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Resumo

Revisamos métodos para representar medidas de emaranhamento em um sis-
tema quantico bipartite em termos de integrais de caminho da formulagdo de
Feynman da mecanica quantica. Usamos como medidas de emaranhamento a
entropia linear e a segunda entropia de Rényi, ambas definidas em termos de
uma matriz densidade reduzida associada a uma das partes do sistema bipartite.
A representagdo da matriz densidade reduzida como uma integral de trajétoria
é obtida de duas maneiras distintas. A primeira faz uso explicito da funcdo de
onda do estado fundamental. A segunda toma o limite de temperatura zero de
uma distribui¢do térmica. Exemplificamos o emprego desses métodos num pro-
blema de dois osciladores harmonicos acoplados. Por fim, formulamos um es-
quema pertubativo que expressa as medidas de emaranhamento como integrais
de trajetéria representando valores esperados e elementos de matriz de termos
responsaveis pelo emaranhamento na lagrangiana do sistema. Esse método per-
mite empregar técnicas numéricas bem estabelecidas para simular integrais de

trajetéria, como a quantizagdo estocastica e o método de Monte Carlo.

Palavras-chave: Informacdo quantica; Integrais de trajetéria; Perturbacdo (Mate-

maética); Correlagdes entre particulas.

Area do conhecimento: Fisica tedrica.
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Abstract

We review methods to represent entanglement measures in a bipartite quan-
tum system in terms of path integrals of Feynman’s representation of quantum
mechanics. We employ as entanglement measures the linear entropy and the se-
cond Rényi entropy, both defined in terms of a reduced density matrix associated
with one part of the bipartite system. The path integral representation of the re-
duced density matrix is obtained in two different ways. The first makes explicit
use of ground state wave function. The second takes the zero temperature limit
of a thermal distribution. We exemplify the use of these methods in a problem of
two coupled harmonic oscillators. Finally, we formulate a perturbative scheme
that expresses the entanglement measures as path integrals representing expecta-
tion values and matrix elements of terms responsible for the entanglement in the
Lagrangian of the system. This method is suited for direct use of well established
numerical techniques to simulate path integrals, as the stochastic quantization

and the Monte Carlo method.

Keywords: Quantum information; Path integrals; Perturbation theory; Particle

correlations.

Fields of Knowledge: Theoretical physics.
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Chapter 1

Introduction

Quantum information theory is a prominent research area in theoretical phy-
sics, with applications ranging from solid state physics to gauge-gravity duality
[1, 2, 3]. This master dissertation concerns continuous variables and entangle-
ment in bipartite Hilbert spaces. Our primary goal is to present a pedagogical
introduction to the subject, with emphasis on the use of path integral methods to
quantify entanglement. Our main focus is on two commonly used entanglement
measures, the linear entropy and the second Rényi entropy. Both entropies are
defined in terms of a reduced density matrix associated with one part of the bi-
partite system, obtained from the full density matrix by tracing over the degrees
of freedom of the other part of the bipartite system. For small and finite dimen-
sional systems, we can fully diagonalize the density matrix analytically or using
exact diagonalization methods, and then obtain the desired entanglement measu-
res. Even in these cases there are many open questions in quantum information
theory, e.g. the problem of a separability criteria for mixed states [4, 5]. In this
dissertation we restrict to pure bipartite states. In quantum field theory applicati-
ons of quantum information, one is often interested in the entanglement between
spatial regions or momentum modes, in which the subsystems are defined as an
interval or a region [6, 7, 8, 9]. Path integrals are commonly used in this context.
They are very suitable for discretization and numerical computations, and allow
us to easily manipulate expectation values and matrix elements. Moreover, there
exist powerful numerical methods to compute those quantities, such as Monte
Carlo methods and stochastic quantization [10, 11].

The most common entanglement measures, as the entanglement entropy and
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the Rényi entropies, are not expressible in terms of expectation values of products
of the dynamical variables of the system, or correlation functions. Therefore,
those traditional numerical methods are not straightforward to use to compute
these entanglement measures. Our second goal in this dissertation is to formu-
late a perturbative method, valid for weakly entangled systems, by which the
linear entropy and the second Rényi entropy can be expressed as path integrals
of expectation values and matrix elements of terms responsible for the entangle-
ment in the Lagrangian of the system.

We use a simple model of two coupled harmonic oscillators to illustrate the
different techniques to compute entanglement between particles. The model is
also used to illustrate the use of our perturbative technique to express the en-
tanglement measures in terms of expectation values. The perturbative method is
valid beyond the two coupled oscillator model, being applicable to systems with
more complicated interactions or more particles, and also to quantum field the-
ory. We tried to keep our expressions in a general form and used the coupled
oscillator model to illustrate the different steps involved in the method.

In chapter 2, we introduce important concepts in quantum information the-
ory [12, 13] that will be useful in the other chapters. First, we explain the dif-
ference between pure/mixed states, and define what is an entangled state; in
this part we use qubits to explore such definitions. Then we discuss fundamen-
tal concepts of the quantum theory, such as locality and realism, along with the
Einstein-Podolsky-Rosen paradox and Bell inequality. The rest of this chapter is
dedicated to more computational topics: the Schmidt decomposition and many
entanglement measures - entanglement entropy, Rényi entropies and linear en-
tropy.

By far, the entanglement entropy, or von Neumann entropy, is the most re-
quested entanglement measure in condensed matter and high energy physics due
to its interesting theoretical properties, such as the area law [14]. It is defined as
S(p) = —Tr(plogp), and the logp in this expression results in several difficul-

ties regarding the calculations. Fortunately, there are ways to circumvent this
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problem, which we discuss in chapter 2: one can use the replica trick, or find ap-
proximations to the entanglement entropy. More specifically, the linear entropy
and the second Rényi entropy are useful lower approximations to the entangle-
ment entropy. These entanglement measures depend on Tr(p?), and have the
advantage that they can be experimentally probed [15, 16], while the same is not
true for the entanglement entropy.

The standard way to compute the entanglement entropy between the two
parts of a pure ground state requires that we solve two eigenvalue problems:

one for the Hamiltonian, in order to find the ground state,
H|¥o) = Eo[¥0), (1.1)

and the other for density matrix, which has the form p = |¥y) (¥y| for a pure

state, in order to find its eigenvalues {A, },
p |An> — An |An> . (1.2)

With the density matrix eigenvalues in hands, it is straightforward to compute
any entanglement measure. Infinite dimensional systems that can be analytically
solved in that manner are rare; an example of an analytically solvable model is
the system of two coupled harmonic oscillators. In the end of chapter 2, we use
the standard method to analytically diagonalize this system, then compute and
compare all the entanglement measures introduced through the chapter.

In chapter 3, we review the Feynman path integral formulation of quantum
mechanics [17] in real and imaginary time — in field theory jargon, these corres-
pond to Minkowski and in Euclidean time, respectively. A path integral represen-
tation of the transition amplitude (x ¥ T|x; 0) consists on splitting the total time
T in small pieces and integrating over all possible intermediate positions x; that
the particle can occupy at the intermediate time ¢;. This gives the many possible
quantum trajectories, and they contribute differently to the transition amplitude:
the contribution of each trajectory is proportional to the exponential of the action.

We show how to express transition amplitudes, matrix elements and expectation
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values with path integrals. In the end of chapter 3, we analytically perform the
calculations for the case of a free particle, and for a simple quantum harmonic
oscillator.

In chapter 4, we discuss our first technique, in which we express the wave
function and the density matrix with path integrals. This method is based on the
fact that all states converge to the ground state after evolution through a large
amount of time, T — oo, as long as the initial state has non zero overlap with
the ground state [1, 18]. We take advantage of this fact to represent the ground
state wave function and density matrix using path integrals. However, these
path integrals have special boundary conditions that prevents us from taking the
replica trick limit in a straightforward way. In this chapter we will discuss these
special boundary conditions, and then compute the second Rényi entropy and
the linear entropy for the case of coupled harmonic oscillators.

In chapter 5, we present another technique to obtain the density matrix with
path integrals. Differently from the method present in chapter 4, with this method
we find an expression to the density matrix involving only one path integral. The
key point is that a pure state can be obtained as the zero temperature limit, i.e.
inverse temperature § — oo, of a thermal distribution mixed state [8, 9]. We apply
this technique to write the trace of different powers of the reduced density matrix,
which appear in the Rényi entropies and in the linear entropy. The path integrals
that appear in this technique also have interesting boundary conditions, similar
to those in chapter 4.

The advantage of the method presented in chapter 5 is that all expressions
relevant to the entanglement measures involve half the amount of path integrals
we had in chapter 4 because the density matrix itself will have the form of an
evolution operator. However, this method does not allow us to access the state
wavefunction. Once again, we compute the second Rényi entropy and the linear
entropy for the system of coupled harmonic oscillators.

The original contribution of this work is presented in chapter 6, in which we

formulate a perturbative approach to compute the linear entropy and the second
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Rényi entropy. The key idea is to use the parameter that entangles the particles
in the Lagrangian of the system as a perturbative parameter, and perform an ex-
pansion in the path integral representation of the reduced density matrix. Then
we carry out the derivation of the trace of the square of a reduced density ma-
trix corresponding to one part of the bipartite system, Tr4(p%), which appears
in the definitions of the entanglement measures of interest. We find generic ex-
pressions, valid for arbitrary bipartite systems, and make use of the two coupled
harmonic oscillator model to illustrate the findings. We show, in particular, that
the zero-order (unentangled) and first-order expressions leads to the expected re-
sult for this model. We comment on the use of different analytical and numerical
methods to compute the derived expressions for a generic model [10, 11, 19].
Lastly, in chapter 7, we summarize our study, make our final considerations,

and discuss perspectives for future works.






Chapter 2

Brief Review of Quantum Information

Theory

The existence of entanglement makes quantum mechanics fundamentally distinct
from classical mechanics. Quantum entanglement is the key concept used by
quantum information theory in the development of a quantum computer, with its
qubits and quantum gates. More recently, there is also a growing interest in appli-
cations of quantum information concepts to condensed matter and high energy
physics, e.g. for the detection of quantum phase transitions. These systems are
often large and require novel techniques in order to make entanglement calcula-
tions possible.

The aim of this chapter is to present the basic concepts of quantum informa-
tion theory that are needed for the development of our study, which are the den-
sity matrix and ways to quantify entanglement. We also discuss key aspects of

quantum mechanics foundations using the EPR paradox and Bell’s theorem.

2.1 Density matrix

In quantum mechanics, we usually deal with pure states, those which can be
represented by a ket |¢) in the Hilbert space ‘H. The density matrix, also called

state operator, of a pure state is defined as

Ppure = ) (] 2.1)
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The density matrix is an Hermitian operator and with positive eigenvalues and

has unit trace. For mixed states the eigenvalues are interpreted as probabilities.
In order to extract physics from the density matrix we have understand how to

obtain expectation values of physical observables and the evolution of the density

matrix. The expectation value of an observable O in terms of density matrix is

(0) = (¥ O ) (2.2)
= (|y) (| O |y) (2.3)
=Tr(pO), (2.4)

in the second line we have inserted (i|¢) = 1 and then recognized p = |¢) (¥|.
The evolution of the density operator can be derived from the Schrodinger equa-

tion; it is given by

ig—’t) = [H, p). (2.5)

There are some physical states in the Hilbert space that cannot be represented
by a single ket, those are called mixed states. They can only be represented by a

density matrix of the form
Pmixed = Y Pi [Wi) (Wil (2.6)
1

A mixed state is obtained when we prepare a state |i;) with probability p;.
For example, if we prepare N /2 electrons with spin up and N /2 electrons with
spin down, then the state of one electron is a mixed state with probability 50% to

have spin up and 50% to have spin down,

1 1
o =511 {1+ 510 (4. 27)

Here |1) and ||) denote the eigenstates of 0, with eigenvalue +1 and —1, respec-
tively. This is very different from a system of N electrons of unknown spin, in

which an electron is described by the pure state

_ 1

¥) ﬁ(|T>+|¢>)- (2.8)
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Both states give the same expectation value for 03, (07) = 0, but show different
expectation values for oy. The mixed state has (0y) = 0, and the pure state is
an eigenstate of oy, with (0y) = +1. This happens because the probabilities in
the mixed state 2.7 are classical, so it is an incoherent superposition of states,
while in the pure state 2.8 we have a coherent superposition. Another way to
understand is that the mixed state was prepared out of eigenstates of ¢, because
we put together N /2 electrons with spin up with N /2 with spin down, therefore
the mixed state must have zero expectation value for oy.

For a bipartite Hilbert space it can happen that the total state, the one des-
cribing both parts, is pure, but the state of each part is mixed. As an example,
suppose we have two electrons H = H 4 ® Hp and they are in the state

1
¥) = NG
the 2-qubit |11) stands for |1) 4 ® |1)p, similarly for ||]). In order to show that

(111 + 1), (2.9)

the A and B electrons cannot be expressed as pure states, we will try to write their
total state 2.9 in the form |{) = |¢) , @ |¢); and see that it is impossible.
Using the most general form for the pure states of each electron, |¢), =

a1 |T) +az|l) and |¢)z = b1 |T) + b2 |]), we obtain the following total state

$) = a1by [11) +arba [T1) + azby |[11) +a2b2 [L]) . (2.10)

Now we have to match these coefficients with the ones in 2.9 in order to have
|$) = |¢). We need all the following equations to be satisfied:
1 1
V2’ V2’

but this is not possible as it requires some coefficients to be zero and not zero at

a1b1 = a1b2 = 0, azbl = O, 02172 = (2.11)

the same time. We come to the conclusion that although the total state is a pure,
the individual state of each electron is not a pure state.

When |¢) # |¢) 4 ® |¢) 5, we say the parts A and B of the Hilbert space are
entangled. Later we will define ways to quantify how strong the entanglement

between two particles is. The fact that the joint state cannot be separated implies
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that these particles are correlated. In this case, operators acting locally on one
part of the Hilbert space can change the state of the other part.

Although the particles A and B of the example do not have their own pure
states, each of them have a mixed state which can be represented by a density
matrix. For a bipartite Hilbert space H = H 4 ® Hp, the density matrix of part A
is obtained by tracing out the degrees of freedom of B in the density matrix p of

the full system,

pa = Trpp. (2.12)

In our example p = |¢) (|, with |ip) given in 2.9. Then the state of one electron

is

pa= (M lp+ e L)g (2.13)
= 201 {1+ 1) (), @.14)

here we are omitting the sub-indices, but we must remember that the qubits in
this expression are in H 4. The density matrix describing the B electron can be
obtained in the same way, and in this case p4 and pp are the same because the

state of the full system in a pure state.

2.2 EPR paradox and Bell’s theorem

In 1935, Einstein, Podolski and Rosen, EPR for short, wrote a paper [20] in which
they discuss whether quantum mechanics was a complete theory, meaning that
it describes all elements of physical reality. They define an element of physical
reality as every property of the system that can be predicted with unit probability
without disturbing the system.

Their conclusion was that either quantum mechanics is not a complete the-
ory or physical quantities described by non-commuting operators do not have
physical reality at the same time. For EPR it was not reasonable that two non-
commuting physical quantities were not simultaneously real, therefore they beli-

eved that quantum mechanics was an incomplete theory.
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The two main assumptions they make in their paper about nature are realism
and locality. Realism is the statement that physical quantities have reality, i.e.
definite values, even if they cannot be measured at the same time. Locality con-
cerns the fact that we can separate two parts of a system in such a way that they
no longer influence each other.

Today we are able to perform experiments that show quantum mechanics is
right in that matter, and indeed non-commuting operators do not have simulta-
neous reality if we use their definition of reality. We say quantum mechanics is
not a locally realistic theory. In what follows we present the Bell’s theorem, which
consists in an useful inequality derived when we assume local realism, and then
see how quantum mechanics breaks it.

Suppose someone named Charlie performs an experiment on Earth to prepare
two particles, then he gives one particle to Alice and the other to Bob. After that
Alice and her particle take a spaceship and go to a lab somewhere very distant
from Earth where she can perform experiments. Alice randomly chooses to me-
asure either the property Pg or Pg of her particle, these properties can only have
outcomes £1. In his lab on Earth, Bob also randomly selects between properties
Ps and Pr to measure, which again can only return 1. In the beginning of the
experiment they have synchronized their clocks in such a way that the measure-
ments are going to be causally disconnected events.

Let us refer to the outcomes of the experiments as Q, R, S and T and analyze
the expression QS + RS + RT — QT. It is important to call the attention to the fact
Bell assumes all the physical properties mentioned have reality at the same time,
therefore Pr has a definite unknown value R even if Py was the one measured.

The expression for the outcomes can be rewritten as
(R+Q)S+(R-Q)T (2.15)

and since R, Q = +1 we have either R+ Q = 0 or R — Q = 0. Then we are left
with (R + Q)S or (R — Q)T and since each can only assume the values +2 we
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come to the conclusion that
QS+ RS+ RT — QT = £2. (2.16)

Now assume we have a probability p(g,7,s,t) toobtain Q =g, R =7r,S =5
and T = t. The expectation value (QS + RS + RT — QT) then satisfies the fol-
lowing inequality,

(QS+RS+RT—QT) = Y_ p(q,15s,t) (s +rs+rt —qt) (2.17)

q/rlslt

< Z p(q,7,s,t) X 2. (2.18)

q,1,8,t

The sum of the probabilities gives unity and on the left hand side we put the

expectation value in every term of the sum. The result is called Bell inequality,
(QS) + (RS) + (RT) - (QT) <2, 2.19)

and again we stress that it was derived assuming local realism.
Now we will compute the left hand side of the Bell inequality for the entan-

gled pair 2.9 introduced in the last section,

) = —
AN

Moreover, the experiments that can be performed by Alice and Bob are going

(1) +[4)- (2.20)

to be Stern-Gerlach experiments. As required from the theorem, these measure-
ments can only give +1 outcomes. We use the same letters as before to define the

operators that are going to be measured,

Q=5.®1g, (2.21)
R=35,®1;z, (2.22)
1 o A
S=14® —=(S5¢+85z), 2.23
A \/E( X Z) ( )
1 A A
T=17140®—(5:—85,), 2.24
A \/E( X Z) ( )

(2.25)
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where §, = %(TZ and §, = %(Tx. Remember that the arrows in |¢) refer to the
eigenstates of o, therefore the effect of S, is to extract the eigenvalue and S flips
the arrow.

Itis straightforward to compute the expectation values in the expression (QS) +

(RS) + (RT) — (QT). Here show the calculations for (QS):

(5) = (91Q [5(1H1) = Wb + 110) + 1419) 2.26)
— (9 |3+ 1)+ 11— )] 2.27)
1

=5 (2.28)

The other expectation values are (RS) = %, (RT) = % and (QT) = \_/—% This

gives the violation of Bell inequality,
(QS) + (RS) + (RT) — (QT) = 2V/2. (2.29)

The violation by 2v/2 is the largest value allowed for this Hilbert space and the
state 2.9 is one of the four Bell states, which are maximally entangled 2-qubits.
For entangled states of the form |) full 7 |) 4 ® |¢p) 5 one can always find obser-
vables Q, R, S and T such that the Bell inequality does not hold.

The violation of Bell inequality has already been verified experimentally and
it demonstrates that either the assumption of realism or locality in the EPR paper
is wrong. Most physicists believe realism is the assumption that does not hold,
meaning that quantum mechanics is a complete theory. Moreover, quantum me-
chanics allows correlations which are fundamentally different from the classical
ones. Classical correlations are consequence of lack of knowledge about the state,

but this is not the case for entanglement.

2.3 Schmidt decomposition

The Schmidt decomposition is a useful tool in quantum information because it

allow us to write the state of two particles in a single sum. According to this
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theorem, a pure state on a bipartite Hilbert space H = H 4 ® Hp can always be

written in the form

min(da,dp)
= L Valet)e ), (230

where d 4 and dp are the dimensions of H 4 and Hp, respectively, A are the Sch-
midt coefficients, they are non-negative numbers and Y Ay = 1 and {¢, xx} are
called Schmidt modes. ‘

Here we derive the theorem for H 4 and Hp with a discrete and finite basis,
but the result holds even if this is not the case. For this kind of Hilbert spaces the

most general form of a two-particles pure state is

%) = Y3 el o ) (2.31)
i=1j=1
where the {|¢;)} are the basis vectors that span the Hilbert space H 4 and {|x;)}
span Hp. The elements c;; define the d4 x dp complex matrix M. This matrix
can be expressed as M = UAV" using the singular value decomposition (SVD),
where U and V are unitary matrices and A is a diagonal matrix.

To demonstrate the SVD note that MM is an Hermitian matrix, therefore it

has real eigenvalues and can be diagonalized by an unitary matrix V
VIMTMV = D, (2.32)

the diagonal matrix D carries the eigenvalues which we suppose are all non-zero.

The other unitary matrix is U = MVD~3,
utu = D2 (V*M*Mv) Dz =1 (2.33)

Then we define the diagonal matrix A := D? with non-negative matrix elements

A} and find that M = UAV?, indeed
{VA}

UAVT = (MVD*%) DVt = M. (2.34)
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Now we can continue the Schmidt decomposition of 2.31 by expressing the

matrix elements of M = UAV" as Cij = %uik Ak v;j, then

min(d,dp) da dp
'¥) = kZ VA (Zuik \¢i>> ® (szj \x;~>> (2.35)
=1 i=1 j=1
min(d,dg)
= Y Valet)exd). (2.36)
k=1

In the last line we have redefined the vectors in order to get rid of the sums over
i and j. The new vectors |<p;(“> and | x2) are the Schmidt modes and the normali-
zation (¥|¥) = 1 implies }_ Ay = 1. This last result allows to interpret the Ay as
probabilities in the two parkticles density matrix.

When the Hilbert space does not have a discrete and finite basis we will have
to manage integrals to decompose the kernel that appears instead of the matrix
M, but the result of the Schmidt decomposition still has the same form as 2.40,

with a sum over discrete Schmidt coefficients and modes.

24 Quantifying entanglement

In this section, we discuss some of the many different ways to quantify entangle-
ment. There is a great variety of entanglement measures, which satisfy different
properties. Here we present the entanglement entropy, Rényi entropies, purity
and the linear entropy. The entanglement entropy can be obtained from the Rényi
entropy using a very useful technique called the replica trick. Moreover, under
some circumstances we can use the second Rényi entropy and the linear entropy

to approximate the entanglement entropy.

24.1 Entanglement measures

In classical information theory, the Shannon entropy H is a way to quantify the
amount of uncertainty regarding a random variable x when the outcomes {x;},

also called events, are observed to happen with probability {p;} withi =1,...,N
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for some N € IN. The Shannon entropy is defined as
H(x) :=—=)_ pilog(pi), (2.37)
i

the sum is over the possible outcomes and p; is the probability associated with
the event x;. In order to motivate this expression, we present some properties it
satisfies and which should be natural for a function representing information.

The Shannon entropy does not depend on the labels of the events, only on
their probabilities. This is a necessary property because if we change the name of
our variables then nothing regarding the amount of information should change.
Moreover the information gained when two independent events happen is the
sum of the individual information obtained by each event.

Since H(x) quantifies the amount of information obtained when x is obser-
ved, it is natural to expect that very likely events contribute less. In the extreme
example when p, = 1, we should learn nothing when x is observed because it
already has unit probability to occur. Indeed in this case H(x) — 0 and there-
fore there is no uncertainty regarding the variable x. The —log(x) makes H(x) a
non-negative function that decreases monotonically in the probabilities.

As we discussed in section 2.2, quantum correlations (entanglement) are very
different from the classical ones because they are not necessarily consequence of
our ignorance about the system. For this reason, entropy in quantum mechanics
is a way to quantify entanglement, not a way to quantify uncertainty about a
quantum state.

The eigenvalues of the density matrix are analogous to the probabilities of
the events in classical information and a quantum generalization of the Shannon
entropy should be given in terms of the density matrix. This generalization is the
von Neumann entropy, also known as entanglement entropy, and it is defined

as

S(p) = —Tr(plogp), (2.38)

where the trace is over the Hilbert space p belongs. Note that if the eigenvalues
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{pi} of the density matrix are known, then the von Neumann entropy becomes

S(p) = — }_pilogpi, (2.39)

which is the same as the expression for the Shannon entropy. The entanglement
entropy of a pure state is always zero: since the density matrix p = |¢) (¢p] is
diagonal in this basis, log(p) = log(1) |¢) (¢| = 0 and then S(p) = 0.

Moreover, if p is a pure state in a bipartite Hilbert space H = H4 ® Hp, then
it is true that S(p4) = S(pp), where p4 and pp are the reduced density matrices.
This is not the case when p is mixed as it can be entangled with another Hilbert
space Hc. We can see that S(p4) = S(pp) for a pure state using the Schmidt de-
composition derived in section 2.3. The general form of a pure state in a bipartite

Hilbert space is

¥) =Y VA ) @ [xn) (2.40)

where A, are the Schmidt coefficients, |¢,) and |x,) are the Schmidt modes. The
Schmidt coefficients are all non-negative and their sum is unity. The density ma-

trix of this state then is given by
=2V Audn (1gm) (@nl) © (lxm) (xal ), (241)
m,n

then to compute S(p4) and S(pp) we need the reduced density matrices for parts

A and B. These can are obtained by taking partial traces of p,

pa="Trpp = Z/\n Pn) (Pn (2.42)
pp=Trap = Z/\n Xn) (Xn - (2.43)

Since both have the same eigenvalues, they also have the same entanglement

entropy

S(pa) = S(pB) = =) Anlog(An). (2.44)
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When H4 and Hp are finite dimensional Hilbert spaces, entanglement en-
tropy has an upper limit. With the purpose to derive this upper limit we intro-
duce a Lagrange multiplier ¢ together with the condition of unit trace for the
density matrix. Therefore the expression we want to maximize is

F(pa, ¢ Z Anlog(Ay) — ¢ <Z An — 1) . (2.45)

n

Now we impose the conditions 2 ag = 0and gﬁ = 0 forall A € {A,} to obtain the

equations

—log(A)—1—¢ =0, forall A € {A,}

(2.46)
—Y An+1=0.
n

Solving the first equation we find that all A, are equal to A = e~ 1~¢. Suppose
that the Hilbert spaces H4 and Hp have dimensions d4 and dp, respectively.
Using only the fact that all A, are equal and that the sum over n goes up to
d = min(d,,dp), we obtain from the second equation that A = 1/d. Then we

put this result in the entanglement entropy expression to find

S(PA)max = - log(d)' (2.47)

The states that reach this upper limit are called maximally mixed states, e.g. the
Bell states for the 2-qubit system. The maximally mixed states have the following

general form

oA =) Aldn) (dnl, (2.48)

with A = 1/d. Here we use the expression for the reduced density matrix with
the Schmidt decomposition.

In several theories the entanglement entropy satisfies an area law, meaning
that it scales with the boundary between the spaces entangled. Area laws are
object of intense study in the theoretical physics community of many different fi-
elds, from black hole entropy in holography to topological entanglement entropy

in quantum many-body physics.
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Although the entanglement entropy has many interesting features, the com-
putation of log(p) is often a big problem as it requires diagonalization of the den-
sity matrix. There are techniques to circumvent this problem, one of them if using
the Rényi entropy and the replica trick.

The Rényi entropy depends on a parameter «, which assumes natural values

a« > 1, and it is defined as

Su(p) = log(Tr p%). (2.49)

1—a
The different Rényi entropies will satisfy different properties depending on a.
Since the trace indicated in this definition is taken over the density matrix, which
has eigenvalues A, > 0, and a > 1, the Rényi entropies are always non-negative,
but in general they are not bounded from above. Furthermore, these entropies
are usually easier to be obtained as they depend only on powers of the density
matrix and require no diagonalization.

In the special limit & — 1 the Rényi entropy reproduces the entanglement en-
tropy, but in order to take this limit we need to consider an analytic continuation
of «. When we try & — 1 on the definition of S,(p) in 2.49, both numerator and

denominator go to zero, so we can use L’'Hopital’s rule to write

1 d

lim Sq(p) = — lim Te(p%) da [Tr(p")] - (2.50)

The limit of 1/ Tr(p*) gives unit because we assume the density matrix p is nor-

malized to unit. The derivative can be obtained by its definition:

Tr(ptx—i-A) _ Tr(p”‘)

£ Sel) = Ay (20
= — lim lim Y A% (7 1) (2.52)
 aS1AS0 ; N '

where A; are the eigenvalues of the density matrix p. When A — 0, numerator

and denominator go zero, so we use L'Hopital’s rule again. In order to take the
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derivative of the numerator, we write A]- = el with b]- real, and obtain

lim S, (p) = — lim li be“(ew—_l) (2.53)
finysale) = = Jim Jm e -
=Y bl (2.54)
j
= —Y Ajlogh; (2.55)
j
= S(p). (2.56)

Finally we obtained the proof that the Rényi entropy gives the entanglement en-

tropy in the limita — 1,

S(p) = lirr} Se(p) = lim L log[Tr p*]. (2.57)
a—

a—11—n
The trace in this expression is taken in the Hilbert space p belongs, thus Tr p* is
a number. For example, if we are dealing with the coordinate of a particle with

p = p(x,x"), then we can insert &« — 1 identities in Tr p* to write

Trp" = /dxl/dxz- --/dx,xp(xl,xz)p(xz,xe,)...p(x,x,xl). (2.58)

The integral over dx; comes from the trace. The technique 2.57 of using multiple
powers of the density matrix to compute the Rényi entropies and then take a — 1
to obtain the entanglement entropy is called replica trick.

At last, the purity and the linear entropy of a quantum state are also another

important entanglement measures. The purity of a quantum state is defined as

K(p) =Tr <p2>, (2.59)

and it has the physical interpretation of how much the state p deviates from a
pure state. If p is a pure state, then it is true that p?> = p, therefore in this case
K(p) gives unit, which is the upper bound of the purity. The lower bound is
achieved by the maximally mixed state, which for a finite dimensional Hilbert

space has the form 2.48. In this case we have

1
_ 2 _
K(p) = ;A =2 (2.60)
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where d is the dimension of the Hilbert space. For an infinite dimensional Hilbert

space, we can write
0< K(p) <1 (2.61)

The purity of a quantum state is an entanglement measure that decreases when
entanglement increases. The complement of this entanglement measure is called

impurity, or linear entropy, and it is defined by

St(p) =1—"Tr (pz). (2.62)

For an infinite dimensional Hilbert space, the linear entropy will have the same

bounds as K(p), i.e.
0<Si(p) < 1. (2.63)

If the Hilbert space has a finite dimension d, the upper bound is replaced by
1 —1/d. The linear entropy is a more intuitive entanglement measure as it is in-
creases when the entanglement between the parties increase. Moreover, similarly
to the Rényi entropies, it is common to find the purity or the linear entropy in
the literature: they do not necessarily require diagonalization and therefore are

easier to compute than the entanglement entropy.

2.4.2 Approximations

Although we have defined the linear entropy independently of the strength of the
entanglement, it can be viewed also a first order approximation of the entangle-
ment entropy, when we use a power series representation for log(p) that appears
in the definition 2.38 of the entanglement entropy. For a real number x, we can

write
2 3
log(1+x):x—x?—|—%—..., (2.64)

which is a convergent series if |x| < 1. Since the density matrix is a diagonalizable

matrix with eigenvalues ranging from 0 to 1, we are allowed to write

1)—<p_21)2+(p_31)3—... . (265)

log(p) =log[1+ (0 —1)] = (o -
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Therefore a first order approximation gives

log(p) = p—1, (2.66)

and using this expression in the entanglement entropy 2.38 we obtain

S(p) ~Tr[p (0 —1)] = 1= Te(p?) = S1.(p). (2.67)

Note that the linear entropy has also a straighforward relation to the second

Rényi entropy, which is obtained by computing 2.49 with parameter o = 2,
Sp(p) =1—e 5200, (2.68)

Indeed the approximation of the entanglement entropy can also be obtained with
the replica trick. We have already shown that the entanglement entropy is ob-
tained as the limit  — 1 of the Rényi entropy 2.57. If we use equation 2.50 to

represent the Rényi entropy, then

1 d
= —lim ——— [Tr(p")]. 2.
Slo) = = lim ey g [T (P%)] (2.69)
The limit in the denominator gives unit, and since the a parameter can only take
natural values and we are interested in the limit « — 1, the best approximation

we can make for the derivative is:

d Tr(p?) — Tr(p?
= [Te(p")] ~ r(p;_lr@). (2.70)

Using that approximation we find once again that

S(p) ~1—Tr <p2> =Si(p) =1—e 200, (2.71)

2.5 Coupled harmonic oscillators I

Let us consider a system of two particles of Hilbert space H = H4 ® Hp, and

with evolution given by the Hamiltonian

1
H=3 [pi +ph + k(x4 +x3) + g(xa — XB)Z} : (2.72)
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This is a system of coupled harmonic oscillators, and the term proportional to g is
coupling the two particles. We are going to compute the entanglement between
the particles when the full system is in the ground state. For this calculations
we will diagonalize the reduced density matrix of particle A, and then use its
eigenvalues in the expression 2.39 for the entanglement entropy S(p ).

First we find the wavefuntion, and therefore the density matrix of the total

system. We use the center of mass and relative coordinate variables

Xy = %(xA + xp), (2.73)
w+:\/%and w_=+k+2g, (2.74)

together with the standard identification p, — —i % to rewrite H as the Hamilto-
nian of two decoupled two harmonic oscillators:

H—1< > 7 + w? 2 —|—w2x2> (2.75)
5| 732 T 3.2 +X+ e :
ox2  9x3

The ground state wavefunction can be obtained from the eigenvalue problem for
the Hamiltonian,

1 0? 02 2.2 )
5| o — o +edad £l | ¥ = EY. (2.76)
- T

Since H is the Hamiltonian of two decoupled harmonic oscillators with frequen-

cies wy and w_, the ground state energy is E = %(w+ + w_). Now we put this

energy in the equation and solve it to find that the normalized ground state wa-

vefunction is

(wsw_)i
NG

Once we have the wavefunction, it is straightforward to write the density ma-

1
exp —E(w+x%r+w_x2_) : (2.77)

Y =
trix. However we are interested in the entanglement between particles that oc-
cupy positions x4 and xp, not on the entanglement between their center of mass
and relative coordinates. Actually the x; and x_ coordinates are not entangled at

all because there is no interaction term between them in the Hamiltonian. When
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we change variables we are also changing the Hilbert space partition, this is why
entanglement can disappear.

After we go back to the original x4 and xp coordinates in the ground state
wavefunction, we compute the density matrix of particle A by taking the trace

over the Hilbert space Hp,

palx, ') = (x| Tral[¥) () [+) 278)
= /oo dxy, ¥ (x, x) 9" (%, xp) (2.79)
- w;w_ /_o:o dxy exp{—% [w+(x + )2+ w-(x — xb)z} } (2.80)

Performing the integration over dxp and introducing new constants <y and # de-

fined below, we obtain

palx,x') = ; 1 exp [—%(x2 +x2) + nxx’} , (2.81)
where
(wy —w_)?  2wiw-
n K Fw) and vy (s +w ) +7. (2.82)

In general it is hard to find the eigenvalues of a density matrix such as 2.81,
but in this case this can be done analytically. The eigenvalues A, of the reduced

density matrix p 4 are obtained from the eigenvalue problem equation

[ a3 ol ¥ fule) = A ful) (2.83)

where f,(x) is the eigenfunction corresponding to the eigenstate A,,. The equation

is easier to solve when we we use the identity

n 2 2\
L Ha(0)Hy) = < exp{ B IZ IR gy

which is valid for |w| < 1/2, to express the density matrix as

a 2 n
pati ) =2 (=2 8050 T p (VR @)
where ¢ = \/ww_ and
z=_1 (2.86)

o+ y
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Then with the orthogonality relation for the Hermite polynomials
/ dit e~ Hyy (1) Hyy (1) = /72" 12! 5 (2.87)

we find the eigenfunctions and eigenvalues of the density matrix

Fu(x) = Hy(v/ax) e 2" and (2.88)
Ay = (1—2)Z", (2.89)
where n = 0,1,2,.... Once we have the eigenvalues, it is straightforward to

calculate the entropies. We use the expression 2.39 to compute the entanglement

entropy between the particles

S(pa) =—(1—-2) <log(1 —z)) 2" +log(z) ) n z”) (2.90)

=—(1-2z2) [log(l —z)) 2" +log(z) ) <%z”+l — z”)] (2.91)

n

=09 { D [ (15) -1 e

z log(z). (2.93)

:—log(l—z)—l_z

The Rényi entropies, defined in equation 2.49, are also easy to compute when
we have the eigenvalues. In order to compute the n-th Rényi entropy we need

the following trace

Tea(ely) = ¥ [1-2)2]] 294
]
_(1=2)"
== (2.95)

In particular, the second Rényi entropy is given by

Y
S2(pa) = —log [%} (2.96)
= —log(1 —z) + log(1+z) (2.97)

or, in terms of the w, and w_ parameters,

S2(pa) = —log (2—“"*“") - (2.98)

Wy +w-
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Moreover, the entanglement entropy can also be obtained using the Rényi en-

tropy in the limit « — 1. In this case we use equation 2.57 to find

. 1 "
S(pa) = }(13} T2 log Tr (;An> (2.99)
= lim ! [alog(1 —z) —log(1l —z")] (2.100)
a—1 1 —«n
= —log(1—2z)— 7 i . log(z). (2.101)

Finally, with the expression for the trace Tr4(p%) we can compute the linear

entropy defined in 2.62. In terms of the z parameter we obtain

2z

Sulpa) =1=Tealoh) = 1 (2.102)

and in terms of the w and w_ parameters the linear entropy is

(Vs — e ) : (2.103)

W +w-

Sr(pa) =

If we try to express the entanglement entropy in terms of the parameters w
and w_, or in terms of the Hamiltonian 2.72 parameters k and g, we will find a
very complicated function. In Fig. 2.1 we show how the entanglement entropy
curve looks like as a function of g for different values of k. In all cases, S(p4) = 0
when the interaction parameter ¢ vanishes, and the curves grow logarithmically
with g. We can see that the curves take even longer to grow when the parameter
k is increased - entanglement as a function of k, with fixed g, decreases expo-
nentially. Moreover, since we are dealing with continuous coordinates there are
infinite space modes and the entanglement entropy has no upper bound.

Now we want to compare the entanglement measures using the parameter z
defined in equation 2.86. Before analysing the plots in Fig. 2.2, we remind that
z is bounded. The lower bound, z = 0, is reached when # = 0, and with the
definition of 7 given in equation 2.82, we find that 7 = 0 implies w; = w_.
The last equality holds only when g = 0, therefore z = 0 when the particles are
not entangled at all. Moreover, the upper bound, z = 1, is achieved when the

numerator equals the denominator, i.e. when 7 = a + . From the definitions
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Figura 2.1: Entanglement entropy for the coupled harmonic oscillator 2.72 in
terms of the interaction parameter g for different values of the parameter k, which

is the square of the frequency that traps the particles.

y=n+ i‘ﬁr—wa; and &« = \/wiw_, we find that z = 1 when k = 0. Therefore, we
have z = 1 when the only potential acting on the particles is the one proportional
to g, which generates the entanglement.

In Fig. 2.2, we have the entanglement entropy, the second Rényi entropy and
the linear entropy as function of the parameter z. As expected, when z = 0,
i.e. ¢ = 0, all the entropies vanish because particles A and B are not entangled
anymore. Moreover, the entanglement entropy and the second Rényi entropy
diverge to +c0 when z — 1, which corresponds to the k — 0 limit. This limit
corresponds to a system where there is only the mutual interaction, proportional
to (x4 — xg)?. The wave function in this case will still be a Gaussian in the x_
coordinate, and a wave packet in the x; coordinate. The wave function for the
center of mass x spreads out to infinity with norm equal to unit.

On the other hand, as we have discussed in previous sections, the linear en-
tropy remains finite everywhere, and reaches its maximum when z = 1. Another
aspect of these plots is that the linear entropy and the Rényi entropy can only be

considered as good approximations to the entanglement entropy when z is close
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Figura 2.2: Entanglement entropy, second Rényi entropy and linear entropy for
the coupled harmonic oscillator 2.72 in terms of the parameter z = 1/ (a + 7),
which is bounded between 0 and 1. We have these bounds in z because the terms
1, &« and <y are non negative, and because v = 17 + Qwiw_)/ (w4 +w-). All
entropies vanish when z — 0 or, in terms of the Hamiltonian parameters, when

g—0.

to zero, i.e. when the entanglement strength is small.






Chapter 3
Path Integrals

Quantum mechanics has different equivalent formulations, the most common are
the Schrodinger and Heisenberg formulations. In this chapter, we present the
Feynman path integrals, which allow us to describe the basic objects of the quan-
tum theory. The path integrals are a natural environment for discretization, and
there are several numerical methods to compute them, e.g. Monte Carlo and sto-

chastic quantization.

3.1 Derivation and basic properties

In quantum mechanics and quantum field theory, the transition amplitude between
two states is often a useful quantity. Consider a non-relativistic particle in 1 + 1
dimensions that evolves through the Hamiltonian H, at time f its state in the

Schrodinger picture is given by

p(x,tr)) = e P |y (x, 1)), (3.1)

which is the solution of the Schrodinger equation for a time-independent Ha-
miltonian. In the case that the Hamiltonian is time-dependent we need to write
the exponential as a time-ordered product, considering that H is approximately
constant in small periods of time.

The wavefunction i(x, tf) = (x (¢ f)) can be expressed in terms of transition

amplitudes by inserting a complete set in space,

p(xt) = [ dy (e y) gy, ). 62)

28
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In this equation the wavefuntion 1 (x, t¢) is obtained as the sum of contributions
from wavefunctions at another time ¢; coming from different positions, the con-
tributions are proportional to the probability that the particle will evolve from
position y to x. The transition amplitude (x| exp[—iH(t; —t;)] |y) is our propa-
gator, a Green’s function that connects wavefunctions from different times.

The evolution of position eigenstates carry the same exponential as the states,
but with opposite sign. In order to obtain this result we first remind that the po-
sition operator in the Heisenberg picture is related to the one in the Schrodinger

picture by

2(t) = et g o7 HE, (3.3)
where £ denotes the position operator at the initial time which we choose to be
t; = 0. This equation can be obtained by assuming that the expectation value of £
at time ¢t is independent of the picture. The eigenvalue equation for this operator
is

() |xt)y =x|xt), (34)
where |x t) denotes the position eigenvector at time + which has eigenvalue x.

Explicitly writing the time dependence gives
et g e HE | x t) = x |x t) (3.5)
b; (e_th |x t)) =x (e_th |x t)) , (3.6)

therefore the term in parenthesis is the eigenvector of £ with eigenvalue x. Using
the eigenvalue equation and the fact that £ is the operator at the initial time we

have

et |x t) = |x) (3.7)
lxt) = eH |x) . (3.8)

In this way, we can write the transition amplitude as

(x| exp[—iH(tf — t)] |y) = (xts|ly t;). (3.9)
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Now we derive the path integral expression for the propagator (x t¢ |y t;). The
idea is that we will express the transition amplitude to go from (y, t;) to (x, ts) as
the sum of all paths that connect these events. To identify these paths, we are
going to split time and compute the contributions of the intermediate transitions.
We will see that the most relevant paths to the path integral are the ones closer to
the classical path, obtained by minimizing the action.

By splitting the time interval t; — t; in N parts of size €, i.e. tf — t; = Ne,
(xtrlyti) = (x[e e y), (3.10)
we can insert N — 1 complete sets between these exponentials and get

(xtelyt;) / dxq - - / dxn_1 H (Xpi1|e M€ |x), (3.11)

where we identify xp = y and xy = x. Moreover, we insert N complete sets of

momentum and take € sufficiently small,

(Xn41] e e |xn) = /_ dpn (Xn+1|pn) (pnl e HEP)e |Xn) (3.12)
_/ dpu (Xus1|pn) (pulxn) e H(xnpu)e (3.13)
_ _ _ Xnt1 = Xn
= 5= /_Oodpn exp{ i€ {H(xn,pn) Pn ( - )} }
(3.14)
Therefore
(onale M€ ) = o [ dpo explie (—putu+ Houpa))), (G159

where the dot in X, denotes a time derivative. But before putting this expression

in the full transition amplitude 3.11, note that if the Hamiltonian has the form

2

_ P

we can explicitly perform the integral over momentum,

(xpi1] e |x,) = / dpn exp{—ze Bj" + V(xn) — pa (@)}}
(3.17)

}. (3.18)

_( m \1/2 Cm (X1 —xp 2
() e [ (252 v
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Back to the initial expression 3.11 for the transition amplitude, the product will
become a sum in the exponential. Taking the continuum limit € — 0 in the ex-
ponentials, we find (x,4+1 — x,)/€ — X, and the sum becomes an integral. Then
we identify the Lagrangian £ that will appear in the exponential, and obtain the
following for the transition amplitude,

(x tf‘yti> — (%)Nﬁ /0:0 dxy - /o; dxn_1 exp{i/titf dtﬁ(x,fc)} (3.19)

(t))= ¢
= /x N exp{i/fdtﬁ(x,fc)}, (3.20)
x(t)=y t;

where we have enclosed in [Dx] all the integration measures at intermediate ti-
mes and we have explicitly written the boundary conditions. This is the path
integral expression for the transition amplitude, which can be made shorter as
just

x(tf)=x

. [Dx] 1, (3.21)

(xtylyt) = [

where I[x] is the action for the Lagrangian £(x, ).

With the purpose of giving a reasonable physical interpretation to this expres-
sion, we perform Euclidean rotation in our time, i.e. we make t — t' = —it, with
T € R. Then we assume the imaginary time is a line in the complex plane where
time runs. This interpretation is valid as long as the quantity of interest has no
poles in the complex plane.

Assuming the Lagrangian has the from

2
L(x,%) = % (%’;) —V(x), (3.22)

under the change of variables T = it the action becomes
Ix] = /de(—ir) ) ICE N (3.23)
-y 2 |o(—it) -

. 2
_ i/'fdr [% (g—i) T V() (3.24)
=ilg[x], (3.25)

1
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where we define Ig[x| as the Euclidean action. Using this expression, we obtain

the Euclidean path integral

(x1rly ) = /x

This integral indicates that we sum over all the paths that connects (y, 7;) to

x(Tf)=x Ip[x]
. [Dx] e EW. (3.26)

(x,Tf), and the most relevant paths are the ones with highest weight exp(—IE[x]).
Therefore, the largest contribution comes from the path that minimizes the action,
i.e. the classical path. Moreover, paths around the classical path are going to be
the most relevant ones for the exact calculation of the path integral.

Now we show two important path integrals tools that will be used through
the rest of this work: how to split, or join, path integrals and how to compute
matrix elements. In the transition amplitude (x Tf |y Ti), we can insert an identity

at intermediate time 7. As a result we obtain

(x1rly 1) = /_O:o dg (x1¢|qT) (g Ty T7) - (3.27)

Then we express all the transition amplitudes using the path integral expression
we already know,
/x(rf):x [Dx] e el = /OO dq /X(T):q [Dx] e e /x(Tf):x [Dx] e M. (3.28)
x(m)=y —eoJx(n)=y x(t)=q
This equation show us how one can split and join path integrals. The cost to
split the transition amplitude at the intermediate time 7 is that we have to put an
integral over dg.

The matrix elements of an operator O(t) are obtained by inserting its eigenva-
lue O(t) inside the path integral. For instance, if we want to compute the matrix
elements (x 77| £(t) |x; T;) of the position operator £(t), then we put a complete
set of position at the intermediate time ¢. Such manipulation allow us to extract

the eigenvalue of the position operator

(xpTp| () |2 ) = /Oo dx (xpre|xt) x(t) (xt|x; 1), (3.29)
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and then we use the integral to join the two path integrals that appear from the
transition amplitudes on the RHS,

(x5 1| 2(8) [ ) = / T D] () el (3.30)

x(T)=x;

Note that the above expression makes sense only if  is between times 7; and 5.

For the eigenvalue of £(t), we integrate the expression for x; = x¢,

(2(0)) = [ dx / ((:f_) Dx] x(t) e el (331)

X

Moreover, we can compute the matrix elements of a product of many opera-
tors, for instance (x 77| £(¢)2(') |x; 7). Since our path integrals always evolve
in the increasing time direction, we need to assure that the operators £(t)%(t') are
time ordered. For this purpose, we define the time-ordered product T[£(t)£(t')],
which gives £(+)£(¢') if t > #/, and £(')%(¢) if ' < t. Then the matrix elements
are obtained using the same idea of splitting the path integral in the intermediate

times t and t/,

x(Tr)=x
(| T[S i) = [ 7 (D] x(0x(t) e (3.32)

(t1)=x;

Although we have a time-ordered product on the LHS, the x(¢) and x(#') in the

RHS commute: they are just the eigenfunctions.

3.2 Free particle

In this subsection we compute the path integral for the free particle in 1 + 1 di-

mensions,
2
-
=5 (3.33)
To compute the propagator (x ¢ f|y ti), we go back to the discretized expression
of the path integral. We use equation 3.18 with V(x) = 0 in 3.11, but still do not

take the continuum limit so the propagator becomes a product of many integrals

oo 0o N-1 m 1/2 im
<xtf]yti> = /_Oodxl---/_oode_1 L[O <27rie) exp {E(xnﬂ —xn)z] (3.34)

m

= (%yz In_1. (3.35)
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We defined in the last line a new object that encloses all integrals,

m k/2 © ®© im 2 im 2
— e 7(x1*x0) e Tg(xk+1*xk)
I (27_”,6) /Oo dxq /oo dxy e2 ez : (3.36)

With this definition we use induction to prove that, for k € IN,

1 im )
b= \/mexp{ze(k+1)(xk+1 Xo) } (3.37)
Starting with I,
m \1/2 po im ) )
h= <2m'e> /_ dxyexpy o [(xl — X0)” + (x2 — x1) ] (3.38)
= m 1/2 im i 2 im
a (27Iie> eXp{z (%2 +x)) 1 / dxy exp [—xl - ?(xz+x0)x11 (3.39)
1 im )
V2P {26.2(’{2 %) } (3.40)

The first step has the form we want, it matches with 3.37 with k = 1. Assuming

3.37 works for k — 1, we show it also works for k:

Iy = (2::7 1/2/ dxy I 1exp{ (e — ) } (3.41)
= (dek 1/2 /_ dxy exp [ﬁ(xk —x0)* + ;_n;(xk+l - xk)z] (3.42)
= (i) @ |50+ )

X /o:o dxy exp [%xi zin;((xo +k xk+1)xk] (3.43)
— \/klﬁ exp [%(xkﬂ — xo)z] . (3.44)

Now that we know the identity 3.37 is true for k € IN, we use it withk = N — 1
and go back to the propagator

1/2
(xtslyt) = (ZZ€> In 1 (3.45)
m m
5oy <P {2 N(xN — Xp) } (3.46)

By definition, the product €N is equal to the difference t; — t;. Moreover xy = x¢

and xg = x; are the coordinates of the endpoints, then we find that the propagator
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of the free particle in 1 4 1 dimensions is

(xtrlyti) = 2m(tr:——tl) exp lz(tfiL—ti)(xf - xi)2] : (3.47)

To obtain the Euclidean propagator, we just change the real times for imaginary

time T = it,

(xtelyti) = 27((;1—_@) exp [_—m)(xf - xi)2] : (3.48)

3.3 Harmonic oscillator

In this subsection we give another example and compute the propagator for the

1 + 1 dimensional simple harmonic oscillator,

(xptr|xiti) = /x [Dx] exp {i /'tf dt <%x2 — %wzxzﬂ . (3.49)

We split the paths as x = x, + y, where x,; is the classical path that connects

x(tp)=xy

(t)=x;

(xi,t;) and (xf,ts) and y is the quantum fluctuation from x, it has boundary
conditions y(t;) = 0 and y(t) = 0 because x and x; coincide at the endpoints.
The classical path is defined as the solution that minimizes the action, which is
found by solving the Lagrange-Euler equations with boundary conditions x(t;) =
x;and x.(tf) = xy. The integration measure for the path integral has contributi-
ons only from the y paths, [Dx| = [Dy], so we can put the terms that only involves

x.; outside the path integral. The action for the new variables is

I[x] = I[x¢q + Y] (3.50)
b 1 1 1 1

= / dt —xfl — —wzxgl + —y‘z — —wzyz + Xy — w2xdy (3.51)
ti 2 2 2 2

o [1, 1 o
= I[xq] + /t dt [EyZ — Ewaz + Xy — wzxdy} . (3.52)
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The last two terms in the action vanish,

by . y d . "
/t’ dt (xcly — wzxcly> = /t dt [E (kaqy) — £y — wzxcly} (3.53)
tf ¢
— (zay)| — / "t (ta +wx) y (3.54)
t; £
_0. (3.55)

The first term is zero due to the boundary conditions for y and the second be-
cause x,; solves the Lagrange-Euler equation #,; = —w?x,. Then the transition
amplitude becomes

. y(i’f):O . i’f
(xftelxity) = g1l /;/(ti)_o [Dy] exp {z /t, dt

Lo 1,55
(2y SWY )} . (3.56)
The path integral over y is periodic, so it does not depend on the endpoints x; and
x¢. All the spatial part contributions come from the exponential fo the classical
action.

The classical path, solution to the Lagrange-Euler equation, is
x¢(t) = Acos(wt) 4+ Bsin(wt), (3.57)

with A and B determined by the boundary conditions. Since the equations of
motion are invariant under time translation, the propagator can depend only on
the difference of times T = ¢ — t; and we can take the boundary conditions to be

x1(0) = x; and x(T) = xs. Therefore the constants are

x¢f— x;cos(wT
A =x;and B = S (wT)

sin(wT) (3.58)

Now we can obtain the classical action that appears on the transition amplitude

expression,
T 1. 1
I[xq] = /0 dt (ixd — szxfl) (3.59)
- _% sin(2wT)(A? — B?) — wsin?(wT) AB (3.60)
=Y (2442 — 2x;
= Fein(@T) [(xZ + x7) cos(wT) Zxef} : (3.61)
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We write exp(iI[x.]) to find that the transition amplitude is

(xptp|xity) = exp{% [(xl2 - xj%) cos(wT) — 2xixf} }, (3.62)

2sin

where F(T) is the periodic path integral for the quantum fluctuation y(¢),

E(T) /ym_o[p ] -'/Tdt<1‘2 Lw? 2)} (3.63)
= exp |1 Y- sw :
4(0)=0 ylexp ' o Y T Rwl
y(T)=0 T (1d 1
= /y(O):O [Dylexp |i /0 dt <§E(yy) Sy = 5wy )} (3.64)
y(T)=0 .
= /y(o)zo [Dy] exp / dt — 2y (@ntw )y] (3.65)
In order to perform this integral, we expand the quantum fluctuations in ei-
genfunctions of the operator o= —% (aa—:z + w2> P
t) = Zanyn(t)- (3.66)
n

The eigenfunctions y, (t) are orthogonal and have eigenvalues A,

yn(t) = \/gsin (nTm) (3.67)

Ap = % {(%)2 _ wz} . (3.68)

Since all the coordinate dependence is in the a,, the new integration measure of
the path integral is just a product of the da, times a normalization constant C.
This normalization constant does not depend on w, we will use this fact later to

fix C. Gives these considerations,
N e i [/nmN\2 5 r o, (nmt\] ,
= CH/_ danexp{T {(T> —w } {/0 dt sin (T)} an} (3.69)
; 9 2
CH/ day, exp{ (nn) [1 — (c:_;) ] a } (3.70)

1/2

‘CH [NE] i [1_ (w_Tﬂ_ | 371)

=1 nrt

NS}

We can include the first product in the constant C and it still does not depend on

w. Moreover, we take the continuum limit N — oo in the second product and
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obtain

wT
sin(wT)

F(T)=C (3.72)

The constant C can be obtained by taking w — 0. In this limit the function F(T)

is the same as for the free particle 3.47, then we fix

1
C= /5 (3.73)

Finally, the path integral for the quantum fluctuations is

w

BT =\ 57 sin(wT)

(3.74)

and the full expression for the propagator of the 1 4+ 1 dimensional harmonic

oscillator 3.62 in terms of T = tf — t; is

PR PSS SR P S _ox,
(xftelxit;) 2risin(wT) exP{Zsin(wT) [(xl +x7) cos(wT) 2xle]}.

(3.75)
The Euclidean propagator, for T = 77 — T, is given by

w —w

N = (42 2 N, PO
(x5 Tf|x; T7) 27 sinh(wT) exp{Zsinh(wT) [(xl + x7) cosh(wT) 2x1xf] }

(3.76)






Chapter 4

Ground state path integral

In quantum information theory, one can obtain information about entanglement
from the density matrix. As we have seen, for a pure state |¢) the density matrix
has a simple form p = |¢) (¢|. In this chapter, we will show how to express
entanglement in terms of path integrals, which is a suitable formalism to deal
with large systems that can be discretized.

The cases we are interested are those with a pure ground state, and only the
constituent parts can be mixed states. We start by deriving an expression for
the wave function and density matrix in terms of path integrals for a generic
two-particle Hamiltonian. Finally, we discuss how to compute the second Rényi

entropy and the linear entropy without diagonalization using path integrals.

4.1 Wave function and density matrix

In chapter 3, we expressed transition amplitudes in terms of path integrals. The-
refore in order to find how wave functions relate to path integrals, we will find
an equation that links transition amplitudes to wave functions. To project out
the ground state wave function from the transition amplitude, it is convenient
to work with imaginary time, i.e. we perform a Wick rotation t — —it. In the
jargon of field theory, we will work in Euclidean space. The Euclidean transition

amplitude from events (y, 7;) to (x, T¢) can be written as

(xrly ) = (x| e BT |y) (4.1)
=Y (x| e B 1) (nly), (4.2)

n

39
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where the |n) are a complete set of eigenstates of the Hamiltonian H which, for
convenience, is supposed to have a discrete spectrum only. Then, we act with the
Hamiltonian on the energy eigenstate |1) to obtain the corresponding eigenvalue
E,, and thereby identify the coordinate-space wave functions, (x|n) = ,(x).

Then, the transition amplitude can be written as

(xtely ) = Y on(x) gi(y) e B, 4.3)

We already know how to express Euclidean transition amplitudes in terms of
path integrals, namely:

x(Tr)=x Ly
<xrf|yri>:/x(r):y [Dx(t)] e e1, (4.4)

here I [x] is the Euclidean action of the particle,

Te[x] = / Tt Le(x), 4.5)

where Lf(x) is the Euclidean Lagrangian. Recall that the Euclidean Lagragian
is the sum (not the difference) of the kinetic and potential energies. Since we are
interested in the ground state wave function, it is useful to consider the limit
when the time difference 7y — 7; is very large, because the largest contribution for
the exponential in 4.3 comes from the lowest energy when 7y — 7; becomes very
large. For convenience of notation, we take 7y = 0 and 7; = —T with large T, in

such a way that 4.3 becomes

(x0ly —T) = po(x) p5(y) e ™. (4.6)

Moreover, we can always redefine the Hamiltonian as H — H — Ej to have a
zero energy ground state. By simply writing Eg = 0 and integrating this expres-

sion in y, we obtain

/Zdy(xoly —T) = to(x) (/_o;dy%‘(y)). (4.7)

The integral in the parenthesis is just a complex number, say z. Using the path

integral expression in 4.4 for ; = —T and 77 = 0:

x(0)=x
(oly =1y = [ [Pl (48)
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we obtain for the ground-state wave function the following expression:

_ Ly H(O=x —Ig[x]
Po(x) = E/oo dy Ty [Dx]e . (4.9)

Another way to deal with the y on the path integral is to choose a constant
value for it right from the beginning in 4.6, e.g. we can choose y = c. Then
there is no need to integrate over y in what follows and ¥*(c) will be obtained
afterwards through normalization. In this case the only tricky part is that we
have to choose ¢ such that ¢y(c) have finite overlap.

Now that we have the wave function, it is straightforward to obtain the den-
sity matrix elements. With the purpose of making the notation lighter, we omit

the integral over the boundary condition at x(—T) = ¢ from the whole equation

(%) 1 /x(O)_x D] N 4.10)
xX) = — x|e , .

Yo Z Jx(—=T)=c

meaning that at the initial time T = —T we sum over all possible initial positions

or that we choose a constant value for y. For the complex conjugate, we start with

the propagator (y T|x 0) and obtain

@ =5 [ el @
X)=— x|e . :

Yo z' Jx(0)=x

The boundary condition at T = T has to be the same as the one chosen for t = —T

in the wavefuntion, i.e. x(T) = x(-T) = c.
The matrix elements of the ground state density matrix p = o) (¢o| in posi-

tion representation are

P8 ) = o (X)) @1
x(0)=x x(T)=c
Dax] e el Dyl ¢~ ] _
Z/ - [Dx| /x(o):x/ [Dx] e (4.13)
x(0)=x
/ x] e [l (4.14)

where Z is the normalization factor and in the last line we defined a short notation
for the product of two path integrals. In this expression if x # x’ then there

is a discontinuity in the path integral at T = 0 because while one path integral
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requires x(0) = x/, the other requires x(0) = x. For this reason we split T = 0
in two, T = —e and T = € in such a way that we can satisfy both conditions at
different times,
1 rx(—e)=x ,x(T)=c
x,x) == Dx] e e, 415
o) =g [ [ P (4.15)
As a notation, one can use Dirac deltas to express the density matrix as a full path

integral from —T to T with special boundary conditions inserted at —e and ¢,
1 x(T)=c
o(x, %) = = / [Dx] 8[x(—€) = x] 6[x(e) = '] e 1o, (4.16)
Z Jx(~T)=c

For bipartite Hilbert space H = H 4 ® Hp describing two particles, we need
to generalize the last equations for ¥ (x4, xg) = ¢o(x4, xp). Repeating the calcu-
lations above for a wave function describing two particles leads to

1 rxa(0)=x4 ,xp(0)=xp g
¥(xa, xp) = —/ / [Dx ] [Dxp] e s, (4.17)
2 Jxa(=T)=ca Jxp(=T)=cs
here the boundary conditions x4 (—T) = x4(T) = c4 and xg(—T) = x(T) = cp

can be either chosen or integrated. Moreover, in this case,

0
IE[XA,XB] :/_TdTEE(xA,xB), (4.18)

where Lg(x4,xp) is the Euclidean Lagrangian, i.e. the sum of the kinetic terms
and the potentials.

In order to simplify the notation, we will use only one integral for both parti-
cles and the symbol BC[x 4, xp, T] to say that x4(7) = x4 and xg(7) = xp. Then

the wave function and its complex conjugate for two particles are

1 BC[XA,XB,O] _1 [x x }
¥(a,xs) = [ ooy [DxA] D)ol ) (4.19)
CA/B,—
N 1 BC[CA,CB,T} _1 [x X }
¥ (xa, xp) = ;/BC[x ‘00 [Dxa] [Dxp] e FFA~EL (4.20)
AsXB/

Note that, for the complex conjugate, the integral inside the Euclidean action is

from 0 to T, instead of the limits —T to 0 that appear in the wave function.
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The density matrix of the total system is p = |¥) (Y|, and the reduced density
matrix for particle A is obtained by tracing out the degrees of freedom of particle

B. Thus the matrix elements in position representation of p4 = Trp p are

pa(x, / dxg ¥ (x, xp)¥*(x, xp) (4.21)
BC|[x,xg,—€| BClca,cg,T]
/ dxp / / [Dx 4] [Dxp] e EFaxs] (4.22)
Z BClca,cp,—T) J BC[x' ,xp €]

Note that in this case the discontinuity in the path integral only happens for
particle A. However, if the particles are entangled, it is wrong to say that the path
integral for the path integral for A times the path integral for B. Therefore one
cannot join the path integral of particle B at time T = 0 using the integral over
dxp. The density matrix of two particles in terms of path integrals is the product

of a path integral from —T to —e and another from € to T.

4.2 Trace of p')

In order to compute the entanglement entropy from its definition 2.38, we would
have to diagonalize the density matrix p to obtain log p. This is a simple problem
to solve for small and finite dimensional systems, but diagonalization is often
hard to implement for infinite or large dimensional systems. For these cases it is
easier to calculate the Rényi entropies from definition 2.49, or the linear entropy.

In section 2.4, we have demonstrated equation 2.57, which shows that in the
limit n — 1 the nth Rényi entropy S,(p4) corresponds to the von Neumann
entanglement entropy. Since we are interested in the entanglement between parts
A and B in a bipartite Hilbert space with the full system in a pure ground state,

the equivalent of equation 2.57 in this case is

S(04) = lim S(pa) = — lim ai log[Tr4(0™)]. (4.23)

n—10dn
Note that the log in log[Tr4(p’})] is not problematic here because Try(p") is a
number, for this reason we do not have to worry about diagonalizations when

using the replica trick. In what follows we focus on the trace of p’}, then specify
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to n = 2, which is the power that appears in the second Rényi entropy and linear
entropy. These entanglement measures are lower bound approximations to the
entanglement entropy, as we have already discussed in 2.4.2.

For two particles in a quantum mechanics system, first we have to compute
the reduced density matrix using the path integrals in equation 4.22, then for the

Tr4 (0", ) we need to perform n integrals:

Tea(p) = [ dxi (vl ol ) (4.24)
= /dxl/dxz- --/dxn pa(x1,x2)pa(x2,x3) ... 04(%n, x1) (4.25)

n o)
- H/ dxj pa(xj, xjt1), (4.26)

j=17 e

from the first to the second line we have inserted n — 1 identities and in the third
line we consider the identification x,1 = x1. A generic term in the product is

BC|xj,xp,— BClca,c,T . . o
o x]’ x]+1 / [xj,xp,—€] / [ca.cB,T] [’DX{L‘] [ng] e—IE[x]A,x]B].
B

BC[CA/CBr_T] C[xj+1/xB/€]

(4.27)

Now we specify for n = 2, i.e. Tr(p?%), which appears in the calculations of the

purity, linear entropy and second Rényi entropy,

Tra(0%) = /_0:0 dxy /_o:o dxy pa(x1,x2) pa(x2,x1) (4.28)
=gt [ e i [
BC[x1,y1,—€] BClca,cp,T]
. /BC[CA/CZ,T] /BC[xLyl/d [D } [DXB} e
y /BC[xzfyz,—e] /BC[CA,CB,T] [Dxﬂ [Dx%} I3 (4.29)
BClca,cp,—T] JBClx1,y€]

Next we will consider the coupled harmonic oscillator Hamiltonian and per-
form the calculations analytically, which can be done in this case. Before that, we
review the main approximations to the entanglement entropy. One can use the
second Rényi entropy as an approximation to the entanglement entropy, we ob-

tain this expression starting from equation 4.23 and approximating the derivative

as the difference log(Tr4 p%) — log(Tra p4). One can also use the linear entropy
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to approximate the entanglement entropy: in this case we write the log(p) as a
power series and take only the first term, then log(p) ~ p — 1. These approxi-
mations, however, are only valid for weak entanglement regime. In any case, the
second Rényi entropy and the linear entropy are important entanglement mea-
sures that satisfy interesting properties listed in 2, and in some cases they can be

probed experimentally.

4.3 Coupled harmonic oscillators II

In this section we revisit the example of coupled harmonic oscillators that has
already been discussed in section 2.5. We will calculate again the quantities ob-
tained in that section, but now using path integrals and no diagonalization.

The full system has Hilbert space H 4 ® Hp where A and B refers to the parti-

cles, it evolves through the Hamiltonian
1
H =2 [P+ ph+ k(% + ) +g(xa —x8)?, (4.30)

and we are interested in the entanglement between the particles when the system
is in the ground state. Since we are going to use path integrals, we should first
compute the propagator for the coupled harmonic oscillators. If we use center of
mass and relative coordinates x; = (x4 +xp)/v2and x_ = (x4 — xp)/V/2, the
Hamiltonian decouples in two simple harmonic oscillators as in equation 2.75.
We can use this fact to factorize the propagator for the coupled harmonic oscilla-
tor in two propagators of simple harmonic oscillators.

More precisely, the transition amplitude to have, in the time interval T =

Tr — T, particle A going from x; to xy and particle B going from y; to y is

(pyr 1% i T oo = (Xaf Tl X Tidgpo X (X—f Tr|2—i Ti)go » (431)

where CHO stands for coupled harmonic oscillator and SHO for simple harmonic
oscillator. The transition amplitude for a simple harmonic oscillator has already

been computed in section 3.3, the Euclidean propagator is given in equation 3.76.
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We use this expression for both x and x_ coordinates and then go back to the
original variables x and y, for particles A and B, to find that the coupled harmonic

oscillator propagator is

0 159 o = 3| s o
CHO 24 s1nh(a)+T) smh(wa)

X eXp{—% [(xz- i)+ (xp+ yf)z] coth(w+T)}

X eXp{+w+(xi +yi) (x5 +yp) }

2sinh(w4 T)

X exp{—wT [(xi — i)+ (xf — yf)2] coth(w,T)}

w-(x;i — yi) (xf — yy)
8 exp{—i— 2sinh(w-_T) }'

where T = 77 — T, wy = Vkand w_ = /k+ 2g. In what follows we will use a

(4.32)

different notation for the CHO propagator in order to avoid confusion with the

brackets,

ACHO[XZ' Yi, T, Xf yf’ Tf] = <Xf ]/f Tf‘xi Yi Ti>CHO . (433)

Now that we have the transition amplitude, we can apply the equations derived
in section 4.1 to find the ground state wave function and the reduced density
matrix using path integrals.

The ground state wave function for the coupled harmonic oscillators is obtai-
ned from equation 4.19. We must choose T to be very large in order to have only

ground state contributions,

Feaxm) = L [ (D) (D) teran (4.34
XA, XB) = — X xp|e ’ .
A B Z BC[CA,CB,—T] A B
1
= - lim ACHO[CA CgB, —T,‘ XA XB, O], (435)
Z T—co
here we have chosen the boundary conditions at T = —T tobe x4(—T) = c4 and

xg(—T) = cp. We also have the same conditions at T = T, which will appear in
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the conjugate wave function

BClca,cp,T]

1
Y*(x4,xB) = —,/ [Dx 4] [Dxp] e Elxaxs] (4.36)
BC[XA XB, 0}
1
=2 Th_r)n AHOxp xp, 0; cacp, T), (4.37)

in what follows we will denote all the normalization factors by N/, later they will
be obtained using the fact that the density matrix has unit trace.
The reduced density matrix p4 of particle A is obtained by taking the trace

over the coordinate xp in the full system density matrix,

pa(x,x') = — lim /de AHOc, cp, —T; x xp, 0] x AHO[x" x5, 0; ¢ cp, T].

N T—oo
(4.38)

We will denote by Ip the integral of the product of propagators, i.e.
Ip = /de AHO[c 4 cp, —T; x xp, 0] x AHO[x" x5, 0; c4 cp, T]. (4.39)
After performing the integral we find that Ip has the following form
Ip = exp [cl(xz—kx’z) +oa(x+ ') +c3 xx’}, (4.40)

together with some normalization factors that we enclose in /. The parameters
in the exponential are given by

w? coth(w_T)?

T o0 coth(w_T) + 2 w4 coth(w.T)
— g w— coth(w_-T) — é w coth(w4T) (4.41)
_ w-_wy csch(w_T) csch(wyT)
w_ coth(w-T) + w4 coth(w.T)
X [(ca +cp)cosh(w_T) + (cq — cp) cosh(w4T)] (4.42)
o — (w_ coth(w_T) — w; coth(w T))? (4.43)

4 (w- coth(w_T) + w4 coth(w4T))”
where coth(x) = 1/tanh(x) and csch(x) = 1/ sinh(x) are inverse hyperbolic

trigonometric functions. When x is large these functions give

xlgl;lo coth(x) =1 (4.44)
lim csch(x) =0, (4.45)

X—r00
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therefore we just have to choose T large enough to have these limits valid. Then

the parameters ¢y, ¢ and ¢ in the integral I, will give

(W? +6bw_wy + w?) 0%

— = —— 4.46
a- 8(w- 4+ w4) 2 (4.46)
¢ — 0 (4.47)

(w- —wy)?

- =1, 4.48
3 Hw_ +wy) n ( )

here we have identified the same 7y and 1 parameters as in section 2.5. Now that
we know how Ip behaves for large T, we can go back to the reduced density
matrix expression to find

pa(x,x') = % exp [—%(xz +x%) 47 xx']. (4.49)

We use the fact that Try p4 = 1 to fix the normalization factor:

/_O;dpr(x,x):léN:,/%. (4.50)

Finally we obtain the normalized reduced density matrix for particle A,

Y7

palx,x') = — exp [—%(xz +2%) 471 xx'] (4.51)

This calculation is just a confirmation that our method works for the coupled
harmonic oscillator Hamiltonian.

Now we are going to compute entanglement measures using this formalism.
We use equation 4.29 to compute the trace Tr4(p?) that appears in the second

Rényi entropy and the linear entropy,

Tra(0%) Z2/ dxl/ dxz/ dyl/ dy»

% ACHO[CA cg, —T; x1y1, 0] ¥ ACHO[xZ y1, 0; cacp, T]

% ACHO[

cacg, —T; x5, 0] X ACHO[x1 Y2, 0; cacp, T), (4.52)

where Z is the normalization factor obtained by imposing that the reduced den-

sity matrix has unit trace, i.e.

7/ = / dxl/ d}/1 ACHO[CA CB, —T,’ X1 yl, O] X ACHO[x1 ]/1/ 0,' CaCB, T]

(4.53)
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Once we have the normalized reduced density matrix, it is straightforward to
compute the trace,

Tra(p%) = 7—7;17 /_oo dxq /_oo dx; exp [—”y(xlz +x%) +27 xlxz] (4.54)

_ (=" 4.55
‘/7+17 (4.55)

Then we can use this result in the entanglement measures defined in equations
2.49, with the parameter equals 2, and 2.62. The second Rényi entropy S»(p4) is
given by,

2\/wiw_

—+> ) (4.56)

1 1
S2(pa) = —5log(y — 1) + 5 log(y + 1) = —log (w+ tw-

and the linear entropy between the particles A and B, denoted by Sy (p4) is given
by

SL(PA) —1— Y7 (\/w_+_\/m)2 . (457)

')’+77 Wy +w—

In this way, we have re-derived all the results of previous sections, but with
the advantage that this time no diagonalization was required. Instead, we found
an representation of the density matrix with the path integrals, then we were al-
lowed to compute the traces in the entanglement measures. The downside of this
method are the arbitrary boundary conditions c4 and cp, but we have discussed

that could also be replaced by an integral.






Chapter 5
Thermal distribution density matrix

In this chapter, we present a different method to compute entanglement using
path integrals. This method allow us to obtain the density matrix in a straight-
forward way, without bothering about the wavefunction. As we will see, this
method reduces in half the number of path integrals we have to perform.

We use this method to compute the second Rényi entropy and the linear en-
tropy. We illustrate how this method works in practice for the case of coupled har-

monic oscillators. The results obtained reproduce the ones from other methods.

5.1 Ground state density matrix

As in the other chapters, we consider particles A and B that live in the bipartite
Hilbert space H 4 ® Hp. We also suppose the full system is in the pure ground
state |0) of the Hamiltonian H, thus it has density matrix p = |0) (0.

We start this section with a claim: the density matrix p describing the two
particles ground state can be expressed as the following limit of a thermal distri-

bution

1
= lim e*fBH,
P B% Z(p)

of inverse temperature B and with a partition function Z(8) = Tr(e PH).

(5.1)

In order to show that equation 5.1 indeed reproduces p = |0) (0|, we will work

on the limit of the exponential in the RHS. By inserting a complete set of energy

50
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eigenstates next to the exponential we find that

BH —BH
ﬁhrroloe ﬁhrroloi e (n) (n] (5.2)
— —BEn
5hnolo§ e |n) (n]. (5.3)

When B — co the largest contribution to this sum comes from n = 0. Therefore in
this limit the largest contribution comes from Ej, which we can always set to zero
by redefining the Hamiltonian. As a result, we obtain the ground state density
matrix

lim e PH = |0) (0] (5.4)

B—roo

This validates our claim, and we can use 5.1 as an equivalent expression to the
ground state density matrix. The partition function Z(B) in the limit § — oo
corresponds to a normalization that assures that the density matrix |0) (0| has
unit trace.

In equation 5.1 the density matrix is basically an evolution operator through
the Hamiltonian H in the time interval B. Therefore it has a straightforward in-
terpretation as a path integral, the matrix elements of the density matrix in the

coordinate basis {|xsxp)} are

1

<xfyf|p‘xzyz lgn Z(‘B <xfyf{e |xiy1~) (5.5)
1

= lim gy (7 vr lxiyi0). (5.6)

We know that transition amplitudes can be expressed as path integrals through
the equation
xa(B)=x¢ rxp(B)=yy
X x;1y;0) = / / Dx 4| [Dx Iglxaxs] 5.7
pp Py = [ ) o ' [Dxa] [Pl e” (5.7)
where x4 and xp represent the coordinates of particles A and B, respectively.

Moreover, Ig[x 4, xp] is the Euclidean action of the two particles,

p
Ig[x 4, xB] :/0 dt Le(xa, XB), (5.8)



Chapter 5. Thermal distribution density matrix 52

where T is the imaginary time, and Lg(x4, xg) is the Euclidean Lagrangian: it is
the sum of the kinetic terms and potentials for particles A and B.
Then we can use the path integral expression to the transition amplitude to
find that the ground state density matrix p have matrix elements
S o v
where the normalization factor Z(), or partition function, is given in terms of
path integrals as
Z(p) = / L& / dy / . / O Al (Dl e (5.10)
—oo —oo — Jxp(0)=x Jxp(0)=y
Moreover, the reduced density matrix p4 is obtained from the full density matrix
by tracing out the degrees of freedom of particle B,
el o T
This equation allow us to compute the reduced density matrix as long as we have
the path integral for the system that evolves with the Hamiltonian H(x 4, xg). In
some cases it is hard to directly compute the path integral, but we can make a
perturbative expansion on part of the exponential. These cases are explored in
the next chapter, where we show how to use perturbative expansion to compute

entanglement measures.

5.2 Rényi entropy and linear entropy

In this section, we are interested in calculating the second Rényi entropy and the
linear entropy. For this reason, we will express the Tr (0% ) using the formalism
with path integrals described in the previous section. The general expression for
the trace is

o0

TrA(P%x) = /oodxl /Oo dxy pa(x1,%2) pa (X2, x1). (5.12)
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We use equation 5.11, where we express the reduced density matrix in terms

of path integrals, in this trace to find that

Tea(gh) = Jim o | s [ e [ o [ ave

1 _ 1/p)—
y /XA(.B)—XZ /xB(ﬁ)—}/l [Dx}q} [Dx%;} e—IE[x}qlx%ﬂ
x X

L(0)=x1 Jx}(0)=p
5 (B)=x1 rx3(B)=
Lo L A il
2 (0)=xy Jx3(0)=y2

This expression has too many elements to analyse. In order to simplify the cal-
culations, we write trace as a ratio of two terms: the numerator is Z,(8), where
we put all the integrals and path integrals with special boundary conditions, and
denominator is the power of partition functions Z()?. More specifically, we let

Trea(6}) = Jim ?(—Ef)l 5.14)
with Z,(B) given by

7 o] [on]
. /xg(/z)le /x%(;(ﬁ)=yz [Dxi } [Dx%} o IES AR (5.15)

Unfortunately, we cannot use the integrals over dx; and dy; to join the path inte-
grals over A and over B separately because these particles may have their coordi-
nates entangled in the action Ig [qu, x{a]. Moreover, the denominator Z()? is just

the squared of the term given in equation 5.10,

2
) 0 0 xA(,B):x xB(ﬁ):y —1 [x x ]
_ D D ElXA/XB . N
Z(B) [/—oodx/_oody/acA(o)—x /xg(o)—y [Pra)[Prsle o1

These expressions give us a way to compute the trace Tr4 (0% ) as long as we
have the path integral for the two particles. Then we can use this quantity to com-

pute the second Rényi entropy S»(p4) = — log[Tra(p?)] and the linear entropy
Slpa) = 1= Tra(p}).
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5.3 Higher-order Rényi entropies

If we are interested in the other Rényi entropies, defined in equation 2.49, we
have to work on the quantity Tr (o'} ). In this case, we use the same idea of the
last section and write this trace as a ratio. Note that in these traces we will always
have a factor of Z(B)" in the denominator. Then, in order to focus solely in the

path integrals with special boundary conditions, we define Z, () by the equation

Tra(ph) = ﬁlgx;o é’zgz : (5.17)

The expression for Z,, () corresponds to a partition function in the space with

the size of n copies of the original space. The analogous to equation 5.15 for n
copies is
n_ roo ) ¥, (B)=x; x5 (B)=y; . . o
w0 =T [y, fyny, [P ]

(5.18)

together with the identification 1 + n = 1. In that way, the boundary condition

of the j-th copy at time T = 0 matches the condition of the j 4- 1-th copy at time

T = B. The Rényi entropies of higher order will naturally require us to perform

more integrals.

5.4 Coupled harmonic oscillators III

In this section we use the methods derived in the previous sections of this chap-
ter to compute the reduced density matrix, second Rényi entropy, and the linear
entropy for the case of two coupled harmonic oscillators, which evolve with the
Hamiltonian 2.72.

The coupled harmonic oscillators path integral is given by the propagator
A“HO in equations 4.33 and 4.32. We use this propagator in equation 5.11 to write

the reduced density matrix,

pa(x,x') = lim 1 /dy AHOx'y, 0; xy, Bl. (5.19)
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Then we use equation 4.33 to write the propagator in an appropriate way to per-

form the dy integration,

ACHOLy, 0; xy, Bl = ao(B) exp| a1 (B)y + aa(x, ¥, By + as(x, ', B), (5:20)
with the parameters given by

_ Vwiw_csch(Bw_ )esch(Bw.)

20(B) = (5.21)
a1(B) =+ 5 [coth(Buw_) — csch(Bew-)]
n % [coth(Bw) — csch(Bw)] (5.22)
ay(x,x', B) = — - (x 4+ ¥') [coth(Bw) — csch(Bew-)]
+ = (x + ') [coth(Bew- ) — csch(fw_)] (5.23)

az(x,x', B) = [x2 + x’z] [—% coth(Bw-_) — % COth(‘BaJ+)}
+ %xx’ [w_csch(Bw—) + wicsch(Bw)] . (5.24)

After performing the integral over the particle B coordinate, we obtain

pa(x,x') = lim w(p) [ 7 ex {M

peo Z(B) \ a1(PB) 4a1(B)

The normalization factors next to the exponential will also appear in the end with

+ as(x, x',ﬁ)} ) (5.25)

the partition function Z(f). Then we take the limit 8 — oo inside the exponential,
in this limit the inverse hyperbolic trigonometric functions behave as 4.44 and

4.45, therefore the parameters that appear in the exponential become

Jim a1 (B) = (w- + ) (5.26)
lim aa(, ', ) = (@ — @) (x +) (527)
ﬁlgr;o az(x,x',B) = — 411 (w- +wy) (x2 + x’2> : (5.28)

After taking the limit inside the exponential, we find that the reduced density

matrix p 4 has matrix elements

o 2 6w 2 - 2
pa(x,x') = Nexp (W= +6w-w: +ws) (x2+x’2> +—(w W) xx’] ,

8(w- +wy)
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where the factor AV is defined as the limit of the partition function together with

the factors multiplying the exponential,

— lim a(B) [ ™
N= fim Z oV mp)

In terms of the parameters 7y and # defined in 2.82 we see that this result

(5.30)

matches exactly with the density matrices in equations 2.81 and 4.49 obtained

from other methods,
pa(x,x") = Nexp [—%(xz +x) + qxx’}. (5.31)

We use the expression 5.10 to find the partition function Z (),

Z(B) = / dx / dy ASHO(x y, 0:x y, B) (5.32)
- \/m— / dx exp[ 4a1’(c [; L ,3)} (5.33)
=B 5 g .
where
as(B) = 2wy (5.35)

w+coth<ﬁ )-l—w coth(ﬁ“”)

The hyperbolic function coth(x) goes to unit when x approaches infinity, this
is useful when we take the limit § — co. In the end, we have the following

expression for the normalization factor,

N = lim /™) (5.36)
B—o0 7T
2w_w4

=/ 5.37
m(w- 4+ wy) (5:37)

N /|
= — (5.38)

Then the normalized reduced density matrix is

palx,x') = i ; U exp [—%(xz +x%) + ﬁxx/] : (5.39)
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Finally, in order to obtain the second Rényi entropy and linear entropy, we
need to compute Tr 4 (p% ). Once we know the reduced density matrix, it is straight-

forward to take this trace. The precise expression for the factor Z,(pB) is

Z>(B) :/dxl/dxz/dyl/dyz

x AMO0xy 1, 0; X211, B] X AT [x2 12, 0; x1 172, B (5.40)

AHO(xy, 0;x" v/, B) of the coupled harmonic oscillators

Since the propagator
is invariant under the change x — x/, the product of reduced density matrices
pa(x1,x2)p4(x2, x1) is actually the same as p(x1, x)%. After performing the in-

tegrals over the reduced density matrix, we find

Tea(h) = [ dxi [ dxapatar, v2)? (5.41)

_T ; n /dx1 /dx2 exp [—’y(x% +x3) 427 xlxz} (5.42)
i/

IEET

In that way, we reproduced the same results as in other methods. The second

(5.43)

Rényi entropy is given by Sx(pa) = —%log(y — 1) + 2 log(~ + 1), while the li-
near entropy is Sy (p4) = 1 — % The Rényi entropies of higher order can be
calculated by taking the trace of higher powers of the reduced density matrix.

When we compare this method with the one developed in section 4.1, we
immediately see that this time we had to use less path integrals to obtain the same
results. In the other method, we had to write a path integral for the wavefunction
and another one for its complex conjugate, but in the method used through this
chapter we have only one path integral for the density matrix.

Moreover, in section 4.1 we had to choose special boundary conditions at the
initial and final times and they had to be a point where wavefunction has finite
overlap with the ground state, which is hard to guarantee if we do not know the
wavefunction. We could avoid these issues in this method because the funda-

mental idea was to write the density matrix as the limit of an “evolution opera-

tor” exp(—pBH). Then, by using this expression to write the ground state density
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matrix, we could identify the path integrals in a much direct way than in the

method of chapter 5.






Chapter 6

Perturbative expansion of entanglement

In this chapter, we use the idea of representing the ground state density matrix as
a thermal distribution, which was presented in chapter 5, together with a pertur-
bative expansion on the interaction part of the action to write the trace Tr4 (%)
that appears in the second Rényi entropy and linear entropy. We analyse the dif-
ferent orders of this quantity in perturbation theory, and express it in terms of

expectation values.

6.1 Density matrix and trace of o,

In chapter 5, we propose a method to compute the second Rényi entropy and the
linear entropy as path integral of expectation values. and eentanglement measu-
res as expectations demonstrated that the ground state density matrix is given as
the limit  — oo of the thermal distribution exp[—B H(x 4, xp)]. We used this idea
to derive equation 5.1, which gives the following representation to the ground
state density matrix of two particles,

xa(B)=x" rxp(B)=y’

J

4(0)=x 3(0)=y

where Z(p) is the partition function of this state, defined as

xa(B)=x rxp(B)=y 1
z(B) = [ax fay [7 " [ Dra) [Drgletebanl, (62)
xA(0)=x Jxp(0)=y

and Ig[x 4, xp| is the Euclidean action, which is defined in terms of the Euclidean

p(x"y'; xy) = lim %ﬁ) / [Dx 4] [Dxple EFassl - (6.1)

B—c0

Lagrangian Lg (x4, xp) as

p
Ig[xa, xB] :/0 dt Lg(xa,XB), (6.3)

59
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where T is the imaginary time, and the Euclidean Lagrangian is the sum of the
kinetic and potential terms.

In this chapter we explore the cases in which the potential that causes entan-
glement has a weak coupling, which allows for a perturbative expansion. For this

purpose, we consider the Euclidean Lagrangian has the form
Le(xa,xp) = L1(xa) + L1(x) + g L2(x4, xB), (6.4)

where £ encloses the kinetic term, and the single-particle potentials. For simpli-
city, we suppose these single-particle potentials are the same for both particles.
The term £, is the interaction term, which has strength given by the constant g.
The entanglement between particles A and B is created by £,, therefore ¢ plays
a main role in creating entanglement. Indeed, when ¢ = 0 the particles A and B
are not entangled at all.

According to this separation of the Euclidean Lagrangian, we can write the
exponential of the Euclidean action appearing in the path integral as a sum of

three parts,

exp (~Iefiwal) = exp{ = [ e [C1(ea) + L1(xn) 4.8 Lan, )]} 65)
=exp (—h[xa] — Li[xg] — g I2[xa,xB]), (6.6)

where [; and I, are the actions with respect to the Euclidean Lagrangians £; and
L5, respectively. We can use a power series to represent the exponential of the

action . In this case, the exponential becomes

B 17 /B 2
exp(—glz[xA,xB])zl—g/o dTﬁz(xA,xB)ngzi{/o dTL'2(xA,xB)] +...,
(6.7)

which has a generic term proportional to g",

(—g)”% [/Oﬁ dt Ez(xA,xB)r : (6.8)

Therefore, in the case that the parameter g, which generates entanglement, is

sufficiently small, we can truncate the series at some power n. For example, the
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lowest nontrivial order would be O(g) and given by
e 8 bl 1 — g [x g, xp] . (6.9)

Although for the two coupled harmonic oscillators the O(g) term vanishes,
as we will shown shortly ahead, for concreteness let us consider this first order
approximation. At this order, the full density matrix of the bipartite system is
given by

e = fim g [ DD
X (1 —gLxa, xp]) . (6.10)

Similarly, the partition function can be written as

xa(B)=x rxp(B)=
Z(B) %/dx/dy / ! / pe [Dx 4] [Dxp] e~ llxal—=h[xg]
xa(0)=x Jxp(0)=y

X (1—g12[xA,xB]) . (611)

These expressions, when compared to what we had in equations 6.1 and 6.2, have
the feature that the actions of particles A and B in the exponential are now un-
coupled.

For the reduced density matrix of particle A, we must trace out the degrees of
freedom of particle B. After taking the trace, the first order approximation is then
given by

pa(x,x') ~ ﬁlg{}o Z(B / dy/ - /XB ; [Dx ] [Dxg]
x (1— g xs,xp]) e”hl¥al=hixs] (6.12)

As usual, the other quantity we are interested is the trace Tr 4 (0% ) because it appe-

ars in the second Rényi entropy and linear entropy. The first order approximation
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allows us to write this trace as

1
TI'A(‘OIZLX) Nﬁlglgoz ‘B) /dxl/dxz/dyl/dyz

AB)=x2 pxp(B)—
- / ¥ / - [Dxa| [Dxp] (1 — g I2[x4,xB]) ¢~ hlxal=hxs]
XA( XB(

0)=x1 0)=y1
(B)= (B)=

y /x,q X1 /XB Y2 [DXA] [DXB] (1 —g Iz[XA,xB]) e—Il[xA]_Il[xB].
xa(0)=x2 Jxg(0)=y»

(6.13)

Here, there is a term O(g?) that needs to be dropped. In the following sections,
we will analyse the zeroth and first order approximations of this quantity. Note
that in the denominator we have powers of the partition function Z (), which
also depends on the parameters g. Therefore, in our analysis we have to take
these powers of g into consideration when dealing with p, p4 and Tr4 (0% ). Once
again, we will define the trace as the limit 8 — o of the ratio Z»(B)/Z(B)?, in that
way we separately deal with Z, () and its path integrals with special boundary

conditions,

/dxl/dxz/dyl/dyz

(B)
[ P ) (D) (1 - g ol ) el
x4(0)=x; Jxp

(0)=m
(B)= (B)=
X /XA ’ /XB " [Dxa] [Dxp] (1 — g L[xa, xp]) e~ hilxal~hlxs],
x4(0)=x2 Jxp(0)=y>
(6.14)

6.2 Non-entangled limit: the zeroth order

In this section we analyse the trace Tr4 (0% ) in the zeroth order approximation,
i.e. when the entanglement parameter vanishes. In this case, when we set g = 0
and denote the corresponding quantities with a superscript (0). For definiteness,
we will make contact with the coupled harmonic oscillator problem; but it should

be clear that the method is applicable to any problem for which the action can be
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splitted as in Eq. (6.6). The zeroth-order partition function is given by

x4(B)=x rxp(B)=y
0)(g) = ! ~h[xal=h[xs]
Z%W(B) /dx/dy /XA(O)_X /x [Dx4] [Dxg] e

5(0)=y

Z08) 20 (p), 6.15)

729p) = /dx/ :x (D] e sl /dxAAx 0; x, B), (6.16)

zP(p) = / dy / _; [Dxg) e ilve) = / dy Mgy, 0;y, B),  (6.17)

where, as in previous chapters, we used the following notation for the propaga-

tors for the problem of the coupled harmonic oscillators:

xa(B)=+'
Balx, 0%, )= [ 7 " [Dxale i), (6.18)
x4(0)=x
’ xB(ﬁ): ! [ }
Moy, 0/, B) = | (Dxg] el (6.19)
xp(0)=y

The denominator of Tr4 (0% ) is just the square of Z(9)(8) = ZI(L?) (B) ZI(SO) (B).
Now we write zeroth order of the numerator Z»(B) of Tra(p% ). When we set

g = 0in equation 6.14, we obtain

/dxl/dxz/dyl/dyz

x5(p)
D D —I[xa]—I1[xp]
X/xA<o>:x1 /x5<o>:y1 (D) [Drs] e

xa(B)=x1 rxg(B)=y2 Lixal—1
x / / [Dixa] [Dxg] e hleal=hlxs] (6.20)
x4(0)=xa Jxp(0)=y2

or, using the notation with propagators A4 and Ap,
2
Zéo)(.B) :/dx1 /dxz Aa(x1, 0; x2, B) Aa(x2, 0; x1, B) [/ dy Ag(y, 0; v, B)

(6.21)

In the ratio Z ( B)/Z0)(B)?, the parts that concern particle B will exactly cancel,
but the same does not happen for particle A. The reason is that in Zéo) (B) the
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trace over the propagator A 4 is taken after the square, while in Z(©) (B)? we first
take the trace in A4, and then we square this quantity.

In the zeroth order approximation, which corresponds to ¢ = 0, we expect to
find that p4 is a pure state because the particles are not entangled. Therefore, it
should be the case that 0% = pa, and Trs (0% ) = 1. However, what we see is that
the terms Zéo) (B) and Z(9)(B)2 do not cancel, of course. The explanation is simple:
we have to take zero temperature limit, or B — oo, as density matrix is a mixed
state for a general B. Therefore, the correct statement for the non-entangled limit
is

Tra(p%) = ﬁlgx;o Zzz((/f)) B =1. (6.22)

We can verify this statement for the system of two coupled harmonic oscilla-

tors. In this case, the propagator A 4 is the simple harmonic oscillator for particle
A, which we have derived in chapter 3, and is given in equation 3.76. In our

notation,

;o w
Aa(x, 0;x', B) _\/Znsinh+(W+5)

X exp{m [(x2 + x'%) cosh(wy B) — 2xx’} } (6.23)

We recall that w; = V/k, and k is a parameter in the single-particle part of the
coupled harmonic oscillator Hamiltonian 2.72. The Euclidean Lagrangian in this
case as the form,

2 2
£E(xApr) = % [(?—:) + (%) +k (xi —|—XZB) +g (XA — XB)2] . (6.24)

Then, the £1 and £, parts, according to our definitions, are given by

1 /dx\*> 1, ,
1
Lr(xa,xp) = 3 (x4 — xp)? (6.26)

In such a way that Lr(x4,xp) = L1(xa) + L1(x5) + § L2(x4,x5). We will not
need the £, part in this case because here we are only interested in verifying

equation 6.22 with the zeroth order of Tr4 (p%).



Chapter 6. Perturbative expansion of entanglement 65

As we have already discussed, the B part cancels in Tr(p? ). Therefore, we
will compute only the A part of Zéo) (B) and Z()(B), and just write f(B) for the
part that concerns particle B. For the partition function Z()(B), we use the ex-

pression of the simple harmonic oscillator propagator to find

_ waB) — 1 2
200 =\ iy | o T g <) €20

:% CSCh(wT—hB) X f(B). (6.28)

And for the factor Zéo) (B) we have
0) gy — 2 w+

X /dx1 /dxz exp{ﬁ [(x% + x3) cosh(w, B) — 2x1x2} } :

(U_|_‘B

(6.29)
= % csch(wB) x f(B)?. (6.30)

We immediately see that [Z(0)(8)]? and Zéo) (B) do not exactly cancel, as ratio that

appears is given by

L) Joehlonh) (928,

= = 6.31
ZOBF 1 csen(42)’ 2 (631

Now, since tanh(x) goes to one when x — oo, we obtain unit trace in the limit

B — oo

. 2
Tiea(p3) = im 2206)

In this way we have verified what was stated earlier: in the limit where the

(6.32)

g=0

particles are not entangled, i.e. ¢ = 0, the reduced density matrix is a pure state,

and consequently we have Tr4 (p%) = Tra(pa) = 1.

6.3 First order approximation

In this section, we write the first order approximation of the trace Tr4 (0% ). The

results of last section are useful here because we need the zeroth order term of



Chapter 6. Perturbative expansion of entanglement 66

both Z»(B) and Z(B)?. Since we do not need to carry out the zeroth order term

everywhere, we will define

Z2(8) ~ 2 (B) + ¢ 75" (B), (6.33)
z(B) ~ 20 (B) +gzM(p). (6.34)

In these expressions, the Z()(8) and Zéo) (B) refer to the terms calculated in the
last section with ¢ = 0, while Z(!)(B), and Zél)(,B) are going to be obtained in
these section, they do not depend on g since g was pulled out explicitly. With
this notation, in the denominator of the trace we will have the partition function

squared. Neglecting the second order term, we have the denominator given by

z(p)? = [20(p?| +g 220(8)zM(p)] - (6.35)

Before we go into the details of how Z(1)(8) and Zél)([%) look like, we call
attention to the fact that the trace we want to compute, Tr4 (0% ), is obtained as the
limit of the ratio Z>(B)/Z(B)?. Therefore, it will involve many different powers
of g,

(0) (1)
. Z, (B)+82;°(B)
Tra(od) = 1 2 2 .
Ala) = . 70T (g7 + g R20() 2006

We can obtain the first order approximation of this trace by expanding the deno-

(6.36)

minator to O(g):

Tra(p}) = lim |23 (B) + 525" (B)|

B—c0
z (p)
ZO)(B)?

1 27MW(B)
Z(O)(ﬁ)z -8 Z(O)(‘B)3 ] (6.37)

;') 22y (p) z%)] |

Z0(g)2  ZO(p) (639

= Jim

Now we need to compute the terms Z(1)(8) and Zél)(,B) of this expression.

Previously in this chapter, we have used the first order approximation of the ex-
ponential exp (—g Ix[x4, xp]) to write the partition function in equation 6.11,
xa(B)=x rxp(B)=y
()= fax fay [* " [ " Dxy] (D]
x4(0)=x Jxp(0)=y
x (1 — g bxa,xp]) e~ lxal=hlxs] (6.39)
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The unit in this expression represents the term Z(¥)(B) of last section, and the
other term is the Z(1)(B) that we are interested,

x4(B)=x rxp(p)=y I
_ —h[xal—lxs]
/dx/dy /XA(O)_X /x [Dx 4] [Dxg] I[xa,xp]e .

8(0)=y
(6.40)
In this form, it is easy to see that we have a term proportional to an expectation
value of the coupled action, with respect to the variable xp, written as a path

integral. We recall that the coupled action I[x 4, xg] is given by

B
I[xa, xB] :/o dt La(xa, xB). (6.41)

Thus, we have an integral over dt of the Euclidean Lagrangian £,. However, ins-

tead of directly writing the whole expression as an expectation value, we define

/dy/ DxB £2(XA,XB) ~hi[xaxg] . (6.42)

Then the first order term of the partition function is given by

dt [ dx FB(xA)e_Il[xA}. (6.43)
= fafa [

The choice of defining Fz(x4) is motivated by the fact that in Z, () we will still
have these traces over particle B, but not over particle A. The same happened in
the zeroth order when we were analysing the product of propagators: in Z(B)?
we had A4(x, 0;x, B)?, but in Zo(B) it was A (x1, 0;x2, B) Aa(x2, 0;x1, B).

In equation 6.14, we have the first order approximation of Z,(B),

/ dx, / dx, / dy; / dy»

a(§)
/ T (D) (D) (1 - g Bl xp]) ¢l
x4(0)=x1 Jxp(0)=y1

xa(B)=x xg(B)=
X / A 1 / B Y2 [DxA] [DXB] (1 _gIZ[XA,xB]) efll[xA}fll[xB} .

XA(O):JCZ XB(O):yZ
(6.44)
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Collecting the first order terms, we find that

zV(p) = U dy Ag(y, 0; y, ﬁ)] /dx1 /dx2

/d /XA(ﬁ)—xz /xs(ﬁ)—y1 D] D]
X X X
s x4(0)=x1 Jxp(0)=11 A B

X Ip[xa, xp] e~ hilxal=h[xs] Ax(x2, 0; x1, B)

+/d /XA(.B)_xl /XB(.B)_yZ D] [Dxg]
X X
2 s Jxg=yy O ATE

X Ip[xa, xB] e~ Tilxal=hlxs] Ax(x1, 0; xp, ,B)] (6.45)

After we insert the Euclidean Lagrangian £;(x 4, xp), and take the trace over par-

ticle B, we find that this term is

Zél)(lg) - _ {/dyAB(y, 0; v, ,B)] /Oﬁdr/dxl/dxz

xa(B)=x
X [ / " [Dag] Fa(ra) e 1A Ap (. 0; 31, )

A(0)=x

(B)=
+ /XA " [D.’JCA] FB(XA) e_Il[xA] AA(xl, 0; xo, ﬁ)] . (6.46)
x4(0)=x2

This expression indicates that we have integrals of the matrix elements of Fz(x4).
We emphasize that the evolution from the initial to the final states indicated in
the path integrals of both A and B are with respect to the evolution under the

single-particle Lagrangian £;. Then, we define the matrix elements to be

xa(B)=¥
Map(x,#') i= [ 7 [Dxg] Fglaxa) e 1], (6.47)

x4(0)=x
For the partition function, we actually take the mean value of £;(x4, xp) with
respect to particles A and B.

Finally, using the notation with matrix elements and expectation values, we
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find that the first order terms of the partition function and of Z, () are
p
7 () = —/ dr/dx Map(x, %), (6.48)
0
(1) p
Zz (,5) = /dyAB(y, 0 vy, 5) /0 dT/dxl/dxz

X [Mag(x1,x2) Ag(x2, 0; x1, B) + Map(x2,x1) Aa(x1, 0; x2, B)] -
(6.49)

Then together with the zeroth order terms obtained last section and 6.21, we ob-

tain for the partition function,

Z(B) = [ dx8a(x, 0; x, ) [ dyAs(y, 0y, )~ g /fdr/dxMABw,x).
(6.50)

This already illustrates our main point: we have expressed the partition function

in terms of expectation values. The same is true for Z,(B), which is given by
2
Z(B) = /dxl /dxz Aa(x1, 0; x2, B)Aa(x2, 0; x1, B) [/ dy Ap(y, 0; v, ﬁ)}

-8 {/dyAB(y, 0; v, ﬁ)] /Oﬁdf/dxl/dxz

X [Map(x1,x2) Aa(x2, 0; x1, B) + Map(x2,x1) Aa(x1, 0; x2, B)] -
(6.51)

For a specific Lagrangian, we need to compute all these terms, then replace
each one in equation 6.38 to obtain the first order approximation of Tr4 (0% ). Ba-
sically, we are saying that one can compute the trace relevant for entanglement
by computing two kinds of objects: the propagators under evolution with the
Lagrangian £, and the matrix elements the interaction Lagrangian L,.

Such calculations can be challenging, but they are rather common in thermal
field theory, and many different analytical methods have been developed to com-
pute them. However, our point is that when the quantities Fg(x4), Map(x, x’)
and the propagators cannot be computed analytically, which is the common situ-
ation, they can be computed numerically using standard techniques developed

for complicated problems in quantum field theory, as the Monte Carlo method or
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stochastic quantization. This is out of the scope of this dissertation, but the mes-
sage is clear: once one can identify a parameter responsible for the entanglement
we are interested in, and if the strength of the entanglement is weak, one can use
the formalism just developed.

Once we have computed all the zeroth and first order terms, which are theory-
dependent, we can replace them in 6.38, take the limit B — co, and then obtain the
Tra(0%). Afterwards, we are able to compute the linear entropy, which defined

as Sp(pa) == 1—Tra(p?). In the first order approximation, we have

z9p)  Zp)  2789(8) z0(p)

Z0)(p)2 +8 Z0)(p)2 -8 ZOITE ] . (6.52)

SL(PA) =1— lim

In the last section, we have argued that the zeroth order approximation of the
trace Tr4 (0% ) gives unity. Therefore, we can cancel this term with the unity in the

definition to find

(0) (1) (1)
— o i |2% (B ZVB) 2, (B)
Stlpa) = g ﬁlggo ZOGE  Zo(pe| (6.53)
Furthermore, for the second Rényi entropy, defined as S>(p4) = — log [Tra(p%)],

we have to make a series expansion in the log to find how this entanglement me-
asure depends on g. A Taylor series expansion of log(a + bx) around x = 0 gives

log(a) + g x, which we can use in equation 6.38 for the trace to write

(0)
log | Tra(p%) | = Jim log 0 ((5))2]
[ ZV®) 220 z0)] [20p)?
" [z T ZoGy zgoms)] o9

Then we use the results obtained in the zeroth order, i.e. that Zéo) (B)/ 2O (B)?is

unit, and finally find that the second Rényi entropy is

220 ()20 (p) _ Z(p) ] |

ZOpE 20y

S2(pa) = g lim (6.55)

p—roo

Note that in this approximation, we obtain the same expression for the linear

entropy and the second Rényi entropy. This is natural to expect because in the
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weak entanglement limit the trace Trs(p?%) is close to unity, which allow us to

expand the logarithm

log [Tra(p%)] = log {1 - [1 - Tra(p%)] } (6.56)

~ — [1 T, (pa,)} . (6.57)

Then we identify the linear entropy in the parenthesis on the RHS, and minus
the second Rényi entropy in the LHS. Thus, in the weak entanglement they are

approximately the same

S2(pa) ~ Si(pa) - (6.58)

When computing these entanglement measures, we also have to keep in mind
that both the second Rényi entropy and the linear entropy are non-negative me-
asures. This statement constraints the first order approximation to always satisfy

the following inequality

ZO)(p)? Z0)(p)>

lim
B—rco

22" () 2 (p) Zél)(ﬁ)] >0 (6.59)

For the system of coupled harmonic oscillators that we have been using, the

first order correction vanishes due to the form of the interaction part of the action,

Lxa, xp] = /Oﬁ dT% xa(t) — x5(T)]” . (6.60)
In any case, we will explicitly compute the zeroth and first order terms that ap-
pear in the trace, which are given in equations 6.50 and 6.51. The other parts
of the Euclidean Lagrangian, which appear in equations 6.24 and 6.25, describe
two simple harmonic oscillators, for particles A and B, of frequency w4 = Vk.
These details are just to remind us that the propagators, mean values and matrix
elements are computed with the simple harmonic oscillator.
When we discussed the zeroth order, we used equation 6.23, which is the sim-
ple harmonic oscillator. Although in this expression the propagator carries the

subindice A, it is exactly equal to the propagator for particle B. This is the case
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because, as we have already mentioned, the non-interacting part of the action I
is the same for both particles.

The zeroth order of the coupled harmonic oscillator partition function has al-
ready been partially calculated in equation 6.28, except for the B part. Since the

Ap propagator is the same as A4, the zeroth order of the partition function sim-

plifies to
2
zO)(p) = { dx Ay (x, 0; x, ,B)} (6.61)
2
_ }Lcsch(—“’;ﬁ) | (6.62)

Similarly, we can use the fact that the propagators are the same to complete equa-

tion 6.30, which gives part of the zeroth order of Z,(B). As a result, we find

Zéo)(ﬁ) = % csch(wTﬁB)zcsch(wJﬁB) . (6.63)

Now we have to compute the first order terms Z(1)(8) and Zél)(ﬁ). Before
we specify the calculations, we will fix what is the precise form of the matrix ele-
ments M 4p(x, x"). The matrix elements are defined in equation 6.47 as a function
of Fg(x4), which are mean values of the interaction Euclidean Lagrangian with
respect to the B particles.

For these reasons, we start the calculations by the mean values F(B), which

are defined in equation 6.42. Another way to write the mean values is

Fa(xa) = [ dyy, Bl L2(xa,%8) ly, 0), (6.64)

and such expression only makes sense if we consider the B part inside £5(x4, xp)

as operators. For the coupled harmonic oscillator, we have

Lo(xa,xp) = = x3(7) + = 23(7) — x4(7)%B(T) . (6.65)

NI -
N —

Therefore, with the exception of the first term, we need to insert an identity at

the position occupied by particle B at time 7. This will allow us to extract the
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eigenvalue of the position operator £g,

Fy(a) = 5 54(7) [ dyda(y, 0y, 6)

+ % /dy/dq (v, /3| 9?% —x4(7) J?B(T)] 9, T) (g, Tly, 0)  (6.66)
=1Xi /dyAB v, 0y, B)

+ E/dy/dq q —x4(T q] Ag(y, 0; 9, T)As(q, Ty, B).  (6.67)

After performing the integral over y, we obtain

Fa(x4) :31 csch(“%ﬁ> 2 (7)

# Y SR [y [ ayoyg] (5 e

Since the function g exp (—qz) is odd, the integral of this part vanishes. Then the

mean value of the interaction Lagrangian with respect to particle B is

coth( +’B) csch(wT’L‘B). (6.69)

Now we can compute the matrix elements of Fg(x4). We can write equation

1 w 1
Fg(xa) = 1 csch(%‘ﬁ) x5 (1) + s

6.47, which defines M4p(x, x'), in the following form
MAB(X, X,) = <x// ;B‘ FB(XA) |x/ 0> ’ (670)

as long as we consider the x4 inside Fp as operators. Once again, we have to
insert an identity at the intermediate time 7 in order to obtain the eigenvalue of

the operator £3 (1),

5 9 (¥, Bl £5 |, T) {a, Tlx, 0)

+ 824 coth(wTJrﬁ) CSCh(wTJFﬁ> («', B
d

99> Da(x, 0; g, T)DA(q, T ¥, B)
Coth(w+‘3) csch(wTJ“B> Aa(x, 0; X', B). (6.72)

BN
S
—~
&
=
—
|
W=
0
W
o)
=
‘
[

(6.71)
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The integral over g gives the expression bellow, which depends on T,

bl?;jrﬁ) [xCSCh(w+T) + x" esch(w4 (B — 1—))}2 x Aalx, 0; X', B)
bo(T, ) o
+ by (7, B) x Aa(x, 0; X', B), (6.73)

where the functions by(7, ) and b (7, B) are defined as

bo (7, ) =coth [w (B — )] + coth(tws) (6.74)
bl(T, ‘B) = w4 [COth(w+ (‘B — T)) + COth(w+T)]5/2

X \/csch(a)+[3) sinh(w47) sinh [w (B —T)] . (6.75)

With the result of the integral over g, we can write the full expression for the

matrix elements,

w wiB\ [xesch(wit) + x' esch(w (B — 1))
{fc“h( i) Thwp
1 wi B\ bo(z,p) | 1 B B
+ 1 csch< ; ) b(l)(’[',ﬁ) +8w+ th( ; )csch(%) } .
(6.76)

Finally, we can compute the first order corrections of Z(f) and Z(B), given
in equations 6.48 and 6.49. After the integration over x, the first order correction

of the partition function becomes

zM () :—wL 14 ew+h) / at
+
y { et@+7, /esch(w B) eschlw (B — T)] csch(w T) }
(29+B — 2w+ T)2(2wsT — 1)2[coth[w, (B — T)] + coth(w,T)]? |

(6.77)

Then integrating the functions over 7 from 0 to 8, we obtain

zM(g) = — p csch<wT+‘B)4 sinh(w4p) . (6.78)

16 w4
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For the factor Z,(B), after the integrals over x; and x; in equation 6.49, we
obtain an expression that does not depend on 7. Therefore, after all integrations

we find
2
Zél)(ﬁ) =— % [1+2 cosh(wypB)] CSCh<wT+ﬁ> csch(w. B)* . (6.79)

After computing the zeroth and first order corrections of both Z(B) and Z(p),
we are able to write the trace Tr4 (0% ) by replacing the different order corrections

in equation 6.38,

T w4 p 1 B
Tea(pa) = ﬁh_r}r(}o {tanh(%) _g2w+ [1+cosh(w+‘[3)]} ' (6:80)

The limit of the first term gives unity, as we have already calculated previously,
while the second vanishes. Therefore, for this specific interaction, the results are
trivial: as a first order approximations, both linear entropy and second Rényi
entropy vanish. In the next section we discuss how one can compute higher or-
der terms, but we will not perform these calculations for the coupled harmonic

oscillators.

6.4 Higher orders

The higher order corrections in the perturbative expansion of the exponential
exp[—g I2[xa, xp]] around g = 0 require that we compute some extra integrals
over time. The nth term in the series expansion of the exponential is

n (_1)n
n!

g L[xa, x5]", (6.81)

or, in terms of the Euclidean-Lagrangian £,,
n (_1)11 P P
g [ [ Lo(ea(m), xa(n)) - Lalxa(m), ¥a(m) . (682)

The density matrix without approximations is given by equation 6.1, and we see

that in the reduced density matrix, given by equation 6.1, there will be mean
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values over the degrees of freedom of particle B. Therefore, it is useful to define

the following nth order mean values

xA Tl d DXB _1) LZ XaA(T), XB Ti))e_ll[xB} ,
Y |
XB O =Yy n. i—1

(6.83)

when n = 0 we have only the integral of the B propagator, i.e. the zeroth order of

previous sections. The reduced density matrix, using this notation, is given by

xa(B)=x'
pa(x,x') = lim !

ol
proo Z(B) Jxa(0)=x
p norB
y <F§O) +g/0 drFY) g H/o dr; p;">> el (6.84)
i=1
and the partition function is
xa(B)=x
:/dx/ [Dx 4]
x4(0)=x
(0) b ) w17 (P p)\ —hixal
0 i—1/0

In the expression for the partition function we have expectation values of the

[Dx 4]

Euclidean Lagrangian £,(x4, xp), with respect to both particles A and B. On the
other hand, in Z,(B), we will have integrals over matrix elements. For this reason,

we define

x4(B)=x'
My (x,x') = / ’ [Dxa] FY e lilval, (6.86)

A(0)=x

In terms of the matrix elements the partition function becomes

n ﬁ .
:/dx [Mfg(x,x)+---+g” 1‘[/0 dv, M;g<x,x>] , (6.87)
i=1

while the factor Z, () is
o 17 (7 de
dxi [ dxa AB (x1,x)+---+8"T1 A dti M p(x1, x2)
i=1

n 'B "
X [Mg(xz,xl) 44 gt H/o dT; Ml(qg(xz,xl)] . (6.88)
i=1
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Then we collect the terms of same order to write Z(B) and Z(B) as

z(B)=2z9B) +gzV(B)+---+g" 2" (p), (6.89)
Z:(8) = 20 (B) + g 23 (B) + - + 8" 25V (B), (6.90)

where the nth term of each is given by

L
Zm(g) = dr, [ dx MU (x, %), 91
®) =11, du [ ax M) (691)
" n n B n—k B B
Zé )(/5) = Z/dxl/dxz H/ aT; Ml(g(xl,xz) H/ dT; MX’B k)(xz,xl).
k=0 i=17/0 j=170
(6.92)

Therefore, in order to obtain the nth order correction of the trace Tr 4 (0?), we
basically have to find the generic form of the matrix elements Mp(x, x’) and
perform several integrations involving them. When we calculate up to nth order,

the trace becomes

2N =0 g] ZZ (:B)
Tra(pa) = o e ZO () (6.93)

Afterwards, we make a series expansion of the denominator Z(B)? to find the

form of Tra(p?) as a power series in g. Higher order corrections can be deman-
ding to compute analytically, but in our expressions the relevant quantities are
given in a form that can be translated for use in numerical methods. Finally,
one can use the results in Trs (0% ) to compute the approximation up to nth or-
der of the linear entropy Sy (pa) = 1 — Tra(p%), and the second Rényi entropy
S2(pa) = —log[Tra(p%)].

In summary, in this chapter, we have presented a practical method to compute
the second Rényi entropy and the linear entropy. The basic idea is to write the
density matrix as thermal distribution using the formalism described in chapter
5, and then make a perturbative expansion of exp(—g I[x 4, xg]) in powers of g,
where ¢ I>[x 4, xp] corresponds to the entangling part of the full action of the pro-

blem. The method is limited to weak entanglement, but has the advantage that
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well-established numerical techniques [10, 11] become applicable to compute en-
tanglement measures. Stochastic quantization, in particular, can be quite useful.
Although the tecnique is essentially a numerical method, analytical calculations
are also possible within the approach known as noise perturbatiuon theory, re-
cently used in different contexts [21, 22, 23, 24, 25]. Despite the limitation to weak
entanglement, we recall that, in practice, entanglement is very fragile, for ins-
tance in macroscopic or not fully isolated systems. As such, perturbative appro-
aches offer a very attractive possibility to quantify entanglement in many-body

systems.






Chapter 7

Outlook

Our primary goal in this dissertation was to review methods to quantify entan-
glement in a quantum bipartite system. In quantum many-body physics, it is
often hard to find an exact expression for the wave function due to the large size
of the Hilbert space. Therefore, in these cases full diagonalization of the redu-
ced density matrix is almost impossible, and we need to find other approaches to
compute entanglement measures. We have discussed methods that are based on
the Feynman path integrals, and we have provided ways to compute two entan-
glement measures for bipartite systems, namely the second Rényi entropy and
the linear entropy. These measures are defined in terms of the trace of square of
the reduced density matrix of one of the parts of the bipartite system, Tr (0% ).
Our second goal was to formulate a practical method to compute entanglement
measures in terms of expectation values and matrix elements of the dynamical
variables of the system. We have used a system of two coupled harmonic oscil-
lators to exemplify the application of the different methods. This system consists
in a good pedagogical example because it allows us to compute analytically the
entanglement entropies, including the path integrals.

Chapters 2 and 3 review the very basic concepts in quantum information and
path integrals, respectively. Chapter 4 deals with the path integral representation
of the ground-state wave function. This method is very standard, and it can be
found in some textbooks [18]. The idea was to represent the two particle ground
state wavefunction ¥ (x, y) as the path integral from an arbitrary point (c4, cp) at
imaginary time T — —oo to the point (x, y) at T = 0. Together with the conjugate,

we could write the ground state density matrix as a product of two path integrals
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with special boundary conditions. Then we have worked on the reduced density
matrix and the trace of its powers Tr p”}. In particular, for n = 2, the trace is a
product of four path integrals with boundary conditions that do no match. We
have applied this method to successfully compute the linear entropy and second
Rényi entropy for a system of two coupled harmonic oscillators.

The drawbacks to this method are that we have to know how to compute the
path integral for the Euclidean Lagrangian Lg (x4, xp), and that we have to cho-
ose the boundary conditions (cy4, cp) that appear at the times T = £co. We could
get rid of these boundary conditions by replacing them with integrals, but this
would make the calculations more complicated. The choice has to be carefully
made because ¥ (cy4, cp) must not vanish. This method applied for entanglement
between regions in space allows a clever technique to join these path integrals
into a single one. In the review article of Ref. [1], the author demonstrates that,
when A and B are intervals in space, the product of path integrals in Tra (o)
reduces to a single path integral performed in a different geometry. Then the
author has shown how to compute the entanglement entropy for free fields by
taking the limit n — 1 in the replica trick. Other applications of this method can
be found in Refs. [26, 27, 28, 29], in which the authors use an auxiliary space,
and a Monte Carlo method, to compute Tr4 (p% ) as the expectation value of a non
physical operator.

In the method reviewed in Chapter 5, the ground state density matrix is given
as the zero temperature limit of the thermal distribution exp(—pg H) of inverse
temperature . The density matrix has the form of an evolution operator in ima-
ginary time and it was straightforward to write it as a path integral. This techni-
que proved to be very useful as it decreased by half the number of path integrals
that appear in all quantities. Just like the method of chapter 4, this one requires
that we know how to compute the path integral with the Euclidean Lagrangian
LE(xa, xp).

Once again, we have applied the method of chapter 5 to obtain the second

Rényi entropy and linear entropy for the system of two coupled harmonic os-
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cillators. This system consists in a good pedagogical example because we can
analytically compute the path integral. Furthermore, for very large Hilbert spaces
or complicated interactions, one can discretize the system and apply numerical
methods to find the path integral, some examples are the Monte Carlo method
and stochastic quantization. In Refs. [8, 9], the authors use the same representa-
tion introduced in chapter 5 for the reduced density matrix. In these works, they
use an approximation in the replica trick expression to calculate entanglement
entropy in lattice gauge theories, which effectively corresponds to the calculation
of Tra(p%)-

In chapter 6, we have used the method of chapter 5 to formulate a practical
method to compute entanglement measures. The method is based on a pertur-
bative expansion of exp (—g Ix[x4, xp]) in powers of g, where (x4, xp) is the
interaction part of the action, which has strength measured by the entanglement
parameter g. The validity of this method is limited to the weakly entangled sys-
tems. The method allowed us to express Tr(p?), and therefore entanglement,
in terms of propagators, expectation values, and matrix elements computed with
the single particle Euclidean Lagrangian £;.

We have applied the perturbative expansion method to obtain explicit expres-
sions for the linear entropy and second Rényi entropy to first order in the entan-
gling coupling. For the coupled harmonic oscillator we have shown explicitly
that in the zeroth order approximation Tr4(p%) = 1, which characterizes a pure
state. This is the correct result because ¢ = 0 corresponds to the limit where the
particles are not entangled at all, and for a pure state we have p% = p,. Still
for the case of the coupled harmonic oscillators, we have shown explicitly that
the O(g) vanishes due to the form of the action of the problem. For a generic
problem, the O(g) expression we derived will not be zero.

In a near future, we expect to apply the perturbative expansion introduced
in chapter 6 to systems with more involved interactions. We are also looking
forward to explore to apply this perturbative method in field theory models. For

these problems, we strongly believe that the use of the stochastic quantization
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method will be fruitful to obtain the necessary propagators, expectation values,

and matrix elements that are required to obtain the entanglement measures.






Bibliography

[1]

Nishioka, T. Entanglement entropy: Holography and renormalization
group. Rev. Mod. Phys. 90, 035007 (2018). URL https://link.aps.org/
doi/10.1103/RevModPhys.90.035007.

Zeng, B., Chen, X., Zhou, D.-L. & Wen, X.-G. Quantum information me-
ets quantum matter — from quantum entanglement to topological phase in

many-body systems (2018). 1508.02595.

Osborne, T. J. & Nielsen, M. A. Entanglement in a simple quantum phase
transition. Phys. Rev. A 66, 032110 (2002). URL https://link.aps.org/
doi/10.1103/PhysRevA.66.032110.

Horodecki, M., Horodecki, P. & Horodecki, R. Separability of n-particle
mixed states: necessary and sufficient conditions in terms of linear maps.
Physics Letters A 283, 1-7 (2001). URL http://dx.doi.org/10.1016/
S0375-9601(01)00142-6.

Peres, A. Separability criterion for density matrices. Physical Review
Letters 77, 1413-1415 (1996). URL http://dx.doi.org/10.1103/

PhysRevLett.77.1413.

Caraglio, M. & Gliozzi, F. Entanglement entropy and twist fields. Journal of
High Energy Physics 2008, 076—-076 (2008). URL http://dx.doi.org/10.
1088/1126-6708/2008/11/076.

Casini, H. & Huerta, M. Entanglement entropy in free quantum field the-
ory. Journal of Physics A: Mathematical and Theoretical 42, 504007 (2009). URL
http://dx.doi.org/10.1088/1751-8113/42/50/504007.

83


https://link.aps.org/doi/10.1103/RevModPhys.90.035007
https://link.aps.org/doi/10.1103/RevModPhys.90.035007
1508.02595
https://link.aps.org/doi/10.1103/PhysRevA.66.032110
https://link.aps.org/doi/10.1103/PhysRevA.66.032110
http://dx.doi.org/10.1016/S0375-9601(01)00142-6
http://dx.doi.org/10.1016/S0375-9601(01)00142-6
http://dx.doi.org/10.1103/PhysRevLett.77.1413
http://dx.doi.org/10.1103/PhysRevLett.77.1413
http://dx.doi.org/10.1088/1126-6708/2008/11/076
http://dx.doi.org/10.1088/1126-6708/2008/11/076
http://dx.doi.org/10.1088/1751-8113/42/50/504007

BIBLIOGRAPHY 84

(8]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

Buividovich, P. & Polikarpov, M. Numerical study of entanglement entropy
in lattice gauge theory. Nuclear Physics B 802, 458-474 (2008). URL http:
//dx.doi.org/10.1016/7j.nuclphysb.2008.04.024.

Rabenstein, A., Bodendorfer, N., Schifer, A. & Buividovich, P. Lattice study
of rényi entanglement entropy in su(nc) lattice yang-mills theory with nc=2
, 3, 4. Physical Review D 100 (2019). URL http://dx.doi.org/10.1103/
PhysRevD.100.034504.

Namiki, M. et al. Stochastic Quantization. Lecture Notes in Physics Mo-
nographs (Springer Berlin Heidelberg, 2008). URL https://books.

google.com.br/books?id=MVryCAAAQBAJ.

Masujima, M. Path integral quantization and stochastic quantization. Sprin-

ger Tracts Mod. Phys. 165, 1-282 (2000).

Nielsen, M. & Chuang, I. Quantum Computation and Quantum Information:
10th Anniversary Edition (Cambridge University Press, 2010). URL https:

//books.google.com.br/books?id=-s4DEy70-a0C

Watrous, J.  The Theory of Quantum Information (Cambridge Univer-
sity Press, 2018). URL https://books.google.com.br/books?id=

GRNSDwAAQBAJ.

Eisert, J., Cramer, M. & Plenio, M. B. Colloquium: Area laws for the en-

tanglement entropy. Reviews of Modern Physics 82, 277-306 (2010). URL
http://dx.doi.org/10.1103/RevModPhys.82.277.

Islam, R. et al. Measuring entanglement entropy through the interference of

quantum many-body twins (2015). 1509.01160.

Brydges, T. et al. Probing rényi entanglement entropy via randomized me-
asurements. Science 364, 260-263 (2019). URL http://dx.doi.org/10.

1126/science.aaud4d963.


http://dx.doi.org/10.1016/j.nuclphysb.2008.04.024
http://dx.doi.org/10.1016/j.nuclphysb.2008.04.024
http://dx.doi.org/10.1103/PhysRevD.100.034504
http://dx.doi.org/10.1103/PhysRevD.100.034504
https://books.google.com.br/books?id=MVryCAAAQBAJ
https://books.google.com.br/books?id=MVryCAAAQBAJ
https://books.google.com.br/books?id=-s4DEy7o-a0C
https://books.google.com.br/books?id=-s4DEy7o-a0C
https://books.google.com.br/books?id=GRNSDwAAQBAJ
https://books.google.com.br/books?id=GRNSDwAAQBAJ
http://dx.doi.org/10.1103/RevModPhys.82.277
1509.01160
http://dx.doi.org/10.1126/science.aau4963
http://dx.doi.org/10.1126/science.aau4963

BIBLIOGRAPHY 85

[17] Feynman, R., Hibbs, A. & Styer, D. Quantum Mechanics and Path Integrals.
Dover Books on Physics (Dover Publications, 2010). URL https://books.

google.com.br/books?id=JkMuDAAAQBAJ.

[18] Padmanabhan, T. Quantum Field Theory: The Why, What and How. Graduate
Texts in Physics (Springer International Publishing, 2016). URL https://

books.google.com.br/books?id=yDgFCwAAQBAJ.

[19] Bellac, M. Thermal Field Theory. Cambridge Monographs on Mathemati-
cal Physics (Cambridge University Press, 2000). URL https://books.

google.com.br/books?id=00_x6GR8GXoC.

[20] Einstein, A., Podolsky, B. & Rosen, N. Can quantum-mechanical description
of physical reality be considered complete? Phys. Rev. 47, 777-780 (1935).

URL https://link.aps.org/doi/10.1103/PhysRev.47.777.

[21] Martin, J. & Musso, M. A. Stochastic quintessence. Phys. Rev. D 71, 063514
(2005). astro-ph/0410190.

[22] Martin, J. & Musso, M. Solving stochastic inflation for arbitrary potentials.
Phys. Rev. D 73, 043516 (2006). hep-th/0511214.

[23] Kunze, K. E. Perturbations in stochastic inflation. JCAP 07, 014 (2006).
astro-ph/0603575.

[24] Cassol-Seewald, N., Farias, R. S., Krein, G. & MARQUES DE CARVALHO, R.
NOISE AND ULTRAVIOLET DIVERGENCES IN SIMULATIONS OF GINZ-
BURG-LANDAU-LANGEVIN TYPE OF EQUATIONS. Int. ]. Mod. Phys. C
23, 1240016 (2012).

[25] dos Reis, E. A., Krein, G. a., de Paula Netto, T. & Shapiro, I. L. Stochas-
tic quantization of a self-interacting nonminimal scalar field in semiclassical

gravity. Phys. Lett. B 798, 134925 (2019). 1804.04569.


https://books.google.com.br/books?id=JkMuDAAAQBAJ
https://books.google.com.br/books?id=JkMuDAAAQBAJ
https://books.google.com.br/books?id=yDqFCwAAQBAJ
https://books.google.com.br/books?id=yDqFCwAAQBAJ
https://books.google.com.br/books?id=00_x6GR8GXoC
https://books.google.com.br/books?id=00_x6GR8GXoC
https://link.aps.org/doi/10.1103/PhysRev.47.777
astro-ph/0410190
hep-th/0511214
astro-ph/0603575
1804.04569

BIBLIOGRAPHY 86

[26]

[27]

[28]

[29]

[30]

[31]

[32]

[33]

Hastings, M. B., Gonzadlez, 1., Kallin, A. B. & Melko, R. G. Measuring renyi
entanglement entropy in quantum monte carlo simulations. Physical Review
Letters 104 (2010). URL http://dx.doi.org/10.1103/PhysRevlLett.
104.157201.

Herdman, C. M., Roy, P.-N., Melko, R. G. & Del Maestro, A. Particle entan-
glement in continuum many-body systems via quantum monte carlo. Physi-
cal Review B 89 (2014). URL http://dx.doi.org/10.1103/PhysRevB.
89.140501.

Herdman, C. M., Inglis, S., Roy, P-N., Melko, R. G. & Del Maestro, A. Path-
integral monte carlo method for rényi entanglement entropies. Physical Re-
view E 90 (2014). URL http://dx.doi.org/10.1103/PhysRevE. 90.
013308.

Humeniuk, S. & Roscilde, T. Quantum monte carlo calculation of entan-
glement rényi entropies for generic quantum systems. Physical Review B 86

(2012). URL http://dx.doi.org/10.1103/PhysRevB.86.235116.

Amico, L., Fazio, R., Osterloh, A. & Vedral, V. Entanglement in many-body
systems. Rev. Mod. Phys. 80, 517-576 (2008). URL https://link.aps.

org/doi/10.1103/RevModPhys.80.517.

Vidal, G., Latorre, J. I, Rico, E. & Kitaev, A. Entanglement in quantum critical
phenomena. Physical Review Letters 90 (2003). URL http://dx.doi.org/

10.1103/PhysRevLett.90.227902.

Zinn-Justin, J. Renormalization and Stochastic Quantization. Nucl. Phys. B

275, 135-159 (1986).

Polchinski, J. Appendix A: A short course on path integrals, vol. 1 of Cambridge
Monographs on Mathematical Physics, 329-346 (Cambridge University Press,
1998).


http://dx.doi.org/10.1103/PhysRevLett.104.157201
http://dx.doi.org/10.1103/PhysRevLett.104.157201
http://dx.doi.org/10.1103/PhysRevB.89.140501
http://dx.doi.org/10.1103/PhysRevB.89.140501
http://dx.doi.org/10.1103/PhysRevE.90.013308
http://dx.doi.org/10.1103/PhysRevE.90.013308
http://dx.doi.org/10.1103/PhysRevB.86.235116
https://link.aps.org/doi/10.1103/RevModPhys.80.517
https://link.aps.org/doi/10.1103/RevModPhys.80.517
http://dx.doi.org/10.1103/PhysRevLett.90.227902
http://dx.doi.org/10.1103/PhysRevLett.90.227902

BIBLIOGRAPHY 87

[34]

[35]

[36]

[37]

Calabrese, P. & Cardy, J. Entanglement entropy and quantum field theory.
Journal of Statistical Mechanics: Theory and Experiment 2004, P06002 (2004).
URL http://dx.doi.org/10.1088/1742-5468/2004/06/P06002

Calabrese, P. & Cardy, J. L. Entanglement entropy and quantum field theory:
A Non-technical introduction. Int. J. Quant. Inf. 4, 429 (2006). quant-ph/
0505193.

Calabrese, P. & Cardy, J. Evolution of entanglement entropy in one-
dimensional systems. Journal of Statistical Mechanics: Theory and Experiment
2005, P04010 (2005). URL http://dx.doi.org/10.1088/1742-5468/
2005/04/P04010.

Calabrese, P. & Cardy, J. Entanglement entropy and conformal field the-
ory. Journal of Physics A: Mathematical and Theoretical 42, 504005 (2009). URL
http://dx.doi.org/10.1088/1751-8113/42/50/504005.


http://dx.doi.org/10.1088/1742-5468/2004/06/P06002
quant-ph/0505193
quant-ph/0505193
http://dx.doi.org/10.1088/1742-5468/2005/04/P04010
http://dx.doi.org/10.1088/1742-5468/2005/04/P04010
http://dx.doi.org/10.1088/1751-8113/42/50/504005

	Introduction
	Brief Review of Quantum Information Theory
	Density matrix
	EPR paradox and Bell's theorem
	Schmidt decomposition
	Quantifying entanglement
	Entanglement measures
	Approximations

	Coupled harmonic oscillators I

	Path Integrals
	Derivation and basic properties
	Free particle
	Harmonic oscillator

	Ground state path integral
	Wave function and density matrix
	Trace of An
	Coupled harmonic oscillators II

	Thermal distribution density matrix
	Ground state density matrix
	Rényi entropy and linear entropy
	Higher-order Rényi entropies
	Coupled harmonic oscillators III

	Perturbative expansion of entanglement
	Density matrix and trace of A2
	Non-entangled limit: the zeroth order
	First order approximation
	Higher orders

	Outlook
	Bibliography

