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Abstract

The ultracold atomic gases have provided an important environment for studying quan-
tum many-particle systems in the last two decades. In 2005 the experimental realization
of a ®2Cr Bose-Einstein condensate with inter-atomic magnetic dipole dipole interaction
opened the door to a new level in the research of degenerate quantum gases. As opposed
to the usual contact interaction, this new interaction is long-range and anisotropic being
partially repulsive or attractive. In the mean-field approximation initially are introduced
the main issues about non-dipolar condensates with particular interest in the attractive
regime (a < 0) where is possible the formation of bright solitons and the existence of in-
stability by collapse beyond a certain critical value. The study is carried out mainly using
a numerical method and a variational one. Later, the dipolar Bose-Einstein condensate
is depicted by means of the non-local Gross-Pitaevskii equation. From the non-dipolar
scenario by means of the extension in the numerical and the variational method is deter-
mined the formation of bright solitons in the GPE in the three-dimensional model and
the quasi-one-dimensional to three different dipolar condensates of experimental relevance,
namely 52Cr, 1Er and '$*Dy. Plots of chemical potential and rms sizes of solitons are
obtained. Finally, it is studied collision dynamics of two bright solitons in the quasi-1D
dipolar model of every condensate above.

Keywords: dipolar Bose-Einstein condensate, dipolar Gross-Pitaevskii equation, dimen-
sional reduction, variational approximation, bright soliton, collapse.
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Resumo

Os gases atomicos ultrafrios tém proporcionado um importante ambiente no estudo de
sistemas quanticos de muitas particulas nas duas tltimas décadas. Em 2005, a realizacao
experimental dum condensado de Bose-Einstein de *2Cr com interacao magnética dipolo
dipolo inter-atomica abriu a porta para um novo nivel na pesquisa de gases quanticos
degenerados. Ao contrario da interaccao de contacto, esta nova interacao é de longo
alcance e anisotrépica sendo em parte repulsiva ou atrativa. Na aproximagao de campo-
meio, inicialmente, sdo introduzidas as principais questoes sobre condesados com especial
interesse no regime atrativo (a < 0) onde é possivel a formacao de solitons brilhantes
e a existéncia da instabilidade por colapso além de um certo valor critico. O estudo é
realizado, principalmente, usando um método numérico e um variacional. Posteriormente,
o condensado de Bose-Einstein dipolar é descrito através da equacao nao-local de Gross-
Pitaevskii. A partir do cenario ndo-dipolar, por meio da extensdo no método numérico
e no método variacional é determinada a formacao de solitons brilhantes na equacao de
Gross-Pitaevskii nos modelos tridimensional e quasi-unidimensional para trés diferentes
condensados dipolares de relevancia experimental, isto é 52Cr, 1%Er e %*Dy. Graficos do
potencial quimico e a raiz quadratica média (rms) dos solitons sdo obtidos. Finalmente,
estuda-se a dinamica da colisao de dois solitons brilhantes no modelo dipolar quasi-1D de
cada condensado acima.

Palavras-chave: Condensado de Bose-Einstein dipolar, equagdao de Gross-Pitaevskii
dipolar, reducao dimensional, aproximacao variacional, soliton brilhante, colapso.
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Introduction

The theoretical description of Bose-Einstein condensation (BEC) dates back to 1925 based
on previous work of S. N. Bose (1924) when Einstein in a gas of noninteracting massive
atoms predicted the presence of a phase transition below a critical temperature 7,.. This
new phenomenon is reflected by the fact that a fraction of the total number of particles
would occupy the lowest energy single particle state as consequence of quantum statistical
effects (for more details see [I}, 2, 3, 4]). However, the short technological development
of this time delayed the experimental observation of a BEC, which it was only achieved
until 1995 combining different cooling techiques mostly developed since 70s. Cornell and
Wieman et al. (Colorado University) in July of 1995, Bradley et al. (Rice University)
in July of 1995 and Ketterle et al. (MIT) in november of 1995, reached the density and
temperature required to observe a BEC in 8Rb [5], “Li [6] and **Na [7] respectively[] In
the last two decades, due to this important experimental progress has been shown that
ultracold atomic gases provide an excellent environment for studying quantum many-

particle systems.

So what is a BEC? [§] at room-temperature the behavior of the atoms in a gas is de-
scribed in a classical sense. At lower temperatures however the de Broglie wavelength
turns comparable to the distance between atoms and the quantum nature of the particles
becomes important. In the quantum scenario using the spin is possible to define two
kind of physical systems, fermions and bosons. In this dissertation only will be treated
the bosonic particles. Thus, for bosons close and below to a critical temperature 7T, the
single wave packets begin to overlap until a zero temperature, where all of these occupy
the same quantum ground state and it is represented for a singular macroscopic wave
function. This phenomenon is called Bose-Einstein condensation (Figure [I)). It is worth
noting in addition to low temperatures, the formation of a condensate needs a dilute gas
to reduce the three body collisions, because these create a high kinetic energy giving rise
to a heating and hence losses which depend on the atomic density. Thus in a dilute gas
only collisions between two particles are relevant. In other words, the dilution condition

*Bradley et al., besides the BEC formation they also show the collapse evidence in a BEC. Curiously only
Cornell, Wieman and Ketterle are awarded with the Nobel Prize in 2001.



What is Bose-Einstein condensation (BEC)?
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Figure 1: On the left side is shown the phase transition from an ideal gas to a BEC
(http://cua.mit.edu/ketterle group/intro/whatbec/whtisbec.html). The right side shows the
velocity distribution of 3"Rb with a field of view 200um x 270um. The images are
at 400nK (just above condensation), 200nK (after the condensation) and 50nK (af-
ter further evaporation leaves a sample of nearly pure condensate) respectively from
left to rigth. The red color corresponds to the least amount of atoms but the fastest
and so on until the white color to the largest number of atoms and the slowest
(http://jila.colorado.edu/bec/CornellGroup/gallery /images/BEC__peaks.jpg).

at low energies could be interpreted such that the effective interaction between particles

may be characterized by a single quantity, the scattering length a [2], thus the gases are
dilute in the sense that the scattering length is much less than the interparticle spacing.

An approximate theoretical description of a condensate and agreement with the experi-
mental results is given in terms of a mean-field theory or using the Hartree approximation
in a similar way as for atoms. These methods lead to the time-dependent Gross-Pitaevskii
equation (GPE), which describes the zero-temperature properties of a non-uniform dilute
gas of Bose, both in attractive (a < 0) as repulsive (¢ > 0) regime with the number
of particles N being much larger than 1. The GPE is a nonlinear Schrédinger equation
(NLSE) where the nonlinear term corresponds to the interaction between two particles or
called contact interaction too. This equation under special conditions enables the exis-
tence of analytical solutions called soliton solutions [2, 4], but in general, doesn’t have an
solution, hence is necessary to use numerical tools and approximations (e.g. variational
and Thomas-Fermi). Sometimes deal with the time-dependent GPE is not the most suit-
able, particularly in the studying of properties related to the superfluid behavior of the
BEC, such as collective modes and the expansion of the cloud when released from a trap.
Therefore, is more helpful to use the hydrodynamic viewpoint because it leads to equiva-
lent equations in terms of the density and superfluid velocity of the condensate [2] 4, [Q].
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The huge interest in the ultracold gases field allowed in 2005 the experimental realization
of a ®2Cr Bose-Einstein condensate with inter-atomic magnetic dipole dipole interaction
[10], opening the door to a new level in the degenerate quantum gases research. The rich-
ness of the new interaction is accompanied by a more complicated theoretical treatment
as opposed to the contact interaction, this is because of its two new features, the long-
range character and the anisotropylﬂ (being partially repulsive or attractive). Those new
properties attracted much interest, both theoretically and experimentally in the last 10
years ([11, 12} [13] and references therein), providing the possibility of controlling interpar-
ticle interactions either by tuning external fields or else by adjusting the trap anisotropy
[T, 12, 14, [15, [16]. An interesting phenomenon and in analogy with the collapse in a
non-dipolar condensate it was observed in a dipolar BEC (DBEC) with Chromium called
the d-wave Bose-nova [I7] where the theoretical description using simulations of the full
GPE including the three-body losses agrees with the experimental results [16], [17].

This dissertation presents a basic description about of the most relevant features of a
dipolar condensate. As part of the study is included the non-dipolar condensate to com-
pare these results with those produced by the dipolar one. For a dipolar condensate are
described the main ideas about the long-range character and the anisotropy of the in-
teraction, the non-local mean-field GPE [11], 12], the TF approximation [2, 11}, 13], and
an overview of the hydrodynamic viewpoint [I3] (contains a broad development about
the hydrodynamics in a dipolar condensate). The main subject is focused in the numer-
ical and variational study of the existence of bright solitons in a quasi-one-dimensional
dipolar condensate. The results achieved are compared with those produced by the three-

dimensional condensate.

The dissertation is organized as follows. The first Chapter shows a review of basic elements
of Hartree approximation and the mean-field theory to get the Gross-Pitaevskii equation.
Likewise as method to solving the GPE is applied the conventional Gaussian variational
ansatz for a spherical symmetry in both regimes attractive and repulsive. The most
relevant information is given for the repulsive interaction because here it is possible to find
the critical parameter below which the condensate should collapse. The Thomas-Fermi
(TF) approximation is included too. This is physically justified for sufficiently large clouds
in which the interaction and the trap energy are larger than the kinetic energy, thus this
latest contribution can be neglect in the GPE. The next Chapter leads the hydrodynamic
viewpoint of a BEC, with a general but complete deduction of the density equation and
superfluid velocity along with the physical implications established for the quantum nature
of the condensation reflected in the appearance of the quantum pressure as opposed with
the classical treatment of a fluid. The last part of Chapter includes a simple example
of elementary excitations in a uniform gas in order to observe the effect of the contact

By exploring this feature, the Stuttgart group was able to characterize the presence of the dipole dipole
interaction because the alignment of dipoles respect to the trap axes changes the aspect ratio w./ws or w./wy
(where wz, wy and w, are the harmonic trap frequencies) as a function of time after the trap release.
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interaction in the energy spectrum of the condensate. In particular, it is shown that
the attractive interaction constrains the existence of the spectrum. The third Chapter is
designed to the dipole dipole interaction emphasizing its main features, the anisotropy
and the long-range character. Again by means of a mean-field theory is described a
dipolar condensate with the non-local GPE or dipolar GPE (DGPE). The effect of the
dipolar interaction also is analized in the TF approximation. In a same way from the
hydrodynamic theory are shown the different intervals of existence in the spectrum of
energy of a homogeneous dipolar condensate some of which contrasting with the non-
dipolar case. The fourth Chapter introduces the soliton theory in a BEC. As first insight of
the possible existence of the soliton in a condensate is used the modulational instability in
the quasi-one-dimensional model. This equation is achieved using dimensional reduction
from the three- to one-dimension in the full GPE. The theory of differential equations
allows the existence of analytical solutions of the quasi-1D GPE without trap, called dark
and bright solitons for repulsive (a > 0) and attractive (a < 0) interactions respectively.
The present dissertation is focused in bright solitons. The end of Chapter is devoted
to the collapse in a three-dimensional BEC with attractive interactions without trap
in the z direction. It is used a variational approximation for two different ansatz, a
Gaussian function and a bright soliton-like function. In this study were found analytical
expressions to the variational parameters as function of the product of the number of
particles and the scattering length Na. Those analytical results agree with the numerical
calculations. The last Chapter is a compilation of the different tools developed along the
dissertation applied to three dipolar condensates of experimental interest, °2Cr, 1*Er and
164Dy, The study is performed to the three- and quasi-one-dimensional condensates under
harmonic transverse confinement. In analogy with the non-dipolar stage it is introduced
the dimensional reduction from 3D to 1D. The solution of these mean-field equations
is carried out numerical and variational. The results obtained are plotted as stability
diagrams, profiles of the wave function, physical observables like the chemical potential
and the root mean square sizes. At the end of Chapter the dynamics collision for two
bright solitons is analyzed in the quasi-1D dipolar model of every condensate above. In
the last part of the dissertation the conclusions and perspectives are discussed. The
dissertation also includes some appendices with additional material.
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Chapter 1

The Gross—Pitaevskii equation

This Chapter introduces the Gross-Pitaevskii equation (GPE) to describe a Bose-Einstein
condensate (BEC) confined in a trap to zero temperature [2], 3, 4, 9]. The gas is considered
highly diluted allowing approximate the interaction potential between particles like an
effective contact term [I8] [19]. Will be featured the most relevant aspects to the GPE
deduction in both the Hartree and the mean-field approximation. In a same way by means
of a variational approximation and using the Thomas-Fermi regime are shown the first
insights about the approximate solutions of the mean-field GPE.

1.1 A dilute quantum gas

The dilute quantum gases [2] differ from ordinary gases, liquids and solids in different
ways. The density of molecules in the air at room temperature and atmospheric pressure
is about 10cm ™3, in liquids and solids the density of atoms is of order 10?2cm~—3, and at
center of the condensate the particle density is typically (103 — 10') cm™3. To observe
quantum phenomena at low density the temperature must be 107K or less. This con-
trasted with the temperatures at which quantum phenomena occur in solids and liquids.
For electrons in metals the quantum effects become strong below the Fermi temperature,
which is typically (10* — 10°) K, and for phonons these are appreciable below the Debye
temperature, which is of order 102K.

Many of the interesting properties of atomic gases at low energies are derivates from
the fact that the effective interaction between particles may be characterized by a single
quantity, the scattering length “a” [2], 4, 20]. The gases are often dilute in the sense that
the scattering length is much less than the interparticle separation. As a consequence,
the effects of atomic interactions may be calculated using an effective interaction propor-
tional to the scattering length. Some suitable candidates filling this condition are the
alkali atoms [3] in which the scattering length is large compared with atomic dimensions
and it is small compared with atomic separations in the gas clouds. The dimensionless
parameter controlling the validity of the dilute gas approximation, is the number of par-



1.1. A DILUTE QUANTUM GAS

ticles N in a volume |a|® [3]. This can be written as n|a|’, with n the average density
of the gas. Experimentally the atomic scattering lengths used in the first BECs are:
a = 5.77nm for 8"Rb, a = —1.45nm for "Li and @ = 2.75nm for »*Na. The density range is
(10" — 10") cm™ then n |a|® < 1073, So, since n |a|> < 1, the system is called dilute or
weakly interacting. However, this quantity doesn’t imply necessarily that the interaction
effects are small, because these have to be compared with the kinetic energy of the atoms
in the trap. The parameter that allows this comparison is given by N |a| /a,s. such that
this can be larger than 1 even if n |a\3 < 1 and thus the gas behavior can be non ideal.

The two body effective interaction

In an identical bosons gas at very low temperature and dilute the only open scattering
channel is the s-wave channel, this means that the relevant two body collisions have rel-

ative angular momentum between atoms equal to zero [20].

The experimental relevance achieved by the alkali atoms in the condensation is based
in the interaction potential. The exact description of the interaction potential has a
repulsive hard core, it is very deep with a minimum at a distance r and it contains many
bound states corresponding to molecular states for two alkali atoms which aren’t typically
confined by the trap due to the total spin 0. Thus, the leading disadvantages to use the
exact interaction potential are [18]:

e The potential is very difficult to calculate and a small error in this may result in a

large error on the scattering length.

e The potential cannot be treated in the Born aproximation because it is very strongly
repulsive at short distances and it has many bound states (for a potential as soft
as a square well of radius r, the Born approach applies when the zero point energy
for confinement h%/2Mr? (M the reduced mass), is much larger than the potential
depth, which implies the nonexistence of bound state in the well).

In summary when the correlations between particles are neglected due to the interactions
(mean-field approximation), the exact interaction potential cannot be used. The goal is
replace this potential by a model having the same scattering length at low energy which
can be treated in the Born approximation. For very low scattering energies, the effect of
the scattering of a pair of particles with the centre of mass frame is dominated by the
s-wave contribution to the wave function [ 2, 20} 2I]. The relative wave function has the
form ¢ (r) = (1 — a/r). a is the scattering length and ¢ (r) is valid only outside the range
of atomic potential because for smaller distances the wave function depends on details of
the interatomic potential. To the Born approximation in the coordinate space [2].



1.2. THE GPE FROM THE HARTREE APPROXIMATION

M
A Born = m dTV(r) (11)

From this expression, the low energy scattering behavior may be obtained by using of an
effective interaction V.s¢. So

21 h?
W@BOTH = /dr ‘/eff (I') =4dg (12)

for particles with the same mass m, this result becomes

Arha
m

g= (1.3)

Thus the effective interaction between two particles at low energies in coordinate space

corresponds to a pseudopotential [22] or contact interaction Ve (r) = gd (r — t'), where
r and r’ are the positions of the two particles.

Oscillator scale length a,.

One relevant feature of the trapped Bose gases is its inhomogeneity and its finite size,
where the number of atoms varies from a few thousands to several millions. As in most
cases the confining traps are approximated by harmonic potentials, the trapping frequency
wo provides a natural scale of the system, and the oscillator length ag = (h/mw)"/? is a
natural length scale. This is of the order of a few microns in the available samples and
can be used to simplify the problem. The unidimensional time-independent Schrodinger
equation for the harmonic oscillator in terms of the new variable z — x/a can be writ-
ten as the dimensionless Schrodinger equation

1 d?

9 _FE
|-t v = v @ (14)

In general for three dimensions the oscillator scale length is given by

B 1/2
Qosc = <mw ) (15)

Defining the geometric average of the oscillator frequencies as wys. = (wzwywz)l/ 3 [3].

1.2 The GPE from the Hartree Approximation

As a consequence of the diluteness of the gas is possible in first approximation ignore
correlations produced by the interaction among two atoms which are close to each other
and use the Hartree’s approach to investigate in a simple way the system of many-body,
considering that the wave function is a symmetrized product of single-particle wave func-
tions. In the condensed state, all bosons are in the same normalized single-particle state



1.2. THE GPE FROM THE HARTREE APPROXIMATION

¢ (r,t) and thereby the wave function of the N particles system W (rq,ro,...,ry,t) may
be written like 2, [4]
N
\Il(rlvr%""rNut) = H(b(rlut) (16)

i=1

with the single-particle wave function normalization such that

/dr 6 (r, ) =1 (1.7)

The other hand, the effective Hamiltonian of a N particles system with the same mass is

H = lepZJrV(rZ]JrgZé i — ;) (1.8)

1<J

Where p; is the momentum of a particle in the position r;. V (r;) is an external potential.
The last term corresponds to the contact interaction between two particles. One of the
ways to get the motion equation implies the product of the Schrédinger equation by N —1
single-particle wave functions and the integration over these NV — 1 functions. Thus,

o N N
iha 1:[ ¢ (ri,t) = Hl:[ ¢ (i, 1) (1.9)

N - N

N-1
ihH dr;¢* (r;,t) H (ry,t H dr;¢* (r;, )HHgb(ri,t) (1.10)
j=1

i1 = i=1
The result is the non-linear Schrodinger equation for a single-particle wave function (for
more details see the Appendix [A.1)

0 h?
ihoe (v, 8) = =5 —V26 (15, 8) + V(1) ¢ (v, 8) + g (N = 1) [ (v, )] 6 (x5,)  (1.11)

Now, defining the condensate wave function like W (r,t) = N'/2¢ (r,t), the density of
particles is given by

n(r) = ¥ (r, 1) (1.12)

and the condition for the total number of particles turns into

N:/dr |W (r,1)|? (1.13)

So with the wave function W (r, ¢) and the approximation N > 1, the non-linear Schrodinger
equation for the condensate ([1.11]) becomes [2, [3, [4]
oV (r,t h2

This equation is known as the time-dependent Gross-Pitaevskii equation (GPE) and it

th
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describes the zero-temperature properties of a non-uniform Bose gas whereas the num-
ber of atoms in the condensate N is much larger than 1 and the scattering length a is
much less than the average distance between atoms or also called weak-coupling limit
(n la|® < 1). In the strong-coupling regime (n la|* > 1) the GPE highly overestimates
the atomic contact interaction and leads to unphysical results (references therein [23]).
An important feature in the GPE is given by the sign of scattering length a, while a > 0 it
corresponds to an effective repulsion and if a < 0 it corresponds to an effective attraction.
This dissertation gives more attention to the attractive case.

From theoretical viewpoint is easier dealing with a dimensionless model. So, taking the
GPE with dimensions in terms of variables ® (¥, 7), T and 7

0P (r h?
im0 g )4V @ E )+ N[O EDPOET) (115)
or 2m
where the normalization and the density of particles number respectively are
/df D (&, 7)) =1 (1.16)
n(f) = N|® & 7) (1.17)

Likewise in theoretical works is conventional to use a harmonic potential as

1

V(§) = 5m (@22 + @2 + w22%) (1.18)
To obtain a dimensionless GPE [24] is defined the variables change r = T/a,s., or
T = T/Ugse, Y = T/Oose, 2 = Z[tose. In a same way wl = @2 /wl,., wp = @ /wi.,

w2 = @2 w2, With dose = (B/Mwese) /%, Also t = Twose, and U (r, ) = a3/2® (£, 7), thus

0P (T,7)  Wose OV (r,1)
or B2 ot

Qosc

3/2 2
aoéc Aose

and V2D (F,7) = — llvz\lf(r,t)] (1.19)

Hence the GPE (|1.15) takes the form

1 hwose O (1t h? 1
: 8 _ [ V2 + —ma, w? (wixz—l—wzyQ—l—wng)

2o “maz V.t gt
4rh*Na o] U (r,t)
+ maf;SCW(r’t)w e (1.20)
Or simple way
oV (r,t 1
ig’) —§V2+V(r)+47raN\\Il(r,t)|2 U (r,t) (1.21)

with @ = a/a,s. and the potential



1.2. THE GPE FROM THE HARTREE APPROXIMATION

1
Vi) = 5 (wixQ +wly? + w§z2) (1.22)

Is common to express the potential in a cylindrical symmetry as follows

Vi) = ;wi <p2 + )\sz) (1.23)

with w? = w? = wz, p* = 2%+ y? and A\ = w,/w,. This parameter defines three types of

condensates. For A\ = 1 the condensate is spherical. For A > 1 it is referred as disk- or
pancake-shaped where the width in z smaller than width along p. For A < 1 the conden-
sate is cigar-shaped and it is more larger in the z direction than in the radial. In a same

way the normalization of the wave function and the condensed density respectively are

/dr W (r,t)]* =1 (1.24)
n(r) = N|U(r,t) (1.25)

In a first insight the GPE (1.21]) looks like an eigenvalue equation, where the eigenvalue
could be the energy given by the expectation value for H’

20\1! (r,t)

L _;v2+v<r>+4mzv|wr,t>|2 W (r,1) (1.26)

H/
However it is not completely correct because of the presence of the interaction energy
which it is counted twice. The energy asocciated to the interaction term is the chemical
potential according to the thermodynamic relation g = AE/AN. Thus,

za‘ya(;’t) = H'U (r,t) = p¥ (r,1) (1.27)
with the solution
U (r,t) = VU (r)exp (—iut) (1.28)

Then the chemical potential is the eigenvalue to the GPE do not the energy per particle
like this it is for the Schrodinger linear equation. Using the solution W (r,t) in the GPE
(1.21) the time-independent behavior of the condensate is given by

pV(r) = [—;Vz +V (r) + 4maN |¥ (r)|2] U (r) (1.29)

From the wave function normalization [ dr U (r)|* =1 the chemical potential of a BEC
can be calculated as

= /dr\II* (r) {—;V2+V(r) —|—47mN|\I/(r)|2} W (r) (1.30)

So, the correct way to obtain the energy of a particle on the condensate is given by the
hamiltonian H such that
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1
H=H' —2raN |V (r,t)]> = —§v2 +V (r) + 27aN |¥ (r,t)]? (1.31)

and using the condensed wave function ((1.28)) the accurate hamiltonian to obtain the
energy is

1
H = —§V2+V(r) + 27aN | (r)[? (1.32)

The Hamiltonian expectation value corresponds to the energy of a particle and the total
energy of the condensate can be written as

E (W) = /dr Bmw OF +V @) N @) +2maN? |0 (0)F] (1.33)

with the respective energies on the condensate

Ein = ;/drN|V\If (r))? (1.34)
Eipy = 27r/draN2\\Il(r) | (1.35)
Etrap:/drV(r)NhI'(r) 2 (1.36)

The chemical potential ((1.30)) may also be obtained from the energy (|1.33]) using the ther-
modynamic relation = OE/ON. Or alternatively as

1
N (Ekzn + Etrap + 2E’mt> (137>

Thus for non-interacting particles all in the same state the chemical potential has the

ILL:

same value that the energy per particle. A further important relationship can be found
by means of the virial theorem (Appendix |C.1]). This allows to testing the accuracy of a

numerical algorithm. So

2Ekin + 3Fimt — 2Epay = 0 (1.38)

1.3 The GPE in the mean-field approximation

Another way to get the GPE implies the use of second quantization and the Bogoliubov
approach for a system of many interacting bosons, i.e. taking the Heisenberg equation
with the boson fields operators and the Bogoliubov consideration [3]. The many-body
Hamiltonian in second quantization describing N interacting bosons confined by an ex-
ternal potential is given by

A A PN 1 A A A A
H= /dr Ul (r,t) HyW (r,t) + 3 / drde’ Ut (v, ) U (¢ )V (r —¢) W (v, 8) U (r,t)
(1.39)
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With the single particle operator

~ h2

the two-body interatomic potential V' (r —r’) and the creation and annihilation boson

fields operators U (r) and W (r) respectively. These obey the usual commutation relations

W (r,1), U (1) =0 (r 1) (1.41)
W (r,t), ¥ (r',£)] =0 (1.42)
W (r, 1), W1 (1) = 0 (1.43)

To the effective interaction between two particles the hamiltonian takes the form

H = / de Ut (r,t) HyW (r, 1) +g / dede' Ut (v, ) Ut (¢ 8) 6 (v — ') U (', 1) W (r, t)

= / dr Ut (¢, t) HyW (r, ) +g / de Ut (e, t) U (x,8) U (r,8) U (x,t) (1.44)
in the Heisenberg picture the dynamics of the system is given by
mﬁﬁj(r' t)=[¥'t), H] (1.45)
at 7 Y ) *
Therefore, the result is a field operators equation (for more details see (A.2))
h2

L0 ’ | o2 / It (! T (4 I (+/
@hat\ll(r,t)—l 2mv +V(r') 4+ g¥ (r,t)\I/(r,t)]\ll(r,t) (1.46)

Finally, using the Bogoliubov approach [2, 4] according to which since the condensate
state involves the macroscopic occupation of a single state it is appropriate to decom-
pose the Bose field operator in terms of a macroscopically populated mean field term
<\TJ (r ,t)> = VU (r',t) and taking into account small fluctuations (quantum or thermal)
about the condensate state 00 (r/,¢). Thus,

(' t) =0 (' t)+ 60 (1) (1.47)
Taking only the leading order terms in W (r’, ¢)f] the time-dependent GPE is given by

. a o hz 2 2
i W (r,1) = | =5 V2V (1) + g |0 (1) W (r, 1) (1.48)

*It would be wrong to replace W (r,t) with W (r) for a realistic potential [4]. However, the change is accurate if
(7) the effective potential V' (r) is soft where the Born approximation is applicable. It is true when the scattering
length is less than the thermal de Broglie wavelength a < A\p =~ h/ (kaT)l/2 with m the mass of the particle
and kp the Boltzmann’s constant.(i¢) The temperature is much less than the transition temperature for the onset
of condensation.



1.4. APPROXIMATE SOLUTIONS TO THE TIME-INDEPENDENT GPE

For the stationary states in the GPE the wave function evolves in time in a same way
like the ansatz W (r,t) = W (r)exp(—iut/h). The phase factor reflects the fact that
microscopically W (r, t) is equal to the matrix elements of the annihilation operator 0 (r,t)
in Heisenberg picture between the ground state with N particles and that with N — 1
particles [2]

(I) =W (r,t) = (N = 1[¥ (x)| N) (1.49)

U (r,t) = (N — 1|0 (x) e 00

N) oc e BN =Ex-at/h (1.50)

For a large particle numbers N, it is possible to perform the approximation Ey — En_1 ~
OFE/ON which is equal to the chemical potential x. So, in a same way like it was done
above with the dimensionless GPE ([1.21)), the chemical potencial and the total energy of

the condensate correspond with ((1.30]) and (1.33)) respectively.

1.4 Approximate solutions to the time-independent GPE

Now will be examined some solutions of the GPE for bosons in a trap [2, 3] [4]. Due to the
experimental relevance will be considered harmonic traps V (r), but the formalism may

be applied to more general traps.

1.4.1 Variational solution

The variational method is one way of find approximations to the lowest energy eigenstate
or ground state. The idea consists in take a trial function with a fixed shape but some free
parameters and finding the values of these parameters for which the expectation value of
the energy is the lowest possible. The expectation value of the energy in the new state is
an upper bound to the ground state energy. If the shape of the actual solution is close
to the trial function, the results obtained with the variational method will be in good
agreement with the real solutions, but in other cases the method can be very rough or

even fail.

In the weak coupling limit (Na — 0) the interaction contribution is small and it may
be neglected, thus the system matches with a harmonic oscillator like (1.4). In three di-
mensions, the lowest single-particle state to the harmonic oscillator has a Gaussian form as

B0 (1) = -z e (1.51)

where r? = 2% + 9%+ 22. Now, will be taken as normalized trial function the same gaussian
form for the condensate wave function W (r), such that

(1) = (1>1/2 o2 (1.52)

w3m3/2



1.4. APPROXIMATE SOLUTIONS TO THE TIME-INDEPENDENT GPE

As the presence of the interatomic interactions change the dimensions of the cloud then is
useful to take as dimensionless variational parameter the length w which fixes the width
of the condensate [25]. A variational solution with a more general wave function to the
time-dependent GPE is presented by Salasnich [26].

The substitution from normalized trial function (1.52)) into the condensate energy (|1.33))
yields the contributions]

2 /2
W (r)|* = — 3 © / (1.53)
1 — 92 /g2
’l:[l (I‘) ’4 = me 2r%/ (154)
1 T 2 —r2 /2
VO ()P = (u}?) e/ (1.55)

For a spherical trap V (r) (A =1 in ((1.23)) and for easily taking w; = 1), the potential is
given by

V(r) = ;7’2 (1.56)

Thus the total energy of the condensate takes the form

1 1 27,2 T 2 1 1 27,2 1 27,2
_ - —r?/w -2 —r?/w —2r?/w
E = ]\/’/alrle%T?)/2 e (w2> + =r e 4+ 2maN—— ¢

2 w37]-3/2 w67-‘-3
N 1 2 27,2 27‘(’@]\72 m 3/2
e —r4/w antssy 3
w32 (w4 * 1) /drr ¢ * wo3 <2) v

3 N 6\ 1/2 N (1 2maN? [ 1\?/?
= Gumn () () (G0 1) + T ()

3 9 aN?
= 3N (2 e ) T e P 37
The chemical potential can be obtained from y = dFE/ON
3/, 1 2\'/2 Na
no =3 (' 35) < (7) 5 )
and the total energy per particle turns into [2, [3] [4]
Ew) 3/, 1 1 Na
_ 2 = - 1.59
N 4(10 +w2>+\/27r w3 ( )

Na is a measure of the strength of the atom-atom interaction expressing its importance

TUseful integrals

I e dy = z b>0 I 22e b dr = iVE b>0

10



1.4. APPROXIMATE SOLUTIONS TO THE TIME-INDEPENDENT GPE

compared to the kinetic energy. In most experiments on atoms with repulsive interactions,
Na is much larger than unity [3]. In the first experiments with rubidium atoms at JILA
(1995) the ratio |a| ~ 7x 1073 with N a few thousands, then N |a| > 1. In the experiments
with “Li at Rice University (1995) the number of particles is of the order of 1000 and
la| ~ 0.5 x 1072 and N |a| > 1. In the experiments with sodium at MIT (1995) the
number of atoms in the condensate is very large 10 — 10" and N |a| ~ 103 — 10%.

The Figure illustrates the energy per particle £/N in the variational treat-
ment of a condensate like function of the variational parameter w for different values of
the parameter Na. The curve Na = 0 shows the behavior of the ground state of the sys-
tem without interactions which is equivalent with a three-dimensional isotropic harmonic
oscillator and the corresponding energy per particle is equal to 3/2. For repulsive intera-
cions (a > 0) the energy per particle always has a minimum indicating the existence of a
stable ground state. The other hand, a local minimum exists for attractive interactions
when N is less than some critical value of particle number N, [2, [3, 4, 27], but for larger
values of N the cloud will collapse, this is the case of the "Li [6]. The N, satisfies that
both the first and second derivative of E//N with respect to the variational parameter w
are equal to zero. So using the energy per particle for attactive interactions (a < 0)

N 4

Vor w?

E 3(1 w2> 1 Nlal (1.60)

w?

_2 ] . ] . ] . ] .
0.0 05 1.0 1.5 2.0 2.5
w

Figure 1.1: Energy per particle of a condensate in an isotropic harmonic trap as a function of the
variational parameter w, for different values of the parameter Na. The dotted curve corresponds
to the critical value at which the cloud becomes unstable.

11



1.4. APPROXIMATE SOLUTIONS TO THE TIME-INDEPENDENT GPE

Deriving E/N respect to the variational parameter w and equaling to zero

3 9 3 Nlal
Ny — v — 1.61
4(w )+ =0 (1.61)

2
=N la| = w — w® (1.62)
T

To the second one derivate and again equaling to zero

3 6 12 N |a
(2 =0 1.63
4( + w4) V21 w (1.63)

w® + 3w = 4\/7N|a| (1.64)

When the equations to the first and the second derivate ((1.62)) and (1.64) are equal to

each other, the critical variational parameter is

We = (;)1/4 (1.65)

Using this critical parameter in ((1.64)) the critical value of particle number is given by

= [0 ()]

(8 )1/2
55/4
A numerical integration of the GPE gives N.|a| = 0.575 [28, 29]. The other hand,

when the spherical trap frequency is different to 1, the critical parameter is given by
N, |a| = 0.671/w}/.

Thus, [2, 3, 25]
N.la| =

~ 0.671 (1.67)

1.4.2 The Thomas—Fermi approximation

For a harmonic trap with large number of atoms (or for sufficiently large clouds) and repul-
sive interactions the atoms are pushed outwards, the central density becomes rather flat
and the radius grows. As a consequence, the term in the GPE proportional to N |V (r) |2,
i.e. the kinetic energy of the condensate takes a significant contribution only near the
boundary and becomes less important with respect to the interaction energy inside the
atomic cloud where the gradients of the wave function are small, in other words, the ki-
netic energy is small compared with other energies and thus an analytical wave function
to the condensate may be obtained by solving the GPE without this term. This regime is
called the Thomas-Fermi approximation (TF) [2, B, 4]. Now the time independent GPE
has the solution

12



1.4. APPROXIMATE SOLUTIONS TO THE TIME-INDEPENDENT GPE

_p=V(r)

nir) = NJw @) =1

(1.68)

This equation is valid when n (r) > 0 and it gives the size of the cloud if © = V (r).
Therefore the energy to add a particle at any point in the cloud is the same everywhere
and the density profile is completely determined by the trapping potential.

In the TF approximation for a spherical trap, the energy can be calculated as follows. In
this approximation the radius of the condensate is defined by R and it is obtained using

the harmonic potential (1.56) and the condition u =V (r), so

R* =2u (1.69)

According to the normalization condition of the wave function ([1.24)) the chemical poten-
tial is fixed and it is relationed with the total number of particles

N = /drN|\I/(r)|2

R (1 B V)
dma "

poo4 s 4 3} 2 pog
47m.N[37T 5" 15aN (1.70)
and using ((1.69)
= 2 (g (1.71)
15aN
the chemical potential is
152/
p=— (Na)*/? (1.72)

The Figure ((1.2)) compares the trial wave function in the variational study for a
variational parameter equal to 1, with the TF solution for a spherical trap
and using the chemical potential given by . In the TF regime the condensate has
well defined edges and from the chemical potential , the radius of the condensate

(1.69) can be given in terms of the strength of the atom-atom interaction Na as

R = (15Na)"/® (1.73)

13
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05 ——————————————s

0.4

0.3

0.2

0.1

OO , ! , ! , L ! , ) :
00 05 10 15 20 25 3.0
r/a

Figure 1.2: The full line is the ground state wave function for the Gaussian variational solution
and the dotted line is the TF approximation to an isotropic harmonic oscillator potential. The
wave functions are in units o = (N a)l/ 5 thus the variable change is ¥a?/2 — W,

The energy of the condensate in the TF approximation can be calculated according to
the usual thermodynamic relation g = OE/ON from (|1.72))

2/5 N 2/5
E:(usc;)/ dN/N/2/5:§(15a)N7/5 (1.74)
0

The energy per particle can be written like

E  5(15)*°

N 7 2

(Na)*? (1.75)

So in terms of the chemical potential (1.72)) the energy per particle in the TF regime has

the form [2]

E 5

— == 1.76

v = 7H (1.76)
Now is compared the TF energy (|1.75]) with the TF energy calculated using the variational
approximation. From variational approach the TF energy is obtained neglecting the

kinetic term (proportional to 1/w?) in the energy (1.59) and minimizing this energy

14



1.4. APPROXIMATE SOLUTIONS TO THE TIME-INDEPENDENT GPE

respect to the variational parameter. The minimization is given in the same way as the

equation ([1.62)), thus
2
w® =/ =Na (1.77)
7r

Then, the energy per particle for the TF approximation turns into

L 32 oy L(2) v (179
- 1) e (179

In the Figure the minimum energy per particle in the TF regime obtained from the
variational approximation within the range of stability Na > —0,67 is compared
with the TF approximation (L.75]). From these results, the TF energy per particle in the
variational treatment is greater than the TF energy as expected. The rate is given
by a factor 7/ (36007)"® ~ 1,08.

0 2 4 § g 10

Figure 1.3: Energy per particle in the TF approximation obtained from the variational treatment
(1.79) and the dotted line corresponds to the TF approximation (1.75)).
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1.4. APPROXIMATE SOLUTIONS TO THE TIME-INDEPENDENT GPE

The TF approximation lets see how the total energy is distributed between potential and

interaction energies. For this is necesary insert the TF solution (1.68|) with a spherical

potential ([1.56]) into the energies in ([1.35)) and (|1.36)), neglecting the kinetic contribution
(T.34). So

1
Ein = 27ra/dr N2 (r)|* = o /dr (;f —2uV + V2> (1.80)

Using the volume integral in a spherical coordinates with radius R. To the first term

4
u2/dr = §M2R3 (1.81)
To the second one
4 8T 5.8
2u | de'V =Adrwp | drr =K R (1.82)
To the third one
2 6 Tpor 4 o3
/drV :W/drr :?R = o7H R (1.83)

Adding those three contributions the resulting interaction energy per particle is

4(%@) (1.84)

Bt = —
105 a

In a same way the trap energy or the oscillator energy per particle is

Eirap = /drV(r)N|\If(r)|2 _ /drV(r) [“_4:;1(‘")] - 325 (“2f3> (1.85)

The ratio between these energies is given by

Eint o 2

=- 1.86
Etrap 3 ( )

Since the total energy in the TF approximation is F = 5u/7 (1.76)) and
E = Eipnt + Etrap (187)

Furthermore, using the ratio between interaction and trap energy ((1.86) the energy dis-
tribution in the TF approximation is

2 3
Einy = ?,u Etrap = ?N (188)

16



Chapter 2

The hydrodynamic theory of a BEC

The collective modes and the expansion of the condensed cloud when released from a
trap are important sources of physical information for a better description of the BEC.
The behavior of these phenomena is investigated by means of the time-dependent GPE
[2, 4]. Using this mean-field equation ([1.21)) may be derived useful equations very similar
to those of classical hydrodynamics that represent the conservation laws for the number
of particles and the total momentum (an extensive description about the hydrodynamic

in a condensate may be found in [13]).

2.1 The hydrodynamic equations

The hydrodynamic as macroscopic theory can be used to studying the superfluid behavior
at zero temperature of a BEC. The link between a superfluid and a condensate is given by
means of the definition of the superfluid velocity [19]. Nevertheless, in the hydrodynamic
description it is not appropriate to deal with the time-dependent GPE to research the
superfluid macroscopic state, instead it is better to use equivalent equations for the density
and the gradient phase [9].

The mean-field GPE has like a conserved quantity the total number of particles such that
dN/dt = 0, therefore it is possible considering a continuity equation reflecting this fact.
Thus performing the product of the time-dependent GPE by NV* (r,t) and sub-
tracting the complex conjugate of the new equation it is obtained the continuity equation

8815 (N[wf) - ;v (N (VY - UVE)] = 0 (2.1)

with the particles density n = N [¥|*. Defining the local velocity as

i (UVY - VT
2 s

(2.2)

Vv = —

and the particle current density j = nv, the continuity equation turns into

17



2.1. THE HYDRODYNAMIC EQUATIONS

on .

The density may be obtained using the ansatz ¥ (r,t) = [n(r,t) /N]l/2 exp [i¢ (r,t)] (the
phase ¢ (r,t) is a real quantity) on the GPE ([1.21]) such that

7 a(,\)/tﬁ@w + i\/ﬁaafezkb] — —; {V [(V\/ﬁ) ei¢> + Z\/E(qu)) eiﬂ} + (V + 47Tcm) \/ﬁew
= —; {(V2Vn) e +i (VeVyn) e +i[(VoVy/n) e
+Vn <V2¢ +1i (V¢)2) eiﬂ} + (V + 4man) v/ne'® (2.4)

As the GPE is a complex equation it can be separated in a real and an imaginary part.
The real contribution is given by

(9¢ 1 2 1 2
- = — 4 2.
5 2\/%V\/ﬁ+2(v¢) + V + 4man (2.5)
Introducing the ansatz U (r,t) = (n(r,t) /N)"?exp[i¢ (r,t)] in the momentum density
j = nv the condensed velocity can be defined like

v(r,t) = Vé(rt) (2.6)

This velocity characterizes the behavior of a macroscopic number of particles (the con-
densate) and it can thus be regarded as a classical quantity. So the real contribution
becomes [2]

1 1
_ 99 — _7V2\/ﬁ—|—§v2+‘/+47rcm (2.7)

ot 2y/n

According to the velocity ([2.6]), the motion of the condensate can be interpreted like a
potential flowf] If the condensed phase ¢ (r,?) is not singular (this condition is not ful-
filled for the core of a vortex line) the motion of the condensate is irrotational

Vxv=VxVp=0 (2.8)

Now, the imaginary part in the GPE turns into

W _ L (evyave + viv) (29)

Multiplicand both side by /n, then

10n

1
S5 = 3 VnVe+nvil (2.10)

*Since the velocity is the gradient of a scalar quantity, which is referred to as the velocity potential.

18



2.1. THE HYDRODYNAMIC EQUATIONS

and with the property Vn V¢ = V (nV¢) — nV?¢ the imaginary part in the GPE is [2]

on
— = =V (nV 2.11

- (nV0) (211)
The motion equation for the velocity is obtained taking the gradient to the real part (2.7))

and using the velocity definition (2.6). So

ov

1 1
5 =V 51)2 +V +drwan — —=V*\/n (2.12)

2\/n

It is more useful converting the hydrodynamics equations of the condensate as follows,
with the purpose of contrasting these with the classical hydrodynamic equations. So
from the thermodynamic Gibbs-Duhem relation dp = ndu in an uniform Bose gas with
chemical potential u = 4ran the pressure is p = 2man?. Thus, 4maVn = Vp/n and the

equation ([2.12) takes the form

av
ot

U?

_ _iw) ~V <2> v (2\1/ﬁv2\/ﬁ) -VV (2.13)

The continuity equation ({2.3]) has the same form that for an ideal fluid, while the equation
(2.13) is analogue to Euler equation

ov 1
5 +(v-V)v+ ng = —VV (2.14)

Or using the vector identity
V(A-B) = (A-V)B+(B-V)A+Ax(VxB)+Bx(VxA) (215)
when A =B =v

vx (Vxv) = V(z};)—(V-V)V (2.16)

So the Euler equation takes the form

2
Z—vx(va) - —ivp—v@)—vv (2.17)
There exist two differences between the condensate velocity equation and the Euler
equation for an ideal fluid [2]. The first one is that the potential flow to BEC is
zero. In second place, the third term in the right hand of is referred as the quantum
pressure. This term describes forces due to spatial variations in the magnitude of the wave
function for the condensed state i.e., it is arising from inhomogeneities in the density and
vanishes in the limit of BECs containing a large number of atoms or TF regime. Its origin
is the kinetic energy term in the GPE like happens to V (v?/2) but with physical meaning
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2.2. ELEMENTARY EXCITATIONS

different. The quantum pressure (V/n) /2 is refered to ‘zero-point motion’, which it
is not produced because of the particle currents, and V (v?/2) is referred to the kinetic
energy of the particles motion. Definining the spatial scale of variations for the wave
function like [, in the motion equation the quantum pressure is of order 1/I3, and
the pressure term is of order 4wan/l. So the usual pressure dominates on larger scales
and the dynamics of the condensate can be described by the classical hydrodynamic
equation. The quantum pressure dominates when the spatial variations of the density
occur on length scales [ less than order of the coherence lengtf = (87ran)_1/ . As it
was described above, at zero temperature the motion of the condensate may be specified
in terms of a local density and a local velocity. The equations of motion are very similar
to those of a ideal fluid expressing thus the conservation of the particle number and the
total momentum.

2.2 Elementary excitations

The properties of elementary excitations may be investigated using the hydrodynamic
formulation [2, [4]. Writing the density as n — ng + dn, where ng is the equilibrium
density and én is the deviation value of this equilibrium. Similarly the velocity potential
becomes ¢ —> ¢ + d¢p. Dealing the velocity and the variation dn as small quantities and
linearizing the density in the continuity equation and in the Euler equation ,
it is possible to get that the continuity equation becomes

Ono , 9on
ot ot

Here Ong/0t = =V - (ngV¢y) and the term —V - [0n 'V (¢o + d¢)] does not contribute in
the linearization. So the new continuity equation is

= —V-[(no+0n)V (¢ + 66)] (2.18)

oon

= = —V:(Vig) (2.19)

and for the Euler equation (2.12)) the phase ¢q is time constant and the velocity squared
does not contribute, so

) ~
o (V60) = Vi (2.20)

where 01 is achieved by the linearization of i [9] with

1
po= V+dmwan — mv%/ﬁ (2.21)

fIf a uniform Bose gas is pertudrbed locally, € is the length over which the gas heals back to its equilibrium
density, and it can be written as 1/ (2&2) = 4man. In the dilute limit na® < 1, the healing length ¢ is large

compared to the interparticle spacing n71/3[2, 9, 19].
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2.2. ELEMENTARY EXCITATIONS

The motion equation is obtained taking the time derivate in (2.19) and using the Euler
equation (2.20). Thus, the equation describing the excitations of a Bose gas in an arbitrary
potential is

9%*6n
ot?

= V- (noVéfi) (2.22)

A uniform gas

In this section, it will be investigated the spectrum energy of a homogeneous BEC where
the external potential is constant. The solutions sought are travelling wave such that
on — onexp (iq.r — iwt) where q is the wave vector and w the frequency. Henceforth
neglecting the zero-temperature depletion and to keeping the notation simple will be
denoting the density of the equilibrium by n [2]. For the motion equation the term Jj
can be written like

5jii = 4dmadn — ; [5 (%) V3i/n + \/155 (v%/ﬁ)]

1[ Vi/n 1 _,( dn

Where y/n is constant because in the unperturbed state the density is the same every-
where. From the solution to dn then V2 (0n) = (ig)” on, thus

op =4 aén—1 {1V2 (5n)] =4 aén—1 (iQ)Qén (2.24)
fr= 2maon =g (o - 2| 2n '

n

2
5fi = (47ra + Z) on (2.25)

and the equation of motion ([2.22)) takes the form

d*on 9
= [ 2.2
5z ="V (0R) (2.26)
or
¢
w? = (47ranq2 + 4) (2.27)

With possible solutions only if w = £¢,. Taking just the positive values and defining
€0 = ¢*/2 as the free particle energy, the energy spectrum is [2, 9]

2
€= \/87Tcmeg + (eg) (2.28)
The Figure (2.1)) illustrates the excitation spectrum ([2.28]) for repulsive interactions (a > 0)

and the respective approach for long (2.29) and short (2.30) wavelengths. For small wave
number ¢, the spectrum is sound-like
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2.2. ELEMENTARY EXCITATIONS

Figure 2.1: Dispersion of elementary excitations for repulsive interactions. The black line (solid
curve) corresponds to the excitation spectrum of a homogeneous Bose gas as function of the
dimensionless wave number ¢/s. The red line (dashed curve) shows the espectrum for long wave
number. The green line (dotted curve) is the approach to short wave number.

€ R sq (2.29)

with the sound velocity s = v/4man [f, which matches with the Bogoliubov results [30].
According to the above results the energy spectrum at long wavelengths is quadratic in ¢
for free particles and lineal when the repulsive interaction is present, agreement with ex-
perimental observations in liquid *He. The transition between the linear and the quadratic
spectrum occurs when the two pressures are very close, in other words, the kinetic energy is
approximately equal to the interaction term, so ¢*/2 ~ 4wan, or ¢ = (87Tcm)1/2 = 2¢1
For length scales longer than £ atoms move collectively and for shorter length scales these
behave as free particles [2].

In the short wavelengths approximation the contribution at the energy spectrum is given

by the free-particle spectrum plus a mean field shift.

8wan\ "’ 1 (8man
€ = € <1+ ) ~ e l1+ ( ) +] :eg+47mn (2.30)

q 0 q 0
€ 2 €

Or in terms of the sound velocity is

#The speed of sound becomes purely imaginary for attractive interaction and it implies instability. A conden-
sate with attractive interaction is stable by balancing the kinetic energy with the interaction.
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2.2. ELEMENTARY EXCITATIONS

q/V4mn

Figure 2.2: Excitation spectrum of a homogeneous Bose gas with attractive interactions a < 0.
The black dashed and dotted line corresponds to the |a| = 0,1 value. The red dashed line is for
la| = 0, 5. The green dotted line is for |a| = 1,0. The gray solid line is for |a| = 4,0.

€ ~ 45 (2.31)

A relevant feature for large wavenumbers and attractive stage (a < 0) is the possibility of
having a real energy. So the modes are stable, since the free particle kinetic energy term
dominates in the dispersion relation [2] fulfilling the condition.

qg > /8mnlad| (2.32)

or
¢ > V23 (2.33)

and the new spectrum is
¢ ~ € —4mlaln (2.34)

The other hand, the general spectrum ([2.28|) with attractive interactions (a < 0) is real
(Figure fulfilling the same condition ([2.32)).
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Chapter 3
Dipolar Bose-Einstein condensate

At short distances the interaction between atoms in a condensate is characterized essen-
tially by a single parameter, the scattering length a. Nevertheless, the dilute quantum
degenerate gases with dipole dipole interaction (mainly with magnetic dipole moment in
atomic systems and recently molecular systems proposed with electric dipole moment)
have attracted much attention in the last decade [11, 12, 13, B1], 32} [33], B4, 35, 36, B37]
due to the possibility to handling systems of many particles with long-range anisotropic
interactions, in both weak and strong regime. Whereas the dipole moments are suffi-
ciently large, the resulting interaction may even completely change the properties of the
condensate. The first experimental studies of dipolar effects in a BEC were carried out in
2Cr [10] which has a large intrinsic magnetic dipole moment m = 6ug, (up is the Bohr
magneton) six times larger than the alkali atoms. Later, Lev and co-workers achieved

a dipolar condensate of '®*Dy with a dipole moment m = 10up [38]. Recently, power-

Figure 3.1: Effect observed on a BEC due to the anisotropy of the dipole dipole interaction
(http://www.pi5.uni-stuttgart.de/en/research/projects.php/A/#6). While the magnetic dipole
moment (arrow) remains constant and the contact interaction (sphere) is reduced, the conden-
sate undergoes an elongation along the magnetization direction. (The color is not real in the
experimental images bottom).
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3.1. MAGNETIC AND ELECTRIC DIPOLE DIPOLE INTERACTION

ful laser techniques have created bosonic heteronuclear polar molecules such as K Rb
[39, 40] with large electric dipole moments. The physical effect observed in the BEC with
dipolar interaction elongates the cloud along the direction in which the dipoles are aligned
(Figure . This Chapter introduces the two main features of the dipolar interaction,
the long-range character and the anisotropy. Likewise is analyzed the effect of the new
interaction in the TF approximation with a spherical trap by means of the dipolar GPE.
The last part of the Chapter is devoted to the hydrodynamic description of a dipolar
condensate displaying that some of the different intervals existence in the spectrum of
energy of a homogeneous dipolar condensate contrasting with the non-dipolar stage.

3.1 Magnetic and Electric dipole dipole interaction

The dipole dipole interaction can be obtained like a generalization of magnetic and electric
dipolar interaction.

3.1.1 Magnetic dipole dipole interaction.

The dipolar contribution to the magnetic case is determined in the expansion of the vector
potential as [41], 42]

[Lngf'
47 r?

where p is the permeability of vacuum and m is the magnetic dipole moment. The ideal

A (r) (3.1)

magnetic field for a dipole is easiest to calculate when m is at the origin in the z direction

(Figure [3.2)). Then, the vector potential at point (r,6, ¢) is
[ msin@

A(r)=—

() A 1?2

and hence in spherical coordinates the magnetic field becomes

(3.2)

Figure 3.2: Magnetic dipole moment in the z axis [41].
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3.1. MAGNETIC AND ELECTRIC DIPOLE DIPOLE INTERACTION

_ _ Mo - Y
B(r)=VxA(r)= o (2 cos Of + sin 00) (3.3)
For a coordinate free system the magnetic field can be read as
po |3 (m.F)F —m
Br)="—|—"—F—— 3.4
= o P (3.4

Here, was used the geometry of Figure (3.2)) where the decomposition of the magnetic

dipole moment m on radial r and angular @ axes is

m = m (cos O — sin 00 (3.5)
( )

so the term m (2 cos Ot + sin 9@) = 3(m.t)f — m. In this way the interaction energy
between two magnetic dipoles U, = —m.B (r) obeys the equation

Un, (3.6)

 4r 3

. @ lml.mg -3 (ml.f'lg) (mg.f‘12)‘|
12

with rio = r; — ry the vector joining the two dipoles.

3.1.2 Electric dipole dipole interaction.

In ST units, the dipolar term in the expansion for the electrostatic potential in rectangular
coordinates is given by [9, 411 [42]
p.r
¢ (r) = (3.7)

dreqrs

with g9 the permittivity of vacuum and p the electric dipole moment. Now, taking the
momentum lies at the origin and in the z axis (Figure [3.3))

p.r pcosf
0) = = 3.8
¢ (r,9) Ameord  Amegr? (3.8)
and the corresponding electric field in spherical coordinates is
E=E,i+ E0 + E ¢ (3.9)
with components
ET:_%:ZPCOSQ EGZ_E%:pst E, - - 1 %:0
or  4mwegrs rodf  dmegrd rsinf dp
(3.10)
Thereby the electric field turns out
2p cos OF + psin O
E= 3.11
deqrs ( )

It is worth noting that this electric field is an approach to the physical dipolar electric
field only if r >> d with the d the separation between charges [41].
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3.2. DIPOLAR INTERACTION

<
o
p |
BN y
N

Figure 3.3: Electric dipole moment in the z axis [41].

This equation is identical in structure to the field of a magntetic dipole (3.3)). In a same
way like was done to the dipolar magnetic field, from the geometry of the Figure (3.3
the dipolar electric field can be generalized as
3(p.£)# —p
E(fr)=—"7—"———- 3.12
(r) 4megrs ( )

and the corresponding energy between two electric dipoles U, = —p.E (r) obeys the equa-
tion

_ pi-p2 — 3 (pl-f'u) (P2~f‘12)
Aeqri,

Ue

(3.13)

with rio = r; — ry the vector joining the two dipoles.

3.2 Dipolar interaction

According both energies, the dipolar magnetic (3.6) and the dipolar electric (3.13)), for
two particles 1 and 2 with dipole moments along the unit vectors e; = r;/r; (i = 1,2)
and whose relative position is r = |r; — ry| (Figure (a)) the dipole dipole interaction
energy is read as [9, [11], [13]
C : 2 —3(e;. :
Uy (1) = ad | (e1.e2)r (e1.r) (eqg.r) (3.14)

A7 7o

where Cyg = pgm? for particles having a permanent magnetic dipole moment m and p? /g
for particles having a permanent electric dipole moment p. To simplify this interaction
energy is common to work with a polarized sample where all dipoles point in the same
direction z. Thus e;.e3 = 1 and e;.r = es.r = rcosf, so the dipole dipole interaction
energy takes the form
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3.2. DIPOLAR INTERACTION

(a) b)

-l €2

(
r _____,"”’,82 A ro-
,--*"’/{I ‘\,«"'--”-
Ek e

) o
1
I

Figure 3.4: Dipole dipole interaction. (a) Non-polarized case. (b) Polarized case. (c) Two
polarized dipoles side by side repel each other (black arrows). (d) Two polarized dipoles in a
‘head-to-tail” attracting each other (black arrows) [L1].

(c

Cyyl—3cos?0
Uaa (v) = 4 r3

with 6 the angle between the direction of polarization and the relative position of the

particles r (Figure (b)).

(3.15)

3 and

The dipole dipole interaction has two main properties, the long-range character r~
the anisotropy reflected by the angle dependence. Contrasting strongly with the short-

range and isotropic behavior from contact interaction Ueppiact (r) = g0 (r —1').

Long-range character. A way to classify the potential as long or short-range depends
on whether the chemical potential is extensive or intensive [11], [43] 44]. Whereas a large
system the homogeneous properties can be defined only in terms of the density n, the
chemical potential p(n) is extensive, thus the potential is short-range. In systems with
long-range interactions the energy per particle depends on the density and strongly the
total number of particles (such that it is divergent) with p (n, N). The convergence of the
interaction potential U (r) at larges distances can be verified from the integral

I= /m dPrU (r) = QD_l/OO drr?~U (r) (3.16)

70 70

Where D is the dimensionality of the system and ry some small cut-off which converges
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3.2. DIPOLAR INTERACTION

at large distances. In the present case is necessary to using interactions decaying at long
distances as »~". To consider this kind of interactions as short range, i.e. when the inte-
gral I converges, these must decay faster than »?~!, in other words, must be satisfied the
condition D < n. Therefore, the dipole dipole interaction with n = 3 is long-range
in three dimensions and short-range in one and two dimensions. Alternatively, other
method determining the behaviour of a potential implies the solution of the two-body
scattering problem for a potential »—3 [44]. The short-range potentials can be defined as
potentials of range R which can be described at large distances (r > R) by a free wave
with an appropriate phase shift (the s-wave scattering length a). So the explicit solution
of the scattering problem for one, two and three dimensions is compared with the solution
in terms of a wave plane to the corresponding number of dimensions. The results show
that in two dimensions the =3 potential can be treated as a short-range one. In contrast
for one and three dimensions the potential can be treated like a long-range one. The two
methods lead to different answers for one dimension.

Anisotropy. The dipole dipole interaction has the angular symmetry of the Leg-
endre polynomial of second order P (cosf) with 0 < 6 < 7/2. Whether § = 7/2 so
Uga (r) > 0 and if @ = 0 then Uyq (r) < 0. Hence the dipole dipole interaction is repulsive
for particles sitting side by side, while this is attractive (twice the strength of the previous
case, i.e. |Ugq (0 = 0)| =2 |Uqq (0 = 7/2)|) for dipoles in a ’head-to-tail’ configuration (Fig-
ure [3.4](c) y (d)) respectively [I1]. So in a trapped dipolar BEC (DBEC), for the dipoles
is energetically more favourable to be aligned. For the special value § = cos™* (1 / \/§)
the dipole dipole interaction vanishes. Therefore in a real physical system the dipolar
interaction elongates the cloud along the direction in which the dipoles are aligned. Ac-
cording to the above a cigar-shaped pure DBEC (Figure(a)) undergoes instability and
should collapse because of the main effect of the interaction is attractive. Whereas in a
disk-shaped pure dipolar condensate the interaction is repulsive and the system should
be stable [9, I1] (Figure [3.5(b)). However, recently a complete numerical solution of
the dynamics of a dipolar condensate shows that it is possible the collapse of a strongly

disk-shaped due to the long-range anisotropic dipolar interaction [15].

(a)

Figure 3.5: Geometric dependence of the stability of a trapped pure dipolar condensate [I1]. (a)
In a cigar-shaped condensate the dipoles are aligned along the axis of the trap and the effect of
the dipole dipole interaction is attractive which leads to an instability. (b) In a pancake-shaped
condensate the dipoles are oriented perpendicularly to the confinement axis. In this case with
the repulsive dipole dipole interaction the condensate is stable.
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3.3. DIPOLAR GROSS-PITAEVSKI EQUATION

3.3 Dipolar Gross-Pitaevski equation

Based on the dipolar interaction (3.15) the hamiltonian operator in second quantization

turns out

1 o A o A
Hag = 3 / drde’ Ut (v, t) UT (v, ) Ugg (v — ¢/) W (v, ¢) W (r, 1) (3.17)

with r — 1’ the relative position of the dipoles and

%1—3C0829

Vaa e =x) = o op

(3.18)

So in a similar way like was obtained the GPE (1.48)), the Heisenberg equation ([1.45)
in the mean-field approximation leads to the corresponding time-dependent GPE with
dipolar interaction or DGPE ([2, O, [IT) I3] and references therein)

o (r h?
z'hia 7)) _ —— V2 (£, 7)+ V() D (F,7) + gN|® (&, 1) ® (F,7)
or 2m
NC 1—3cos?0
- / i (L2 o @, r) o (5. 7) (3.19)
4 |t — /|

As in the non-dipolar condensate with the variables change r = T/as., w? = &2 /w2,
wg = djg/wgsc, w? = &% Jw?, ., with a,s = (ﬁ/mwosc)l/z. Also t = Twese, and W (r,t) =

a??® (¥,7), the dimensionless DGPE is

osc

20\11 (r,t)

_ | 1o 2
pr = [ 2V + V (r) + 4maN |V (r,t)|

N 1 — 3cos?
+ Cdd/dr’ (3C°S 9) W (¢, 1))

4 r — I"|3

U (r,t) (3.20)

with a = a/a,s. and
Odd =m Cdd/azsc hZ

. Here m is the oscillator mass. The normalization of the wave function and the density
of the condensate can be read respectively as

/dr O (1) = 1 (3.21)

n(r)=N|¥ () (3.22)
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3.3. DIPOLAR GROSS-PITAEVSKI EQUATION

The dimensionless dipolar interaction is

Cys1l—3cos?0

Udd (I‘ — I'/) /|3 (323)

4m r —r

In the weak-coupling limit (n \a|3 < 1) the mean-field DGPE gives a good description

of a trapped dipolar BEC. In the strong-coupling regime (n la|® > 1) this model is not
valid and beyond mean-field corrections become important [23].

The ansatz (1.28) W (r,t) = U (r)exp (—iut) allows obtaining of the time-independent
dipolar GPE

pV(r) = {—;Vz + V (r) + 4maN |¥ (r)]> + NV (r)| ¥ (r) (3.24)

with the definition

Vg (r) = / dr' Uy (x — ') |0 (2)]? (3.25)

It is worth noting that Vg, (r) is non-local, i.e. its value for r depends on total density of

the condensate, reflecting the long-range nature of the interaction.
From ({3.24) the chemical potential is

= / dr U (x) Hv? V(1) 4+ draN |9 (1) + NV (0)| @ (1) (3.26)

The corresponding energy per particle with dipolar contribution can be obtained from
the contact interaction hamiltonian ((1.32) modified

1 N
H= _§v2 +V (r) + 27aN |¥ (r)]” + 5 Vaa (r) (3.27)
leading to the dipolar condensate energy

N2

E(T) = /dr Bf [V (@)]* + V(1) N [@ (1) + 2maN? [ @ (0)]" + - Vaa (1) [© (r)yﬂ

(3.28)
Likewise from the thermodynamic relation g = OE/ON and with the energy (3.28) the

chemical potential (3.26]) arises. Maintaining the relation among the energy and the
chemical potential ([1.37)), add the new interaction. Thus

1
Ho= N [Ekm + Eho +2 (Econtact + Edipolar)] (329)

A important relationship between the energies in a dipolar condensate can be found using
the virial theorem (Appendix|C.2)). This theorem takes into account that the energy must
be independent of a scaling transformation of the coordinates and besides that it imposes
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that the energy must be a minimum. The theorem allows to testing the accuracy of a

numerical algorithm. Thus,

2Ekin + 3Fimt — 2E4ay = 0 (3.30)

3.4 Thomas-Fermi approximation for the DGPE

In the TF approach the generlization of (|1.68)) according to (3.24) is given by [2, 9} 1T}, [13]
p = V(r)+4naN | (r)]> + NV (r) (3.31)

Solving in general is not easy [35], 36, 45] due to dipolar term. Nonetheless, a
parabolic density profile can be found in a simple way considering an isotropic harmonic
trap with spherical symmetry V (r) = r?/2 and the dipolar interaction like an anisotropic
perturbation which distorts the cloud [2] (the perturbation treatment may be extended
to anisotropic traps). When the dipolar interaction is not present, the solution to (3.31)

becomes in

N () = 1@—”) (332

dra 2

Inserting this solution in the last term of (3.31)) leads to

VO (1) = / dr' Ua (r — ') [T (') (3.33)
So the solution to the dipolar density in TF approximation (3.31)) may take the form

NP = o=V ()= NV @) (3.34)

ma

Rewriting the dipolar interaction (3.23) as [2]

Cu 1 3(2—2’)2
Uy (r—1") = 1-— 3.35
wle—r) = S M (3.35)

and simpliflying this using the property
1 —2)? o 1 1 1
3_3(2 Z)5 = T2 —i-fo
lr — /| lr — 1| 022 \|r — /| 3 v —r/|
0? 1 4

= —— ——0(r—1 3.36
022 <|r—r’|> 3 0r=r) (3:36)

the dipolar interaction becomes
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C , 0? 1 4 , ,
V9 @) = Tjj dr l‘a%( )-35@—1-)] W, (r)[? (3.37)

v — |

Deriving by parts the first term can be written as

[ ()| e = =5 () 339

Thus, the dipolar contribution is given by

2 |2
N‘/d(c(l)) (I‘) _ % dr’ [ 9 (N“IIO (I‘)’

4r 022 lr — /|

> )+ 55—y N ]
(1 Y ]

022 \4nm v —r/|
. *¢ (r) 1 2

Here ¢ satisfies the Poisson equation VZ¢ = —N |¥ (r)\ [42] and looks like an electro-
static potential due to a charge distribution N |¥, (r)|>. So the dipolar interaction is split

into a long-range term which is ¢p—function and a local term proportional to the density
2
N [Wo (r)]".

From the size of the cloud R in spherically symmetry to the TF approach (1.69), the
non-dipolar density reads as

N [T (r)]> = no (1— ;) (3.40)

with the density in the central point (r = 0) written like ng = N [¥ (r = 0)]* = p/47a
and N |Ug (r)]* > 0 for r less than the Thomas Fermi radius R and N |¥, (r)]> = 0 in

the otherwise.

The potential ¢ can be determined by splitting up the system into two regions, ' < r
and " > r. The potential from a spherical shell with radius ' > r and thickness dr’ is
1/r times the total charge contained in the shell. Therefore the potential is

e For r > R with [r —r'| ~ 1

o) = L [N / dr' N | T, (v) (3.41)

A v —r/|  d4nr

From the wave function normalization (3.21]) and for a constant number of particles, the

“Like V2 (4

r’|

7\ |2
) — —4n5(r — 1), then [dr’ V2 <N|‘“0(P ) ) — 47N W (r)?

[r—r’]
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potential is

= — 3.42
6 = (3.42)
e Forr < R
v —1/| ~ r r<r
r! r'>r

Solving the integral for the potential

1 N[ ()
EE— ri

o(r) = AT v —r/|
1 " 1o N\2 N2 R / /2N N2
= T/ dr’ (r')" N ¥, (r')] +/ dr (T)F"IJO(I'”
0 r
1 r ) r/2 R 21 7'/2
= T’/o dr'r' [ng (1—R2>]+/r dT/T,p no 1_ﬁ
1 [r3 rd 1/, 9 1 4 4
- {35 5 () g () (3.43)
Finally,
R? A 2
o(r) = mng [4+20R2_61 (3.44)

Using the potential for » < R the energy contribution to the dipolar interaction (|3.39)
can be calculated like

9?¢ (r) o [4r?z 22 r?4+222 1
= np— Sl Y A G 3.45
922 "oz |20R2 6| | srR® 3 (3.45)
SO 5 9 3 9
T — oZ
NV (x) = BCddno lR2 1 (3.46)

Or by substituting the radius 72 = 22 + y? + 22 and the chemical potential in terms of the
extension of the cloud in the TF approach (|1.69) the density in the central point

po R
_ - 4
10 dma 8ma (3 7)
leads to
NV (r) = Ca (x2 + 9% — 222) (3.48)
dd 60ma

Hence the density distribution with dipolar interaction in the TF approach (3.34)) is given
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2
2 H r Odd 2 2 2
NV (r)]? = mll_m_somm (22 +¢* - 22 )]

Cdd $2 + y2 ( Cdd ) 22
1—(1 — 11— — 4
o [ ( - 3O7ra) ( R? 15ma) R? (3.49)

In a dipolar BEC is useful to define the dimensionless quantity €44 = Cgq/12ma which

measures the strength of the dipole dipole interaction relative to the s-wave scattering

one. Hence the density for the TF limit with dipolar interaction is [2] 9]

22 oy 2
N ()] = ng [1—R2—R2—R21 (3.50)

T Y z

defining the radii R,, R, and R, as

9 —-1/2

R.=R,=R,=R (1 4 5edd) (3.51)
4 -1/2

Rz =R (1 - 5€dd> (352)

and for a trap with cylindrical symmetry, such that p* = 22 + y2, the TF density takes
the form [IT, 35, 536, @5]

2 P 2

From the density definition (3.22)), the number of particle N can be given by

N = /drN W (1) (3.54)
thus the usual normalization constant ny can be written like
15N
= 3.55
"= STRYR, (3:55)

Therefore the density in the TF approximation of a DBEC with cylindrical symmetry is

N[ (r)]

LN [ v 22] (3.56)

CSTRAR. | R ORZ
3.5 The hydrodynamic equations

In the same way as the hydrodynamic in a non-dipolar condensate was studied in the pre-
vious Chapter, for a dipolar BEC [11}, 13|, 33] is possible taking a solution like W (r,t) =
(n (r,t) /N)?exp[i¢ (r,t)] (with the phase of the order parameter ¢ (r,t) as a real quan-
tity). Thus, the continuity equation is given by
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on .
5 tVi=0 (3.57)

with the respective condensate density n = N \\If|2, the particle current density j = nv,
and the velocity
i (U*VU — UVUH)

V=—=

2 5

(3.58)

or in terms of phase ¢ (r,t)
v(r,t) =Vol(r,t) (3.59)

and the Euler equation

1

ov 1
=-V fU2+V+47ran+NV;id(r)——2\/ﬁ

= _ 2
5 : vi/n (3.60)

3.5.1 Homogeneous gas: phonon instability

In the Chapter 1 was shown that a homogeneous condensate with attractive contact in-
teractions (a < 0) is unstable. In the Chapter 2 from the hydrodynamic viewpoint this
effect can also be appreciated by the critical wavenumber (g, = v/2/¢) below which the
condensate becomes unstable i.e., the excitation frequencies are imaginary. Now, it will
be considered a homogeneous dipolar condensate with an equilibrium density n, small
density and velocity perturbations (with frequency w and wave vector ¢). Linearizing the
continuity equation and the Euler equation (3.60) around equilibrium, the excita-
tion spectrum is determined in a same way as for the Bose uniform gas with solutions
on — onexp[—i(q.r — wt)]. The dipolar contribution to the spectrum corresponds with
the Fourier transform for Vg, (r) [11} 46] 47, 48] (Appendix [B]) such that

~ 4y 1/2
€q=w= {q2 [47rcm + nUqgq (q)} + q4} (3.61)
with c ) c
7 _ bdd (g4 ) _ Ldd 29 _
Uaa (@) = = <3q2 ) = (3cos*6, — 1) (3.62)

where 6, is the angle between q and the polarization direction (Figure . For the
case 0, = cos™! (1 / \/§) the dipolar contribution vanishes and the spectrum matches
the condensate with contact interaction (2.27). Therefore, the excitation spectrum for a
homogeneous dipolar BEC should be [11], 12, [13] 32]

1/2
€q=w= {47mnq2 [1 + €4q (3 cos® 6, — 1)} + (C];)Q} (3.63)

where the dimensionless quantity esq = Cyq/127a. Defining o = [1 + €44 (3 cos? 6, — 1)]

and in analogy with the non-dipolar condensate, when @ > 0 and o < 0 or @ < 0 and

)1/2

a > 0, the energy is real only as ¢ > (167n |a| |a|)"’". However, considering a constant
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Figure 3.6: 6§, angle in the dipole dipole system [I1].

8

Eq/S%
e
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Figure 3.7: Spectrum of elementary excitations (3.63) in units of the s? (with repulsive interac-
tion a > 0), egq = 1 and different values of the angle 6,. Such that §, = 0 (red dashed line),

0, = 7/4 (green dotted line), 6, = cos™* (1 / \/3) (black solid line), and 6, = 7 /2 (blue asterisk).

density, the energy can be imaginary depending of the parameters such as €44, the
scattering length a and the angle 6,. A simple way to see this energy as a wave number
function in both repulsive and attractive interactions is given by the Figures and
respectively, both with |ez| = 1 and 0 < 6, < 7/2. However, the richness of the
dipole dipole interaction leads at more interesting properties, e.g. in the sound velocity
behavior. The sound velocity s is obtained by considering the limit of the spectrum at
small wave vector |¢| and is defined by

w

lim —+ = lim — (3.64)
a0 q|  lal=0 [q]
this leads to

s = s [1 + €4d (3 cos® 0, — 1)} 2 (3.65)
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Figure 3.8: Spectrum of elementary excitations (3.63) in units of the |80|2 (with attractive in-
teraction a < 0), |e4q| = 1 and different values of the angle 6,. Such that §;, = 0 (blue asterisk),
0, = m/4 (red dashed line), 6§, = /3 (green dotted line), and 6, = m/2 (black solid line).

with the sound velocity so = v/4man in the non-dipolar condensate. Notice that the sound
velocity can be real or imaginary. For a constant density there are two possible cases

e For a > 0 (implies €44 > 0) then

1 1
2
cos“9,>-11— — 3.66
= 3 ( 6dd> ( )
When the parameter €,44 is within the interval 0 < €43 < 1 the above condition is
satisfied for any angle within 0 < 6, < 7/2 and the sound velocity is real (Figure

3.9). Moreover, to maintain the sound velocitity real when e4g > 1, it is necessary

6, < cos ! [1 (1 - 1)]1/2 (3.67)
q 3 € .
dd

the condition

Here when €44 — 1 then 6, — /2 and when €4 > 1 then 6, — cos™* (1/\/3) The
above condition is a sign of the general instability present in homogeneous dipolar
gases (Figure [3.10]). In the particular situation e4q > 1 and 6, = 7/2 being the wave

vector ¢ perpendicular to the orientation of the dipoles, the dipolar gas is unstable.

e For a < 0 (implies €49 < 0) then

1 1
2
cos“f, > -1+ — 3.68

! 3< |€dd|> (3.68)
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Or in the form

e 1 \12
6 < =14 — 3.69
g < cos L)( +|€dd|>] ( )
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Figure 3.9: Sound velocity in units of the sg (with a > 0) as a function of the angle §, (in radians)
within the interval 0 < €44 < 1. The non-dipolar case €;5 = 0 (blue dashed line), €44 = 0.3 (green
short line and dot), €44 = 0.6 (red dotted line), €44 = 0.9 (black large line and dot), and €55 = 1
(orange solid line).

/2

Figure 3.10: Sound velocity in units of the so (with a > 0) as a function of the angle 6, (in
radians) for €44 > 1. The non-dipolar case €54 = 0 (blue dashed line), €44 = 1 (red dotted line),
€qq = 1.1 (green solid line), €54 = 3 (orange large line and dot), and €44 = 10 (black short line
and dot).
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so when |e4q| > 1/2 the condition is fulfilled and the sound velocity is real. In this
region when |egy| — oo then 6, — cos™* (1/\/5) (Figure |3.11). The angle varies
within the interval 0 < 0, < cos™! (1 / \/§) The existence of the sound velocity to
a < 0 contrasts with the non-dipolar case where it doesn’t exist.

Just like in the non-dipolar condensate, the dipolar excitation spectrum has two
approaches, the first one to short wavenumbers and the second one to long wavenumbers.
So to short wavenumbers ¢ — 0 and repulsive interactions a > 0, the spectrum is linear
in ¢, such that ¢, = sq. To long wavenumbers ¢ > 0 and repulsive interactions a > 0, the
spectrum has a free particle contribution (62 = ¢*/2) plus a shift.

et s (3.70)

In the attractive stage a < 0 and short wave numbers ¢ — 0 the spectrum (3.63|) becomes
linear in ¢ contradicting the non-dipolar condensate where the spectrum doesn’t exist.
Thus,

1/2
€ = ¢ {47m |al Uedd] (3 cos? 0, — 1) — 1” / (3.71)
To long wavenumbers ¢ > 0 and a < 0 the spectrum becomes

€ ~ € +4mlaln [leddl (3 cos® 0, — 1) - 1} (3.72)

DO W = Ot

s/ |sol

) el T
0.0 025 0.5 0.75 1.0

Qq
Figure 3.11: Sound velocity in units of the |sg| (with a < 0) as a function of the angle 6, (in
radians) for |egq| = 1/2. |€qqa| = 3/5 (red short line and dot), |€qq| = 1 (green dashed line),

lead| = 3 (orange dotted line), |e4q] = 5 (black large line and dot), and |egq| = 10 (blue solid
line).

40



Chapter 4

Solitons in a BEC

In a BEC the fundamental excitations at zero-temperature are divided into collective
[2, 13] and topological ones [2, B]. The collective excitations are related to the density
perturbations depending on the excitation wavelength A., relative to the size of the con-
densate R, thus when )\, < R, the excitations are phonons (sound waves) and for A\, > R,
the excitations represent large-scale oscillations (breathing and quadrupole modes). The
topological excitations are solitons (bright and dark) and vortices (single vortices, vortex

rings and vortex lattices) [2, 3, 4]. The solitons are the main subject in this Chapter.

The Thomas-Fermi regime and the variational approximation are very useful research
methods to describe some properties of a condensate as was seen in Chapter 1. However
the mean-field equation in a one dimension and without trap has a special kind of
analytical solutions called solitons [2,4]. The solitons are generated in both repulsive (dark
soliton) and attractive (bright soliton) condensates as will be illustrated in this Chapter.
The last part of the Chapter is devoted to found solitons in a three dimensional condensate
without trap in the z direction by means of a Gaussian variational approximation and

the numerical calculation using the split-step Crank—Nicolson method [24].

4.1 The soliton

A solitary wave or soliton is defined as a localised nonlinear wave arises from a balance
between dispersive and nonlinear effects [49, 50, [51]. Besides for a conservative system
the soliton behaves like a “particle” i.e.

e It must maintain its shape when it travels at constant speed, reflecting a character-

istic of the so-called solitary wave.

e When a soliton interacts with another soliton, it emerges from the “collision” un-
changed except for a possibly phase shift, in other words, the amplitude, shape and
velocity are conserved after the collision. This soliton property shows the particle-
like interaction behavioil]

*From which the name soliton was coined in 1965 by Norman Zabusky and Martin Kruskal.

41



4.1. THE SOLITON

The solitons arise in both continuous systems such as the Korteweg—de Vries equation
equation and discrete systems such as the Toda lattice and in both one and multiple

spatial dimensions [49, [51].
Brief historical development of solitons

A useful and simple introduction about the soliton is found in [49, 0] (and references
therein). The birth of the soliton was first recorded by John Scott Russell (1834) when he
was investigating how improve the efficiency of designs for barges in canals. After about
50 years being ignored this interesting discovery, Diederik Korteweg and his PhD student,
Hendrik de Vries derived a nonlinear partial differential equation confirming mathemat-
ically the existence of Scott’s solitary waves. They show that the change of the wave’s
height in time is determined by nonlinear and dispersive effects. However, they did not
find a general solution. In 1955, by means of the Los Alamos MANIAC computing ma-
chine, Enrico Fermi, John Pasta and Stanislaw Ulam (FPU) were exploring the energy
equipartition in a slightly nonlinear mechanical system. It was expected that if all the
energy was initially introduced in a single mode, the small nonlinearity would cause en-
ergy redistribution among all the modes, but this did not happen and the energy was
periodically returning to the initially excited mode. Motivated to find an explanation for
this phenomenon, Norman Zabusky and Martin Kruskal (1965) approximated the FPU
system in the continuum limit using the KdV equation. They solved the equation numer-
ically and reported that the solitary waves can pass through each other without change
in their shape or speed, the only change found was a small phase shift after a collision.
Zabusky and Kruskal then introduced for the first time the term soliton for this solitary
waves, thus highlighting its particle-like behavior. In 1967 was discovered a method by
Clifford Gardner, John Greene, Martin Kruskal and Robert Miura, to finding exact so-
lutions (including soliton) of the KdV equation. At present this method is known as the
inverse scattering method (ISM). It was later found that the ISM is more general and al-
lows sought exact solitons in many others integrable nonlinear systems. In 1972 Vladimir
Zakharov and Alexei Borisovich Shabat generalized the inverse scattering method and
solved the nonlinear Schrodinger equation (NLSE). They demonstrated both integrability
and existence of soliton solutions. The NLSE was found as a fundamental model in many
important applications, in hydrodynamics, nonlinear optics, nonlinear acoustics, plasma
waves, Bose-Eistein condensate, inter alia. Next, in 1973, Mark Ablowitz, David Kaup,
Alan Newell and Harvey Segur also applied ISM finding the solitons in the sine-Gordon
(SG) equation which admits kink and anti-kink solitons. The SG equation also appears
in many physical applications, including the propagation of crystal defects and the prop-

agation of fluxons (quantum units of magnetic flux) on long Josephson transmission lines.

In addition to the discovery of the integrable nonlinear continuous systems, appear some
integrable discrete systems admitting exact discrete solitons. Morikazu Toda becomes
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the first to discover a soliton in a discrete integrable system (called the Toda lattice).
Later, arises the Ablowitz-Ladik (AL) equation which is an important discretization of the
continuous NLSE. Although the AL equation is not physically relevant as if it is the usual
discretization (the discrete nonlinear Schrédinger equation or DNLSE), its advantage lies
in that it preserves the integrability of its continuous counterpart and is theoretically useful
as a starting point in perturbative studies. Other researchers have subsequently derived
other integrable models (in one and multiple spatial dimensions) with soliton solutions.
By contrast, studying solitary waves in nonintegrable equations becomes the analytical
techniques in perturbative methods, asymptotic analysis or variational approximations.
The above shows that the solitons are a huge research field in different scenarios of the
science.

4.2 The nonlinear Schrodinger equation

The nonlinear Schrodinger equation (NLSE) ([52] contains some general aspects) is re-
garded a universal nonlinear model because of that it describes a large amount of physi-
cal nonlinear systems. The equation can be applied to hydrodynamics, nonlinear optics,
nonlinear acoustics, Bose-Einstein condensates, heat pulses in solids and various other
nonlinear instability phenomena.

4.2.1 The NLSE in a BEC

Until now the behavior of a condensate has been studied using different approximations
like the TF approach and the variational solution. However the time-dependent GPE has
exact analytical solutions in the nonlinear case. These have form of solitons, i.e. localized
perturbations which propagate without change of form. These are physically created by
the nonlinearity and dispersion compensation according to the dispersion relation given
by which has both, local density and wave number dependence. The GPE
can be considered like a NLS-like equation, which in turn is identical to that appearing
in non-linear optics of Kerr media. Interesting resemblances have been observed between
both fields, including four-wave mixing, BEC collapse and the creation of bright, dark
and gap solitons (more information about those phenomena is found in references of [L1]).

The solitons in the integrable NLSE are localised one-dimensional wavepackets and come
in two distinct forms. For analogy with the optical solitons the intensity of the light can
be equivalent of the condensate density. Thus, the dark solitons [2, 4, [51] 53] correspond
to density depressions and these are generated in repulsive (or defocussing) nonlinear me-
dia. These solitons are divided into black ones, for which the minimum density is zero,
and grey ones for which the density is greater than zero. The other hand, are the solitons
with a density maximum referred as bright [2 4] 51], i.e. the bright solitons are humps
of positive density and these are supported in attractive (or self-focussing) media.
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According to the above, the solitary waves are bright and dark depending on the nature of
the nonlinearity in the system, and these are arise in many other areas of physics, such as
shallow water waves, plasma systems, macromolecules, acoustic, optical fibres, photonics
and possible applications in the future include interferometry, quantum entanglement and
quantum information.

4.3 GPE reduction from 3D to 1D

In the Chapter 1, it was described that a variation of the parameter A = w, /w, can result
in three kinds of condensates: A = 1 spherical, A\ > 1 disk- or pancake-shaped (quasi-
two-dimensional condensate) and A < 1 cigar-shaped (quasi-one-dimensional condensate).
The 3D to 1D reduction will be done using the adiabatic approximation [54, 53] [56] which
considers that in a cigar-shaped trap with tight radial binding the dynamics takes place
along the axial direction and in the transverse direction the condensate wavefunction
remains in the ground state and the opposite happens for the disc-shaped trap. Therefore
in those two limits the scales are very different and it is possible separate the wave function
in p and z variables [54, [55] 56], 57, 58], [59]. The first experimental realization of solitons
in a BEC it was done in a quasi-1D model [60]. An approximate search of solitons in a
BEC can be performed using the reduced 1D mean-field GPE. Theoretically, the literature
offers several schemes to obtain a quasi-1D GPE. In this dissertation it will be used the
reduction procedure proposed by [54], 55, 56], 57, 58] (and references therein), where the
wave function W (r,¢) can be factorized as

U(rt) = ¢(p)r(zt) (4.1)

with p? = 22 + y?. This approximate wave function is valid whereas the main force on
the transverse direction is caused by the trapping potential [57]. So, by substituting this
wave function into the GPE ([1.21) it leads to

., Ok
o 245@—* KV0 + Vyor + Voo +dmaspN [of |5 gon - (4.2)

where the radial equation is read as

1
— §V§¢ + Vo = w,o (4.3)

and corresponding to an eigenvalue problem for the two-dimensional isotropic harmonic
oscillator with the ground state given by

b (p) = ;7_?/ (4.4)

Now, multiplying 1) by ¢* (p) and integrating over p using the normalization [ d?p 9> =
1, the new equation is
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0 92
@'(7’; = /d2p¢ [ <V2+82> +V, +V, +4raspN |6 |s]*| ok (4.5)
Here
(1 :
/dngb <—2V;2;¢ + Vp</>> K= /dzpqﬁ Wpdk = W,k (4.6)
This expression it gives rise the axial equation
0 1 0%k
G/Z 392 + Vik + 2a3p N |k & + wyk (4.7)

the additional factor 1/27 in the nonlinear term comes from the solution (4.4) such that

[ A

Oo = — (4.8)
Jo pdp |go* 27
Finally, with the transformation [57]
R(2t) = (2 1) exp (itoyt) (1.9)
the time-dependent quasi-one-dimensional GPE is
81/1 10%) 2
E = _iﬁ_'_‘/zw“‘élﬂ'alDth Y (4.10)

with a;p = azp /27 [61] and the usual harmonic potential V, = w?2?/2.

4.4 Modulational instability

The modulational instability represents a fundamental effect associated with wave propa-
gation in nonlinear media, i.e. the aim is know the growth of a small perturbation in the
amplitude or phase of the wave while it propagates [62, 63} [64]. Initially this phenomenon
was predicted for electromagnetic waves in nonlinear media with cubic nonlinearity (1966)
and for waves on deep water (1967). To date, it has been observed in nonlinear optics,
plasma physics, condensed matter (fibers, magnetics, BEC, long Josephson junctions,
etc.), fluids, discrete nonlinear systems such as molecular chains, inter alia. So the time-
dependent quasi-one-dimensional GPE with V, =0 is

0 10
“or T202

the sign sets the nonlinearity. The (4) sign is for an attractive system and the (-) sign is

+ 47N [asp| [ ¥ = 0 (4.11)

for a repulsive one. The GPE has the simplest solution in the form of a plane wave given
e.g. by

¥ = voexpli(qz — wi)] (4.12)
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where ¢ and w satisfy the dispersion relation
1
w = §q2 F 47N |aip| Y] (4.13)

This solution shows that a plane wave propagates through the BEC unchanged except for
a possible density-dependent phase. An important issue is to know whether this solution
is stable against small perturbations or not. The answer is given by a linear stability
analysis. The procedure consists in look for solutions describing small variations around
the exact solution [511 [65]

Y (2,0) = [t + o (2, 1)] elizmertatan] (4.14)

where ¢ (2,t) and « (2, t) are small perturbations. Substituting into the GPE (4.11))
and linearizing the resulting equations, is obtained a system of two coupled linear equa-
tions for ¢ and «. Looking for solutions to these functions in form of plane waves, e.g.
¢, a ~ exp (iQt — iQz) the result is the dispersion relation (Appendix [D)

(@ -4 = @ [{Q* £ 47N farn| v (4.15)

This expression shows that the plane wave ({4.12]) is absolutely stable just in the repulsive
interactions case (+ sign). Physically this means that the small amplitude waves can
propagate along the background and these are characterized by a minimum velocity given

by

2
2

v = lim | —

Q=0 {QQ
this velocity should be identified with the sound velocity such that v? = s*> = 47N |aip]| 12
which it was found from the hydrodynamic viewpoint.

] :47TN|CL1D|¢8 (416)

q=0

Moreover, the solution (4.12)) becomes unstable in a BEC with attractive interactions
whenever Q* < 167N |a;p| 3. In this case

‘ 1 1/2
Q= qQ£1(Q| [4N arp| v§ - 1Q° (.17

The modulation instability is reflected by the fact that in a unstable condensate the term
exp (i€2) leads to an exponential growth of the perturbation. The growth rate of the per-
turation g or modulation instability gain is related to the imaginary part of €2, such that

1/2
9(@) = m[2(@)] = 10| [N farp| v}~ 1@ (4.13)

In the Figure (4.1]) is plotted the instability gain as function of the perturbation wavevec-
tor @ for different values of |s| = (47N |a;ip| wg)l/? The gain exists in the range |Q] < 2 |s]
with the maximum for Q = v/2|s| and value gqp = ]3]2. Thus, the modulational insta-

46



4.5. DARK AND BRIGHT SOLITONS IN THE QUASI-ONE-DIMENSIONAL GPE

| UL BN BN
4 - #4 o ., ~..‘l r." —
g3ri fT
2 : RN Y S, .
S Y s v
L - ] \'a_‘ i 1 -
o ‘s @ \
1 - I \E g 1 -
I 1
I ¢ |
I 1

o Ll
4321012 3
Q

Figure 4.1: Gain spectrum ¢ (@) of modulation instability for |s| = 1 (red solid line), |s| = 1.5
(green dashed line), and |s| = 2 (black dotted line).

bility corresponds to an energy localisation induced by the nonlinear term [66], because
of the value ¢,,,, depends on nonlinear term in the GPE and the plane wave amplitude.
It is worth noting that the growth rate of the instability is independent of the wavevector
q and the frecuency w of the plane wave . More specifically, the modulational insta-
bility is closely connected with the existence of solitary waves of the GPE with attactive
interactions whose amplitude vanishes when |z| — co. These kind of solutions are called

bright solitons. These contrast with the dark solitons, which are formed in absence of
modulational instability, i.e. in a repulsive system.

4.5 Dark and bright solitons in the quasi-one-dimensional GPE

The solitons in quasi-two or three dimensional GPE are not very easy to find, instead it is
more useful begin with the most simple case in a quasi-one-dimension. In this regime for
a homogeneous BEC, the GPE admits analytical nontrivial solutions in the form of dark]
and bright solitons. The dark solitons can be regarded as strongly nonlinear excitations
of the plane wave solution [67, 68, 69] (the first observation of quasi-one-dimensional
dark solitons were in 8"Rb [70, [71], and later in **Na [72], employing quantum-phase
engineering techniques or by dragging a moving impurity through the condensate). The

TIn analogy to shallow water, the dark solitons in a BEC correspond to density depressions, whereas for waves

in shallow water they correspond to elevations in the water level. The velocity of surface waves increases with the
depth of the water, just like the speed of sound in a Bose increases with density.
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bright solitons [57, [73] [74] are product of the modulational instability in a condensate
with attractive interaction (the formation of quasi-one-dimensional bright solitons and
bright soliton trains has been observed in “Li [75] [76] and ®*Rb [77] atoms tuning the
interatomic interaction within the stable BEC from repulsive to attractive via Feshbach
resonances [78] and releasing the BEC in an axially free or an expulsive trap).

4.5.1 Static dark solitons

According to the procedure outlined earlier, the study system coresponds to a quasi-one-
dimensional homogeneous condensate (the ground state in the p direction is uniform),
confined in the z direction. Thus, to the stationary regime on (4.10) with V, = 0 the wave
function can be taken as

) > (=) exp (—ipd) (4.19)
this ansatz leads to the time-independent quasi-one-dimensional GPE

o (2) = [~ 2+ amaoN ) 0 2 (4.20

The chemical potential for the bulk can be approximated to the uniform Bose gas, in
other words pu = 4ma;p N |¢0\2 with ¢y the bulk wave function. Thus, the GPE becomes

d2
;/’;) = 8raipN (Jv[* = [¢]*) ¥ (4.21)

When v is a real function the GPE has the same form as a classical equation of motion

of a particle in a potential V' (2)

) (z)  dV(z)

= — 4.22
dz? dip (422)
Multiplicand the GPE (4.21)) by d/dz and integrating over z
dy > dy dU
dz = d 4.23
/ dz dz2 dz dyp ( )
1 [ dy) U ¥
— [ dz = [ dU =8maipN S — i) d 4.24
3 [ ( dz) [ v =smaon [ (vt w2
1 i\ 1,5, 2
D —————— pu— -_— = — - 4-2
ey ()~ -Uwl =1 (- ) (4.25
Taking the negativeﬂ root and by separating variables, the solution is given by
1
— tanh™! ( 4 ) = (4ra1pN)"? 2 (4.26)
Yo Yo

tthe possitive root corresponds to the anti-soliton or anti-kink ¢ (z) = —ty tanh (z/\/if)

48



4.5. DARK AND BRIGHT SOLITONS IN THE QUASI-ONE-DIMENSIONAL GPE

1.0
0.5

Figure 4.2: Kink soliton profile for different values of healing length. £ = 1.8 (green line and
dot), £ =1 (red dotted line), £ = 0.5 (blue solid line) and £ = 0.1 (black dashed line).

with the static solution or soliton with velocity zero 1 (z), which is referred as a kinkﬁ

(Figure [2, 4]

W (2) = 1 tanh <\/Z§g> (4.27)

Here (87a1pNv2)™' = (8nmayp)™" = €2. According this soliton, the wave function ap-
proaches its bulk value over the distance ~ &, in agreement with the healing length

definition (Figure [4.3]).

4.5.2 Moving dark solitons

For repulsive interactions the simplest example of a traveling soliton solution that prop-
agate without distortion is obtained by extending to the whole of space the stationary
solution to the GPE (4.20)) [2, 4]. These solitons correspond to a localized modulation of
the density profile characterized by a suppression of the density with respect to the bulk
value (grey soliton). For convenience the typical length to describe the density modula-
tion is given by the healing length £. It will be considered quasi-one-dimensional solutions
where the wave function is z-dependent, through the combination Z = z — vt (with v the

soliton velocity) and the condition n = ng when z — +oo. These considerations give rise

§« . since the phase of the wave function jumps discontinuously by 7 as z passes through zero..” [2].
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Figure 4.3: Effect of the healing length over the kink soliton. When ¢ — 0 the wave function
tends its bulk. However, when the coherence length £ — oo the soliton can vanish.

to the wave function.
b (20 = £ (2) exp (—ipt) (1.28)

Using this solution in the quasi-one-dimensional time-dependent GPE (4.10) with the
external potential V, = 0

di (z,1) _ [ 1 d?

2
L 57 +4dmaipN [ (2, )7 ¥ (2, 1) (4.29)

so the corresponding derived respect to the time and the variable Z = z — vt are

dyp a . : &> &Ef :
dt <_Ud% _Wf> xp (i) gz~ gz P (—int) - (430)
and defining Z/¢ = ( the equation is
v d, 1 d?
B stcfé i 2£2dCJ; = (4rawN |f1* = p) S (4:31)

The product of this equation by f* and subtracting the complex conjugated of the new

equation allows obtaining
LA f d>f* Ldf arf*

using derivation by parts and its complex conjugate, such that
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d (.df\ _ &f  df*df

i \"it) =i T 3
and integrating over (. The expression becomes

f Jé gg +c= 2| fI? (4.34)

where ¢ is a constant. To construct a localized solution it is useful applying the condi-
tions |f| — fo (denotes the amplitude of the condensate wave function) and df /d{ — 0
for ¢ — 400, allowing get ¢ = 2iv€ f2. So the final equation is

JAf L dfT

Iae = Fae = 2ve (1P = 1) (4.35)

for the complex function f = fo (fi +ifs), the normalization fy = (no/N)"? and with
f2 constant (to obtain an analytical solution) [2, [4], the imaginary part for the equation

(4.35) is given by

d
Rt =ve(1- 12 12) (4:36)
Moreover, using f on the equation (4.31] - the corresponding imaginary part is
df
—vfogs = foft® [4marpNf3 (2 + 13) — i (4.37)

with the chemical potential for the bulk as y = 4wa;pN f2. Thus, the equation is

d 4 NESE
jg o NefSh (4.38)

To ensure the consistency of the equations (4.36]) and (4.38)) is necessary

2 2
2 (% v

f2 - 47TCL1DNfg - ?

with the sound velocity s = \/4wa;png. Thereby substituting (4.39) in - the differ-
ential equation to f; is

(4.39)

with the respective solution
1
——— tanh™" ( h 2) = &sC (4.41)
1—% 1-%

or
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Figure 4.4: Density profile of a grey soliton. The width of the soliton increases as its velocity is
1/2

close to the sound velocity according to the factor £/ (1 — v?/ 32)

Ji=y/1- Zztanh [ 1-— ijs(] (4.42)

with £€s¢ = s(z —vt) = (2 — vt) /V/2€ and fy = (ng/N)/? the wave function solution of
the GPE (4.29)) to repulsive interactions or defocusing cubic nonlinearity [2, 4. [65] 67] is
a dark soliton which it corresponds to a moving hole on a background

no | v v2 z — vt v? —iut
Y= ]\?{Zs—i—\/:tanh[ﬂg \/;}}6 . (4.43)

with the associated density

2 2 — vt 2
n:no{;+ (1-?) tanh’ {Z\/ﬁz ,/1—;’2” (4.44)

The density has a minimum in the center of the soliton (Figure corresponding to

’U2

this expression shows that the dark soliton velocity v is given by bulk sound velocity
evaluated at the minimum density, i.e. as s> = 4wa;pno then v = (4ray Dnmm)l/ 2. When
the dark soliton velocity is equal to zero the density profile corresponds with the static
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4.5. DARK AND BRIGHT SOLITONS IN THE QUASI-ONE-DIMENSIONAL GPE

solution profile obtained in with minimum density equal to zero. This soliton is
referred as black soliton [65]. In contrast, to v # 0 the minimum intensity doesn’t drop to
zero, such solitons are called gray. It is worth noting that the soliton width is determined
by the factor &/ (1 — v?/ 52)1/ ?according which the width increases as v — s. Another
important quantity to describe the system is the fluid velocity u |2} 58] which shows how
changes the velocity of the condensate caused by the dark soliton motion. From the hy-
drodynamic relation this velocity is given by u = dp/dz with

1
tan ¢ = . (4.46)
§7 tanh [fy%}
defining v = (1 — 1}2/32)1/2 and ¢ = (z — vt) /€ such that d{ = dz /&, so.
2 |, z—ut
tanh [fy \/55} -1 (4.47)

i o]+ (2

With some simple mathematical manipulations this velocity can be expressed like [2]

u = v (1 - nO) (4.48)

n

Soliton energy. The energy of the dark soliton per unit surface perpendicular to the
direction of propagation is defined as € = Fi,/A and this can be evaluated taking the
difference between the grand canonical energies in the presence FEyip soiiton @nd in the
absence of the soliton FEihout soliton, in other words considering the quantity £ — uN
instead of the energy itself. Thus the difference between energies A (E — uN) = Eyy is

A (E - IuN) = N [(E - H’N)with soliton (E - luN)without soliton]

_ AN/Zdz <;|C$2+2M1DNI¢I4—MI¢|2)
- (;’Cg2+2m1DN|¢0|4—M|w0|2)] (4.49)
So
c-nf Z - [; ‘f " 2mann (ol = ol — o (1 - W)]
or

2

+2raipN ([ - \wo|2)2] (4.50)
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4.5. DARK AND BRIGHT SOLITONS IN THE QUASI-ONE-DIMENSIONAL GPE

From the soliton (4.43)) the first integral is

1 [ dpi” 1 noyt [ Jf z—vt
3/ o ‘d - ive ) o lseCh (7 VI )]
_ lngyt (4V2€
4N\ 3y

2

\/57’&0
= 3¢ 73 (4.51)

here was used the integral f_oooo dx sechizr = 4/3.

The second integral is written like

2
> 2 22 no\? [~ 2 o Z— Ut 2
27ra1DN/Oodz (12 = Po’)” = 27aipN (N> / dz [v tanh (v NGT: ) —7]

(4.52)

with 8ta;pN = N/ (£°ng). Thus, the energy is

N (ﬁ"()) (4.53)

3 3
and as £ = 1/4/2s, finally the soliton energy per unit surface can be written as [2, 4]
4 ’U2 3/2
€= 3nos (1 - 52> (4.54)

Note that the dark soliton energy decreases when its velocity increases. This behavior
implies that dissipative effects (e.g. collisions with thermal excitations) give rise due to

the acceleration of the soliton which vanishes as v — s. The soliton energy for v < s is

4 0\ 4 30?2

Thus, the dissipative effect is given by the term ~ —2nyv?/s [2, [79] agree with the fact
that the density modulation corresponds to a hole rather than a particle.

4.5.3 Bright solitons

In the case of negative scattering length (focusing nonlinearity in optics) the GPE has

other kind of solutions called bright solitons. These are harder to observe due to the
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4.5. DARK AND BRIGHT SOLITONS IN THE QUASI-ONE-DIMENSIONAL GPE

collapse of the system for suciently high number of atoms. Nevertheless, in 2002 two
groups [75], [76], showed the generation and propagation of solitons in “Li condensates.
The main difference in both experiments was the number of atoms allowing to create just
one soliton [75], whereas in [76] were produced trains of several solitons and these trains

oscillated in a weak attractive trapping potential. Later, were created bright solitons in
$Rb [77].

The static bright soliton solution can be obtained from the quasi-one-dimensional GPE
for attractive interactions a < 0 and for p < 0. Thus

l2) = | g5 + 47 o 0 I (9 (4.56

The validity of the adiabatic approximation to get the quasi-1D model of the GPE with
bright solitons is discussed by [57]. In a same way using the procedure outlined earlier to

the static dark soliton is possible to obtaining the equation

(fg) —4 [“2” wN|a1D\¢4] +e (4.57)

the integration constant ¢, is given for the boundary conditions [51] such that both ¢ and
diy /dz vanish as z — 00, according to these ¢ = 0. So

dy
dz

1 2T N
z = /=——sech™ mw (4.59)
V2|l iz

Or the static bright soliton (Figure

¢ = wosech< \&) (4.60)

where there were used the definitions ¢2 = |u| / (27N |a1p|) and €2 = 1/ (87N |aip| ¥3)
then |u| = 1/ (4€?). The healing length ¢ (Figure characterizes the soliton width.

— (2|nl¢?* = 47N |asp)| ¢4)1/2 (4.58)

with the usual solution

The Figure compares the analytical bright soliton (4.60) with the numerical solu-
tion (obtained by the split-step Crank—Nicolson method [24]) of the quasi-one-dimensional
GPE for different values of the trapping potential frequency w? in the z direction
and the parameter N |a;p|. The presence of the trap implies that the quasi-1D GPE
doesn’t have an analytical solution against the V, = 0 case. Therefore is useful using a
variational approximation which usually has a Gaussian form because of the relative ease
for the different calculations. Although sometimes the soliton-like ansatz is applied too.
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Figure 4.5: Profile of a bright soliton for different values of healing length. £ = 0.1 (black solid
line), £ = 0.5 (blue dotted line), £ =1 (red dashed line) and £ = 1.8 (green line and dot).
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Figure 4.6: Effect of the healing length over the brigth soliton. While & — 0 the soliton can be
eliminated. When the coherence length £ — oo the wave function tends its bulk.

56



4.5. DARK AND BRIGHT SOLITONS IN THE QUASI-ONE-DIMENSIONAL GPE

The absence of the trap allows prove that the theoretical solution matches with the nu-
merical calculus and both profiles are very close to each. Nevertheless, when the trap is
present and it is increasing its value, the condensate is getting thinner and longer, there-
fore the analytical solution is not useful describing the system. As the goal of this
dissertation is focused in the bright soliton theory of a condensate with dipolar interaction
under transverse confinement, is useful to know the behavior in the non-dipolar case as
part of such study. The Figure (4.8]) presents some physical observables like the chemical

10 rTr rrTrrTirrt 10 -rTrrrTrrTirrt
- --= N - - i--- N 1
0.8 - ......... T - 0.8 F ,:I' ......... A -
0.6 | . - 0.6 ¥ -
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- _l \ - ’ll -
02 F J;' ! - 0.2 i -
5 \ . i ]
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15105 0 5 10 15 15-10 -5 0 5 10 15
Z z
10 L L L L L 10 “rTrrTrrvrrvrirrt
- —_—— N - - —_— N -
0.8 — - T - 0.8 — P T -
0.6 | ¢ - 0.6 F t} -
\Ij i '_l" | \Ij i :"l i
0.4 it - 0.4 & -
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Figure 4.7: Numerical (N) and theoretical (T) ground state solution to the quasi-one-dimensional
GPE with different values of N |aip| and the trapping potential frequency w?. In the
upper both figures have w, = 0. Top left N |a;p| = 1.5 (red dashed line) and the analytical
solution given by (blue dotted line). Top right N |a;p| = 3.0 (blue dashed line) and
the theoretical solution (green dotted line). The two lower figures have N |aip| = 1.5.
Bottom left w? = 0.1 (blue dashed line) and theoretical soliton (green dotted line). Bottom right
numerical solutions for w? = 0.35 (black dashed line) and the theoretical soliton (red dotted
line). The numerical solutions were obtained by the programs provided in [24].
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Figure 4.8: Chemical potential 4 and root mean square size (z) versus N |a| for a quasi-1D
BEC. Are shown the numerical results (N) from the Crank-Nicolson method and the analytical
solution (A) using the soliton of a BEC without trap (4.60)).

potential 1 and root mean square size (z) versus the parameter N |a| of a quasi-1D BEC
in the z direction, without the presence of the harmonic trap. Moreover the effect of the
trap reduces the root mean square size (z) as expected and as it was above verified by
means of the wave function of the Figure . Likewise those results agree with the
numerical solution of the 3D GPE without trap in z direction as it will be seen later at
the end of the Chapter in the Figure (4.12]).

The analytical moving bright solitons can be obtained in more detail through the inverse
scattering transform developed by Zakharov and Shabat (1971-1973), but these are also
found by means of the Galilean invariance of the wave function to the GPE. The wave
function that describes the BEC is not a Galilean invariantl] nevertheless the invariance

can be satisfied using the transformation [4]

¥ (z,t) = Y (2 —vt,t)exp {z <vz — ;UQtﬂ (4.61)

where the velocity v is constant. In the coordinate system where the condensate is in
equilibrium the wave function is
na\ 1/2 .
Y = (]\?) exp(—iut) (4.62)

In the frame where the fluid moves with velocity v the wave function takes the form
Y= (no/N)1/2 exp(iS) where

S(z,t) =vz — (,u + ;vz) t (4.63)

YThe change in the wave function is related with the superfluid behavior displayed for the BEC 4]
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4.6. COLLAPSE OF A BEC WITH ATTRACTIVE INTERACTIONS

The new phase shows that the superfluid velocity is proportional of its derived

S (z,t)
v 0z
corresponding with (2.6)) in the hydrodynamic study. Therefore, the moving bright soliton
is [4]

(4.64)

1 = 1gsech <Z\;_22t> exp {—z’ K,u + ;U2> t— vz} } (4.65)

It is worth noting that the velocity of a dark soliton (4.43)) cannot exceed the sound
velocity, since there is not an inconvenient on the velocity of bright soliton (4.65]).

4.6 Collapse of a BEC with attractive interactions

The presence of bright solitons in a BEC with attractive atomic interactions gives rise
to rich nonlinear phenomena, e.g., in 3D and under transverse confinement, the bright
soliton dynamics is present in the axial direction and their self-trapped nature allows
these have significant advantages for atom interferometry applications [80]. Different
numerical solutions and variational methods has been used to analyse the GPE solutions
with attractive interactions [57, 74, [8T], 82, [83], within a large range of axial trap geometries
confining, expulsive and zero axial trapping. Another relevant property of attractive BECs
in 3D is the instability by collapse (in 3D, a homogeneous condensate with attractive
interactions is unstable and should collapse such as has seen in the Chapter one). However,
the presence of a trap can stabilize the condensate and avoid the collapse up to a critical
number of atoms. Here, it will be shown two kinds of variational ansatz to find the
critical parameter N, |a| of the collapse in a 3D condensate under transverse confinement
i.e., without trap in the z direction. The most common trial wave function is a Gaussian,
however the procedure is also applicable to a soliton-like ansatz in the axial direction and
Gaussian in the radial one. The most relevant scope shows that the variational algebraic
equations to the widths (w, and w,), 0F /0w, = OF /0w, = 0 have analytical solutions in
terms of hyperbolic functions of the parameter N |a|. This kind of solutions are consistent
with the numerical results.

4.6.1 Variational approximation and numerical results

For a 3D BEC with attractive interactions (a < 0) and under harmonic transverse con-
finement, the condensate energy from (|1.33)) is given by

E = /dr Bf VT (r)]* + %N W (r)]* — 27 |a| N2 |® (r)* (4.66)

here ¥ (r) = W (p, 2). For ease the frequency of the trap is taken as w? = 1.
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4.6. COLLAPSE OF A BEC WITH ATTRACTIVE INTERACTIONS

Taking as normalized trial ansatz a gaussian function [74] [82] in both transversal and
axial direction. Thus,

1 1/2 p? 52
Where w, and w, are the variational parameters. Therefore the energy (4.66) is (for more
details about the integrals see the Appendix [E.1))

N 1 1 N?|al
E="12(1+—=|w+=| - ——— 4.68
4 l ( +w4> p+w§1 V2mw? w, (4.68)
In a same way it was used as normalized trial ansatz a bright soliton-like function in the
axial direction and a gaussian form in the radial one [74] 82, [83]. So,

1 1/2 5 p2
v =|—- h | — - 4.69
(p2) (27rwz w%) hee <wz> P < 2wg> ( )
with the corresponding energy (4.66|) (for more details about the integrals see the Ap-
pendix |E. 1))

N 1 2 N?la
E::zll2<1%_u¢)ui_%3u§]__3wﬁzl (4.70)
The procedure outlined below is for the Gaussian solution. Nevertheless, this also applies
to the soliton-like solution giving rise to similar results. To obtain the collapse parameter
N, |a|, it is necessary find the minimal of the energy respect to the variational parameters
w, and w,. So taking the partial derivatives of the Gaussian energy with respect
to w, and w, and equating to zero OE /0w, = OE /0w, = 0, the resulting equations to

find the critical points are

o] _

ué—1+@; 0 (4.71)
2
Wy

w, = 2 (4.72)
||

where |a| = 2N |a| /v/2r. The Jacobean J = (dipE) (83)ZE) — (8wp8wZE>2, defines
whether these critical points are saddle points, minima or maxima. If J < 0 there is
a saddle point. If J = 0 the test is inconclusive. When J > 0 further it is necessary
examining the sing of afva or 8?qu , if these second derivates are positive the point is a
minimum, otherwise it is a maximum [83]. In the present case it will be considered the
J > 0 stage. Substituting in the result is a sixth-degree polynomial equation,
which can be treated as third degree polynomial equation (Appendix (E.2)).

w

S—wl+]o*=0 (4.73)
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Figure 4.9: Gaussian variational approximation of a 3D bright soliton. Are compared the vari-
ational (V) functions to the widths w, (4.74) and w, (4.75) with the variational results of
Salasnich (S) et al [81] and Pérez-Garcia (P) et al [25].

The only solution to w, which give rise a positive Jacobean and hence a minimum in the
variational energy (4.68)) it is shown in the Figure (4.9) and it is given by

w, = {\% cos Ll)) cos™ (—3[ (N |al) )1 }1/2 (4.74)

The respective solution to w, is shown in the Figure (4.9), and this has the form

o 1 1 33
w, = \/ZN\a] cos [3 cos ( - (N |al]) )] (4.75)

These functions agrees with the variational results of Pérez-Garcia et al [25] and Salasnich
et al [81] as it is shown in the Figure (4.9).

From above solutions (4.74) and (4.75]) the collapse point in a 3D BEC is present in the

cos™! argument, i.e. the cos™! function is undefined when

- i (N [al)® > (4.76)

hence, a BEC is unstable whereas

2 1/4
Nla| < [ = ~ 0.778 4.77
ol < (5] (@1
In other words,

e for a gaussian ansatz in the variational approximation with attractive interactions a
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BEC can be stable in the range

—0.778 < Na < 0 (4.78)

e In a same way for a soliton-like ansatz in the variational approximation with attrac-

tive interactions, a BEC can be stable when

1 1/4
Nla| < (3) ~ 0.760 (4.79)

or
—0.760 < Na < 0 (4.80)

The physical meaning of the previous results shown that while the attractive interaction
(a < 0) dominates the kinetic energy the condensate shrinks, but once N |a| < N, |a] this
becomes so attractive that growth peak height is stopped by inelastic collisions. In con-
sequence this presents a sudden explosion and the atoms are ejected outwardm, However
the collapse occurs intermittently (for more details a good reference is [84]). The Figures
and plot the energy per particle in the Gaussian case for different values
of the parameter N |a| as function of the widths w, and w, respectively, including the
collapse value N, |a|. The other hand, when the radial trap frequency is different to 1, for
a Gaussian ansatz, the critical parameter is given by N, |a| =~ 0.778 /wi/ ?. For a soliton-
like ansatz the critical parameter takes the form N, |a| &~ O.760/wi/ ?. So it is possible

manipulate the collapse range with the radial trap frequency.

9 L
0.0 0

M M 1 M 1 M
o 1.0 1.5 20 25
Wp
Figure 4.10: Energy per particle for a Gaussian ansatz as a function of the variational parameter

w,, for different values of the interaction strength N |a|. The dotted curve corresponds to the
critical value at which the condensate becomes unstable.

IThe phenomenon looks very familiar with a supernova, so the JILA group called it "Bosenova'".
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Wy

Figure 4.11: Energy per particle for a Gaussian ansatz as a function of the variational parameter
w, for different values of the interaction strength N |a|. The dotted curve corresponds to the
critical value at which the condensate becomes unstable.

The above variational critical parameters in both cases Gaussian and soliton-like ansatz
are consistent with the variational value —0.78 of [25], 81]. Solving numerically the GPE
in three-dimensions without the trap potential in the z direction by means of the split-
step Crank—Nicolson method, using the programs provided in [24], the collapse value is
given by ~ —0.679. This result is in good agreement with the numerical value —0.676
obtained in [57] where is minimized the mean-field Hamiltonian with the steepest-descent
method; the numercial result —0.676 obtained in [85]; the value —0.67 from [86] in these
two works is employed the Crank-Nicholson method and the result —2/3 from [81] where
is used an analytic quasi-one-dimensional model. However, there is no match with the
value —0.6268+0.0035 from [83] obtained through the imaginary time relaxation method.

From the numerical solution (N) [24] and the variational approximation (V) and
of the GPE in three dimensions under harmonic transverse confinement are plotted
in the Figure the results for the root mean square (rms) sizes (p) and (z) and
the chemical potential . When the interaction vanishes the solution of the system cor-
responds with that of a harmonic oscillator in the ground state confined in the radial
direction (p), free in the transverse axis (z) and with the chemical potential u equal to
the energy per particle as was expected. Likewise can be verified the instability value be-
yond which the condensate should collapse. The results of a condensate described by the
three-dimensional mean-field GPE are consistent with those of the quasi-one-dimensional
counterpart (Figure nevertheless the instability linked to the collapse is a phenomenon
that arises in a three-dimensional model as was expected.
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Figure 4.12: Root mean square (rms) sizes (p) and (z) and chemical potential p from the
numerical solution (N) and the variational approximation (V).
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Chapter 5
Quasi-one-dimensional dipolar BEC

This Chapter is devoted to the study of the bright solitons existence in three different
dipolar condensates ?Cr, '%®Er and '®*Dy under harmonic transverse confinement. The
study is performed to the three- and quasi-one-dimensional models. In analogy with the
non-dipolar stage is introduced the dimensional reduction from 3D to 1D. The results ob-
tained are plotted as stability diagrams, profiles of the wave function, plot of the chemical
potential and the root mean square sizes. At the end of Chapter it is showing the effect of
the phase diference § with values § = 0 and § = 7 for different velocities in the dynamics

collision of a train of two bright solitons in the threee quasi-1D dipolar condensates above.

5.1 Reduction from 3D to 1D in the DGPE

In a same way as it was done the dimensional reduction from 3D to 1D in the Chapter
4 for a non-dipolar condensate, it is possible to find a counterpart in the dipolar conden-
sate. The reduction from 3 to 1 dimension is achieved using the adiabatic approximation
[54, 55, [56] such that the wave function to the mean-field equation can be decom-
posed as ¥ (r,t) = k(p) ¢ (2,1), or

1/2 9
U (r,t) = <1> exp (-2’)&) & (2,1) (5.1)

p
where a, is the radial harmonic oscillator length and it fulfills w Laz = 1. Substituting
this ansatz ¥ (r,t) in the DGPE (§3.20)), multipliying by «* (p) and integrating in p (using
the normalizatio [ dp|k|* = 1), this leads to the quasi-one-dimensional DGPE

Z,aqﬁ(z,t) _ l 1 02 +19222 2aN’¢(Z t)\

ot 2022

+ N/ A2 UM (2 — 2o (2, 1) |9 (2, 1) (5.2)

| ol =
0

*Useful relations

¢ (Zv t) =¢ (Zv t) exp (iw/)t)
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where [87] (for more details Appendix [F])

1 00 .

UlP (2 —2) = 5 / dq, exp (iq.z) Vip (q.) (5.3)
and ) )
Cdd /OO q q,a

L) = —— d _ 1 _1Ip—p 4

Vip (¢:) 6r [ 0 <3 EtE exp 5 (5.4)

5.2 Variational approximation

The time-independent Gaussian variational ansatz to the cigar-shaped DBEC is

1\ 22
6(2) = <M> xp (—Qw) (55)

with w, the variational parameter. However, trying to find the energy using this wave
function in the general form to the quasi-one-dimensional model it implies integrals
of the non-trivial dipolar contribution . Instead it is easier obtaining the three-
dimensional Gaussian energy and considering the quasi-one-dimensional energy like a
special case of this. Thus, the 3D Gaussian ansatz is [11, 13), 187, 188]

1/2 2 2
1 p z
1% =|——= —=—+— 5.6
(p.2) <w§ wz7r3/2> eXP [ <2wg + 2w§>] (56)
and substituting this wave function in the 3D dipolar energy (3.28]), it leads to

N3a
V 27Tw§ w,

here Fy4; is the dipolar energy and the trap potential is defined as

E 5.7
4 wé + Baa (5.7)

N 1 1
E:[2<Qi+>wi+2+§2§w§1 +
w

z

Vir)= ; (Qin + 9322) (5.8)

As mentioned in Appendix , the dipolar contribution is easily calculated in the Fourier
space. So the energy takes the form ([F.3)

By = ! 5 / dk 7? (k) Uyg (k) (5.9)

2 (2m)
In a same way the Fourier transform of the density still a Gaussian, like (F.6))

1

7 (K) = exp [ 1 (kw2 + kgwg)] (5.10)
and the dipole dipole Fourier transform Uy (k) (Appendix

2
Ugg (k) = C;d (311‘; — 1) (5.11)
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Using spherical coordinates (with magnetization in z direction), the substitution ¢ = kw,
and the definition x = w,/w, the dipolar energy takes the form

N2
Eyu = 6(27r0dd/ dq / df ¢*sin 0 (3(:0826 - 1) exp [—2 (sm 0 + k%cos 6)]
2 29 _
_ N C’dd \/7/ s1r210 (3cos? — 1) (5.12)
2r)? (sin®f + Kk~ 2(:0829)

with the substitution uv = cos 8 the energy is

E . N2Cdd \/7 SU -1
= 271' 1)u2]3/2

. N2add
= —mf (k) (5.13)

where agq = C4q/127, 0 < k < 1f|and the function f (k) is defined as [11} 13, I35, 89

1t 1 — 3u?
fle) = H/o TP

= - l,«; - (1_3/{32)3/2 [sinh_lx/ k=2 —1—tanh (sinh_lv K2 — 1)}] (5.14)

using the identity sinh~'v/x=2 — 1 = tanh~'v/1 — x3{| the function f (k) becomes

1+ 2k? — 3k2d (k)
1— k2

f(r) = (5.15)

and the function d (k) is defined as

tanh=ty/1 — K2 w,
d(k) = Nigre K= " (5.16)

The function f (k), is monotonically decreasing as it is plotted in the Figure (5.1)). For
r = 1 the density distribution of the condensate is spherical and the dipole dipole interac-
tion does not contribute. The function has asymptotic values f (x — 0) = 1 (cigar-shaped
DBEC) and f (k — o0) = —2 (disk-shaped DBEC) and it changes the sign in x = 1.

TThe other hand when & > 1 it is necessary to performing the change

tanh™'v/1 — k2 . tan ' vk2 — 1
V1 — k2 K2 —1

Defining sinh~'v/k=2 — 1 = z and from cosh? 2 — sinh? z = 1 then cosh? z = 1/k? and z = tanh™1y/1 — £2
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Figure 5.1: f (k) as function of k in the dipolar mean-field energy.

Finally, the 3D dipolar BEC energy is given by [T, 87, 8]

2
vV 27rwg w,

The quasi-one-dimensional DBEC energy Fip, can be obtained using w, = a, in the dipo-

4 wi

p z

lar contribution and neglecting the derivates respect to w, in the kinetic energy term. So
[37]

2
V2raZ w,

Where kg = a,/w,. In a quasi-1D DBEC, the axial width is much larger than the
transverse oscillator length, as well as kg — 0 then f (ko) — 1 and the dipolar energy

N |1
Ewp=— [2 + ngg] +
w

4 [a — agaf (Ko)] (5.18)

z

becomes in —N2ayy / (\/ 27ra/2, wz). Therefore the variational approximation indicates that
the dipolar interaction turns into a contact interaction. The total interaction (contact

and dipolar), now is an effective contact interaction such that
Aeff = Q— Qg (5.19)

From this effective scattering length the system becomes attractive whereas aqzq > a, i.e.
is possible the bright soliton formation even for repulsive scattering length a (like it was
shown for the 3D dipolar condensate [88]).
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5.3 Existence of bright solitons and instability by collapse

Under appropriate conditions the existence of bright solitons may be regarded as a con-
sequence of the anisotropy caused by the dipole dipole interaction. E.g. in [90] for a
disk-shaped dipolar condensate are discussed the necessary conditions for the existence
of stable 2D bright solitons trapped in the axial direction, with reversing the sign of
the dipolar interaction (for magnetic dipoles is achieved by rotating the magnetic field)
and the dipoles aligned in the same direction of the trap. Later, to a quasi-2D dipolar
condensate with positive dipolar strength and atoms with the dipole moments polarized
perpendicular to direction of the trap were predicted stable anisotropic bright solitons
with the respective requirements to the collapse [91]. The collision of anisotropic quasi-
2D bright solitons in a DBEC was performed in [92]. The analysis is carried out by
means of both a numerical method with the split-operator for the grid calculations and a
time-dependent variational approximation with coupled Gaussians. In a quasi-1D dipolar
BEC with attractive interaction the bright solitons exist for an arbitrarily large number
of atoms [93] because of there is no collapse in one-dimensional models with cubic nonlin-
earity. The numerical solution of the full three-dimensional mean-field GPE with positive
dipolar strength, repulsive atomic interaction and under harmonic transverse confinement
supports bright solitons below a critical number of particles whereas the scattering length
is less than the dipolar strength [8§].

5.3.1 Collapse of a 3D dipolar condensate

A BEC only with contact interaction in the attractive scenario a < 0 is unstable and
it should collapse beyond a critical value. This event implies important scenarios such
as the formation of soliton trains and energetic atoms, inter alia. Given the richness
of the new interaction a similar idea to collapse in a dipolar condensate it was raised
and experimentally it was carried out [I7]. Nevertheless the collapse in a DBEC is more
difficult to achieve than in the non-dipolar case, so it is interesting to make a short
overview about this phenomenon. With a magnetic field B oriented along z direction for
a stable dipolar condensate of *?Cr, the scattering length a was decreased using Feshbach
resonance [78], below the critical value a..; of stability. After the ramp, the system
evolved for an adjustable time t,,, and suddenly the trap was switched off. Later, the
propagation of a laser beam along the z direction enables obtain images by absorption.
The condensate evolves over time in a complicated way from an initial elongated shaped
along z direction as it is shown in Figure (5.2). The experimental results are compared
with a full 3D numerical simulation of GPE including both contact and dipolar interaction,

also has been taken into account the three-body losses]

$In the GPE or in the DGPE corresponds to a term of the form — % |¥|* ¥ [94], where Lj is the recombination
rate constant.
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0.3 ms 04 ms 0.5 ms

Figure 5.2: Collapse dynamics of a dipolar BEC. Experimental average of the absorption im-
ages (upper) and numerical simulation (lower), for different values of the adjustable time ¢4
including both contact and dipolar interaction and the three-body losses [17].

5.3.2 Variational approximation and numerical results

The bright solitons can be regarded as stable stationary states and these are given by the
minimum of the energy. Thus and similarly as it was done in the last Chapter, the widths
of a dipolar BEC in the ground state can be obtained by a minimization of 3D energy
under harmonic transverse confinement (2, = 0) by 0F /0w, = 0E /0w, = 0. This
procedure set the respective equations to the Gaussian widths as [8§]

1 N [2a — aqq 9 (K)]
— — W, + =0 5.20
wy W V2m wiw, ( )
1 N la—agqh
4 [a — agah (k)] -0 (5.21)

2w3 V21 w2 w?
Henceforth the radial frequency is €2, = 1. As it was outlined earlier the variation of the

aspect ratio k corresponds with three kinds of condensates: x < 1 a cigar-shape, k =1 a
spherical-shape and x > 1 a disk-shape. The functions g (k) and h (k) can be read as

_ 2—Tr? —4k" + 9k"d (k)
N (1— w2’

9 (k) (5.22)

1+ 10k% — 26 — 9K%d (k)
- (1—r2)°

The variational approximation to the dipolar interaction is repulsive or attractive depend-

h (k) (5.23)

ing in the terms —agqq g (k) and —agq h (k). The full effect of two interactions short and
long-range is described in the bracket of and (5.21)), it giving rise to different inter-
pretations to obtain stability or collapse in the condensate. In a disk-shaped trap whereas
both the contact interaction a as the dipolar strength a4y are repulsive (a, aqgg > 0), the
functions ¢ (k) and h (k) are negative and the collapse is not possible. The disk-shaped
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configuration is always considered stable for any arbitrary number of atoms, but recently
it was shown that it is not completely true [15] by means of a complete numerical solution
of the dynamics of non-local GPE which leads to the collapse of a strongly disc-shaped
dipolar BEC due to the long-range anisotropic dipolar interaction. This paper also shows
that the variational approximation fails to predict collapse in several cases. The subject

in this dissertation are the attractive interactions where the bright solitons exist and the
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Figure 5.3: (a) The critical number of atoms N¢.;; of a dipolar condensate versus the scattering
length |a| for the dipolar strength agzq = 5ag. (b) Rms sizes (p) and (z) and chemical potential
versus the scattering length |a| of a dipolar condensate of 1500 atoms and agq = 7ap. Numerical
result (N) and varational approximation (V). The oscillator length applied is 1 um.
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condensate should collapse beyond a critical parameter. To an extreme cigar-shaped trap
(k = 0, h = g/2 — 1), the variational collapse only exists for asq > a. Whereas that
in a cigar-shaped condensate with @ > 0 the functions ¢ (k) and h (k) are positive with
magnitude less than 1, the dipolar interaction should be attractive to giving rise to the
collapse beyond a critical value of the dipolar strength [88]. Thus, in a cigar-shaped trap
with agq > 0 the bright solitons exist while —co < a < agq [88] because the dipolar
interaction in ((3.20)) is attractive and it can be compensated by the atomic short-range
repulsion (a > 0). The bright solitons always are predicted within the range —oco < a < 0
to attractive atomic interaction (@ < 0) and positive dipolar strength (aqq > 0), and the
condensate should collapse for N > N,.;. To this last stage the numerical and varia-
tional results of the stability diagram of bright solitons are plotted in the Figure (a))
for agq = 5ag (here ag is the Bohr radius). Also for a dipolar BEC of 1500 atoms with
aqq = Tag some physical observables are plotted in the Figure (b)). The unit of length

)1/2

is taken as 1um and it is given from the oscillator length a; = (h/mw,)”’". In a same

way once the dipolar strength is negative, the bright solitons are solutions only if a < 0.

In this dissertation, the three-dimensional GPE is solved numerically by the split-step
Crank—Nicolson method in Cartesian coordinates [24]. The dipolar contribution is evalu-
ated in the momentum space using the convolution theorem as

/dr’ Usa (v =) [0 ()" = F 71 [F {Uua} (k) F {|9} (k)] () (5.24)

where the Fourier transform of the dipolar potential F {Us} (k) is given analytically
(Appendix . The term F {|\I/\2} (k) is evaluated numerically using the fast Fourier
transform (FFT) [95] in Cartesian coordinates. The inverse Fourier transform is obtained
by means of the FFT.

Likewise it was considered the stability diagram of a dipolar condensate with negative
dipolar strength (a4 < 0) and attractive atomic interaction (a < 0). The numerical re-
sults illustrate that the condensate should collapse for all values of |aqq| beyond of a
critical number of particles (Figure . However, on the other hand the variational ap-
proximation fails to predict collapse as |aqq| > |a|. This can be seen in the brackets of
and because the system of equations has no solution for the dipolar conden-
sate against to the numerical viewpoint. This issue lies in the variational treatment with
a Gaussian ansatz because wrongly the long-range anisotropic dipolar interaction turns
into a contact term. The variational approximation is correct describing the dipolar con-
densate in a small range of the parameter |aqq| such that |age| > 0 and |agq| < |a|. When
|agq| — O the critical number of particles slowly changes and it is approximately constant
with a boundary once the dipolar interaction vanishes. At this point the collapse value
is completely given by the contact interaction and it agree the numerical and variational

parameter N,.; |a| found in the previous Chapter.
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Figure 5.4: The critical number of atoms N,.;; of a dipolar condensate versus the dipolar strength
lagq| for the attractive scattering length a = —85.07a9. Numerical solution (N) and variational
approximation (V). The oscillator unit applied is 10um.

Now, from reduced mean-field 1D GPE with V, = 0 and based on the work of
bright solitons with repulsive atomic interaction in a 3D dipolar condensate [88], it is
determined the rms size (z) and the chemical potential p for three different quasi-one-
The
respective variational approximation is achieved recalling that quasi-1D equation is a spe-

dimensional dipolar BECs in the same regime of the atomic interaction (a > 0).

cial case of 3D one. Then, using w, — a, and kg = a,/w, in the dipolar contribution and

neglecting the derivates respect to w, (for this reason the equations (5.20)) and (5.22)) are
not taken into account), the equation to the width w, (5.21]) becomes

1 N la — aqqh (Ko)]

2w3 V2 a2 w?
The three dipolar condensates used are *2Cr (agq = 15a9), '®*Er (aqq = 66.6a0) and *Dy
(agq = 132.7ay), which are the experimental relevance. All of these with the same number
of atoms N = 1000. Initially as illustrated in the Figure , it was solved numerically
the quasi-1D GPE with agq = 15a9 (@ = 10ag) and agg = 100ag (@ = 75.6ag).
The results for the profile of the square of the wave function |¢ (2)|* are compared with

=0

(5.25)

those of the full 3D equation and with the quasi-1D variational approximation (5.5)). For
convenience the trap parameter used to the 3D solution is 2, = 1.
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Figure 5.5: Profile of |¢ (z)\2 to a dipolar condensate of 1000 atoms with trap parameter €2, = 1.
Numerical solution (N) of 3D with V, = 0) and quasi-1D model with V, = 0). The
variational approximation (V) for the quasi-1D model is given by (5.5). (a) aga = 15a9, a = 10ag
and (b) agq = 100ag, a = 75.6ag. The oscillator length used is 1 um.
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Figure 5.6: Chemical potential p and rms size (z) versus the scattering length a of a quasi-
1D and a 3D dipolar condensate of 1000 atoms with agzg = 100ag. Numerical solution (N),
variational approximation (V) and Young et al (Y) [88]. The oscillator length used is 1 um.

The effect of the trap parameters €2, and €2, in a dipolar condensate can be viewed in
[87]. In both cases, variational and numerical results of the quasi-1D equation are in good
agreement with those of the full 3D model. Likewise for azq = 100ay (a = 75.6a¢) it is
compared the chemical potential  and the root mean square (z) of the quasi-1D model
with the full 3D (Figure . It is worth noting that the collapse is present only for the
3D condensate [88] and the range of existence of bright solitons is 50ag < a < 100ay,
contrasting with the quasi-1D condensate where there is not collapse [93] and the bright
solitons exist for an arbitrarily large number of atoms such that 0 < a < agyq.

After having established the appropriateness of the reduced 1D equation are plotted the
chemical potential and the respective root mean square sizes for a three- and a quasi-
1D dipolar condensate of **Cr, Er and %Dy (Figure [p.7). The three dipolar BECs
in 3D with the dipolar interaction attractive and the scattering length repulsive, should
be stable only for a scattering length greater than a critical value such that the curves
begin above this, as it is plotted in the Figure (5.7). This critical value is larger for 4Dy
atoms compared to that of 52Cr and %®Er atoms. Although the numerical solution of the
reduced 1D model is simpler than the full 3D DGPE, this is still complicated because
of the long-range anisotropic dipolar interaction. The variational approximation of this

reduced model is relatively simple and could be used like an approximate solution.
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Figure 5.7: Chemical potential p and rms size (z) versus the scattering length a of a three-
and a quasi-1D dipolar condensate of 1000 atoms. In a same way it is presented the rms size
{p) for the 3D dipolar condensate. (a) *2Cr (agq = 15a0). (b) '%Er (agq = 66.6a0). (c) %Dy
(agq = 132.7ap). Numerical (N) and variational (V) solution. The oscillator length used is 1 pum.

76



5.3. EXISTENCE OF BRIGHT SOLITONS AND INSTABILITY BY COLLAPSE

5.3.3 Collisions of bright solitons in a quasi-1D dipolar condensate

The numerical solution of the mean-field quasi-one-dimensional dipolar GPE enables the
dynamics study of bright solitons. To investigate the collision between two bright solitons
it is applied the following procedure. The first step is the creation of the soliton with
a number of atoms N = 1000, employing imaginary-time propagation (¢ — —it) in the
Crank—Nicolson method. Afterwards two solitons are prepared at positions +zo with 2z
the initial separation between these and these are then advanced by real-time propagation
of with N = 2000. To introduce the dynamics in the system, the two soliton are
superposed with a phase difference § and velocity zero. Here it is considered the following
superposition [86]

B (2,8) = € o (2 = 20,8)| + o (= + 20,1) (5.26)

Similarly the dynamics can be obtained to a constant velocity v different from zero, where
the soliton placed on the right hand is multiplied by a phase factor exp (ivz), while the
soliton on the left hand is multiplied by a phase factor exp (—ivz), so [88, 92]

P (2,t) = " | (2 — z0,t)| + €7 oo (2 + 20, )| (5.27)

It should be noted that regardless of the form to generating the dynamics to keep constant
the total number of atoms it is necessary normalize the new wave function ¢ (z,t) of the
two solitons to 2 because it contains twice the particle number of a single soliton ¢ (z, ).
After the general explanation of the scheme used to obtain the collision dynamics of soli-
ton are presented results about the effect of the phase difference between the solitons for
v = 0 and for v # 0 in a train with two equal solitons in the three quasi-1D dipolar
condensates %2Cr, '8 Er and '%4Dy.

In a dipolar condensate of 2000 atoms of *?Cr (agq = 15a) with scattering length a = 10ay,
velocity v = 0 and phase difference § = 0 is plotted the time evolution of the train of
two such solitons by means of the profile of the square of the wave function versus z
and ¢ with initial positions z = 4+15.75 ym in an interval of time 400 ms. Due to the
dipolar attraction, the solitons come close, coalesce and oscillate forming a bound soliton
molecule around z = 0 (Figure[5.8|top). For a phase difference § = 7 in an interval of time
400 ms the two solitons repel and away from each other, here these moved from positions
z = +13.25 um to z = £23.75 um (Figure bottom). The final solitons should be equal
to the initial ones, however in this short time it is not seen due to the effect of the dipolar

attraction which maintains the interaction between the solitons.

In the dynamics of two bright solitons in a dipolar condensate of 2000 atoms of %8Er
(aqgq = 66.6ag) with scattering length a = 50ay, the collision is insensitive to the initial

1

phase difference § = 0 or 6 = 7m when the velocity is v = 3mms™". The solitons come

towards each other interact at z = 0, then these are separated and continue practically
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Figure 5.8: The profile of the square of the wave function |¢ (z)|* versus z and ¢ for a train of
two bright solitons in a quasi-1D dipolar condensate of *2Cr (aqq = 15a0) with atomic scattering
length a = 10ag, 2000 atoms and velocity v = 0. The top corresponds with the phase difference
0 = 0 and the bottom with § = 7. The oscillator length used is 1 ym.

unchanged. The solitons are placed at z = £38.4um at ¢t = 0 and each of these is
advanced with a constant velocity v = 3mms~! towards centre z = 0. The real-time sim-
ulation of quasi-1D model is terminated when the solitons reached approximately
z = F38.4 um at time about ¢t = 24 ms. The collision dynamics is illustrated in Figure
(5.9) where it is shown the evolution in ¢ and z of the profile of the square of the wave
function. As it is shown in the above Figure the final solitons are not equal to the initial
ones, so the interaction is quasi-elastic and the final result is a quasi-soliton.

Finally, it is studied the effect of the phase difference with 6 = 0 and § = 7 for the colli-
sion of two bright solitons in a dipolar condensate of 2000 atoms of 1*'Dy (aqy = 132.7ay),
scattering length a = 120ag, and velocity v = 0.2mms~!. As it is shown in the Figure
the collision is sensitive to the initial phase difference. In an interval of time 400 ms
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Figure 5.9: The profile of the square of the wave function |¢ (z)|? versus z and ¢ for a train of two
bright solitons in a quasi-1D dipolar condensate of %8Er (ag4q = 66.6a0) with atomic scattering
length a = 50ag, 2000 atoms and velocity v = 3mms~!. The oscillator length used is 1 jum.

with initial positions z = £37.5um and 6 = 0 the solitons come towards each other
interact and the dipolar attraction along with the attractive phase difference allow the
solitons are not separated thus forming a bound soliton molecule around z = 0 (Figure
top) similarly as when this was seen with zero velocity. For a phase difference 6 = 7
in an interval of time 400 ms the two solitons come towards each other and interact but
unlike when the velocity is zero this time these don’t coalesce because of the repulsive
phase difference, so these repel and away from each other. The solitons are prepared with
initial positions z = +40 um and these reach the final state in z = £44.5 ym (Figure m
bottom). At 400ms the final solitons still remain interacting and their shapes are not
the same of initial solitons. To recovering the initial solitons it is necessary increasing the

system time evolution.
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Figure 5.10: The profile of the square of the wave function |¢ (2)|* versus z and ¢ for a train
of two bright solitons in a quasi-1D dipolar condensate of 164Dy (agq = 132.7ap) with atomic
scattering length a = 120ag, 2000 atoms and velocity v = 0.2mms~!. The top corresponds with
the phase difference § = 0 and the bottom with § = w. The oscillator length used is 1 um.
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Summary and conclusions

This dissertation introduces the main ideas about the Bose-Einstein condensation with the
dipole dipole interaction, this is focused on the bright solitons formation in the quasi-1D
model obtained using dimensional reduction from three- to one-dimension. The richness
of the new interaction is accompanied by a complicated theoretical treatment given by
the long-range and the anisotropic character. So this work includes some basic features
about the non-dipolar condensates as background of the dipolar study. Thus as part of
the description of bright solitons in a dipolar condensate it is illustrated both numerical
and variational the non-dipolar stage for one and three dimensions. The most relevant
scope for a 3D condensate under harmonic transverse confinement shows that the system
of variational algebraic equations to the widths (w, and w,), 0E/0w, = OE /0w, = 0
have analytical solutions in terms of hyperbolic functions of the parameter N |a|. These
solutions are consistent with the numerical results, maintaining the critical value of the
instability by collapse whereas the atomic interaction is attractive.

From the hydrodynamic viewpoint, the long-range anisotropic dipolar interaction allows
the existence of new intervals in the energy spectrum and sound of a homogeneous dipo-
lar condensate, in some cases this is opposed with the contact interaction results. For a
non-dipolar attractive condensate (a < 0) the speed of sound becomes purely imaginary
involving instability. In the dipolar stage it is possible to get a real sound velocity as func-
tion of the dipolar anisotropy (reflected by the 6,—angle dependence) since |eqq| > 1/2.
On the other hand, in a dipolar condensate with repulsive scattering length (a > 0) and
within the range 0 < €49 < 1 the sound velocity exists as a function of the angle 6,, but
whether €54 > 1, the angular dependence is constrained as it is seen at the end of Chapter
3.

Likewise and according to the two methods described in the Chapter 3 to define the char-
acter of a potential as long- or short-range, the numerical results obtained here for the
dipolar potential in three dimensions agree with both. To one dimension only the solution
of the two-body scattering problem for a potential =2 agree, i.e. the dipolar potential
in one dimension can be regarded as long-range by means of this method. In a dipolar
condensate the numerical solution of the non-local Gross-Pitaevskii equation is a compli-

cated issue because of the long-range anisotropic dipolar interaction. Nevertheless, the
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reduced quasi-1D equation although also requires the Fourier transform and the inverse
Fourier transform provides an alternative to the complete 3D equation. Regarding to the
variational treatment of a 3D dipolar condensate, this gives good results in most cases,
but in others this fails to predicting instability by collapse as it was outlined earlier in
the Chapter 5. The variational approximation in the quasi-1D model is relatively simple
and provides results for the stationary cigar DBEC in good agreement with the numerical
solution of the respective GPE. The Chapter 5 suggests the existence possibility of bright
solitons in a quasi-1D dipolar BEC for repulsive short-range interaction, thus it serving as
a complementary work to that performed in 3D stage [88]. It was determined the statics
by means of plots of rms size and chemical potential and the dynamics was analyzed using
the collision of such solitons. It was studied the effect of the phase difference with values
0 = 0 and 6 = 7 in the collision of two bright solitons with different velocities in three
quasi-1D dipolar condensates of 52Cr, 8Er and 1%4Dy.

As complement to the present dissertation it could be included the numerical and varia-
tional study of the bright solitons stability under a small breathing oscillation triggered
by a sudden change in the scattering length. As perspectives for a future work it could be
considered the study of dark solitons in this quasi-1D model and the study of two quasi-1D
dipolar condensates coupled to compare these results with those produced by numerical
integration of the full three-dimensional GPE. Likewise, at present the spin-orbit coupled
is being considered in Bose-Einstein condensates with or without dipolar interaction, thus
in these new systems the nonlinear waves will become an important research field and
this dissertation may serve as a basis for this study.
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Appendix A

Deduction of the GPE

A.1 The GPE from Schrodinger equation in the Hartree ap-

proximation

The Schrodinger equation to the condensate wave function using the Hartree approxima-

tion W (ry, Ty, ...,rn,t) = [IV, ¢ (r;,t) can be written as

a N N
i=1 =1

To obtain the motion equation for two particles (for ease performing a variable changes
¢ (ri,t) = ¢;, V (r;) — Vi) should be multiplied the Schrédinger equation by one single-
particle wave function and integrating over this, thus

0
ma [¢1¢2] = Hop19 (A-Q)

ih/dm Qﬁaat [p102] = /dr2 O3 H p1o (A.3)

Taking the single-particle wave function normalization, the left hand is given by

0 0 19)
ih / des ¢ lnd] = i / drs 63 [;;@mjﬂ

L 0dy .
- mgilﬂhqsl / drs ¢

993

o (A4)

again, with the single-particle wave function normalization the rigth hand term is

2
/dr2 Gy Hp1¢2 = /drz &5 [—Qh (V% + Vg) +Vi4+Va+gd(r — 1“2)] D102

m

h? 2 n
= e e v gl oo [ arass |- o934 0 (19
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A.1. THE GPE FROM SCHRODINGER EQUATION IN THE HARTREE APPROXIMATION

By comparing the expression (A.4)) with (A.5)), turns out the linear Schrodinger equation

for one single-particle

h2
/ £ 3 ;52 _ /drg o5 [—mvg +V§] 103 (A.6)
or
e [ L v] b (A7)

and the other hand also turns out the motion equation to the particle in r; interacting
with the particle in ro

0 h?
;il = _%v%l +Vigi+g ’¢1|2 1 (A.8)

In a same way for three particles, the Schrodinger equation becomes

ih

0
iﬁ/dr3 gb§/dr2 ¢§a [(P1¢203] = /dr3 ¢§/dr2 ¢5H 19203 (A.9)
The left hand is

¢2¢3 (A10)

i [ vy, [ a5 (onos = 052+ inon [ drao; [[areo;

and the right hand is

h2
/dr3¢§/dr2¢§H¢1¢2¢3 = /dr3¢§/dr2¢§ [_Qm (v?+v§+v§) +Vi+ Vs,

+ v3+g[5<r1—r2>+6<r1—r3>+6<r2—r3>ﬂ¢1¢2¢3

h2
= —% [V%+‘/1+29’¢1‘2} ¢1+¢1/d1‘2¢§/d[‘3¢§

X

2

By comparing the expression ( - with - then

[cgztﬁbs] _ [_;2 (v2 4 VQ) + Vo + V3 + g6 (ra — 1“3)] P23 (A.12)

corresponding with the nonlinear Schrédinger equation for two particles such as ({A.2)).
Therefore the motion equation to the particle in r; interacting with the particle in ro and
the particle in rs is

0oy h?

ihﬁ = —%V%ﬁl + Vigy + 29 61| n (A.13)
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A.2. DERIVATION OF THE GPE IN THE MEAN-FIELD APPROXIMATION

A.2 Derivation of the GPE in the mean-field approximation

According the hamiltonian (|1.44]), the Heisenberg equation can be written as

g ) = [ e [0 000 () o ()

+ g / de [0 (1), Ut (0, ) UF (0, ) U (e, 1) U (r )] (A14)

Using the commutation relations for the boson fields operators (1.41] - [1.43) and their
basic properties. To the first commutador

(0 ('), W (v, ) HoW (r,8)] = [0 (), 8 (v, 0)] HoW (r,2)

To the second commutador

W (1), U (e, ) W (0, ) W (e, ) W (r, 1) = [0 (0, 8) 0T (0, 0) OF (0, 8)] 0 () W (1)

= 26(r' — 1)Ut (0) U () T (r) (A.16)

By replacing these commutators (A.15)) and (A.16)) on the Heisenberg equation (|A.14)) the

result is a field operators equation

0 _ h’ 2 ! Tt [ & 2
zha\lf(r,t)— (—2mV +V(r') 4+ g¥ (r,t)@(r,t))ﬁ/(r,t) (A.17)
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Appendix B

Fourier transform of the dipolar

interaction

There are differet ways of to calculate the Fourier transform of the dipolar term, e.g. in
[46, [47], the appendix A in [II] (this is the most extensive method), or the appendix
B in [48]. Here are presented two simple way to get the contribution from some works

mentioned above.

B.1 First method

In general the dipolar interaction (3.23|) can be written like [2], [46] 48]

N Cdd1—3COS29 - Cdd 82 1 4 ’
Udd(r_r)_47r r—rP  dr [822 lr — /| +§6(r ) (B-1)

In general taking

0? 1 A7 ,
Udd = _a’r‘ia?“j ( ) — —5135 (I‘ — I‘) (B2)

lr — /| 3
The Fourier transform to 44 is easy calculated, the transform of the Dirac delta is equal

to 1. For the first term is possible regularize the problem in the next way [21].

1 e~
dr—e " = lim [ dr e 'ar

x| 0 x|

—er ,—iqr cos 0

= 2xlim [ dOdrr? sin@e €
e—0 r
= —2xlim drre “"/ d (cos ) e~iameos?
e—0 0 0
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B.2. SECOND METHOD

o0 1 . .
= 27 lim drre " [ (e“” — 6_”’")]
e—0 0 qr
4 oo
= Mlim dr e~ sin (gr)
q e—0 0
4 oo .
- lim Im </ dr e_“e’qr>
q e—0 0
4 1
- 7 lim Im ( )
q e—0 @q — €
1 4
= Arlim ———7 = il (B.3)

e—0 g2 + €2 q?

Taking in the momentum space 0/0r; — —iq;. Therefore, the general Fourier transform
of the interaction is

Cdd q:q; 4mr
3 " q> 3

Particularly in the case where the dipolar interaction with polarization or magnetization
along the z direction, the transform 45 becomes

2 4 2 29 1
g — (431 _ ) — dn (q _ ) (B.5)

which leads to find the Fourier transform of the dipolar interaction in z direction as

2
Uga (q) = C;fd (32; - ) = C;jd (3cos*6, — 1) (B.6)

where 6, is the angle between q and the polarization direction z.

B.2 Second method

From [47] the dipolar interaction can be written in terms of the spherical harmonics to

Ui 1) = L4 (/7)) v 0 (B7)

the other hand is necessary using the expansion of a wave plane in spherical harmonics

[=2and m =0, as

= 471'22 jl k’l" Z lm (Qq, ¢q) (BS)

m=—1

and the orthonormality of the spherical harmonics
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B.2. SECOND METHOD

/ dgb df sin 0 Yl:n (6, ¢) }/z’m’ (9, Qb) = (Sll/(smm/ (Bg)

Thus the Fourier transform is

Uda (q) = / dr Ugg (r) e o™

. C ™ i Lo
_ / rdr sin 9 do (—4\/9 Yao (0,0) |47 i (ki) 3 Y7 (8, 6) Yim (0, 64)
=0 m=—I
(B.10)
The integral of the spherical Bessel function is give by [42]
oodr g2 (kr) _ oodr 3sinr  sinr N 3cosr (B.11)
0 r 0 r4 72 r3
integrating by parts the first term leads to
*  jo(kr)  sinr o cosr  sinr
‘/Ov dT’ , = — T‘3 — 2/0v d?" (703 + 27‘2> <B12)

again integrating by parts the first term
cosT

o ik :

/ drjg( T) :_811;r+ X
B r r r
sinr  cosr

(— 5 T3 ) (B.13)

T—00 r3 7“2

) sinr  cosr )
= lim (— + ) — lim
the first one contribution is zero. To the second one with the sinr and cosr expansion

the above equation becomes

sinr cosr ) 1 r3 1 r 1
(— + ) ~ — lim [—3 <r—6>+r2<1—2>] =3 (B.14)

~ — lim

r—0 73 r2 r—0 r

r 3

Thus o ik .
/ ar i) _ 1 (B.15)

0
As = 2and m = 0, the only contribution in the Fourier transform (B.10)) turns out to be

~ 1 ™ . *
Uaa (@) = 5Cua (4\/9 / Sin 8 d8 d Yao (6, 6) Y (8, 6) Yao (6, &,) (B.16)
using the orthonormality of the spherical harmonics , leads to
(B.17)

Uda(q) = ;Cdd (4\/§> Y20 (04, ¢4)

So, the Fourier transform with 6, the angle between q and the polarization direction is

Ugi (q) = C;)dd (3 cos® 6, — 1) (B.18)
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Appendix C

Virial theorem in Bose-Einstein

condensation

C.1 Virial theorem of a BEC

In a system in equilibrium the virial theorem establishes relations which must fulfilled
between the different energies. This theorem takes into account that the energy must be
independent of a scaling transformation of the coordinates and besides that it imposes
that the energy must be a minimum. So since the energy is stationary for any
variation of the wave function W (r) around the solution of the GPE, the same scaling
in the three directions must be chosen r — r = vr, where v is an arbitrary real scaling
parameter. The condensate wave function transforms as ¥ (r) — ¥ (F) = AU (vr), where
A is a normalization constant. From the principle of scale invariance the norm of the

wave function must be preserved. Thus,

/dr|\11(r)|2 = /dr]@('f)f = |A|2/dr|lll(yr)|2 =1 (C.1)

In coordinates the normalization becomes
\A[Z/dxdydz|‘If(l/x,1/y,yz)]2 =1 (C.2)

|A? y3/d(1/:c) d(vy)d (vz2) |¥ (ve, vy, vz)]> =1 (C.3)

The integral is equal to 1, so the normalization constant is A = %2, Using the scaling

wave function W (F) the kinetic contribution (1.34)) is given by

~ N N
Ein = 5 /dr V.0 (r)]* = 21/3/dr IV, ¥ (vr)]? (C.4)

In a same way like it was performed to get the normalization constant
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C.2. VIRIAL THEOREM OF A DIPOLAR BEC

~ N d
Ekin = 27/3/ (Vr) ‘Vyr\ll(]/r)‘21/2

3
— 2N 2 _ 2
= vy d(vr) |V, ¥ (vr)|” = v Eun (C.5)

The interaction energy ((1.35)) transforms as

Eiy = 27TCLN2/CZI‘"II(I/I‘) 10 = 27TV66LN2/

= 27TI/3(1N2/d(1/I') @ (vr) ' = VEj (C.6)
Finally, transforming the harmonic oscillator energy (|1.36]) as

Brop = N [ drV )2 ()

_ Ny / d(vr) [wi (vi)’ +w? (vy)? + w? (yz)2] 1/12|\Il (vr)|?

2 3
_ N d 1% \j 2 — y2F C.7
= 9.2 (VI') (Vr) | (Vr) | =V trap ( . )

The total energy transformed is E = v2Ejy, + 13 Eine + V"2 Ejyqp. S0 using the equilibrium
condition (dE/dv)|,_, = 0 the virial theorem of a non-dipolar condensate can be read as

2Ekin ‘l— 3Eznt - QEtTap — 0 (CS)

C.2 Virial theorem of a dipolar BEC

Considering the energy of a dipolar condensate ((1.36)) and using the procedure outlined
earlier, in the virial theorem the dipolar contribution is given by

By = N/d(yr)/d(VI'/) Uid (yr—yr’)y3y3]\11(1/r’)]2y3]y\lf (r)|2

2 V3 V3

= ]\;y‘g/d(yr) /d(ur’) Uga (vr — vr') |© (0] |00 (r) |

= VsEdd (Cg)
Therefore, the virial theorem of a dipolar condensate is

2 (Ekzn - Et'rap) +3 (Emt + Edd) =0 (C].O)
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Appendix D

Modulational instability

Using the perturbed solution (4.14) [51], 62, 65]

U(zt) = otz t)]explilgz —wl +a(z 1)} (D.1)

in the GPE (4.11)) such that

0 0 .0
za;p = [(s + ) (w — 8?) + zaﬂ (0 (D.2)
a2¢ B Z.QSD oo (oo ? . [oe! aQQD D.3

it is possible to get two equations, the first one from the imaginary part and the second
one from the real part. Thus

dp 1] 0y o PPal

(s +¢) (w—a@(;>+ gif—(sﬂo) <q+g§>2
(D.5)

the linearization of these equations can be obtained considering the expansion to the

+ 47N |aipl s + > (s + ) = 0

perturbations ¢ = ¢ (2,t) and o = « (2, t) to first order in the parameter € (which tends
to zero). Thus,

© = o (2,t) + €py (2, 1) (D.6)
a— ap(z,t) + eay (2,1) (D.7)
Substituting these expressions in (D.4]) and (D.5|), again are obtained two expressions like

(D.4) and (D.5)) in terms of the variables ¢y and «p. Moreover, are gave rise to two new
equations at first order in € which represent the linearized equations of ¢ and «, given by

(9301 1 8@1 (92041 .
ot 2 [2‘] PR

(D.8)
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Oa 1 O 0?
—s—L + wpr + = —2(]3—1 %01 + 8,:;1

o 5 5, 4 + 127N |aip| s%p1 = 0 (D.9)

Here it was considered that both the functions ¢y and o as these derivates are small such
that these can be neglected. The solution of this system of two coupled linear equations
can be sought by mean of plane waves, as
v1 = Aexp[i (U — Q2)] (D.10)
a; = Bexp[i (Qt — Qz)] (D.11)

Thereby the equations system resulting is

i(Q—qQ) —25Q? A 0
= (D.12)
w3 [—¢* — Q> £ 247N |aip| s?]  —is (Q—qQ) B 0
This system only has solution when the determinant is equal to zero. So
o 1 1 2 2 2
(- 4@ +5Q [w+2 [~¢* = Q% £ 247N |arp| s H . (D.13)
from the dispersion relation (|4.13))
L, 2
w o= 54 F 47N |aip| ¥ (D.14)
is obtained the new dispersion relation for the perturbation
1
(Q-4qQ)° = Q*|;Q" 47N |aip|¥§ (D.15)
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Appendix E

Useful math tools

E.1 Integrals

In the variational approximation implemented in the Chapter 4, are necessary some inte-

grals, such as

e For the Gaussian ansatz

/OO dr p? exp [— (5]22 + 22” _ (wﬁw)1/2 <w3ﬂ>1/2 (wgw)m _ 7r3/2w;1wz (E.1)

2
o) p wy

22 0> 2P wrT o o 12 1w
ol g2 ) = 2 — —p32p
/OO dr w? P w? T2 T 2w (wzﬂ) —2" W, (E2)

e For the soliton-like ansatz

[e.9]

> 1 2
/ dzsechkz = —tanhkz| = — (E.3)
oo k ok
o0 1 o0
/_OO dzsech® kz = o {sech2 kz + 2} tanh kz T (E.4)
o0 1 o0
2 2 - 3 S—
/_Oo dz <tanh kz) (sech kz) = 3ktanh kz T (E.5)

E.2 Cubic equation

Performing the variable change wg = x, the sixth-degree polynomial equation ‘D be-
comes in a third degree equation

2 —z+]af* =0 (E.6)
The nature of the roots is determined by its discriminant [96, 07, O8]
A= —4+27]al* (E.7)
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E.2. CUBIC EQUATION

The following cases need to be considered. While A < 0 the equation has three distintic
real roots. If A = 0 there are three real roots of which at least two are equal. Whereas
A > 0 the equation has one real root and two complex conjugate roots. This last case is
not useful because the real root is negative [96] and this is not a physical solution to the

variational parameter w,.

So it will be considered A < 0 according to which while N |a| < (71'2/27)1/4 or Nla| <
0.778 the cubic equation has three distintic real roots. However, it is necessary to know
the sign of solutions because the negative ones are not physicals.

Performing the substitution x = u cos 8 such that u allows coincide (E.6|) with the identity

4cos® § — 3 cos ) = cos 30 (E.8)
i.e. choosing u = 2/v/3 and dividing (E.6) by u®/4 the new expression can be read as

3v3
4cos® 0 — 3cosl = —\2/_ al? (E.9)

So, from (E.§) and (E.9)f]
1 ( 3v/3 2) 2
al

0= 008 +—-n n=0,1,2 (E.10)

_15 - . ] . ] . ] .
0.0 0.2 04 0.6 0.8

N |al

Figure E.1: The z solution to the cubic equation (E.6). For n = 0 (black solid line), n = 1 (green
dotted line) and n = 2 (blue dashed line).

*This website has useful tools http://mathworld.wolfram.com/CubicFormula.html
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E.2. CUBIC EQUATION

Each value of the integer number n corresponds to each third degree polynomial equation
solution (E.6) [98,99]. Thus,

xr = lcos [1 cos ! [—3;/_ (N |al]) ] 2;4 (E.11)

The Figure (E.1)) illustrates that two solutions to x are positive and therefore are physical
solution to the sixth-degree polynomial equation in w, (4.73). In a same way is confirmed
the limit value N |a| = 0.778 of the existence of three real roots. Thus,

wy, = =+ {\% cos B cos™ ! [—3\[ (N |a]) H }1/2 (E.12)

wQ,J:i{jgcos Bcos—l [—3\/_(]\” |)] 4;”1/2 (E.13)

Now, substituting these solutions in the Jacobean (by simplicity ¢ = E/N)

J - (Pe|[Pe] | 0% ?
0w | | dw? ow,0w,
— N IN 2(N lah?
g 3o ONlel |3 2Nl 2WJaDT
I w, \/27Twpwz 2w ~/27Twpwz TwS wi

Only the solution w;, is physically useful because it gives rise a positive Jacobean and the
respective derivates Qips and 8fuzs are positive like is plotted in the Figure ‘) Hence,
this solution is a minimum in the variational energy ({4.68]).

4 UL LI | EECEED S | FEREE LIRS
W |
N
ESEE] '
m§ 2 i
N 3
SEE ]
~ - -
O L -

0.0 02 04 0.6 0.8
N |al

Figure E.2: The Jacobean J (black solid line) and the derivates 812%5 (green dotted line) and
92 ¢ (blue dashed line) using the positive solution w1, (By simplicity e = E/N).
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Appendix F

Quasi-one-dimensional dipolar

interaction

The quasi-one-dimensional dipolar interaction can be obtained easily using the Fourier
transfornff] of the 3D dipole dipole energy performing the dimensional reduction in the
momentum space and returning to the configuration space [87].

The dipolar energy contribution can be read as

By = ]\;/dr/dr’ Uga (x — ') |0 ()] | @ (x))? (F.1)

where Uy (r — 1) is the dipole dipole interaction and it is given by ({3.23). So, applying
the Parseval theorem and the convolution theorem can be obtained the energy in the
Fourier space [I00]. By the Parseval theorem the dipolar energy is

N? / / "2 21 *
Eddzm,,/dqf{/dr Uaa (x — ') [ (') }f{mf(r)\} (F.2)

where F indicates the Fourier transform and the asterisk (%) the complex conjugate. As

the density is a real function and from the convolution theoreni] then the energy takes

the form

1

Eqa = W/dqﬁz (a) Uga (q) (F.3)

*Here the Fourier and the inverse Fourier transform in one dimension are defined respectively as
FU@=F0 = [ f@ew (it ds
1z 1 [ ; .
FHI®)} =f(z)= ﬁ/ f (k) exp (ikoz) dks

T A convolution of two function is defined as (f x g) (z) = [*_da'f (z — 2’) g (2’) and the Fourier transform
of this, is given by the product of each transformed F {f x g} (z) = [F{f} (z)] [F {g} (z)].
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where the tilde represents the respective transform. With the density in the Fourier space
asn(q) =F{n(r)}=F {N |W (r)|2} and the dipole dipole interaction in the momentum

space (Appendix

O () = 2 (3;’1;— ) (F.4)

The other hand, with the wave function of the condensate given by

W(r) = (1)1/2 exp (—;) 6(2) (F.5)

such that w La% = 1. Then the density in the momentum space is

Q) = / " drexp (—iq 1) n (r)

Mip ( / / < x? + Yy )
2 dx dy exp | —igx — iqyy —
Ta

~ up () (-2 (7.

Now, substituting (F.4) and (F.6) in the energy (F.3|), this latest taking the form

1 & B
Eia = - / dg.73p (¢:) Vip (¢2) (F.7)
Here
Cdd 00 q2 q2 CL2
V L) = — d 3——2— —1 —L P F.8
10 (g2) 67r/0 qpqp( P exp 5 (F.8)

and the corresponding dipole dipole contribution in one dimension is given by the inverse

Fourier transform of Vip (¢,). Thus,

1 [ .
UC}dD (z—2") = / dq. exp (1q.2) Vip (¢.) (F.9)

P
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