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Edilaine Martins Soler, and Leonardo Nepomuceno , Member, IEEE

Abstract—Network-constrained market clearing procedures in
pool-based electricity markets of hydropower systems have tradi-
tionally neglected the constraints associated with physical and op-
erating aspects of hydroelectric generation (hydraulic constraints).
Such constraints are generally taken into account by means of ex-
post procedures, which may lead to suboptimal results regarding
social welfare function. This paper proposes a network-constrained
auction model for hydrothermal systems that represents the hy-
draulic constraints in detail. The objectives of the paper are
twofold: the analysis of the impact of hydraulic constraints on
market clearing prices and on generation/consumption schedul-
ing and the analysis of the influence of strategic offering of hydro
plants in the operation of a hydraulic cascade. As some of the hy-
draulic constraints are nonlinear and intertemporal, linearization
techniques are applied, resulting in a mixed-integer linear pro-
gramming problem.

Index Terms—Hydrothermal systems, linearization, market
clearing procedure, mixed-integer linear programing.

NOMENCLATURE

Constants

α0a , . . . , α4a Parameters of the nonlinear fore-bay eleva-
tion function of plant a [m].

αb,r,ρ Slope of the angle block ρ of the linearized
voltage angle difference in transmission line
(b, r) [rad].

β0a , . . . , β4a Parameters of the nonlinear tail-race elevation
function of plant a [m].

λm,i(k) Price of the mth energy block offered by gen-
erating station i in period k [$/MWh].

λn,j (k) Price of the nth energy block bid by consumer
j in period k [$/MWh].
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Δδρ Upper bound on the piecewise angle block ρ
[rad].

Ψa(k) Inflow to reservoir a in period k [m3 /s].
Dω

a Water delay time between plant ω and the
downstream plant a [h].

D1 Constant equal to 0.0036.
D2 Constant equal to 9.81×10−3 .
Fb,r Active power capacity of transmission line

(b, r) [MW].
Fc Number of periods unit c must be offline at

the beginning of the market horizon due to its
minimum down time constraint [h].

Gb,r Conductance of transmission line (b, r) [pu].
Gc Number of periods unit c must be online at

the beginning of the market horizon due to its
minimum up time constraint [h].

Hx,y
a Net head of plant a at data point (x, y) in the

interpolation of the performance curve [m].
Hef

a Effective net head of plant a [m].
HDa0 , HDa1 Parameters of the linearized tail-race eleva-

tion function of plant a [m].
HUa , HUa Maximum/minimum fore-bay elevation of

plant a [m].
La Loss constant of plant a (%).
NB Number of angle blocks.
Pbase Power base of the system [MW].
Pef

a Effective power of plant a [MW].
P i(k), P i(k) Maximum/minimum power output of gen-

erating station i in period k, given by:

P i(k) =
∑

m∈Mi (k) P
G
m,i(k) and P i(k) =

P
G
1,i(k), respectively [MW].

P
G
m,i(k) Upper limit of the mth energy block offered

by generating station i in period k [MW].

P
D
n,j (k) Upper limit of the nth energy block bid by

consumer j in period k [MW].
Qef

a Effective water discharge of plant a [m].
Qx,y

a , Px,y
a Water discharge/power output from plant a at

data point (x, y), in the interpolation of the
performance curve [m3 /s]/[MW].

Ra Release ramp rate for plant a [m3 /s/h].
RUc , RDc Ramp-up/Ramp-down limit of unit c [MW/h].
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Sa , Sa Maximum/minimum spillage from plant a
[m3 /s].

SBi Start-up offer of generating station i [$.
SUc , SDc Start-up/shut-down ramp limit of unit c

[MW/h].
T Number of auction periods.
Ua , Ua Maximum/minimum water release from plant

a [m3 /s].
UTc , DTc Minimum up/down time of unit c [h].
V a , V a Maximum/minimum water volume in reser-

voir a [hm3 .
Va(0), Va(T ) Water volume for reservoir a at the end of

periods k = 0 and k = T , respectively [hm3 .
Xb,r Reactance of transmission line (b, r) [pu].
Za Maximum number or start-ups of plant a.

Variables and Functions

δb(k) Voltage angle in bus b [rad].
δb,r,ρ(k) Angle block ρ relative to the transmission line

(b, r) in period k [rad].
δabs
b,r (k) Absolute value of the voltage angle difference

in transmission line (b, r) in period k [rad].
δ+
b,r (k), δ−b,r (k) Auxiliary variables used in the linear formula-

tion of the absolute value of the voltage angle
difference in transmission line (b, r) in period
k [rad].

ηtg
a (k) Turbine-generator efficiency of the units of

plant a in period k.
fb,r (k) Active power flow in transmission line (b, r)

in period k [MW].
ha(k) Net head of reservoir a in period k [m].
hua(k), hda(k) Fore-bay/tail-race elevation of reservoir a in

period k [m].
pi(k) Power output of generating station i in period

k [MW].
pi(k) Maximum available power output from gen-

erating station i in period k [MW].
pG

m,i(k) Power produced from the mth energy block
offered by station i in period k [MW].

pD
n,j (k) Power consumed from the nth energy block

bid by consumer j in period k[MW].
ploss

b,r (k) Active power losses in transmission line (b, r)
in period k [pu].

qa(k), sa(k) Water discharge/spillage from plant a in pe-
riod k [m3 /s].

qa(k) Maximum available water discharge from
plant a in period k [m3 /s].

ua(k) Total water release from plant a in period k
[m3 /s].

va(k), va(k) Volume/average volume of reservoir a in pe-
riod k [hm3 .

wx,y
a (k) Weight of data point (x, y), of plant a in pe-

riod k.
zi(k) Binary variable which is equal to 1 if the gen-

erating station i is on-line in period k.
zdi(k) Binary variable which is equal to 1 if the gen-

erating station i is shut-down in period k.

zpa(k) Binary variable for plant a in period k which
is equal to 1 if the interpolation cell is in the
upper quadrangle.

zui(k) Binary variable which is equal to 1 if the gen-
erating station i is started-up in period k.

Sets

Λ Transmission lines.
Ωa Upstream plants of plant a.
A Hydroeletric plants/reservoirs.
B Buses.
C Thermal generating units.
I Generating stations (A ∪ C).
J Consumers.
K Periods of the auction model.
Mi(k) Energy block offered by generating station i

in period k.
MC Mapping of the consumers into the grid.
MG Mapping of the generating stations into the

grid.
Nj (k) Energy block bid by consumer j in period k.
X,Y sets of data points (x, y) used in the interpo-

lation of the performance curve.

I. INTRODUCTION

THIS paper considers a day-ahead pool-based electricity
market for hydrothermal systems. The Market Operator

(MO) receives energy offers and bids from producers and con-
sumers, respectively, and calculates the market equilibrium by
means of a Network-Constrained Market Clearing Procedure
(NCMCP). The NCMCP calculates accepted offers and bids as
well as market clearing prices for each period of the following
day. It is desirable that the NCMCP calculates a feasible gener-
ation scheduling, therefore, the representation of physical and
operational limits of the systems is generally incorporated into
the model.

Neglecting physical and operational aspects of the ther-
mal generation system (e.g. ramp-up/down limits, minimum
up/down times, etc.) in NCMCP models may compromise the
solution calculated [1]. When such aspects are neglected in the
NCMCP, ex post adjustments in generation scheduling and mar-
ket clearing prices are generally necessary, which may result in
sub-optimality of the social welfare function [2]. Analogously,
in this paper we argue that neglecting the representation of con-
straints associated with the hydro generation system (e.g. limits
in water volumes in reservoirs, water release and spillage, hy-
draulic balance equations, hydro generation function, ramp rates
in water release, etc.) may have a significant impact in market
clearing prices as well as in generation/consumption commit-
ment.

Neglecting hydro constraints in NCMCP models for hy-
dropower systems may lead to problems such as: i) the NCMCP
model may produce infeasible generation scheduling regarding
hydro constraints, which may necessitate ex post corrections
and, as a consequence, may lead to sub-optimality of the social
welfare function; ii) the NCMCP model may provide unrealistic
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market clearing prices; iii) the NCMCP model may provide a
generation scheduling that is not coordinated with higher-level
planning model, in terms of future water availability, which may
implicate in future water scarcity or waste.

To account for such modeling issues, we propose a multi-
period NCMCP model for hydrothermal systems which rep-
resents detailed hydraulic, thermal and network constraints.
To cope with the nonlinear and/or non-convex hydraulic con-
straints [3], [4], we propose specific linearization strategies, so
as to formulate the model by means of a Mixed-Integer Lin-
ear Problem (MILP). The NCMCP here proposed presents the
following contributions: i) hydraulic constraints such as reser-
voir water balance, limits in water release, spillage and reser-
voir volume, as well as the limits in ramp rate releases of
reservoirs are formulated; ii) fore-bay and tail-race elevation
functions of the reservoirs are represented by appropriate lin-
earization; iii) a three-dimensional interpolation technique is
adapted to handle the nonlinear nature of the hydro production
function.

We assume that offers from thermal producers are provided
by generating units [1], [5], [6], while offers from hydro pro-
ducers are provided by the plant, and not by its units, due to
the following reasons: i) inter-temporal hydraulic constraints
are related to the plant (reservoir) as a whole, and not to its
units; ii) in a hydrothermal system, security and reliability are
associated with water availability, i.e., they are related to the
reservoir operation, and not to the operation of the units. So,
despite neglecting individualized operation of units, modeling
hydro generation per plant does not compromise operational se-
curity and inter-temporal constraints. Finally, the transmission
system is represented in detail including network congestion
and losses, as described in [5]. The solutions obtained with the
proposed model has two main objectives: to evaluate the im-
pact of hydraulic constraints on hourly market clearing prices
and scheduling, and the evaluation of the impact of offer block
prices of hydro plants in the hydraulic operation of a cascade.
The impact of the transmission system on market clearing prices
and scheduling is also analyzed.

The authors are not aware of any previous day-ahead auc-
tion models for pool-based electricity markets of hydrothermal
systems that explicitly represents the hydraulic constraints. All
auction models investigated for hydro-dominated systems focus
on purely economic market clearing procedures which ignore
technical and operational constraints of hydro units, as well as
transmission system representation. In the model here proposed,
hydraulic constraints are based on formulations described in
short-term hydrothermal scheduling problems [3], [7], [8], and
also in profit maximization problems, such as: strategic bidding
[9], [10] and self-scheduling[4], [11], [12]. In this paper, we
discuss the hydraulic constraints in the context of auction mod-
els for hydrothermal systems, in what concerns the linearization
strategies adopted as well as the representation of nonlinear head
effect.

This paper is organized as follows: Section II presents the
nonlinear mathematical formulation of the proposed model,
Section III presents the proposed linearization techniques, Sec-

tion IV summarizes the proposed mixed-integer linear NCMCP
model, Section V analyzes the solutions obtained for the case
studies and Section VI provides the conclusions.

II. NONLINEAR MATHEMATICAL FORMULATION

This section presents the nonlinear mathematical formulation
of the NCMCP model. For consistency of constants and units,
we consider periods of one hour. Constraints that apply only to
the thermal generation, which model the available power output
of units in each period, ramp-up, ramp-down, start-up and shut-
down ramp rate limits, and minimum up and down times, are
presented in [1] and [13] and rewritten in Appendix A, for
completeness. Network constraints, which involve nodal power
balance, limits in active power flows and power losses, were
extracted from [5], where the transmission losses and active
power flows are properly linearized. These constraints are also
rewritten in Appendix B.

A. Objective Function

The goal of the MO is to maximize the declared net social
welfare, which is defined as the sum of consumer and producer
surpluses [14]. Mathematically, this criterion is expressed as:

Maximize
∑

k∈K

∑

j∈J

∑

n∈Nj

λn,j (k)pD
n,j (k)

−
∑

k∈K

∑

i∈I

[
∑

m∈Mi

λm,i(k)pG
m,i(k) + SBizui(k)

]

. (1)

In (1), the first term is related to the buying bid blocks,
whereas the second term is related to the selling offer blocks,
which can include start-up offer prices [1] for thermal units
and/or hydro plants. Although there are some studies concern-
ing the evaluation of start-up and shut-down costs for hydro units
[15], [16], these aspects are not included in our model, since, as
already explained, we do not represent individual hydro units,
but the whole plant.

B. Power limits

Limits in power output of the generating stations (thermal
units and hydro plants) are described in (2)–(4):

pi(k) =
∑

m∈Mi (k)

pG
m,i(k),∀i ∈ I,∀k ∈ K, (2)

pi(k) ≥ P i(k)zi(k),∀i ∈ I,∀k ∈ K, (3)

pG
m,i(k) ≤ P

G
m,i(k),∀m ∈ Mi(k),∀i ∈ I,∀k ∈ K. (4)

The constraints (2) set the power output of a generating station
as the sum of the accepted energy offer blocks. The constraints
(3) establish minimum power output for a generating station,
in case this station is on. The constraints (4) limit the accepted
power output from each energy block to its upper limit.
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C. Water Discharge, Spillage and Water Release

The constraints related to the water release are given from (5)
to (7):

ua(k) = qa(k) + sa(k),∀a ∈ A,∀k ∈ K, (5)

Ua ≤ ua(k) ≤ Ua,∀a ∈ A,∀k ∈ K, (6)

Sa ≤ sa(k) ≤ Sa,∀a ∈ A,∀k ∈ K. (7)

The constraints (5) define the total water release from a hydro
plant as the sum of water discharge and spillage. Constraints
(6) and (7) establish lower and upper limits for water discharge
and spillage. For some hydro plants, a minimum spillage may
be necessary in order to preserve aquatic fauna of the spillway
channel [17].

D. Water Release Ramp Rates

According to [17], water release ramp rates must be enforced,
so as to avoid environmental problems and to ensure naviga-
bility. As in [18], the water release ramp rates are described
by (8):

ua(k) − Ra ≤ ua(k + 1) ≤ ua(k) + Ra,∀a ∈ A,

∀k ∈ {1, . . . , T − 1} . (8)

E. Reservoir Volume

Constraints involving volumes are given in (9)–(12):

V a ≤ va(k) ≤ V a,∀a ∈ A,∀k ∈ K, (9)

va(T ) ≥ Va(T ),∀a ∈ A, (10)

va(k) =
va(k) + va(k − 1)

2
,∀a ∈ A,

∀k ∈ {2, . . . , T} , (11)

va(1) =
va(1) + Va(0)

2
,∀a ∈ A. (12)

The constraints (9) set minimum and maximum limits for
reservoir volumes. It is noteworthy that these are not the physical
limits of the reservoir, but the limits previously established for
the day. Constraints (10) set de reservoir minimum volume for
the last period of the day. These constraints coordinate short-
term generation scheduling calculated by the auction model
with medium-term decisions. Other forms of coordination are
discussed in [19] and [20]. Constraints (11) and (12) define the
medium volume of a reservoir as the average reservoir volume
in two consecutive periods.

F. Nodal Water Balance

Water balance equations are shown in (13) and (14):

va(k) = va(k − 1) + D1 [Ψa(k) + ρa(k)

− ua(k)] ,∀a ∈ A,∀k ∈ {2, . . . , T} , (13)

where:

ρa(k) =

{∑
ω∈Ωa

uω [k − Dω
a ] , if k − Dω

a ≥ 1

0, otherwise,

va(1) = Va(0) + D1 [Ψa(1) − ua(1)] ,∀a ∈ A. (14)

The constraints (13) represent the water balance between two
consecutive periods in the market horizon. Note that the water
delay between two reservoirs in a cascade is represented in [21].
Constraints (14) represent the water balance for the first period
in the market horizon, considering the reservoir initial volume.

G. Reservoir Fore-bay and Tail-race Elevations

Fore-bay and tail-race elevations are generally formulated as
a fourth order polynomial function of the reservoir volume and
water release, respectively, as in (15) and (16):

hua(k) = α0a + α1a v̄a(k) + α2a v̄2
a(k)

+ α3a v̄3
a(k) + α4a v̄4

a(k),∀a ∈ A,∀k ∈ K, (15)

hda(k) = β0a + β1aua(k) + β2au2
a(k)

+ β3au3
a(k) + β4au4

a(k),∀a ∈ A,∀k ∈ K. (16)

These head functions are linearized in our model, as described
in Section III-A.

H. Reservoir Net head

The constraints (17) set the reservoir net head as the difference
between the gross head and the penstock head loss. Penstock
head losses are formulated as a fraction La of the gross head:

ha(k) = (1 − La) [hua(k) − hda(k)] ,

∀a ∈ A,∀k ∈ K. (17)

I. Hydroelectric Power Generation Function

The hydroelectric power generation function for a generating
unit is given by (18):

pa(k) = D2η
tg
a (k)qa(k)ha(k),∀a ∈ A,∀k ∈ K, (18)

where turbine-generator efficiency and net head are a nonlinear
and non-convex functions [22]. In this paper the power gen-
eration function is represented by unit performance curves as
described in [3], [23], which relate power output and water dis-
charge, parameterized at specific net head values. Note that if
we fix the net head value in the power production function the
relation between power output and water discharge is still non-
linear, due to nonlinearities in turbine-generator efficiency. The
power production function is represented by a linear model in
Section III-B.

J. Maximum Power Output and Water Discharge

Both, the maximum power output pa(k) and the water dis-
charge qa(k) of a generating unit, are functions of the net head,
as shown in Fig. 1. Note that in the first part of the curve, the
maximum power output and water discharge are limited by the
maximum power supported by the turbine, while in the right
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Fig. 1. Maximum power output and water discharge of a generating unit as
functions of the net head.

side of the curve these limits are established by the generator.
The effective net head Hef

a is the minimum net head that pro-
duces the maximum power output Pef

a and the exact net head
that provides the maximum water discharge Qef

a .
The limits for maximum power output and the water discharge

are given in (19) and (20):

pa(k) ≤ pa (ha(k)) ,∀a ∈ A,∀k ∈ K, (19)

qa(k) ≤ qa (ha(k)) ,∀a ∈ A,∀k ∈ K. (20)

Nonlinear and non-differentiability natures of (19) and (20)
are inherently represented in the construction of the unit perfor-
mance curves, as described in Section III-B.

K. Maximum Number of Start-ups

Maximum number of start-ups of a hydro plant over the time
horizon is limited by (21):

∑

k∈K

zua(k) ≤ Za,∀a ∈ A,∀k ∈ K. (21)

L. Network Constraints and Demand

Nodal balance constraints are formulated as shown in (22):
∑

i:(i,b)∈MG

pi(k) −
∑

j :(j,b)∈MC

∑

n∈Nj (k)

pD
n,j (k)

−
∑

r :(b,r)∈Λ

fb,r (k) = 0,∀k ∈ K,∀b ∈ B, (22)

where fb,r (k) are nonlinear active power flows and accounts
for network power losses. Both power flows and losses are
linearized as described in Appendix B. Limits in active power
flows are as in (23), whereas limits in demand bid blocks are set
in (24):

−Fb,r ≤ fb,r (k) ≤ Fb,r ,∀k ∈ K,∀(b, r) ∈ Λ, (23)

pD
n,j (k) ≤ P

D
n,j (k),∀n ∈ Nj (k),∀j ∈ J,∀k ∈ K. (24)

M. Logical Constraints

The logical constraints are set by (25) and (26). Such con-
straints are necessary to avoid illogical situations, such as a
simultaneous start-up and shut-down of a generating station:

zui(k) − zdi(k) = zi(k) − zi(k − 1),

∀i ∈ I,∀k ∈ K, (25)

zui(k) + zdi(k) ≤ 1,∀i ∈ I,∀k ∈ K. (26)

N. Types of Variables

The constraints (27)–(34) define the nature of the variables:

zi(k), zui(k) ∈ {0, 1} ,∀i ∈ I,∀k ∈ K, (27)

zdi(k) ∈ [0, 1] ,∀i ∈ I,∀k ∈ K, (28)

zpa(k) ∈ {0, 1} ,∀a ∈ A,∀k ∈ K, (29)

pD
n,j (k) ≥ 0,∀j ∈ J,∀k ∈ K,∀n ∈ N, (30)

pG
m,i(k) ≥ 0,∀i ∈ I,∀k ∈ K,∀m ∈ M, (31)

pi(k), pi(k) ≥ 0,∀i ∈ I,∀k ∈ K, (32)

wx,y
a (k) ≥ 0,∀a ∈ A,∀k ∈ K,∀x ∈ X,∀y ∈ Y, (33)

qa(k), qa(k), sa(k), ua(k), va(k), va(k), hua(k),

hda(k), ha(k) ≥ 0,∀a ∈ A,∀k ∈ K. (34)

The constraints (27) and (29) define the binary variables. Fi-
nally, constraints (30)–(34) define non-negative variables. Vari-
ables zpa(k) and wx,y

a (k) are still to appear in further sections.
The linearization techniques are discussed in the following sec-
tion.

III. LINEARIZATION TECHNIQUES

A. Reservoir Fore-bay and Tail-Race Elevations

In this work, we choose to locally linearize this curve around
a base daily operational point by considering daily allowed vari-
ations in fore-bay elevations. This linearization is given by con-
straints (35).

hua(k) = HUa,0 + HUa,1va(k),∀a ∈ A,∀k ∈ K, (35)

where:

HUa,0 =

(
V a − V a

)
HUa − (

HUa − HUa

)
V a

V a − V a

,∀a ∈ A,

HUa,1 =
HUa − HUa

V a − V a

,∀a ∈ A.
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Fig. 2. Performance curves for Barra Bonita plant for 3 net head values.

Fig. 3. Illustration of the linearization technique used.

For the plants used in the case study presented in this paper,
the error obtained through a direct linearization of this curve is
small. The linearized tail-race elevation is given in (36):

hda(k) = HDa0 + HDa1 ua(k),∀a ∈ A,∀k ∈ K. (36)

B. Hydroelectric Power Generation Function

As previously discussed, we constructed performance curves
for the hydro plants, rather than for their units. The construc-
tion of such curves is analogous to that of unit performance
curves, but adopting a previously established unit commitment
sequence. This is not an important issue when the plant is com-
posed of similar units (made by the same manufacturing com-
pany), however, if the units are not similar, the adoption of
specific commitment sequences may result in different plant
performance curves. Fig. 2 shows the performance curves for
three different net head values of Barra Bonita hydro plant. Note
that minimum and maximum operative ranges of the hydro plant
vary with the net head.

With the purpose of obtaining a linear representation of the
plant performance curves, an interpolation technique is devel-
oped based on [3], that uses three linear performance curves,
as shown in the Fig. 3, and establishes a three-dimensional in-
terpolation among them. In Fig. 3 six vertexes are denoted by

its position (x, y) in the subspace defined by power output and
water release. The region formed by the union of these vertexes
is divided into two quadrangles. For interpolation purposes, we
associate weights wx,y

a (k) for each vertex, which are used to
compose an interpolation function based on the three reference
curves. This technique uses only a single binary variable zpa(k),
that defines the quadrangle being used. If the plant operates in
the upper quadrangle, then zpa(k) = 1, and the four upper ver-
texes are used in the interpolation, otherwise zpa(k) = 0 and the
four lower vertexes are used. This technique allows to calculate
operating points (power output, net head and water discharge)
which are located in intermediate regions of the three reference
curves.

The constraints (37)–(44) represent the hydro generation
function by the interpolation technique used:

∑

x∈X

∑

y∈Y

wx,y
a (k) = za(k),∀a ∈ A,∀k ∈ K, (37)

ha(k) ≤
∑

x∈X

∑

y∈Y

wx,y
a (k)Hx,y

a + H3,1
a [1 − za(k)] ,

∀a ∈ A,∀k ∈ K, (38)

ha(k) ≥
∑

x∈X

∑

y∈Y

wx,y
a (k)Hx,y

a ,∀a ∈ A,∀k ∈ K, (39)

qa(k) =
∑

x∈X

∑

y∈Y

wx,y
a (k)Qx,y

a ,∀a ∈ A,∀k ∈ K, (40)

pa(k) =
∑

x∈X

∑

y∈Y

wx,y
a (k)Px,y

a ,∀a ∈ A,∀k ∈ K, (41)

w2,1
a (k) + w2,2

a (k) ≤ 1,∀a ∈ A,∀k ∈ K, (42)

w1,1
a (k) + w1,2

a (k) ≤ 1 − zpa(k),∀a ∈ A,∀k ∈ K, (43)

w3,1
a (k) + w3,2

a (k) ≤ zpa(k),∀a ∈ A,∀k ∈ K. (44)

Constraints (37) relate the vertexes weights and the on/off
states of the plant. If the plant is off, the sum of the weights is
zero, disabling all constraints associated with the interpolation.
Constraints (38) and (39) calculate the interpolated net head
value. If the plant is on, they represent an equality constraint
that defines the net head. If the plant is off, such constraints
are disabled, by allowing the net head to assume any value be-
tween zero and H3,1

a (maximum allowed value). Constraints
(40) and (41) interpolate water discharge and power output val-
ues, respectively. If the plant is off, these two variables are null.
Constraints (42)–(44) select the vertexes used in the interpola-
tion. If the net head value is between 2nd and the 3rd curves, then
zpa(k) = 1 and the points for 1st curve have null weight because
w1,1

a (k) + w1,2
a (k) ≤ 0. Analogously, if the net head value is be-

tween the 1st and the 2nd curves, zpa(k) = 0 and the points on
the 3rd curve have null weight because w3,1

a (k) + w3,2
a (k) ≤ 0.

If the plant is on, the points of 2nd curve always have nonzero
weights because this curve will always be part of the interest
region (upper or lower).

The main advantages of the interpolation technique are:
i) only one binary variable is used for each power plant; ii)
good accuracy when interpolated values are compared to real
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values, as discussed in [3] and shown in the Results section; iii)
all non-convexities embedded in the performance curve, such
as the influence of net heads in the operation of hydro plants are
represented.

Limits in net head, water discharge and power output are in-
herently represented in the plant performance curves. Therefore,
we do not need to insert such limits as constraints in the prob-
lem formulation. Moreover, there is no need to limit the fore-bay
and tail-race elevations, since these variables are functions of
the water release and the reservoir volume, respectively, which
are limited by the constraints (6) and (9), respectively.

IV. MIXED-INTEGER LINEAR MATHEMATICAL FORMULATION

In this section we summarize the proposed Network-
Constrained Market Clearing Procedure (NCMCP) model, from
(45) to (53):

Maximize (1) (45)

Subject to:

(2)–(4) (46)

(5)–(14), (21) (47)

(17), (35)–(36) (48)

(37)–(44) (49)

(55)–(63) (50)

(22)–(24) (51)

(64)–(65), (67)–(72) (52)

(25)–(34). (53)

The constraints (46) enforce power output limits and power
block limits for both thermal units and hydro plants. Hydraulic
constraints are enforced by (47)–(49); (47) are inherently lin-
ear hydro constraints, while (48) represents the linearization of
the head functions and (49) represents the linearization of the
hydro production function. Constraints associated with thermal
generating units are enforced by (50). Network constraints are
enforced by (51) and (52), where (52) are used to linearize net-
work power losses. Constraints (53) describe logical relations
among binary variables and types of variables.

V. NUMERICAL RESULTS AND DISCUSSIONS

Numerical results presented in this section focus on the eval-
uation of the following aspects concerning the NCMCP model:
i) impact of hydraulic constraints in market clearing prices and
scheduling (Section V-B); ii) impact of strategic bidding of hy-
dro plants on hydraulic operation of cascades (Section V-C);
and iii) impact of transmission system losses and congestion
in market clearing prices (Section V-D). A small test-system
used in Sections V-B and V-C is presented in Section V-A. In
Section V-D, we work with the IEEE reliability test-system [24]
and evaluate the overall computational burden of the proposed
NCMCP model.

Fig. 4. Hydraulic cascade studied.

TABLE I
STRUCTURE OF SELLING ENERGY OFFERS—CASES A AND B

A. Small Test-System Data

The proposed NCMCP model was tested for a system com-
prising a hydraulic cascade based on Brazilian hydroelectric
plants, with 10 hydro plants (6 reservoir plants and 4 run-of-
the-river plants) shown in Fig. 4, and four thermal units (units
1, 2, 3 and 12 described in [1], here renumbered from 11 to 14).
We simulated a dry season for this system so as to emphasize
the influence of the hydraulic constraints in the outcomes of the
proposed model.

Offers and bids are given in Tables I and II, respectively.
For simplicity, a single consumer was considered. Furthermore,
offers were regarded as constant throughout the day. Indexes
from 1 to 10 represent hydro plants while indexes from 11 to 14
represent thermal units.

Table III shows the number of constraints and variables (real
and binary) and runtime required to attain the optimal solution of
the case studies. The model was run on a Intel Core i7 processor,
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TABLE II
STRUCTURE OF BUYING ENERGY BIDS—CASES A–D

TABLE III
COMPUTATIONAL DIMENSION OF THE STUDIED CASES

3.60 GHz and 16 GB of RAM. The CPLEX solver under the
GAMS platform [25] was used to solve the problem.

B. Impact of Hydraulic Constraints

In this section two cases are compared in order to analyze the
impact of hydraulic constraints on market clearing prices as well
as on generation and consumption scheduling. For such a pur-
pose, in cases A and B we neglect the transmission constraints
(51) and (52), and introduce the additional set of constraints
(54) account for the overall demand-supply equilibrium:

∑

i∈I

pi(k) =
∑

j∈J

∑

n∈Nj (k)

pD
n,j (k),∀k ∈ K. (54)

1) Case A: proposed NCMCP model without network con-
straints (51) and (52);

2) Case B: hydraulic constraints (47)–(49) are neglected in
the proposed NCMCP.

Hydro and thermal generation scheduling for Case A is given
on Table IV. As expected, thermal generating units have lower
participation in the demand supply, due to their higher offer
values. Figs. 5 and 6 compare the scheduling for hydro plants and
thermal units, respectively, for cases A and B. Note that hydro
generation is artificially higher in Case B, due to the absence of
the hydraulic constraints. Due to the reduced supply of hydro
generation, we may notice an increasing thermal generation in
Case A, so as to supply the elastic demand.

TABLE IV
HYDRO AND THERMAL GENERATION SCHEDULING FOR CASE A [MW]

Fig. 5. Total hydro generation for cases A and B.

Fig. 6. Total thermal generation for cases A and B.

The values obtained for the objective function in cases A and
B were $ 1943767.99 and $ 2081613.98, respectively. We may
verify an artificial increase in the social welfare function from
Case A to Case B. This is justified by the increase in cheaper
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Fig. 7. Evolution of hourly market clearing prices and demand.

TABLE V
AVERAGE INTERPOLATION ERRORS FOR THE NONLINEAR PERFORMANCE

CURVES OF HYDRO PLANTS

hydroelectric generation, thereby increasing the production and
consumption surpluses in (1).

Fig. 7 shows the hourly market clearing prices and the ac-
cepted demand for Cases A and B. We observe that in both
cases, prices tend to follow the demand curve, as expected. It is
noticeable that the hydraulic constraints have a significant im-
pact on prices. In most periods of the day, prices are artificially
lower for Case B. In Case A, when hydraulic constraints are ef-
fectively introduced, and due to the drought situation in which
water becomes scarce, energy prices raise. Moreover, we may
note a decrease in the accepted demand bids for Case A. This
occurs because hydro constraints tend to decrease the supply of
hydro generation, therefore, thermal units may have the oppor-
tunity to increase their generation. However, thermal generation
is more expensive and it is not always accepted by the elastic
demand.

In order to verify the errors of the linearization technique for
the performance curves adopted, we compare the optimal power
output values calculated by the model proposed in all periods,
and for all plants, with the ones calculated using the “real”
nonlinear hydroelectric power generation function, described in
Section II-I of the paper. The interpolation errors obtained by
such comparison are listed in Table V for each hydro plant.

We observe in Table V that average errors are within accept-
able bounds (most are below 1%) and the corresponding values
of standard deviation show that the dispersion for the set of data
values used (we worked with 209 operational points) is also
small.

TABLE VI
STRUCTURE OF OFFER BLOCK PRICES—CASES C AND D

TABLE VII
DAILY SPILLAGE AND WATER DISCHARGE VOLUMES FOR CASES C AND D

C. Impact of Strategic Offering on the Hydraulic Operation of
Cascades

In this section, cases C and D are compared in order to an-
alyze the impact of the strategic offering of the hydro plants
on the operation of the cascade. Therefore, in these cases, we
also neglect transmission constraints (51)–(52) and introduce
the additional set of constraints (54) to account for the overall
demand-supply equilibrium.

1) Case C: The proposed NCMCP model is solved consid-
ering that plants 1–4, 7 and 8 provide lower offer block
prices in the auction when compared to Case D. There-
fore, the offer block prices are set in an ascending order
from upstream to downstream in the cascade.

2) Case D: The proposed NCMCP model is solved consid-
ering that plants 5, 6, 9 and 10 provide lower offer block
prices in the auction in relation to the Case C. Thus, offer
block prices are set in descending order from upstream to
downstream in the cascade.

The structure of the offer block prices for cases C and D is
shown in Table VI.

The hydraulic operation of the cascade is evaluated by calcu-
lating the total daily volumes associated with water discharges
and spillages of each plant, in each case studied, and check-
ing how such hydraulic variables are affected by the different
strategies of offer prices for cases C and D.

Table VII shows total daily volumes associated with water
discharge and spillage, and daily energy produced by hydro
plants. The upstream plants 1–4, 7 and 8, which increased their
offer prices from case C to D, experience a reduction in their
total daily energy, and as a consequence, these plants also reduce
their water discharge volumes. This occurs because consumers
tend to buy energy at lower prices in the auction, as expected.
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The opposite occurs in the downstream plants, 5, 6, 9 and 10,
which decrease their offer prices from case C to D. These plants
experience an increase in their daily energy produced and in
water discharge volumes.

It is also noticeable from Table VII that the upstream plants
increase their daily spillage volumes from case C to D. The
explanation for that lies in the offer block structure: the up-
stream plants (with higher offer prices) transfer water volumes
to the downstream plants (with lower offer prices) by increasing
their spillage volumes. This mechanism relocates water/energy
from the most expensive plants (upstream) to the cheapest ones
(downstream). In summary, the spillage from upstream plants,
has the purpose to transfer water/energy to the downstream
plants in order to generate more energy in cheaper plants. The
results described in Table VII show that the operation of a hy-
draulic cascade can be significantly affected by the offer prices
provided by hydroelectric plants in the cascade. We may say
that the operation of the hydraulic cascade is guided by the offer
prices.

We notice that if upstream and downstream plants are owned
by different generation companies, a company may have to
transfer water from its own reservoirs to the reservoirs of other
companies, so that they may generate more energy. This practice
could face some resistance from the generation companies. On
the other hand, once water is a public good it must be used to
generate energy as efficiently as possible. It is also important to
consider that the decision to generate more or less energy in a
given plant is not imposed by the system operator, it is the result
of a competitive offer price structure in the auction. Thus, if a
company is willing to generate more energy, it should provide
more competitive prices in the auction.

We observe that in this type of operation the ISO accumu-
lates additional functions, since he also has to coordinate the
operation of hydraulic cascades in hydropower systems. Since
the ISO is the entity responsible for ensuring system security
and reliability, which are closely linked to hydro availability
in hydropower systems, it is reasonable that he also becomes
responsible for coordinating the hydraulic operation.

Finally, we analyze the values obtained for the objective
function in cases C and D, which were $ 1793993.01 and
$ 2067444.03, respectively. Note that in the case C, the hy-
droelectric plants with lower prices (the most upstream plants
in the cascade) are also those with lower installed capacity. This
reduced capacity causes a reduction in the production surplus
reducing social welfare, as expected.

D. Impact of the Transmission System Representation

In order to analyze the impact of the transmission system
representation on the market clearing prices and on the over-
all computational burden for solving the NCMCP model, we
adapted the IEEE reliability test-systems with 24, 48 and 73
buses (we used the systems in [24] for the instance provided
in Appendix B of [26]) respectively, by replacing most thermal
units by hydraulically coupled hydro plants with similar power
capacity. Data for the hydro plants were extracted from the
Brazilian system [17]. The generating stations were connected

TABLE VIII
MAPPING OF THE GENERATING STATIONS INTO THE GRID

TABLE IX
EVALUATION OF THE COMPUTATIONAL BURDEN ASSOCIATED WITH NETWORK

AND HYDRAULIC CONSTRAINTS

to the grid as described in Table VIII, where the first 13 gen-
erating stations are hydro plants, while the remaining two are
thermal units. These data are doubled and tripled, respectively,
for the 48- and 73-bus systems.

Evaluation concerning the computational burden associated
with network and hydraulic constraints are synthesized in Ta-
ble IX, for 4 different case studies:

1) Case E: network constraints (51) and (52) as well as hy-
draulic constraints (47)–(49) are neglected in the proposed
NCMCP. The additional set of constraints (54) is intro-
duced to represent the overall demand-supply equilibrium;

2) Case F: network constraints (51) and (52) are neglected
in the proposed NCMCP. The additional set of constraints
(54) is introduced to represent the overall demand-supply
equilibrium;

3) Case G: hydraulic constraints (47)–(49) are neglected in
the proposed NCMCP;

4) Case H: complete proposed NCMCP model.
Note in Table IX that for Cases F and H involving the 73-bus

system, the execution was terminated after 30 min, with a non-
null final gap. This occurred because the branch-and-bound tree
has not been totally explored, however the results are very close
to the optimal.

By comparing Cases E and G, we may assess the impact of
network constraints on the computational time for solving the
problem. Computational times for Case G are greater than the
ones obtained for Case E, as expected. By comparing Cases E
and F, we may assess the impact of hydraulic constraints on
the computational time, which is substantially greater than the
impact of network constraints for this instance of the problem.
The computational burden for the complete NCMCP model
(Case H), which involves a huge number of constraints and
variables, is the greatest, as expected.

To evaluate the impact of the transmission system in market
clearing prices we worked with the complete NCMCP model
(Case H) and solved the 73-bus system, which is divided in three
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Fig. 8. Average market clearing prices and power exchanges among areas
obtained for the 73-bus system.

subnetworks (Areas 1, 2 and 3). We explored a situation in which
Areas 1 and 2 are facing a wet season, while area 3 is facing a
drought. For simulating such situation we introduced high values
of water inflow data for the reservoirs in Areas 1 and 2 and low
values of water inflow data for reservoirs in Area 3. We made the
same with initial volumes in the reservoirs of such areas. Due to
the abundance of water in Areas 1 and 2, we adopted small offer-
block prices for the hydro plants in these areas, and higher offer-
block prices for the hydro plants in Area 3, reflecting the higher
water value in this area, associated with the drought. Average
market clearing prices and power exchanges among areas for
each period, calculated by the proposed NCMCP model, are
shown in Fig. 8.

We notice that average market clearing prices are higher in
Area 3 because of the drought which leads to higher offer-block
prices in this area. Note that power exchanges among areas
are on their maximum values (175 MW) in almost all periods
and that these flows are oriented from Areas 1 and 2 (with
lower prices) to Area 3 (with higher prices), in an attempt to
equalize prices among areas (in accordance with power system
economics) [27].

Therefore, the differences in average market clearing prices
among the areas, shown in Fig. 8, are associated with the network
congestion (in the tie-lines) and losses. In order to corroborate
this result, we artificially eliminate the network congestion by
setting maximum power limits in the tie-lines to 400 MW. The
new values for average market clearing prices and power ex-
changes for each period, calculated by the NCMCP model, are
shown in Fig. 9.

Note that power exchanges increased significantly in almost
all periods in order to reduce the differences in average market
clearing prices among the areas. However, a difference still
remains which is associated with network losses. In order to
corroborate this, we artificially set the system losses to null, by
eliminating the constraints associated with loss linearization.
The new values for average market clearing prices and power
exchanges for each period, calculated by the NCMCP model,
are shown in Fig. 10.

Therefore, Fig. 10 shows that by eliminating congestion and
losses, the impacts of the transmission network are mitigated,

Fig. 9. Average market clearing prices and power exchanges among areas
obtained for the 73-bus system—without congestion.

Fig. 10. Average market clearing prices and power exchanges among areas
obtained for the 73-bus system—without congestion and losses.

and the average market clearing prices are identical throughout
the system. For an “unlimited” transmission, we observe that
the energy stored in the reservoirs of Areas 1 and 2 can be
reallocated to supply demand in Area 3.

VI. CONCLUSION

This paper proposes a Network-Constrained Market Clear-
ing Procedure (NCMCP) model for a pool-based energy market
of hydrothermal systems, formulated as a mixed-integer linear
programming problem. The NCMCP consists of a multiperiod
auction model whose objective is to maximize social welfare
while taking into account modeling aspects related to a hy-
drothermal system. The NCMCP model proposed presents the
following contributions: i) hydraulic constraints such as nodal
water balance, limits on water discharge, spillage and reservoirs
volumes, as well as the water release ramp rates are considered
in detail; ii) the net head of the reservoir is formulated by appro-
priate linearization techniques; iii) the hydroelectric power gen-
eration function is formulated by means of a three-dimensional
interpolation technique which assures good approximations.

Results obtained in the first case study reveal that the repre-
sentation of hydraulic constraints have a significant impact on
market clearing prices as well as on generation and consump-
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tion scheduling. Therefore, neglecting such constraints in the
auction model may lead to unrealistic market clearing prices
and scheduling and also to short-term decisions that are not co-
ordinated with medium-term generation planning, which may
result in future scarcity or waste of water. The second case study
evaluates the impact of strategic offering of hydro plants in the
operation of a hydraulic cascade. From the results, it is possible
to verify an intrinsic operative rule that reallocates water (en-
ergy) from the most expensive hydro plants (higher offer prices)
to the cheapest ones (lower offer prices), so that the cascade op-
eration is oriented by the offer prices of the hydro plants in the
auction. This transfer of water volumes is an interesting opera-
tive rule if all plants in the cascade belong to the same generation
company. However, if upstream and downstream plants belong
to different generation companies, this form of operation may
not be so easily accepted, once a company must transfer water
to the reservoirs of other companies. On the other hand, once
water is a public good it must be used to generate energy as
efficiently as possible. It is also important to consider that the
decision to generate more or less energy in a given plant is not
imposed by the system operator, it is the result of a competitive
offer price structure in the auction. Thus, if a company is will-
ing to generate more energy, it should provide more competitive
prices in the auction.

The third case study focused on the evaluation of the impact
of the transmission system in market clearing prices. For such
a purpose, we simulated a three-area network in which two
areas were facing a wet season and the other one was facing a
drought. The results revealed that the average prices of the areas
tend to equalize as long as the transmission system losses and
congestion are neglected. As expected, network congestion and
losses have a significant impact of system prices.

APPENDIX A
THERMAL GENERATION CONSTRAINTS

In this section we present the thermal constraints described
in [1] and [13] and used in the NCMCP model here proposed.
Constraints (55)–(57) describe the maximum available power
output and ramp rate limits:

pc(k) ≤ Pc(k) [zc(k) − zdc(k + 1)]

+ SDczdc(k + 1),∀c ∈ C,∀k ∈ {1, . . . , T − 1} , (55)

pc(k) ≤ pc(k − 1) + RUczc(k − 1) + SUczuc(k),

∀c ∈ C,∀k ∈ {2, . . . , T} , (56)

pc(k − 1) − pc(k) ≤ RDczc(k) + SDczdc(k),

∀c ∈ C,∀k ∈ {2, . . . , T} . (57)

In (55) and (56) the upper limit of the maximum available
power output is defined considering the actual power output,
start-up, shut-down and ramp-up rate limits. The constraints
(57) set the ramp-down and shut-down ramp rate limits.

The constraints (58)–(60) enforce the minimum up-time. De-
tails concerning the logic of these constraints are given in [1].

Gc∑

k=1

[1 − zc(k)] = 0,∀c ∈ C, (58)

k+U Tc −1∑

τ =k

zc(τ) ≥ UTczuc(k),∀c ∈ C,

∀k ∈ {Gc + 1, . . . , T − UTc + 1} , (59)

T∑

τ =k

[zc(τ) − zuc(k)] ≥ 0,∀c ∈ C,

∀k ∈ {T − UTc + 2, . . . , T} . (60)

The constraints (61)–(63) enforce the minimum down-time
and are analogous to (58)–(60):

Fc∑

k=1

zc(k) = 0,∀c ∈ C, (61)

k+DTc −1∑

τ =k

[1 − zc(τ)] ≥ DTczdc(k),∀c ∈ C,

∀k ∈ {Fc + 1, . . . , T − DTc + 1} , (62)

T∑

τ =k

[1 − zc(τ) − zdc(k)] ≥ 0,∀c ∈ C,

∀k ∈ {T − DTc + 2, . . . , T} . (63)

APPENDIX B
LINEAR NETWORK CONSTRAINTS

In this section we present the linearization technique de-
scribed in [5] for the active power flows and losses. The ac-
tive power flows in a branch (b, r) are represented by nonlinear
functions, that are commonly written as in (64) and (65):

fb,r (k) = Pbase

[
ploss

b,r (k)
2

+
δb(k) − δr (k)

Xb,r

]

,

∀k ∈ K,∀(b, r) ∈ Λ, (64)

fr,b(k) = Pbase

[
ploss

b,r (k)
2

+
δr (k) − δb(k)

Xb,r

]

,

∀k ∈ K,∀(b, r) ∈ Λ, (65)

where the quadratic losses are represented by (66):

ploss
b,r (k) = Gb,r [δb(k) − δr (k)]2 ,

∀k ∈ K,∀(b, r) ∈ Λ. (66)
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In order to linearize the losses in (66), the constraints (67)–(72)
described in [5] are used:

ploss
b,r (k) = Gb,r

N B∑

ρ=1

αb,r,ρδb,r,ρ(k),

∀k ∈ K,∀(b, r) ∈ Λ, (67)

0 ≤ δb,r,ρ(k) ≤ Δδρ ,∀k ∈ K,∀(b, r) ∈ Λ,

∀ρ ∈ {1, . . . , NB} , (68)

δabs
b,r (k) =

N B∑

ρ=1

δb,r,ρ(k),∀k ∈ K,∀(b, r) ∈ Λ, (69)

δabs
b,r (k) = δ+

b,r (k) + δ−b,r (k)

∀k ∈ K,∀(b, r) ∈ Λ, (70)

δ+
b,r (k) − δ−b,r (k) = δb(k) − δr (k),

∀k ∈ K,∀(b, r) ∈ Λ, (71)

δ+
b,r (k), δ−b,r (k) ≥ 0,∀k ∈ K,∀(b, r) ∈ Λ. (72)

The constraints (67)–(69) represent the active power losses as a
piece-wise linear function, while (70)–(72) linearize the abso-
lute value of the angular difference in each branch.
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