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Abstract

Could aging provide survival advantages to a microbial population? In this thesis we
explore the notion of aging in microbes, which is very different from aging in multicellular
organisms. First, we review the use of stochastic processes and their analytical approaches in
the analysis of population dynamics. Finally, with the use of these techniques, we develop a
model and use it to investigate whether an aging population may have a survival advantage
as compared to non-aging ones, these results could provide us with clues about the origin of
aging in macroscopic life.

Key-words: Aging; Senescence; Bacteria; Immortality; Stochastic Simulation; Population
Dynamics

Field of knowledge: Biological Physics; Population Dynamics; Evolutionary Dynamics
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Resumo

Pode o envelhecimento fornecer vantagens de sobrevivência para uma população micro-
biana? Nesta tese, exploramos a noção de envelhecimento em micróbios, que é muito diferente
de envelhecimento em organismos multicelulares. Primeiro revisamos o uso de processos es-
tocásticos e suas abordagens anaĺıticas na análise da dinâmica populacional. Finalmente,
com o uso dessas técnicas, desenvolvemos um modelo e o utilizamos para investigar se uma
população idosa pode ter uma vantagem de sobrevivência em comparação com outras que
não envelhecem, esses resultados podem nos fornecer pistas sobre a origem do envelhecimento
na vida macroscópica.

Palavras-chave: Envelhecimento; Senescência; Bactéria; Imortalidade; Simulação estocástica;
Dinâmica populacional

Campo do conhecimento: F́ısica Biológica; Dinâmica de População; Dinâmica Evolutiva
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1 Introduction

Sooner or later, without exception, the destiny of every human being is death. Even

under ideal conditions, where an infinite amount of resources and protection against environ-

mental hazards are provided, a human will eventually die. This is a consequence of aging,

an inevitable characteristic of the human being.

We share this destiny with many other life forms on Earth, and therefore it is natural

to believe that aging is a characteristic of all living beings. However, if, as is often argued,

nothing in biology makes sense except in the light of evolution [1], and evolution is focused on

increasing fitness, then how can aging agree with evolution? Does not aging diminish fitness?

The answer should be related to reproductive and survival advantages of aging populations.

To answer this question, it is very interesting to recognize the existence of living beings, from

the very small, such as bacteria, to those of considerable sizes, such as Hydras, which do not

go through senescence, the deleterious effect of aging. In fact, in many theories about the

origin of life, an immortal original cellular organism is proposed [2].

Single-celled organisms, such as bacteria, have been a hot topic in recent decades and will

be the focus of this thesis. For them, aging is directly related not only to the accumulation of

damage over time but also to its reproduction mechanism. Some mother bacteria share half

their age in reproduction, turning the original specimen into two identical daughters, while

other bacteria have a reproduction strategy closer to the one of the human being, where the

mother maintains her age, and the daughter is born with no senescence.

Given the existence of non-aging specimens, the evolutionary forces that led living beings

to age are not always present, or some non-aging benefits outweigh them under certain con-

ditions. However, determining these conditions in experimental studies is a challenging task,

mainly due to the long time scales in which evolutionary processes such as the emergence of
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aging occur. To use theoretical and computational models provides a solution to this prob-

lem. Discrete population models are particularly useful when demographic processes, such

as reproduction or death, are considered stochastic events at the individual level. Under

appropriate mathematical manipulations, it is possible to extrapolate the consequences of

these processes to the population level. Using these stochastic frameworks, we can establish

individual age-related advantages and observe their effect on the population.

To observe the effects of aging and different reproduction strategies, we developed a

stochastic model that mimics the dynamics of a microbial population. We consider the ef-

fects of senescence on the mortality rate and how it interacts with different reproductive

strategies to determine the size of the population in the stationary-state. Our model also,

being stochastic, originates from processes at the individual level, so we have direct control

of the parameters used. Using this model, we investigate the benefits that aging offers to

populations and analyze the conditions in which aging should or should not appear in mi-

crobes.

This thesis is structured in the following way. In section 2 we introduce basic concepts

related to aging and its evolutionary origins, senescence, and microbial aging. Then, in sec-

tion 3 we present a review of the use of stochastic dynamics to study population dynamics.

Analytical methods such as the generating function or mean field theory are presented to-

gether with the numerical method of Gillespie to simulate the complete stochastic dynamics.

In section 4 we present our model and how to obtain predictions from it using analytical and

numerical methods. Finally, in section 5 we analyze the effect of aging and how different

reproduction strategies affect the persistence of microbial populations. We end this thesis

with a discussion of our results and future directions.
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2 Aging: Definition and Motivations

2.1 Aging

Aging is a concept deeply present in our minds. One is born without age, and as time

passes, one grows older and older. The concept of age, when we think of humans and most

multi-cellular life forms, is so tightly related to time that we use it as a synonym. A baby, who

is two-year old, is considered young, in contrast to a ninety-year grandfather who is considered

old. However, in general, the relationship between age and time is not that simple. Microbes

are an excellent example of the existence of more complex relations between age and time.

That is why we need a more precise definition of age and how it generally affects living beings.

2.1.1 Causes of Death

To have a precise definition of age, we must first consider death and its causes. Every

organism, from the tiniest microbes to the largest animals and plants, are always at risk of

dying, and age is related to that. These causes of death can be classified into two categories:

External Hazards

Hazards caused by factors independent to the individual that can eventually kill it. In Fig(1)

we summarize these hazards at the level of microscopic dynamics1, where we identify three

classes:

• Related to environmental phenomena. For example, a fire that kills animals in the

forest, or a burst in the concentrations of antibiotics used to kill bacteria responsible of

infections. In Fig(1), we show an individual who, after the appearance of a “lightning

bolt” which is an environmental hazard, disappears, subtracting one individual from

the population.

1By microscopic dynamics, in this work, we mean a process that is described at the level of individuals, i.e.
one specimen being killed, or one giving birth. It is opposed to macroscopic dynamics, where only processes
at the population level are described.
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• Predation, or more generally, transfer of biomass from lower to higher levels of the

trophic chain. As examples, we have the grass as a “prey” of the zebra and the zebra

itself as the prey of the lion. In Fig(1) it is represented by the interaction between two

individuals from different populations, one brown and one green, which makes one of

them disappear.

• Competition for a shared resource between individuals belonging to the same or different

species. In this scenario, the limited amount of resources regulates the size of the

population. For example, with a limited amount of food, some members of a wolf

pack may die due to starvation. In Fig(1), we observe two specimens from the same

population, whose interaction results in the survival of only a single individual.

Environmental Phenomena

Predation and Hunting

Competition for Resources

Figure 1: Microscopic representations of the effect of external hazards.

However, even under perfect conditions, where no external hazard is present, organisms

die. This is a consequence of the appearance of internal malfunctions.

Internal Malfunctions

Failure of homeostasis, the preservation of the internal condition necessary to keep a living

being alive. These errors are caused by the accumulation of damage, which has its origins in

mutations and “scars”:

• Mutations that affect the function of the organism [3]. A common example of this

situation is the appearance of cancer in humans and other multi-cellular organisms.

14



• “Scars” or failed repairs in the development and recovery of the organism [4][5]. A scar

on the skin can be seen as an imperfection, and a similar situation is present within

our cells.

Internal Malfunctions

Figure 2: Microscopic representation of the effect of internal malfunctions.

Over time, this damage, quantified by the value of D, accumulates and produces a less

efficient internal function, eventually leading to the death of the organism. In Fig(2) we

present a schematic representation of this process.

2.1.2 A Definition for Aging

In this work, we define aging as the decrease in the reproductive and survival capacity

of an individual, and therefore, it also decreases the fitness of a specimen. Following this

definition, consider the following example: Suppose there is a newborn cell at time t = 0,

with zero damage D = 0. As time passes, our specimen accumulates damage, represented by

brown stars in Fig(3), as a result of homeostatic processes.

Recovery

Figure 3: In order to define age, we have to relate it to time or to accumulated damage.

At time t = 1, the cell has accumulated damage D = 1 and, at time t = 2 damage D = 2.

Since the accumulated damage increases by one at ∆t = 1, we might be tempted to define

the age of our specimen equal to the elapsed time t since its birth. This is, for instance, the

case in humans, since the accumulated damage always increases with time [6]. However, the

monotonic growth of D is not universal and it is, indeed, not present in many microorganisms.
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In these living beings, for example, throughout their life cycles, they may decide to allocate

part of their energy to rebuild or repair damaged structures. This is illustrated in Fig(3) by

the reduction in the number of brown stars between t = 2 and t = 3. Finally, this damage

reallocation can also be result of different reproduction strategies.

Following the definition of aging as decrease in survival capabilities, and considering the

organism in Fig(3) which is less likely to die due to internal malfunctions at time t = 3 than

at time t = 2, we say that the organism is younger at t = 3, than at t = 2. Following this

reasoning, we conclude that the age of our living being is not quantified by the

time elapsed since birth, but by the accumulated damage age = D. It should be

noted that the age of an organism in our model could decrease over time.

Finally, following this definition of aging, we call immortal specimens to those specimens

that have a bounded age, for example a specimen that is born with D = 2 and reproduces

dividing its damage symmetrically every time it reaches D = 4 so it has D = 2 after each

reproduction process, and D ∈ [2, 4]. This definition is opposed to that of mortal living

beings which are specimens that have an unbounded age, like the case of human beings were

age increases monotonically until death. In this sense, even if a specimen is what we call

immortal, it can die due to external hazards, competition, or even internal malfunctions

present in its available age ranges, but it can not be arbitrarily old.

2.2 Origins of Aging

The seemingly contradiction between the effects of aging on fitness and its recurrent

evolutionary success across the tree of life has led to several theoretical attempts to explain

the origin and evolutionary stability of aging [7][8]. In this section, before moving on to more

technical aspects of our study, we review some of the strongest hypotheses[2][9][10].
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2.2.1 Resources Limitations

At the individual level, a specimen has a limited amount of energy that has to be allocated

to perform several tasks, such as protection, feeding, reproduction, and self-maintenance. If

the latter did not require effort, a contradiction between aging and evolution would arise,

because populations without internal malfunctions are less likely to die, and therefore they

produce off-springs over a longer time than mortal ones, resulting in populations with higher

fitness. This is the origin of the apparent contradiction presented above. However, there is

an amount of energy needed to recover, and the more you invest in it, the less you will invest

in other functions.

Only taking into account the processes of reproduction and self-maintenance, we find

that different species, led by evolution, search for the optimal allocation of limited internal

resources in each of these tasks [11][12]. If members of a species invest heavily in repair

and live a long time, then they reproduce later and their chances of dying due to events

beyond their control increase. Take, for example, an animal A that spends most of its energy

in repairing internal damage, and, as a result, it has fewer resources available to grow and

takes longer to reach sexual maturity compared to other species B with a shorter lifespan.

In this scenario, B does not only have an advantage in terms of population growth rate,

but it also has a higher probability of producing offspring before an external hazard kills

it. Remember that the presence of external hazards do not depend on the way individuals

age, and therefore affect in the same way individual A and B. If the probability of dying

as a result of an external hazard is considered constant over time, the chances that a given

individual is alive at a time t decrease exponentially with t. Therefore, the evolutionary

trade-off between reproducing earlier and dying sooner and reproducing later and dying later

explains the emergence of aging.
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2.2.2 Mutation Pressure

Assuming that the probability of dying as a result of a external hazard is constant over

time, the number of individuals from older generations is exponentially smaller compared to

the number from new ones. Therefore, the majority of newborn cells will be the result of the

reproduction of new generations and natural selection will focus mainly on the genes of young

parents. As a consequence, for example, mutations that appear and cause little benefits to

young organisms but have deleterious effects in older populations [13][14], would still have

possibilities to spread to new generations and be natural selected. On the other hand, genes

that benefit older populations and that could lead to immortality, even if they do not affect

young members of the population, will have a hard time propagating and being selected for

evolution, due to the relative small number of old members in this population.

2.2.3 Faster Adaptability

Finally, an important advantage experienced by organisms that allocate resources to

reproduction instead of maintenance [14], is that short generation times can accelerate evo-

lution and therefore provide faster adaptability to changing environmental conditions. This

is especially important in highly erratic environments where adaptation is required in short

periods. An example of these advantages is present in bacteria which have shown rapid

adaptation to changes in antibiotic concentrations. Regardless of whether bacteria have a

long lifetime under ideal conditions or not, they are prone to dying from antibiotics with the

same chances. If bacteria take considerable time to reproduce, a periodical treatment could

lead them to extinction since they do not have chances of accumulating mutations and adapt

to the presence of antibiotics in the extracellular medium, something that fast-reproducing

bacteria are able to do.

It should be noted that these hypotheses are not mutually exclusive and we expect that

the consequences of all these processes add up. However, despite the presence of these advan-

tages, some living beings, from microbes to larger organisms like the hydra, have developed
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“immortality”, or not aging features. In this context, an interesting question may arise: are

there limits when aging is better than immortality and vice versa? What are these limits?

Should they be given by the environment, internal competition, or a combination of them? In

this thesis we develop a new mathematical approach to answer these questions. Specifically,

in section 4 we present the framework and in section 5 we answer these questions by focus-

ing on whether or not aging provides survival benefits to populations under environmental

conditions.

2.3 Aging in Microorganisms

A few decades ago, microorganisms were commonly believed to be “immortal” or, in

other words, that their accumulation of damage, D, were bounded, and therefore, they did

not “age” to be very old. This belief was based in two reasons:

• In symmetric reproduction, cell material is duplicated before division, and because this

division is symmetric, both resulting cells get the same amount of new and old material.

This process eventually makes the original cell younger after each reproduction process,

and bounds the range of ages of the species.

• As mentioned earlier, for microbes, the number of individuals in older generations is

exponentially smaller than in younger generations. Taking this into account, and that

the reproduction characteristic timescale is quite short in cells, we have a tremendous

ratio between the members of young and old generations. As a consequence, in bacteria

colonies, it has been very difficult to observe specimens with large age, since the younger

ones overwhelmed them in number.

2.3.1 Strategies of Reproduction

Symmetric Reproduction

If mitosis is completely symmetric, the damage accumulated by a parent cell is shared equally
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between the two daughters, this leads to a cell division process as shown in Fig(5). This sce-

nario results in a bounded age range and as a consequence, an immortal population emerges

as observed in Fig(5), where, for simplicity, we fixed the time required for reproduction, or

generation time, to 2∆t, a time that determines the values between which the specimen age

oscillates. Here we observe that, even after several generations, all the individuals present in

the population have had a maximum of D = 4, just before reproducing, and a minimal age

of D = 2, which makes the specimen immortal as shown in the Fig(6).

Figure 4: Microscopic representation of symmetric reproduction.

Time

Figure 5: Population dynamics for a population with symmetric reproduction and fixed ∆t.
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Figure 6: Age distribution of the population of Fig(5) at time t = 8∆t.

Asymmetric Reproduction

In contrast to the symmetric reproduction strategy, the asymmetric reproductive parent cell

retains the total damage accumulated while giving birth to a daughter, which is born with

no damage [15] as shown in Fig(7). Here we see a clear difference between the two cells

that result from the reproductive event, and it is very intuitive to think about one cell as

the “mother” and the other as the “daughter”. The former is the one that keeps all the

damage, while the latter is the one that receives all the new DNA and structures. This way

of distributing damage, and therefore age, is very similar to that followed by humans and

most multi-cellular organisms.

Asymmetric reproduction allows a diversity of ages [16] in the population, even when

generation times are fixed, which is the case for Fig(8). Here we observe that the age of

the members vary from D = 0 to D = 6. If only internal malfunctions are considered as

the causes of death, we expect the age distribution to behave as an exponential, and Fig(9)

shows that individuals tend to accumulate at lower ages, although the exponential behavior

is not observed due to the low number of cells considered in the population of Fig(8).
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Completely Asymmetric

Figure 7: Macroscopic representation of symmetric reproduction.

Time

Figure 8: Population dynamics given asymmetric reproduction.
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Figure 9: Age distribution of a population with asymmetric reproduction.

Partially Asymmetric Reproduction

It is important to know that the symmetric and asymmetric reproduction are not isolated

strategies. There is a continuum of reproductive strategies defined by the fraction of the

damage that goes to each cell. Strategies within this continuum can be labeled by a sin-

gle parameter µ between 0.5 and 1, where 0.5 means symmetric reproduction, and 1 means

asymmetric reproduction, which are probably evolutionary connected through a smooth tran-

sition. As a consequence, we also have populations with partially asymmetric reproduction

strategies as shown in Fig(10), where the damage is shared, but not in equal amounts between

the daughters.

Partially Asymmetric

Figure 10: Microscopic representation of partially asymmetric reproduction.
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2.3.2 Biological Mechanisms of Sharing Aging

Symmetric and asymmetric reproduction, as well as all the other strategies that lie in

the continuous spectrum between them, are better understood in microbes [17]. There are

different mechanisms to achieve these strategies, where microorganisms sequester the damage

in their daughters, for example:

• Morphological asymmetric reproduction[18]

A paradigmatic example of a microorganism that uses this strategy is Saccharomyces

cerevisiae, a yeast widely used by humans in the production of wine and bakery. Here,

the parent cell places all its damage on the daughter.

In Fig(11) we can observe that the original cell has high damage inside, represented by

darkness, and divides its nucleus in two while the damage is actively secreted in one

region. Later, organelles are also formed in this region, and a “wall” is built at the neck

of the partition. Once this process is complete, we find that one of the daughter cells

is similar in size to the original one, but it is younger, along with a smaller daughter

cell with most of the damage.

Bud with Nucleus Daughter Yest Cells

Organelle

Nucleus

Parent Yest Cell Developing Bud

Figure 11: Morphological asymmetric reproduction.

• Cryptic asymmetric distribution

This is a method used by Escherichia Coli, a bacterium generally found in the digestive
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system of mammals. Take, as an example, one of these bacteria with age zero, with the

restriction that they reproduce every ∆t and that in this time interval they accumulate

a certain level of internal damage, represented by two brown stars. As we can see

in Fig(12), after a time ∆t the E. Coli cell has spread its damage on two opposite

poles and then splits in the middle so that the damage is distributed equally between

the two daughters. However, an asymmetry begins to appear in the next generations

because the mothers, after another ∆t, have different damage in each pole, resulting in

daughters with different ages.

Figure 12: Cryptic asymmetric distribution

2.3.3 Different Aging Distributions and Dominance of one Reproduction Strat-

egy

Looking back at the different reproduction strategies, we find two clear ways in which

cells can distribute their internal damage upon division, which are symmetric and asymmetric

reproduction, along with a continuous connection between them. We observe that asymmetric

reproduction leads to our standard concept of aging, similar to humans aging, and symmetric

reproduction, by not allowing great age variation, confers “immortality” on the individual. It

is worth noting that we expect a continuous transition between these reproductive strategies,

as represented by the full spectrum of partially asymmetric distribution.
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Each of these strategies leads to a different age distribution within the population. For

example, we show in Fig(13) a superposition of the normalized population age distributions

presented in Fig(6) and Fig(9). Finally, as a key part of this work, the shape of the dis-

tributions could be beneficial/detrimental to the total population, so a question may arise:

does each of the reproductive strategies, as represented by different age distributions, provide

survival benefits to populations in different environmental contexts?
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Figure 13: Age distribution for symmetric and asymmetric reproduction.

26



3 Population Dynamics with Stochastic Processes

In this section we provide a brief review of the most important concepts and tools in the

study of population dynamics. We first revisit the two simplest growth models for single-

species populations: exponential and logistic growth. We then show how these model can

be derived from the microscopic interactions that occur at the level of the individuals that

constitute the population.

3.1 Short Overview on Population Dynamics.

3.1.1 Exponential Growth

We explore the exponential growth, which is the simplest population dynamics [19]. For

many microorganisms, such as bacteria or yeast, reproduction consists of a parent cell that

divides into two. We referred to the average time it takes for a new daughter cell to grow

and divide as the generation time tr .

If we fix tr to a constant for each member of the population, and n0 the initial number

of members, our reproduction process will follow a geometric progression:

n(t) = n02t\tr , (3.1)

where \ represents integer division. On the other hand, if we consider the population number

n(t) as a continuous, where the integer division is no longer a problem, the growth will be

exponential [20]:

n(t) = 2
t
tr n0

= e
ln(2)
tr

tn0

= ertn0,

(3.2)

where we have defined r = ln(2)/tr as the birth rate per bacteria. Both growth dynamics

are compared in Fig(14).
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Figure 14: Continuous and discrete (geometric progression) population growth for a reff =

ln(2)/20.

We can add a death rate per bacteria d. It will affect growth curves in a similar way to

r, but with opposite sign. Therefore, we can define the difference between r and d as the

effective growth rate per bacteria reff and the population will continue to grow exponentially

but with a different characteristic time scale:

n(t) = e(r−d)tn0. (3.3)

Finally, the reproduction-death process can be written in terms of an ODE of which the

Eq. 3.3 is the solution to this reproduction-death process. In this ODE, population growth

rate is proportional to the total number of individuals n(t):

d

dt
n(t) = (r − d)n(t)

= reff n(t).

(3.4)
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3.1.2 Logistic Growth

Exponential growth is a good model for populations when there is no shortage of resources

for individuals. However, one of its consequences is that n(t) can grow infinitely, this being an

unrealistic scenario because the resources necessary for growth will eventually become scarce.

To consider resource limitation, we can add a negative quadratic term to the differential

equation 3.4 [19]:

d

dt
n(t) = r n(t)− r

K
n(t)2. (3.5)

Here, the constant K is called the carrying capacity and is the non-trivial stable fixed

point of the equation. The differential equation for logistic growth can be solved analytically:

n(t) =
Kn0 e

rt

K + n0(ert − 1)
. (3.6)

As this analytical solution shows, for small values of n(t), which are present at small times

for small values of n0, our growth is exponential. Finally, as n(t) increases, it converges to

K as can be see in Fig(15).

0 100 200 300 400 500
0

200

400

600

800

1000

Time, t (arbitrary units)

P
op
ul
at
io
n
si
ze
,n

(t
)

Figure 15: Logistic growth for a reff = ln(2)/20 and K = 103.
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3.2 Population Dynamics From A Stochastic Point of View

3.2.1 Microscopic Dynamics

Macroscopic dynamics are changes on populations as a whole, and microscopic dynamics

are processes at the level of individuals. The most important microscopic processes that we

will consider here are three, summarized in Fig(16).

Birth:

Death:

Competition:

Figure 16: Three main microscopic processes that affect the dynamics of a single-species

microbial population.

Birth

Although sexual reproduction has also been observed in microorganisms [21], in this work

we will only consider microbial populations with asexual reproduction. Asexual reproduction

will occur driven by genome replication followed by cell division, so each time this process

takes place, two daughter cells will result from one mother cell, and the total population will

increase by one. Since birth only depends on the number of potential mothers, the probability

of having a new birth is given by its number n multiplied by the birth rate per individual b.

Death

This is analogous to the birth process but with the opposite effect on population size.

Cell death events represent processes in which an individual disappears as a result of envi-

ronmental hazards, predation, or internal malfunction. As we do not consider changes in the

intensity of external factors that may cause cell death, the mortality rate per individual is

a constant d. The chances of the population to have a death are d multiplied by the total

number n of individuals.
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Competition

This is a process similar to death and has the same consequence, the removal of an

individual from the population. Competition is the result of the interaction of a pair of

individuals from the populations under study, where one of them results in death. For single-

species populations the probability of observing a competitive interaction is proportional to

the competition rate c and the number of possible combinations in the population:
(
n
2

)
. On

the other hand, if we consider more than one species, for example two species labeled by A

and B respectively, the probability of observing a competitive interaction also considers then

interaction between their members: c nAnB.

3.2.2 The Master Equation

Starting from the microscopic dynamics in terms of the events described in 3.2.1, we can

construct a probabilistic description of the population dynamics using the master equation.

A master equation is a dynamic equation that describes how the probability P (n, t) of having

a population of size n at time t, evolves with time. Next, we will see how this probabilistic

description can be derived from the microscopic rates introduced above. To this end, we will

assume that we know all the microscopic rates (birth, death, and competition) as well as the

size of the population at time t. Then it is possible to calculate the probability of finding a

given population size n at time t + dt by considering all the possible events that can occur

within the time interval dt and influence the population size.

First, we must consider the probability that no microscopic event is recorded between t

and t + dt. The probability of maintaining the initial number n is given by one minus the

probability of some microscopic event occurring:

P (n, t+ dt | n, t) = 1− n b dt− n d dt−
(
n

2

)
c dt. (3.7)

Second, we consider the probability that one individual will be added to the population due
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to reproduction:

P (n, t+ dt | n− 1, t) = (n− 1) b dt. (3.8)

Finally, we compute the probability that the population will decrease by one:

P (n, t+ dt | n+ 1, t) = (n+ 1) d dt+

(
n+ 1

2

)
c dt. (3.9)

Putting together all the terms that correspond to each of the possible events that can

make the population size to be equal to n at time t+ dt, we obtain:

P (n, t+ dt) =P (n, t)P (n, t+ dt | n, t) + P (n+ 1, t)P (n, t+ dt | n+ 1, t)

+ P (n− 1, t) P (n, t+ dt | n− 1, t)

=P (n, t)

(
1− n b dt− n d dt−

(
n

2

)
c dt

)
+ P (n+ 1, t)

(
(n+ 1) d dt+

(
n+ 1

2

)
c dt

)
+ P (n− 1, t) (n− 1) b dt.

(3.10)

Taking the limit dt→ 0 on Eq. 3.10 we obtain:

d

dt
P (n, t) =− P (n, t)

(
n b+ n d+

(
n

2

)
c

)
+ P (n+ 1, t)

(
(n+ 1) d+

(
n+ 1

2

)
c

)
+ P (n− 1, t) (n− 1) b,

(3.11)

which is the master equation of the system. Note that we have not made any approximation

so far and hence if we are able to solve the master equation and thus obtain P (n, t) for all t,

we have a complete description of the stochastic population dynamics. However, as we will

discuss in the following sections, obtaining this solution is a difficult and often impossible

task.
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3.3 Analytic Methods

Here we present two different analytical approaches to get information from the master

equation using the generating function and the mean-field theory approach [22][23][24].

3.3.1 The Generating Function

A standard method to solve the master equation is to define a generating function G(s, t),

a function of time t and an auxiliary variable s:

G(s, t) =
∞∑

n=−∞

snP (n, t). (3.12)

For populations we have P (n, t) = 0 for n < 0 and therefore G(s, t) is a series of powers of s

with positive exponent and coefficients P (n, t):

G(s, t) = P (0, t) + s P (1, t) + s2 P (2, t) + s3 P (3, t) + . . . . (3.13)

Therefore, it is possible to calculate P (n, t) by expanding G(s, t) on s around 0 and taking

the corresponding coefficient.

The generating function is also useful for calculating different moments of probability

distribution without an explicit calculation of the probabilities P (n, t). For example, we can

calculate the mean population size < n(t) > using:

< n(t) > =
∑
n

n P (n, t)

=
∑
n

d

ds
snP (n, t)

∣∣∣∣
s→1

=
d

ds

∑
n

snP (n, t)

∣∣∣∣
s→1

=
d

ds
G(s, t)

∣∣∣∣
s→1

(3.14)
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Similarly, we can get the second moment < n(t)2 > as:

< n(t)2 >=
d

ds

(
s
dG(s, t)

ds

)∣∣∣∣
s=1

(3.15)

Let us consider a microscopic dynamics with processes of birth and death (and no com-

petition). The dynamics of the population is described by the following master equation:

dP (n, t)

dt
=− P (n, t)n(b+ d) + P (n+ 1, t)(n+ 1) d+ P (n− 1, t) (n− 1) . (3.16)

After taking the product of the master equation with sn and adding over n we identify a

dynamic equation for the generating function:

dG(s, t)

dt
=
∑
n

sn
dP (n, t)

dt

=
∑
n

sn (−P (n, t)n(b+ d) + P (n+ 1, t)(n+ 1) d+ P (n− 1, t) (n− 1) b)

=
∑
n

(
−snP (n, t)n(b+ d) + sn−1P (n, t)n d+ sn+1P (n, t) n b

)
= −(b+ d)s

d

ds
G(s, t) + d

d

ds
G(s, t) + b s2 d

ds
G(s, t).

(3.17)

This equation can be solved up to a constant which is obtained using our initial condition

n(t) = n0:

G(s, 0) = sn0 . (3.18)

Note that by introducing the generating function, we have transformed a infinite system of

coupled ODEs (one for each P (n, t)) into a partial differential equation. The PDE at Eq.

3.17 can be solved using standard methods, such as the method of the characteristics where

we convert Eq. 3.17 into ODEs along a curve parametrized by x such that G(s, t) is constant
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along the curve:

d

dx
G(s(x), t(x)) = F (G(s(x), t(x)), s(x), t(x))

=
∂

∂s(x)
G(s(x), t(x))

d

dx
s(x) +

∂

∂t(x)
G(s(x), t(x))

d

dx
t(x),

(3.19)

with

F (G(s(x), t(x)), s(x), t(x)) = 0. (3.20)

We identify:

d

dx
s(x) = (b+ d)s(x)− d− bs(x)2

d

dx
t(x) = 1,

(3.21)

which are ODEs with solutions:

s(x) =
eb(x+c1) − ded(x+c1)

eb(x+c1) − bed(x+c1)

t(x) = x.

(3.22)

Now, we can get s(t) from s(0):

s(t) =
d− b

(d−bs(0))et(b−d)

s(0)−1
+ b

+ 1, (3.23)

or, inverting Eq. 3.23 we can get s(0):

s(0) =
d(s− 1)et(b−d) − bs+ d

b(s− 1)et(b−d) − bs+ d
(3.24)
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To compute G(s(x), t(x)), we need to go to the origin of the curve and compute s(0)n0 :

G(s, t) = G(s(x), t(x))

= G(s(0), t(0))

= G(s(0), 0)

= s(0)n0

=

(
d(s− 1)et(b−d) − bs+ d

b(s− 1)et(b−d) − bs+ d

)n0

(3.25)

Now, with an analytic expression for G(s, t) we are able to compute P (n, t):

P (0, t) =

(
d
(
et(b−d) − 1

)
bet(b−d) − d

)n0

P (1, t) =

n0(b− d)2et(b−d)

(
d(et(b−d)−1)
bet(b−d)−d

)n0−1

(d− bet(b−d))
2

P (2, t) =

n0(b− d)2et(b−3d)

(
d(ebt−edt)
bebt−dedt

)n0 (
(n0(b− d)2 − (b+ d)2) et(b+d) + 2bd

(
e2bt + e2dt

))
2d2 (et(b−d) − 1)

2
(d− bet(b−d))

2 . . . ,

(3.26)

which are shown in Fig(17) and Fig(18).

Finally, we are also able to compute the 1st and 2nd moment:

< n(t) > = n0e
(b−d)t

< n2(t) > =
n0e

t(b−2d)
(
ebt(bn0 + b− dn0 + d) + (−b− d)edt

)
b− d

(3.27)

We observe that the mean follows an exponential, which is the macroscopic dynamics that

we expect for a population with only birth/death processes. Also, we obtain an expression

for the standard deviation of this growth. We show these two moments in Fig.(18).
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Figure 17: Analytical solution of P (n, t) for 0 < t < 5. The parameters of the population
dynamics are n0 = 20 and reff = 1

2
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<n(t)>

Figure 18: Density plot of P (n, t) together with the computed first moment < n(t) >.
Deviations of the mean: < n(t) > ± standard deviation are also represented here in this
plot by a shadow surrounding the mean.The parameters of the population dynamics are
n0 = 20 and reff = 1

2
.
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3.3.2 Mean Field Theory

You can see that the first two moments provide a lot of information about the underlying

stochastic process, which is often enough to answer most of the questions researchers ask

about stochastic population dynamics. Moreover, as illustrated by the calculations shown in

Section 3.3.1, finding a full solution is, even for the simplest dynamics like the exponential

growth discussed here, a tedious and often impossible mission.

As an alternative to finding the full solution of the Master equation, many approximations

have been developed [22][23][25]. The simplest one is the mean-field theory approximation

which is based on calculating a moment considering each greater moment equal to zero. This

approach gets better as the number n of members in our community tends to infinity.

Let us take for example the exponential growth and compute its mean. We have the

master equation:

dP (n, t)

dt
=− P (n, t)n(b+ d) + P (n+ 1, t)(n+ 1) d+ P (n− 1, t) (n− 1) b. (3.28)

From it, we get an evolution equation for the mean < n(t) >:

d

dt
< n(t) >=

∑
n

n
dP (n, t)

dt

=
∑
n

(−n P (n, t)n(b+ d) + n P (n+ 1, t)(n+ 1) d+ n P (n− 1, t) (n− 1) b)

=
∑
n

(−n P (n, t)n(b+ d) + (n− 1)P (n, t)n d+ (n+ 1) P (n, t) n b)

=
∑
n

P (n, t)n(b− d)

= < n(t) > (b− d),

(3.29)

which is the same differential equation we introduced in Section 3.4 and whose solution is:

< n(t) >= n0e
(b−d)t. (3.30)
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The exponential growth is an excellent example to illustrate the agreement between the mean

field approximation and the full solution obtained from the Master equation in terms of the

generating function.

The mean-field theory approximation is particularly useful for nonlinear master equations,

where the generating function method is difficult to handle analytically. Remember the

master equation for microscopic dynamics with competition:

dP (n, t)

dt
=− P (n, t)

(
n b+ n d+

(
n

2

)
c

)
+ P (n+ 1, t)

(
(n+ 1) d+

(
n+ 1

2

)
c

)
+ P (n− 1, t) (n− 1) b.

(3.31)

From it we get a nonlinear differential equation for < n(t) >:

d

dt
< n(t) >=

∑
n

n
dP (n, t)

dt

=−
∑
n

nP (n, t)

(
n b+ n d+

(
n

2

)
c

)
+
∑
n

nP (n+ 1, t)

(
(n+ 1) d+

(
n+ 1

2

)
c

)
+
∑
n

nP (n− 1, t) (n− 1) b

=−
∑
n

nP (n, t)

(
n b+ n d+

(
n

2

)
c

)
+
∑
n

(n− 1)P (n, t)

(
n d+

(
n

2

)
c

)
+
∑
n

(n+ 1)P (n, t) n b

=
∑
n

P (n, t)
(
n
(
b− d+

c

2

)
− n2 c

2

)
= < n(t) >

(
b− d+

c

2

)
− < n2(t) >

c

2
.

(3.32)

However, notice that this differential equation for the first moment is coupled to the second

moment. If we now derive an ODE for the evolution of the second moment, we would find
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that it is coupled with the higher moments. In general, we will obtain an infinite system

of coupled ODEs. In order to break that coupling and make the equations solvable, we

want to neglect the role of fluctuations. For instance, to obtain the evolution of the first

moment we set the second moment about the mean (also know as variance) to zero such that

< n2(t) >≈< n(t) >2:

d

dt
< n(t) >=< n(t) >

(
b− d+

c

2

)
− < n(t) >2 c

2
(3.33)

Now, we have a differential equation that can be analytically analyzed, having as solution:

< n(t) >=

(
b− d+ c

2

)
n0e

(b−d+ c
2)t

c
2
n0

(
e(b−d+ c

2)t − 1
)

+
(
b− d+ c

2

) , (3.34)

which results in a logistic growth. We can identify the parameters r and K from a direct

comparison between Eq. 3.33 and the standard form of the logistic growth equation [26].

dn(t)

dt
= reff n(t)

(
1− 1

K
n(t)

)
(3.35)

and recover the values of reff and K from the parameters of our microscopic dynamics:

reff = b− d+
c

2
K =

2

c

(
b− d+

c

2

)
. (3.36)

3.4 Numerical Methods

As we have observed, calculating the probabilities P (n, t) could represent a severe chal-

lenge for population dynamics more complex than exponential growth. Even if we can com-

pute the mean and standard deviation of this growth, it would be very welcome to have

an alternative method to verify that the distribution of P (n, t) behaves as expected, and

this is where a numerical approach to the dynamic is useful. A rigorous and more detailed

description of the numerical methods used to simulate stochastic processes can be found in

[24]. Here we introduce some of the most interesting for this project.
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3.4.1 Brute Force Method

This method, as the section heading suggests, is not efficient but easy to implement, and

thus it provides an excellent starting point for discussing the use of numerical methods in

stochastic problems. In this approach, we perform several runs which only have in common

the initial conditions for the population size n(0) = n0. For each run, we start from n0

and compute all probabilities to stay or exit this state during a small time interval dt. We

call these probabilities transition probabilities. Finally, we generate uniform random number

between 0 and 1 and choose one of the transitions based on its weight (i.e. the probability

of it occurring compared to all other transition probabilities). We compute several runs and

calculate the statistical quantities of interest.

To better understand this method, let us illustrate each of its steps with a particular

example. Let us take the microscopic dynamics from Fig(16) and the initial condition n0.

As mentioned above, since we have a specific state, we simply calculate the probability of

staying or leaving it. For a state defined by a population size n at time t, we can obtain the

population size at t+ dt by computing the probabilities of all possible events:

PBirth = n b dt

PDeath = n d dt

PCompetition =

(
n

2

)
c dt

PNothing = 1− PBirth − PDeath − PCompetition.

(3.37)

It is worth noting that the smaller the dt we use, the more precise our numerical method will

be. However, the smaller dt the less efficient the method will be too, because Pnothing in Eq.

3.37 will be larger and there will be more time steps in which the population size remains

unaltered. Also, dt must be at least so small that the probability for each event respects

0 < P < 1.

After computing the transition probabilities in Eq. 3.37, to decide which event to fire and
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therefore in which direction the population size is updated, we randomly pick a number u

from a uniform distribution between 0 and 1. Next, we check if u follows any of the following

conditions, which will also change the value of n accordingly:

0 < u < n b dt : n→ n+ 1

n b dt < u < n (b+ d+

(
n

2

)
c) dt : n→ n− 1

n (b+ d+

(
n

2

)
c) dt < u < 1 : n→ n.

(3.38)

In this way we can compute, from n0 and step by step, a full realization of the stochastic

process as shown in the orange curve in Fig(19) (also called trajectory [24]). The final step

is to generate many stochastic trajectories (realizations) and compute the averages of the

quantities of interest, as shown in Fig(19). We appreciate that for an average of several runs

we obtain a smooth curve that matches the analytic predictions very well.
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Figure 19: Different realizations of microscopic birth-death-competition dynamics Fig(16)

are plot in gray. We compared them with their mean, and with the analytical solution of the

mean field equation Eq. 3.34.
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3.4.2 Gillespie Algorithm

A method to optimize the algorithm explained above was introduced by Gillespie [27][28].

It is worth noting that it only works for constant rates, which are the cases that we have

observed so far.

To observe the difference between the methods, we recall that in the brute force method we

use a constant time step dt and then evaluate whether or not there is a change in population

size at each time step as summarized in Fig(20):

+1 0 0 -1 +1 0 0 -1

Figure 20: The brute force algorithm evaluates a possible change of state for every dt.

As we already pointed out in Section 3.4.1, as we reduce the size of dt for greater precision,

the probability of having an update in population size within each time step also decreases,

and thus we compute no transitions most of the time. To avoid these inefficient calculations,

the Gillespie method uses and “adaptive” time step dtchange which is the time until the next

update in population size.

+1 -1 +1 -1

Figure 21: Schematic representation of population updates using the Gillespie algorithm.

By using a varying dt, the algorithm avoids evaluating several time steps in which nothing

happens to the population.

Therefore, understanding how to calculate the length of the successive time intervals is

key to implement this method. More specifically, dt will be a random variable, so we need

to calculate the probability distribution for dt. We know that for a population size n the
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probability of observing an update in population size per unit of time is given by:

rtotal = n

(
b+ d+

(
n

2

)
c

)
(3.39)

which is a constant rate until the next event takes place and the population size changes

by ±1. A more rigorous derivation of the distribution followed by the time intervals dt is

provided in [24]. To illustrate the principles on which this calculation relies, we will illustrate

it using the dynamics with our constant rate rtotal. Remember that even if n depends on

time, in the interval dt of our computations, n can be treated as a constant, since we are

computing dt until there is a change in the population size. For a constant rate, we have

that the probability of not firing an event by time dt is given by an exponential:

P (no change0→dt) = e−rtotal dt (3.40)

Now we use Bayes’ theorem to compute the probability of the first change event occurring

in the time interval [dt, dt+ δdt]2:

P (changedt→dt+δdt) =
P (changedt→dt+δdt|no change0→dt)P (no change0→dt)

P (no change0→dt|changedt→dt+δdt)

= rtotal δdt e
−rtotal dt

(3.41)

This is the probability distribution for the time dt when the first change event occurs. How-

ever, if we want to use this distribution numerically, we have to map it, ideally, to a uniform

distribution from 0 to 1. In our case, we map it to a variable τ with these features:

dτ = −P (changedt→t+δdt)

= −rtotal e−rtotal dtδdt.
(3.42)

2Here we use δdt as a differential of dt in order to avoid writing d(dt) which can be confusing. Recall
that dt represents the time interval between two different changing events and comes from a probability
distribution.
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We can find the map by integration:

τ = e−rtotal dt. (3.43)

Finally, as we want to get dt from a uniform distributed τ , we take the inverse of the

expression:

dt =
1

rtotal
ln

(
1

τ

)
(3.44)

Using this expression, we can take a random value for τ and obtain our exponentially dis-

tributed value for dt. Now we can evaluate the processes every adaptive dt instead of a fixed

one, and we choose which process takes place using another uniformly distributed random

variable u from 0 to 1 in the following way:

0 < u <
n b

rtotal
: n→ n+ 1

n b

rtotal
< u <

n (b+ d)

rtotal
: n→ n− 1

n (b+ d)

rtotal
< u < 1 : n→ n− 1

(3.45)
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4 A Model for Aging Population

4.1 Modeling framework

So far we have explored populations with only three processes occurring at the level of

the individuals: birth, death, and competition. Accounting for only these three processes,

we managed to recover macroscopic dynamics such as exponential and logistic growth that

can recapitulate experimental measurements of population growth in some regimes. However,

these microscopic dynamics do not take into account the effects of aging and are therefore not

useful for tackling our research question and seeking survival benefits in aging populations.

Here, we explore two different ways to add the effects of aging to a birth-death-competition

dynamics like the one described in previous sections.

We consider a population in which all individuals belong to the same species. In the

presence of aging, besides total population size, we need an additional individual-specific

degree of freedom to fully describe the population, which is the age of each individual. To

make the calculations feasible, we divide our aging population into m different groups, which

we call generations,: n0, n−1, . . . , n−m, where the index indicates the amount time that is

left until individuals of these generation are born. Therefore, the initial condition is n0 = N0

and n−i = 0 for i > 0, which represents an initial population with N0 members of age zero.

We get the age of a sub-population in a group by adding the index i that labels the group

they belong to, and time, and thus, for example, the age of n−i at time t is given by −i+ t.

The model equations and initial conditions forbid the presence of individuals with negative

age.

In the next three section we explain in detail how the three different microscopic processes

(birth, death, and competition) change when we introduce individual ages.
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4.1.1 Competition

Furthermore, we have to consider that in the microscopic competition we have different

ways in which the members of a sub-population i compete with all the other individuals in

the population. They can compete with other members of the i-th group itself in
(
ni

2

)
ways,

and with individuals belonging to any of the different populations j by the product of their

populations. In Fig(22) we can observe a summary of all the possible pairs of competing

individuals.

Competition:

Figure 22: Individuals from the sub-population i compete against other members of the same

sub-population i, or against members of any of the other sub-populations j. The right column

shows the number of possible pairs of competing individuals for each kind of interaction.

4.1.2 Death Rate and Survivorship

According to the definition of aging we gave in Section 2.1.2, more aged individuals are

more likely to suffer from internal malfunctions and die. Therefore, we add an extra, positive

contribution to the death rate, d. We do it through a quadratic dependence on age weighted

by a parameter λ:

d(age) = d0(1 + λage2). (4.1)

Here we use the quadratic term of age for analytical tractability and because it qualitatively

recovers experimental survival curves [17]. However, the dependence between age and death

rate is species-specific and thus it should be properly tuned depending on the species that is

being studied. The parameter λ controls how much aging, through internal damage, affects
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Figure 23: Death rate d(age) vs age for different values of λ. We used b = 0.23, d = 0.033
and c = 3.95× 10−8.

the chances of death. For λ = 0, we have a constant rate and the macroscopic dynamics

behave logistically. This scenario reflects the case in which external hazards strongly dom-

inate the death term. In the opposite limit, for λ � age−2, we have populations in which

the probability of death is given almost entirely by internal malfunctions. Biologically, these

means that individuals in this populations accumulate a lot of internal malfunctions very

early in their life, or they have good protection against environmental hazards. One way to

compare it with actual biological observations [17] is through the concept of survivorship, a

quantity that for living beings with monotonically increasing age can be defined as:

s(age) = Max

(
0, 1−

∫ age

0

d0(1 + λ age2)dx

)
, (4.2)

where s(age) is the probability of finding the individual alive at a certain age. This is the

reason why survivorship is only defined for monotonically increasing age. For λ = 0 this

curve is a straight line with slope λ, and for greater values, it has a faster decay.

Given this modified death rate, we add the effects of aging to the microscopic dynamics

shown in Fig(25), where we observe that the total death rate for the sub-population i is given

only by age i+ t and its total number ni.
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Figure 24: Survivorship (in percentage) vs age. We used b = 0.23, d = 0.033 and c =

3.95× 10−8.

Death:

Figure 25: Age effects in the death rate for members of the sub-population i.

4.1.3 Reproduction

Once we consider aging, represented by internal aging, an important question arises re-

lated to how this damage is divided among daughter cells upon division. For this we introduce

a parameter µ that indicates the fraction of damaged shared with the first child, the damage

of the second being 1 − µ, as we observe in Fig(26). It is worth noting that from this def-

inition, there is symmetry in µ, so we only need to consider values of µ between 0.5 and 1.

µ = 0.5 indicates that the damage is distributed equally among daughters cells, and therefore

this is what we call symmetric reproduction. On the other hand, for µ = 1 all the damage

goes to one of the daughters, while the other is born without damage. This is the completely

asymmetric reproduction, and just in this situation, we can call the original cell, the mother

cell.
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Figure 26: The parameter µ determines how damage is distributed among the daughter cells.

Now we proceed to implement µ in the model. We want a birth process after which a

member of one of the sub-populations gives raise to two new individuals that, in principle,

will belong to sub-populations that are different to the one the original cell belonged to as

shown in Fig(27).

Figure 27: After cell division, one cell from sub-population i gives raise to two cells that.

will belong to different sub-populations

At time t, the age of the two new cells must be weighted by a factor µ (or 1 − µ) to

account for the asymmetric division of damage. We write this restriction in the groups new

cells can belong to, using Kronecker Delta functions δj+t,µ(i+t) and δj+t,µ(i+t). In this way, for

a given asymmetry parameter µ new cells can only belong to the j groups such that the total

damage age (or cell damage) is conserved before and after division. Finally, now that we

know how a birth process is represented, we look at the different ways in which this dynamic

affects a sub-population i. The first and second are ways in which a population i can be the

daughter of another population j, and the third is given by the moment when i reproduces.

Figure 28: Microscopic reproduction dynamics which affect the ith sub-population.
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4.1.4 Master Equation

Putting together every possible transitions detailed above and summarized in Fig(29), we

can write a master equation for the probability of having ni individuals in group i at time t.

d

dt
P (ni, t) = bP (ni + 1, t)(ni + 1)︸ ︷︷ ︸

Probability of having ni + 1 followed by a reproductive event in sub-population i.

+bP (ni − 1, t)
∑
j

(
δi+t,µ(j+t) + δi+t,(1−µ)(j+t)

)
< nj(t) >︸ ︷︷ ︸

Reproductive event in sub-population j that adds one daughter cell in the ni − 1 sub-population i.

−bP (ni, t)ni︸ ︷︷ ︸
Reproductive event in i that subtract one individual from the ni + 1 members.

−bP (ni, t)

(∑
j

(
δi+t,µ(j+t) + δi+t,(1−µ)(j+t)

)
< nj(t) >

)
︸ ︷︷ ︸

A daughter cell from j adds one individual to the ni members of the sub-population i.

+dP (ni + 1, t)(i+ t)(ni + 1)︸ ︷︷ ︸
An ith population with ni + 1 members loses one individual.

−dP (ni, t)(i+ t)ni︸ ︷︷ ︸
An original ni sub-population decreases by 1 for a death process.

+cP (ni + 1, t)

((
ni + 1

2

)
+

1

2
(ni + 1)

∑
j 6=i

< nj(t) >

)
︸ ︷︷ ︸

The group ni + 1 loses an individual by competition against the same group and the others.

−cP (ni, t)

((
ni
2

)
+

1

2
ni
∑
j 6=i

< nj(t) >

)
︸ ︷︷ ︸

One of the ni members of i dies due to competition against another member of the population.

(4.3)
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Competition:

Death:

Birth:

Figure 29: Microscopic dynamics for an aging ith sub-population.

4.2 Methods to analyze the model.

4.2.1 Numerical Methods: the tRSSA Algorithm

As we discussed in section 3.4.2, the Gillespie algorithm only works when events at the

microscopic scale (birth/death/competition) occur at constant rate. In the presence of aging,

this condition is violated, as it can be clearly seen from the definition of the death rate.

Therefore, we must adapt Gillespie’s algorithm to work with time-dependent rates. Being

familiar with the derivation of Gillespie’s algorithm, this generalization is not hard. First,

we compute the probability that nothing changes in a time interval [0, dt] [29]:

P (no change0→dt) = e−
∫ dt
dt′=0 rtotal(dt

′) d(dt′). (4.4)
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where rtotal(dt′) is our total rate given by the addition of the term in the right column of

Fig(29). The total rate is now time dependent. Applying Bayes’ theorem, we can obtain the

probability to change in [dt, dt+ d(dt)]:

P (changedt→dt+d(dt)) = rtotal(dt)e
−

∫ dt
dt′=0 rtotal(dt

′)d(dt′)d(dt) (4.5)

In a similar way to Gillespie, we map the probability to a uniform distributed variable τ :

dτ = −P (changedt→dt+d(dt)). (4.6)

Remember that the minus sign comes from the different direction in the real axis when

mapping dt from 0 to∞ into τ from 1 to 0. Plugging Eq. 4.5 into Eq. 4.6 and after integrating

the last we recover an expression relating dt with the random, uniformly distributed variable

τ : ∫ dt

dt′=0

rtotal(dt
′)d(dt′) = ln

(
1

τ

)
(4.7)

However, we have not isolated dt like we were able in Gillespie. Moreover, Eq. 4.7 contains an

integral that can be problematic in certain scenarios. To avoid this problem, we implement the

time-dependent rejection-based stochastic simulation algorithm (tRSSA) which is a rejection-

based generalization of the Gillespie algorithm introduced in [29].

There are two main differences beween tRSSA and the Gillespie method. First of all,

tRSSA is a rejection-based stochastic simulation algorithm [30][31][32], where it is not nec-

essary to compute transition probabilities at every dt.

For instance, consider a process whose transition probability is given by f(n) b, with f

an increasing function of the number of individuals n. Birth in cells is a specific case of

this process, where f(n) = n. In Gillespie, we compute the value of f(n) at every time

step dti: f(n(t1)) b, f(n(t2)) b, f(n(t3)) b, . . . , f(n(tn)) b. However, tRSSA avoids this

explicit computation by using a value for nmin and nmax, so nmin < n < nmax, and therefore
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f(nmin) < f(n) < f(nmax).

With n bounded, we perform an ith rejection step by taking a random number τi and add

it to dt, which is initially zero:

dt = dt + math . l og (1/ tau [ i ] ) / ( f (nmax)∗b ) .

After updating the time step dt, it is time to check if a transition event will fire or not.

To do so we randomly pick a number r and check if r < f(nmin)
f(nmax)

. We fire this event if we meet

the condition, and just when this condition is not true, we compute the exact value of f(n) b

and check if r < f(n) b
f(nmax) b

to see if it actually fires or not. This is why we call every step a

rejection step, and for appropriate values of nmin and nmax the chances we actually compute

f(n) b diminishes considerably.

We continue performing rejection steps until a transition event is triggered. Once the

event fires, we change n according to this event and increase the time by dt. Finally we

verify if n is still in the boundary, updating the bounds in case it is not, and reinitializing

dt = 0 for the next loop as well as the index i. We observe that for appropriate bounds, we

do not need to compute f(n) b explicitly, and only the values of the limits f(nmin) b and

f(nmax) b are sufficient, making the simulation more efficient for more complicated functions

f .

To add time dependency, tRSSA discretizes time in a list t` and verifies that t` < t+dt <

t`+1 in every rejection step i. If this condition is false, we update the probabilities, specifically

the rates which are time dependent, before starting the next rejection step. Let us take for

instance the previous example but with a time dependent rate b(t). In every rejection step we

now bound not only the population number nmin < n < nmax, but the total propensity. For

instance, for an increasing function b(t), these bounds can are f(nmin) b(t`) < f(n) b(t) <

f(nmax)b(t`+1).
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4.2.2 Analytic Approach

Even wit tRSSA, to simulate larger population size, as expected for microbial systems,is

computationally challenging. For this reason we developed an analytical approach to obtain

the mean values of the stochastic process and use the numerical method to verify them. From

the master equation Eq. 4.3, we compute using the mean field theory approach the dynamics

for < ni(t) >:

d < ni(t) >

dt
= b

(∑
j

(
δi+t,µ(j+t) + δi+t,(1−µ)(j+t)

)
< nj(t) > − < ni(t) >

)

− < ni(t) > d(i+ t) +
c

2
< ni(t) > −

c

2
< ni(t) >

∑
j

< nj(t) >

(4.8)

Let us define the total population as N(t) =
∑

i ni(t). We are able to get an expression

for the stationary value of N(t): NF , by adding over all possible sub-populations and then

making its temporal derivative equal to zero:

< NF >=< NF d0 > −2
d0λ

c
< age2 > . (4.9)

Here Nd0 is the stationary population for λ = 0. This is a very interesting result, telling us

how the total population size in the stationary state (system carrying capacity) is affected

by aging. In a more general scenario, for a death rate given by:

d(age) = d0(1 + λf(age)) (4.10)

the population size will be:

< NF >=< NF d0 > −
2 d0 λ

c
< f(age) > . (4.11)

We can also compute the population in the stationary-state through its distribution on

age. In this state, we expect that the population size for each age to be constant regardless
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of the time at which it is measured. Therefore:

< ni(t) >=< ni−dt(t+ dt) > . (4.12)

It allows us to get an expression for the time derivative of < ni(t) >:

d

dt
< ni−dt(t) > =

< ni−dt(t+ dt) > − < ni−dt(t) >

dt

=
< ni(t) > − < ni−dt(t) >

dt
,

(4.13)

which will be useful after replacing it in Eq. 4.8:

< ni(t) >= < ni−dt(t) >

+ bdt

(∑
j

(
δi−dt+t,µ(j+t)+ + δi−dt+t,(1−µ)(j+t)

)
< nj(t) > − < ni−dt(t) >

)

− < ni−dt(t) > d(i− dt+ t)dt+
c

2
dt < ni−dt(t) >

− c

2
dt < ni−dt(t) >

∑
j

< nj(t) > .

(4.14)

These equations can be solved algebraically to obtain the distribution of ages within the

population for different values of µ. For example we show the distributions for the extreme

cases of µ in Fig(30). It is worth noting that, from the age distribution, we can get the total

population size in the stationary state as a function of the model parameters NF (λ, µ), after

adding all ni(tstationary). In this way we can verify the relation between NF and < age2 >

derived in Eq. 4.9 as well as the numerical simulations using the tRSSA algorithm (Fig(32)

and Fig(31)).
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Figure 30: Distribution of ages within the population for symmetric (µ = 0.5) and asymmetric

(µ = 1) reproduction. Here we used b = 0.23, c = 0.000129, and d0 = 0.1667. The value of

λ is 0.008 and each age bin has a width of 0.1.
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Figure 31: Distribution of ages within the population for completely asymmetric reproduction

µ = 1 on the left and symmetric reproduction µ = 0.5 on the right. We compare our numerical

solution using tRSSA with our analytic results.Here we used b = 0.23, c = 0.000129, and

d0 = 0.1667. The value of λ is 0.008 and each age bin has a width of 1, this is why the values

are 10 times large than in Fig(30).
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Figure 32: Total population vs time as simulated using tRSSA. Each gray line represents

an independent realization, the black line is the mean and the red around represents one

standard deviation. We compare the final value with our analytic result. Here we used

b = 0.23, c = 0.000129, and d0 = 0.1667. The value of λ is 0.008 and µ = 1.
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5 Results: To be Mortal or Immortal

5.1 Comparison Between Strategies

With the help of numerical methods to verify the precision of our analytic expressions,

we proceed to explore the effects of different values of µ and λ in the population dynamics,

and, more specifically, on the total population size and the age composition in the stationary

state.

We explore the effect of asymmetry in the distribution of damage on the variability of

age in the population. We expect to find that that a larger µ represents a greater variation

in age, which is what we call aging, while a µ closer to 0.5 has a more restricted age range,

being this what we have defined as immortality in Section 2. As we observe in Fig(33) for

many different values of λ, the standard deviation of age σ monotonically increases with µ

confirming our statement.
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Figure 33: For fixed λ we observe and increasing standard deviation σ as µ increases. We

used b = 0.23, c = 3.95× 10−8, and d0 = 0.0333.
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Next, we study the steady-state total population size for different sets of parameters

(µ, λ). We start with simulations for different values of λ, establishing that for λ = 0 the

carrying capacity NF must be equal to 107. We note in the Fig(34) that for a long value of

λ, a completely asymmetric reproduction is very advantageous, and even survives extinction

for values of λ in which the symmetric spawning population does not. Nevertheless, for small

values of λ this behavior is reversed, and a symmetric distribution of damage leads to larger

population sizes. However, it is not that noticeable as for low values of λ total population

sizes are large for every µ. This switch in the value of µ that leads to larger population sizes

is more easily appreciated when we explore
√
< age >2 and the relationship:

< NF >=< NF d0 > −2
d0λ

c
< age2 > . (5.1)

From Eq. 5.1, we can see that the smaller values of < age2 >, given a constant λ, represent

larger final populations. As we see in Fig(35), for small λ, the totally asymmetric reproduc-

tion λ has the largest < age2 >, which will make the totally asymmetric strategy to achieve

smaller population sizes than those reached by the symmetric strategy. On the other hand,

we have the opposite relation for larger values of λ. In this scenario, completely asymmetric

reproduction leads to larger steady-state population sizes than a fully symmetric distribution

of damage.

Finally, to show how mortality affects total population sizes in the stationary state, we

reproduce in Fig(36) the steady-state total population size NF against the degree of asymme-

try in reproduction µ. As mentioned above, from here we see that the effect of an asymmetric

distribution of damage on the total population size is stronger for larger λ, and that in this

scenario having a larger µ can prevent the population from extinction.
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Figure 34: Stationary population for different values of λ. We observe that, for value where
the population is in risk, i.e. larger values of λ, a asymmetric strategy is more advantageous.
We used b = 0.23, c = 3.95× 10−8, and d0 = 0.0333.
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Figure 35:
√
< age2 > of populations vs λ. Here we are able to appreciate in a better

way the transition from symmetric being the most advantageous reproduction to the least
advantageous one as λ increases. We used b = 0.23, c = 3.95× 10−8, and d0 = 0.0333.
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Figure 36: Steady-state total population size vs the reproduction strategy. We observe that
for small values of NF and constant λ, asymmetric reproduction has advantages over the
symmetric one. We used b = 0.23, c = 3.95× 10−8, and d0 = 0.0333.

5.2 Summary, discussion and future steps

In this thesis we have presented a new theoretical framework to study the effect of aging

on the survival of a microbial population. To construct this model, we departed from the

three basic ingredients that are considered in traditional in the traditional logistic model

(reproduction, death and competition) and extended that number of processes to account for

the effect of aging. This model was analyzed by a combination of numerical simulation and

mean-field calculations.

We observed that, for populations in which λ is large, a total asymmetric reproduction is

advantageous because, in the long term, it leads to larger population sizes. From it, we can

interpret that, for species in which aging does not affect their lifestyle much, being immortal

or not, does not have a big impact in the total population, as we expected. However, if

aging has a great effect in the population, to have a completely asymmetric distribution of

cell damage upon division turns out to be the best reproductive strategy for the population.
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This may seem counter-intuitive at first, however, it is related to the fact that populations

following a completely asymmetric reproduction have many more younger individuals than

symmetrical ones, and for this reason, they have a better chance of surviving and maintaining

a larger number.

It is important to highlight, however, that this relation between maximum steady-state

total population size and degree of asymmetry in the reproduction does depend on λ. For

low values of λ, a symmetric distribution of damaged leads to larger population sizes than an

asymmetric one. Importantly, however, the positive effect of an asymmetric distribution of

damage on the steady-state population size appears for large values of λ, for which the pop-

ulation is closer to extinction. This result raises important questions about the reasons why

more species with these strategies have survived and outnumbered the symmetric strategic

ones.

Besides being interesting by themselves, the results presented in this thesis open a larger

number of questions deserving further exploration. We observe in Fig(35) a transition in λ

at which a fully symmetric distribution of damage shifts from being the most advantageous

strategy to the least advantageous. Future research could focus on exploring how this tran-

sition changes as a function of λ and µ. Specifically, it would be interesting to investigate

whether there are model parametrizations in which this transition is located further to the

right in Fig(35), i.e. at larger enough values of λ. To find this would represent cases in which

symmetrical reproduction is more advantageous than a fully asymmetrical one to prevent

extinction. However, we have not found it so far. This phenomena would be reflected as a

change of slope of the NF curve for large values of λ in Fig(36).
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