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We present a “dictionary” to expedite the identification of potential deviations in gravitational
waveforms from those predicted by general relativity (GR) during the inspiral phase of black hole
binaries. Assuming deviations from GR can be described by a local effective field theory (EFT) formulated
in terms of curvature operators (and possibly additional scalar fields), this dictionary characterizes how
deviations scale with the masses of the binary components and identifies the leading order post-Newtonian
corrections in generic theories constructed within the EFT framework. By establishing a direct connection
between observations and candidate theories beyond GR, this dictionary also aids in distinguishing genuine
physical effects from systematic errors. These results can be readily incorporated into essentially all
existing tests for the inspiral regime and, in particular, facilitate a more efficient combination of data from
multiple events.
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I. INTRODUCTION

The search for deviations from general relativity (GR)
with gravitational waves (GWs) faces many challenges
(see, e.g., [1]). Among these, is a vast landscape of potential
alternative theories [2,3]. There is a scarcity of detailed
predictions within each potential theory that can be readily
utilized in data analysis and there are, in turn, poorly
understood degeneracies with astrophysical effects.
A large fraction of existing tests rely on theory-agnostic

searches for general anomalies with respect to predictions
within GR [4–8]. These tests have paved the way for
investigating deviations, but typically overlook physical
expectations regarding the possible behavior of realistic
deviations. Consequently, derived constraints are generally
less than optimal and also difficult to interpret with respect
to theories of interest [9,10]. Complementary tests exploit

available (limited) knowledge from a small set of theories
where special solutions limited to specific regimes (inspi-
ral, ringdown), motivate specific targets for analysis. In
many cases, these solutions are not necessarily robust, as
mathematical obstacles intrinsic to most theories often get
in the way to even check their physical soundness. Even
with recent advances aiming to control mathematical patho-
logies which plague most potential theories [11–15],
creating faithful template banks would remain an exceed-
ingly expensive endeavor. It is relevant to recall that most
theories being considered are typically derived within the
effective field theory (EFT) framework, considering higher
order curvature corrections (with the potential addition
of other fields) to the Einstein-Hilbert action to capture
physics beyond GR. For instance by defining such a
beyond GR theory by a Lagrangian density given by L ¼
LEH þ FðΨ;RÞ with LEH the Einstein-Hilbert Lagrangian
and F denoting a scalar density with derivatives of order 2p
of the metric field gab and possibly additional degrees of
freedom denoted by Ψ. The former are constructed from
curvature contributions given by independent combinations
of Riemann tensors; though, potentially, derivatives of both
of these can also be considered.
Within this framework, all independent corrections at a

given order, in principle, should be included (e.g., [16,17]).
However, in practice—both on theoretical and computa-
tional fronts—only specific terms are typically considered,
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as a complete treatment would entail a prohibitively
complex effort.1 For instance, at quadratic order in the
curvature and with the addition of a scalar degree of
freedom, Einstein-scalar-Gauss-Bonnet and dynamical
Chern-Simons are studied independently, even through
from an EFT point of view, they should be pieces of a
larger theory that contains both.
Faced with the challenge of offering theoretical guidance

that minimizes the aforementioned shortcomings, while
still enhancing both the detectability and interpretability
of possible signatures, a complementary approach can be
pursued. Here, the main target is to determine the “curvature/
gradient order” of corrections in the Lagrangian—within
some perturbative scheme—at an agnostic level. Thus,
regardless of: (i) the particular order of operators consid-
ered for going beyond GR, and (ii) the mathematical
pathologies triggered by the behavior of a particular theory
at short scales. This approach aims to unearth leading
effects of beyond GR theories with corrections at a defined
order of curvature. Our strategy exploits the fact that
observable effects depend on the mass of the binary with
a specific scale determined by the order of operators (p)
and the scale (l) of new physics they account for. Such
behavior can then help discern beyond GR features from
astrophysical and systematic effects as multiple events are
analyzed. Specific investigations, tied to a subset of theories
and regimes of the dynamics, have a connection with this
idea [18–20] but we here argue for its general applicability,
stress its value and discuss a general way to tie potential
observations to theory. Initial steps in this direction have
been taken in [21,22].
Recall that current observations of gravitational wave

mergers, predominantly from binary black holes, are well
captured by GR, thus the scale of new physics—where
corrections to GR are order Oð1Þ is not encountered in the
inspiral regime. This suggests that the strain can be
expressed to leading order as h ¼ hGR þ ðl=mÞqδ. Here,
m represents a characteristic mass of the system, δ a
quantity depending on the physical parameters of the
system (but independent of the new-physics scale) and
qðpÞ an integer number which is determined by p and
whether extra degrees of freedom are assumed. This will be
a generic feature of any observable of interest, and crucially
will be less pronounced for more massive systems as
heavier objects have weaker curvature at horizon scales.
Further, since the merger of two black holes produce a
heavier one, the inspiraling phase is particularly important
for estimating the value of q. Such a stage is particularly
amenable to be studied through a perturbative treatment.
Specifically, one can use the tools of nonrelativistic general
relativity (NRGR) [23,24], also known as PN-EFT, to

efficiently compute how the quantity q depends on the
order of curvature corrections p, as well as to determine the
leading post-Newtonian order at which deviations from GR
first appear.
The goal of this work is to provide a self-contained set of

broad rules for interpreting the underlying causes of
potential deviations from GR, and connect them to specific
theories. To this end, we derive the leading order correc-
tions induced from generic EFT-inspired extensions of GR,
focusing on their imprint on the strain in particular.
This also helps distinguish genuine deviations due to
modified gravity from systematic effects arising from,
for example, astrophysical parameter uncertainties or wave-
form modeling inaccuracies (for a comprehensive enumer-
ation see [25]).
This work is organized as follows. We first include an

executive summary, giving the main results in succinct
form in Sec. II. Next, in Sec. III we review the main
ingredients of the post-Newtonian effective field theory
(PN-EFT) formalism, illustrating with two examples the
basic rules that can be applied generically to corrections of
any order. In the process, we also highlight additional
considerations necessary for applying the PN-EFT frame-
work to extensions of GR. Before discussing the general
case, we review the construction of Lagrangian densities to
capture general corrections at a given order in Sec. VI. We
then provide in Sec. VII the general rules, apply them to
some additional cases Sec. VIII and conclude in Sec. IX.
In the Appendixes, we present a few complementary
explicit derivations to show: (i) that the Gauss-
Bonnet invariant G3 is not an independent combination
of Riemann invariants distinct from I1 ≔ Rab

cdRcd
efRef

ab

(Appendix A); (ii) how a contribution that can be “field-
redefined” away indeed gives no effect (clarifying confus-
ing results recently presented) (Appendix B); (iii) how each
term in the Gauss-Bonnet invariant independently evaluates
to zero (Appendix C.)
Throughout this work, lowercase Latin indices from the

beginning of the alphabet denote spacetime indices, while
indices from the middle of the alphabet are used for spatial
components only. Where needed, a lower case Latin index
will be used to label objects (in the binary) and distinguish-
ing it from a spacetime index is natural in context. Last, we
adopt c ¼ 1 throughout this work except when communi-
cating final results related to observational consequences,
where we make c explicit in relevant factors of (v=c).

II. EXECUTIVE SUMMARY

The rest of this work details how to obtain the expected
observable scaling with ðl=mÞ, as well as the leading post-
Newtonian (PN) corrections induced by EFT-motivated
corrections to GR. For the reader interested in quickly
grasping the main takeaways, they are summarized
below (the first two cover the most common classes of
EFT-motivated theories).

1Some reduction may be possible under specific symmetry
assumptions or fine tuning, though the naturalness of such
assumptions would require justification.
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Consider the Lagrangian density L ¼ LEH þ FðΨ;RÞ
where F is a correction to the Einstein-Hilbert Lagrangian
(LEH) that involves 2p total derivatives—which includes
derivatives of the metric field gab, and possibly additional
degrees of freedom denoted by Ψ. Below, we denote such a
correction with 2p derivatives to be order p (as it elicits the
order at which the curvature contributions would appear in
the first two cases).
(1) Given a correction of order p ≥ 3 in the curvature2

and no extra degrees of freedom (and without
derivatives of curvature contributions), departures
from GR in the strain scale as δh=hN ∼ ðl=mÞ2ðp−1Þ
and the leading order PN correction is always 5PN.
For p ¼ 3 this correction comes from both potential
effects as well as tidal ones. For p > 3 it stems from
purely tidal effect.

(2) Given a correction of order p ≥ 2 in the curvature
and the addition of a scalar degree of freedom
linearly coupled to the curvature contributions3

(not considering derivatives of the curvature or
scalar field), departures from GR—directly arising
from the higher-curvature interaction term in the
action—in the plus and cross polarization modes of
the strain scale as ðl2=ðmmLÞÞ2ðp−1Þ, wheremL is the
lightest object in the binary. The potential breathing
mode4 of the strain scales as ðl=mÞ2ðp−1Þ, and the
leading affected PN order is 3PN for nonspinning
binaries in the inspiral regime.5

(3) Given a correction of “net order” p constructed
out of curvature contributions to order (p − n)
and 2n derivatives—with no extra degrees of
freedom—the strain also scales as ðl=mLÞ2ðp−1Þ.
However, the leading PN correction appears at order
minð3p − n − 4; 5Þ

(4) Given a correction of “net order” p constructed out
of a derivatives of b scalar fields, and c derivatives
of curvature terms of order d, the strain scales with a
PN correction of order minð2pþ dþ b − 4; 3Þ.
However, the scaling with mass requires an under-
standing of the scalar field equation of motion and

their dependence on the coupling parameter, neces-
sitating a case-by-case analysis.

The above “dictionary” provides a direct way to constrain a
potential set of subtheories as consistent with observations
(as well as distinguish inconsistent ones). For instance,
deviations indicating a dependence on mass as m−4 is
consistent with, e.g., Einstein-scalar-Gauss-Bonnet gravity
[27], dynamical Chern-Simons gravity [28]—both involv-
ing quadratic curvature corrections with an extra scalar
degree of freedom6—and cubic gravity [29]. However, if
such deviations show departures from GR beginning at
5PN, it singles cubic gravity as the consistent option.
Further, this dictionary can help motivate improved strat-
egies to search for potential deviations [21,22,30,31] and
distinguish them from systematic effects. Notice also that
the case p ¼ 1 would indicate a correction independent of
mass, which would indicate beyond GR effects are not
linked to curvature but other effects, for instance exotic
compact binaries instead of black holes.

III. THE PN-EFT FORMALISM

As already mentioned in the introduction, our focus on
the inspiral regime of a binary system aims to capture the
leading order impact of deviations on the gravitational
waveforms, as induced by theories beyond GR motivated
from EFTs. In particular, we aim to answer two key
questions: (i) how do deviations scale with the order of
modifying operators? (ii) at which post-Newtonian order do
these deviations first appear? To this end, a particularly
convenient approach is to employ what is known as NRGR,
also known as the PN-EFT formalism. This approach
exploits EFT techniques that enable an efficient computa-
tion of the binary dynamics within the PN approximation
scheme, under the assumption of a separation of scales.
Namely, the essential contributions to the Lagrangian—and
therefore to the equations of motion of the system, can be
cleanly targeted in three regions: (i) an “internal” zone
(with scale rs)—of the size of the source; (ii) a “near” or
“potential” zone at orbital scales (of size r) and (iii) a
“radiation” zone where one can identify gravitational
waves produced by objects moving with relative speed
v, with radiation wavelength λGW ≃ r=v.
In the inspiral regime (where v ≪ 1), rs ∼ v2r ≪ r ≪

λGW the EFT machinery can be exploited to handle multiple
scales in a “towerlike” fashion. In particular, we will
separate the long wavelength (radiation) modes propagat-
ing degrees of freedom, from the short wavelength (poten-
tial) modes which contribute to the binding energy. The
former will be on-shell and their typical four-momentum

2A correction consistent with p ¼ 1 corresponds to a deviation
from GR that is independent of the mass scale, potentially
indicating an exotic compact object. As we will discuss,
p ¼ 2 does not induce any changes in the vacuum case.

3Higher order couplings modify this dependence, which can be
estimated by examining solutions of the scalar field’s equation of
motion.

4Potentially detectable when matter is assumed to couple to the
Jordan frame and the scalar field decays appropriately at far
distances by, e.g., multiple detectors, or in a single one when the
gravitational wavelength is not small with respect to a single
detector’s arm [26].

5In addition, we also expect the well-known 1PN correction
present in any scalar-tensor theory, proportional to the scalar
charge.

6And as such, from an EFT point of view, not distinct theories
in their own right (unless a particular symmetry or extreme fine
tuning singles them out) but as being parts of a general theory
consistent with that order and the existence of scalar degrees of
freedom.
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will scale as ðω; jkjÞ ∼ ðv=r; v=rÞ, while the latter ones
are off-shell with a four-momentum scaling as ðω; jkjÞ∼
ðv=r; 1=rÞ. The EFT formalism makes a convenient use of
these different scalings by going to Fourier space. For a
detailed presentation of the approach, see [23,24,32,33].
Below, we review the main building blocks of the formal-
ism in GR to later be able to compute both potential and
radiative contributions beyond GR. For simplicity, we
restrict to nonspinning objects in this work; and indeed
the overall discussion as well as a majority of the results
carry over to the general case.
First, focusing on the aforementioned regime, we assume

that we have already solved the internal problem and we
model the individual objects by point-particles, eventually
augmented by finite size effects. The corresponding world-
line action is then,

SPP ¼ −
X
a¼1;2

ma

Z
dτa: ð1Þ

We augment the bulk action (the usual Einstein-Hilbert
action) with a gauge-fixing term (we choose the harmonic
gauge 0 ¼ Γa ≔ gcdΓa

cd):

Sbulk ¼
1

16πGN

Z
d4x

ffiffiffiffiffiffi
−g

p
R; ð2aÞ

SGF ¼
1

16πGN

Z
d4x

ffiffiffiffiffiffi
−g

p �
−
1

2
ΓaΓa

�
; ð2bÞ

where R is the Ricci scalar. Defining Λ−2 ≔ 32πGN, the
normalization constant can be written more conveniently as
2Λ−2, which gives the gauge-fixed EH action

Sbulk þ SGF ¼ 2Λ−2
Z

d4x
ffiffiffiffiffiffi
−g

p �
R −

1

2
ΓaΓa

�
: ð3Þ

Throughout this article, we will work in the harmonic
gauge, and all computations are performed with this gauge
fixing term implicitly added to the action.
Next, we decompose the metric using the Kol-Smolkin

(KS) parametrization [34],

gμν ¼ e2ϕ=Λ
 
−1 Aj

Λ
Ai
Λ

�
δij þ σij

Λ

�
e−4ϕ=Λ þ AiAj

Λ2

!
; ð4Þ

where i, j run over spatial indices. In passing this also
allows defining hμν ¼ gμν − ημν. We insert the above metric
decomposition in the bulk and point-particle actions. Then,
we expand the Lagrangians up to a certain order in the
fields fϕ; Ai; σijg, and we use the result to derive a set of
Feynman rules for the fields by applying the Fourier
transform. These rules constitute the basic ingredients to
compute the binding potential, that is obtained by integrat-
ing out the gravitational fields.
As an example, expanding the GR Lagrangian in Eq. (3)

gives, at quadratic order in fields

SðquadÞbulk ⊃
Z

d4x
n
−4ð∂iϕ∂iϕ − ∂tϕ∂tϕÞ þ ∂iAj∂

iAj

− ∂tAi∂tAi þ 1

4

�
∂iσ

j
j∂

iσkk − 2∂iσjk∂
iσjk

− ∂tσ
j
j∂tσ

k
k − 2∂tσjk∂tσ

jk
�o

: ð5Þ

An advantage of using the KS parametrization is that in
GR, propagators are diagonal in the fields—meaning that at
quadratic order the fields ϕ; Ai; σij do not mix.7 We can
now read off the Feynman propagator for the scalar field
from the above Lagrangian

hϕðxÞϕðyÞi ¼ −
i
8

Z
d4k
ð2πÞ4

expðikðx − yÞÞ
k2 þ iϵ

¼ −
i
8

Z
dω
2π

e−iωðt1−t2Þ
Z
k

expðik · ðx − yÞÞ
k2 − ω2 þ iϵ

≈ −
i
8

Z
k

expðik · ðx − yÞÞ
k2

Z
dω
2π

�
1þ ω2

k2
þ � � �

�
e−iωðt1−t2Þ

≈ −
i
8
· δðt1 − t2Þ

Z
k

expðik · ðx − yÞÞ
k2

¼ −
iδðt1 − t2Þ

32πr
; ð6Þ

7Adding higher derivative terms to the EH action can introduce mixing at quadratic order. See Appendix C for an explicit example in
Gauss-Bonnet gravity.
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where fx; kg are four vectors, the corresponding bold
letters fx; kg represent their spatial parts [ðx; yÞ0 ¼ t1;2],
r≡ jx − yj, and we have defined

R
k ≔ d3k=ð2πÞ3. Since

these modes are off-shell, the iϵ prescription is irrelevant
and trading ω →∓ id=dt1;2 shows that k ¼ ðω; kÞ∼
ðv=r; 1=rÞ. We will work in the limit v ≪ 1, thus justifying
the propagator expansion using ω ≪ jkj. The last line in
Eq. (6) gives the leading order scaling of the propagator—
this will be useful later. Propagators for Ai, and σij differ
from that of ϕ only in their tensor structure

hAiðxÞAjðyÞi ≈
δij
2
· δðt1 − t2Þ

Z
k

i expðik · ðx − yÞÞ
k2

;

ð7aÞ

hσijðxÞσklðyÞi ≈Dij;kl · δðt1 − t2Þ
Z
k

i expðik · ðx − yÞÞ
k2

;

ð7bÞ

where Dij;kl ≔ −ðδikδjl þ δilδjk − 2δijδklÞ=2.
This gives Feynman rules for the propagators (in the

static limit)

≈ iδð3Þðkþ qÞδðt1 − t2Þ
A
k2

∼
r5

t
; ð8Þ

where the right-hand side shows the scaling with r and dt,
using δð3ÞðkÞ ∼ 1=k3 ∼ r3, and δðtÞ ∼ 1=t, and A depends
on the field

Continuing to expand Eq. (3) to next order (cubic) in
field power gives three-point interactions of the fields.
Here is a subset of the terms that will be relevant for the
following discussion

SðcubÞbulk ⊃
1

Λ

Z
d4xf−16ϕ∂tϕ∂tϕþ 4σij∂iϕ∂jϕ

þ 2σiið∂tϕ∂tϕ − ∂jϕ∂
jϕÞg; ð9Þ

These give the ϕ3 and ϕ2σ interactions shown in
Figs. 1(d) and 1(e), respectively

(i) ϕ3–cubic interaction

∝
ω1ω2 þ ω2ω3 þ ω3ω1

Λk21k22k23
× δðk1 þ k2 þ k3Þδðt1 − t2Þδðt1 − t3Þ

∼
v2r4

Λ
r3

t2
; ð10Þ

(ii) σϕ2–cubic interaction

∝
2kði1 k

jÞ
2 − ðk1 · k2 − ω1ω2Þδij

Λk21k22k23
× δðk1 þ k2 þ k3Þδðt1 − t2Þδðt1 − t3Þ

∼
r4

Λ
r3

t2
; ð11Þ

where δ ≔ δð3Þ represents the three-dimensional
Dirac delta distribution. Note that these interaction
vertices include the propagators of the respective
fields.

Notice that the ϕ3–vertex is subdominant in GR because
the potential off-shell modes have ω ≪ jkj. Finally, the
point-particle action of Eq. (1) expanded to second order in
the fields is

SðquadÞpp ¼−
X
a

ma

Z
dt

	
1−

1

2
v2a −

1

8
v4a

þ 1

Λ

��
1þ 3

2
v2a

�
ϕ−

�
1þ 1

2
v2a

�
Aivia −

1

2
viav

j
aσij

�

þ 1

Λ2

�
1

2

�
1−

9

2
v2a

�
ϕ2 −ϕAivia

�

: ð12Þ

This gives the coupling (matter vertices) between the
worldline of the point particle and the gravitational fields,
generically represented by Figs. 1(a) and 1(b):

(i) ϕ–matter coupling

∝ −i
ma

Λ

Z
dt
Z
k
expðik · xÞ ∼ t

r3
m
Λ
; ð13Þ

FIG. 1. Interaction vertices at lowest orders: (a) linear scalar-matter coupling, (b) quadratic scalar-matter coupling, both coming from
Eq. (12) (c) tidal coupling coming from Eq. (17), (d) bulk ϕ3 interaction, and (e) bulk ϕ2σ interaction both coming from Eq. (9).
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(ii) Ai–matter coupling

∝ i
ma

Λ

Z
dt
Z
k
expðik · xÞvia ∼

t
r3
m
Λ
v; ð14Þ

(iii) σij–matter coupling

∝ i
ma

2Λ

Z
dt
Z
k
expðik · xÞviavja ∼

t
r3

m
Λ
v2: ð15Þ

Recall that the factor of 1=r3 comes from the integralR
k ≔ d3k=ð2πÞ3. The Ai–matter and σij–matter vertices
contain factors of v, and are therefore subleading compared
to the ϕ–matter vertex.
To consider finite-size effects, on should complement the

point-particle action in Eq. (1), by the following tidal
(quadrupolar) action,

Stid ¼
X
a¼1;2

Z
dτa
�
cðaÞE EabEab þ cðaÞB BabBab

�
; ð16Þ

where cðaÞE and cðaÞB are the coupling constant related to the
electric and magnetic tidal Love numbers of body a, Eab ≔
Racbducud and 2Bab ≔ ϵacefRce

bguguf. We recall that for
nonspinning black holes in 4D GR, cE ¼ cB ¼ 0 [35–37].
Using the KS parametrization, we get that in the static limit

SðstaticÞtid ¼
X
a¼1;2

cðaÞE

Λ2

Z
dt ð∂a∂bϕÞð∂a∂bϕÞ: ð17Þ

This gives the matter tidal vertex shown in Fig. 1(c)

¼ 2i
cðaÞE

Λ2

Z
dt
Z
k1;k2

exp½iðk1 þ k2Þ · x�ðk1 · k2Þ2

∼
t
r6

cðaÞE

Λ2r4
; ð18Þ

where, again, the integral
R
k ≔ d3k=ð2πÞ3 gives a factor

of k6 ∼ 1=r6.
We are also interested in determining the radiative

dynamics—the gravitational flux and the waveform.
To do so, we split the metric perturbation into potential
and radiative modes, hμν ¼ Hμν þ h̄μν. Differently from

potential modes (Hμν), radiative ones, h̄μν, evolve on
scales set by the gravitational waves, whose wave-
length λGW ∼ r=v, and carry on-shell four-momenta,
k ¼ ðω; kÞ ∼ ðv=r; v=rÞ.
The radiation effective action is obtained by integrating

out the potential modes while keeping one external
radiative mode, propagating on-shell, in order to compute
the one-graviton emission amplitude. The resulting effec-
tive action couples linearly source to radiation

Seff ¼
1

2Λ

Z
d4xTabh̄ab; ð19Þ

where Tab ≔ ð2= ffiffiffiffiffiffi−gp ÞðδStot=δgabÞ is the total stress-
energy pseudotensor, which includes contribution both
from matter and nonlinear gravity terms. The latter can
come from GR but could also have their origin in the higher
curvature terms that we will introduce in the next section.
For long wavelength radiation λGW ≫ r, it is useful to
Taylor expand the radiative field (taking the center of mass
of the binary to be at rest at the origin xicm ¼ ẋicm ¼ 0),
whose derivatives h̄μν;i1…il couple to source moments viaPþ∞

l¼0
1
l!T

ab;i1…il h̄ab;i1…il , with

Tab;i1…ilðtÞ ≔
Z

d3xTabðt; xÞxi1 � � � xil ; ð20Þ

the small parameter of this expansion being the source
internal velocity v, with a factor v2 needed to hop from one
PN order to the next.
To determine the multipoles that directly enter the

computation of the flux and gravitational wave modes,
one needs to match it to the source quantities. One can
straightforwardly determine the matching at lowest order,
for instance, by computing the diagrams in Fig. 2. Working
in the transverse-traceless gauge (TT), only space-space
components of the energy momentum are radiative sources,
and using energy momentum tensor conservation in
the form

Tμν
;ν ¼ 0; ð21Þ

one can trade Tij and its momenta for momenta of
(derivatives of) T00. For instance in linearized GR, inte-
grating by parts, it is straightforward to show that

FIG. 2. Leading order coupling of radiative (wavy line) mode to a binary system of massive particles (solid straight lines) mutually
interacting via potential modes (dashed lines).
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Z
d3x
�
Ṫ00xi − T0i

� ¼ 0;
Z

d3x
�
Ṫ00xixj − 2T0ðixjÞ

� ¼ 0;
Z

d3x
�
Ṫ0ðixjÞ − Tij

� ¼ 0; ð22Þ

at the lowest orders in multipole moment expansion (an
overdot stands for a time derivative and an index pair in
round brackets stands for symmetrization).
At higher orders one must decompose the multipole

moments in irreducible representation of rotations, labeled
by the integer l. The leading order quadrupole source
Qij ≔

R
d3xT00xixj, Q̈ij ¼ 2

R
d3xTij, (l ¼ 2) receives the

lowest order (1PN) corrections from higher multipole from
the l ¼ 2 part of Tijxkxl and T0ixjxk, which give the
standard PN expanded expression [38]

Iijj1PN ¼
Z

d3x


T00
j1PN þ Tll

j0PN
�
xhiji −

4

3

Z
d3xðṪ0l

j0PNx
lÞxhiji

þ 11

42

Z
d3xT̈00

j0PNx
2xhiji ð23Þ

where hiji refers to the symmetric trace-free (STF) combi-

nation, xhijia ¼ xðia x
jÞ
a − ð1=3Þδijx2a.

Finally, the quadrupole moment is the key ingredient
to compute the gravitational flux and waveform and to
determine corrections from higher curvature terms in the
emitted radiation. At leading order we have for the
gravitational flux,

F grav ¼
G
5c5

I
…

ij I
…ij; ð24Þ

and for the gravitational waveform,

h̄TTij ¼ 2G
c4r

Pij
kl ̈Ikl; ð25Þ

where Pij
kl ¼ ðPi

kPj
l þ Pi

lPj
k − PijPklÞ=2 is the tensor

transverse-traceless projector, with Pij ¼ δij − ninj being
the vector transverse projector, with n the unit vector of the
radiation propagation direction. In the rest of this work, we
apply the techniques of PN-EFT to obtain the leading PN
effects and scaling of observables in terms of the order of
operators considered to account for potential deviations.
This allows one to lay down simple rules that can be readily
exploited in data analysis to not only connect observations
to potential theories but also to distinguish them from
systematic effects. To fix ideas, we begin discussing two
particular examples that have already been explored in the
literature but here we do so with the aim of addressing
general theories. (For other examples of PN-EFT applied to
specific beyond GR-theories see, e.g., [39–42].)

The first theory contemplates potential deviations
through cubic curvature corrections—and no extra degree
of freedom, and the second a scalar-tensor theory with an
extra (scalar) degree of freedom coupled to a quadratic
curvature correction. After discussing the relevant
Feynman rules, we obtain corrections to the gravitational
potential, source quadrupole and radiation from the system.

IV. CUBIC GRAVITY

To start we consider corrections that are of order cubic in
curvature without the addition of extra degrees of freedom.
To make contact with different literature, e.g. [29,43–45],
we consider three terms that are: the only two invariants
constructed in terms of Riemmann tensors (and its dual)
fRð3Þ; �Rð3Þg, together with a [redundant in vacuum8]
third one considered in the so-called Einstein cubic
gravity fR̃ð3Þg,

Sbulk ¼ 2Λ2

Z
d4x

ffiffiffiffiffiffi
−g

p

×
�
Rþ αð3ÞRð3Þ þ βð3ÞR̃ð3Þ þ γð3Þ�Rð3Þ�; ð26Þ

where Λ is the reduced Planck mass and

Rð3Þ ≔ RabcdRcdefRef
ab;

R̃ð3Þ ≔ RabcdRbgdeRg
a
e
c;

�Rð3Þ ≔ ϵabcdRcd
efRefghRgh

ab:

Notice that αð3Þ, βð3Þ, and γð3Þ all carry dimensions of
½length�4; we thus define associated dimensionless coupling
constants as,

X̄ð3Þ ≔
�

c2

GMΛ

�
4

Xð3Þ ≔
Xð3Þ
l4

; ð27Þ

where Xð3Þ ∈ fαð3Þ; βð3Þ; γð3Þg, and MΛ is the mass scale at
which this new physics appears.

A. Feynman rules

As the EH and matter parts of the action are not modified
by the introduction of cubic gravity corrections, the
propagators and matter coupling presented in Sec. III are
still valid. The first correction will come from the bulk
vertices, that are obtained by expanding the bulk action
to cubic or higher orders in the gravitational fields. In
particular, we have at leading order for the first two terms

8This is however expressible in terms of the first one together
with further contributions at least linear in Ricci tensors (see
Appendix A).
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Sð3Þcub ⊃
1

Λ

Z
d4x
�
12ð4αð3Þ þ βð3ÞÞ∇2ϕ∂cdϕ∂

cdϕ

þ 4βð3Þð∇2ϕÞ3 − 16ð2αð3Þ þ βð3ÞÞ∂b∂cϕ∂acϕ∂abϕ
�
;

ð28Þ

Hence, in addition to the GR cubic vertices in Eqs. (10) and
(11), the cubic gravity terms give additional vertices that
scale at least proportionally to αð3Þ, βð3Þ or γð3Þ

9:
(i) αð3Þ–cubic vertex: the leading order (LO) contribu-

tion comes from ð∂2ϕÞ3, which gives the following
Feynman rule (including the three propagators)

¼ 3

16Λk21k22k23

�
k21ðk2 · k3Þ2 þ k23ðk1 · k2Þ2

þ k22ðk3 · k1Þ2 − 2ðk1 · k2Þðk1 · k3Þðk2 · k3Þ
�

× δðk1 þ k2 þ k3Þδðt1 − t2Þδðt1 − t3Þαð3Þ
∼
αð3Þ
Λ

r3

t2
; ð29Þ

(ii) βð3Þ–cubic vertex: the LO contribution comes from
ð∂2ϕÞ3, and gives the following Feynman rule

¼ 3

64Λk21k22k23

�
k21ðk2 · k3Þ2 þ k23ðk1 · k2Þ2

þ k22ðk3 · k1Þ2 − 4ðk1 · k2Þðk1 · k3Þðk2 · k3Þ
þ k21k

2
2k

2
3

�
δðk1 þ k2 þ k3Þδðt1 − t2Þδðt1 − t3Þβð3Þ

∼
βð3Þ
Λ

r3

t2
; ð30Þ

(iii) γð3Þ–cubic vertex: due to the presence of the fully
antisymmetric tensor ϵμνλδ, the LO contribution
has to include a contribution from h0i that will
couple to a matter vertex containing a vi factor.
Such a contribution corresponds to terms of the form
−4ϵ0ijkð∂kmAl

∂
i
∂lϕ∂jmϕþ 4∂ilϕ∂jϕ̇∂klϕÞ, which

gives the following Feynman rule

∝
ϵ0ijk

8Λk21k22k23

�
2ki1k

j
2k

k
3ðk1 · k3Þðk2 · vÞ þ perms

�

× δðk1 þ k2 þ k3Þδðt1 − t2Þδðt1 − t3Þγð3Þ
∼ v

γð3Þ
Λ

r3

t2
: ð31Þ

As before, all of the above vertices contain the propagators
of the associated scalar legs.

B. Correction to the gravitational binding potential

The binding potential is obtained by integrating out the
potential modes, which are off-shell. Recall for these
modes, we have the scaling rules, k ¼ ðk0; kÞ ∼ ðv=r; 1=rÞ.
From this and using the Feynman rules, we can compute

the leading-order correction due to the cubic gravity term in
the action. The leading contribution comes from graviton
exchange between the binaries via a cubic interaction in the
bulk shown in Fig. 3(a). We can now compute it using the
building blocks of this diagram, i.e., Figs. 1(a) and 1(d).
Using the Feynman rules derived in Eqs. (29), (30),
and (13) we obtain the leading order correction shown
in Fig. 3(a)10

Vð∂2ϕÞ3 ¼ −
3

32

m1m2ðm1 þm2Þ
Λ4

Z
k;q

exp½ik · r�
k2q2ðkþ qÞ2

×

��
αð3Þ þ

βð3Þ
4

�
k2ððkþ qÞ · qÞ2

−
�
2αð3Þ þ βð3ÞÞðk · qÞðk · ðkþ qÞ��q · ðkþ qÞ�

�

¼ 9

1024

m1m2ðm1 þm2Þ
π2Λ4r6

βð3Þ; ð32Þ

where r≡ ðx − yÞ. Again, remember that the interaction
vertices in Eqs. (29) and (30) already include the propa-
gators. The integrals are evaluated using standard master
integrals, and dimensional regularization has been used to
treat the infinities (see, e.g., Appendix B of [24]). The αð3Þ
integral vanishes, indicating that it contributes at higher PN
order. This is due to the specific tensor structure of this
term. Generically, if we consider every possible contraction
of Riemann tensors to get the most general cubic gravity
theory, Fig. 3(a) will give the leading order contribution to
the potential from one of the terms [which happens to be
βð3Þ in this case]. For a general theory, it is natural to expect
that a simple scaling argument suffices to extract the
leading order contribution. This is where the power of
the scalings shown in the Feynman rules comes into play.
Using the scalings derived in Eqs. (30) and (13), we show
this for the cubic gravity case

FIG. 3. Leading correction to the potential energy in (a) a cubic
theory of gravity, and (b) from finite size effects.

9The vertex carries a factor of −i, and the three propagators
each bring −i to give an overall factor of ð−iÞ4 ¼ 1.

10Using the Feynman rules gives iSeff ¼ i
R
dtLeff , from which

we extract V ¼ −Leff presented above. We will do the same for
all subsequent computations.
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Vð∂2ϕÞ3 ∼
1

t

�
t
r3

�
3
�
m1

Λ

��
m2

Λ

�
2

·
βð3Þ
Λ

r3

t2
þ ð1 ↔ 2Þ

∼
m1m2ðm1 þm2Þ

Λ4r6
βð3Þ: ð33Þ

The factor of 1=t removes the overall
R
dt in the effective

action to give the potential as explained in footnote 10.
Writing this in terms of the dimensionless coupling β̄ð3Þ
defined in Eq. (27), it is now straightforward to see that the
correction to the Newtonian binding potential is of order
5PN, although it formally appears as a 1PN correction in
the binding potential. Explicitly,

Vð∂2ϕÞ3 ∼
Gm1m2

r
Gðm1 þm2Þ

r

�
GMΛ

r

�
4

β̄ð3Þ

∼
Gm1m2

r
·
Gm
r

·

�
Gm
r

�
4
�
MΛ

m

�
4

β̄ð3Þ; ð34Þ

where we have also reintroduced the gravitational constant
G, and defined the total mass m ≔ m1 þm2. Using the
virial theorem Gm=r ∼ v2, we can now identify the PN
order of the various pieces. The first factor on the second
line is the Newtonian potential, the second one ∼v2 is the
1PN correction, and the third one is the cubic gravity
correction, which ∼v8, and adds a 4PN correction. With
this, we finally see that the correction is order 5PN (∼v10)

Vð∂2ϕÞ3 ∼ VN

�
MΛ

m

�
4

·

�
v2

c2

�
5

· β̄ð3Þ: ð35Þ

All other diagrams coming from the cubic gravity term
will include either higher order vertices or several cubic
vertices and thus will be subleading. For example, the LO
contribution to the binding potential coming from the αð3Þ
term will be at 6PN order.
However, we must add to this contribution the one

coming from finite-size contributions, represented in the
diagrams in Fig. 3(b), where the black dot corresponds to
tidal coupling.11 The tidal contribution to the potential can
be computed using Eqs. (13), (8), and (18)

V tidal ¼ −cð1ÞE
3m2

2

512π2Λ4r6
þ ð1 ↔ 2Þ; ð36Þ

where cð1ÞE is the tidal deformability parameter entering the
action is Eq. (16). We see that such a contribution scales

exactly as the previous one in Eq. (32) and cannot be
distinguished from it. More precisely, there will be can-

cellation between the two terms, for cðiÞE ¼ ð3=2Þmiβð3Þ,
which corresponds exactly to the value computed in
Appendix B.12 Incidentally, this cancellation was recently
argued from a field-redefinition point of view in [46,47].
For the term containing the dual Riemann tensor,

proportional to γð3Þ, one of the matter coupling will contain
a factor of velocity, adding a 0.5PN order, e.g.,

V∂
2Aið∂2ϕÞ2 ∼

1

t

�
t
r3

�
3
�
m1v2
Λ

��
m2

Λ

�
2

·
γð3Þ
Λ

r3

t2
þ ð1 ↔ 2Þ

∼
m1m2ðm1v2 þm2v1Þ

Λ4r6
γð3Þ

∼
Gm1m2

r
Gðm1v2 þm2v1Þ

r5
γð3Þ: ð37Þ

C. Correction to the gravitational
radiative modes

The gravitational radiative modes in Einstein cubic
gravity are obtained by computing the correction to the
radiative effective action in Eq. (19). In practice, it consists
in computing the last diagram in Fig. 2 where a radiative
graviton is emitted, with a modified interaction and the new
diagram in Fig. 4. The first diagram originates directly from
the new cubic gravity interaction while the second one is a
tidal contribution, that has to be included similarly to the
binding potential calculation.
Expanding the action in Eq. (26), the LO trilinear

coupling involving one radiative field comes from βð3ÞR̃ð3Þ

(using □σij ¼ σij;j ¼ σ ¼ 0)13:

Sð3Þ
ϕ2σ

¼ 12βð3Þ
Λ

Z
d4x½2∂ikϕ∂jkϕ − ∂ijϕ∇2ϕ�σ̈ij; ð38Þ

FIG. 4. Radiation from finite size effects (leading order).

11This contribution is often omitted in explicit computations of
the potential or radiative effects, as it depends on the (often
unspecified) Wilson coefficients cE, cB. However, such terms
must eventually be included for completeness, which is seldom
emphasized in practice, sometimes leading to partial results being
mistakenly treated as final. See, for example, the discussion in
Appendix B.

12There we compute the contribution of the RRabcdRabcd ≡
RK term, where K ≔ RabcdRabcd is the Kretschmann scalar.
Given that R̃ð3Þ ⊃ −ð3=8ÞRK, we should have the relation
cEjR̃ð3Þ ¼ −ð3=8ÞcEjRK . Using Eq. (B4), this gives cEjR̃ð3Þ ¼
−ð3=8Þð−4mλÞ ¼ ð3=2Þmλ ¼ ð3=2Þm1βð3Þ.

13An aside about notation: as mentioned below Eq. (18), we
denote the radiative modes with an overline: h̄ij. In the KS
parametrization, this corresponds to ðϕ̄; Āi; σ̄ijÞ. For brevity,
however, we will omit the overlines when referring to radiation
modes in the KS parametrization. It will be clear from the context
when such modes are being discussed.
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which adds to the standard GR vertex 4∂iϕ∂jϕσij=Λ to give

SðcubÞeff;rad ¼
1

Λ

Z
dt

	�
m1

2
vi1v

j
1 −

Gm1m2

4r
ninj

�
σij

−
9m1m2β3
64πΛ2r3

ninjσ̈ij



þ 1 ↔ 2; ð39Þ

where r ≔ x1 − x2; r ≔ jrj, and n ≔ r=r is a unit vector.
Following the discussion around Eq. (19), this can be
identified with

SðcubÞeff;rad ¼
1

2

Z
dtTij σij

Λ
: ð40Þ

This is shown in Fig. 2.
The cubic gravity contribution modifies Newton’s force

law, which can be read off from the leading order equations
of motion following from Eq. (32). In the center of mass
frame (m1x1 þm2x2 ¼ 0), these are

m1ẍ1 ¼ −m2ẍ2 ¼ −
∂

∂x1
ðVGR þ VcubÞ

¼ −
Gm1m2n

r2
þ 54βð3Þ

G2m1m2ðm1 þm2Þn
r7

:

ð41Þ

Using this, after some algebra, we can rewrite Eq. (39) as14

SðcubÞeff;rad ¼
1

Λ

Z
dt

	
μ

4

d2

dt2

�
rirj − 36βð3Þ

GM
r3

ninj
�
σij

− 27βð3Þ
G2M2μ

r6
ninjσij



; ð42Þ

whereM ≔ ðm1 þm2Þ is the total mass, and μ ≔ m1m2=M
is the reduced mass of the binary. The first line corresponds
to ∼Iijσ̈ij, from which we see that the mass quadrupole
moment receives a leading order correction to its GR value
of the form

Iijcub ∼
X
a≠b

max
hiji
a

Gmb

r

�
GMΛ

r

�
4

β̄ð3Þ; ð43Þ

where hiji refers to the STF combination defined below
Eq. (23). Using Eq. (25), this correction to the mass
quadrupole gives a correction to the gravitational waveform
which scales as

δhTTþ;× ∼ hTTþ;×jLO ·

�
v2

c2

�
5

·

�
MΛ

m

�
4

β̄ð3Þ; ð44Þ

where we have highlighted that it is a 5PN correction to the
leading order GR waveform. The phase φ is obtained by
integrating the equation ω ≔ dφ=dt and using the quadru-
pole formula Eq. (24) to get dω=dt ¼ −F=ðdE=dωÞ
(where E is the total energy of the system). This scales
the same way as the gravitational waveform.

δφ ∼ φjN · x5 ·
�
MΛ

m

�
4

β̄ð3Þ; ð45Þ

where x ≔ ðGmω=c3Þ2=3 is the PN parameter, φjN ¼
−x−5=2=ð32νÞ is the phase at Newtonian order, and
ν ≔ μ=M is the dimensionless reduced mass.
Additionally, the term in the second line of Eq. (42)

arises because Newton’s force law is modified as we saw in
Eq. (41). This term cannot be expressed in terms of the
standard multipole moments, yet it still contributes to the
gravitational flux and waveform. This term arises due to
the nonconservation of the stress-energy tensor, or equiv-
alently, from inserting the leading-order cubic gravity
equations of motion, Eq. (41), when deriving Eq. (42).
This behavior deviates from standard results in PN-EFT

for GR and arises when extending the framework beyond
GR (though it is sometimes overlooked). For earlier
discussions, see [42,48].
Although this additional contribution falls outside the

traditional multipolar expansion, a simple dimensional
analysis shows that it contributes to the flux and waveform
at the same order as the quadrupole term. Therefore, the
scaling of the waveform and phase in Eqs. (44) and (45)
remains valid.
The leading-order contribution again comes from the βð3Þ

term in the action, while the correction from the αð3Þ term
enters with an additional factor of ∝ v2, corresponding to a
1PN correction. From Eq. (43), although the correction to
the mass quadrupole formally appears at 1PN order, it
effectively contributes at 5PN order due to an additional
scaling of l4=r4.
Note however that, similar to the binding potential, we

also have to include the correction to the radiation coming
from tidal effects (Fig. 4). Using Eq. (36) to write the
modified equations of motion, and doing manipulations
similar to Eq. (42), we get

SðtidÞeff;rad ¼
Z

dt

	
1

4

d2

dt2

�
12Gm2c

ð1Þ
E

r3
ninj

�
σij

þ 18G2m2
2c

ð1Þ
E

r5
ninjσij



þ ð1 ↔ 2Þ: ð46Þ

This correction contributes with the same scaling as the
leading-order cubic term, making it indistinguishable at
that level. Moreover, the value of the tidal parameter for
which the two contributions cancel is the same as in the

conservative dynamics: cð1ÞE ¼ ð3=2Þm1βð3Þ, as expected.
14See Eq. (A2) of [42] for a derivation of Eq. (42) in GR. In the

center of mass frame, x1 ¼ m2r=M; x2 ¼ −m1r=M.
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V. SCALAR-TENSOR GRAVITY

We now add a massless scalar field, Ψ, to the action. For
simplicity here, we only consider a canonical kinetic term
and a coupling to the metric field through the Gauss-Bonnet
invariant G2 ≔ R2 − 4RabRab þ RabcdRabcd. This is usu-
ally referred to as the Einstein-scalar-Gauss-Bonnet
(EsGB) theory

S ¼ 2Λ2

Z
d4x

ffiffiffiffiffiffi
−g

p �
R −

1

4
∇aΨ∇aΨþ χð2ÞΨG2

�
: ð47Þ

The quadratic gravity coupling parameter χð2Þ has now a
dimension of ½length�2 and we define the dimensionless
coupling constant χ̄ð2Þ ≔ χð2ÞðGMΛ=c2Þ−2 ≔ χð2Þ=l2.
In the presence of a scalar field, the matter action (1) is

generically modified to allow for a dependence of the mass
in the scalar field (which, in particular, would capture
potential scalarization of black holes, see, e.g., [49]),

SPP;S ¼ −
X
a¼1;2

Z
dτa maðΨÞ: ð48Þ

Similarly, the action for gravitational finite-size effects
in Eq. (16) will also contain a dependence of the deform-
ability parameters with respect to the scalar field, i.e.,

cðaÞE ðΨÞ; cðaÞB ðΨÞ. In addition, there will be a new type of
finite-size effects, sourced by the scalar field. They are
described by the following scalar tidal action,

SðscalÞtid ¼
X
a¼1;2

Z
dτa
�
cðaÞs ðΨÞ∂bΨ∂bΨ

�
; ð49Þ

where cðaÞs are the deformability parameters linked to
scalar tides.

A. Feynman rules

Next, we expand the scalar field asΨ ≔ 1þ ψ=Λ, where
ψ is the perturbed scalar field. By inserting this decom-
position into the Lagrangians, we get the new set of
Feynman rules coming from the scalar field, while the
ones already present in GR and exhibited above remain
unchanged. The propagator for this perturbed scalar field ψ
is [cf., Eq. (6)]

hψðxÞψðyÞi ¼ −δðt1 − t2Þ
Z
k

i expðik · ðx1 − x2ÞÞ
k2

∼
t
r
: ð50Þ

Next, to determine the matter vertices, we perturbatively
expand the mass with respect to the scalar field,

maðΨÞ ¼ m̄a

X
n≥0

dðnÞa

n!

�
ψ

Λ

�
n
: ð51Þ

In particular, dð0Þa ¼ 1 and the coefficient dð1Þa correspond
to the scalar charge. In this section, we consider only
interactions that are linear in ψ , and therefore omit the
expansion order for notational simplicity; that is, we take

da ≔ dð1Þa .15 Examining the scalar field equation,
□Ψ ¼ −2χð2ÞG2, we see that the scalar field, sourced by
the Gauss-Bonnet term, is proportional to the coupling
constant χð2Þ. Consequently, the scalar charge inherits the
same linear dependence, as discussed in, e.g., [50–52]. We
make this dependence explicit by defining d̄a as,

da ≔ ðMΛ=m̄aÞ2χ̄ð2Þd̄a; ð52Þ

where χ̄ð2Þ is the dimensionless coupling constant.16

Then, by expanding the matter action in Eq. (1) and
using Eq. (51), we get the scalar-matter couplings:

(i) ψ–matter coupling

∝ −i
m̄a

Λ

Z
dt
Z
k
expðik · xÞðda þ � � �Þ ∼ t

r3
m
Λ

(ii) ψ -ϕ–matter coupling

∝ −i
m̄a

Λ2

Z
dt
Z
k
expðik · xÞðda þ � � �Þ ∼ t

r3
m
Λ2

We emphasize that each time a matter coupling involves a
scalar field, it introduces a power of the coupling constant
χð2Þ ∝ l2. At lowest order, such a coupling can be absorbed
into a redefinition of the gravitational constant. However,
this is no longer true at higher orders—for instance, starting
at 1PN order there is a contribution proportional to the
scalar charge [and thus to the coupling constant χð2Þ] that
cannot be absorbed by redefining G [53].
The strength of the scalar tidal interaction, described in

Eq. (49) gives the following Feynman rule.

¼ −2i
cðaÞs

Λ2

Z
dt
Z
k1;k2

exp½iðk1 þ k2Þ · x�ðk1 · k2Þ

∼
t
r6

cðaÞs

Λ2r2
; ð53Þ

15Higher order couplings of matter to the scalar field are
subdominant compared to the leading linear coupling. Since we
are only interested in the leading order correction, we neglect
these terms in this work.

16The linear dependence is a consequence of the linear
coupling to Gauss-Bonnet curvature scalar. Other couplings
can lead to different scalings—for example a quadratic coupling
leads to ∝ ffiffiffiffiffiffiffi

χð2Þ
p ; see, e.g., [50–52].
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Finally, we write the leading order cubic bulk vertex
induced by the new cubic gravity term in the action. It
originates from a term scaling as ψð∂2ϕÞ2, which gives the
vertex

¼ i
ðk2 · k3Þ2 − k22k

2
3

2Λk21k22k23
δðk1 þ k2 þ k3Þδðt1 − t2Þ

× δðt1 − t3Þχð2Þ
∼
t2

Λ
r5χð2Þ:

B. Binding potential

In the presence of a scalar field, the first correction
comes in the Newtonian potential [shown in Fig. 5(a)], and
involves the exchange of a ψ–scalar propagator between
the two particles (in addition to the ϕ–scalar exchange)

Vψ ;N ¼ −
m̄1m̄2d1d2

4πΛ2

1

r

¼ −
8Gd̄1d̄2
m̄1m̄2r

l4χ̄2ð2Þ; ð54Þ

where we have taken into account the scaling of the scalar
charges with respect to the coupling constant to write the
second line. Such a correction can be absorbed in a
renormalization of the Newton gravitational constant,
GN ¼ Gð1þ 8d1d2Þ, where as usual G ¼ ð32πΛ2Þ−1.
Leading order contribution to the binding potential

comes from the three vertex involving ψð∂2ϕÞ. There are
two diagrams depending on which particle the ψ field
couples to shown in Figs. 5(b) and 5(c). These contribute to
the binding energy between two particles as

Vψð∂2ϕÞ2 ¼ −
m̄1m̄2χð2Þ

Λ4
½M̄ðd1 þ d2Þ þ m̄1d1 þ m̄2d2�

×
Z
k;q

k2q2 − ðk · qÞ2
k2q2ðkþ qÞ2 eik·ðx1−x2Þ; ð55Þ

where M̄ ≔ m̄1 þ m̄2. The Lagrangian expanded to third
order also includes a three-point vertex involving only the ϕ
fields, coming from the Gauss-Bonnet term without any
scalar field propagators. However, since the Gauss-Bonnet
term is a total derivative in four dimensions, it does not

contribute to the potential. In fact, the contribution of each
term in G2 is individually zero as shown in Appendix C.
Finally, the LO correction to the binding potential is

Vψð∂2ϕÞ2 ¼ −
χð2Þ
r4

m̄1m̄2

128π2Λ4

�
M̄ðd1 þ d2Þ þ m̄1d1 þ m̄2d2

�

¼ −8
Gm̄1m̄2

r
GM̄
r

�
d1 þ d2 þ

m̄1d1 þ m̄2d2
M̄

�

×
l2χ̄ð2Þ
r2

:

Note we have explicitly written it as a correction to the
Newtonian potential, and we see that, while formally at
1PN order, it is a 3PN correction, as expected when the
dimensionless coupling constant is introduced. Note, how-
ever, as we have already emphasized, the scalar charge is
also proportional to the EsGB coupling constant. Hence,
this correction will in fact scale as l4χ̄2ð2Þ.
In addition, we also have a contribution coming from

scalar tides, i.e., a deformation of one compact object due to
the presence of an external scalar dipole moment sourced
by the companion as shown in Fig. 5(d). It is described by
the action given in Eq. (49) and it gives the contribution

Vscal tid ¼ −
ðm̄2d2Þ2
16π2Λ4r4

cð1Þs þ f1 ↔ 2g; ð56Þ

where cð1Þs is the scalar tidal deformation parameter, similar
to cE for the electric-type tidal deformability.

C. Radiative modes

The presence of an additional scalar field not only yields
corrections to the gravitational moments but also introduces
a new class of moments of scalar origin: the scalar mono-
pole and dipole moments [53]. When the scalar propagator
is internal (off-shell), it produces a leading-order correction
to the mass quadrupole moment, whereas an external
(on-shell) scalar contributes to the scalar moments.
Starting with the correction to the mass quadrupole

moment, the correction to the radiative effective action
from the EsGB term comes from the interaction
−16ψ∂ijϕσ̈ij=Λ. The corresponding diagram is shown in
Fig. 5(e) and evaluates to

FIG. 5. (a) First correction to Newtonian potential from EsGB. This simply renormalizes GN, Leading order correction to (b), (c) the
potential energy from EsGB, (d) the potential from finite size effects, and (e) the mass quadrupole.
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SðEsGBÞeff;rad ¼
Z

dt

	
1

2

d2

dt2

�
−
32Gm̄1m̄2ðd1 þ d2Þ

r3
χð2Þxixj

�

þ 32G2m̄1m̄2ðm̄1 þ m̄2Þ
r6

χð2Þxixj

× ½m̄1ð2d1 þ d2Þ þ m̄2ð2d2 þ d1Þ�


σij
2Λ

: ð57Þ

and according to Eq. (23), to the mass quadrupole

Iijcub ∼
X
a≠b

Gm̄am̄bdaχð2Þ
xhijia

r3ab

∼
X
a≠b

m̄ax
hiji
a

Gm̄bda
r

l2χ̄ð2Þ
r2

: ð58Þ

This is a 3PN correction to the Newtonian mass quadru-
pole, coming from a formal 1PNþ a 2PN correction linked
to the EsGB coupling.
Next, the case when a scalar field is emitted corresponds

to a diagram with an external (on-shell) scalar propagator.
It contributes to the scalar moments at leading order as
see, e.g., [54]

Smon ¼
X
a

ðmadaÞψ ; ð59Þ

Sdip ¼
X
a

ðdamaxiÞψ ;i; ð60Þ

Squad ¼
X
a

dama

�
xiax

j
a −

1

3
x2aδij

�
ψ ;ij: ð61Þ

Note that the scalar monopole is constant at leading order,
contributing to the radiative flux only at the next sublead-
ing order.

VI. CONSTRUCTING GENERAL THEORIES
BEYOND GR

A large body of beyond GR theories are naturally
understood (and/or explicitly developed) in terms of
effective-field theories where corrections to the Einstein-
Hilbert action are accounted through higher order curvature
operators (and also their derivatives), e.g., [55,56], with the
possible inclusion of extra degrees of freedom, e.g., [57]. In
this approach, high energy (i.e., above the cutoff scale)
degrees of freedom are integrated out, and their effects are
effectively accounted for through such operators acting
on the lower energy degree of freedom represented by the
metric tensor. Further requirements can be introduced to
reduce the number of options to consider. For instance,
causality bounds (e.g., [58]); break or preservation of
specific symmetries; consistency with the IR limit of GR;
discard terms proportional to the lower order equations of

motion through field redefinitions [59], etc. As well, at a
given order, only truly independent contributions should be
considered in the construction of the Lagrangian of interest.
In what follows we consider the general case where any
operator, consistent with a given desired option, can contri-
bute and simply make the distinction of whether only
curvature terms are present with and without an extra scalar
degree of freedom as well as also the case with curvature
operators/scalar are differentiated.

VII. RULES FOR GENERAL CASE

A. No additional scalars or gradients of Riemann

We consider the generic higher derivative theory

S ¼ 2Λ2

Z
d4x

ffiffiffiffiffiffi
−g

p �
Rþ αðpÞRðpÞ�; ð62Þ

where RðpÞ ∼ ðRabcdÞp represents all possible independent
scalars constructed from products of p Riemann tensors,
and αðpÞ is some coupling constant coming with a specific
scale at which new physics appear and we restrict to
p ≥ 3.17 More precisely, by dimensional analysis we get the
scaling ½αðpÞ� ¼ L2ðp−1Þ, which leads us to define the
dimensionless coupling constant

ᾱðpÞ ≔
�

c2

GMΛ

�
2ðp−1Þ

αðpÞ; ð63Þ

whereMΛ is the typical mass at which new physics enters.18

Our goal is to determine the leading contribution coming
from the higher derivative terms in the action. We note that
all presently discussed beyond GR theories motivated from
an EFT perspective—without extra degrees of freedom—are
included in this discussion (e.g., [29,39,60]).
The LO contribution from RðpÞ will involve a diagram

with a p–point vertex

ð64Þ

which, along with Eq. (13) gives the following leading
order contribution to the binding energy19

17The case p ¼ 2 in vacuum spacetimes in d ¼ 4 does not
introduce departures from GR.

18Equivalently, we could have defined ᾱðpÞ ≔ αðpÞl−2ðp−1Þ
with l the typical length scale at which new physics would
appear. To date, gravitational wave observations being consistent
with predictions within GR [8] points to this scale being l≲ km.

19Here we have assumed comparable masses for the binary
components m1 ∼m2 ∼m. See Appendix D for the general case.
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δVð∂2hÞp ∼
mp

Λ2p−2c2ðp−2Þ
1

r3p−3
·

�
GMΛ

c2

�
2p−2

ᾱðpÞ

∼
m2

rΛ2
·

mp−2

r3p−4Λ2p−4c2p−4
·

�
GMΛ

c2

�
2p−2

ᾱðpÞ

∼ VN ·

�
Gm
rc2

�
p−2

·

�
GMΛ

rc2

�
2p−2

ᾱðpÞ

∼ VN ·

�
v2

c2

�
3p−4

·

�
MΛ

m

�
2p−2

ᾱðpÞ; ð65Þ

where m ∼m1 þm2 is the typical mass of the compact
object and we have used the virial theorem Gm=r ∼ v2 to
make the PN order apparent in the second line. VN ∼
m2=ðrΛ2Þ ∼Gm2=r is the Newtonian potential. As before,
we have removed a factor of t corresponding to the finalR
dt in the effective action, to obtain the potential (cf.

footnote 10). Hence, we directly see that the higher
derivative term gives a (3p − 4)–PN contribution, while
it scales only as ðMΛ=mÞ2p−2.
As we have seen in the cubic gravity case, the effective

radiative Lagrangian will have two new contributions from
the higher curvature coupling. The first one directly comes
from the diagram with a p-point vertex (with p-1 internal
legs and one external radiative graviton). The second term
originates from the modified equations of motion that
have to be inserted in the radiative action. However, both
corrections give the same scaling in the radiation part,
hence the correction to the gravitational waveform will
scale as,

δhTTij ∼ hTTij jN ·
�
v2

c2

�
3p−4

·

�
MΛ

m

�
2p−2

ᾱðpÞ; ð66Þ

The phase φ is obtained from the relation ω ≔ dφ=dt and
dω=dt ¼ −F=ðdE=dωÞ and we similarly get

δφ ∼ φjN · x3p−4 ·
�
MΛ

m

�
2p−2

ᾱðpÞ; ð67Þ

where we have introduced the PN parameter x ≔
ðGmω=c3Þ2=3 that is commonly used in the literature.
Note that although such a correction is the LO in the case

of cubic gravity (5PN), it will not be the case for higher
order derivative theories, such as for instance quartic
gravity. In the latter case such a correction is 8PN, although
there will be tidal effects already showing up at 5PN.
Indeed, while in GR tidal Love numbers (TLNs) are zero, it
is usually not the case beyond GR and we should consider
those contributions. Then the TLN will scale proportionally
to the new coupling (see the detailed discussion on tidal
effects). More precisely, the correction to the potential from
tidal effects will be

δV tid ∼ VN ·

�
v2

c2

�
5

·

�
MΛ

m

�
2p−2

c̄ðaÞE : ð68Þ

We see that the correction is always at 5PN order but
will scale as ðMΛ=mÞ2p−2 with respect to new physics
and dominated by the lightest mass of the binary (see
Appendix D). Such a scaling of the tidal contribution also
holds for the radiation part, for which it will contributes at
5PN beyond the leading GR contribution both for the
waveform and the phase. Hence, we expect this term to be
dominant for theories with order above p ¼ 3.
Finally, let us comment on the generic action we have

studied and the possibility that RðpÞ contains also dual of
the Riemann tensor ð�RÞabcd ≔ ϵabefRef

cd. In that case, due
to the presence of the Levi-Civita tensor, an extra factor of v
will always show up (said differently, one of the legs of the
p–vertex will have to couple with a velocity factor from
the matter), hence adding an additional half PN order.
To summarize, each dual Riemann tensor present in the
action adds a 0.5PN order to the LO correction. This is in
agreement with [39] for quartic gravity.
It is crucial to highlight that we have calculated the

generic leading order contribution expected from a higher
derivative theory of gravity, without identifying the specific
scalar combination of Riemann tensors it originates from.
Nevertheless, not all scalar combinations of p Riemann
tensors contribute equally at this order—some may cancel
each other out or become zero after dimensional regulari-
zation. As illustrated by the example in cubic gravity, the
coefficient for α3 turned out to be zero following dimen-
sional regularization. Such zeroes and cancellations are
generally expected across all p. The core assertion in this
section is that considering every possible scalar combina-
tion of p Riemann tensors, the leading order contribution is
as expressed in this section.

B. With an additional scalar field

Let us now study the case when an additional undiffer-
entiated scalar field coupled to independent curvature
operators is present in the Lagrangian. Consider the
following action

S ¼ 2Λ2

Z
d4x

ffiffiffiffiffiffi
−g

p �
R −

1

4
∇aΨ∇aΨþ βðpÞΨRðpÞ

�
;

whereRðpÞ is still made of products of p Riemann tensors.
For p ¼ 2, we naturally accommodate for Einstein-scalar-
Gauss-Bonnet gravity [27], dynamical Chern Simmons
[28] and the subset of Hordenski gravity [57] without
derivatives of the scalar field.
Throughout this work, we will assume that the additional

scalar field is massless and it is linearly coupled to the
curvature contribution. The mass of the scalar does not
introduce a new scale in the inspiral phase (cf., Sec. III
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of [40]), and it is sufficient to consider a massless scalar to
construct the general rules. Let us see why. If the scalar field
were massive, its propagator would be ∼1=ðjkj2 þm2

sÞ. If
ms ≫ 1=r, the field is too heavy to impact the inspiral
phase and its effects can be integrated out to construct an
EFTwithout potential interactions. On the other extreme, if
ms ≪ 1=r, the field is essentially massless on orbital scales.
When ms ∼ 1=r ∼ jkj, the propagator scales in the same
way as the massless propagator ∼1=jkj2. Therefore, it is
sufficient to consider a massless scalar field to construct the
general rules. Recall that there is a nontrivial dependence
on the coupling between the scalar field and the curvature
contribution. For a linear coupling, the scalar field depends
linearly on the coupling strength βðpÞ. If instead, the field
were coupled with a different power Ψn, this dependence
would change accordingly. Such a dependence can be
surmised from the solution to the simpler equation Ψ;xx ¼
βðpÞΨðn−1Þ. Importantly, for sufficiently high n (i.e., n ≥ 3),
Ψ displays a dependence of the form 1=βqðpÞ with q > 0,

thereby also sourcing in the metric field equation an inverse
dependence on the coupling. This, in turn, would signal
a break-down of the EFT approach, as there would not
be a natural limit to GR as the coupling βðpÞ → 0 (see
also [61] for differences arising in exponential forms of the
coupling).
At this point, we should remark on the expansion of the

scalar field. Writing Ψ ¼ 1þ ψ=Λ, we see that the LO
contributions will come from a vertex with p branches from
the Riemanns and no scalar field, recovering the same
results as in the previous subsection for p–order gravity.
Thus, in the following we will only consider contributions
where at least one scalar-field propagator is involved. In
that case, we have for the binding potential

δVψð∂2hÞp ∼ VN ·

�
v2

c2

�
3p−3

·

�
MΛ

m

�
2p−2

β̄ðpÞda

∼ VN ·

�
v2

c2

�
3p−3

·

�
MΛ

2

mma

�
2p−2

β̄2ðpÞd̄a; ð69Þ

where in the second line, we have used the fact that da is
linearly proportional to the coupling (because it is sourced
by it) to introduce d̄a, such that da ≔ ðMΛ=maÞ2p−2β̄ðpÞd̄a.
Hence, we see that such a correction will be further
suppressed as proportional to square of the coupling. As
well, we have introduced the dimensionless coupling
constant β̄ðpÞ ¼ ðc2=ðGMΛÞÞ2ðp−1ÞβðpÞ. Note however, that
there will also be lower order contributions coming from
the kinetic part with a scalar field exchange. At Newtonian
order, it accounts in a rescaling of the Newtonian gravi-
tational constant, see Eq. (54), but at 1PN, it differentiates it
from GR. This result holds in general, for unequal masses
in the binary, in which case the (pþ 1)–point potential
contribution in Eq. (69) is dominated by the lightest mass.

The tidal contribution to the potential also goes as the
lightest mass in the binary, as discussed earlier. See
Appendix D for a detailed discussion.
In addition, we must also include tidal contributions. As

we have seen for the EsGB case, the scalar field yields a
new type of scalar tidal interactions. Such interactions
contribute as early as 3PN order due to the presence of a
scalar dipole moment. The resulting contribution in the
binding potential is given by

δVscal tid ∼ VN ·

�
v2

c2

�
3mbdb

ma

�
ma

m

�
3

c̄ðaÞs

∼ VN ·
�
v2

c2

�
3
�
ma

m

�
3

c̄ðaÞs ·
mbd̄b
ma

β̄ðpÞ

�
MΛ

m

�
2p−2

;

ð70Þ

where we have defined the dimensionless scalar Love

number c̄ðaÞs ≔ cðaÞs G=ðRac2Þ, with Ra being the size of
the compact object.
To determine the new associated contributions to the

radiation, we distinguish between the emission of a gravi-
ton and that of a scalar. In the case of graviton emission, the
vertex involves 1 internal scalar legs, p internal graviton
legs and one external (on-shell) graviton leg.

δhTTij ∼ hTTij jN ·
�
v2

c2

�
3p−3

·

�
MΛ

m

�
2p−2

β̄ðpÞda

∼ hTTij jN ·
�
v2

c2

�
3p−3

·

�
M2

Λ
mma

�
2p−2

β̄2ðpÞd̄a: ð71Þ

For the scalar case, the leading order contribution comes
from the emission of a scalar field, corresponding to scalar
monopole and dipolar radiation. However, the LO scalar
monopole scales as

Iðs;NÞ ¼
X
a

mada

∼
X
a

mad̄a

�
MΛ

m

�
2ðp−1Þ

β̄ðpÞ; ð72Þ

Notice that although it depends on the coupling constant, it
is constant and hence it does not contribute to the scalar
radiation. As a consequence the leading order scalar
radiation comes from the dipole, given at leading order by,

Iiðs;NÞ ¼
X
a

mada xia

∼
X
a

mad̄a xia

�
MΛ

m

�
2ðp−1Þ

β̄ðpÞ; ð73Þ

Because of its dipolar structure, such a term will contribute
to the (scalar) flux at −1PN order with respect to the

GENERIC EFT-MOTIVATED BEYOND GENERAL RELATIVITY … PHYS. REV. D 112, 124013 (2025)

124013-15



gravitational flux. Thus the additional scalar radiative
(breathing) mode scales as

ψ ∼
Gmν

Rc2
· ðda − dbÞ ·

�
v
c

�

∼
Gmν

Rc2
· ðd̄a − d̄bÞ ·

�
v
c

�
·

�
MΛ

ma

�
2p−2

β̄ðpÞ: ð74Þ

We see, as it is already known, the breathing mode starts at
−0.5PN order compared to the þ;× polarizations.

C. Accounting for derivatives of Riemann and scalar

1. No additional scalar field

Let us consider higher derivative theories which contain
derivatives of curvature terms in the action (see [55]).
For the case without additional scalar fields, the most
general term contains scalar combinations of the
Riemann tensor and its derivatives.20 We write this as
αðpÞf½ð∇Þ2n;Riemp−n�, where the derivatives can act on any
number of curvature tensors in any combination.

S ¼ 2Λ2

Z
d4x

ffiffiffiffiffiffi
−g

p �
Rþ αðpÞf½ð∇Þ2n;Riemp−n��; ð75Þ

From an EFT perspective, the net gradient of the metric
field is 2nþ 2ðp − nÞ ¼ 2p, and the leading order con-
tribution from this term is a (p − n)–scalar vertex, which
gives the following leading order contribution to the
binding energy

δV ∼ VN ·

�
Gm
rc2

�
p−n−2

·

�
GMΛ

rc2

�
2p−2

ᾱðpÞ

∼ VN ·
�
v2

c2

�
3p−n−4

·
�
MΛ

m

�
2p−2

ᾱðpÞ

∼ VRðpÞ ·

�
v2

c2

�−n
; ð76Þ

where, as before, we have introduced the dimensionless
coupling ᾱðpÞ, the typical mass m of the binary, and the
scale of new physics MΛ. We see that this potentially
contribute at n PN order less than the corresponding term
without derivativesRðpÞ as computed in Eq. (65), while the
mass scaling remains the same.
Similar to the case without derivatives, the leading order

radiation have the same scaling behavior as the potential,

giving the following correction to the gravitational
waveform

δhTTij ∼ hTTij
��
N
·

�
v2

c2

�
3p−n−4

·

�
MΛ

m

�
2p−2

ᾱðpÞ; ð77Þ

and to the phase φ,

δφ ∼ φ
��
N
· x3p−n−4 ·

�
MΛ

m

�
2p−2

ᾱðpÞ: ð78Þ

2. With an additional scalar field

The most general term in Eq. (75) with additional
scalar fields and their derivatives contain terms like
fΨ;∇2Ψ; ð∇ΨÞ2;…g,21 in addition to derivatives of the
curvature tensor. As such scalar fields are contemplated to
mediate gravitational effects, their derivatives contribute to
the net EFTorder considered. On expanding the scalar field
asΨ ∼ 1þ ψ=Mp, we see thatΨ without derivatives do not
contribute at leading order. Leading order corrections come
from derivatives of Ψ, which enables us to write a general
action of the form

S ¼ 2Λ2

Z
d4x

ffiffiffiffiffiffi
−g

p �
R −

1

4
∇aΨ∇aΨ

þ βðpÞf½ð∇a;ΨbÞ; ð∇c;RiemdÞ�
�
; ð79Þ

where a, b ≥ 1, and every scalarΨ appears with derivatives
(following the argument in Sec. VII B). Again, from an
EFT point of view, derivatives22 of the scalar field or the
Riemann tensor contribute to the net order 2p. Since the
derivatives must appear in pairs, aþ c ≔ 2m. Additionally
we definemþ d ≔ p. The leading order contribution to the
binding energy comes from a (bþ d)–point vertex, which
gives

δV ∼ VN ·

�
v2

c2

�
2pþdþb−4

·

�
c2

Gm

�
2ðp−1Þ

βðpÞ · ðdaÞb;

in terms of the quantities defined in Eq. (69). Notice,
however, that a simple power scaling with βðpÞ is not
straightforward to obtain, as it depends on the details of the
solution for ψ. Here again, an inverse dependence on the
coupling might ensue depending on the choice adopted. For
the radiation, there are two possibilities:

(i) Emission of a graviton [vertex with b internal scalar
leg, d − 1 internal gravitational legs and one external

20Of course, care must be exercised to ensure such differ-
entiated terms are truly independent. That is, that not be written in
terms of undifferentiated terms through Bianchi identities and
commutations, and others that could be removed via field-
redefinitions or integration by parts. For checking this, symbolic
packages like Invar are quite useful [62]. See for instance
[39,59,63] for related discussions.

21An example being Horndeski gravity [57].
22And care must also be exercised to ensure all terms are truly

independent.
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(on-shell) graviton leg]: the scaling is the same as for
the binding potential.

(ii) Emission of a scalar [vertex with b − 1 internal
scalar leg, d internal gravitational legs and one
external (on-shell) scalar leg]: As for the case with
no derivatives, see Sec. VII B, the leading order
correction comes from the emission of a single
scalar giving rise to the following additional scalar
radiative (breathing) mode

ψbreathing ∼
Gmν

Rc2
· ðd1 − d2Þ ·

�
v
c

�
: ð80Þ

As mentioned earlier, working out the explicit
dependence on the coupling requires further inves-
tigation and will depend on the structure of the
derivatives acting on the scalar field.

VIII. EXAMPLE ILLUSTRATION

A. Quartic gravity

As an example, we now apply the aforementioned
general rules to discuss corrections introduced in a
EFT-motivated theory with not extra degree of freedom
and quartic curvature corrections. We can then contrast our
results with specific calculations carried out in the particu-
lar case described in [39,42]

S ¼ 2Λ2

Z
d4x

ffiffiffiffiffiffi
−g

p ðRþ ᾱð4ÞMΛ
6½C2 þ CC̃ þ C̃2�Þ;

with C ¼ RabcdRabcd; C̃ ¼ Rabcdð�RÞabcd, and we have
assumed that all the quadratic corrections appear at similar
mass scales ∼MΛ. Thus p ¼ 4 and neither a scalar field, no
extra derivatives are included. Using the rules as described
in Sec. VII A, we can state the predicted leading order PN
effects for nonspinning black holes as summarized in
Table I. These results can be compared to those explicitly
computed in [39], where each contribution is evaluated
individually. For each quantity, we indicate the dominant
correction found in that work, across all individual terms.
Note that for the strain, which scales with the total mass of
the system, we present the correction excluding tidal effects
(which would appear at 5PN order); the tidal contribution is

shown in the last row of the table and scales with respect to
the lightest mass in the binary (see Appendix D).

B. Quadratic gravity with one scalar degree of freedom

At quadratic order, there are two independent invariant
combinations of the curvature tensor—the Euler invariant
G2 and the Chern-Pontryagin invariant P2

G2 ¼ ð�R�ÞabcdRabcd ≔ ϵabefRefghϵghcdRabcd;

P2 ¼ ð�RÞabcdRabcd ≔ ϵabefRef
cdRabcd:

Adding G2 to the EH action gives Gauss-Bonnet gravity,
while P2 gives Chern-Simons gravity. Being topological
invariants, neither of them contribute if added directly to
the EH action. However, when coupled to a scalar field,
they do contribute—G2 gives the EsGB theory discussed in
Sec. V, while P2 gives dynamical Chern Simons (dCS)
gravity [64]. Analogous to the EsGB action in Eq. (47), the
dCS action is

SdCS ¼ 2Λ2

Z
d4x

ffiffiffiffiffiffi
−g

p �
R −

1

2
ð∂ΨÞ2 þ ᾱð2ÞMΛ

2ΨP2

�
:

Let us now compare our results for a theory with quadratic
curvature corrections and an extra scalar degree of freedom,
with the results presented in [41,50,64,65] for ESGB, and
in [64,66] for dCS gravity (see also [65,67–71]).
Using the rules described in Sec. VII A, we tabulate the

results in Table II. The table shows the predicted leading
PN-order corrections (scalar þ quadratic column) for non-
spinning black holes, compared to available results from
the literature for EsGB and dCS theories.
A few clarifications are in order: for dCS gravity, we

report literature values assuming spinning black holes.
While some references quote a 2PN correction for dCS,
this arises from modifications to the gravitational quadru-
pole induced by a modified scalar profile and resulting
scalar charge. To remain consistent with how we contrast
other tabulated theories, we omit this specific correction
from the table. In addition, as explained in Sec. V, a 1PN
correction is expected in the binding potential in any

TABLE I. Predicted leading PN order compared to known
results from quartic corrections for nonspinning black holes.

Quantity
ᾱð4Þ

�
m
MΛ

�
6

Quartic
(this work)

Most relevant
order of [39]

δh=hjGR ∝ �
v2

c2
�
8

�
v2

c2
�
8

δV=VjN ∝ �
v2

c2
�
8

�
v2

c2
�
8

δV tid=VjN ∝ �
v2

c2
�
5

�
v2

c2
�
5

TABLE II. Predicted leading PN order compared to known
results from quadratic curvature and scalar field corrections for
nonspinning black holes. Asterisks indicate that results are not
available in the literature.

Quantity
ᾱ2ð2Þ

�mmL

M2
Λ

�
2 Scalar þ quadratic

(this work) EsGB dCS

δhfþ;×g=hGR ∝ �
v2

c2
�
3

�
v2

c2
�
3 �

hbᾱ�2�
�MΛ
m

�
2 ∝

�
v2

c2
�−1=2 �

v2

c2
�−1=2 �

v2

c2
�
1=2

δV=VjN ∝ �
v2

c2
�
3

�
v2

c2
�
3 �

δV tid=VjN ∝ �
v2

c2
�
3

�
v2

c2
�
3

�
v2

c2
�
3
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scalar-tensor theory, proportional to the scalar charge. Since
this is well known and does not come directly from the new
higher-curvature coupling, we omit it from the table.
We also display the breathing mode correction relative to

the leading GR scaling. In this case, we assume the theory
is expressed in the Jordan frame and that the scalar field
decays as 1=r—otherwise, the breathing mode would
decay too rapidly to be detectable (see, e.g., [72,73]).
For strain, which scales with the total massm of the system,
we show the correction excluding tidal effects (which
would enter at 5PN order); tidal effects, which scale with
the lighter mass mL in the binary, are shown in the last row
(see Appendix D).

IX. FINAL WORDS

Identifying deviations from GR is certainly a tall order.
Capturing key features predicted by theories beyond
GR helps to find signs of them in the analysis, and tell
them apart from potential systematics. In this work we
developed a set of rules to estimate the impact that general
EFT-inspired beyond GR theories have on waveforms
produced in the inspiral phase of compact binaries.23

Importantly, from an EFT perspective, theories often
treated as separate are actually part of a larger set, grouped
by the order of corrections included. Furthermore, unless
there is a special fine-tuning or a protective symmetry,
the leading effect in the set is the most important one, as
noted here. In particular, we demonstrate that vast sets of
theories—those without extra degrees of freedom and no
derivatives of the Riemann tensor describing nonspinning
or slowly spinning objects—only deviate from GR begin-
ning at a relatively high order (5PN).
This holds for all theories with corrections at cubic or

higher orders,24 in contrast to the conservative assumption
that all orders would be affected. On the other hand,
deviations showing up at lower PN orders imply that
extra degrees of freedom are at play. These rules can be
readily incorporated in refined analysis options currently
employed that can target the inspiral regime (e.g.,
[10,21,22,68,74,75]). In this regime, knowing how devia-
tions scale with mass and their leading PN order are
important to tell different potential theories apart, and
offers key insight when combining data from multiple
events. We note however that extracting confidently the
leading PN order is more delicate than identifying the
overall scale, due to correlations between the PN coeffi-
cients. New techniques are being developed to address this

challenge, see, e.g., [76]. Additionally, extracting both the
scaling and PN order helps distinguish real deviations from
systematics—for example, those of astrophysical origin,
which are unlikely to depend on an exact integer power of
mass [77].
We conjecture that a similar strategy could be applied in

the postmerger case by identifying the quasinormal mode
(QNM) frequencies—which also scale with MΛ=m as
shown in [31]—alongside ratios of QNM amplitudes,
which would contain information of PN effects. How-
ever, uncovering these features would require simulations
to reveal how the amplitudes change in theories beyond
GR, highlighting again the vital role of simulations, even
when exploring a small subset of alternative theories.
Although we have not included spinning objects in this

work, their effects can be naturally incorporated within the
PN-EFT framework, following the same approach used
in GR—see [78].
Finally, recall that in the expression for the strain,

h ¼ hGR þ ðl=mÞqδ, the quantity δ depends on the physi-
cal parameters in the system and therefore does not display
universal behavior across all events. Its effect can be
handled by marginalizing over it or by suitably binning
events based on dimensionless combinations of these
physical parameters.
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APPENDIX A: CUBIC LAGRANGIAN AND A
SINGLE INDEPENDENT COMBINATION

In the context of Einstein-cubic gravity, the action is
constructed with 2 scalars, fI1; G3g, their expressions are

I1 ¼ Rab
cdRcd

lmRlm
ab ðA1Þ

G3 ¼ I1 − 2Rμνα
βRβγ

νσRσ
μγα ðA2Þ

though the latter expression can be reexpressed as,

G3 ¼
5

4
R3 − 9RRabRab þ

3

4
RRabcdRabcd

þ 8RabRa
cRbc þ 6RabRacbdRcd: ðA3Þ

Thus, every single term in G3 can be removed from the
Lagrangian through a field redefinition25 (see, e.g., [43]).
Of course, if the scenario studied is not in vacuum, field
redefinitions would affect the stress energy tensor.

APPENDIX B: NULL CONTRIBUTION
OF RRabcdRabcd

We explicitly demonstrate that there is no contribution
coming from RRabcdRabcd in vacuum. While the result
follows from general arguments, a direct calculation
explicitly demonstrates this and clarifies some existing
results in the literature. Consider the action, in vacuum

S ¼ 2Λ2

Z
d4x

ffiffiffiffiffiffi
−g

p ðRþ λð3ÞRKÞ; ðB1Þ

where K ¼ RabcdRabcd, and we will relabel the coupling
λð3Þ ≡ λ for brevity. This action can be derived from the
Einstein-Hilbert action by redefining the metric g0ab ¼
gabð1þ λKðgÞÞ, making λ physically irrelevant at linear
order (in vacuum). Crucially, g0ab ≈ gab at infinity, ensuring
that observables remain unchanged. For a binary system at
orbital scales, the PN-EFT action combines gravitational
and point-particle terms

Seff ¼ 2Λ2

Z
d4x

ffiffiffiffiffiffi
−g

p ðRþ λRKÞ

−
X
a¼1;2

ma

Z
dτ þ

Z
dτ
�
cðaÞE E2 þ cðaÞB B2

�
: ðB2Þ

As outlined in the main text, the system’s dynamics
and radiation follow from a systematic matching procedure.

For a concrete physical scenario—like the collision of two
nonspinning black holes—the tidal coefficients fcE; cBg
are a key input.
Here, we compute these coefficients in the RK theory

directly from the GR effective action. As here we focus on
nonspinning black holes, we set cE ¼ cB ¼ 0. Starting with

Seff ¼ 2Λ2

Z
d4x

ffiffiffiffiffiffiffi
−g0

p
Rðg0Þ −

X
a¼1;2

ma

Z
dτ0;

the field redefinition g0ab ¼ gabð1þ λKðgÞÞ gives

Seff ¼ 2Λ2

Z
d4x

ffiffiffiffiffiffi
−g

p ðRþ λRKÞ

−
X
a

ma

Z
dτ

�
1þ λK

2

�

¼
Z

d4x
ffiffiffiffiffiffi
−g

p ðRþ λRKÞ −
X
a

ma

Z
dτ

−
X
a

4maλ

Z
dτðE2 − B2Þ; ðB3Þ

where we have used the identity K ¼ 8ðE2 − B2Þ.
Comparing with (B2), we identify the tidal coefficients26

cE ¼ −cB ¼ −4mλ: ðB4Þ

With these coefficients in hand, we can now evaluate the
corrections to the potential and radiation. Starting with the
action

S ¼ 2Λ2

Z ffiffiffiffiffiffi
−g

p ðRþ λl4RKÞ −m
Z

dτ þ cE

Z
dτE2;

ðB5Þ

we can evaluate the potential exactly, which gives,

Vcubic ¼ −
3

128

m1m2
2

r6
λl4

π2Λ4
ðB6Þ

V tidal ¼ −
3

512

m2
2

r6
cE

π2Λ4
: ðB7Þ

Using cE ¼ −4m1λl4 from above,

δV ¼ Vcubic þ V tidal ¼ 0:

The cBB2 is velocity suppressed by Oðv2Þ, due to the ϵ
tensor in B2, similar to the discussion in Sec. IV B. This
contribution would similarly cancel against higher order
contributions from the RK term.

25Notice Ref. [79] misses this fact, taking I1 and G3 as
independent of each other even under field redefinitions.

26The explicit computation through standard techniques will
appear in [80].
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While [44,45] identified the cubic contribution in
Eq. (B6),27 and [81] discussed its effects, they did not
account for the tidal contribution which, as shown above,
cancels the cubic one.
The same conclusion was reached previously in [46,47]

through a combination of explicit computations of the
gravitational potential (using scattering amplitude tech-
niques) and noticing some contributions can be absorbed
away through field redefinitions. Of course this observation
is not exclusive to the RK contribution, but will be true also
for any one proportional to at least the Ricci scalar or
tensor.

APPENDIX C: QUADRATIC IN CURVATURE
AND THE GAUSS-BONNET INVARIANT

In 4 spacetime dimensions the Gauss-Bonnet invariant

G2 ¼ R2 − 4RabRab þ RabcdRabcd

is a total derivative and thus has no effect. Moreover, the
first two terms can be removed by field redefinitions
(in vacuum), suggesting the final term should also vanish.
As a consequence, this should hold at all orders in a
PN-EFT expansion. For concreteness, we ignore these
general arguments here and instead compute the leading-
order contribution to the potential between two point
particles explicitly using PN-EFT for the action S ¼
Sbulk þ SPP þ SGF, where

Sbulk ¼ 2Λ2

Z ffiffiffiffiffiffi
−g

p ðRþ λð2ÞG2Þ;

and SPP, and SGF are the point particle action and the gauge
fixing terms defined in Eqs. (1) and (2b). We find that each
term in G2 vanishes individually—a result reflected in
the cancellation of the corresponding Feynman diagrams
in Fig. 6.
Leading order corrections to the potential appear at

order l2. The relevant diagrams include contributions
from both the Ricci scalar (GR) and G2. In terms of the
Kol-Smolkin variables introduced in (12), G2 generates
three vertices: a quadratic interaction in time derivatives
of ϕ, a cubic ϕ interaction, and a ϕσ interaction. These
combine with a cubic ϕϕσ interaction from GR, leading to
an exact cancellation. Below, we summarize the calcula-
tions step by step.
First, the R2 contribution: expanding 2Λ2λð2Þ

ffiffiffiffiffiffi−gp
R2 to

leading order yields

2Λ2λð2Þ
ffiffiffiffiffiffi
−g

p
R2 ⊃

16

Λ
∇2ϕðϕ∇2ϕ − ð∂ϕÞ2Þλð2Þ

þ 8∇2ϕð∂i∂jσij −∇2σÞλð2Þ;

where
ffiffiffiffiffiffi−gp ¼ e−2ϕ=Λ

ffiffiffi
γ

p ¼ 1–2ϕ=Λþ σ=ð2ΛÞþOð1=Λ2Þ.
The quadratic vertex in Fig. 6(a) ∼Oðv2Þ, and vanishes in
the static limit—a universal feature for the Fig. 6(a)
diagram for all terms in G2. The GR vertex for ϕϕσ is

2Λ2 ffiffiffiffiffiffi
−g

p �
R −

1

4
ΓμΓμ

�
⊃

2

Λ
ð2∂iϕ∂jϕσij − ð∂ϕÞ2σÞ:

Combining these, Fig. 6(b) evaluates to −4I, where

I ≔ −
16

512

m1m2
2

Λ4
λð2Þ

Z
p;q

ðp:qÞ2
p2q2ðpþ qÞ2 e

ipreiqr:

Meanwhile, Fig. 6(c) contributes þ4I, resulting in the total
contribution from Fig. 6(a) þ Fig. 6(b) þ Fig. 6(c) to be

R2∶ 0 − 4I þ 4I ¼ 0: ðC1Þ

Next, doing the same for the R2
μν term gives

2Λ2λð2Þ
ffiffiffiffiffiffi
−g

p
R2
μν ⊃

16

Λ
∇2ϕ

�
ϕ∇2ϕ −

1

2
ð∂ϕÞ2

�
λð2Þ

þ 4∇2ϕ
�
∂i∂jσ

ij −∇2σ
�
λð2Þ:

Again diagrams Figs. 6(b) and 6(c) cancel exactly resulting
in the total contribution from Fig. 6(a)þ Fig. 6(b)þ Fig. 6(c)
to be

R2
μν∶ 0 − 2I þ 2I ¼ 0: ðC2Þ

Finally, for R2
μνρσ

FIG. 6. Leading order contribution to the potential in Gauss-
Bonnet (GB) gravity. (a) Shows the leading order quadratic
interaction, while the leading order cubic interactions are shown
in (b) and (c). Dotted lines correspond to the KS scalar ϕ, the
doubled line is the KS tensor σij, solid lines are the world lines of
the particle, and the black dots mark the contribution coming
from the quadratic pieces in GB.

27Their result is for S ⊃ ð2=κ2Þ R ffiffiffiffiffiffi−gp ðRþ G3=24Þ, which is
1=32 × ðB6Þ, since G3 ∼ ð3=4ÞRK from (A3).
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2Λ2 ffiffiffiffiffiffi
−g

p
λð2ÞR2

μν⊃
16

Λ
½ϕð∇2ϕÞ2−2ð∂ϕÞ2∇2ϕ

þ2ϕ∂ijϕ∂
ijϕþ4∂iϕ∂jϕ∂

ijϕ�λð2Þ
þ8∂i∂jϕð−∂i∂jσþ2∂i∂kσ

k
j −∇2σijÞλð2Þ;

which gives the same Feynman rules for ϕϕσ as for R2.
Computing the resulting diagrams, we get the total con-
tribution from Fig. 6(a) þ Fig. 6(b) þ Fig. 6(c) to be

R2
μνρσ∶ 0− 4Iþ 4I ¼ 0: ðC3Þ

APPENDIX D: RELEVANT MASS
FOR THE SCALINGS

1. Potential contribution

Let us relax the m1 ∼m2 assumption made to arrive at
expression (65), and see which mass regulates physical
effects for nonequal mass binaries. For simplicity we can
think of the EMRI case. For a p–scalar vertex, there are
multiple diagrams which have different number of legs on
the two worldlines: in general n legs on m1, and p − n legs
on m2. The second term in the potential in (65) is actually
ðGm̄rc2Þp−2, where

m̄p−2 ≔
Xp−1
n¼1

cn


mn−1

1 mp−n−1
2 þmn−1

2 mp−n−1
1

�
;

where cn are numerical factors corresponding to each
diagram. This gives

δVð∂2hÞp ∼ VN ·

�
Gm̄
rc2

�
p−2

·

�
GMΛ

rc2

�
2p−2

ᾱðpÞ

∼ VN ·

�
Gm
rc2

�
p−2

·

�
GMΛ

rc2

�
2p−2

ᾱðpÞ ·
�
m̄
m

�
p−2

∼ VN ·

�
v2

c2

�
3p−4�MΛ

m

�
2p−2

·

�
m̄
m

�
p−2

ᾱðpÞ:

If m1 ¼ m2, then m̄ ∼m, and we recover (65). Individual
masses of the binary components appear in two combina-
tions above: ðm̄=mÞ, and ðMΛ=mÞ. In the large mass ratio
limit, q ≔ m1=m2 ≪ 1, the first of these becomes

lim
m1≪m2

�
m̄
m

�
p−2

¼
Xp−1
n¼1

cn½qn−1 þ qp−n−1�: ðD1Þ

Since n∈ ½1; p − 1�, the leading contribution is Oð1Þ, and
comes from the boundaries n ¼ 1, and n ¼ p − 1; the
subleading contributions go as qm, where m∈Zþ. The
n ¼ 1 and n ¼ p − 1 contributions correspond to Feynman

diagrams with exactly one leg on either of the two point
masses. The other factorMΛ=m is independent of the mass
ratio, and depends only on the total mass of the system.
Therefore if m1 ≪ m2,

lim
m1≪m2

δVð∂2hÞp ∼ VN ·

�
v2

c2

�
3p−4�MΛ

m

�
2p−2

ᾱðpÞ: ðD2Þ

Thus, the correction to the potential is governed by the
total mass of the system roughly as in the comparable mass
case. Next, we will see that this is not the case for the tidal
contribution.
The discussion in Secs. VII B and VII C can be gener-

alized for unequal masses in an analogous way. By defining
the corresponding m̄ in those cases, we once again con-
clude that at leading order in mass ratio, m̄=m ∼Oð1Þ,
analogous to Eq. (D1).

2. Tidal contribution

ABH in a higher derivative theory has a TLN of the form
λi ∼ kim5

i , where ki ∼ ðMΛ=miÞ2p−2. The effective TLN of
a BH binary, Λ, appears in the phase of the GW as

ψ tidalðfÞ ∼ ψN

Λ
m5

�
v
c

�
10

; ðD3Þ

where the effective TLN Λ is

Λ ∼
�
1þ 12

q

�
k1m5

1 þ ð1þ 12qÞk2m5
2: ðD4Þ

To assess what dominates the contribution to the effective
TLN, let us consider the EMRI limit (m1 ≪ m2 ⇒ q ≪ 1),

lim
q≪1

Λ
m5

¼
�
MΛ

m2

�
2p−2 1

q2p−6
: ðD5Þ

Since p ≥ 3, the exponents are non-negative. This suggests

lim
m1≪m2

ψ tidal ∼ ψN

�
MΛ

m2

�
2p−2

�
m2

m1

�
2p−6

�
v
c

�
10

∼ ψN

�
MΛ

m1

�
2p−2

�
m1

m2

�
4
�
v
c

�
10

∼ ψN

�
MΛ

m

�
2p−2 ð1þ qÞ2p−2

q2p−6

�
v
c

�
10

ðD6Þ

Thus, tidal contributions, in the unequal mass case, will be
dominated by the lightest mass in the binary. This is
intuitively expected since such mass will have the largest
curvature at the horizon.
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