discrete equa-

tion from PIV , however, it is strongly suggested that they would satisfy some sort of the a-dPII

4.6.2 s2πs0

In this case, the system of 2 equations is given by:

y1 =− −α
2
0 − 2α0f

′
0(z)− f ′0(z)2 + 4α0y

2
0 + 4α1y

2
0 + σ2y2

0z
2 − 2σy3

0z + y4
0

2y0 (−α0 − f ′0(z)− σy0z + y2
0)

(4.82)

y−1 =
α2

0 − 2α0f
′
0(z) + f ′0(z)2 − 4α0y

2
0 − 4α1y

2
0 + 4σy2

0 − σ2y2
0z

2 + 2σy3
0z − y4

0

2y0 (−α0 + f ′0(z)− σy0z + y2
0)

(4.83)

Algebraic manipulations show that:

f ′0(z) =
α0y−1y0 − α0y1y0 + 2σy2

0 + σy−1y
2
0z − σy1y

2
0z − y−1y

3
0 + y1y

3
0

2α0 + y−1y0 + y1y0

(4.84)

Such value of f ′0(z) can be replaced in any equation of the system. All the further implica-

tions of this resulting discrete equation are exactly the same as in the previous case( too big to

print, non reducible, no evident continuous limit and an exact coalescence limit to a-dPI).

A further advantage of discrete equations is their use on numerical simulations, as is pre-

sented in Appendix (B).
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Chapter 5

Deformation of the hybrid PII−IV
equations

In this and in the following chapter, the concept of deformation of hybrid Painlevé equations

is introduced and explored for two cases, here for the mixed PII−IV and there for the PIII−V .

I will adopt the name “mixed” as a synonym for “deformed hybrid” for simplicity.

The concept is based in the idea of starting with the hybrid equation and then breaking its

Bäcklund Symmetry by setting some parameter to a “forbidden” value.

In the case of PII−IV we extend the original Hamiltonian of PIV to the most general Hamil-

tonian that still has PII as a limit. With such an extra degree of freedom we are able to find a

different equation which cannot be generated by affine transformations from the PIV but still

has PII as a limit and preserves 1 of the 3 Bäcklund symmetries from PIV (s2 in our case). We

show the reductions and the Painlevé test for this deformed PII−IV .

In order to differ the parameters, the deformation parameter is called η and is taken to

infinity, therefore setting it apart from the usual ε→ 0 of coalescence.

5.1 The mixed PII−IV equations and its Hamiltonian

We will now consider the following class of generalizations of PIV equations (4.3) by adding

nontrival terms parametrized by constants k1, k2 :

f ′0 = α0 − σzf0 + f 2
0 + 2f0f1 +

1

ε
(−k1σz + k2(f0 + f1)) , (5.1)

f ′1 = α1 + σzf1 − f 2
1 − 2f0f1 +

1

ε
(k1σz − k2(f0 + f1)) . (5.2)

We will determine values of constants k1, k2 for which the above equations reproduce PII equa-

tion in the ε→ 0 limit.

Note that we can write the equations (5.1)-(5.2) as Hamilton equations with the Hamilton

function:

H4,d = H0 +
1

ε
(f0 + f1)

(
k1σz −

k2

2
(f0 + f1)

)
, (5.3)
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where ε, σ, k1, k2 are complex parameters in which addition generalizes the cubic PIV Hamilto-

nian

H0 = −f0f1f2 +
−α1 + α2

3
f0 +

−α1 − 2α2

3
f1 +

2α1 + α2

3
f2 , (5.4)

First let us comment on how general are such extensions of PIV model. Replace the term

k2(f0 +f1) on the right hand sides of equations (5.1) and (5.2) with a more general combination

k2f0 + k3f1 such that k2 6= k3. In such case the resulting second order equation for f0 and

f1 would be divergent in the limit ε → 0. For example, f ′′0 would contain the term (k3 −
k2)f 2

0 /(2f0ε
2 + k3ε) that would go to infinity for ε → 0 unless k2 = k3. Thus, we have to set

k2 = k3 as we did in equations (5.1) and (5.2). The addition of terms proportional to zfi is

also forbidden for the same reason.

For αi = aiε, i = 0, 1, 2 , σ = σ0ε the second order equation for f0 in the ε→ 0 limit is:

f ′′0 = 2f 3
0 + 2(k1 − k2)σ0zf0 + k2a1 + k2a0 − k1σ0 . (5.5)

Thus as long as

k1 6= k2 , (5.6)

the system (5.1)-(5.2) will have PII equation as a limit.

We now discuss the conditions for the system (5.1)-(5.2) to remain invariant under the A
(1)
2

symmetry.

Insert f2 = σz − f1 − f0 back into equations (5.1), (5.2) and rewrite them as :

f ′0 = f0 (f1 − f2) + α0 +
1

ε
(k2(f0 + f1)− k1σz) ,

f ′1 = f1 (f2 − f0) + α1 −
1

ε
(k2(f0 + f1)− k1σz),

f ′2 = f2 (f0 − f1) + α2 ,

(5.7)

with α2 = σ − α0 − α1.

Following Appendix H we now introduce

f̄0 = f0 +
d

ε
, f̄1 = f1 +

d

ε
, f̄2 = f2 (5.8)

in an effort to remove through this shift of fi’s the extra terms with k1, k2 constants from the

generalized PIV equations (5.1)-(5.2). In this way we obtain

f̄ ′0 = f̄0

(
f̄1 − f̄2

)
+ α0 +

d

ε2
− d

ε

(
f̄0 + f̄1 − f̄2

)
+

1

ε
(k2(f̄0 + f̄1 −

2d

ε
)− k1σz) ,

f̄ ′1 = f̄1

(
f̄2 − f̄0

)
+ α1 −

d

ε2
+
d

ε

(
f̄0 + f̄1 − f̄2

)
− 1

ε
(k2(f̄0 + f̄1 −

2d

ε
)− k1σz),

f̄ ′2 = f̄2

(
f̄0 − f̄1

)
+ α2 .

(5.9)



Chapter 5. Deformation of the hybrid PII−IV equations 61

In the first equation in (5.9) the terms with (f̄0 + f̄1) and the terms with σz will appear as

− (2d− k2)

ε
(f̄0 + f̄1) +

σz

ε
(d− k1) , (5.10)

after eliminating f̄2 from this equation. The same terms but with the opposite sign will appear

in the second equation in (5.9).

With condition (5.6) satisfied we now describe two possible cases of interest.

1. Both terms in equation (5.10) vanish. This is the case in which the full A
(1)
2 symmetry is

restored because the extra terms with k1, k2 from the generalized PIV equations (5.1)-(5.2)

have been removed by the appropriate shift (5.8) of variables. This occurs for

2d = k2, d = k1 ,

which in turn is only possible if

k2 = 2k1 , (5.11)

which therefore is the condition required for maintaining the full A
(1)
2 symmetry in the

generalized PIV equations (5.1)-(5.2). Recall that such mechanism took place in the PIV

coalescence model discussed above.

For example, for k1 = 1, k2 = 2, σ = εσ0 we recognize the coalescence case of (4.27).

2. While we keep the condition (5.6) (k1 6= k2) we will now set k2 6= 2k1 so that the condition

(5.11) does not hold. We now have a freedom to choose the variable d to set one of the

two terms in (5.10) to zero.

If we set d to be equal to k1 so that

d− k1 = 0, 2d− k2 = 2k1 − k2 6= 0 ,

then in such case the only extra term in the first equation in (5.9) will be

− (2k1 − k2)

ε
(f̄0 + f̄1) (5.12)

and the system (to be discussed in the more detailed way in the subsequent section) will

be a deformed PIV model that is invariant only under s2 generator among generators from

the A
(1)
2 group and π2, ρ2 automorphisms. One easily verifies that choosing instead d to

be equal to k2/2 will result in the model with the same symmetry features.
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5.2 Deformation of PIV model

As we have seen in section 5.1 PII equation can also be obtained from deformation of PIV that

changes its symmetry structure even before the limit is taken.

Following derivation presented in section 5.1 we now propose the following PIV model :

H̄ = −f0f1f2 +
−α1 + α2

3
f0 +

−α1 − 2α2

3
f1 +

2α1 + α2

3
f2 +

∑
i,j,k

1

2
ηi(fj + fk)

2 , (5.13)

as a generalization of the structure in (5.3). The summation in (5.13) is over all three indices

i, j, k being distinct. The parameters ηi, i = 0, 1, 2 are referred to as deformation parameters.

The corresponding equations are

f0,z = f0 (f1 − f2) + α0 − η1(f0 + f2) + η2(f0 + f1),

f1,z = f1 (f2 − f0) + α1 + η0(f1 + f2)− η2(f0 + f1),

f2,z = f2 (f0 − f1) + α2 − η0(f1 + f2) + η1(f0 + f2) .

(5.14)

Equations (5.14) are invariant under automorphisms (4.8), (4.9) augmented by

πi(ηi) = −ηi, πi(ηj) = −ηk i, j, k distinct

and

ρi(ηi) = ηi, ρi(ηj) = ηk i, j, k distinct .

Introduce

f̄i = fi + ξi, i = 0, 1, 2 , (5.15)

with

ξi =
1

2
(ηj + ηk), i, j, k distinct . (5.16)

Note, that ∑
i

f̄i =
∑

fi +
∑

ξi = σz + η0 + η1 + η2 . (5.17)

The equations (5.14) can then be recast back into the original form of PIV symmetric equations:

f̄0,z = f̄0

(
f̄1 − f̄2

)
+ ᾱ0 ,

f̄1,z = f̄1

(
f̄2 − f̄0

)
+ ᾱ1,

f̄2,z = f̄2

(
f̄0 − f̄1

)
+ ᾱ2 .

(5.18)
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but with the z-dependent coefficients:

ᾱ0 = α0 +
1

4
(η2

1 − η2
2) +

1

2
(η2 − η1)σz ,

ᾱ1 = α1 +
1

4
(η2

2 − η2
0) +

1

2
(η0 − η2)σz ,

ᾱ2 = α2 +
1

4
(η2

0 − η2
1) +

1

2
(η1 − η0)σz ,

(5.19)

that still satisfy
∑
ᾱi =

∑
αi = σ.

For ηi = ηj, i 6= j the z-dependence will disappear from ᾱk = αk, k 6= i, k 6= j and the

system will become invariant under one specific Bäcklund transformation s̄k defined as one of

the following transformations:

ᾱ0 ᾱ1 ᾱ2 f̄0 f̄1 f̄2

s̄0 −ᾱ0 ᾱ1 + ᾱ0 ᾱ2 + ᾱ0 f̄0 f̄1 + ᾱ0

f̄0
f̄2 − ᾱ0

f̄0

s̄1 ᾱ0 + ᾱ1 −ᾱ1 ᾱ2 + ᾱ1 f̄0 − ᾱ1

f̄1
f̄1 f̄2 + ᾱ1

f̄1

s̄2 ᾱ0 + ᾱ2 ᾱ1 + ᾱ2 −ᾱ2 f̄0 + ᾱ2

f̄2
f̄1 − ᾱ2

f̄2
f̄2

. (5.20)

Now set η0 = η1 = 0 and η2 = 2/ε in (5.14). We see that in such case (5.14) becomes (5.7)

with k1 = 0 and k2 = 2 and since k1 6= k2 we know from equation (5.5) that the limit will still

be PII.

The condition ηi = ηj for i 6= j and corresponding invariance under sk transformation turns

out to be a condition for the model to pass Kovalevskaya-Painlevé test as we will now explain.

5.2.1 Kovalevskaya-Painlevé test of the Deformed Model (5.13)

Assume that solutions of the extended PIV (5.14) equations have the form

fi =
ai
z

+ bi + ciz + diz
2 + eiz

3 + · · · , i = 0, 1, 2 . (5.21)

Substituting into (5.14) yields

0 = ai(ai+1 − ai−1) + ai , (5.22)

0 = ai(bi+1 − bi−1) + bi(ai+1 − ai−1)

− ηi+1(ai + ai−1) + ηi−1(ai + ai+1) , (5.23)

ci = ai(ci+1 − ci−1) + αi + ci(ai+1 − ai−1) + bi(bi+1 − bi−1)

+ ηi−1(bi + bi+1)− ηi+1(bi + bi−1) , (5.24)

2di = bi(ci+1 − ci−1) + ci(bi+1 − bi−1) + ai(di+1 − di−1)

+ di(ai+1 − ai−1) + ηi−1(ci + ci+1)− ηi+1(ci + ci−1) , (5.25)
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and etc for i = 0, 1, 2. Since
∑

i ai = 0 there are three (up to a sign and an overall constant)

possible nontrivial solutions of the top equation in (5.22)

(a0, a1, a2) = (0, 1,−1) , (5.26)

(a0, a1, a2) = (−1, 0, 1) , (5.27)

(a0, a1, a2) = (1,−1, 0) , (5.28)

which correspond to ai = 0 for i = 0 or i = 1 or i = 2. The automorphism πj will take the

configuration with ai = 0 into the one with ak = 0 for the three distinct indices i, j, k.

We will show that for a given i such that ai = 0 the solution (5.21) will pass the Kovalevskaya-

Painlevé test [49] as long as ηj = ηk.

We will illustrate the argument for a0 = 0 as in (5.26). Plugging the sequence from (5.26)

into (5.23) we find that

b0 = −1

2
(η1 + η2), b2 = b1 +

1

2
(η2 − η1) . (5.29)

Thus, in the case of (5.26) all the parameters bi are determined with exception of one, either b1

or b2. For (5.27) the determined coefficient in term of η-coefficients will be b1 with one of b0 or

b2 coefficients being undetermined. For (5.28) the determined coefficient will be b2 while one of

the two other coefficients remaining undetermined. This is a general feature which is present

independently of whether the η deformation terms are present or not.

From (5.24) we find that all the coefficients ci multiplying z are determined in terms of the

lower coefficients:

c0 = −α0 + (η1 + η2)2/4− η2
1 + b1(η1 − η2) , (5.30)

c1 =
1

3
(3α0 + 2α2 + α1) +

1

3
b1(η2 − 2η0 − η1 − b1) +

1

6
η1(η0 − 2η2)

+ (η2
1 − η2

2)/4− 1

6
η0η2 , (5.31)

c2 =
1

3
(3α0 + 2α1 + α2) +

1

3
b1(2η2 + 2η0 − 2η1 + b1)

+
1

6
(η0η2 − η1η2 − η0η1) + η2

1/4 . (5.32)

By summing the above coefficients one confirms that they satisfy the condition

c0 + c1 + c2 = α0 + α1 + α2 = σ , (5.33)

as expected from their definition in (5.21).
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Let us rewrite equation (5.25) as

2di − di(ai+1 − ai−1)− ai(di+1 − di−1) = bi(ci+1 − ci−1) + ci(bi+1 − bi−1)

+ ηi−1(ci + ci+1)− ηi+1(ci + ci−1) ,
(5.34)

where we have grouped the terms with di on the left hand side of the equation. In all three

(5.26), (5.27) and (5.26) cases summing the left hand side of (5.34) over i = 0, 1, 2 gives

2(d0 + d1 + d2) while the sum of the right hand side of (5.34) over i = 0, 1, 2 vanishes as all

the terms cancel each other. This confirms that
∑

i di = 0 as expected from the definition in

(5.21).

For the choice (5.26) the left hand side of equation (5.34) vanishes for i = 0 while the right

hand side is equal to
1

2
(c0 + c1 + c2)(η2 − η1) =

1

2
σ(η2 − η1) .

Thus consistency requires in the case of (5.26) that η2 = η1. Similarly for the case (5.27) we

find the left hand side of equation (5.34) vanishes for i = 1 while the right hand side is equal

to σ(η2 − η0)/2 and for (5.28) we find the left hand side of equation (5.34) vanishes for i = 2

while the right hand side is equal to σ(η1 − η0)/2.

Thus the condition for consistency is such that ηj = ηk for the case of ai = 0 with di being the

only undetermined coefficient among d1, d2, d2. Generalizing the equation (5.34) to coefficient

f
(k)
i of zk gives an equation with a left hand side: kf

(k)
i − f

(k)
i (ai+1 − ai−1) − ai(f (k)

i+1 − f
(k)
i−1).

This relation can be cast in terms of the 3 × 3 matrix with a determinant k(k − 2)(2k + 1).

Correspondingly, the undetermined coefficients only appear for k = 0 and k = 2 as one of bi and

di coefficients consistent with what we have seen above. Together with a position of the pole this

leaves exactly three parameters as arbitrary with all the remaining coefficients fully determined.

This demonstrates existence of a solutions with simple pole structure and dependence on 3

arbitrary constants that are consistent when two of the deformations parameters are equal to

each other.

Thus we have connected the integrability property associated with the fact of passing the

Kovalevskaya-Painlevé test to presence of the Bäcklund symmetry under si emerging from the

consistency condition ηj = ηk.

5.2.2 PII limit of the deformed symmetric PIV equation

The starting point here are equations

f0,z = f0 (f1 − f2) + α0 + η(f0 + f1),

f1,z = f1 (f2 − f0) + α1 − η(f0 + f1),

f2,z = f2 (f0 − f1) + α2 .

(5.35)
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of the deformed PIV obtained from (5.14) by setting η2 = η, η1 = η0 = 0. The parameter η

is equal to the constant −(2k1 − k2)/ε in equation (5.12) and as we have learned in section

5.1 equations (5.35) will have PII limit which we elaborate in this section in greater details

including application of the Painlevé test.

We recall that for η2 = η, η1 = η0 = 0 equation (5.35) is invariant under s2 Bäcklund

symmetry, π2 automorphism from the table (4.8) with π2(η) = −η and ρ2 from the table (4.9)

with ρ2(η) = η .

Using association f1 = −q with f0 + f1 + f2 = σz we get from (5.35) the following equation

for q:

qzz =
q2
z

2q − η
+

1

2q − η
(
3q4 + 2q3(2σz − η) + q2(2α1 + 4α2 − 2σ − 5ησz + σ2z2)

+ q(3ση − 2α1η − ησ2z2 + 2η2σz − 4α2η)− ση2 − α2
1 + α2η

2 + ηα1σz
)
.

(5.36)

For η → 0 we obtain PIV equation :

qzz =
q2
z

2q
+

3q3

2q
+ 2q2σz + q(α1 + 2α2 − σ +

1

2
σ2z2)− α2

1

2q
, (5.37)

that agrees with equation (P4) for f1 = −q.
For σ → 0 and Q = q − η/2:

Qzz =
Q2
z

2Q
+

3

2
Q3 + 2Q2η +Q

(
α1 + 2α2 +

3

4
η2

)
− 1

2Q

(
α1 +

1

4
η2

)2

,

(5.38)

which is I30 for η 6= 0.

For σ = σ0/η, α1 = a1/η, α2 = a2/η and in the limit η →∞ we get :

qzz = 2q3 − 2qσ0z − a2 + σ0 = 2q3 − 2qσ0z + (a0 + a1) . (5.39)

More generally for f0 and f1 from equation (5.35) we obtain in the limit η →∞ ;

f ′′i (z) = (−1)i(α0 + α1)− 2σ0zfi + 2fi
3 , i = 0, 1 . (5.40)

in which we recognize two PII equations for i = 0 and i = 1 that again are transformed into

each other under the automorphism ρ2 from (4.9) but differ from PII equations in (4.29) by the

values of the constant coefficients on the right hand sides.

Because of the presence of deformation parameter η in the denominator in relation (5.36)

it appears that the three cases η � 1, η � 1 and η-finite need to be considered separately. For

the first two cases we are in PIV and PII regimes, respectively but for finite η it makes sense to
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make a change of variables q → Q = q − η/2 with corresponding equation

Qzz =
Q2
z

2Q
+

3

2
Q3 + 2Q2(σz + η) +Q

(
1

2
σ2z2 +

1

2
ησz + α1 + 2α2 − σ +

3

4
η2

)
+

1

2
ση +

1

2Q

(
ησzα1 − α2

1 −
1

2
η2α1 −

1

4
η2σ2z2 +

1

4
η3σz − 1

16
η4

)
.

(5.41)

In Appendix I we provide details of the Painlevé test applied on equation (5.41). That equation

(5.41) passes the direct Painlevé test agrees with the result of the Kovalevskaya- Painlevé test

that established the consistency of the extended PIV (5.14) as long as two out three ηi parameters

are equal (which is the case here).

5.2.3 First order PII equations as a limit of the deformed model

Here we will show how starting from equations (5.35) to obtain the first order system of equa-

tions underlying the PII equations (5.40) and their A
(1)
1 Bäcklund transformations in a limit

η →∞. We set σ = σ0/η, α1 = a1/η, α2 = a2/η with constants σ0, a1, a2 and represent f1, f2 as

f1 = −q, f2 = −2

η
p, f0 =

σ0

η
z +

2

η
p+ q . (5.42)

Plugging these substitutions into (5.35) we obtain

−2

η
pz = −2

η
p

(
σ0

η
z +

2

η
p+ 2q

)
+
a2

η
, (5.43)

−qz = −q
(
−σ0

η
z − q − 4

η
p

)
+
a1

η
− η

(
σ0

η
z +

2

η
p

)
. (5.44)

Considering large η and neglecting the terms of order O(1/η2) in the first equation and the

terms of order O(1/η) one obtains in such limit equations

pz = 2pq − 1

2
a2 , (5.45)

qz = −q2 + σ0z + 2p . (5.46)

Taking the derivative with respect to z on both sides of (5.46) gives PII equation (5.39) (or

(5.40) with f1 = −q).
Let us now repeat the above analysis to obtain the PII equation (5.40) with a different sign

of the constant term. We consider

f0 = −y, f2 = −2

η
h, f1 =

σ0

η
z +

2

η
h+ y . (5.47)
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that follows from identificiation (5.42) via acting with ρ2 automorphism and replacing q, p with

y, h to emphasize that we are working with a different PII equation. Plugging substitutions

(5.47) into (5.35) like in (5.44) and considering large η we arrive at the system of first order

equations :

hz = −2hy − 1

2
a2 , (5.48)

yz = y2 − σ0z − 2h , (5.49)

that lead to the second PII equation namely (5.40) with f0 = −y.

From equation (5.46) we derive

p =
1

2
(qz + q2 − σ0z) . (5.50)

In order to conveniently introduce all the A
(1)
1 symmetry generators in the setting of equa-

tions (5.45), (5.46) let us define an auxiliary quantity v obtained from p given in (5.46) by

transformation q → −q :

v =
1

2
(−qz + q2 − σ0z) = −p+ q2 − σ0z . (5.51)

Taking a derivative on both sides of equation (5.51) we obtain the counterparts of equations

(5.45), (5.46) valid for v, q:

vz = −2vq +
1

2
(−σ0 − a0 − a1) , (5.52)

qz = q2 − σ0z − 2v . (5.53)

Note that the transformation :

Π : q → −q, p→ v, σ0 → σ0, a0 + a1 → −a0 − a1 , (5.54)

takes equations (5.45), (5.46) into equations (5.52), (5.53) and does not change PII equation

(5.39). Also note that the transformation :

ρ̄ : z → −z, σ0 → −σ0, p→ v, q → q , (5.55)

will have the same effect.

Alternatively, equations (5.52), (5.53) can be obtained directly from symmetric deformed

PIV equations (5.35) through the following substitution of f1, f2 :

f1 = q, f2 =
2

η
v, f0 =

σ0

η
z − 2

η
v − q, a2 = −(σ0 + a0 + a1) , (5.56)
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for large η values.

Recall that for the deformed PIV equations (5.14) with η = η2 6= 0 and η1 = η0 = 0 the

surviving symmetry generator is s2:

f1
s2−→ f1 −

α2

f2

, f2
s2−→ f2, α2

s2−→ −α2 , (5.57)

or in terms of variables p, q used above :

q
s2−→ q − a2

2p
, p

s2−→ p, a2
s2−→ −a2 , (5.58)

after cancellation of η. One easily checks that indeed equations (5.45), (5.46) are invariant

under s2 transformation as shown in (5.58). Note that s2 : a0 + a1 → −(a0 + a1) + 2σ0.

Similarly inserting representation (5.56) into expression for the s2-transformation (5.57)

produces after cancellation of η

q
s̃2−→ q +

σ0 + a0 + a1

2v
, v

s̃2−→ v, a0 + a1
s̃2−→ −(a0 + a1)− 2σ0 , (5.59)

where we denoted s2 by s̃2 when it acts on q, v system to distinguish it from s2 as defined

in relations (5.58). Both transformations s2 and s̃2 defined in (5.58) and (5.59) keep the PII

equation (5.39) invariant and square to one. It is interesting to compare action of s̃2 to that

of the automorphism S̃0 = s0s1s0 from equation (4.38). Introducing γ = σ0 + a0 + a1 we can

rewrite the nontrivial part of transformation (5.59) as

q
s̃2−→ q +

γ

−qz + q2 − σ0z
, γ

s̃2−→ −γ , (5.60)

where we inserted the definition of v from equation (5.51). Comparing with expression (4.38)

we see that the action of s̃2 almost agree with the limit of s0s1s0 and the difference is only due

to the difference between constant terms of PII equations given in (5.40) versus (4.29).

Using relation (5.51) between v and p one also derives formulas for actions of s̃2 on p and

s2 on v :

v
s2−→ v − q

p
a2 +

a2
2

4p2
, (5.61)

p
s̃2−→ p+

q

v
(σ0 + a0 + a1) +

(σ0 + a0 + a1)2

4v2
. (5.62)

These completes all the information on the Bäcklund transformations of the A
(1)
1 symmetry

group consisted of s2, s̃2, Π̄ of PII equation obtained as a limit of the deformed PIV model.
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Note that equations (5.45), (5.46) and equations (5.52), (5.53) can be compactly summarized

as a system of equations

qz = p− v ,

pz = 2pq − 1

2
a2 ,

vz = −2vq +
1

2
(−σ0 − a0 − a1) .

(5.63)

manifestly invariant under Π̄ and ρ̄.

Similarly, equations (5.45), (5.46) would enter into a system of equations

yz = u− h ,

hz = −2hy − 1

2
a2 ,

uz = 2uy +
1

2
(−σ0 − a0 − a1) .

(5.64)

that lead to the other copy of PII equations in (5.40) with its own A
(1)
1 symmetry.

5.3 Concluding remarks

By enlarging a parameter space of PIV model we extended the A
(1)
2 symmetry structure by

additional automorphisms πi, ρi, i = 0, 1, 2. In particular, the presence of the automorphism

ρ2 facilitated the reduction process from A
(1)
2 to A

(1)
1 . The automorphism ρ2 together with the

Bäcklund transformation s2 remain a symmetry for PII−IV and survive the PII limit while they

also commute with each other.

Note however that the possibility of redefining σ = σ0/η is essential for ability of taking PII

limit for η → ∞ in the deformed PIV model. Likewise, setting σ = σ0/ε and taking ε → ∞
limit was crucial for recovering PIV equations from equation (4.27). Since we are interested in

models that interpolate between PII and PIV and in automorphisms πi, ρi, i = 0, 1, 2 we work

here with the formalism depending explicitly on σ.

As pointed out the choice of additional terms in H ensured invariance under ρ2, but equiv-

alent theories with invariance under ρ0 or ρ1 could be introduced via simple redefinitions of the

additional terms. We have provided arguments that there is one unique (up to simple redefini-

tion of such additional terms) generalization of PIV model allowing addition of quadratic terms

to the Hamiltonian and requiring finite limits and Painlevé property.
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5.4 A possible integrable origin

Along the same line of the investigation we can here propose a deformation of the dressing

chain (2.18) from chapter (3) given for N = 3 by

(j1 + j2)z = − (j1 − j2) (j1 + j2) + α1 + η (j1 + j3)

(j2 + j3)z = − (j2 − j3) (j2 + j3) + α2 − η (j1 + j3)

(j1 + j3)z = − (j3 − j1) (j1 + j3) + α3

(5.65)

This model is still manifestly invariant under the transformation generated by U3 from equation

(2.53)

j3 → j3 +
κ

j1 + j3

, j1 → j1 −
κ

j1 + j3

, j2 → j2 (5.66)

with κ = −α3 and αi → αi + α3, i = 1, 2 although no longer invariant under Ui, i = 1, 2 from

(2.53). Also, the automorphism π is does not keep the equations (5.65) invariant anymore.

Instead equations (5.65) are invariant under a new π2 automorphism [?]

π2 : j1 → −j3, j3 → −j1, j2 → −j2, α1 → −α3, α3 → −α1, α2 → −α2, η → −η

with the transformed ji, αi, i = 1, 2, 3 now satisfying the conditions
∑3

i=1 ji = −3z/4,
∑3

i=1 αi =

−3/2 that differ from the condition (2.16) by the minus sign.

We can also run Kovalevskaya-Painlevé test as in reference [49] by first assuming that

solutions of (5.65) equations have to be of the form

ji =
ai
z

+ bi + ciz + diz
2 + eiz

3 + · · · , i = 1, 2, 3 , (5.67)

with the pole chosen at 0. After substituting the above equation back into equations (5.65) we

find that coefficients of the first term must satisfy relations ai + ai+1− a2
i + a2

i+1 = 0, i = 1, 2, 3.

For the solution a1 = 1, a2 = 0, a3 = −1 and any value of η we find that b2 and d2 (or d1)

will remain undetermined while all the other coefficients will be fixed. This is a general feature

which occurs independently of whether the η terms are present. Thus the pole solutions of the

type shown in (5.67) will depend on three parameters (b2, d2 and position of the pole). This

agrees with integrability property derived from the Kovalevskaya-Painlevé test of the N = 3

dressing chain and shows that the η-deformation preserving the symmetry (5.66) also results

in passing the integrability test.

The issue of finding an underlying integrable model behind the deformed dressing chain

(5.65) remains under investigation.
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Chapter 6

Deformation of the hybrid PIII−V
equations

6.1 A model with broken symmetry for the hybrid PIII−V

The model (4.46) used for the symmetric PV in chapter (2) is the most traditional, but we

could instead have used an equivalent form that allows us to make a small generalization.

The mixed Painlevé III - V equations are defined as [12] :

zfi, z = fifi+2

(
fi+1 − fi+3

)
+ (−1)ifi

(
α1 + α3 + C

)
+ αi

(
fi + fi+2

)
(6.1)

− (−1)[i/2]ηi+1

(
fi+1 + fi+3

)
, i = 0, 1, 2, 3 ,

where fi = fi+4, ηi = ηi+2, the symbol [i/2] is i/2, if i is even or (i + 1)/2, if i is odd.

C, αi, i = 0, 1, 2, 3 are constant parameters of the model.

Explicitly we have:

zf ′0 = (α0 + α1 + α3 + C) f0 + α0f2 + (f1 − f3) f2f0 − η0(f1 + f3)

zf ′1 = α1f3 − (α3 + C) f1 + (f2 − f0) f3f1 + η1(f0 + f2)

zf ′2 = (α1 + α2 + α3 + C) f2 + α2f0 + (f3 − f1) f0f2 + η0(f1 + f3) (6.2)

zf ′3 = α3f1 − (α1 + C) f3 + (f0 − f2) f1f3 − η1(f0 + f2)

The key difference is when one sums the equations, because in place of (4.48) we get:

zf ′0 + zf ′2 = (α0 + α1 + α2 + α3 + C) (f0 + f2)

zf ′1 + zf ′3 = −C (f1 + f3) (6.3)

We see here that a redefinition of parameters was done so that if −2C =
∑3

i=0 αi = σ, the

system (6.3) is equal to (4.48) and consequently (6.2) is equal to (4.58) .

Consequently, for the case −2C 6=
∑3

i=0 αi one does not get the symmetries back. Such

case was studied in [12], where
∑3

i=0 αi = Ω = 1 in the authors’ notation.
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Solving the differential equations in (6.3), and using
∑3

i=0 αi = σ, we get:

f0 + f2 = ε0z
C+σ,

f1 + f3 = ε1z
−C .

(6.4)

We can see here that the lack of balance in the powers of z brakes the symmetry of the

model, however, when we adopt ε0 6= ε1 = 0 or ε1 6= ε0 = 0, we also erase the z with unbalanced

power, therefore returning to the PIII model we had in chapter (3).

This symmetry breaking here is used in the same way as in the previous chapter, we get an

equation which cannot be obtained from PV by affine transformations, but passes integrability

tests and preserves its reductions.

It was found [11] that the 2n boson integrable model obtained as particular reductions

(Drinfeld-Sokolov) of KP integrable models connected to Toda lattice hierarchy gives rise to

higher Painlevé equations invariant under extended affine Weyl groups. In particular, investi-

gation of various Dirac reduction schemes applied to the 4-boson (n = 2) integrable model with

Weyl symmetry structure A
(1)
4 led to emergence of a deformed mixed PIII−V model [12].

Here, the rational and special solutions of the deformed PIII−V are studied based of the

main article [5].

6.2 The mixed PIII−V equations and their symmetries

In this section we present an overview of the mixed Painlevé III - V model, its symmetry struc-

ture formed by extended affine Weyl groups acting as Bäcklund symmetries and its Hamiltonian

representation.

Starting with (6.1) by inserting C = −1/2 and ηi = 0, we obtain the PV equations:

zfi, z = fifi+2

(
fi+1 − fi+3

)
+ (−1)ifi

(
α1 + α3 −

1

2

)
+ αi

(
fi + fi+2

)
, i = 0, 1, 2, 3 , (6.5)

which can be obtained from the Hamiltonian.

h0 = f0f1f2f3 +
1

4
(α1 + 2α2 − α3)f0f1 +

1

4
(α1 + 2α2 + 3α3)f1f2

− 1

4
(3α1 + 2α2 + α3)f2f3 +

1

4
(α1 − 2α2 − α3)f0f3 +

1

4
(α1 + α3)2

it might be helpful to point out that equations (6.1) can be derived from the following gener-

alization of the above Hamiltonian:

h̄0 = h0 +
η0

2
(f 2

0 − f 2
2 ) +

η1

2
(f 2

1 − f 2
3 ) . (6.6)
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Since we see that by eliminating ηi we recover PV , we shall refer to ηi, i = 0, 1 as deformation

parameters.

Define canonical variables q, p as:

q = f1 z
C , p = −f2 z

−C , (6.7)

then equations (6.1) can be rewritten as two Hamilton equations:

zqz =
∂h̄0

∂p
= q (q − ε1) (2p+ ε0z)− (α1 + α3) q + α1ε1 + η0ε0z

1+2C (6.8)

zpz = −∂h̄0

∂q
= p (p+ ε0z) (ε1 − 2q) + (α1 + α3)p− α2ε0z − η1ε1z

−2C (6.9)

that follow from the Hamiltonian (6.6).

Eliminating p from equation (6.9) one obtains a second order equation (6.12) [12]. Equation

(6.12) contains both Painlevé V and III equations in special limits. Setting both deformations

parameters ηi, i = 0, 1 to zero reproduces a standard PV equation

yzz(z) =

(
1

y − 1
+

1

2y

)
y2
z −

yz
z

+
(y − 1)2

(
αy + β

y

)
z2

+
γy

z
+
δy(1 + y)

y − 1
, (6.10)

for

y = 1− ε1
q
,

with PV parameters given by :

α =
α2

1

2
, β =

−α2
3

2
, γ = − (−1 + α1 + 2α2 + α3) ε0ε1, δ = −ε

2
0ε

2
1

2
. (6.11)

The second order PIII−V equation for a canonical variable q is given by:

qzz =− qz
z

+

(
1

2q
+

1

2(q − ε1)

)(
q2
z − η2

0ε
2
0z

4C
)
− (2α2 + α1 + α3 − 1)

(q − ε1) qε0
z

+
qε20
2

(q − ε1)(2q − ε1) +
α2

1ε1(q − ε1)

2z2q
− α2

3ε1q

2z2(q − ε1)

+
η0ε0z

−J−2

q(q − ε1)

(
(α1 + α3 − J)q2 + qε1(J − 2α1) + α1ε

2
1

)
− 2η1ε1z

J−1q(q − ε1), (6.12)

where J ≡ −(1 + 2C), C, ε0, ε1, α1, α2, α3, η1, η0 are all parameters. They will be introduced

later in the text. For special values of some of these parameters PIII and PV will emerge from

(6.12).

In the case of vanishing deformation parameters the equations (6.1) are invariant under

the extended affine Weyl A
(1)
3 symmetry group [37] with parameters α0, α1, α2 and α3 entering
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expressions for A
(1)
3 Bäcklund symmetry transformations as follows :

si(αi) = −αi, si(αk) = αk + αi (k = i± 1), si(αk) = αk (k 6= i, i± 1),

si(fi) = fi, si(fk) = fk ±
αi
fi

(k = i± 1), si(fk) = fk (k 6= i, i± 1),

π(αk) = αk+1, π(fk) = zJ (−1)k+1

fk+1, i, k = 0, 1, . . ., 3 , (6.13)

where for convenience we introduced in the last line of equation (6.13) the quantity

J = −(1 + 2C) . (6.14)

For C = 0,−1/2,−1, J takes values J = −1, 0, 1. Transformations si, π, i = 0, 1, 2, 3 from

(6.13) do not change the value of the parameter C. They satisfy basic A
(1)
3 relations:

s2
k = 1, (sisk)

2 = 1, k 6= i, i± 1, (sisk)
3 = 1, k = i± 1, π4 = 1, πsi = si+1π,

where i, k = 0, 1, 2, 3.

In general for ηi 6= 0, i = 0, 1 the mixed Painlevé equations (6.1) are only invariant under

an automorphism π generalizing the one defined in relation (6.13) by extending it to act on the

parameter space (αi, fi, ηk, C, εk) with i = 0, 1, 2, 3, k = 0, 1 via :

π(αi) = αi+1, π(fi) = fi+1, i = 0, 1, 2, 3

π(η0) = η1, π(η1) = −η0, π(C) = −1− C,
π(ε0) = ε1, π(ε1) = ε0 .

(6.15)

We note that the above generalization of an automorphism π acts non-trivially on C and J

via π(J) = −J with the value C = −1/2 or J = 0 fixed under (6.15). The constraints

(6.4) transform into each other under π defined in (6.15). One derives from (6.15) that π2 :

fi → fi+2, αi → αi+2, ηi → −ηi, C → C, εi → εi will keep the mixed Painlevé equations (6.1)

invariant without changing the value of C. Also, the above automorphism π (6.15) keeps the

additional ε-dependent terms in (6.6) invariant.

Apart from the obvious case of vanishing deformation parameters ηi = 0, i = 0, 1 there are

also special values of the parameter C and integration constants εi, i = 0, 1 for which equations

(6.1) will have extended symmetry properties. We will now discuss these special cases.

First, for the special value of C = −1/2 or J = 0 and the non-zero integration constants

εi 6= 0, i = 0, 1 and the deformation parameters ηi 6= 0, i = 0, 1 the mixed Painlevé equations

(6.1) can be shown to remain invariant under the above extended affine Weyl A
(1)
3 symmetry

group due to the fact that terms with ηi can be absorbed in re-definitions of αi’s (without

affecting the sum
∑

i αi = 1) and equations (6.1) can accordingly be cast in the form of PV

equation (6.5).
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Secondly, in εi → 0 limits for either i = 0 or i = 1 the mixed Painlevé equations (6.1) reduce

to PIII equations with its own extended affine Weyl symmetry as have been shown in chapter

(4).

In addition to its invariance under π the mixed Painlevé III-V equations (6.1) also remain

invariant under another authomorphism ∆ :

∆(f2k−1) = (−1)1+Cf2k, ∆(f2k) = (−1)−Cf2k−1, k = 1, 2

∆(z) = −z, ∆(j) = −j, ∆(ε0) = ε1, ∆(ε1) = ε0,

∆(η0) =(−1)−Jη1, ∆(η1) = (−1)Jη0,

∆(αi) = αi+1, i = 1, 3, ∆(αi) = αi−1, i = 0, 2

(6.16)

The repeating application of ∆ on fi yields ∆2(fi) = (−1)(−1)i2Cfi and therefore as long as C

is an integer it holds that ∆2 = 1 . Also, it holds that [π2,∆] = 0.

When one of the deformations parameters η0 or η1 is zero (with integration constants εi being

non-zero) the extended automorphism π from relation (6.15) is broken although π2 remains a

symmetry. One can show that in such case π2 with s2k or s2k+1 for k = 0, 1 form the extended

affine Weyl symmetry group that keeps the model (6.1) invariant. For example setting η1

to zero: η1 = 0, results in invariance of mixed Painlevé III-V equations (6.1) under Bäcklund

transformations s0, s2 defined in relation (6.13) for any values of C, εi 6= 0, i = 0, 1 and arbitrary

η0 6= 0. In such case s0, s2, π
2 will form the extended affine Weyl symmetry group W (s0, s2, π

2):

s2
0 = s2

2 = (π2)2 = 1, s0s2 = s2s0, π2s0 = s2π
2 , (6.17)

that leaves equations (6.1) and the value of the parameter C invariant.

For η0 = 0 the Bäcklund transformations s1, s3 defined in relation (6.13) will leave the mixed

Painlevé III-V equations invariant for any values of C, εi 6= 0, i = 0, 1 and arbitrary η1 6= 0 and

with s1, s3, π
2 forming the extended affine Weyl symmetry group W (s1, s3, π

2) isomorphic to

(6.17).

Thus in case of only one non-zero deformation parameter ηi 6= 0 one has two different

realizations of the Bäcklund symmetry group depending on whether one sets i = 0 or i = 1.

The action of π (and ∆) is such that it flips between these two different realizations of the

extended affine Weyl symmetry groups meaning that π takes equation (6.1) with parameters

(αi, fi, η0 6= 0, η1 = 0, C, εk) , i = 0, 1, 2, 3, k = 0, 1 and transforms it to the same equation (6.1)

but with the parameters (αi, fi, η0 = 0, η1 6= 0, C, εk) , i = 0, 1, 2, 3, k = 0, 1.

In this context the commutation relations πs1 = s2π and πs3 = s0π etc. hold and can be

summarized by

πs2k−1π = s2k, πs2kπ = s2k−1, ∆s2k−1∆ = s2k, ∆s2k∆ = s2k−1, k = 1, 2 . (6.18)
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with s2k−1 and s2k on both sides of relations defined for η0 = 0 or η1 = 0, respectively. The

relations (6.18) establish the extended π as defined in relation (6.15) as a generalization of the

Bäcklund automorphism π in the setting of mixed Painlevé PIII−V equations.

For C = 0 or J = −1 this equation takes a form of a conventional PIII equation (P3). One

can show that this result extends to any C 6= −1 by a simple rescaling of variables while for

C = −1 (or J = 1) the model becomes one of 44 solvable Painlevé equations [9]. Similarly, for

ε0 → 0 with ηi 6= 0, i = 0, 1 equation (6.12) reduces to PV with the parameter δ = 0 in (P5)

for C 6= 0, which, as it is well-known [29], is fully equivalent to PIII equation. For C = 0 the

model becomes in the ε0 → 0 limit one of the solvable Painlevé equations [9].

In reference [12] the Painlevé property test was established in the context of equation (6.12)

with arbitrary ηi, i = 0, 1. The idea of of generalizing two different Painlevé equations has been

explored in the literature in different settings and good examples of such work are [33], [42].

In the rest of the chapter we focus our attention on the PIII−V model with η0 6= 0 and

η1 = 0 invariant under the extended affine Weyl symmetry group W (s0, s2, π
2) from (6.17) and

study its solution. For that reason we will keep in this chapter both ε0 6= 0 and ε1 6= 0 and,

unless explicitly stated, C 6= −1/2 (J 6= 0).

6.3 The Briot-Bouquet System and Power Series Solu-

tions for J = −(1 + 2C) ≤ 0

We will derive a class of (convergent) power series solutions to equations (6.8),(6.9) for J ∈ Z
and J ≤ 0 with η1 = 0 and η0 6= 0. The opposite setting of η1 6= 0 and η0 = 0 can be described

using π from relation (6.15).

Consider expansion for small z (J ≤ 0) :

q(z) =
∞∑
i=0

qiz
i, p(z) =

∞∑
i=0

piz
i = p0 + p1z

1 + p2z
2 + · · · . (6.19)

There are two such solutions to the system (6.8),(6.9) that can be obtained for ηi = 0, i = 0, 1

and their first few terms are

p0 = 0, p1 =
α2ε0

−1 + α1 + α3

, q0 =
α1ε1

α1 + α3

, (6.20)

and

p0 =
α1 − α3

ε1
, p1 = −(α2

3 − α3 + α2α3 − α2 − α1 + α2
1 + α1α2)ε0

−1 + (α1 − α3)2
, q0 =

α1ε1
α1 − α3

, (6.21)

Note that the above expression for p0 is finite as we keep ε1 6= 0 as stated above. For J < 0

with η0 6= 0, η1 = 0 there is a solution to (6.8),(6.9) with the same p0, p1, q0 as (6.20) and with
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higher terms p2, q1 given by (for J = −2,−3, . . .)

p2 =
α2 ε0

2ε1 (α1
2 − α3

2 + α1 α2 − α2 α3 − α1 + α3)

Denomp2

,

Denomp2 = −2α1 − 2α3 + 5α1
2 + 5α3

2 + 10α1 α3 − 4α1
3 − 4α3

3 + α1
4 + α3

4

− 12α1
2α3 − 12α1 α3

2 + 4α1
3α3 + 6α1

2α3
2 + 4α1 α3

3 ,

q1 = − α1 ε1
2ε0 α3 (−1 + α3 + α1 + 2α2)

−α1
2 − α3

2 − 2α1 α3 + 4α1
3α3 + 6α1

2α3
2 + 4α1 α3

3 + α1
4 + α3

4

= − ε1
2ε0 α1 α3 (α2 − α0)

−α1
2 − α3

2 − 2α1 α3 + 4α1
3α3 + 6α1

2α3
2 + 4α1 α3

3 + α1
4 + α3

4
.

For J = −1 we encounter presence of η0 in q1.

To establish convergence of (6.19) we apply the Briot-Bouquet theorem (see e.g. [27] or

[29]) that states that if the system of equations :

zu′j = fj(z, u1, . . ., un), j = 1, . . ., n , (6.22)

with functions fj, j = 1, . . ., n, that are analytic in some neighborhood of the point z = u1 =

· · · = un = 0 and satisfy initial conditions

fj(0, . . ., 0) = 0 j = 1, . . ., n , (6.23)

has a formal solution:

uj(z) =
∞∑
k=1

C
(j)
k zk, C

(j)
k ∈ C , (6.24)

then the expansion (6.24) is convergent in a neighborhood of z = 0. We will work with a n = 2

version of the Briot-Bouquet theorem with u1 = u, u2 = v.

Substituting q = u + ε1/2 and p = −(v + ε0 z)/2 or into equations (6.8),(6.9) with η0 6=
0, η1 = 0 yields :

zuz =
ε1(α1 − α3)

2
− (α1 + α3)u+ vε21/4− u2v + η0ε0z

(−J) ,

zvz = (α1 + α3 + 2α2 − 1)ε0 z − ε20z2 u+ (α1 + α3) v + u v2 .

(6.25)

For η0 = 0 we can easily establish connection with Painlevé V model since in such case (6.25)

becomes

zuz = −h− (a+ c)u+ v/4− u2v

zvz = γz + 2δz2u+ (a+ c) v + u v2 ,
(6.26)
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as given in [28]. Note that a =
√

2α, c =
√
−2β and γ are coefficients of the standard Painlevé

V equation (P5), while h = (a− c)/2.

Let u =
∑∞

i=0 uiz
i and v =

∑∞
i=0 viz

i then the Briot-Bouquet theorem will hold for U =

u − u0 =
∑∞

i=1 uiz
i and V = v − v0 =

∑∞
i=1 viz

i as long the condition (6.23) holds. For this

condition to hold all constant terms must cancel on the right hand side of (6.25). For η1 = 0

and for η0 6= 0 with J < 0 that amounts to

0 =
ε1(α1 − α3)

2
− (α1 + α3)u0 + v0ε

2
1/4− u2

0 v0 ,

0 = (α1 + α3) v0 + u0 v
2
0 ,

since η0ε0z
(−J) → 0 for z → 0 and J < 0.

The above conditions are satisfied automatically for the solution (6.20) with

p0 = 0, q0 =
α1ε1

α1 + α3

→ v0 = 0, u0 =
α1ε1

α1 + α3

− ε1
2
.

Also for the solution (6.21) with

p0 =
α1 − α3

ε1
, q0 =

α1ε1
α1 − α3

, → v0 = −2
α1 − α3

ε1
, u0 +

α1ε1
α1 − α3

− ε1
2
,

the initial conditions are satisfied automatically.

Thus we have used the Briot-Bouquet theorem to establish the convergence of the power

series (6.19) for negative J and non-zero value of the deformation parameter η0. This extends

the result that holds for J = 0 for a conventional Painlevé V model.

6.4 Solutions of Riccati Equations

The discussion of Riccati equations and its solutions starts with an observation that equation

(6.9) is solved for

p = −ε0z, η1 = 0, α2 = 1− α1 − α3 → α0 = 0 . (6.27)

Note that alternatively we could have chosen p = 0 and α2 = 0 as solutions of equation (6.9)

but this configuration can be obtained from (6.27) by π2 transformation (6.35).

Plugging the values (6.27) in equation (6.8) yields

dq

dz
= −ε0q(q − ε1)− (α1 + α3)

q

z
+
α1ε1
z

+ η0ε0z
2C . (6.28)

For the three values of J given by J = −1, 0, 1 (C = −1,−1/2, 0) the above Riccati equation

has solutions given in terms of Whittaker functions.
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Substituting q = (1/(wε0))dw/dz we obtain a linearized version of equation (6.28) for w;

z
d2w

dz2
= (ε0 ε1z − α1 + α3)

dw

dz
+ α1ε0ε1w + η0ε

2
0z
Jw , (6.29)

which for the value J = 0 is recognized as Kummer’s equation and for J = 1 as the extended

confluent hypergeometric equation, however J = −1 introduces additional singularity in equa-

tion (6.29). To systematically obtain solutions of equation (6.29) for those three values of J

we will apply further transformations. Performing an additional substitution and change of a

variable:

w(z) = z−
α1+α3

2 exp
(ε0ε1z

2

)
f(τ), τ = ε0 ε1 z ,

transforms the differential equation (6.29) into a differential equation for f(τ):

d2f

dτ 2
+

(
−1

4
− η0ε

2
0τ

2C

(ε0ε1)2+2C
+
α3 − α1

2

1

τ
+

(
1

4
−
(
α1 + α3 − 1

2

)2
)

1

τ 2

)
f(τ) = 0 , (6.30)

which for the three values of 2C = −1,−2, 0 or J = −1, 0, 1 can be cast as a second order

differential Whittaker’s equation :

f ′′(x) +

(
−1

4
+
a

x
+

(
1

4
− b2

)
1

x2

)
f(x) = 0 , (6.31)

with a solution:

f(x) = c1WhittakerW(a, b, x) + c2WhittakerM(a, b, x) ,

given in terms of the Whittaker functions WhittakerW and WhittakerM. See Appendix (J)

for alternative solutions to equation (6.31) in terms of confluent hypergeometric functions and

generalized Laguerre polynomials. The above derivation of solutions to the Riccati equation

(6.29) by reformulating this equation as Whittaker equation suggests that solutions of (6.29)

only exist for J = −1, 0, 1. This observation is further strengthened by the fact that neither

Maple or Mathematica was able to find solutions to equation (6.29) for other cases of J .

Note that for C = −1,−1/2 it holds that x = τ while for C = 0 rewriting equation (6.30)

as (6.31) requires an additional change of a variable from τ to x 6= τ . In summary we obtain
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the following solutions of equation (6.29):

wC=0 = z−
α1+α3

2 exp
(ε0ε1z

2

)(
c1WhittakerW

(
ε1(α3 − α1)

2
√
ε21 + 4η0

,
α1 + α3 − 1

2
, ε0

√
ε21 + 4η0z

)

+ c2WhittakerM

(
ε1(α3 − α1)

2
√
ε21 + 4η0

,
α1 + α3 − 1

2
, ε0

√
ε21 + 4η0z

))
, (6.32)

wC=−1 = z−
α1+α3

2 exp
(ε0ε1z

2

)(
c1WhittakerW

(
α3 − α1

2
,
1

2

√
(α1 + α3 − 1)2 + 4ε20η0, ε0ε1z

)
+ c2WhittakerM

(
α3 − α1

2
,
1

2

√
(α1 + α3 − 1)2 + 4ε20η0, ε0ε1z

))
, (6.33)

wC=−1/2 = z−
α1+α3

2 exp
(ε0ε1z

2

)(
c1WhittakerW

(
α3 − α1 − 2η0ε0/ε1

2
,
α1 + α3 − 1

2
, ε0ε1z

)
+ c2WhittakerM

(
α3 − α1 − 2η0ε0/ε1

2
,
α1 + α3 − 1

2
, ε0ε1z

))
. (6.34)

We first note that all three solutions (6.32)-(6.34) for η0 = 0 coincide with the PV solution

derived from Riccati equation for η0 = 0 as expected from construction of the PIII−V model.

For application of Whittaker functions to construct solutions of Painlevé V equation see e.g.

[44].

We will now address a question whether there exist algebraic relations between the above

solutions (6.32)-(6.34) with different values of the parameters. We are only interested in keeping

η0 6= 0 in this discussion as otherwise the underlying Riccati equation becomes simply the

Riccati equation of PV equation. We first observe that the expression for wC=−1/2 will agree

with the solution of (6.29) for η0 = 0 when we replace α3−η0ε0/ε1 by α3 and α1 +η0ε0/ε1 by α1.

Thus by simple redefinition of the parameters α1, α3 in a way that does not change the condition

σ 6= 0, we are able to obtain from (6.34) a solution to PV equation. This follows from the fact

that, as explained in the introductory Section 6.2, PIII−V model with J = 0 (C = −1/2) agrees

effectively with the model with zero deformation parameters. However similar attempts to find

algebraic relations between expressions (6.32), (6.33) and (6.34) fail as long as η0 6= 0. For

example rewriting the second argument of (6.33) in the same form as the second argument of

(6.34) : (α′1 +α′3− 1)/2 with some new parameters α′1, α
′
3 introduces an extra dependence on z

from the term z−
α1+α3

2 in (6.33). Also, there is no Bäcklund transformation that would relate

these three solutions as neither s0, s2 or π2 are able to change the value of the parameter J

labeling these three solutions.

Due to π2 symmetry :

π2(q) = ε1 − q, π2(p) = −p− ε0z, π2(αi) = αi+2, π
2(ηi) = −ηi, i = 0, 1 (6.35)

of equations (6.8),(6.9) the solution with p = −ε0z, η1 = 0, α0 = 1 − α1 − α3 − α2 = 0 is

transformed by π2 to a solution with p = 0 and α2 = 0, η1 = 0 and with the same value of C
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The above two families of solutions give rise via the π operation to two other classes of

solutions; one with q = ε0 and α3 = 0, η0 = 0 and η1 6= 0 and the other one with q = 0 and

α1 = 0, η0 = 0. Recall that π maps J → −J or C → −(1 − C) and thus the solution with

C = 0 is mapped to one with C = −1 and vice versa, while the C = −1/2 solution is mapped

to another solution with an unchanged value of C.

6.4.1 Rational Solutions from Whittaker functions

The Whittaker functions take simpler expressions when their first two arguments differ by

±1/2:

WhittakerW(a, a− 1/2, z) = WhittakerM(a, a− 1/2, z)

= WhittakerW(a,−a+ 1/2, z) = za exp(−z/2), (6.36)

and

WhittakerM(a,−a− 1/2, z) = z−a exp(z/2) . (6.37)

For C = 0 and for special values of η0 such that :

ε1(α3 − α1)√
ε21 + 4η0

= α1 + α3,
ε1(α3 − α1)

2
√
ε21 + 4η0

= −α1 + α3 − 2

2
.

Due to Whittaker relations (6.36) the expressions (6.32) and (6.33) simplify considerably and

yield rational solutions. For an ansatz p = −ε0z, η1 = 0, α0 = 1 − α1 − α3 − α2 = 0 we find

for C = 0, J = −1 from (6.36):

q(z) =
α1ε1

α1 + α3

, η0 = − α1α3ε
2
1

(α1 + α3)2

q(z) =
ε1(α3 − 1)

α1 + α3 − 2
+

1− α1 − α3

ε0z
, η0 = −(α1 − 1)(α3 − 1)ε21

(2− α1 − α3)2
.

(6.38)

For C = −1, J = 1 similar considerations based on Whittaker relations (6.36) yield :

q(z) = − α1

ε0z
, η0 =

α1(1− α3)

ε20

q(z) = ε1 −
α3

ε0z
, η0 =

(1− α1)α3

ε20
,

(6.39)

where the first formula have been derived from (6.36) and the second formula from (6.37). Thus

the case of C = −1 contains both proper rational solutions and solutions that are proper up to

a constant.

Other similar solutions can be obtained from the above solutions by actions of π2, and

si, i = 0, 2. For example the first of equations in (6.38) transforms under π2 to another solution
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with J = −1:

p = 0, q(z) =
α1ε1

α1 + α3

, α2 = 0, η0 =
α1α3ε

2
1

(α1 + α3)2
. (6.40)

All three transformations s0, s2 and π2 preserve the constraint α1 = α3. In all three cases new

solutions have the same dependence on z and can be obtained through internal re-definitions

of αi-parameters generated by these transformations.

6.4.2 Rational Solutions in terms of Laguerre polynomials

There is a class of rational solutions that one can obtain from equation (J.1) in the Appendix

J for C = 0 with c1 = 0 and with the condition√
ε21 + 4η0 =

ε1(α3 − α1)

2n+ α1 + α3

, n ≥ 0, integer , (6.41)

which could be rewritten as

η0 = −ε21
n2 + α1α3 + n(α1 + α3)

(2n+ α1 + α3)2
, (6.42)

to show that η0 is being “quantized” in terms of integer n under the condition (6.42) and fully

expressed by n and α1, α3.

The condition (6.42) ensures that the first argument of solution (J.1) is a non-negative

integer n and the equation (J.1) is expressed in terms of the associated Laguerre polynomial

L[n, α1 +α3−1, zε0
√
ε21 + 4η0]. Substituting such solution into q = (1/(wε0))dw/dz one obtains

qC=0,n(z) =
ε1(n+ α1)

2n+ α1 + α3

− ε1(α3 − α1)

2n+ α1 + α3

L[n− 1, α1 + α3, zε0ε1(α3 − α1)/(2n+ α1 + α3)]

L[n, α1 + α3 − 1, zε0ε1(α3 − α1)/(2n+ α1 + α3)]
,

(6.43)

for n > 0 and integer. For n = 1 one obtains:

qC=0,n=1(z) =
ε1(1 + α1)

2 + α1 + α3

+
ε1(α3 − α1)

zε0ε1(α3 − α1)− (α3 + α1)(2 + α1 + α3)
,

η0 = −ε21
1 + α1α3 + (α1 + α3)

(2 + α1 + α3)2
.

(6.44)

For special values of α1 = −1 or α3 = −1 in the above formula the deformation parameter η0

vanishes and subseqently qC=0,n=1(z) solves Painlevé V equation. We find that for α1 = −1,

y(z) = 1 − ε1/qC=0,n=1(z) = −ε0ε1z + α3 solves PV equation (P5) with the parameters (6.11)

given by α = 1/2, β = −α2
3/2, γ = α3 − 2, δ = −ε21ε20/2. Setting α3 = −1 results in y(z) =

1/(ε0ε1z+α1) that solves PV equation (P5) with α = α2
1/2, β = −1/2, γ = α1− 2, δ = −ε21ε20/2.

Setting ε1 = 0 in the formula (6.44) yields in agreement with a relatively simple solution
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q = 1/(ε0z) of PIII equation:

yzz = −1

z
yz +

y2
z

y
+Ay

2

z
+ Cy3 +

B
z

+
D
y

with A = α1 + α3 − 1, C = ε20,B = 0,D = 0.

Generally the expression (6.43) can be written as a ratio of polynomials of order n.

The above formula extends to n = 0 due to L[0, λ, x] = 1 and reproduces for this value of n

the first of equations in (6.38). Inserting n = −1 into (6.42) and into equation (J.1) with c2 = 0

reproduces the second of equations in (6.38). Remarkably both expressions (6.42) and equation

(J.1) with c2 = 0 allow for an extension to negative values of n. For example for n = −2 one

gets

qC=0,n=−2(z) =
ε1(−2 + α1)

−4 + α1 + α3

− −2 + α1 + α3

zε0

− (−2 + α1 + α3)(−4 + α1 + α3)

zε0(8 + α2
1 + α3(−6 + α3 − zε0ε1) + α1(−6 + 2α3 + zε0ε1))

η0 = −ε21
4 + α1α3 − 2(α1 + α3)

(−4 + α1 + α3)2
,

(6.45)

Also in this case setting α1 = −2 or α3 = −2 to ensure that the deformation parameter η0

vanishes yields solutions to PV equation that this time also depend on a second order polynomial

in z. Repeating this construction for higher values of n would produce PV solutions in terms

of polynomials of higher order.

See subsection J.1 for generalization of the above solutions to other values of integer n.

Correspondingly, for C = −1 and the Appendix equation (J.3) by setting

η0 =
1

ε20
(n+ α1)(n+ 1− α3), n ≥ 0, integer (6.46)

one ensures that the first argument of the generalized Laguerre function is a non-negative

integer and the corresponding rational q is given by the formula :

qC=−1,n = −n+ α1

ε0z
− ε1

L[n− 1,−2n− α1 + α3, zε0ε1]

L[n,−2n− α1 + α3 − 1, zε0ε1]
, n ≥ 0, integer , (6.47)

which for n = 1 is given by

qC=−1,n=1(z) = −1 + α1

ε0z
+

ε1
ε0ε1z + 2 + α1 − α3

, η0 =
1

ε20
(α1 + 1)(2− α3)) .

The expression (6.47) can be cast as a ratio of polynomials of order n. Also, in this case the

formula (6.46) extends beyond values of n. Setting n = 0, n = −1 we obtain respectively the

first and second formula in equation (6.39). See subsection J.2 for generalization of the above
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solutions to other values of integer n.

6.5 Construction and classification of solutions by by

computer-algebraic calculations

6.5.1 Necessary conditions for rational solutions á la Kitaev, Law,

and McLeod

Before we present a method to derive a class of rational solutions based on computer calculations

let recall the Proposition 2.2 in [32] that lists necessary conditions for rational solutions of

Painlevé V equation. In this subsection we give result of a similar approach applied to equation

(6.12) for J = ±1 cases. For large z we investigate expressions of the type: q = K0 + a/z +

b/z2 + c/z3 + 0(z−4). with K0 being a constant.

For the case of C = 0, J = −1 we find that solutions exist for two values of K0:

(1) K0 = ε1/2 with

a = ε21
ε21(1− α1 − α3 − 2α2) + 4η0(α1 + α3 − 1)

ε0(−ε41 + 16η2
0)

b =
−2ε31

ε20(−ε41 + 16η2
0)

(ε41(α2
1 − α2

3)

+ 8η0ε
2
1(−α2

1 + α2
3 + α1 − α3 − 2α1α2 + 2α2α3) + 16η2

0(α2
1 − α2

3 − 2α1 + 2α3))

(2) K0 = 1
2
ε1 ± 1

2

√
ε21 ± 4η0. For instance for

q =
1

2
ε1 +

1

2

√
ε21 − 4η0 + a/z + b/z2 + c/z3 + 0(z−4)

one finds:

a =
1

2ε0(−ε21 + 4η0)
(−ε21(α1 + α3) + ε1

√
ε21 − 4η0(α1 − α3) + 4η0(α1 + α2 + α3))

etc.

For the case C = −1, J = 1 we find that solutions exist for the following values of K0:

1. K0 = 0 (see e.g. the first of equations (6.39))

a = ±α1

ε0
, ; b = ±−α1(α3 + 2α2 − 1) + η0ε

2
0

ε1ε20
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2. K0 = ε1/2 (see e.g. solution (6.67)) exists with

a =
α1 + α3 + 2α2 − 1

ε0
, b =

2(−α2
1 + α2

3)

ε1ε20

Remarkably, the series truncates for the choice α1 = α3 with b and higher terms vanishing

as well.

3. K0 = ε1 (see e.g. the second of equations (6.39)) exists with

a = ±α3

ε0
, ; b+ = −α3(1− α1 − 2α2) + η0ε

2
0

ε1ε20
, b− =

α3(1− α1 − 2α3 − 2α2) + η0ε
2
0

ε1ε20

For a = −α3/ε0 and α2 = 1 − α1 − α3 the above solution agrees with the second of

expressions in (6.39).

We will see in what follows that the class of solutions obtained below will agree with the above

results.

6.5.2 A method for deriving a class of rational solutions for q(z).

Equations (6.8) and (6.9) with η0 6= 0, η1 = 0 are invariant under Bäcklund transformations

s0, s2 that transform q but leave p unchanged. It is therefore natural to classify solutions of

equations (6.8) and (6.9) in terms of p(z).

Our method is based on an assumption of p(z) being a finite Laurent series p(z) =
∑n2

k=−n1
pkz

k

with finite integers n1, n2.

One can verify from equations (6.8) and (6.9) that if we start with p(z) =
∑n2

k=−n1
pkz

k then

the consistency of (6.8) and (6.9) requires that p(z) is limited to expression:

p(z) = p−Jz
−J + p0 + p1z . (6.48)

with only three allowed terms containing z of power 0, 1 and −J . p−Jz
−J is a separate term

from p0 and p1z as long as J 6= 0,−1. It is possible to verify that the expression (6.48) with

J 6= 0,−1 and p−J 6= 0 and p0 = 0 requires that q(z) is either equal to ε1/2 or a Bäcklund

transform of q(z) = ε1/2. We therefore start by considering the special case of q(z) = ε1/2.

6.5.3 The case of q = ε1
2 .

Inserting q(z) = ε1
2

into (6.8) we obtain:

p(z) =
(α1 − α3)

ε1
−
z ε0

(
ε21 − 4z2Cε0

)
2ε21

. (6.49)
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Plugging this expression together with q(z) = ε1
2

into (6.9) we arrive at the equation :

0 = 2ε1(α2
1 − α2

3) + z ε0ε
2
1 (1− α1 − 2α2 − α3) + z1+2Cε0ε0 (−4− 8C + 4α1 + 4α3) . (6.50)

When studying expression (6.50) we need to consider separately the three cases of the

parameter C taking values C = 0 or C = −1/2 or the remaining case of C 6= 0, C 6= −1/2.

Solving for α1, α2, α3 for all three cases we obtain (for ε0 6= 0, ε1 6= 0) :

C = 0 : α3 = −α1, α2 =
1

2
− 2ε0

ε21
or α1 = α3, α2 = −(−1 + 2α3) (ε21 − 4ε0)

2ε21
(6.51)

C = −1

2
: α3 = −α1, α2 =

1

2
or α3 = α1 +

2ε0ε0
ε1

, α2 =
1

2
− α1 −

ε0ε0
ε1

(6.52)

C = other : α1 =
1

2
+ C, α2 = −C, α3 =

1

2
+ C. (6.53)

We notice that all of the above cases with α3 = α1 will have a common solution :

p(z) =
2z1+2Cε0ε0

ε21
− zε0

2
, (6.54)

with p(z) derived from eq. (6.49).

For α1 = −α3 6= 0 we obtain

p(z) =
2α1

ε1
−
z ε0

(
ε21 − 4z2Cε0

)
2ε21

, C = 0,−1/2 . (6.55)

We notice that for the special case of α1 = 0 the above equation agrees with the formula (6.54).

Finally for α3 = α1 + 2ε0ε0/ε1 and C = −1/2 we obtain p = −zε0/2.

We note that this class of solutions also includes expressions for rational functions q(z)

obtained from acting on q = ε1/2 by Bäcklund transformations s0 and s2. For example for

C = −1 we obtain multiplet of solutions by first substituting C = −1 into α1 = 1
2

+ C, α2 =

−C, α3 = 1
2

+ C and then acting on q = ε1/2 by s2, s0, s0s2 = s2s0, obtaining respectively :

αC=−1 ≡(α1 = α3 = −1

2
, α2 = 1), q0(z) ≡ε1

2

s2(αC=−1) =(α1 = α3 =
1

2
, α2 = −1), s2(q0)(z) =

ε1 (−4zε1 + z2ε0ε
2
1 − 4ε0ε0)

2ε0 (z2ε21 − 4ε0)

s0(αC=−1) =(α1 = α3 =
1

2
, α2 = 1), s0(q0)(z) =

4zε21 + z2ε0ε
3
1 + 4ε0ε1ε0

2z2ε0ε21 + 8ε0ε0

s0s2(αC=−1) =(α1 = α3 =
3

2
, α2 = −1), s0s2(q0)(z) =

ε1 (−32zε1ε0 + ε0 (z4ε41 − 16ε20))

2ε0 (z4ε41 − 16ε20)
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The above solutions share the same p(z):

p(z) = ε0

(
−z

2
+

2ε0
zε21

)
and form a class of one-parameter solutions with a free parameter η0.

6.5.4 A class of two-parameter solutions

Starting with an the ansatz :

p(z) = p0 + p1z . (6.56)

(with the term pJz
−J in (6.48) removed) gives rise to a wider class of rational solutions for q(z).

We will describe here a class of 2-parameter solutions corresponding to the ansatz (6.56) that

exists for special values of C = ±1/2, 0,−1.

Plugging expression (6.56) into equations (6.8) and (6.9) yields

q(z) =
1

2

(
ε1 +

−p1z + p(z)(α1 + α3)− α2ε0z

p(z)(p(z) + ε0z)

)
. (6.57)

Note that the Riccati cases of p(z) = 0 and p(z) = −ε0z, that were already discussed separately,

lead to divergences in the above expression for q(z) and therefore can not be obtained by this

method.

Below we obtain closed expressions for special values of C = −1, 0,+1/2.

For C = −1/2 as expected the case reduces to the standard Painlevé V system since the

term η0ε0z
1+2C becomes a constant and the epsilon terms can be absorbed by redefinition of

α1, α3 : α1 → α1 + η0ε0
ε1
, α3 → α3 − η0ε0

ε1
. After this redefinition the solution (6.52) describes

the two configurations with a common q = ε1/2 and αi’s given by α1 = −α3, α2 = 1/2 and

α1 = α3, α2 = 1/2 − α1. In [29] the Bäcklund transformations si, i = 0, 1, 2, 3 were used to

obtain from this solution the rational solutions other than the solutions to the Riccati equations.

C=0

Plugging the ansatz (6.56) and expression (6.57) into equations (6.8) and (6.9) we find that for

C = 0 there are only two allowed values for p0:

p0 = 0 or p0 =
α1 − α3

ε1
, (6.58)

while the allowed values for p1 are

p1 = 0 or p1 = −ε0 or p1 =
1

2
ε0

(
4ε0
ε21
− 1

)
. (6.59)
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Given that the π2 symmetry (6.35) transforms solutions with p0 = 0, p1 = −ε0 and p0 = 0, p1 =

0 into each other we will only need to describe two of the three cases shown in (6.59) for p0 = 0.

Discarding those solutions that are connected with divergences in (6.57) (i.e. Riccati solutions

with p0 = p1 = 0 or p0 = 0, p1 = −ε0) leaves us with a number of solutions that can be

parametrized by one or two variables.

There are two choices for the value of p0 according to equation (6.58). Considering the only

remaining case of p0 = 0 and p1 6= 0,−ε0 from equation (6.59) we obtain two possible solutions:

p0 = 0, p1 =
1

2
ε0

(
4ε0
ε21
− 1

)
, α1 = α3

α2 = −(2α3 − 1) (ε21 − 4ε0)

2ε21
, q(z) =

ε1
2

(6.60)

and

p0 = 0, p1 =
1

2
ε0

(
4ε0
ε21
− 1

)
, α1 = α3

α2 =
(2α3 − 1) (ε21 − 4η0)

8η0

, q(z) = ε1
(2α3 − 1)ε1 + 2zε0η0

4zε0η0

, (6.61)

with η0 and α3 selected as two free parameters.

For p0 = (α1 − α3)/ε1 6= 0 we find a class of solutions with

α2 = ±(ε21 − 4η0)

2ε21
. (6.62)

This class of solutions is defined by values of the sum α1 + α3 with four possibilities :

α1 + α3 = 1± 4η0

ε21
, α1 + α3 = 1∓ 1 .

The plus/minus signs in the above equation are correlated with the plus/minus signs in expres-

sion (6.62) for α2.

We first present solutions for the cases α1 + α3 = 1± 4η0/ε
2
1 :

p1 =
1

2
ε0

(
4ε0
ε21
− 1

)
, α2 = ±(ε21 − 4η0)

2ε21
,

α1 = −α3 + 1± 4η0

ε21
, p0 = −∓4η0 + ε21(2α3 − 1)

ε31

q(z) =
ε1
2

ε0ε1z(ε21 ± 4η0) + 4ε21(±1∓ α3) + 16η0

ε0ε1z(ε21 ± 4η0) + 2ε21(±1∓ 2α3) + 8η0

. (6.63)
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Solutions for the remaining cases of α1 + α3 = 1± 1 are given by

p1 =
1

2
ε0

(
4ε0
ε21
− 1

)
, α2 = ±(ε21 − 4η0)

2ε21
,

α1 = −α3 + 1∓ 1,

q−(z) =
ε1(z2ε20(−16η2

0 + ε41)− 16ε21ε0zp0η0 − 4ε41p
2
0 − 8ε31p0)

2(zε0ε21 − 4ε0zη0 − 2ε21p0)(zε0ε21 + 4ε0zη0 + 2ε21p0)

q+(z) =
ε1
2
, (6.64)

with the condition p0 = (α1−α3)/ε1 being satisfied. Note that limz→∞ q = ε1/2 for all the above

results in (6.60), (6.61), (6.63) and (6.64) in agreement with one of the results of Subsection

6.5.1.

For p1 = 0, p0 6= 0 there is a one-parameter class of solutions with |α2| = 1:

α1 − α3 = p0ε1, α1 + α3 = 1, α2 = ±1 ,

for which we obtain:

p0 = X, q(z) =
ε0ε1zX(ε21 − 4η0) +X(ε21 − 4η0)∓ ε0z(ε21 − 4η0) + ε1

2(zε0X(ε21 − 4η0) + 1)
, (6.65)

where X is a root of equation

X2(ε21 − 4η0)− 1 = 0 .

Furthermore there is also a two-parameter solution with p1 = 0 and p0 = (α1 − α3)/ε1 6= 0 for

which α2 and α3 are determined in terms of α1, η0 from conditions:

α2 = X
α1 − α3

ε1

0 = X
(
α1 − α3 + α2

3 − α2
1

)
/ε1 + α1 + α3 − α2

3 − α2
1 + 2η0 (α1 − α3)2 /ε21 ,

where again X is a root of equation X2(ε21 − 4η0) − 1 = 0. Corresponding expressions for

solutions q(z) are

q(z) = ε1 (ε0z(ε1 −X) + 2α1)
(
−ε21 + 2η0 +Xε1

)
D−1 , (6.66)

where the denominator D is given by

D = 2ε1α1(−ε1 +X)−Xε1 + ε21 ±
√

2
√
−ε21(−ε21 + 2η0 +Xε1)

− 2ε0ε1z(ε21 − 2η0 + ε1X) .
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Limits for z →∞ for q(z) given in (6.65) and (6.66) are ε1/2 +X/2, in agreement with Kitaev

et al type of expressions from Subsection 6.5.1.

There is also a constant solution with p1 = 0 with p0 and η0 being parameters:

α3 = Y p0, α1 = Y p0 + ε1p0, α2 = −p0(−2Y − ε1 + (ε21 − 4η0)p0)

−1 + 2Y p0 + ε1p0

,

q(z) =
ε1(−1 + ε1p0) + ε21p0 − Y − 2η0p0

−1 + 2Y p0 + ε1p0

,

where Y is a root of equation Y 2 + η0 + ε1Y = 0.

C=-1

Plugging the ansatz (6.56) and expression (6.57) into equations (6.8) and (6.9) we obtain for

C = −1 that p0 = 0 and p1 must take one of the following values:

p1 = 0, or p1 = −ε0, or p1 = −ε0/2 .

The first two solutions correspond to singularities in (6.57) that are connected with Riccati

cases.

We will now focus on the remaining case of p0 = 0 and p1 = −ε0/2 for η0 6= 0 that implies

a relation:

α1 = α3 .

Plugging p(z) = −ε0 z/2 and α1 = α3 into the underlying equations we arrive at a single

two-parameter solution :

q(z) =
1

2

zε1(2α3 − 1) + 2η0ε0
z(2α3 − 1)

, (6.67)

in terms of two parameters α3, η0 and with

α2 =
− (1− 2α3) 2 + ε20ε0

2(2α3 − 1)
.

C=1/2

For C = 1/2 (J = −2) we find a generalization of formula (6.53) to values of α2 other than

α2 = −1/2 required by (6.53). This generalized solution is based on p(z) given by:

p(z) = p0 + p1z + p2z
2 = −ε

2
1ε0(4α2

2 − 1)

32η0

− ε0
2
z +

2ε0ε0
ε21

z2 , (6.68)

that for α2 = ±1/2 coincides with the formula (6.54).
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The two solutions corresponding to (6.68) when parametrized by α2 and η0 will have two

possible choices for the parameter α1 and the corresponding solutions q(z):

α1 =
32η0 + ε31ε0(1− 4α2

2)

64η0

q(z) =
ε1(64z2ε0η

2
0 − 32zη0ε0ε

2
1α2 − 32η0ε1 + 4ε0ε

4
1α

2
2 − ε0ε41)

2ε0(8zη0 − 2ε21α2 − ε21)(8zη0 − 2ε21α2 + ε21)
,

(6.69)

and

α1 =
32η0(1− 2α2) + ε31ε0(1− 4α2

2)

64η0

q(z) =
ε1(64z2ε0η

2
0 − 32η0ε1(1 + 2α2)− 4ε0ε

4
1α2(1 + α2)− ε0ε41)

2ε0(8zη0 − 2ε21α2 − ε21)(8zη0 + 2ε21α2 + ε21)
,

(6.70)

with α3 such that α3 = α1 − p0ε1 with p0 from eq.(6.68).

6.5.5 Solutions with two non-zero deformation parameters η0, η1

In this case the mixed Painlevé PIII−V equations have only invariance under the automorphism

π from (6.15). The ansatz p(z) = p0 + p1z leads to rational solutions for q(z) even when both

deformation parameters are present. In this case we encounter three-parameter solutions for

two values of C parameter: C = 0 and C = −1.

The case of C=0

For C = 0 the only solution with q(z) = ε1/2 present in this case is conveniently expressed in

terms of p1, α1, α3 as follows:

p0 =
α1 − α3

ε1
, α2 =

p1(α1 + α3 − 1)

ε0

η0 =
ε21(ε0 + 2p1)

4ε0
, η1 =

α2
1 − α2

3

ε21
.

The case of C=-1

For C = −1 there are three solutions, each with p0 = 0, and each expressed by three-parameters

here chosen to α1, α2, α3. First there is a solution with α1 6= α3:

q(z) =
(α3 + α1 + 2α2 − 1)(α1 + α3) + ε0zε1α1

ε0z(α3 + α1)
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and

p0 = 0, p1 = −ε0/2

η0 =
(α1 + α3 − 1)(α1 + 2α2 + α3 − 1)

ε20
, η1 =

(α1 − α3)ε20
4(α1 + α3)

.

The two remaining solutions are given in terms η0, α1, α3 and map into each other under the

substitution α1 ↔ α3, η1 → −η1. We give expressions for one of the solutions:

p0 = 0, p1 =
−η0ε

2
0 + α1α3 − α1

2η0ε0

α2 =
(−η0ε

2
0 + α1α3 − α1)(−η0ε

2
0 − 2α3 + 1 + α2

3)

2η0ε20(α3 − 1)

η1 =
(−η0ε

2
0 + α1α3 − α1)(η0ε

2
0 + α1α3 − α1)

4η2
0ε

2
0

and with

q(z) =
ε0η0

z(α3 − 1)
.

For the other solution obtained by substitution α1 ↔ α3, η1 → −η1 applied on p1, α2, η1 it holds

that

q(z) =
ε0η0

z(α1 − 1)
+ ε1 .

6.6 Concluding remarks

Most of this chapter is focused on a search for rational solutions in the setting of PIII−V model

with one non-zero deformation parameter that could be chosen to be η0 without any loss of

generality. Given a different symmetry of the underlying model for the non-zero η0 as compared

with the symmetry of PV equation one would expect that the structure of rational solutions

of the model would be vastly different from those obtained for the zero value of η0. This

is confirmed by results of this chapter. Dependence of solutions on two (and even, in some

cases, three) independent parameters is clearly a feature that can be directly related to richer

parameter space of the underlying equation.
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Appendix A

List of Painlevé and Ince’s equations

The Painlevé equations are:

PI : w′′ = 6w2 + z (P1)

PII : w′′ = 2w3 + zw + α (P2)

PIII : w′′ =
(w′)2

w
− w′

z
+

1

z
(αw2 + β) + γw3 +

δ

w
(P3)

PIV : w′′ =
(w′)2

2w
+

3

2
w3 + 4zw2 + 2(z2 − α)w +

β

w
(P4)

PV : w′′ =
3w − 1

2w(w − 1)
(w′)2 − w′

z
+

1

z2
(w − 1)2

(
αw +

β

w

)
+
γw

z
+
δw(w + 1)

w − 1
(P5)

PV I : w′′ =
1

2

(
1

w
+

1

w − 1
+

1

w − z

)
(w′)2 −

(
1

z
+

1

z − 1
+

1

w − z

)
w′

+
w(w − 1)(w − z)

w2(z − 1)2

(
α +

βz

w2
+
γ(z − 1)

(w − 1)2
+
δw(w − 1)

(w − z)2

)
(P6)

Where α, β, γ, δ ∈ C are parameters.
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Here is the list of important Ince’s equations for chapter (3), in numerical order:

I1 : w′′ = 0 (A.1)

I2 : w′′ = 6w2 (A.2)

I3 : w′′ = 6w2 +
1

2
(A.3)

I7 : w′′ = 2w3 (A.4)

I8 : w′′ = 2w3 + aw + b (A.5)

I11 : w′′ =
w′2

w
(A.6)

I12 : w′′ =
(w′)2

w
+ aw3 + bw2 + c+

d

w
(A.7)

I29 : w′′ =
w′2

2w
+

3w3

2
(A.8)

I30 : w′′ =
3w3

2
+

(w′)2

2w
+ 4aw2 + 2bw +

c

w
(A.9)

I32 : w′′ =
w′2 − 1

2w
(A.10)

I37 : w′′ =

(
1

2w
+

1

w − 1

)
w′2 − w′

z
(A.11)

I38 : w′′ =

(
1

2w
+

1

w − 1

)
(w′)

2
+ (w − 1)w

(
a(w − 1) +

b(w − 1)

w2
+

c

w − 1
+

d

(w − 1)2

)
(A.12)

I49 : w′′ =
1

2

(
1

w − a
+

1

w
+

1

w − 1

)
(w′)

2
+ w(w − 1)(w − a)

(
b+

c

w2
+

d

(w − 1)2
+

e

(w − a)2

)
(A.13)

where a, b, c, d, e ∈ C are parameters.
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Appendix B

On a “Quasi” Integrable Discrete

Ibragimov-Shabat Equation

The Ibragimov-Shabat equation* was first introduced by the ones that have given its name,

[30], and has the form:

ut = uxxx + 3uxxu
2 + 9u2

xu+ 3uxu
4. (B.1)

It was originally proposed that such equation was integrable due to infinite conserved quan-

tities, and later it was discovered that it is, in fact, linearizable.

One is able to map the linear PDE

vt = vxxx (B.2)

to the Ibragimov-Shabat equation by the transformation [14]:

v(x, t) = u(x, t) exp

(∫ x

−∞
u(x′, t)2dx′

)
. (B.3)

The inverse of the transformation above is given by:

u(x, t) =
v(x, t)(

1 + 2
∫ x
−∞ v(x′, t)2dx′

)1/2
(B.4)

Once we have the explicit transformations (B.3) and (B.4), we have a one-to-one correspon-

dence between solutions u of (B.1) and v of (B.2), so the problem is linearizable and thus,

integrable.

As this model is incredibly similar to the one described by ref. [1], we follow their scheme

of discretization.

*This appendix is based on the authors’ work of same name presented in the SIDE13 conference (Symmetries
and Integrability of Discrete Equations) of 2018 in Fukuoka, Japan
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First we discretize (B.2) on the spatial coordinates:

∂vn(t)

∂t
=
vn+3 − 3vn+2 + 3vn+1 − vn

ε3
(B.5)

Now, motivated by the transformation (B.3) being the same as in ref. [1], we make use of

its discretized version by the point transformation:

vn = une
Sn , Sn = ε

n∑
−∞

u2
j , (B.6)

which, when applied on (B.5), becomes:

un,t + Sn,tun =
1

ε3

(
eεu

2
n+1+εu2n+1+εu2n+3un+3 − 3eεu

2
n+1+εu2n+2un+2 + 3eεu

2
n+1un+1 − un

)
. (B.7)

Such equation in fact reproduced correctly (B.1) in the continuum limit of n → ∞, ε → 0

with nε = x finite. Explicitly:

un → u (B.8)

un±1 → u± εux +
ε2

2
uxx ± ... (B.9)

Sn = ε
n∑
−∞

u2
j →

∫ x

−∞
u(x′, t)2dx′ (B.10)

which, when plugged into (B.7), gives at O(ε3)

ut + u∂t

∫ x

−∞
u(x′, t)2dx′ = u7 + 9u4ux + 8uu2

x + 5u2uxx + uxxx (B.11)

This is exactly the same expression that appears if one naively replaced the transformation

(B.3) into the linear equation (B.2), therefore the discretization method was successful.

Now, we shall show the point transformation (B.6) is equivalent to the transformation (B.3)

in the continuum limit, and then obtain a recursive relation fo our discrete problem.

From (B.6), we divide vn by vn−1:

vn
vn−1

=
un
un−1

exp
(
εu2

n

)
(B.12)

Expanding the above according to the continuum limits we get:

v

v
(
1− εvx

v
+ . . .

) =
u (1 + εu2 + . . .)

u
(
1− εux

u
+ . . .

) (B.13)
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Up to order O(ε):
vx
v

=
ux
u

+ u2 → ∂

∂x
ln
v

u
= u2 (B.14)

Which is the same as (B.3):

v(x, t) = u(x, t) exp

(∫ x

−∞
u(x′, t)2dx′

)
.

From (B.12) we are able to define the recursion relation:

un−1 = λune
εu2n , λ ≡ vn−1

vn
(B.15)

One is able to verify as a discrete solution:

vn(t) = rn exp

((
−1 + ekr

)3

ε3
t+ kn

)
(B.16)

and then verify its phenomenological behavior.

(a) Continuous soliton of first kind (b) Discrete soliton of first kind
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(a) Continuous soliton of second kind (b) Discrete soliton of second kind

(a) Continuous soliton of third kind (b) Discrete soliton of third kind
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Appendix C

Basic facts about sl(N) algebra

Since sl(N) Lie algebra is isomorphic to the algebra of trace-less N × N matrices, we find

it convenient to work with a matrix representation of sl(N) with basic matrices being unit

upper diagonal matrices Eαa , Eαa+αa+1 , . . ., Eαa+...+αb , a, b = 1, . . ., N − 1 defined by their non-

vanishing unit matrix elements :

(Eαa)ij = δi,aδj,a+1,
(
Eαa+αa+1

)
ij

= δi,aδj,a+2, . . ., (Eαa+...+αb)ij = δi,aδj,b+1 (C.1)

and their corresponding lower diagonal conjugated matrices E−αa = E†αa etc, with i, j =

1, . . ., N . The so-called Cartan subalgebra of G is generated by trace-less combinations of

the N ×N diagonal matrices hαa = hea − hea+1 , a = 1, . . ., N − 1 with :

(hea)ij = δi,aδj,a .

It is often convenient to relate the eigenvalues of Cartan subalgebra matrices hαa obtained

when acting on Eαa matrices to N − 1 simple roots of sl(N). This is facilitated by introducing

N vectors ea obtained as follows. Let {ê1, . . ., êN} be an orthonormal basis in RN . Define N

vectors

ei = êi −
1

N

N∑
j=1

êj,

that by definition satisfy
N∑
j=1

ej = 0

and have inner product

〈ei, ej〉 = δij −
1

N
. (C.2)

Define now N − 1 simple roots of sl(N) as

αi = ei − ei+1, i = 1, . . ., N − 1 (C.3)
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Due to the inner product (C.2) we obtain the (N − 1)× (N − 1) Cartan matrix Kij :

Kij = 〈αi, αj〉 =


2 i = j

−1 i = j ± 1

0 otherwise

(C.4)

for products of simple roots defined in (C.3).

For fundamental weights defined as

Λi =
i∑

j=1

ej, i = 1, . . ., N − 1 (C.5)

it holds that

〈Λi, αj〉 = δij .

The Cartan matrix transforms the basis given in term of fundamental weights to the basis given

in terms of roots according to:

N−1∑
j=1

KijΛ
j = ei − ei+1 = αi

The Weyl group of sl(N) is a permutation of N vectors ei.

We are interested in generalizing the above structure to the loop algebra ŝl(N) spanned by

λnE±(αa+...+αb), λ
nhαa on which we define the principal gradation operator:

Q = Nλ
d

dλ
+HΛ (C.6)

where

Λ =
N−1∑
i=1

Λi

and HΛ acts by an adjoin action. One proves that:

Λ = (N − 1)e1 + (N − 2)e2 + . . .+ eN−1

This gives for N = 3, 4, 5

N = 3 : Λ1 + Λ2 = 2e1 + e2 = α1 + α2

N = 4 : Λ1 + Λ2 + Λ3 = 3e1 + 2e2 + e3 = 3α1 + 4α2 + 3α3

N = 5 : Λ1 + Λ2 + Λ3 + Λ4 = 4e1 + 3e2 + 2e3 + e4

= 2α1 + 3α2 + 3α3 + 2α4
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The above expression allows an alternative simple expression for Q as:

= Nλ
d

dλ
+ (N − 1)he1 + (N − 2)he2 + . . .+ (N − i)hei + . . .+ heN−1

, (C.7)

with

QN=3 = 3λ
d

dλ
+ hα1 + hα2 , QN=4 = 4λ

d

dλ
+ 3hα1 + 4hα2 + 3hα3 ,

etc. One fundamental feature that is of great relevance for the formalism we present is the fact

that loop algebra ŝl(N) decomposes into different grade sectors according to their eigenvalues

under Q:

ŝl(N) = ⊕i ŝli(N), [Q, ŝli(N)] = i ŝli(N) . (C.8)

This property provides foundation for the zero-curvature approach of section 2.1 used to deter-

mine flows of an integrable hierarchy.
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Appendix D

From periodic dressing chain to

Painlevé equations

In this notation and with αi = βi + 1
2
, such that

∑N
i=1 αi = N/2, equations (2.14) simplify to:

(ji + ji+1)z = − (ji − ji+1) (ji + ji+1) + αi, i = 1, . . ., N (D.1)

to which we refer as the dressing chain equation.

Define now

fi = ji + ji+1 (D.2)

then (D.1) becomes in this new notation:

f ′i = fi (ji+1 − ji) + αi (D.3)

We want to express such an equation without the ji’s, the way to do this is to remember

the cyclicity described above and expand the ji with fi by replacing ji−1 = fi−2 − ji−2 and

ji+2 = fi+2 − ji+3 etc. It turns out that the cases for odd and even N are different.

N odd

By keeping the idea of the expansion of ji in terms of fi described above, one realizes that

for 2k + 1 = N , we have:

ji+1 − ji =
k∑
r=1

fi+2r−1 −
k∑
r=1

fn+2r. (D.4)

By inserting this relation in (D.3), we end up with

f ′i = fi

(
k∑
r=1

fi+2r−1 −
k∑
r=1

fi+2r

)
+ αi (D.5)
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From condition (2.16) we derive

N∑
i=1

fi = 2
N∑
i=1

ji =
N

2
z (D.6)

Thus we have shown that dressing equation gives A
(1)
2k = A

(1)
N−1 Painlevé equations for N odd

with
∑N

i=1 fi = Nz/2 and
∑N

i=1 αi = N/2.

N even : N = 2n

The general dressing chain equation can be written as:

g′i =
gi
2

(gi − 2ji+1)− 1

2
(βi + 2) (D.7)

Now with relation
N∑
i=1

ji = j1 + j2 + j3 + . . .+ jN = −N
2
z = −nz (D.8)

Other useful relation now can be cast as

n∑
r=1

gi+2r = −nz (D.9)

Periodicity now is given as

ji+2n = ji, gi+2n = gi

Our wish is to eliminate ji+1, so by the same method as before we sum the derivatives:

n∑
r=1

g′i+2r = −n =
n∑
r=1

g2
i+2r

2
−

n∑
r=1

gi+2rji+2r+1 −
n∑
r=1

(
βi+2r

2
+ 1

)
(D.10)

The squared terms can be eliminated by the relation

gi =
n∑
s=1

gi+2s±1 −
n−1∑
s=1

gi+2s

yielding:

n∑
r=1

βi+2r

2
=

n∑
r=1

gi+2r

2

(
n∑
s=1

gi+2r+2s±1 −
n−1∑
s=1

gi+2r+2s

)
−

n∑
r=1

gi+2rji+2r+1 (D.11)

Since our wish is to eliminate ji+1 = ji+2n+1 we must expand the other ji’s until they reach

ji+1.
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The formula for that is found to be

ji+1+2r − ji+1 =
n−1∑
s=r

gi+2s+1 −
n−1∑
s=r

gi+2s+2 (D.12)

To understand it a bit better one should see that we always start the expansion with the g with

the same index as j, ji+1+2r = gi+2r+1 − gi+2r+2... until we reach +gi+2n−1 − gi+2n.

So we will have:

n∑
r=1

βi+2r

2
=

n∑
r=1

gi+2r

2

(
n∑
s=1

gi+2r+2s±1 −
n−1∑
s=1

gi+2r+2s

)
−

n−1∑
r=1

gi+2rji+2r+1 − gi+2nji+1 (D.13)

n∑
r=1

βi+2r

2
=

n∑
r=1

gi+2r

2

(
n∑
s=1

gi+2r+2s±1 −
n−1∑
s=1

gi+2r+2s

)
−

n−1∑
r=1

gi+2r(ji+2r+1 − ji+1)− ji+1

n∑
r=1

gi+2r

(D.14)

n∑
r=1

βi+2r

2
=

n∑
r=1

gi+2r

2

(
n∑
s=1

gi+2r+2s±1 −
n−1∑
s=1

gi+2r+2s

)
−

n−1∑
r=1

gi+2r

(
n−1∑
s=r

gi+2s+1 −
n−1∑
s=r

gi+2s+2

)
+ ji+1nz

(D.15)

Since we know beforehand that we want to cancel a nzgi factor that will appear on (D.7),

I extract it already by knowing that
∑n

s=1 gi+2r+2s±1 = −nz:

−ji+1nz +
n∑
r=1

βi+2r

2
=
gi
2

(−nz) +

AO︷ ︸︸ ︷
n−1∑
r=1

gi+2r

2

(
n∑
s=1

gi+2r+2s±1

)
−

BO︷ ︸︸ ︷
n∑
r=1

gi+2r

2

(
n−1∑
s=1

gi+2r+2s

)

−
n−1∑
r=1

gi+2r

(
n−1∑
s=r

gi+2s+1

)
︸ ︷︷ ︸

CO

+
n−1∑
r=1

gi+2r

(
n−1∑
s=r

gi+2s+2

)
︸ ︷︷ ︸

DO

(D.16)

Now we need some manipulation.

First, we want to prove that DO− BO = 0 ( DO = BO), so we identify DO:

DO =
n−1∑
r=1

gi+2r

(
n−1∑
s=r

gi+2s+2

)
(D.17a)

=
n−1∑
r=1

gi+2r

(
n−r∑
s=1

gi+2r+2s

)
(D.17b)

We can also see that
∑n

r=1

∑n−1
s=1 gi+2r+2s from BO goes beyond gi+2n, while

∑n−1
r=1

∑n−r
s=1 gi+2r+2s

from DO never does.
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This lead us to separate BO into a part with indexes up to i + 2n, plus a part where the

indexes go beyond i+ 2n:

BO =
n∑
r=1

gi+2r

2

(
n−1∑
s=1

gi+2r+2s

)
(D.18a)

=
n−1∑
r=1

gi+2r

2

(
n−r∑
s=1

gi+2r+2s

)
+

n∑
r=2

gi+2r

2

(
n−1∑

s=n−r+1

gi+2r+2s

)
(D.18b)

=
DO

2
+

1

2

n∑
r=2

gi+2r

(
r−1∑
s=1

gi+2s

)
(D.18c)

=
DO

2
+

n∑
r=2

r−1∑
s=1

gi+2sgi+2r (D.18d)

=
DO

2
+

n−1∑
s=1

gi+2s

(
n∑

r=s+1

gi+2r

)
(D.18e)

=
DO

2
+

n−1∑
s=1

gi+2s

(
n−s∑
r=1

gi+2r+2s

)
(D.18f)

=
DO

2
+

DO

2
= DO (D.18g)

Secondly, the summations AO− CO will combine yielding a different final form:

AO− CO =
n−1∑
r=1

gi+2r

2

(
n∑
s=1

gi+2r+2s±1

)
−

n−1∑
r=1

gi+2r

(
n−1∑
s=r

gi+2s+1

)
(D.19a)

=
n−1∑
r=1

gi+2r

2

(
n−r∑
s=1

gi+2r+2s−1

)
+

n−1∑
r=1

gi+2r

2

(
n∑

s=n−r+1

gi+2r+2s−1

)
−

n−1∑
r=1

gi+2r

(
n−1∑
s=r

gi+2s+1

)
(D.19b)

=
n−1∑
r=1

gi+2r

2

(
n−1∑
s=r

gi+2s+1

)
+

n−1∑
r=1

gi+2r

2

(
r∑
s=1

gi+2s−1

)
−

n−1∑
r=1

gi+2r

(
n−1∑
s=r

gi+2s+1

)
(D.19c)

=
1

2

(
n−1∑
r=1

r∑
s=1

gi+2s−1gi+2r −
n−1∑
r=1

gi+2r

(
n−1∑
s=r

gi+2s+1

))
(D.19d)

=
1

2

(
n−1∑
s=1

gi+2s−1

(
n−1∑
r=s

gi+2r

)
−

n−1∑
r=1

gi+2r

(
n−1∑
s=r

gi+2s+1

))
(D.19e)

=
1

2

( ∑
1≤s≤r≤n−1

gi+2s−1gi+2r −
∑

1≤r≤s≤n−1

gi+2rgi+2s+1

)
(D.19f)

It is interesting to see here that the terms the exceed the i + 2n index will give the same

terms of the non-exceeding ones with interchanged order.
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Now, by making a small adjustment of the dumb variables we have for ji+1:

− ji+1 =
1

nz

(
gi
2

(−nz) +
1

2

( ∑
1≤r≤s≤n−1

gi+2r−1gi+2s −
∑

1≤r≤s≤n−1

gi+2rgi+2s+1

)
−

n∑
r=1

βi+2r

2

)
(D.20)

Plugging it back into (D.7) yields:

nzg′i =
gi
2

(
nzgi − nzgi +

∑
1≤r≤s≤n−1

gi+2r−1gi+2s −
∑

1≤r≤s≤n−1

gi+2rgi+2s+1 −
n∑
r=1

βi+2r

)
− nz

2
(βi + 2)

(D.21)

reproducing A
(1)
2n−1 = A

(1)
N−1 Painlevé equations for even N = 2n.
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Appendix E

General method for first integrals of

autonomous Painlevé equations

As was analyzed in chapter (2), after some degeneracy process and the variable change z = ex,

we arrived at some equation of the form:

q′′ − L(q)q′2 =
∑

aiq
i (E.1)

where q = q(z) and L(q(z)) is a rational expression of q(z). Such an equation was claimed to

be solvable by Elliptic functions, here I show how to find its first integral so that one can solve

it.

The trick to deduce the necessary integrating factor (I(q; z)) is to know how one wishes

its equations to look like after the integration, in this case, we want that the left-hand-side of

(E.1) to be of the form q′(z)2X(q(z)) after integration, therefore taking a derivative of such a

term should return us to the original expression:

I(q; z)
(
q′′ − L(q)q′2

)
=∂z(q

′2X(q))

=2X(q)q′q′′ +X ′(q)q′3 (E.2)

comparing the term in front of q′′ we see that the integrating factor is

I(q, q′; z) = 2X(q)q′ (E.3)

and therefore by comparing the other term we get that it must satisfy:

− 2X(q)L(q) = X ′(q) (E.4)

here we see that by identifying L(q(z)) and solving (E.4), the integrating factor (E.3) is im-

mediate and the integration of (E.1) follows easily, since its right-hand-side is just powers of

q(z).
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As an example, let’s find the first integral of I49:

q′′ − 1

2

(
1

q − a
+

1

q
+

1

q − 1

)
(q′)

2
= q(q − 1)(q − a)

(
b+

c

q2
+

d

(q − 1)2
+

e

(q − a)2

)
(E.5)

we see that L(q) = 1
2

(
1
q−a + 1

q
+ 1

q−1

)
so by solving (E.4) we get that

X(q(z)) =
1

q(1− q)(q − a)

plugging the integration factor 2Xq′ on both sides of I49 and integrate once, we get:

q′2X(q) = 2

(
d

q − 1
+

e

q − a
− bq +

c

q

)
+K (E.6)

where K is a constant, and therefore such an equation is solvable by Jacobi Elliptic Functions.
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Appendix F

Reduction to Standard Form of Ince’s

equations

Painlevé in his early investigations found out that in order of the solutions of second-order

equations to be free from movable critical points, they should necessarily have the form:

w′′ = A(w, z)w′2 +B(w, z)w′ + C(w, z) (F.1)

where A(w, z) is has one of the following forms:

i. 0, ii.
1

w

iii.
m− 1

mw
, m− 1 ∈ N∗, iv.

1

2w
+

1

w − 1

v.
2

3

(
1

w
+

1

w − 1

)
, vi.

3

4

(
1

w
+

1

w − 1

)
vii.

2

3w
+

1

2(w − 1)
, viii.

1

2

(
1

w
+

1

w − 1
+

1

w − a

)
(F.2)

if A(w, z) does not belongs immediately to some of the groups above, one can try to adjust it

by a some of these transformations:

� If A(w, z) has 1 pole, w = a1, define W = 1
w−a1 ,

� If A(w, z) has 2 poles, w = a1, a2, define W = w−a2
w−a1 ,

� If A(w, z) has 3 or 4 poles, w = a1, a2, a3, a4, define W = a1−a3
a2−a3

w−a2
w−a1 ,

so that it should fit in the categories above.
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Appendix G

Symmetries and Hamiltonians of

autonomous Painlevé equations

The present appendix is based on [6] and here are studied the symmetries and Hamiltonians of

equations I38 and I49 :

I38 : yxx =

(
1

2y
+

1

y − 1

)
y2
x + y(y − 1)

(
A(y − 1) + By − 1

y2
+
C

y − 1
+

D
(y − 1)2

)
(G.1)

I49 : yxx =

(
1

y
+

1

y − 1
+

1

y −A

)
y2
x

2
+ y(y − 1)(y −A)

(
B +

C
y2

+
D

(y − 1)2
+

E
(y −A)2

)
(G.2)

The approach and notation used here is in the context of PIII−V model. Note that Ince’s

equation I38 (G.1) with D = 0 is equivalent to Ince’s equation I49 (G.2) with A = 1.

These two incomplete forms of (G.1) (with D = 0) or (G.2) (with A = 1) equations emerge

for two special values of the parameters :

1. ε1 = 0, J = 1 2. ε0 = 0, J = −1 (G.3)

of the PIII−V model:

zqz = q (q − ε1) (2p+ ε0z)− (α1 + α3) q + α1ε1 + η0ε0z
−J

zpz = p (p+ ε0z) (ε1 − 2q) + (α1 + α3)p− α2ε0z − η1ε1z
J+1 .

(G.4)

defined here in terms of the two first-order Hamiltonian equations. These equations depend on

a number of parameters J, η0, η1, ε0, ε1 together with αj, j = 0, 1, 2, 3 (with
∑3

j=0 αj = 1) and

can be obtained from the Hamiltonian:

zH = q (q − ε1) p (p+ ε0z)− (α1 + α3) qp+
(
α1ε1 + η0ε0z

−J) p
+
(
α2ε0z + η1ε1z

J+1
)
q .

(G.5)
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The above equations (G.4) are invariant under an automorphism π such that

π(q) = −p/z, π(p) = (q − ε1)z, π(αi) = αi+1, π(J) = −J, π(ηi) = (−1)iηi+1, i = 0, 1, (G.6)

together with π(εi) = εi+1. The automorphism π satisfies π4 = 1.

The PIII Painlevé equation

PIII : yzz = −1

z
yz +

y2
z

y
+Ay

2

z
+ Cy3 +

B
z

+
D
y

(G.7)

emerges from PIII−V model for either ε1 = 0 and J 6= 1 or ε0 = 0 and J 6= −1 and is

invariant under the extended affine Weyl group W [s0, s2, π0, π2, π
2] in the former case and by

W [s1, s3, π1, π3, π
2] in the latter case. The extended affine Weyl group W [s0, s2, π0, π2, π

2] [12]

is generated by transformations

π0(q) = −η0

q
, π0(p) =

1

η0

(
q2p+ α2q

)
(G.8)

π0(α1 + α3) = −2α2 − α1 − α3, π0(α2) = α2, π0(α0) = 2− α0

π2(q) =
η0

q
, π2(p) = − 1

η0

(
q2(p+ ε0z) + (1− α2 − α1 − α3)q

)
− ε0z (G.9)

π2(α1 + α3) = −2 + 2α2 + α1 + α3, π2(α2) = 2− α2, π2(α0) = α0

s2(q) = q +
α2

p
, s2(p) = p, (G.10)

s2(α1 + α3) = 2α2 + α1 + α3, s2(α2) = −α2,

s0(q) = q +
1− α2 − α1 − α3

p+ ε0z
s0(p) = p (G.11)

s0(α1 + α3) = 2− 2α2 − α1 − α3, s0(α2) = α2,

that satisfy relations :

s2
i = 1 = π2

i , π
2πiπ

2 = πi+2, π
2siπ

2 = si+2, i = 0, 2, (G.12)

for

π2(q) = −q, π2(p) = −p− ε0z, π2(αi) = αi+2, π
2(η0) = −η0

as well as commutativity rules:

sisi+2 = si+2si, πiπi+2 = πi+2πi, πisi+2 = πi+2si, , i = 0, 2 . (G.13)
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Relations (G.12) and (G.13) amount to the following Coxeter group relations :

(s0s2)2 = 1, (π0π2)2 = 1 , (G.14)

(π0s2)2 = 1, (π2s0)2 = 1 . (G.15)

In the setting of PIII model it is possible to realize W [s0, s2, π0, π2, π
2] symmetry as an extended

affine Weyl group C
(1)
2 [12].

Ince’s equation I12 :

I12 : yxx =
y2
x

y
+Ay3 + By2 + C +

D
y

(G.16)

as well as the incomplete I38 (with D = 0) and the incomplete I49 (with A = 1) are obtained

from PIII−V for either of two values of parameters given in (G.3). For these models the sym-

metry is still given by W [s0, s2, π0, π2, π
2] (or W [s1, s3, π1, π3, π

2]). However for parameters in

(G.3) actions of πi on αj become identical to those of si, and connection with the affine extended

Weyl group C
(1)
2 realization can no longer be established.

We will illustrate the above comments by providing a brief derivation of relevant Ince’s

equations for a first choice ε1 = 0, J = 1 of the parameters among two listed in (G.3). Defining

x = ln z, w = qz, f = p/z

we obtain from (G.4) equations:

wx = w2 (2f + ε0)− (α1 + α3 − 1)w + η0ε0 ,

fx = f (f + ε0) (−2w) + (α1 + α3 − 1)f − α2ε0 ,
(G.17)

that also can be reproduced as Hamilton equations following from a Hamiltonian :

H12 = f 2w2 + w2fε0 + (α1 + α3 − 1)fw + η0ε0f + α2ε0w . (G.18)

Eliminating f one obtains the second order equation for w :

wxx =
w2
x

w
+ w3ε20 + w2ε0(α2 − α0)− η0ε0(α0 + α2)− η2

0ε
2
0

w
,

in which we recognize equation I12 of Ince (G.16). The second order equation for f written in

terms of y such that

f = − ε0y

y − 1

leads to Ince’s equation I38 (G.1) with A = α2
0/2, B = −α2

2/2, C = −2η0ε
2
0 and D = 0 and thus

the equation obtained in this limit is only an incomplete version of I38 equation (G.1).
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We now turn our attention to the remaining case listed in (G.3): ε0 = 0 and J = −1.

Inserting these values directly in (G.4) with ε0 = 0 yields (for x = ln z)

qx = q (q − ε1) 2p− (α1 + α3) q + α1ε1

px = p2 (ε1 − 2q) + (α1 + α3)p− η1ε1

Let us set q = w, p = f and note that the Hamiltonian that reproduces the above equations is:

H̄12 = f 2w2 − wf 2ε1 − (α1 + α3)fw + η1ε1w + α1ε1f , (G.19)

(note that the major difference from H12 in (G.18) is the term wf 2 instead for w2f .)

For the quantity f = p we find from the above equations a second order equation:

fxx =
f 2
x

f
+ f 3ε21 + f 2ε1(−α1 + α3) + η1ε1(α1 + α3)− η2

1ε
2
1

f
,

in which we again recognize the XII-th equation of Ince (G.16). Furthermore we derive:

wxx =
w2
x

2

(
1

w
+

1

w − ε1

)
− 2ε1η1w

2 + α2
1ε1

+
2ε21η1w

2

w − ε1
− wε1

α2
1 + α2

3 + 4ε21η1

2(w − ε1)
+

ε31α
2
1

2(w − ε1)
.

Defining y in terms of w as

y =
w

w − ε1
or w =

ε1y

y − 1
,

we obtain a special incomplete case of Ince’s equation XLIX (G.2) with the parameters A =

1,B = α2
3/2, C = −α2

1/2 and D + E = 2ε21η1.

G.1 Completing Hamiltonian (G.18) to obtain Ince’s eq.

38

To obtain a Hamiltonian that would reproduce a complete equation I38 we symmetrize Hamilto-

nian structures H12 from (G.18) and H̄12 from (G.19) by adding a term wf 2 to the Hamiltonian

H12 :

H38 = f 2w2 + αw2f + κwf 2 + βfw + γf + δw , (G.20)

where we also replaced ε0 by α, −(α1 + α3 − 1) by β, η0ε0 by γ and α2ε0 by δ to have a more

general expression. The corresponding Hamilton equations are

wx = 2w2f + αw2 + βw + 2κwf + γ ,

fx = −2wf 2 − 2αwf − βf − δ − κf 2 .
(G.21)
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Taking a second derivative of the first equation in (G.21) and eliminating f one obtains a

second-order differential equation for w which agrees with I38 in (G.1) with the parameters:

A =
1

2κ2
(α2κ4 + β2κ2 − 2ακ3β + 2ακ2γ + γ2 − 2βκγ), B = − γ2

2κ2

C =
κ

2
(−4δ + 2αβ − 3α2κ), D = −κ2α2 ,

when using the variable y :

y =
w

w + κ
.

Similarly obtaining a second-order differential equation for f from (G.21) and defining y through

f = −αy/(y − 1) will also yield equation (G.1). Due to the fact that addition of κwf 2 term

rendered the system (G.20) explicitly symmetric in w, f the Hamilton equations (G.21) are

invariant under w, f rotation here referred to as an R operation :

R(w) = −f, R(f) = −w, R(κ) = −α, R(α) = −κ
R(γ) = −δ R(δ) = −γ,R(β) = β,R(x) = −x .

(G.22)

Obviously R2 = 1. Also the Hamilton equations (G.21) are invariant under

π2(w) = −w, π2(f) = −f − α, π2(α) = α, π2(β) = β − 2κα,

π2(γ) = −γ, π2(κ) = −κ, π2(δ) = −δ + αβ − κα2 ,
(G.23)

which also squares to 1. In addition the model is also invariant under modified transformations

(G.11) and (G.10):

s2(w) = w +
δ

αf
, s2(f) = f, s2(α) = α, s2(κ) = κ

s2(β) = β − 2
δ

α
, s2(γ) = γ − κδ

α
, s2(δ) = −δ

(G.24)

and

s0(w) = w +
β − δ/α− κα

f + α
, s0(f) = f, s0(α) = α, s0(κ) = κ

s0(β) = −β + 2
δ

α
+ 2κα, s0(γ) = γ − κ(β − δ

α
− κα), s0(δ) = δ

(G.25)

connected to each other via s0 = π2s2π
2 and both being a symmetries of the Hamilton equations

(G.21).

We can also define transformations

S2 = Rs2R, S0 = Rs0R,
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with an explicit action for S0 and S2 being :

S2(w) = w, S2(f) = f +
γ

wκ
, S2(β) = β − 2γ/κ,

S2(δ) = δ − γα/κ, S2(γ) = −γ, S2(α) = α,
(G.26)

S0(w) = w, S0(f) = f +
(β − γ

κ
− κα)

w + κ

S0(β) = −β + 2γ/κ+ 2κα, S0(κ) = κ

S0(δ) = δ − α(β − γ

κ
− κα), S0(γ) = γ, S0(α) = α ,

(G.27)

with both transformations keeping the Hamilton equations (G.21) invariant. We note that w

remains invariant under actions of S0,S2 while f remains invariant under actions of s0, s2.

In conclusion addition of an additional cubic term to Hamilton structures (G.18) or (G.19)

associated with I12 yields a Hamilton structure (G.20) of I38 with a symmetry group no longer

involving the automorphisms πi, i = 0, 2. The manifest symmetry between f and w variables

gives raise to a new w − f rotation R.

G.2 Hamiltonian for Ince’s I49 and its symmetries

We will here derive Ince’s equation I49 (G.2) from the Hamilton function :

H49 = kf 3w2 + f 2w2 + αfw2 + κwf 2 + βfw + γf + δw , (G.28)

where we allowed for the first time a term of the 5-th power in f, w : kf 3w2 in addition to

terms already present in H38 (G.20). A term of this dimension appears in the Hamiltonian of

the Painlevé VI equation. The corresponding Hamilton equations are

wx = +3kf 2w2 + w2(2f + α) + 2κwf + βw + γ ,

fx = −2kf 3w + f(f + α)(−2w)− κf 2 − βf − δ ,
(G.29)

leading to Ince’s equation I49 (G.2) when coefficients k and α are related through the condition:

k = −(α + 1), α 6= −1 (G.30)

or α = −(k+1). The coefficients A,B, C, E ,D of equation (G.2) are given in terms of coefficients

κ, α, β, γ, δ from (G.28) as follows :

A = − α

α + 1
, C =

1

2
δ2(α + 1)/α, B = 2γ(α + 1) + κ2/2

D = − α + 1

2(2α + 1)
(δ + β + κ)2 , E = −((1 + α)(δ + α(−β + δ)) + α2κ)

2

2α(1 + α)2(1 + 2α)
.

(G.31)
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The parameter α needs to have values different from = −1,−1/2, 0, to avoid that A = 0 or

A = 1 or D or E becoming infinite.

As we will see below the condition (G.30) required so that the Hamilton equations derived

from (G.28) would reproduce equation I49 in (G.2) also enables several symmetries of (G.28)

system. In the discussion below we will assume that the condition (G.30) holds and consider

those symmetries that maintain this relation.

One symmetry transformation that keeps equations (G.29) invariant is

s2(w) = w +
δ

αf
, s2(f) = f

s2(α) = α, s2(δ) = −δ, s2(β) = β − 2
δ

α

s2(γ) = γ − κδ

α
− (α + 1)

δ2

α2
, s2(κ) = κ+ 2(α + 1)

δ

α
,

(G.32)

with

s2
2 = 1 .

For equations (G.29) with condition k = −α − 1 satisfied we can also define additional

symmetry π0 made possible by presence of term kf 3w2 in addition to αfw2 in H49. This

symmetry is defined as follows

π0(f) = − α

(α + 1)f
, π0(w) =

(
α + 1

α
f 2w +

X

α
f

)
π0(β) = −β + 2

X

α + 1
, π0(κ) =

1

α
(−2Xα + δ(α + 1))

π0(δ) =
α

α + 1
(κ+ 2X), π0(k) = k, π0(α) = α

π0(γ) = −γ +
X(δ(α + 1) + κα)

α(α + 1)
,

(G.33)

in terms of X being a root of a quadratic equation:

− γ(α + 1) + κX +X2 = 0 . (G.34)

Acting with π0 directly on X = (−κ±
√
κ2 + 4γ(α + 1))/2 yields

π0(X) = X − δα + 1

2α
± 1

2

√
δ2(α + 1)2/α2 .

Thus there are two possible values for π0(X) :

π0(X) =

{
X = π0 +(X)

X − δ − δ/α = π0−(X) ,
(G.35)



Appendix G. Symmetries and Hamiltonians of autonomous Painlevé equations 118

where we associated two different transformations π0 + and π0− to two possible actions of π0

on X. Both π0 + and π0− act on other quantities in accordance with (G.33).

Both transformations π0 + and π0− keep equations (G.29) invariant and preserve the condi-

tion k = −(α + 1). Furthermore it holds that :

π2
0 + = 1, π4

0− = 1 , (G.36)

with few intermediate explicit formulas being:

π2
0−(w) = s2(w), π2

0−(f) = s2(f), π2
0−(α) = s2(α), π2

0−(β) = s2(β)

π2
0−(δ) = s2(δ), π2

0−(κ) = s2(κ), π2
0−(γ) = s2(γ)

π2
0−(X) = −X − δ(α + 1)

α
− κ .

(G.37)

From relations (G.37) and

s2(X) = X − δα + 1

α
, (G.38)

and s2π0−(X) = X it follows that

(s2π0±)4 = 1 . (G.39)

Thus both π0 + and π0− satisfy the relation (s2π0)4 = 1 although only π0 + squares to one! In

addition π0 + and π0− transformations satisfy the relation

(π0−π0 +)2 = 1, (G.40)

that can be rewritten equivalently as

π0−π0 +π0− = π0 +, π2
0−π0 +π

2
0− = π0 +, (G.41)

using relation (G.36). The last identity can also be written as

(π0 +π
2
0−)2 = 1 . (G.42)

Equations (G.29) with the condition k = −(α+ 1) are also invariant under transformations

of π2 defined as

π2(w) = (2 + 3α)w, π2(f) = −f + 1

π2(k) = − α + 1

(2 + 3α)
, π2(α) = −2α + 1

2 + 3α
, π2(β) = β + 2κ

π2(κ) = −κ, π2(δ) = −δ − κ− β, π2(γ) = (2 + 3α)γ

(G.43)
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From

(2 + 3α)(2 + 3π2(α)) = (2 + 3α)(2− 3
2α + 1

2 + 3α
) = 1

it follows that

(π2)2 = 1

and since π2(k) = −π2(α)− 1 then π2 defined in (G.43) is an automorphism that squares to 1

and leaves (G.29) with the condition k = −(α + 1) invariant !

Define now

s0 = π2s2π
2 ,

which obviously squares to one. Then

s0(w) = w − β + δ + κ

(1 + 2α)(f − 1)
, s0(f) = f

s0(α) = α, s0(β) =
β − 2α(δ + κ)

1 + 2α

s0(γ) =
γ − (1 + α)

(
−4α γ + (δ + β)2)− (δ + β)κ+ ακ2

(1 + 2α)2 ,

s0(δ) = δ, s0(κ) = −2(1 + α)(β + δ) + κ

1 + 2α
.

(G.44)

It follows then that

(s2s0)2 = 1 .

For the transformation

π2± = π2π0±π
2 ,

we are able to find based on (G.33) and (G.43) the transformations rules :

π2(f) =
α + (α + 1)f

(α + 1)(f − 1)
, π2(w) = − 1

2α + 1

(
(α + 1)(f − 1)2w +

X

α
(f − 1)

)
π2(β) =

1

2α + 1
(β − 2ακ+ 2δ(α + 1))− 2Xα

α + 1
, π2(κ) = −(δ + κ+ β)

α + 1

2α + 1
− 2X

π2(δ) = −δ +
α

2α + 1
(δ + β)− κ α2

(2α + 1)(α + 1)
, π2(α) = α

π2(γ) = −γ +X

(
δ + β

2α + 1
+ κ(

1

2α + 1
− 1

α + 1
)

)
.

(G.45)

In addition it holds

π2(X) =

{
X = π2 +(X)

X + (δ + κ+ β) α+1
2α+1

= π2−(X) .
(G.46)

Furthermore it follows that

π2
2 + = 1, π4

2− = 1
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and also

(s0π2±)4 = 1 .

We also find from relations (G.40) and (G.42) that:

(π2−π2 +)2 = 1, (π2 +π
2
2−)2 = 1 . (G.47)

In conclusion adding a 5-th power term to Hamilton structure (G.20) of I38 yielded Hamilton

structure (G.28) of I49 and restored π0 symmetry that was absent in H38. Remarkably, the

underlying symmetry group contains transformations s0, s2, π0, π2 and π2 of W [s0, s2, π0, π2, π
2].

However the Coxeter group relations are in some cases (e.g (G.39) and (G.47)) of higher order as

compared with simple Coxeter group relations (G.14) and (G.15) of symmetry transformations

of PIII or I12 models.
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Appendix H

About introducing two integration

constants into the PIV system

Above, we have studied the transformation (5.8) with
∑

i f̄i =
∑

i fi+2d/η. We would therefore

now investigate the PIV systems that generally allow for
∑

i fi = σz + C.

Given is the PIV system

f ′i = fi (fi+1 − fi+2) + αi, i = 0, 1, 2 (H.1)

invariant under Bäcklund symmetries si, i = 0, 1, 2 and π. The two constraints of the PIV

system ∑
i

αi = σ,
∑
i

fi = σz + C (H.2)

define two possible integration constants σ,C of the PIV system. Customarily, people set C = 0

and σ = 1. Recall that setting σ = 0 reduces PIV to Ince’s XXX equation.

The integration constant C can be absorbed by redefining fi’s : fi → gi so that
∑

i gi = σz

and the system is obviously still invariant under Bäcklund symmetries si, i = 0, 1, 2 and π.

There appear (at least) three ways of changing variables to eliminate C from the constraint∑
i fi. In each of these cases, the constant C will appear explicitly in the resulting differential

equations.

1.

gi = fi + η, i = 0, 1, 2, 3η = −C (H.3)

with the shifted PIV system :

g′i = gi (gi+1 − gi+2) + αi − η (gi+1 − gi+2) , i = 0, 1, 2 (H.4)

2.

hi = fi + η, i = 0, 1, h2 = f2, 2η = −C (H.5)
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with the shifted PIV system :

h0,z = h0 (h1 − f2) + α0 + η2 − η(h0 + h1 − f2),

h1,z = h1 (f2 − h0) + α1 − η2 − η(f2 − h0 − h1)

f2,z = f2 (h0 − h1) + α2

(H.6)

with f2 = σz − h0 − h1 − 2η = σz − h0 − h1 + C.

3.

d0 = f0 + η, η = −C (H.7)

with the shifted PIV system :

d0,z = d0 (f1 − f2) + α0 − η(f1 − f2),

f1,z = f1 (f2 − d0) + α1 + ηf1

f2,z = f2 (d0 − f1) + α2 − ηf2 .

(H.8)

We refer the reader to section 5.1 where the above scheme 2. was employed to transform

accordingly generalized PIV equations.
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Appendix I

Painlevé test of equation (5.41)

In this appendix we will apply the Painlevé test to equation (5.41). Following the standard

procedure of this test we first insert

Q(z) = a0(z − z0)µ

and focus on the dominant behavior near singularity on both sides of equation (5.41) to obtain

µ(µ− 1)a0(z − z0)µ−2 =
a2

0µ
2(z − z0)2µ−2

2a0(z − z0)µ
+

3

2
a3

0(z − z0)3µ

with contributions on the right hand side originating from the first and the second term of the

right hand side of equation (5.41). This way we obtain:

a2
0 = 1, µ = −1

consistent with the Painlevé requirement that µ is a negative integer for a movable pole with

no branching. Next, to check the resonance condition we plug

Q(z) = a0(z − z0)−1 + η(z − z0)−1+R

into equation (5.41) and keep only the terms linear in η to obtain the resonance equation for

R:

(R + 1)(R− 3) = 0

This resonance structure suggests that a Laurent expansion

q(z) =
∞∑
j=0

aj(z − z0)j−1 = a0(z − z0)−1 + a1 + a2(z − z0) + h(z − z0)2 + a4(z − z0)3 + · · · (I.1)

expresses expansion around an arbitrary pole at z0 where we identified a3 = h as the single

arbitrary coefficient. Inserting expression (I.1) into (5.41) and looking on coefficients of power
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of η = z − z0 we get:

0 = −a2
0 + a4

0

0 = 3a3
0a1 + a3

0η − a0a1 + a3
0σz0

0 = 12a2
0a1σz0 + 12a3

0a2 − 6a2a0 + a2
0ησz0 + 3a2

0η
2/2 + 4a3

0σ + 4a2
0α2

− 2a2
0σ + 18a2

0a
2
1 + 2a2

0α1 + a2
0σ

2z2
0 + 12a2

0a1η

0 = σηa0 + 12a0a
2
1σz0 + 8a0a1α2 + 12a2a

2
0σz0 + 12a3

1a0

+ 12a2
0a1σ + 12a3a

3
0 + 36a2a

2
0a1 + 2a0a1z0ησ + 3a0a1η

2

+ 4a0a1α1 + 12a0a
2
1η − 4a0a1σ + 2a2

0σ
2z0 − 12a3a0 + a2

0ησ

+ 2a0a1σ
2z2

0 + 12a2a
2
0η

(I.2)

The top equation gives two possible non-zero solutions

a0 = ±1

The second equation gives:

a1 = −1

2
(η + σz0) (I.3)

for both values a0 = 1 and a0 = −1.

The third equation gives two values for a2:

a2 =
ησz0

3
+
σ2z2

0

12
− 2α2

3
− σ

3
− α1

3
(I.4)

for a0 = 1 and a1 as given in (I.3) and

a2 = −ησz0

3
− σ2z2

0

12
+

2α2

3
− σ +

α1

3
(I.5)

for a0 = −1 and a1 as given in (I.3).

Consider now the fourth equation. The coefficient a3 drops from this equation for both

values of a0 = ±1 as it should (resonance R = 3). The solutions of the the fourth equation for

a2 are

a2 =
ησz0

3
+
σ2z2

0

12
− 2α2

3
− σ

3
− α1

3
(I.6)

for a0 = 1 and a1 as given in (I.3) and

a2 =
−1

12(η + σz0)
(5σ2z2

0η + σ3z3
0 + 16ση + 12σ2z0

+ 4σz0η
2 − 4α1η − 4α1σz0 − 8α2η − 8α2σz0)

(I.7)

for a0 = −1 and a1 as given in (I.3). We see that a2 given in (I.4) and (I.6) are equal so the
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solution to the recursive problem is in this case consistent. In addition a4 and higher coefficients

will depend on a3 but a3 is not fixed by the scheme and can be taken to any value including

zero.

However a2 given in (I.5) and (I.7) differ by ση/(3(σz0 + η)). Hence the second solution for

a0 = −1 is only consistent for η = 0, σ 6= 0 or σ = 0, η 6= 0.

It seems therefore that as long as a0 = 1 there is a solution to the recurrence relations that

does not fail the Painlevé test.
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Appendix J

Alternative Laguerre Solutions of

mixed PIII−V Riccati equations

A linearized version of the Riccati equation (6.29) has been solved in chapter (6) in terms

Whittaker functions for three values of J = −1, 0, 1. In this Appendix we provide alernative

solution for (6.29) with the same values of J as linear combination of of the generalized Laguerre

functions L[ν, λ, z] and the confluent hypergeometric functions U[ν, λ, z]:

wC=0 = e
1
2
zε0
(
ε1−
√
ε21+4η0

)(
c1U

[
α1 + α3

2
+
ε1(α1 − α3)

2
√
ε21 + 4η0

, α1 + α3, zε0

√
ε21 + 4η0

]

+ c2L

[
−α1 + α3

2
− ε1(α1 − α3)

2
√
ε21 + 4η0

, α1 + α3 − 1, zε0

√
ε21 + 4η0

])
(J.1)

wC=− 1
2

= c1U

[
α1 +

ε0η0

ε1
, α1 + α3, zε0ε1

]
+ c2L

[
−α1 −

ε0η0

ε1
, α1 + α3 − 1, zε0ε1

]
(J.2)

ωC=−1 = z
1
2

(1−α1−α3+ξ)
(
c1U

[
1

2
(1 + α1 − α3 + ξ) , 1 + ξ, zε0ε1

]
+ c2L

[
1

2
(−1− α1 + α3 − ξ) , ξ, zε0ε1

])
, (J.3)

where ξ =
√

(α1 + α3 − 1)2 + 4ε20η0.

The above solutions (J.2) for C = −1/2 appeared in the context of PV model.

Our wish is to be able to express the hypergeometric functions, solutions of the PIII−V

associated Ricatti equation, in a systematic way as ratio of polynomials.

Dealing only with the hypergeometric part of the solution, we are able to do so.
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J.1 C=0

When we solve the above equation (6.28) for C = 0 and impose the quantized values (n ∈ Z):

η0 → −
(n+ α1) (n+ α3) ε21

(2n+ α1 + α3) 2
,

we obtain:

q(z) =
ε1 (H1 −H2α1 +H2α3)−

√
ε21(α1−α3)2

(2n+α1+α3)2
(H1 +H2α1 +H2α3)

2H1

, (J.4)

where

H1 =U

ε1 (α1 − α3) + (α1 + α3)
√

ε21(α1−α3)2

(2n+α1+α3)2

2
√

ε21(α1−α3)2

(2n+α1+α3)2

, α1 + α3, zε0

√
ε21 (α1 − α3) 2

(2n+ α1 + α3) 2

 (J.5)

H2 =U

ε1 (α1 − α3) + (2 + α1 + α3)
√

ε21(α1−α3)2

(2n+α1+α3)2

2
√

ε21(α1−α3)2

(2n+α1+α3)2

, 1 + α1 + α3, zε0

√
ε21 (α1 − α3) 2

(2n+ α1 + α3) 2

 .

(J.6)

Although the above expressions are solutions for both positive or the negative values of the

square root, the confluent hypergeometric function U assumes polynomial values just for neg-

ative integers of its first argument. For that reason we choose the sign of the square root

depending on the sign of n. Consistently for negative values of n we choose the negative sign

for the root, getting from (J.4):

q(z) =
ε1 (−α2

1 − α1n+ α3 (α3 + n))U
(
n+ α1 + α3 + 1, α1 + α3 + 1, zε0ε1(α1−α3)

2n+α1+α3

)
(α1 + α3 + 2n)U

(
n+ α1 + α3, α1 + α3,

zε0ε1(α1−α3)
2n+α1+α3

)
+

ε1 (α3 + n)

α1 + α3 + 2n
,

which are polynomials (although more compactly written as U functions) due to identities

U [a, b, z] =z1−bU [a− b+ 1, 2− b, z] (J.7)

U [−n, b, z] =(−1)nn!Lb−1
n (z) . (J.8)

The first identity shows that U appearing in the above expression for q(z) can be rewritten to

have the first argument of U equal to n + 1. The second identity tells us that it becomes a

Laguerre polynomial, once n is a negative integer.
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For non-negative values of n we must choose the positive sign for the root, getting:

q(z) =
(α3 − α1)nε1U

(
1− n, α1 + α3 + 1,− zε0ε1(α1−α3)

2n+α1+α3

)
(α1 + α3 + 2n)U

(
−n, α1 + α3,− zε0ε1(α1−α3)

2n+α1+α3

) +
ε1 (α1 + n)

α1 + α3 + 2n
. (J.9)

J.2 C=-1

In this case we insert :

η0 →
(n+ α1) (1 + n− α3)

ε20

in (J.4) leading to solution:

q(z) =
− (H3 + zH4ε0ε1)α1 + (H3 − zH4ε0ε1)

(
1 +

√
(1 + 2n+ α1 − α3) 2 − α3

)
2zH3ε0

, (J.10)

where

H3 =U

(
1

2

(
α1 − α3 +

√
(α1 − α3 + 2n+ 1) 2 + 1

)
,
√

(α1 − α3 + 2n+ 1) 2 + 1, ε0ε1z

)
(J.11)

H4 =U

(
1

2

(
α1 − α3 +

√
(α1 − α3 + 2n+ 1) 2 + 3

)
,
√

(α1 − α3 + 2n+ 1) 2 + 2, ε0ε1z

)
.

(J.12)

As before, the choice of signs is determined by the value of n. For negative values of n we

choose the positive root resulting in:

q(z) =
−a3 + n+ 1

ε0z
− ε1 (a1 − a3 + n+ 1)U (n+ a1 − a3 + 2, 2n+ a1 − a3 + 3, zε0ε1)

U (n+ a1 − a3 + 1, 2n+ a1 − a3 + 2, zε0ε1)
. (J.13)

For non-negative values of n we choose a negative root resulting in:

q(z) =
nε1U (1− n,−2n− a1 + a3 + 1, zε0ε1)

U (−n,−2n− a1 + a3, zε0ε1)
− a1 + n

ε0z
. (J.14)
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