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Alvaro de Souza Dutra
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INTRODUÇÃO

Neste trabalho, apresentarei uma descrição da maioria dos meus trabalhos publicados
em revistas internacionais com referee após a conclusão do meu doutoramento. Para isto
deverei dividir, para fins de organização, em três partes a presente discussão. Isto se deve
ao fato de que tenho desenvolvido trabalhos em basicamente três linhas de pesquisa. À
saber: (i) teoria quântica de campos em duas dimensões espaciais, onde tenho me dedicado
ao estudo de teorias de calibre que, via de regra são exatas nesta dimensão. (ii) teoria
quântica de campos em três dimensões, em particular em modelos com interação de origem
topológica, e anyons em geral. (ili) mecânica quântica, estudando classes de potenciais
exatamente solúveis e aproximações analíticas para potenciais que não se incluam nestas
categorias. Finalmente deverei apresentar, sempre que possível, um breve resumo dos
planos presentes e futuros com respeito ao trabalhos nestas e outras linhas de pesquisa,
incluindo aí alguns trabalhos submetidos para publicação. Observo ainda que os trabalhos
em cada área serão apresentados em ordem cronológica, além disso ao final reproduziremos
os originais dos trabalhos na sequência apresentada.
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(i) Teoria Quântica de Campos em Duas Dimensões

1) Mapping correlation functions of the Schwinger and the Axial models [Journal of
Physics G, vol. 19 (1993) 1127].

Desenvolvemos neste trabalho um estudo comparativo entre dois modelos muito con­

hecidos em (1+1)D, a saber, o modelo de Schwinger [1] e o modelo axial, também con­
hecido como modelo de Rothe e Stamatescu [2]. Neste estudo mostramos haver um mapea­
mento não­trivial entre as funções de correlação dos dois modelos [3]. Este mapeamento
foi observado inicialmente entre as suas anomalias, o que foi demonstrado tanto em cálculo

perturbativo quanto via método de point­splitting e de integral funcional via método de
Fujikawa. Além disso, verificou­se em seguida que as funções de correlação fermiônicas
1PI a um loop eram mapeáveis. Observou­se através do cálculo não­perturbativo via inte­
gral funcional que para que exista realmente um mapeamento das funções de correlação,
é necessário que o termo de fonte do funcional gerador seja não­local, permitindo ligar
um modelo que não tem divergência infravermelha [2] a um que a tem [1], gerando assim
este mapeamento não­trivial.

2) Comparison of the anomalous and non­anomalous generalized Schwinger models via
functional formalism [International Journal of Modern Physics A, vol. 9 (1994)
2229].

Ainda estudando modelos bidimensionais, publicamos um trabalho [4] no qual, além de

se fazer a quantização via integral funcional do modelo de Schwinger generalizado em suas
versões anômala e não­anômala, propusemos um termo de Wess­Zumino generalizado,
o qual demonstrou possuir características muito interessantes como o aparecimento de
massas dependentes do calibre, e que parte delas desaparecem quando se utiliza um calibre
conveniente, além disso ele demonstrou ser compatível com o esperado de um bom termo
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de Wess­Zumino quando aplicado aos modelos de Schwinger vetorial e axial, uma vez
que se obtiveram resultados compativeis com aqueles presentes na literatura. Verificamos

recentemente [5] que este novo Wess­Zumino é aquele responsável pelo restabelecimento
da invariância de calibre de modelos anômalos de calibre com massas dependentes do

calibre, os quais apareceram recentemente na literatura [6][7]. Abaixo apresentaremos
uma versão resumida desta demonstração.

O modelo proposto por Basseto e Griguolo é definido através da seguinte densidade

de lagrangiana:

1 +

. 1 +r 5L =PF+ (59, +e (SO) As) V, (1)

onde r é um parâmetro real arbitrário que interpola entre o modelo com acoplamento

vetorial (r = O) e o do modelo de Schwinger quiral (rº = 1). Todavia, a fim de trabalhar
com um modelo mais geral [4][8][9], usaremos a densidade de lagrangiana abaixo:

1 =

:L == F"Fu +17" (id, + (erP4 +erP) AJ), C)

onde P;, = (175) /2. É fácil ver que este contém o anterior como caso particular.
Em termos das componentes longitudinal e transversal do campo de calibre, temos a

seguinte densidade de lagrangiana efetiva de ordem superior descrevendo o modelo,

— Mº) nom1

Leg = C(inO")C +222XDX + FE

+ G)

? sendo a o parâmetro arbitrário de regularização. Além disso pode­secom M? = ae

verificar que a densidade de lagrangian acima não é invariante de calibre. Introduzindo

então um termo de Wess­Zumino generalizado como proposto neste trabalho, dado por

Lewz= A (91 = M”) 98 + — (92 — Mº) 9 — Son ­ À nonTe? 2ae?
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1 1
— 90º — — 90 4

20€? aero . S
fixando o calibre através da inrodução do termo — 250, 00"0, de forma que podemos
escrever a densidade de lagrangiana resultante na forma L = 3p” Mp, onde p*” = (x,n,9),
com M sendo

am (24 PTA) (24008) |
an ­ (24 2TÉ) ­ + (ECA ­s))T a T a T

Além disso os elementos da matriz inversa de M nos fornecem as funções de correlação

de dois pontos < xXx >,< xm >, etc... . Usando então estes tijolos básicos, podemos
construir o propagador do fóton na representação de momentum:

1 ­ ­ ­

< AJdy >= = [uk <m > +kuky <xm > +kuky <nx>+Ekuko <xx >], (6)
que neste caso nos leva a:

Dy(k) = Emo) ([­Kºguu —(a—1) Ryuky +

Tn (k?=7º)0S nnBR(R—T) Bolos
e? Tt ae? + Te? T
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— (M (a—1)º ­ 2Mº(a—1) (og? + 92) + (ag? — 3)i :
|

(8)

Por outro lado, podemos calcular o propagador invariante de calibre [10], para um

campo definido como AÍ = A, + 20,0. Isto nos levará então ao seguinte propagador:

1

(kº — mi) (kº — mz)< ALA >= ([­Eºgu — (a = 1) kuky) +
a kuky kuky + kuky= [15º + ns? x. + ng (Et çã)| | = Du(k)(6=0)­ (9)

Finalmente, fazendo as particularizações dos nossos parâmetros para fins de com­
paração com aqueles calculados por Basseto e Griguolo, 1 = Z, 92 = 5, 6 4 * À,
recuperamos os resultados que aparecem em seu trabalho [7]. Demonstramos assim que o
termo de Wess­Zumino generalizado discutido em [4], é extamente aquele necessário para

a recuperação da invariância de calibre perdida devido à anomalia na corrente de calibre
do modelo proposto por Basseto and Griguolo.

3) Hamiltonian quantization of the non­anomalous generalized Schwinger model [Zeit­
schrift fiir Physik C, vol. 66 (1995) 517].

Em uma colaboração com o professor César Natividade da UNESP, foram desen­
volvidos ainda dois outros trabalhos em teoria quântica de campos em (1+1)D [17][18].
No primeiro discutimos a quantização a la Dirac do modelo de Schwinger generalizado
anômalo e não­anômalo, mostrando ainda que esta quantização deve ser feita com muito

cuidado a fim de se evitarem certas ambiguidades, as quais tem aparecido de forma

errônea na literatura. Entre outras coisas mostramos neste trabalho que na quantização

de Dirac, feita no caso particular do modelo de Schwinger quiral por e Falck e Kramer

[19], havia uma certa imprecisão na medida que, tendo o modelo dois vínculos de primeira
classe, haviam sido escolhidas duas condições de calibre. Entretanto os autores não ver­
ificaram a consistência temporal destes vínculos. Felizmente no caso tratado por eles o
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segundo vínculo imposto diferia do advindo da consistência temporal do primeiro por uma
derivada total, preservando as equações de Euler­Lagrange, e consequentemente gerando

os parênteses de Dirac corretos para o modelo. Entretanto frisamos neste trabalho que
em geral este procedimento é extremamente perigoso, uma vez que os vínculos escolhidos

podem não ter nenhuma relação com aqueles provenientes da consistência temporal dos
demais.

4) Chiral Schwinger model with a Podolsky term at finite temperature [Zeitschrift fur
Physik C, vol. 67 (1995) 687].

Neste trabalho, agora colaborando também com o professor Henrique Boschi Filho da

UFRJ, discutimos a quantização via integral de trajetória de um modelo de Schwinger

quiral com termo de Podolsky. Procurávamos neste trabalho verificar se o termo de

Podolsky poderia ser capaz de eliminar a anomalia de calibre, presente no modelo de

Schwinger quiral, e por outro lado ver também se o acoplamento quiral poderia ser útil
na eliminação do táquion que em geral surge associado à uma teoria com derivadas de

ordem superior, como é o caso do termo de Podolsky.

Verificamos então que o que ocorria no caso não­singular, ou seja aquele cujo parâmetro

arbitrário de regularização a é diferente de um, é que o táquion permanecia presente na

teoria, e apenas havia uma renormalização finita da massa gerada dinâmicamente. To­

davia vimos com grata surpresa que no caso singular (a = 1), de fato havia o desapareci­
mento do táquion do espectro assintótico da teoria o que, até onde sabíamos, era talvez

o primeiro caso de um modelo com derivadas de ordem superior sem táquions.

5) Arxial­Schwinger model [International Journal of Modern Physics A, vol. 11
(1996) 2931].

Recentemente desenvolvemos em colaboração com os professores João Barcelos e Ri­

cardo Amorim da UFRJ, um trabalho no qual estudamos o efeito de uma interação entre

férmions de Dirac e fótons com um campo pseudo­escalar; neste trabalho mostramos

6
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o aparecimento de polos massivos adicionais no espectro assintótico da teoria, abrindo
a possibilidade da existência de efeitos novos e não­triviais em modelos com interações

mistas em (1+1)D [12]. Seguindo nesta linha de interações combinadas, em uma colab­
oração envolvendo os pesquisadores Cesar Natividade da UNESP, Henrique Boschi Filho
da UFRJ e ainda R. P. G. Amaral e L. V. Belvedere da UFF, realizamos estudos a re­

speito do efeito da auto­interação quártica de férmions na massa gerada dinâmicamente

para os fótons em modelos com simetria de calibre em duas dimensões, tanto do ponto
de vista do formalismo de integral funcional [13], quanto do formalismo operatorial, nos
casos abeliano e não­abeliano [14].

Vejamos por exemplo o caso do modelo com acoplamento vetorial, que para férmions de
massa zero, no espaço Euclideano e no setor topologicamente trivial, tem como densidade

de lagrangiana:

L=/(ip — ef) = CE)? + 2(E,e) +IATNPAVO, (10)

onde F,, = O,A, — 0, A,. Usando a identidade

exp +5É [Pa") = E:exp i­ fds Ee. — eobr,B| (11)
torna­se (no calibre de Lorentz)

­

2 1 1L=/1(ip—e(A+oB))V + TBuB" + Lu EM — ao OA")? + source terms. (12)
Fazendo agora a transformação A, = A, — B,, onde BB, = gB,, a densidade de

lagrangiana se torna

14 me lo oe la om lo= V(ip+ei)y+ aê,B" + EnEU + MA MY — EQMY — 32 (0,A")?
(9,8)? + Lg,290,87 + source terms , (13)

onde M,, = 0,B, — 9,B,. Para descoplar os férmions e os campos de calibre 4, e Ê,
fazemos a decomposição
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e realizamos a transformação

V(x) = exp (nina +IsxalV(D); V()=V(r)explinatisxa). + (15)

O Jacobiano não trivial correspondente é dado por

Jp = expl+a [de beexal |) ; (16)

onde À é o parâmetro arbitrário de regularização. Aqui vamos nos restringir ao caso em

que À = 1. Desta forma obtemos que

mag 2 2 1 1 2 2Less = BD A+ os [(Dxa)º + (xs) = ZOxADxe +  [(Guns)? + (uxs6)"]|
1 1 1

(d,x1a)º — Ona)º + (Ong) + —OnÇ Da (OuXA)” — a (Ena)? + (Ens)º]+ —PnaDns

1 o =,

=Ju [8"(na — ne) + en O"(Xa — x5)| + Be MIX + Veimtsxag, (17)
Fazendo agora uma mudança de escala tal que

­ ­
E

XAPAXA; XB XB;j GF | (18)
9

e as transformações nos campos

Xa | [/ cosp sin xa dl. (19)
xs —siné cos JV xh)'

(8) (o 1)(%): (20)
a densidadde de lagrangiana (17) desacopla e encontramos que tan é = 1/a, de modo que

” 1em = PD A os [xa + (Quxa)º + (Guria)|
aº+1l 1 1

voe (Dx4)* — aaa (ma) +=” [una + Va? + TenOx4)
Ge ima+ig)+Isalcosdx tsinxa)! + 27eilMat+ng)+Isalcos dx'atsin ÓxBIO | (21)
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A partir desta densidade de lagrangiana podemos determinar os propagadores fundamen­
tais da teoria, por exemplo para o propagador do fóton teremos:

EZ 1 2 .Dus(h) = FIZ], 7 e [eb Dm + (+ Denocuh W Drs) ­ (22)

Usando a identidade bidimensional e156vo = Óuvooo — dupdsv Obtemos explicitamente que

Duv(Ek) =E(ow — É — salao|a ; (23)
k2

onde a massa gerada dinâmicamente será dada por
2

2 e

mM EITA (24)

Aqui vemos o efeito da auto­interação quártica de férmions sobre a massa gerada dinâmica­
mente m, ao mantermos fixa a constante de calibre e ao variarmos parâmetro do acopla­
mento quártico g. Assim quando o acoplamento gq vai a zero, recupera­se a massa usual
do modelo de Schwinger [1] [15] [16], e para um acoplamento forte verifica­se que

(g — co), (25)

mostrando uma dualidade entre a constante do acoplamento quártico e a carga elétrica,

no sentido em que o modelo com acoplamento forte tem suas funções de correlação iguais
às do modelo de Schwinger com carga elétrica pequena. No momento estamos realizando
cálculos no sentido de estender este estudo para três dimensões.
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(ii) Teoria Quântica de Campos em Três Dimensões

6) Free relativistic anyon with canonical spin algebra [Physics Letters B, vol. 343
(1995) 225).

Discutimos também o problema da construção de hamiltonianas/lagrangianas covari­
antes de Lorentz para anyons livres. Como primeiro cálculo neste tema, e em colaboração
com o professor Denis Dalmazi da UNESP, mostramos a inconsistência de um modelo
recentemente proposto na literatura [22][23][24], além de verificarmos que ao se elim­
inarem as inconsistências recai­se em um modelo já estudado anteriormente [25], o qual

não atinge o objetivo de se ter um modelo covariante de Lorentz para anyons livres. Em

seguida, procuramos desenvolver uma resposta positiva à esta questão, tendo isto sido
feito através de um cálculo independente do modelo, através da imposição direta dos req­

uisitos desejados ao modelo no sistema de vínculos de segunda classe, os quais reduzem

convenientemente o espaço de fase inicial do modelo mantendo a invariância de Lorentz, e

ainda mantendo a álgebra correta para o spin do anyon [26]. Todavia neste procedimento
foi quebrada a invariância de Poincarê, a qual é essencial a fim de dar um conteudo físico
adequado ao modelo. Estamos agora procurando restabelecer a simetria de translação

do modelo, recuperando assim a de Poincarê. Estamos também realizando estudos no
sentido de entender a possível origem do zitterbewegung nestes modelos e sua relação

com o aparecimento da álgebra de spin correta mantendo o caráter de partícula livre no

modelo, e sem perder a de invariância de Poincaré.

7) Consistent higher derivative quantum field theory: A model without tachyons and ghosts
[Modern Physics Letters A, vol. 11 (1996) 775].

Em uma colaboração com o professor Marcelo Hott da UNESP, desenvolvemos alguns

cálculos de quantização do modelo de Maxwell­Chern­Simons com termo de Podolsky [20].

10
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Este trabalho tinha o objetivo inicial de verificar se o termo topológico de Chern­Simons

era capaz de eliminar o táquion existente na teoria eletromagnética de Podolsky. Todavia

verificamos que isto não ocorre, o que nos estimulou a procurar alguma generalização do
termo topológico de Chern­Simons que fizesse este trabalho. Novamente trabalhando com

o professor César Natividade, foi encontrado tal termo generalizado, o qual denominamos
de termo de Chern­Simons de ordem superior por se tratar de um termo com derivadas

de ordem superior a duas. Além disso verificamos que ainda era possível eliminar os

fantasmas do modelo, desde que restringissemos ainda mais o espaço dos parâmetros

do mesmo [21]. Posteriormente verificamos que este mecanismo pode ser estendido a
dimensões Ímpares em geral, e que nestas dimensões teremos uma hierarquia infinita

de densidades de lagrangiana, todas elas relacionadas a uma densidade de lagrangiana

original sem derivadas de ordem superior. Esta relação se dá via transformações duais
entre os campos, relação esta que é tal que dadas as funções de correlação de uma delas,

obtem­se as demais através das relação de dualidade.

(iii) Mecânica Quântica

8) The partition function for an anyon­like oscillator [Journal of Physics A, vol. 28
(1995) L7].

Ainda em relação ao tema de anyons realizamos, mas agora a nível de mecânica

quântica, em colaboração com os professores Henrique Boschi Filho e Carlos Farina da

UFRJ cálculos com o intuito de determinar a função de partição de osciladores sujeitos a

condições de contorno anyonicas [27]. Este é um estudo bastante interessante, na medida
em que tal função de partição para anyons é desconhecida na literatura. Sendo importante

lembrar que o estudo de anyons tem crescido enormemente nos últimos anos, devido à sua

importância na descrição do efeito Hall quântico e possivel aplicação à supercondutividade
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de altas temperaturas.

Todavia deve­se notar que, a nível relativístico, os anyons devem existir apenas em

três dimensões e no espaço de Minkowsky devido à sua origem topológica, o que mostra
que o caso estudado por nós por se tratar de um problema unidimensional, possivelmente
estará mais facilmente relacionado com algum tipo de paraestatística, ou mesmo com as
chamadas deformações quânticas.

No momento estamos estudando a possibilidade de estender tal análise ao problema
de uma partícula na presença de um solenóide (cyon), sujeita a tais condições de contorno
generalizadas, de modo a procurar entender melhor a relação entre tais sistemas.

9) Conditionally exactly soluble class of quantum potentials [Physical Review A, vol.
47 (1993) R2435].

10) so(2,1) Lie algebra and the Green's functions for the conditionally exactly solvable
potentials [Physical Review A, vol. 50 (1994) 2915].

11) Expanding the class of conditionally exactly solvable potentials [Physical Review A,
vol. 50 (1994) 4369].

Nesta seqilência de trabalhos demonstramos a existência de uma nova classe de poten­
ciais que possuem solução exata, desde que alguns de seus parâmetros sejam fixados em
valores bem específicos. Estes potenciais foram batizados de condicionalmente solúveis

[28], sendo que posteriormente foi discutida por E. Papp [29], e independentemente por
um grupo de indianos [30] a existência de supersimetria nestes potenciais, além de calcular
funções (3 para estes poteciais [31]. Mais recentemente o mesmo autor estudou deformações
quânticas destes potenciais [32]. Em seguida realizamos um trabalho no qual mostramos
ser possível generalizar uma técnica que era aplicada aos potenciais exatamente solúveis

[33], de modo a mostrar que os potenciais condicionalmente solúveis encontrados em [28]
possuiam simetria dinâmica determinada pelo grupo SO(2,1) [34]. Posteriormente, orien­
tando um estudante alemão da Universidade de Leipzig no programa de intercâmbio do

12

FVY
AVAVAV

2 3 4 5 6 7 8 unesp ”* 12 13 14 15 16 17 18 19



IAESTE, mostramos a existência de potenciais desta classe também em duas dimensões

espaciais [35]. Estes últimos se caracterizam por apresentar singularidades do potencial
ao longo de uma linha semi­infinita, podendo servir de modelo para o potencial definido
por cordas de Dirac. Trabalhando com um aluno de iniciação científica mostramos ainda

que existem potenciais desta classe dependentes de funções hiperbólicas que, a exem­

plo de potencias como o de Morse, Wood­Saxon, Rosen­Morse entre outros, poderiam
a princípio ser utilizados em modelos atômicos ou nucleares [36]. Infelizmente porém,

quando estávamos finalizando estes cálculos, tomamos conhecimento de um trabalho [37]
no qual tal possibilidade foi analizada. Ainda mais recentemente, verificamos que C.

Grosche [38][39], calculou as funções de Green via integral de trajetória para os potenciais
desta classe.

12) Approximate analytic erpression for the eigenenergies of the anharmonic oscillator
V(x) = Axº + Bxº [Physical Review A, vol. 51 (1995) 3480].

Em uma outra linha de trabalho na mecânica quântica não­relativística, temos desen­

volvido um método para obter expressões analíticas aproximadas para os auto­estados de

energia de potenciais anarmônicos. Para isto aproveitamos soluções particulares destes

potenciais, classificados como quase­exatamente solúveis [40], e em seguida buscamos
através de métodos de interpolação determinar uma solução analítica que seja com­
patível com aquelas soluções exatas, as quais somente são válidas para certas relações

entre os parâmetros do potencial [40]. Neste trabalho inicial foi discutido o potencial
Vír) = Artº + Brº (A > O), encontrando uma solução do tipo E, = XaWX"?, com

X= .. onde os três primeiros termos da série foram determinados [41] [42], e tivemos
um resultado com boa aproximação para uma região de validade para os parâmetros A

e B razoavelmente grande. Em seguida procuramos aumentar a estatística, melhorando

a precisão e aumentando a região de validade para os parâmetros, além de incluir um

termo de barreira centrífuga no potencial acima descrito, este trabalho foi realizado em

colaboração com o professor Antonio Soares de Castro da UNESP e um estudante de
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iniciação científica da FAPESP [43]. No momento estamos trabalhando na extensão desta
técnica a potenciais com outros termos anarmônicos, além de sua aplicação em problemas
de dois ou mais anyons na presença de campos eletromagnéticos externos.

18) Strong­Weak coupling duality symmetry in quantum mechanics [Anais do “XXI
International colloquium on group theoretical methods in physics” ­ Goslar ­

Alemanha] (no prelo)

Neste trabalho discutimos uma dualidade existente na equação de Schroedinger, a

qual através de uma transformação de escala relaciona um potencial com acoplamento
forte a um com acoplamento fraco. Utilizamos ainda esta simetria a fim de obter soluções
exatas para o espectro de energia de potenciais unidimensionais do tipo potência (V (xr) =
ax”, N=4,6,8,... Estamos ainda realizando cálculos com o intuito de obter soluções
analíticas aproximadas para o espectro de potenciais polinomiais, uma vez que esta sime­

tria nos permite reduzir considerávelmente o número de parâmetros livres na expressão
da energia. É importante frisar que esta dualidade é bem geral, de forma que poderemos
aplicá­la na obtenção de expressões analíticas aproximadas para o espectro de problemas
como a interação entre anyons, átomos de Rydberg em campos eletromagnéticos intensos,
entre outros.
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Abstract. We show that all Green's functions of the Schwinger and axial models can be obtained
one from the other. In particular, we show that the two models have the same chiral anomaiy.
Finally it is demonstrated that the Schwinger model can keep gauge invariance for an arbitrary
mass, dispensing with an additional gauge group integration.

1. Introduction

Since the Schwinger model (SM) was introduced [1], many other two­dimensional exactlysolvable models have appeared, such as the Thirring model [2], describing fermions with
quartic self­interaction, the axial model (AM) [3], which describes a massive pseudoscalarfield interacting with massless fermions, the chiral­Schwinger model [4], etc. The greatappeal of these models in 1 + 1 dimensions is that they provide the possibility of studyingproblems such as confinement, asymptotic freedom, renormalizability, etc., in models which
can be solved exactly.Some years ago Rothe and Stamatescu [3] presented the axial model, solving it in theoperational formalism. Many other works have appeared since then [5­12], discussingseveral aspects of the model. In this paper we intend to show that there is a mappingbetween the correlation functions of this model and that of the Schwinger one. However,it is important to remark that this mapping is not trivial, in the sense that they are equalmodels. In fact, as we will see later, the rules to pass from one model to the other one are— such that the infrared singularity appearing in the SM appears only after the application of therule, because the AM model is not infrared divergent. The material is organized as follows:in section 2 we relate the Lagrangian density of the SM with that of a pseudoscalar field with
higher­derivative terms interacting with massless fermions, establishing their connection anddemonstrating the relation between the boson self­energies of the SM and of the AM, which
appears as an observation in the original work of Rothe and Stamatescu [3]; in section 3,we obtain the anomaly of the SM from that calculated for the AM, deriving the rules to passfrom AM Green's function to that of the SM; then in section 4 we show the relation of theeffective Lagrangian densities of the models by solving exactly the SM; section 5 is devotedto see the relation via the method of point­splitting; in section 6 it is shown that the SM hasa bosonic effective action that is manifestly gauge invariant, with an arbitrary mass for the
gauge boson. This is done without integrating in the gauge volume, as in Harada—­Tsutsui'swork [13], and this is interpreted. Finally, in section 7 we present our conclusions.
+ Permanent address: UNESP­Campus de Guaratinguetá­DFQ, Av Dr Ariberto Pereira da Cunha, 333­CEP 12500,
Guaratinguetá, SP. Brazil.
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1128 A De Souza Dutra

2. The SM as a pseudoscalar model

The Lagrangian density of the SM is given by

L =V(iy"a, — ey" AV — FW FE + IA“ + EO + (1)

where we have included the field sources. necessary to obtain correlation functions in the
functional formalism. Throughout the work we use

(7, y") =28"" 2)

and in two dimensions and in Euclidean Space 1t is valid that

Y1s=iyy'  pyºsiety e s4,

Now we can use the vectorial identity, valid in 2D:

eA, = g[dun + e119” x]. (4)

In this section we will choose n = O, as can always be done in the Lorentz gauge [14]. In
section 4 we shall see that, in fact, this corresponds to the use of identity (4), putting at the
end the gauge parameter & equal to zero (Landau gauge). Now, it is easy to rewrite the
Lagrangian density as

L= py" (id, = igysduax)V + (87/20)xOOx + (8/e)eis J9X + DO +04 (5)

where we have used EuvYuÔdy = iyv,ysd,, and

EºVETP = — GUTO 4 SPGVO. (6)

The bosonic correlation functions are obtained by taking functional derivatives with
respect to the source J“ (x). To each derivative in this source we obtain a term of the type

(1/8Z/S8J,(x) = Nº! f Dyv Dy Dx((8/e)E""d,)xX" exp(iS.)
&

= (8/0)e”"9,(1/D58Z/SK(x)

Z(6,0, K] = nº fog Dy Dx exp(is.)
and 5, comes from:

Lx = Py"(id, — igysdux)V + (87/20) XxOOx + 19 +04 + Kx. (86)
On the other hand, the Lagrangian density of the AM is given by

Lam = Vy"(id, — igoysdud)v + 1(9,6)? — (mi/2)6? + O+ÔV + KA.
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Green's functions ofSchwinger and axial models 1129

We can see that the only differences between (8a) and (9) are the corresponding free bosonic
Lagrangian densities.

Using the rule (7), we have for the photon propagator:

D"º (x =>) = (1/19)8º Z/8J,(x)8 Ja (3) 1=0
= (g8/0)º€""c<9,9,(1/1)SºZ/SK (x) K (y)|kx=o

D"º(x = y) = (g/e)ºe""eºº9,9,D(x — y). (10b)

In momentum space, the free propagator DO(k) for the boson x in L, is given by
DO(k) = (e/g9)º/Kº. (11)

Remembering that the equation (10b) is also valid for the case of the free photon propagators
Dl. (x — y) and Dº(x — y), we can substitute (11) in (106) and, with the help of formula
(6), obtain the free photon propagator,

DI,(k) = (1/Kº)(=8uo + kuko /Kº) (12)

which corresponds to the expected results in the Landau gauge.
Now, we will use (106) to find the relation between boson self­energies of the SM and

AM, as noticed by Rothe and Stamatescu [3], although there it appears without demonstration.
The complete propagators for these models are

Duo(X = Y) = NDSSDISISINE + vu(Ouwvv + VOO+
o o= D,,/1­—NºD,,) (134)

for the field A, in the Schwinger model, and

D(x — y) = Dº/1 = AD) (13)

for Y in Lx (Bb). Using (100), and remembering that this relation is valid also for free
propagators. and making straightforward calculations, we obtain:

MDºDO, = (g/e)ºe""ea, a, IT” Dº DA, (14)

so that, in momentum space we have

Mk) = (g/0)ºE” ek ko TV (15)

which, up to the multiplicative factor (g/e)?, is equal to that which appears in the original
work in the AM [3]. Besides, we observe that this relation is valid only when we are
working in the Landau gauge (a = O). Itis interesting to note that now we can obtain
similar relations for other Green's functions as, for example, the four­photon scattering
amplitude. Finally, we observe that the above demonstration, made for the field x, can
easily be repeated for the field à of the AM, because it does not depend on the explicit form
of the propagator D(x — y) used.

Through the use of (134), the full photon propagator can be obtained [3],
Duv(k) = (Kº — m3) (gus + kukv/Kº) with mi=e*/n. (16)
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1130 A De Souza Dutra

3. The anomalies

We observe that the Lagrangian density (86) differs from that of the AM (9) only through the
form of the free boson propagator, and that in two dimensions the anomaly appears in the
polarization tensor, which depends only on the fermionic loop. It is not difficult to conclude
that these models have the same anomaly. If this is true, we can obtain the anomaiy of the
SM from that of the AM. The anomaiy of the AM is expressed as [12]

(9, já (x)) = (ag/m)O (17)

where a is an arbitrary regularization parameter; now using (4), we have that

ee””A,A, = gx

so that, if we identify the field é of the AM with the field x of the SM, we get

(9 JEÃO)) = (ae/2mn)€”" Fo, = (9. jr O). (19)

So, as we have proved that the two models have the same anomaly, we are stimulated to
ask if the Feynman graphs of the two models are also related. Let us start calculating the
electron self­energy to 1­loop

k
1= eº | (Pk/Anº9)yVº ———— y"Dy, 20SEX efe /Anº)y vo pa TE)” Pr (20)

p+k

where D,, is the complete photon propagator, which is given in (16). Substituting (12) in
(19), we obtain that

1= = e? PET) (To) komSA, 22 e fe /4nº) Tops TE) ( mi)
for the case of the massive AM, we have also:

TT
4 n 2 2 2 1 ) —, == dºk/4 ==À DI)=> 8 fe /4m (5 E ) DUO= d (Pp)

with D(k) being the propagator of the AM, given by

D(k) = ZA(kº — mà)”

D2(D) = ­2Z7'(e/9)º 37(p). (23)
SM AM

Provided that the masses are identified by making use of the arbitrary parameter a in the
AM, we come to

mi = mi => a=n(1—mi/e2)/8. (24)
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Green's functions ofSchwinger and axial models 1131

Itis also not difficult to show that for the one­particle irreducible graphic of the 4­point
Green function:

8 =T(p,, po)

the relation is given by:

Tsm(PL Da) = +Z2º(e/8) Tampo, P2)­ (25)

In general, the 1P1 graphics of n­point Green's functions will be related, at least at 1­loop
level, by:

rf = CZ5Pe/a) Th: (26)

For graphics with photon external legs, there will exist similar relations to that in equation
(10a), by repeated use of the rule (10).

4. Non­perturbative approach

In this section we intend to show the relation between these models directly by solving
exactly the SM in an arbitrary gauge of Lorentz type, and then show that in a particular
gauge the correlation functions can be related, For this we will use chiral rotation as a
decoupling transformation [15,16]. So we start from the Lagrangian density

L = Vy, (id, = eAp)V — 3 FuvFuy — 1/20)(9, A,)º + JL Au + VOTOU (27)

and using the identities (3) and (4) we get

L = Ey. (id, — gdun — igrsdux)V + (87/20)xO? x — (eº/2a)NCn
+ (8/0)Ju [9un + EnvIvx] + vo +Ôv.

Making now the transformation in the Euclidean generating functional:

| = exp(—ign + grsx)W' = Usy'

à =/' explign + 8ysx) = V'Us

we obtain

Z= jf DW' Dy' Dn Dx Jr exp [­ /f exe]
where

£L' = 1 Givida)V + (8º/280)xOx — (8º/208º)nNODºn + (8/e) Ju[dun + Euvdvx]
+ VOO + UU. G1)

As the Jacobian from the fermionic chiral transformation is not trivial, it is necessary to
compute it. In order to calculate it, we will follow Banerjee [7] and Roskies and Schaposnik
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1132 A De Souza Dutra

[15]. This consists essentially of using Fujikawa's procedure [17], so that the infinitesimal
fermionic Jacobian comes from:

DYVDy = JEDYVDy'

Je = exp | ­ f dx E gxtNdi (os dn (o) | 32)

where 2, is a complete set of normalized eigenvectors of a given operator, with which
we can expand the fermion fields. As is well known, this is an ill defined quantity, so
we regularize it in order to suppress large eigenvalues. With this in mind we replace the
singular part of the Jacobian by

dim 2 dx(x)ys exp(—25/M)dn (x) (33)

with Am being the eigenvalues of the regulator in the basis g,. In general we can choose
the regularization operator as

D =iy,d, — gayuAu (34)

and a is the regularization arbitrary parameter. Using it we can rewrite (33) as

dim, 22 97 ()ys exp(—D*/M)dn (x)
and after some manipulations [17], we obtain

2, 98º?Je = exp| — fa x=— Ox (36)2m

where it was necessary to use the method of [15] in order to compute the Jacobian for the
finite transformation. Now we can write the effective Lagrangian density:

£L' = PGyida)V' +(8º/20)x[0? + m2O]X — (8º/20€)nO?n + (8/e)Ja[dun + Euvdux]
+ PUO+IUyY' 37)

with m? = ae?/m. At this point we can introduce a new field in order to get rid of the
higher derivatives. For this we perform the transformation

x =(e/NOD)o (38)

so that

Let = V Gy da)Y' + (87/2)É9[O + m2lo — (8º/2aeND? n
+ (8/e)Ju[dun + ecnv(9,/VODo] + 1 UsS0+OUsY”. (39)

It is easy to' see now that, up to the source terms and a gauge fixing, we can identify
this effective Lagrangian density with that of the axial model, provided that we impose
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Green's functions of Schwinger and axial models 1133

the evenness of the masses through the regularization arbitrary parameter, as is statedin
(24). At this point it is important to remember the existence of an infrared singularity
in the SM. as can be seen from the free part of (37). However, the AM does not have
such singularity; this enlightens the rule taken by the non­local transformation (38), and
it transfers this singularity from the propagator to the sources, as can be seen from (39),
in the sense that when the functional derivatives are taken in order to get the correlation
functions. this singularity will come from the mapping rule. As an example, we obtain the
relation between the two­point Green function of the two models; from (39) we find in the
Landau gauge:

9,3,Dim(x —y) = Z3 Emrévo (=) Dam(x — y) (40)

where the masses were identified through (24). Similarly, one can calculate the other
relations between correlation functions of the two models by repeated use of the functional
derivatives with respect to the sources.

The bosonic propagator in a general Lorentz­type gauge is easily computed by doing
analogous calculations, giving for the full photon propagator:

Dyuv(k) = (g/e)[kukyDn (k) + e” Ens Eva (kako /Kº) DZ (k)] (41)

where the propagators of the fields n and q are given respectively by
2D,(k) = —(8/e)º*(a/KkK) Dy(k) = (1/89)[1/(Kº — m2)] (42)

and consequently we obtain

Duv(k) = (1/(k? —= m2) (gu +[1 = a — (m2/RIKA/RO). (43)
From the above Green function we see easily that for the Landau gauge (q = O) the
propagator (22) is re­obtained, as we have asserted before. Similarly we could work with
the fermionic correlation functions.

5. Point­splitting

Here we discuss the relation of the anomaly of these models via the point­splitting method.
For this we remember firstly that the gauge current and the chiral one, in Euclidean two­
dimensional space, are related through

JO) = ie" j"(x) (44)

where we defined j“ (1) = VOXx)VºV(x) and JO) = VO)V"yYsU(x). So, we only need
to calculate the vectorial current and, from it, obtain the chiral one.

In the point­splitting method we can define the vectorial current as [18]:

ja) = | lim jº(x,6,a)+ lim jras.e.0)|€e>0+ e—0­

and

x+e/2 dz” A“ (0) |
DL)

j"x,e,.a) = V(x — e/2)Y"Yy(x + e/2) exp | — le(2a + nfx—e/2

ES
AVAVAY

3 4 5 6 7 8 unesp * 12 13 14 15 16 17 18 19



1134 A De Souza Dutra

where a is the regularization parameter. In principle the above current will be gauge
invariant only in the particular case when a = —1; below we will see that the introduction
of a new gauge­dependent external field—the Wess­Zumino case—restores the gauge
invariance for any value of a.

The average vectorial current 1s then written as

x+€/2o]|
(46)

—e/2
(Ju(x,8,a0)) = Tr ÍnG.a +E/2,x—E/2, A) exp | — le(2a + D/
where G7(x+£/2,x­—E/2, Ay) is the fermionic Green function in presence of the external
field A, (x), and is given by

Gr+(x+e/2,x—eE/2, An) = exp(—ie[x(x + e€/2) — x(x — 6€/2)])G,4(E) (47a)

and Gy (e) is given by

|
hehG4(8) = (—i/2n) =.
E

Expanding the expression in powers of e, we obtain

y'E”= [1 = ie(2a + 1)DEP A] + oc | :
(48)

Uun(x,8,0)) = (—i/27) Tr fnut] +ieyvs(05X)Eg]
Taking the symmetric limit defined in (44a), and after straightforward calculations, we see
that the current defined in (44b) is given by

(10) = (e/n)[9,9,/O — ab4, JA, (X). (49)

Now, with this resuit at hand we can compute the divergence of the currents:

(dufu(Xx)) = (e/m)(1+a)d,AJ(x) (50a)

(du ju,.s(x)) = —Giea/n)envd,Av (X). (50b)

For a = —1, there is no gauge anomaly; all anomaly is concentrated in the chiral current.
With the above results we discuss the relation with the AM. For this we use the

decomposition of the gauge field in equation (4), and obtain:

(du jémM (X)) = (g/nm)(1 + a)On (5la)

(In jáÃ (2)) = (—iag/m)Ox. (51b)

The divergence of the chiral current is exactly that for the AM, as can be seen in the work
of Banerjee [7] and, for a = 1, in the original work of Rothe and Stamatescu [3]. Besides,
for a special gauge choice (n = O), as is made in [14] the vector current vanishes, as in the
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Green's functions of Schwinger and axial models 1135

case of the AM. This result corroborates and clarifies the observation in Banerjee's work,
that there is a 'striking resemblance between the two theories'.

However, it could be argued that the arbitrary parameter appearing in the anomaly
of the AM would not appear in SM because of gauge invariance. This argument is not
valid because a Wess­Zumino field can be added, without changing physics, and the gauge
invariance restored for any value of a [13].

In the point­splitting method this can be made by a suitable redefinition of the vectorial
current,

j"&,s,0) E VOx — E/2)Y" VOX +€/2)
x+e/2x exp [ie] ­ 2a + 1) / di A”) = 2a +D f—s/2

x+€/2 EXITO) |
(52)

—E/2

where the fields A, (x) and (x) change by a gauge transformation as:

Ap(x) > Au(x) + 3.a(x) Ox) — 0(x) — a(X). (53)

With this definition we see that the gauge invariance is restored for the vectorial current.

6. The effective action

In this section, we calculate the photon effective action for the SM in the trivial topological
sector, showing that it can keep its mass not fixed (through an arbitrary parameter) and
simultaneously preserving gauge invariance. Usually it is argued that this symmetry can be
preserved only for the mass obtained originally by Schwinger [1] (mê = e?*/m). Recently,
however, Harada and Tsutsui [13] showed that, if we perform the integration in the gauge
volume, this gauge symmetry is kept for an arbitrary mass (mê? = ae? /m). Here, we intend
to re­obtain the resuit of Harada and Tsutsui [13] without performing such integration.

Starting from the Lagrangian density (5) without the sources, and doing analogous
calculations to those which lead to (37), we find,

£L' = Gy, da)! + (8º/20)x[D? + m2iO)x. (54)

Nov, integrating over the fermion fields, and inverting the transformation (4) for the field
xs

Fux =(e/28)Eu (&) (55)

we obtain finally the following effective bosonic effective action:

Set => /fdxFa IO + mB FW] (56)

where m? = ae?*/m. This expression is identical to that obtained by Harada and Tsutsuil
for this model, but has appeared in a completely different way, Without using any gauge
group integration at any stage. This is an intriguing result, because it is generally assumed
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1136 A De Souza Dutra

that the SM is gauge invariant only when the parameter a is made equal to one, except
if one introduces the Wess­Zumino term via gauge volume integration. Besides it is not
difficult to verify that the above procedure does not lead to an analogous result for the
chiral Schwinger model (CSM) [4]. In fact, we think that this occurs because, when people
are dealing with such models, the gauge­fixing term that comes from the Faddeev­Popov
trick is not considered, and the absence of this term corresponds, in practice, to a particular
choice of the gauge­fixing parameter «q. Had we used this term, the longitudinal part of the
gauge field would appear in the SM and so the effective Lagrangian density would be not
gauge invariant. On the other hand, this part of the gauge field appears quite naturally in
the CSM, and this prevents the gauge invariance of the effective Lagrangian density.

In our opinion, this makes necessary the consideration of the gauge­fixing term from
the beginning in the Lagrangian density. Consequently, we would have a modified Wess­
Zumino term. This conjecture is presently under investigation.

7. Conclusions

We have proved that the Green functions of SM and of the AM can be mapped, and this was
made through the rules necessary to go from one model to the other and that their effective
Lagrangians are identical, provided that the masses of the models are identified. Similarly,
other models, such as the CSM [4] and the generalized SM [19], may have their “partner
models' with Green functions related. In this sense they would be redundant models.

Besides, as a by­product of our calculations, we re­derived the effective Lagrangian of
the SM obtained in [11] without any gauge volume integration, and discussed the possible
explanation of this intriguing result.
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We calculate the Green functions of the two versions of the generalized Schwinger model,
the anomalous and the nonanomalous one, in their higher order Lagrangian density form.
Furthermore, it is shown through a sequence of transformations that the bosonized
Lagrangian density is equivalent to the former, at least for the bosonic correlation func­
tions. The introduction of the sources from the beginning, leading to a gauge­invariant
source term, is also considered. It is verified that the two models have the same corre­
lation functions only if the gauge­invariant sector is taken into account. Finally, there is
presented a generalization of the Wess­Zumino term, and its physical consequences are
studied, in particular the appearance of gauge­dependent massive excitations.

1. Introduction

For a long time,1?º quantum field theory has been widely investigated in two­B 8

dimensional space­time, essentially with the hope that one will get a deeper under­
standing of the quantum field mechanisms and that it may be translated in some
way to higher dimensions. Indeed, this has been done principally through the quest
for models in which some types of interesting mechanisms work. This is exactly
the case with the chiral Schwinger model,? which was introduced by Jackiw and
Rajaraman as an anomalous gauge model that, despite this feature, is unitary and
renormalizable. The essential idea underlying the interest in this specific model
was that of obtaining a model which dispenses with the Higgs field. This happens
because the model presents a dynamical mass generation and concomitantly does
not depend also on a “closing of family” in order to prevent the anomaly and pre­
serve the consistency of the theory. This is focused on the nonappearance of the top

*Permanent address.

PACS numbers: 11.10.Ef, 11.10.Lm, 11.15. Tk.
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2230 A. de Souza Dutra

particle. Later it was discovered that the model could be thought of as a gauge­fixed
version of a nonanomalous model, provided that its functional measure was correctly
manipulated,** Since then, a lot of papers have appeared discussing a variety of
its peculiarities and, in particular, the fact that the Wess­Zumino (WZ) term does
not change the physical content of the model.5"!S More recently, people have been
interested in a model that contains as particular cases the old vector Schwinger
model (VSM), the axial Schwinger model (ASM) and the chiral Schwinger model
(CSM).!152º

This last model, the generalized Schwinger one (GSM), has been treated per­
turbatively by Chanowitz,!º who discussed some ambiguities in the specification
of the anomaly, and the WZ term was also considered. Subsequently Miyake and
Shizuya'!º worked on the fermion content of the model, and Boyanovsky, Schimdt
and Goltermanº used it as a starting point to make a comparison among the VSM
and CSM properties. After that, Wotzasek and Naon'” studied its bosonized version
through the Dirac algorithm and also the case of massive fermions. Furthermore,
Shin Lee and Lee!S studied the problem of their currents and energy­momentum
tensor, and Alonso, Cortes and Rivas!? used it to discuss the regularization ambi­
guity in Fujikawa's regularization.?? More recently, Dias and Linhares*º presented
the point­splitting computation of the fermionic determinant, and discussed the
various classes of regularization. Furthermore, this author,?* starting from a gauge
principle, obtained gauged bosonized theories, applying it for the GSM and also in
the case of 2+1 dimensions.

Ilowever, as far as we know, most of these papers discussed the models through
their bosonized version, because in the functional formalism there is a possibility of
rewriting locally the nonlocal gauge field effective Lagrangian density. Meanwhile,
as we will see below, this nonlocal Lagrangian density can also be traded by a
local one through the use of the decomposition property of the gauge field in two
dimensions; but, in this case, one is faced with a higher order theory. Here we
intend to study the generalized model in this version, showing the equivalence with
the bosonized one, and discussing both the anomalous and the nonanomalous one.
In this last case we will introduce two types of gauge­fixing. They contain as
particular cases those appearing in the literature. We will discuss also the gauge­
invariant correlation functions, showing that they correspond to the anomalous ones
as observed by Girotti and Rothe,"? this time using a modified source term in the
generating functional as suggested by Linhares, Rothe and Rothe.*º

All the computations will be done in the functional integral formalism; and,
as the GSM, like the CSM, has a singular point for the regularization parameter
(M? = gi in the GSM anda = 1 in the CSM), this case will be treated in a
separate way. The arbitrary parameter case (M? £ gº) will be solved through
field transformations that become singular when M? = g?, making clear, in this
formalism, the origin of the problem with this parameter choice. Then, in the case
Mº? = g?, we will use another approach in order to solve it.
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In the last section of the article, we will argue about the introduction ofa novel
and generalized WZ term. After its presentation by using the method of Harada
and Tsutsui,? we will investigate the physical consequences of its postulation. In
doing so, for the sake of simplicity, we will consider the cases of the VSM, ASM and
CSM. The first two are used to get some confidence in the mechanism because of
their well­stated physical properties. Finally, we construct one possible realization
of the WZ term for the CSM and find out a surprising feature, that in this case
there are two dynamically generated masses of the gauge field, and that one of them
disappears when an appropriate gauge is used.

Another remarkable consequence of using generalized WZ terms is that, even
when the gauge­invariant correlation functions are used, some arbitrariness does
persist in their definitions. This arbitrariness could be used, for example, to over­
come the misbehavior of the gauge propagator at low coupling constants, which
has generated some controversy."!? In fact it appears somewhat strange that,
differently from all other gauge theories, the nonanomalous CSM, and by extension
the nonanomalous GSM, could be the only ones having their gauge propagators
with the same form, no matter what gauge­fixing condition is being used.

This paper is organized as follows. In Sec. 2 is presented the model in two
versions, the anomalous and the nonanomalous one. Also, we prove the equivalence
of the bosonized and higher order versions of the model, at least for the bosonic
correlation functions. In Secs. 3 and 4 we study the cases of M? £ g7 and M?º = g?
respectively. Section 5 is devoted to the generalized WZ term and its peculiarities.
Finally, in Sec. 6 we make our final remarks.

2. The Model and Its Versions

The Lagrangian density for the GSM is given by

L =P 7,(i0"º +egP,A" +ep P.Aº)V — à Eus E" +IAP+UÇAÇU, (1)
with the source terms included and P24 = (1/2)(1€7s). The fermion and gauge
fields can be decoupled through a suitable transformation,

/ = exp[­ivs(817 + 82x) + i(627 + giO]lV' = Us”, (2a)

1 = expl­its(g1in + 82x) — i(g2n + gvxOlU' = Us, (2b)

where 1 and x are identified with the longitudinal and transverse components of the
gauge field A,, as we will see below. Using (2) and also the identity y,€”“ = —79º7s,
valid in the two­dimensional Minkowski space­time, one decouples the classical
Lagrangian density, giving

TA. 1
1 TIfr 7

1L=Y/iv,9"y — q fue Fº A+ JA" +DUsSCATCUSV . (3)
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2232 A. de Souza Dutra

Besides, as a consequence of the noninvariance of the functional measure under
chiral transformations, there is an additional effective term in the Lagrangian den­
sity, coming from the regularized Jacobian.º? Taking this into account, we have an
effective higher order Lagrangian density given by

­ 1 1
— NV; NNE ap 2 a?L=V(itd")P' + 7 XO XxX + 2 (& — MIO

1 2 2 B182+ ax (62 + MIXOx = a 10x

+ : Ju(89"n + e”Box) + V'UsC+GCUsU', (4)

where Mº?=ae?, a being the arbitrary regularization parameter, gi=(er — er )/2,
52 = (egt+er)/2, and n(x) and x(z) are, respectively, the longitudinal and transver­
sal components of the gauge field, which in 14 | dimensions can always be decom­
posed as

eA, = dun +"Odox. (5)

From the above identity one can get two others,

n=e0­A/O0, x=­eÔ0­A/O, (6)

where we have defined ô­ A = 0, A" and à. A = «ºº0,A,. Using these identities
and an additional one,

ePPEM = grogor — gti goo, (7)

all valid in two dimensions, we get for the effective Lagrangian density the
expression?

L=/(i7,8")Y'
2
27

+
1 + g2)OPO" OPÔ” + Or”Ay, [as + 2) 9" — (s1 +) + g182( e a

+ JAP +VUsÇ+CUSV. (8)

This nonlocal version can be rewritten in another local form, by introducing an
auxiliary field. Besides we can discard the sources and integrate out the fermions,
obtaining the bosonized Lagrangian density?

M? 11 1
v vLg = 7 0,009"0 — NE. (819"” — gae"”)O, dA, + 7, AA” —z Fay F"", (9)

or, in terms of both A, component fields,
1 1 1

— " 20 —— nun "Lg = 79,60" + 7 (Dx) ex 8 n — 20" x)0,é
Mº

+ 3722 (dunôtn — duxô"x).
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It is not difficult to see that these two local formulations — given by Eqs. (4) and
(9) — for the GSM are equivalent. This can be seen by making a transformation
in the bosonization field (x):

d(2) = é'(8) ­ Sana) + Ta x(2). (11)

Furthermore, this transformation has a trivial Jacobian for the functional measure.
So, integrating over the '(r) field we get the same Lagrangian density as that
in the expression (4), apart from a trivial redefinition of the generating functional
normalization. Thus we have shown that the two local versions, one based on a
higher order Lagrangian density [Eq. (4)) and the other with the usual derivative
order but with the introduction of an additional field [Eq. (9)), are equivalent,
because in the transformation necessary for linking these expressions the fields n(x)
and x(z) remain unchanged in form, and they are the ones which appear in the
correlation functions, as can be seen from the generating functional.

As far as we know, almost all the works that discuss the CSM%?!* and the
GSM!'$­?º are based on the bosonized version [Eq. (9)); the only exception is the
work of Chanowitz,!5 which is carried out in the fermionic version through pertur­
bative methods. Here, we will study the higher order version of the GSM [Eq. (4)],
in its anomalous and nonanomalous formulations, and take the appropriate limits
to check our results against those in the literature.

The nonanomalous formulation of the Lagrangian density (4) can be easily
obtained through the substitution of the longitudinal component of the photon
field by a gauge­invariant combination. To do this we introduce a compensating
field 6(xr), the WZ one, so that

An => A/+29A, nºont+tA, 950­A. (13)

Then substituting n(x) by n(z)­+O(z) in the expression (4), we get the nonanomalous
higher order formulation of the GSM,

=p. 1 1
L=)0(i7,0º)V' + 28? xD?x + axet (51 — Mº)(n + 9)O(7 +90)

1 2 2 B182

where we have omitted the source terms for future convenience.

3. The M? 7 g? Case
First of all we solve the anomalous GSM through the use of appropriate field trans­
formations, to get a decoupled Lagrangian density. It is not difficult to see that
making the transformations below in Eq. (4),
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one obtains

o. 1 1Lacsm = V'(it,0"º)4' + xD(O + mº)X' + Rei (81 = Mº)/Oy
+ cs fo, [7 + ( 152 )x| + cupô x +VOCH+CUIS — (16)81 M?

2 — (8152)? — (si — Mº)(83 + M?)
mº = (17)T(M?º gi)

is the dynamically generated mass of this model, and we have made the transfor­
mation in the source terms also. As the sources generate the correlation functions
of the original fields, all we need now is to perform the usual functional derivatives
with respect to these sources and, using the free propagators of the transformed
fields, get the required Green functions. At this point one can see why the case
Mº?º = g? (a = 1 in the CSM) must be treated separately, as observed in the Dirac
quantization for the CSM;$ in the present approach this is easily seen because the
transformation (25) becomes singular for this case, so one should substitute this
condition in the Lagrangian density and, only then, search for the decoupling trans­
formations. Às an example of a Green function we compute the photon propagator,
which comes from

—8EZ
óJu(z2)óJ,(y) J=0 i

This way we get the propagator in the momentum representation,

Dyuv(r—=y)= (18)

1 2.Dyv(k) = a (thoDy + [et + (Ex) ED] ) , (19)

from which, after the substitution of the free propagators of 7 and x', we obtain

x (ed [1­ lira) + SELL), 7)
which is in agreement with that obtained in the literature for the anomalous GSM
through the Dirac formalism.!?

Now we will solve the nonanomalous GSM, by performing decoupling field trans­
formations. For this we need to break the gauge symmetry. This is done through
the introduction of a gauge­fixing (GF) term in the Lagrangian density. In this
work we will use the two GF's

1
227 (Dn — 9OXYº, (21a)i 1 5
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Gi) 1 5 99CEL = 0,09"0, (21)

where a andP are gauge parameters.Using Lú, we decouple the Lagrangian density (14) by performing the following
transformationsin the fields:

n=n+Ox, x=x, o=04+(EEz­a)x, (22)

so that we obtain the decoupled Lagrangian density

£ = Lasm + CEF = P(ivndº)b' + xnz x D(O +m2)X'
1 2 2x0! LA r2+ a7et (81 — M*)9'O6 et Dn

1 ns ­

+ 2 847 + 8x) + eu6OPX]+ BOCA CUSY. (23)

Taking the functional derivatives with respect to the source J,, we are led to the
expression for the photon propagator,

1 ­ ­

Duv(k)= 2 [kukyDai + (BE, + ku)(Bky + ky)Dx'), (24)

where E, = e,kº. Using now the free propagators for the fields n' and Y', we get

(25)Du = pisa [eum (49 na+ 5) ae RARO.
This last expression, as far as we know, has not been previously obtained for the
GSM. It can be checked through its particular cases, specifically that of the CSM.
For 8 = 0, M?º = ae?º, g) = —ga= e, it corresponds to the case (ii) in the work of
Harada and Tsutsui,? and for 9 =(a— 1)! to their case (iii).Now if we use the second GF condition, cê, the decoupling transformations
are

n=ev+ (EE), x=x, 9=0, (26)

also valid only for the M? £ g? case, as can be easily seen. The transformed
Lagrangian density in this case is

i 1£L=Leasm + LER= 35 XDIO + m?)X' + —— (81 — Mº)/Ov
1, 1+29 Do + cnfa fr +a)xrao)

+ YU CUSY, (27)
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leading us to the photon propagator given by

i 1 1Du(k) = PO | — IJuv + —(ttl xe? ­ a(M? ­ Ed)
1 fm?a 8g E ar+ "o [= (M? — 81) — (si + sd ) + ... (Euky + Et) O)

This case can also be compared with the results of the CSM by particularizing it.
For the case a = O the anomalous result is recovered, in agreement with the results
for the CSM."!3 Besides, it is possible to eliminate the misbehaved term in the
coupling constant (1/e?).

4. The M? = g? Case
Now we are going to treat the case where Mº = g?. For this we will develop an
alternative way to calculate the correlation functions, without the need to obtain
the decoupling transformations. In this approach we rewrite the bosonic part of the
Lagrangian density for the nonanomalous GSM [Eq. (14)) in a matrix form,

£=2P"Mo, (29)

x

where p= [ n ), and M will differ from one gauge­fixing to another. Then we can

compute the correlation functions by inverting M, obtaining

(xx) (xm) (x9) )MU= (mm) (nm) (19) (30)
(6x) (On) (99)

where the elements (xx), (xn)), etc., are the two­point correlation functions of their
respective fields, from which one can write down the others as, for example, that
for the photon propagator:

(A,Av) = = (kuky (mm) + kukv (nx) + Eukv (x) + Eukv (xx)). (31)

It is important to note that, in the construction of the matrix M, we must sym­
metrize it with respect to the principal diagonal, as a consequence of the hermiticity
requirement.

One more time we will start by solving the anomalous version. Here the matrix
M is written as

2 2

on4+ E + 82 8182” +o =
e? g182—= = o

T

M
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Inverting it, collecting the terms (nn), (xn), etc., and substituting them in (31),
we get

T nk?º g+o oDus(b) = Ega but [2 = EEE) qb Et), 33(Bs AL (th [22 ­ SE] ah + E) (33)

in agreement with the result of the calculations on the anomalous GSM appearing
in Ref. 17, where the Dirac quantization method was used. In particular it is seen
that this case does not generate mass dynamically.

Now we apply the approach sketched above to the case of the nonanomalous
model in the gauges imposed through cê), and cá) respectively. In the first case
M is given by

(1­8º/a)I+(gt+85)/7 (0/0) gie2/7 —ee/T
M=3|  (d/00­ne/ (1/0) o

|]. (34
e

—B162/7 o o

Substituting the correlation functions (nn), (nx), etc., in the expression (27) and
using the relation kuky = —guu k? + ku ky, we find that

akk,
E (35)(AJAv) =

Surprisingly this shows us that one could gauge away this correlation function in
the Landau gauge (a = O). In a certain sense, this reinforces the idea of using
gauge­independent correlation functions, as we will see more below.

In the second case the matrix Mis

O+(61+83) 8162/27? —g152/27e?
M= = —B182/27e? 0 0

e

—g152/27e? o 1/20e?

and the photon propagator is

kuky
=

2 g1£2(A,A,) = nte —(gi+gi)+o EE
. (eEt), En

162 kº

Again, we find a nasty behavior in the coupling constant that cannot be eliminated
when a = 0. This time, however, the propagator cannot be eliminated through a
convenient choice of the gauge parameter, as in the previous case.

From the results obtained above, one can see that the gauge­dependent correla­
tion function (A, A,) changes drastically from one gauge to another. Now we will
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discuss the case where the source terms include the WZ field.!º In the bosonic case
the source term becomes

Ja (4º + = oo) =J,AL, (38)

where AÍ is a gauge­invariant field. Now, we can see that the propagators in the
above gauges, or in any other one, will be the same as that of the anomalous
model, as previously observed through different approaches in the CSM.!? As an
example we compute the gauge­invariant photon propagator in the Mº = g? case,
so obtaining

DI,(k) = (ALAI) = (AvAv) — =; Euko((78) + (67) + (09)
— = (eEv(0x) + sk, (x0)). (39)

Then, after straightforward calculations we get the same propagator as in the
anormalous case, appearing in (33). It is not difficult to convince ourselves, after a
little experimentation, that this will happen with every gauge­invariant correlation
function.

5. On a Generalized Wess­Zumino Term

In this section we shall look for the possibility of introducing a generalized WZ
term. For this we will proceed analogously to the approach of Harada and Tsutsui.º
They showed in their paper that, if one deals carefully with the functional measure,
that term appears quite naturally. Their starting point was the integral over only
one representative of each class of the gauge field configurations in the vacuum­
to­vacuum amplitude. This was done by using the Faddeev­Popov trick and then
“unfixing” the gauge, going to an integral over all the gauge field configurations
(equivalent or not). Let us now see how to do it in our case. First, we define
A/[A) by

AJA) " da S(FIASD =, (40)

where gq is an invariant measure on the gauge symmetry group G. Then, inserting
(40) into the vacuum­to­vacuum amplitude we find that

Z= /Di DT dA, As[AJdg SFA) expliZ(1,D, A)). (41)

Performing now a transformation in the integration field A, — AS”, using the
invariance of the measure dA, and of A,/[A], we obtain

Z= / DU DI DA, dgSFA)explil (4,6, A4º')), (42)
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where DA, = dA, A/[A]. Now, transforming the fermionic fields like

vLoVi=aVL, tro Vilis=dlo, (43)

and remernbering that the fermionic measure is not invariant (for anomalous
models) under this transformation, we finally obtain

Z= J DV DEDA, dg S(SLA])exp(ilI(V,0, A)+a(A4,97)N), — (44)
where we have used I(V59,709, A!) = I(V,/, A). This expression, in contrast with
(41), is totally gauge­invariant. This way we have “unfixed” the gauge defined by
fIAJ=0. As an example we will treat the case of the Schwinger model in a Lorentz­
type generalized WZ term. This is done to illustrate the differences between the
conventional WZ term and the generalized one, in a very­well­established model.

Let us begin by writing down the Lagrangian density for the bosonized vector
Schwinger model (VSM),

1
Lvsum = 7 9,00"q + ec” OndA,

ae?
2

where we choose g; = O, g: = —y/me and M?º = nae? in Eq. (9). This model is
invariant under the gauge transformations 66 = O and 64, = —(1/e)3,A, provided
that the arbitrary parameter is fixed such that a = 0. On the other hand this
parameter can be kept arbitrary if there is introduced a conventional WZ term,º

Lwz = 2 Ô,60"0 + aed,04". (46)

+ = A,Aº — q Fu Fº ; (45)

In this case the mass of the model is computed as m? = (a + 1)e?/m, and this
was done without losing the gauge invariance. Furthermore, the usual mass eº/rn is
recovered when a is chosen to be equal to zero. In this case, the WZ term vanishes,
surviving an infinity that can be absorbed in the functional normalization.

Now we will introduce a generalized WZ term of the Lorentz type, and study
its consequences:

Lawz = = (9,4)? + ? 0,00"0 + aed9 A”
1 2 1

udass (D9)? — — DIO,4º . (47)

Imposing a gauge­fixing term of the type (ii) (with a gauge parameter 7), we get
O + (a + 1)e?/7 0 (O

o —O/a — ae?/7 —O/a — ae?/r . (48)
0 —O/a= ae?º/tr —­DO/a—(a/1= 77)e?

M=>
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Inverting the above matrix and computing the gauge­invariant photon propagator,
we find that

: 2 2DI(M) = ra |­ om + E (1­0 E )| , (49)

where mi? = (a + 1)e?/n and m?, = aae?/t. As can be seen from the above, the
more remarkable feature of the generalized WZ term is that of appearing gauge­
dependent massive excitations like mp. The excessive mass can be removed by
choosing the gauge in a suitable way. This can be done by working in the Landau
gauge (a = O), leading to the correct propagator in this gauge. Furthermore, the
case a = O (the case where the usual WZ term vanishes) brings us to the usual
propagator in a Lorentz­type gauge,

This shows us that the generalized WZ term does not change the photon propagator
when we use its gauge­invariant version Dh,, as should be expected from a well­
behaved WZ term. [tis interesting to observe that one could work in another
gauge, where the two masses are equal. This could be achieved by choosing a =
(a+1)/a. In this gauge, however, the case a = O is no more accessible, and DJ ,(k)is
written as

i 1 k,k,DI (k)laz=(a+1)/a = Fei Iuv + "” E? ) . (50b)

A similar study can be made in the case of the axial Schwinger model, find­
ing analogous results. Also, in this model the generalized WZ term gives rise to
gauge­dependent masses, which disappear in the Landau gauge, recovering the usual
photon propagator.

Now we are going to treat the case of the CSM. As is well known, this model
is an anomalous one and, when it is added with the usual WZ term, we get its
gauge­invariant counterpart. However, this model, in contrast with the VSM, does
not have its mass fixed through the requirement of gauge invariance in both cases.
In the anomalous case, there is no available choice of the parameter a such that
the anomaly is canceled, and in the second case the gauge invariance is kept for an
arbitrary value of a.

The case of the CSM in a Lorentz­type generalized WZ term, when written in
the form (29), can be obtained from the GSM with the charges gi = e andga = ­—e,
giving the matrix

O + (M?º + eº)/7 e? /r e? /x

M = — e? /r —­D/a + (e? — Mº)/r —DO/a+ (e? — Mº9)/r
' e? /r7 —O/a+ (e? = Mº)/7 —D/a +[(1+ 197) e? = M)/7

(51)
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whose inversion gives us the following elements in the momentum representation:
2 kº — M? —.?e?[7 a e ) ; (522)

EF = mI)(E — md)(xx) =

ae?
(xn) = (1x) = EP o mB mo) (x9) = (0x) = O, (52Db)

1

(Mm) = ­7eEE­mE­mo)

x (­ nt4kº + (alne? +7(M? — e)) + T(M? +e))KR?
[PE + ee+) ,

(no) = (dm) = Em — Omo)
x (­ nkº + EºIM?(a +1) = e?(a—1))— E) ;

7

(90) = Tkº(Eº = mi)(kEº = mo)

x (ot — FIM?(a+1) = e? (a = 1)) + E) ;
where we have defined

m? = =UM + e)(a=1)2 = 2M?262 (0? = DIV? + Mº(a+1)=e2a­1)),
(53a)

m23 = (IM + e)(a = 1)º = 2M?€?(0º = 1))!/?º = Mº(a + 1) +eº(a — 1)).
(53)

From the above elements we can compute, for example, the gauge­dependent two­
point Green function (31):

Dub) ===Oo) F Iuv É ­at)
+ ae?(kiky +Euky) kuky

q k? ne?k?

x (n7kº + ((1— a)re? — T[a(M? — e?) +(M?º +e?)])kRº + aM*n) :
(54)
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Alternatively we can calculate the gauge­invariant correlation function (39),
obtaining

1 Mº — 2DI,(k) = TE mIEZAo­ Gus [A ­ e |
ae?(kuky +kEnky) kuky

+ nk? TR
Once more the Landau gauge is that in which one of the masses vanishes, for

a = 0, má = 0 and mi = (M? + eº)/n. In this convenient gauge, the photon
propagator DI, (k) is equal to that of the VSM with the same mass for the gauge
boson, and this is a very interesting feature, because by the use of the usual WZ
term the propagatorsof the two models are equal but not the masses. Using the
generalized WZ term, we find that the masses are equal too.

Às can be obtained from (17), the anomalous model (or even the nonanomalous
one with the usual WZ term) has an arbitrary mass, mº = Mi/n(M? — eº). Be
sides, unfortunately, the introduction of a generalized WZ term does not eliminate
the arbitrariness of the mass for the gauge boson of the model, similarly to what
happened in the cases of the VSM and ASM, as we have seen in this work.

Another important observation is that now the gauge­invariant propagator
Di, maintains some arbitrariness in the parameter a, although the parameter 4 is
eliminated. So, this propagator, differently from the case of the usual WZ term,!?
keeps its arbitrariness through the parameter a. This feature opens the possibility
of using a generalized WZ term of the d type (ii), fixing a gauge where the bad
behavior of the CSM for a vanishing coupling constant (the term 1/e? in the
propagator)* is gauged away. Moreover these models have the characteristic that
the parameter a cannot be arbitrarily fixed, at least when one wishes to keep
unitarity.

As in the case of the usual WZ term, we must study it in a situation where
Mº? = gi, or M? = eº, because we are now treating the special case of the CSM.
From the above discussion one could expect that this case would lead no more to à
Physically different content for the model (in the case of the usual WZ term, it has
not a massive excitation). This is so because now we see that the physical mass of
the model, which appears when one works in the Landau gauge, does not have a
similar dependence on the regularizing parameter.

Let us see if this indeed happens. For this we take the matrix (51) and impose
the condition M? = e?. Then we invert it, obtaining the two­point correlation
functions (xx), (xnm), etc. It is easy to see that these expressions match that in
(52) when M? = e? is substituted in the latter. Consequently the masses are now
written as

[(a — 1)7kº — 2ae”)| : (55)

SC VTa+), (562)

S(vViTa­)), (560)
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from which we see that when a = 0, má = O and mi = 2eº/n, as supposed above.
Moreover, in this simple case it becomes clearer that, in order to keep the theory
unitary, one must restrict the range of validity for the parameter a(0 <a < 1).

6. Final Remarks

In this work we have discussed the higher order version of the GSM in its anomalous
and nonanomalous versions. For this we used the path integral formalism for the
quantization, and inside this framework two methods were employed, one looking for
decoupling transformations and then doing the functional derivatives with respect to
the sources to get the correlation functions, and the other calculating the elementary
two­point correlation functions and then computing the full correlation functions
of the gauge field. This was performed both in the case where M? £ g? and in
the singular case where M? = g? (a = 1 for the CSM). The corresponding Green
functions were, when available, compared with those in the literature. Moreover we
verified the equality of the gauge­invariant correlation functions with that of the
anormalous model as stated by Girotti and Rothe in the case of the CSM.!?

Furthermore there was introduced a generalized WZ term in an analogous fash­
ion to the approach of Harada and Tsutsui,y? whose consequences were studied in
the particular cases of the VSM, ASM and CSM. It was observed that this term
has as a fundamental feature the introduction of further massive excitations, and
that these have a gauge dependence through the gauge parameters. Another inter­
esting characteristic is that some of these gauge­dependent masses disappear in an
appropriately chosen gauge. This is well exemplified in the VSM and in the ASM.

Às a consequence of applying this generalized WZ term to the case of the CSM,
we saw that it makes the mass of this model equal to that appearing in the VSM, a
surprising result. However, the most challenging goal, that of eliminating the mass
ambiguity, was not reached also through the use of this novel WZ term. Furthermore
the confirmation or not of their characteristics deserves a further study on the
constraint structure of the theory with the generalized WZ term. This should be
done in order to conclude if this new WZ term, as the usual one,&º does not alter
the physical content of the model, or if it corresponds to a new model, in the sense
that it has a completely different Hilbert space and particle spectrum. We expect
to report on this in the near future.
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Abstract. We quantize a generalized version of the
Schwinger model, where the two chiral sectors couples
with different strengths to the U(1) gauge field. Starting
from a theory which includes a generalized Wess­Zumino
lerm, we obtain the equal time commutation relation for
physical fieids, both the singular and non­singular cases
are considered. The photon propagators are also com­
puted in their gauge dependent and invariant versions.

!

In the last years, the problem of quantizing two dimen­
sional anomalous gauge theories has been shown one of
most interesting and attractive subjects from a theoretical
point Of view. In particular, the question of gauge nonin­
variance or gauge­invariance of the Chiral Schwinger
Model (CSM) [1] has been extensively discussed [2­5].
The original version of this model shows to be consistent
and unitary, despite the formulation be anomalous. How­
tver, a gauge­invariant formulation of CSM is possible by
adding a Wess­Zumino (WZ) term to the original
bosonized action as shown by the Faddeev and Shatash­
villi [2].

À generalized version of the CSM [6], which is based
on the fact that left and right couplings of the anomalous
theories are present, has given a new insight to this subject
[6]. In a very interesting way, some authors [7] obtained
a modified version of the Wess­Zumino term to add
the original action of this model. By using funct­
ional methods, the quantization was performed and some
properties of convergency of propagators have been
discussed [8].

In a recent paper [9], it was discussed the Hamiltonian
quantization of the anomalous version of this generalized
&hwinger model. As far we know, a study of the Dirac
brackets quantization [10] for this non­anomalous gener­
alized Schwinger model GSM has not been considered
jet. Here, we intend to complete this discussion by ex­
tending its non­anomalous case. In order to check the

cem 1 2 3 4 5 6 7
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consistency of the model and understand the aspects of its
quantum dynamics, we must submit it to different quant­
ization situations, a >(g­)*º* and a=(g­)2? which are
equivalents to a > 1 anda = | in original CSM. An inter­
esting aspect of quantization appears when we compare
our results in the case a = (g­)*º. We observe that appar­
ently this limit has not been studied in a completely
carefull way in [5]. We develop this point taking into
account the time evolution of all constraints as considered
by Dirac procedure [10].

2

In order to get a deeper understanding of the problem, let
us remember how to obtain the WZ term for the gener­
alized model [7]. Starting from the Lagrangian density

L = Py"fid, + e(1—y5)+er(l+ 15) A,YYE.
2.1)

where we consider [12].

F,=0,A4,­0,A,. (2.2)

The path integral bosonization of this model has been
calculated for massive case [9]. In the massless case the
Lagrangian reads

1 1
LosmM = => a (Fa)? + 7 (9.9)? = e(gie" + g­9"")

2

x(0,D)A, + a (4º, (23)

where we defined

er t+ er
e. = = eg,Sa

2 ! 2 2et=2(e4 +el) (2.4)

EV
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The explicit mass term for the gauge field arises from
a regularization ambiguity of the Fujikawa Jacobian. The
parameter a reflect the arbitrariness in regularizing the
currents in this procedure [6]. By inserting into the Lag­
rangian density (2.3) the well known decomposition for
A, field

ed, = 0, +enox (2.5)

we obtain

H" |

fLaosu = 2220 Ox + 7 (9. PY — g­(0,P)(0"n)

— g (9,0) (0"z) +30 — On). (2.6)

Let us decouple the fields 1 and x from & through the
following transformation

= ­gt+x­g­n, (2.7)

which leads to

1 H
;

Í

Losu = 72770 Dx + 7 (9. y­ 7 [(g9+)* +a] (91º)

—(919­)(dun0"4) + 389)? + a] (dun)?.
(2.8)

Nov, we can introduce a new set of gauge transformations
non+aA

0+0­A, (2.9)

so that » + 0 remains invariant. lt is convenient now to
isolate the O­dependent terms, which will be related with
the WZ term. After a straightforward calculus the last two
terms in (2.8) can be written as

1
—(g9+9­) (dum) (dx) => [(g9­)* — a] (0,1)?

!

+ ( —(g+9­)(0,0)(0"4) + 53 E(g­)* — a1 (0,0)?
— [(g­)* — a] (0,0)(0*n1)). (2.10)

By using the decomposition of A, field given by (2.5) we
can write the WZ term for the generalized CSM,

1
Lyz = =3 Etg­)? — aJ(0,0)? + eofE(g­)? —a)

2.11)

It is easy to verify the CSM limit when g, = —g­ =|.

xd,A" + grg­E"0,A,).

3

Case 1:a >(g­)?

Starting form Lagrangians (2.3) and (2.11) we arrive at
a gauge invariant version of generalized Schwinger model,

Le,

Lai = Losu + Lwz, 3.1)

whose the corresponding canonical Hamiltonian is

1 1
HH, = 2)? + z (n6)* + 7 E)?2(a= (9­)*)

+ n,0,4o +e(g— Ao +g+A1)T,K

+20)? + (a ­ (9­)9)(0,0)?
PN A

(a — (g­)*)

— e(g+do + g­A4,)0, D+ ed,O

x((a — (g­)º)A, — (g­9+)4o)

e? Da +(a —(g­)º)(g+)º +ala9 | ”2 (a —(g­)º) "

((a — (g­)º)do + (g­g+)A1)7o

+

(3.2)

observe that the limit g, = —g­ = 1 corresponds to the
CSM Harmiltonian.

So, by using of the Dirac formalism [10] to quantize
the theory for a > (g­)?, the primary constraint is

(3.3)DQiasnãoO,

which corresponds to a local U(1) invariance of the gauge
theory. By using the consistency condition in the Dirac
method [10] we find the corresponding Gauss law,

(3.4)

which are of first class as we have expected. At this point
one can choose two different ways of treating the model. It
can be done a gauge covariant discussion by using first
lass constraints to define the physical states [11], or trac­
ing a more amenable way, by fixing the gauge through
additional second class constraints [10]. We are going to
choose one which eliminates the degree of freedom of the
0 field [13]

Q,=0,0x0, (3.5)

such that its time evolution leads to

24 =, + el((a—(g­)º)Ao +(g+9­)A)ZO. (3.6)

Inserting 2; and Q, in 2, and the Hamiltonian we find
respectively

Q, = dn, +eg­n, eg. 0DP
— e*((a — (g­)º)Ao +(g+9­)A)ZO,

1 1

H, = 2)? + > (719)? — 1,0 4,
+ elg­do +g4+Ai)n=e(g+do+g­A)O,O
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e?

(a — (g­)º)
x ((a — (g94­V) A, + (g­g12) A?

[2 +(a—(g­)Ng1)? + ala = az(a —(g­)*)

Therefore, the set of second­class constraints is

1

(0,0) +

e?
2

+

(3.8)

Qr=nz0

Q, = dn, +eg­n, egr0 D
— e?((a — (g­)*)do +(g+g­)AJZO

Q;=0,0x0

Qa = ng + ella (g­)º)Ao+(g.g­)JA)ZO. (3.9)

Now, with the gauge compietely fixed we can building up
the Poisson brackets algebra, so

12 0x1), 24(1)) = — (2400), 210)
— e[a — (g­)º150 — 1)

= — [23Xx1),2:0)))

—ed.ó(xix)
— (2400), 2301)

= ed,ó(x, — y1).

[22(x1), 2301)

12300. 2401) =

Therefore, the constraint matrix is

o

0

o

+ eº(a — (g­)*)

0

o

+ ed,
o

o

— ed,
o

—,

— ela — (g­)?
o

+ ed,
o

Can(x, y)) =

and its inverse

— |

e*(a—(g­)º)
o

— 1!

e0.
o

o

—1

e*(a— (4­)*)
o

—!

e*(a— (g­)*)

ela —

Ca'(x.y)=

Before going on to obtain the Dirac brackets, it is conveni­
ent to reduce the number of variables of theory. It is
possible choosing a set of independent variables. From
(3.7) we conclude that

Ao) E ia = (9­5)

x(dim, +eg­n, ey. dio—e?(g­g.) A)

3.11)

6 7

FP.aan PA

(g9­))

519

thus we can choose O, n, and A,, nm, as our set of
independent variables. It is important to mention that one
could keep all fields until to the end and only choosing to
eliminate one of them at the final of the calculation. From
here we find the following canonical Dirac brackets

(410), m(y))o =x = y1)
(dx), n2(Y))o =X, =X),
and the quantized theory is obtained replacing

(4x), B(y)jo=> — i[AX),BU) 1 x0=x00 (3.13)

which agrees with result previously obtained in [13] when
studying the CSM case.

Starting from Heisenberg equations of motion for
A, and & fields we obtain

O0P(x) — e(g+ e" — g­g")(0,4,)=O0,
and

O,F" +e?ad' — e(gre"” — g­g")(0,0)=O0.
From (3.14)­(3.15) we find that

(3.12)

(3.14)

(3.15)

— 9­9+
[a — (g4­)*]

which correspond to the motion of CSM in the limit
g­=4.=­—|1

0,4" ca d,=0, (3.16)

Case 2: a =(g­)?

o(x — y)

|

o

o

o

Considering the Lagrangians (2.3) and (2.11) for GSM
with WZ term in the above limit we arrive to

1. 1. ;
|Lasu =>(A1 — Ao)? + 7(d­ DP)? — ega(dPA, — D'Ao)

e?(g­)?— eg­ (db AQ =DA) + > (43­47),
(3.17)

and

Lyz = e(g­9+)(049­0A). (3.18)

ES
AVAVAY

8 unesp 12 13 14 15 16 17 18 19



a detonados

520

The corresponding canonical Hamiltonian is

1 !

He = (1)? + (1,)? — 1,0,do + e(g­Ao + gr Al)n,
|

+2(0,0)? —e(g.do+g­As)
x 0, DP +e?(g­g+)AidAo

— e(g+9­)0104o +E (Gg)? + (92­41?
(3.19)

such that the primary constraints are

nn=enmTO

x2 = ng +elgryg­)JA, RO. (3.20)

By using the primary Hamiltonian and consistency condi­
tion we obtain new constraints

13 = dim — eg­n = e(g­g4)A,

+ e(g­9+)0,0 +eg.0, PRO, (3.21)

where its time evolution leads to

xa = e(g­g4)M =0. (3.22)

Since x; and x, are second class, their time derivatives do
not lead to new constraints but only fix Lagrange muliti­
pliers. Therefore we have two sets of constraints given by
(3.20) and (3.21)­(3.22), being the first one first class. At
this point one sees why the case a = (g ­)?ºmust be treated
separately, and not as a limit of the general case. As
happens in the CSM [14], this case has twice the number
of primary constraints of the previous one.

In order to attend the general theory of constrained
systems [15] we fix the gauge for the first set of constraints
and, consequently apply the consistency condition to ver­
ify the existence of new constraints.

Here, we are going to choose the same condition as in
the case a >(g­)%, ie.

xs =200,020, (3.23)

where now ais an arbitrary parameter. The time evolution
of xs is given by

xs = (25, %,) = (20, 0,427,)
=ady4,zO,

where /,3 is

—.!

Fe(g­gs)
+ e*(g­g+)Ão — eg­OP) RO,

2 (eg + n, + e?º((g9­)º +(g9.)9A,

which substituting in (3.24) gives

1º = ———(eg dn, + eP((9­)º +(9,)20A,el(g+g­)

+ eº(g­9+)04o — eg­06) 20,

2 3 4 5 6 7

which coincides with result used in [5] except by a total
derivative. At this point, it is important to mention that
this constraint was obtained in order to satisfy the consist­
ency condition and not as an arbitrary choice. In this way,
we believe that the result of [5], for the CSM, was not
obtained in a totally carefull manner.

So, the constraints matrix can be constructed through
the set given by (3.19), (3.21)—(3.23) and (3.26),

A BMa(x,y) = (é D) d(x— y)
wherc,

o o

o o

O +e*(g­g.)?

— euô, o o

2ea (E) à o e(gyddJr

Alx,y) =

—e?a(gi +92), O —e(g­g.)

g­

I+

o o o

+ead, 2ea (E) 3 —e?a(gr +92),
C(x,y) =

o — e(g­9+)0. e*(g­g.)?

0 Oo 0

D(xy)=|0 O —ad|,
O aô,. o

and the inverse My (x,y)is

E FMatt» =(G 1)»
such that,

9% +92
e*(g­9+)?

9º +92
oElx,y)=| — <=,x» e*(g­9+)?

20, |

e (gig­) e(g­9+)?

o

1 gd +92
exd,  ex(g­9+)

1
F(x,y)=| O n——

1

etx(gig­)
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1
— o o

ext,
| 1A+

exty­ys) ea(giy­)

o O o

extx

0 0
Í

H(x.y) = —Cx y) 0
adx

0 —— o
ad.

Alter some calculation we obtain the non­null Dirac
brackets

($(x1), n.(i)t)pD = ó(x, = y1)
1

[AMC TO) io= —. 0.0(X1 — Y')
1

(410), dO) In= + e. ó(x1 = 1), (3.27)

which coincides with the result previously obtained in the
anomalous case [9]. Note that for this choice of indepen­
dent variables, there is none dependence of the Dirac
brackets in the gauge parameter x.

4

For sake of completeness, we will now proceed to the
calculation of the photon propagator in the above non­
covariant gauge (0,0 = O). This will be done in the two
physically different versions of the model, a * (g­)? and
a =(g­)?. Moreover we will present the usual propagator
and also the gauge­invariant one [8, 14].

In fact we will observe an interesting feature of this
propagator, it will be seen that in the Landau gauge
(a=0) it becomes equal to the photon propagator in
a covariant gauge (0,0 = O).
In the process of obtaining the propagator we will use
a method developed in [8]. In that approach one uses the
vector field decomposition law in two dimensions (2.5),
and write down the Lagrangian density in the following
form:

Lf =p'Myp, (4.1)

where p* = (P,7,17,0). Then once one invert the matrix,
one gets

<(PP>
(GD>
nd>
(O0D>

<Ps> <DD> <DO>
GG GOD (xD
Gz> GOm> <> |
> M> (0)

where the elements CPP), CDPZ>. etc... , are the two­
point correlation functions of their respective fields, from
which one can compute the remuining. For instance the

M'= (4.2)

1 2 3 4 5 6 7

photon propagator can be obtained from:

1

CAAD E = E gh?OO + (Om> + x)uks
+ (kuky + RkoJMDI,

where k,=ec,kº, and we made use of the identity
Enplvak"k" = — ga k? + k,k,. Due to the hermiticity re­
quirement, it is necessary that M be a symmetric matrix.

Let us begin with the non­singular case (a = (g ­ )”). In
this case the elements of the inverse matrix M"' are

(4.3)

1

(a — (g­)º)(kº — me)k? ki
x [a(g9­)*(a — (g­)º)kº — ak?ki

— aae?(g­)ºkº(a +(g1)º —(g­)º) + a?e?ki];

(PP) = —

(4.32)

ae?(g.)ºk?
|

a —(g­)) (KR? = mº)kRº RIO
1

(a — (g­)I(kK? — mº)kºki
x [a(g­) (a = (g­)Y)Kkº — (gn )R2K
— aae*(g­)(a + (g+)? — (g­)º)k? + ae?(g­)ki]; (4.30)

1

(a — (g­))(k?º = mº)k?ki
x [a(g­) +(a—(g­)º)kº +oa(g­)

x ae?(a + (g+)º — (g­)k)];
2

AD = EE mia 10) =<0n>=0,

<(Dx> = (4.3b)

<CPm>=GDd>=­

<PO>) =<C0D> =

!

(a — (g­))(k? — mº)kºPkiGm = —­

x [o(a — (g­))Kº — Kºk?

— «ae?(a + (g.)?º — (g­)º)k? +(a + (g.)e?kil;
(4.31)

a“

a — (g HR? = m2)ki<nO0> =<On> = — <00> =
x [(a — (g­)º)k? — ae?(a + (9.)º —(9­),

where

(4.38)

2 — ae?(a+(g.)º — (g­)*)
(a — (g­)*)

which is in accordance with the mass obtained in the
anomalous model [97]. Substituting the nbove set of cor­
relation functions in that of the photon propagator (4.3),

m (4.4)
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one gets
" 2

D(k) =
E kH(k? — 5 Nom + RI Jetkioeu)

— rala + (91)? = (g))Kk? (a+ aa |(a — (g­)*) (a — (g­)º)

— 9:9­ bre)(a — (g­)*) k? |

lt is easy to verify that in the Landau gauge (xa = O) the
non­covariance of the propagator disappears, and it can
be seen that it becomes equal to the propagator in
a covariant gauge (0,0 = O) [8].

Besides one can also obtain the propagator for a gaugeinvariant field [8, 147, Al = A, + 40,0, so that

(4.5)

DI, = <ALAD =D, = ak (2670), + <00))
+ (kk, + Kk,)<X0>D],

whose calculation leaves us with

1 k,k kº
1 — NACIMA E|Palo) Es kº | TENTEN

(a — (g­)*) k? |

(4.7)

From the above one can notice that Dl, =D, (a=0),
so that the Landau gauge is such that the propagator ofA, and A! are equal, and this explain the relation between
à0 = 0 and 3,0 = O gauges, when one choose this valuefor the gauge parameter.

Finally one can proceed in analogous way to obtain
the photon propagator in the singular case (a = (g­)º),so
obtaining

kk ko ((g1)?+(9­))Du(k)= 7 Prazã (4+9­)
+a(bY]1 E + Eb |ki (9+9­) k? |

Once again the gauge­invariant photon propagator is
equal to the above one in the Landau gauge, which hap­
pens to be equal to that of the anomalous model [8,9].

— (a Es |(a — (g­)*)

(4.8)

5

In order to finish our analysis of the canonical quantiz­
ation of GSM in a gauge­invariant version, we would like

1 2 3 4 5 6 7 | unesp”*.

to emphasize the discussion about the gauge fixing prob­
lem. Here, we adopted the condition 0,0 = O to fix the
gauge in two different physical situations a > (g­)* and
a = (g ­)? corresponding to a > | and a = | in the usual
CSM. Although this guage eliminates the WZ terms of
action, the commutation relations coincides with that of
CSM one. On the other hand, we observe in [5] that
gauge fixing for the case a =| was considered in a not
completely carefull way. In fact, the authors have not
considered the time evolution of the constraint

Q=0,02x0

in order to satisfy the consistency condition. The reason
that the naive choice in [5] does not affect the Poisson
brackets is that it differs from the correct one by a derivat­
ive which, in last sense, preserve the Euler­Lagrange equa­
tions. However this is a quite casual feature, since the
authors have not used the standard procedure in order to
perform the Dirac method. In general, it could use any
other constraints without relation with correct ones,
coming from the consistency condition. Finally we notice
that the propagator (4.8) corresponds to the usual CSM
propagator when the appropriate limits are taken
(g+ =g­ = DU).
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Abstract. We study an exactly solvable two­dimensional
model which mimics the basic features of the standard
model. This model combines chiral coupling with an in­
frared behavior which resembles low energy QCD. This is
done by adding a Podolsky higher­order derivative term
in the gauge field to the Lagrangian of the usual chiral
Schwinger model. We adopt a finite temperature regular­
ization procedure in order to calculate the non­trivial
fermionic Jacobian and obtain the photon and fermion
propagators, first at zero temperature and then at finite
temperature in the imaginary and real time formalisms.
Both singular and non­singular cases, corresponding to
the choice of the regularization parameter, are treated.
In the nonsingular case there 1s a tachyonic mode as usual
in a higher order derivative theory, however in the
singular case there is no tachyonic excitation in the
spectrum.

| Introduction

Higher order derivatives Lagrangians have always been
the subject of some interest, in spite of its inherent dilTicul­
ties. Historically, we can mention the pioneering work of
Ostrogradskii [1] who attempted to generalize the varia­
tional Hamilton's principle in order to include this class of
Lagrangians.

In the first years of the called Classical Theory of
Fields, the works of Weyl and Eddington [2] with the
study ofa generalization of the Einstein Theory of Rela­
tivity and Bopp and Podolsky [3] who suggested to
modify the Maxwell theory of electromagnetism in order
to avoid the divergences of the self energy of the punctual
charge, have began the discussions about higher order
derivatives theories.

Despite of the above examples, these kind of theories
were almost always classified as purely academic. How­
ever, since advent of supersymmetry and string theories,
this concept has been changing. In the first case, we can

1 2 3 4 5 6 7

mention the superfield formulation which is replete of
higher order derivative terms [4]. In the other case, there
are important examples where higher order derivatives
are present, for instance, the action proposed by Polyakov
[5], which has a term proportional to the extrinsic curva­
ture of the world sheet. Also in gauge theories it has been
argued that at large distances (strong coupling) the Yang­
Mills theory can be approximated by a Lagrangian con­
taining the second derivatives of the field strength tensor
[6]. This fact revels that the gluon propagator could have
an infrared asymptotic behavior like (kK?)?, k? =O0, Iiis
also important to remark that the inclusion of higher
order derivative terms in supersymmetric theories has
been shown to be a powerful regularizing mechanism [7].
We call attention for the fact that the dimensional regular­
ization is not available in this case since this later method
breaks the supersymmetry.

All above examples, showed that there was an increas­
ing interest in the last years for this subject. Actually, we
can cite many works which have been appearing and
showing how to deal with such systems in a consistent
way [8,9].

In order to enrich the understanding of such theories
there have been given, recently, a special attention to
study some systems in two dimensional space­time, con­
taining higher order derivatives. It is a well known fact
that, for instance, in the Schwinger model [10], the theory
exhibits interesting aspects like charge screening, fermion
confinement, asymptotic freedom and a nontrivial vac­
uum structure [11]. The combination of features of the
Schwinger model containing higher order terms have
given new informations about mass generation, axial
anomaly, behavior of propagator and also on the charac­
teristics cited before [12,13]. In [12], the problem of
quantizing a system where fermions and gauge field are
coupled through a higher order derivative was considered.
On the other hand, in [13] a Podolsky term was ad­
ditioned to the original Lagrangian of the Schwinger
model. In both cases, new conclusions were obtained
about the usual Schwinger model. In particular, the role of
the tachyonic excitation which naturally appears in such
theories.
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aud we obtainº

(dejlee] = [dede] exp ENE: e(r) Ito) : (13)

where

(1) => óbl(x)asón(r). (11)

The quantities ón(r) form a complete and orthonormal set of eigenfunctions of
some Hermitian operator Og. To determine the anomaly, it is then necessary to
perform the calculation of the sum above. However. it is well known that sums
like 5, ól (1) uv...Ó(Y). where I',,... are product of gamma matrices. are divergent
when r = y. The way found by Fujikawa to regularize these sums is to introduce an
exponential factor in order to avoid contributions of big eigenvalues. Concentrating
on our particular case. this is done in the following way:

x t ; x /M*(1) = lim 3 of(x)1s ónir)e :

Jim 37 ob(1) 45 e/ on(s).

dim, (2507910), Dona) OL),
. o? 2Jim (15e On/M )

r—

6561 =y).
)1

. nO? 2 ­= Jim tr se OR/M SI). (15)
ss

According to the Fujikawa method. the operator that has to be used to regularize
the sum is the one that appears in the theory. In our case. we have

D=7"(0,­1ted, — igo75d.0)­ (16)

The point is that this operator is not Hermitian. An usual the procedure used
in literature is to go to the Euclidean space. We do this by letting 1º — —ixs.
Do — ida. 7º — iva. PO, — —719,. In this space, all gamma matrices are anti­
Hermitians.º So. the terms 7,0, and ie,A, are Hermitians. but igot, 150,0 is not.
Consequently, the operator

Dre =" (9, —= ie, = igorsduo) (7

obtained from
:

D— — Dr 083)

Cn the Euclidean space, our initial convention and notation have to be changed to (4,7) 2
—2ôuv. Tal = day = luv I5, SW E téuvivs 95 = 29174, 14 = +l ete.
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In order to give continuity to this program it would be
interesting to discuss an anomalous model in the presence
of higher order derivative terms. One of the most impor­
tant anomailous systems in two dimensional space­time
discussed in the literature is the chiral Schwinger model,
proposed by Jackiw and Rajaraman [147]. lts main char­
acteristic is to raise the possibility of a mass generation
mechanism, that could mimic the electroweak interactions
in two dimensional space­time without needing a Higgs
field. Another interesting aspect is the dependence of an
arbitrary parameter in the mass of the model, due to the
breakdown of gauge symmetry at the quantum level. Às
a consequence. the lost gauge invariance cannot be re­
stored by fixing this parameter. Despite the absence of this
symmetry, the model ts unitary and consistent. On the
other side, it has been shown that the inclusion ofa Wess­
Zumino term can restore the gauge invariance [15].

The idea of introducing higher order derivatives terms
in this model will permit us to clear new questions like the
relation between the axial anomaly and the tachyonic
excitation, for a > | and the singular case a = 1. We can
investigate if it is possible to cancel the anomaly for some
choice of parameters. Another point it is related to
tachyon mode. It is a well known fact [9,13] that the
propagator of the Podolsky theory is proportional to
(kK?)7? and admits a massless photon excitation (k? = O)
and a tachyonic (k? < O) mode. Therefore, it would be
interesting to analyze the behavior of the propagator of
the resulting theory (chiral Schwinger­ Podolsky) in two
different cases: a > | and a = 1. Finally, we believe that
our analysis would not be complete without the study of
the same propagators in the finite temperature regime, At
first, we are interested in understanding the same aspects
early mentioned at zero temperature, Another point is to
investigate the possibility of some critical value for the
temperature to restore the symmetry.

Another motivation for the study of this model at
finite temperature is related to the recent interest on the
high temperature behavior of the standard model [16].
This is so because of the arguments listed above, i. e., the
facts thut the chiral Schwinger model mimics the elec­
troweak interactions in two space­time dimensions and
the zero­momentum behavior of QCD by the Podolsky
term. So we can investigate the thermal behavior of an
exactly soluble model which we expect to resemble in
some sense the standard model. This discussion is also
closely related to the calculations of hard thermal loops in
QCD [17], since these are done in the high temperature
limit. In fact. the zero­nmomentum behavior of the
Podolsky term gives also a glance at the nonperturbative
effects of the soft thermal loops [18].

This paper is organized as follows. In section 2, we will
use the path integral formalism to introduce the model
and discuss its anomalous chiral fermionic Jacobian in
a finite temperature approach [19,20]. As in the usual
CSM, the fermionic measure is noninvariant under chiral
rotations, so that we expect that this Jacobian will give
rise to dynamicallv generated masses for the gauge field
and these masses are compared with the one of the usual
CSM. Then, in section 3, we construct the zero temper­
ature propagators of the model, L.e., the gauge field propa­
gator in the nonsingular and singular cases and the rel­

2 3 4 5 6 7

evant fermionic propagator. In section 4 we extend these
calculations to the finite temperature case in two Írame­
works: imaginary time and thermofield dynamics and in
section 5 we present our conclusions.

2 The model and Fujikawa's finite temperature procedure

Let us start, writing the partition function, in two dimen­
sional Euclidean space­time with signature (+, +)

DUDy [ DA,exp (axo)
period. B

(2.1)

Z(f=N( |
antiperiod.

where we use the convention [,d?ºx = ff dxofdx,,
7! being proportional to the temperature and the Lag­
rangian density for CSM with the Podolsky term is given
by

|
L=— 7 FnFa = DOE OE, +IVDY, (2.2)

where b > O is the Podolsky coupling constant. F,, is the
usual antisymmetric tensor for the gauge field

Fn=0,A4,­0A,

and the Dirac operator which couples left fermions to the
gauge field is given by

D =>, (0, — ie(1 — 75) A.
As we are discussing the finite temperature theory corres­
ponding to Lagrangian (2.2) we demand that the bosonic
and fermionic fields obey the usual periodic and anti­
periodic conditions in the Imaginary time formalism. This
is by no means restrictive since we may left. at any stage of
the calculations > co, getting the zero temperature
model, without períodic or antiperiodic conditions.

To compute the anomalous divergence of the axial­
vector current, let us restrict ouf discussion to the fer­
mionic part of the partition function (2.1),

ZA =NWp f DiDJ
antiperiod.

(2.3)

(2.4)
8

and implement the infinitesimal chiral transformations in
the fermion fields

| =[1 +ie(1 = 79) EC)

é =/'[1—ie(1 + ys)c(x)].
As is well known, these operations lead to a change in
fermionic= measure of the partition function
DUDy = Dd'DUh'Jae(x)), where Jy(e(x)) is a non­trivial
Jacobian. In order to discuss the dynamical mass genera­
tion through obtaining this Jacobian at finite temperature
we use the Fujikawa procedure [20] with the operator
[21]

(2.59)

(2.5b)

(2.6)
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being n and é real parameters. Now, following Ref. [22]
we find that the anomalous Jacobian is given by

Jale(x)) = exp — — jÍ d?xe(x) (194 + tenda). 27)
Fr

which implies an anomalous divergence for the axial­vec­
tor current

CEO = 794] = UT + En) CA (2.8)

which is explicit (j­independent. To find the dynamically
generated mass for CSM with the Podolsky term we write
the boson field as

(2.9)eA, = 0 +EROP
and iterate the infinitesimal Jacobian (2.7) to find

Ja(x) = exp E ) d*x[1n5]6
— iPOp — 11 — EaD) . (2.10)

Substituting this result into the partition function (2.1) we
arrive at

ZIf=N(A Ss DEDYV | Dpba exp faixa).
rdantiperiod. period.

(2.11)

such that, the effective Lagrangian is given by
| bh? 1, :Luar = 323/D DO, + (0? + iv Tu Ob

!
­ ­

7LTO0=iO p=012 o Or). 2.12)
Now, using the Euler­Lugrange equations for higher­
order derivative systems [4]
eso ço
Ty —(,TA +CACvZ =

cp CCP) (COP)

ET) aAoL 2a CL s
CNT a ao =COEP)

(2.13)

­.s

we get the equation of motion for the p(x) field
2 2(9­2 0 pn + to )asn=o.— 2.14

dr "
21

This equation can be rewritten as
DU +11 = MA pt =, 2.15)

and the field p(x) can be expressed as a linear combination
of three other fields: à massless free excitation, a pseudo­
scalar field with mass

,
1 + +W = —s[( + 8h?nã) 1] (2.16)

40º

and a tachyonic mode with mass (note the sign for Mi in
(2.15)

l 2 31,2

DEE TE ENCONHARIA |
E CLAN ATINOLUEITA Í

1 2 3 4 5 6 7

where

e? (n + E
de 7 (2.18)2

to =

These masses are ff­independent. Taking h —O we find
that 7º coincides with zero temperature result of Jackiw
and Rajaraman [14] (identifying 2aº/(a — 1) = (4 + E)º/1)
and also the Podolsky tachyon M7 vanishes in this limit.

As we can see. the higher order derivative term is not
sufficient to restore the symmetry which was destroyed at
quantum level. So, the basic properties of the usual CSM
persist despite the additive Podolsky term. In fact, its
usual mass was redefined by the Podolsky coupling b and
we get also a tachyonic mode M;.

On the other hand, the temperature independence of
the anomalous divergence of the axial­vector current and
the dynamically generated mass for the vector­meson
shows the absence of a critical temperature in the CSM
plus the Podolsky term. The key fact for this behavior is
that these quantíties come from the regularization of
ultraviolet divergences which dominate over the temper­
ature effects of the heat bath.

3 Propagators at zero temperature

As we mentioned before, the zero temperature discussion
follows from the finite temperature one letting /º ap­
proaches infinity. Now, we are going to calculate the zero
temperature propagators for the theory described above
in this limit. With this procedure, we intend to check our
previous caleulation and give a more detailed description
of the model. For this, we will start by making a suitable
transformation to decouple the fields 6(x) from p(x) in the
effective Lagrangian density (2.12):

(x) = 6(x) — xp(x). (3.1)

The decouplingis obtained by choosing x = (ny — S)/21,5o
that we find (in Minkowsky space­time with signature
—.+)) º

! e (n+<oLuzzgmoo(o ­bPPOO =—= . ),
To ,

!
, ,+iby,0/ — [210 O o

ns| ; =+ fõo + ! 0,p + cio | +OUY' +04 Us.e

(3.2)
"

The last three terms of the above equation come from the
change in the sources and we have defined
Us = exp!(1 +vs)(a— p)!; Us = expi(1 — 75)(0 — p)).

(3.3)

Now, using the fact that the photon propagator can be
obtained from the functional derivative,

MESPAÇA
Dm E TT 4Tn oJ"OJ' Ipes (3.4)
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where 2 [J"] is the generating functional for the Lagran­
gian (3.2), rotated to Minkowsky space­time, we have

a(|e(o + 27 p) + ek F
x [.(e + És) + est'p)).

After a straightforward calculation [23] and the use of
the two dimensional identity, eaaeníkhkh? = g, kh? — kyhks,
we arrive at

(3.5)

2

Tranlhhs= — des
1 —=S)iã at58)an e

27 (4” “oPs
in which we defined K, = c.ak* while <pp) and (o'6') are
the elementary two­point correlation functions. These can
be calculated from the effective Lagrangian density (3.2)
giving

(pp? =

k,da= IuvDPP> —

(3.6)

e?
7 7 "

kk? + 20ºKk* — pô) 3.7)

(3.8)

Substituting these results in (3.6) we get the full propaga­
tor for the photon field, corresponding to the Lagrangian
density (2.2)

url) ProO TE

«[( so”)­aU 4 2028 = 1)
+ 7 .

2n k

The poles of the above propagator coincide with the
masses given by (2.16) and (2.17), as was expected. Also,
this propagator reduces to the well known Jackiw­Rajara­
man result [14], when we take the vanishing limit bh— O,
which cancels the higher derivative Podolsky term.

On the other hand, there is an important particular
case of the CSM for which. in Jackiw­Rajaraman nota­
tion, a =| and in ours notation it can be expressed as
1=(a— 1)/2=0 and é = (a + 1)/2= 1, simultancous!y.
This particular case seems to be singular since it can not
be analyzed as the limit of the above discussed one
[23.24]. This can be easily seen from the transformation
(3.1). which is singular at this point in the parameters
space.

In this case we will use an approach developed in [23]
where it is not necessary to make any decoupling trans­
formation. In essence, we write down the Lagrangian
density in a matrix form like & =(1/2)V "MV, where

(3.9)

1 2 3 4 5 6 7

VT =(po) and then invert the matrix and collect the
elementary correlation functions pp), <pa>, etc, in order
to compute more complex correlation functions as the
photon propagator (A, 4).

In this singular case (17 = 0.é = | in (2.12)) the inverse
matrix in the momentum representation is given by:

2

o =

=. nº n

Ms 2º. e?
— 20º! + —

2n

, (3.10)

where the symmetry of the matrix in relation to the princi­
pal diagonal is a direct consequence of the Hermiticity of
the model [23] so we get that

nm.<(90) =0; (op) = po) = (3.10a)

n/, | e?

Now, remembering that the photon propagator come
[rom the two­point correlation function (A, 4,) and also
that in two dimensions is always possible to decouple
a vector field into its longitudinal and transverse parts às
we did in Eq. (2.9), one gets in momentum representation
that

[ >

x(TP) + NCLSI (3.11)

Then it is easy to see that the full photon propagatorin the
singular case will be

nº kiki, ,
1º fi "=."(e + 26ºkt — 5) ­— aa (E, + KRko,

(3.12)

Galhk) =

which in the limit of h — O recovers the usual expression
for the singular case of the CSM [23,24]. Note that we got
a model were no tachyonic excitation appears. As far as
we know, it is the first case of a higher­order derivative
model without tachyons.

Let us now obtain some fermionic correlation func­
tions. Since we are dealing with a chiral model we use the
decoupling fermionic transformations (2.5a,b), in order ta
calculate the right and left fermion components

VR =PWb>Vg=Vh,
:

= PU >, =exp[2iel(o — p)] Uh, = U(o, p) Ur.
(3.13b)

(3.13a)

From the above equation its easy to see that

Grbr> = DPRUR> = So.xlxi,x2)

and
GUPrlxWVLx2)> = So. 2x1, x2) OUlotx),

x p(x,)) Ulo(x»), p(x2))D,

(3.14a)

(3.14b)

ATA
AVAVAY

8 unesp ”*. 14 15 16 17 18 19



<UU> = f Da Dp exp Pie[(p(Xx1) — p(x2)) — (6x1)

— a (x2))]) expífd?ºxL (a, p))
and SE nlXxos x) and S5 7 (x, x2) are the free propagators
for the right and left fermions, respectively. Now, using the
bosonic decoupling transformation (3.1), (3.14c) can be
written as

<UU» = L(x, , x3) Il, (X'. X2),

(3.14c)

(3.15a)

where

112) (Px) — pesa |L(x1.x2)=S Dp expíie n

|
xexpí­fdº xp, pr. (3.15b)1fatxpo,

and

I7(Xx1.x2) = f Da' exp [2ielo' (x) — 6(x2)))
!x exp [314?x0 070),

whose operators 6, and (,, are respectively that giving
the following equations for their propagators:

(3.15c)

Í
,= [: O0(O + 2h 0º + pia [te x)

— dx, = x).

=>— —— DX =x:)
271

(3.16b)= —S (x, =x).

Furthermore, we can also rewrite the functional integrais
1, and 1, in a form more suitable for doing the integration,

Lx. x2) = fDpexpi fd? x[pó, oo
= exp [ — fd? xd INN) 4, JOW. (3.174)

and analogously

(xx) = exp — 3 SdxdrK(x)YZ, K()) (3.17b)
where we defined that

(N +66)
J(x)= — ie (3.18a)[ó(x — x) = d(x — x3)],

K(x) = 2ie[0(x — x) — d(x — x3)). (3.18b)

Substituting these “sources” in the integrals /, and 1,, and
after straightforward calculations one obtains that

2GUrba> = Sh. 2(x1 — x2)exp (o Ié 3º)

(3.19)

1 2 3 4 5 6 7

691

which after introducing a renormalization constant such
that VÃ = ZU?V,, with

2N2Zi = exp — 4e? [(4) PRP,(0) + 2,0 |)
lead us to the renormalized correlation function:

<UL> = So.ulxa = xo jexp ia?
x |C. :) QalX1 = x2) + 2a(X1 — a | (3.20)

where the propagators & , (x, — x.) and Z,(x, — x2) are.
respectively, the coordinate space propagators corres­
ponding to that appearing in (3.7) and (3.8) in the momen­
ta space.

4 Finite temperature propagators

Now, we are going to extend the previous discussion on
the propagators of the model to the finite temperature case.
First, we use the imaginary time formalism, where the fields
satisfy the periodic and antiperiodic relations [25]

dlnx)= ­E(t+ifb,x)
Aj(t.x) = A (t +if. x),

where tr= — ixo. The propagators at finite temperature.
in the imaginary time formalism, in momentum space can
be constructed from those at the zero temperature simply
rotating to Euclidean lime 7, taking the encergies ky às the
Matsubara frequencies [25]

(4.1a)

(4.1b)

(4.10)

22 (n=0, +11, +2,...) (4.21)Va "

2= 8FDE oo Aa 2.)
hp .

and substituting the integrals over ko into sum in the
modes «w, or v,. With these prescriptions we find that the
propagators (3.9). (3.12) and (3.20) become. respectively

|

ki + ol + 20º (kt + ei)? — ná

Jar =| 1 —“ f a |
INNLL a 22 n— Elk k,+Kihk,+ 207(k7 + 07) é) + 27 ( x " ” — (43)

for the usual boson propagator (1y £ O),

­
= nº k kk, e?Lal.ki)=EE A + oZ22btki + &2)º —­

n

W, = (bosons)

(fermions) (4.2b)

Eur (ns k) = .—

n

Fo kt 9?41º ne? ro

Tn

tt 4.
eº (ki + wi) 4

for the boson propagator in the singular case n = 0.12 =1
and for the fermionic propagator of the renormalized left
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fermions we find

4e?UR VADE St. 2x1epi) — ik(x — »)
(2 + EV?* 21

e? ns
Kº(k? + 20?k*? — nã) nk?

where k, = mm, = 2nn/ff as in the case for a boson field
since this propagator has a fermionic structure given by
S52 times à bosonic correction which carries all its tem­
perature dependence. This behavior is also present in
other two dimensional models at finite temperature [26]
and will be also encountered in the real time formalism
that we discuss below.

(4.5)

Thermofield dynamics. Let us now reconstruct the propa­
gators for the CSM plus the Podolsky term in a real time
formalism. As is well known, this implies in a complex
contour path integral or, alternatively, in doubling the
Hilbert space with a vacuum which is /­dependent [27].
The later formalism. which we will follow, is called ther­
mofield dynamics and was introduced by Takahashi and
Umezawa many years ago [28]. It has been appíied suc­
cessíully to the two dimensional Thirring and Schwinger
models [29], In this formalism, every field is accompanied
by a thermal ghost, which does not appear at final asymp­
totic states but contribute to internal lines. The Lagran­
gian (2.2) can be rewritten here as (Minkowsky space­
timo)

!
r PuovÍ 7 Fi.F> Tt

(4.612)— b&. EF" ES + Pb).
with

p= VC, el = 79 AD, (4.6)

where 1,, =(0 ) gives the double Hilbert space struc­
ture. The fields with r = 1 are the conventional zero­tem­
perature ones

Ag(X) = A,(X); d(x) (r=l)
(4.7)

while for r = 2 we have the respective ghost fields which
satisfy

All(x)= —AT(x).
dx) = it) G),
where T denotes matrix transposítion and the tilde indi­
cate that these are independent fields from its counter­
parts (4.7). The propagators in this formalism carry the
temperature dependence through the matrices

PE (Sã 0(f) sinh a):

VI =/U(): Pl =

d'O) = it) CO);
(r=2) (4.8)

sinh 07(f)  cosh 0,(f))

sinh? 03(f) = Cexp(filu]) = 1775,
for bosons. where nº is the relative velocity of the thermal
NAuid in which the model is suppose to be immersed in. For

(4.9)

1 2 3 4 5 6 7 | unesp*. .

fermions, we have

Ure Ss 0x(P) sinOs(f)A.“sin 0r(B) cos 0r(fP))
sin? 0(f8) = [exp(Blul +17". (4.10)

Using this formalism to reconstruct the propagators
for the CSM plus the Podolsky term we find for the boson
propagator in the nonsingular case (11 * O)

> UE) Th
"e kPº + 2D0ºkº* — 1nô + iet,Pivth) =

1=1,2

k, k, (1 = E) n >— ' — cala hoox [9º Ei,( E ne (k? + 26ºk* — nã)
nNn—oê (E + E) | Us.k?º + iet,

For the singular case corresponding to (3.12), here we find
2 2

rio [5 BRA IM Ta Kkuk, 2a sn E
e=1.2 e

4.
17

(41)

— ——k,KR, + E) ur (4.12)eh? + ict)
Now, for the fermionic propagator <VFVÊ>, we have
CURVE" = SoLUX X2)

2, dk al(n+syxexpis Sompevpiosi 1 o— it e?
“RP + ict,)(k? + iet, + 2b7k

— it, BE|Us.+ ntk” + =| n)
Note that the above expressions give the propagators

for both the physical and thermal ghost fields. since they
carry the r and s indices. For the phgsical fields onc has
only to choose r = s = | to get its real time representation
explicitly. In particular. (4.13), for r=s=, is the real
time counterpart of (4.5) and the bosonic finite temper­
ature structure Is also present here, as can be seen through
the presence of the bosonic matrices U” instead of the
fermionic U" ones.

Note also that in the zero­temperature limit J => 2
the thermal matrices become U” = U" =(| 9 and the
ghost ficlds decouple from the ordinary ones and we
regain the results of section 3. The same occurs for the
propagators in the imaginary time formalism, discussed
before.

= 1)

(4.13)

5 Conclusions

We have discussed an extension of the usual CSM with

higher order derivatives by adding to its Laugrangiana Podolsky term. We have seen that this results in a model
which resembles the original CSM but with a renor­
malized mass (2.16) and à tachvonic mode (2.17) (in the |
non­singular case), which is a signature of the Podolsky
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term. This model has the interesting feature that it mimics
in some sense the standard model. As the propagators
obtained resemble the ones ol low energy QCD some
further study to search for the possibility of describing
bound states from this approach is also desirable.

We also verify that in the singular case (7 = 0, é = 1)
the tachyonic mode disappears. This is a quite interesting
feature, because in general higher­order derivatives mod­
els present tachyons. However. in this case no massive
boson is generated. This strongly indicates that dynamical
mass generation and the presence of tachyons in higher­
order derivative theories are strictly correlated.

The results first obtained from a Fujikawa's analysis
were then confirmed by the careful caleutation of the
relevant propagators ol the theory done in sections 3 and
4, Also, its finite temperature discussion had proven that,
analogous to the usual CSM [22], the present model does
not possess a phase transition at any finite temperature.
Anyway, from the propagators at finite temperature one
can explore its high and low temperature limits compar­
ing these results with the ones expected for the standard
model. In connection with this, it is also possible to infer
the hard and soft thermal foops in this model, since it is
exactly solvable and this may be of some help for the
corresponding studies in four­dimensional QCD.

Despite the exact solvability of the non­singular
model, it cannot be accepted as a physical theory due to
the presence of tachyons. However, recently, it has been
shown that theories with higher order derivatives can be
physically consistent if one treats them as effective ficld
theories [9]. This analysis opens à window on the possible
interpretations of such theories às the one discussed in this
paper.
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We consider an extension of the axial model where local gauge symmetries are taken
into account. The result is a mixing of the axial and Schwinger models. The anomaiy of
the axial current is calculated by means of the Fujikawa path integral technique and the
model is also soived. Besides the well­known features of the particular models (axial and
Schwinger) an effective interaction of scalar and gauge fields via a topological current is
obtained. This term is responsible for the appearance of massive poles in the propagators
that are different from those of both models.

1. Introduction

The axial model corresponds to a theory where a real scalar field interacts with a
fermionic axial current via a derivative coupling. It was introduced by Rothe and
Stamatescu almost twenty vears ago! and has been studied since then on its more
diverse aspects."É Its Lagrangian density reads*

L=ivy" (O, +igo15d.O) UV + Lo, 1)

where

L, = z (d,00 o mo). o)

We easilv observe that it exhibits global U(1) and chiral symmetries. In conse­
quence. from the Noether's theorem. both vector and axial currents are conserved,.
The two main features of this model are

"E­mail: amorim'&if.ufrj.br
*E­mail: barcelos&if.ufrj.br
tE­mail: dutra Ggrt000.nesp.ansp.br
PACS: 03.70. +k. 11.10.Ef, 11.15.­q
We adopt throughout this paper the following convention and notation: nv = diag(+1.­1),
e = +, (94.47) = 29h, e = sOsuIa0 (408 = 40 4H = 4), 4 = 04] ei =".
IPA = A" + eps, 4597 = ePU7, (these last two are only true in two dimensions).

2931
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(1) The divergence of the axial current is anomalous:

:

t6Qujs = = Do,
where jé is defined as

38 = va ast.

(11) The mass mo is renormalized to

1—
,

This model does not have the corresponding local U(1) and chiral symmetries.
Apparently, one possibility of having them would be to consider the coupling of the
axial current with a gauge field À,, namely, gov" A,, and taking A, =dJ,óasa
particular gauge choice. However, this cannot be true. À simple argument against
this procedure is that the coupling term above does not have the correct dimension.

The consistent way of implementing local gauge transformations in the axial
model is actually by means of a gauge field. but taken independently of 9,0o. The
general Lagrangian density then reads

where L.4 is the well­known kinetic gauge field term

1
vCa=— Fu EF“.

and the covariant derivative reads

D,=0,­ied,.

We list below the mass dimension of the quantities that appear in the Lagran­
gian (6):

À]l==. [o)=0. [1,)]=0. fej=1., [1]=0. Iml=1. o)

The model described by (6) is a mixing of the axial model. described by ex­
pressions (1) and (2). and the Schwinger model." The purpose of this work is to
study the features of such an extended model. which will be called “axial­Schwinger
model” (ASM). lt might be opportune to make some general comments about it
first:

(i) The derivative that is acting on the scalar field cannot be replaced by à
covariant one. This is so because the scalar field is real and consequently does not
couple to the electromagnetie one (the gauge transformation of o is zero).
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(11) Inadvertently, we could think of making go = e to eliminate the second term
of (6) by a gauge transformation of A,. Às was previously said. this cannot be done
since go and e do not have the same mass dimension.

(ii) Another wrong reasoning would be the trial to obtain the scalar term
— d,oIo from the gauge field one —t F,v F"" and vice versa by considering that
in two dimensions the gauge field can always be written as

Ay = d 0 + e,0ºp. (10)

Also here. this would not be successful. o and p have the mass dimension —1 and.
consequently, cannot be related to o. In fact. in the case of replacing A, given br
(10) into (7). we would obtain terms in Do Oo. Op Op etc.

So we conclude that Lagrangian (6) cannot be simplified. It has to be used in the
war it appears. It is important to emphasize that it is not a trivial generalization
of the axial and Schwinger models. even though both are particular cases. We
shall see. for example. that the anomaly of the axial current of the ASM is more
general and contains crossed terms of both sectors. However. mass poles of the ASM
propagators are not the same as the usual models when taken separately. This is so
because after solving the ASNM. the scalar field effectively interacts with the gauge
field via a topological current. which will generate two massive modes depending
on the parameters of the two models.

Our paper is organized as follows. In Sec. 2 we calculate the anomalv of the
axial current of the ASM by means of the Fujikawa path integral technique.º The
model is solved by integrating on the fermionic fields in Sec. 3. Using this effective
Lagrangian density. propagators are calculated in Sec. 4. where one identifies the
mass poles. Some final remarks are left for Sec. 5. |

2. Axial Current Anomaly

To calculate the anomaly of the axial current we make use of the Fujikawa
technique.? We begin by writing down the general expression of the vacuum func­
tional

Z=N f[dilideldo][d4] exp(is). (11)

where S is the action corresponding to the Lagrangian density (6) plus some gaugze­
fixing term.º The chiral anomaly arises in the path integral formalism from the face
that the measure [de]fde] is not invariant under chiral gauge transformations. In
the infinitesimal case. these transformations read

v'() 1 +ielr)s) vír).
: :

(13)

W'(r) =) (14+ier)os),
br is understood that we have functionallv integrated on ghost fields that come from the Faddeev­

* * Popov or. more genericallv. from the BFYV or BV method.
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is still! not Hermitian.

There is a simple way of circumventing this problem. Tt consists in taking a
kind of analvtical extension of the field o when we go to the Euclidean space.!* So.
instead of the operator (17). we use the Hermitian

Dn =74(0, = led, + gos IO) ' (19)

where it was taken

o — io. (20)

We shall use Dy as the regulating operator of the Fujikawa technique. It is then
just a matter of algebraic calculation to obtain

I(r) = — (yo Do — 2iego A4du0 + e En Outu). (2)
1

Rotating back to the Minkowski space and not forgetting to make io — o. we have
1...

I(r1) = 7 (go Do + 2egoAro+ e e" Ou AL). (o)

With this result the measure changes to

[dede] = dede] exp | . fes e(1) (igo Do + 2ego A“I,o + céndA)) '
which implies through

.: oZ
lim =

€—0O de(r)
that

'

1
:du jf = > (e env FE” +2igoDo+ tego A” JI.o).

27

We notice that when we take e = O. we obtain the anomaly of the axial current of
the Rothe and Stamatescu's model. The corresponding anomaly of the Schwinger
model is obtained by taking go = O. We emphasize the presence of a mixing term
with ego conpling. This leads to an effective interaction between À, and o. We wiil
discuss its consequences with more details in the following sections.

3. Path Integral Solution of the Model

In both the Schwinger and axial models there are effective theories that can be
obtained by integrating on the fermionic fields. Let us see what kind of effective
theory can be obtained here. Considering the fermionic part of the Lagrangian (6)
and using À, given by (10), we have

Le =iv"” (Ou = i6dgT = te 0 p)U+Io vasto

=ivs” (O, = ted. = 15d, E).
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where

E=ep­no.

We notice that if we choose the gauge transformation
15 6+ieo1 = e a

we will obtain that the couplings of the fermionic current with o and £ disappear.
Doing this iteratively by means of infinitesimal gauge transformations we get for
the measure?*+8

­ i
2 70 2

'(dujfde] = [dd] exp [­ 3 f exe AJAº — Cegos”Dio Au — Go 9,00" 0)| :
(29)

­

where we have used again (10). The vacuum functional then turns out to be
1)

Z=x /dd uIdANdo] exp E | de É VAI ER PE + AA)
=

+ : ( ­ É d.080 — mio? — E que O,ÉAu + Car ) : (30)
­= "

As one observes. the resulting fermionic field does not interact with À, and o
anymore. It mar disappear from the theory by integrating over it and absorbing
the result into the renormalization factor Y. The so­obtained effective Lagrangian
contains the well­known results of the Schwinger and the axial models in the re­
spective limits. that is to say, the photon field acquires a mass given by e/Va when
Go = O and the mass ma of the scalar field is renormalized to mo (1 — g3/x)7!2 if
e=0O. The new point here is that the scalar field that initiallv did not interact with
the gauge field. does now via the current

IJ“ = Dedo. (31)

As can be trivially verified, 7“ is conserved independently of the equation of
motion and it is not associated to any symmetry of action. These facts give a
topological character to it. Due to the boundary conditions we are using in the
evaluation of most of the quantities throughout this work (fields vanishing at the
spatial infinity), there is only a null topological charge associated to J”“.

4. The ASM Propagators

In this section we calculate the propagators in order to identify their massive poles.
We first consider the case with mo = O. where it is possible to easily decouple
the scalar and gauge fields by just making convenient field transformations. The
effective Lagrangian density of (30) then becomes

1 e” 1 sCa ==> FuFIO + AÇÃO + ( ­ É) doODa .PET

EG uv 1 2 .o­ Peer d ode = 5 (AV + JA +RÓ,
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where we have taken the gauge­fixing Lagrangian as —(0,4º)/2a. Note that we
have also included external sources, which will be used in order to generate the
corresponding correlation functions through functional derivatives. It is again con­
venient to use the decomposition of the vector field in its transverse and longitudinal
components given at (10). This will lead us to the Lagrangian density

o

1 ' 1 2 ;Leg = =PO'p+ = PD — 32 79 ­ É 20ô —
­ 1

ED ompr JA" + RO. 133)

with 3 = 1 — g53/7. and where one can see the coupling term op, which comes
from the topological coupling 7,1“. In this case one can decouple the Lagransian
density by performing the field transformations

­ No.
oO=O0O=­—p,3 f

Pp.

Õ.

which leave us with

­ 1 2 2,2 1 : 3 ­ ­iu = soojos (E +25) |p­ 2,50% + 2606
+ Ja (0,5 + e4Iº5) + Ko. 133)

Going back with this result to the expression of the generating functional. we
directly obtain the photon propagator

Dyulk) = =kyky (56) — eus€valRº(56). (36)

where (65) and (pp) are the corresponding propagators for 6 and 5:
a

25 1PA E EEITD:
The pole m3 is the effective mass coming from the coupling due to the topological
current. and is given by

,

mi = —Ê =. (38)
TT

Note that in the limit where go = O. we recall the expected Schwinger mass. We
observe that the propagator of ó does not contain any massive pole.

We now discuss the case with mo É O. The decoupling trausformation is not
so simple. We are going to use the approach discussed in Ref. 10. We rewrite the
effective Lagrangian density as
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where 97 = (p,ó.0) and the matrix M is given by
2n(o+ ­) ­=o

M= ­Po ­O­m O
2

o o =
a

which can be inverted. giving us the correlation functions (60), (6 o). (pp). (pó)
etc. defined in

(pp) (po) (po)
MM = (69) (96) (on)|, (41)

(9p) (99) (00)
where in the momentum representation, the nonvanishing ones are given by

Ikº — mê
— m4 )(kº — m?(po) = JE

—=— go

(99) == TR mB ml)
QA a 2 97,95(90) = ge (8 kº — mall kh? = e) = ge KR),

Tkhº e?
(90) E Ec mB mo

In the above relations. (607) is the propagator of the scalar field. The propagator
of the photon field is

Duv(k) = kukyl(00) + e,akuk' (0 p) + e4akº kylpo) + (guk? — kuky)(pp).

" EE 7) jo» PP
ak, ky " s 2 ao7 EI [1(3Kk* = mo)(T kº e") — ge) :

We observe that there are two nontrivial massive poles at

1 22 2 “ ==| Am? ? 2 2 1622 dal
—

2,2Serpa mi +me”t 7 (qm;+ e?) —4d7º(7 — go)Mmçãe l (4H)ma =

Note that these two expressions reduce to the previous case when one takes mo = O.
as it should be. Furthermore, in the limits where e = O and go = O we re­obtain the
usual renormalized mass appearing in the axial model and the dynamical mass of
the Schwinger model. respectively.
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At this point it is important to stress that it should be necessary to perform
a careful analysis over the parameters space in order to define the region without
tachyons. This fact could lead us to think on restrictions over the range of the
coupling constants of the ASM. However it is important to remember that. due to
the fact that the axial field o does not have any gauge symmetry, it will emerge
an arbitrary renormalization parameter a!! such that. instead of 3 =1­y3/71. we
would have 3, = 1 — a ga/7. and the restrictions due to the physical criteria would
fall upon this parameter, leaving the coupling constants e and go free.

5. Conclusion

In this work we have considered the quantization of an extended axial model that
contains the Schwinger and the axial models as convenient limits, but bearing in
mind that it is not a trivial superposition of them. Bv using the Fujikawa prescrip­
tion. it was possible to show that the axial current is actually anomalous. This
anomaly has the usual contributions from the axial model sector as well as from
the Schwinger model. but it contains also a crossed term which is a new feature
of the considered model. expressing the fact that at the quantum level there is an
interference of both sectors.

This fact also comes true when the model is solved by functionally integrating on
the fermionic sector. The effective Lagrangian which survives presents a coupling
between the vector field and the scalar one by means of a topological current. We
have calculated the propagators and identified the mass poles.
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Abstract

We discuss a relativistic free particle with fractional spin in 2+1 dimensions, where the dual spin components satisfy the
canonical angular momentum algebra (S,,S,) = e4v4S”. Itis shown that it is a general consequence of these features that
the Poincaré invariance is broken down to the Lorentz one, so indicating that it is not possible to keep simultaneous!y the
free nature of the anyon and the translational invariance.

1. Introduction

In the last few years the studv of particles with
generalized statistics, the so called anyons [1], has
been a growing field of interest. This is mainly due to
the possibility of explaining very important physical
phenomena, the fractional quantum Hall effect and the
high temperature superconductors [2,3].

However, most of the work on this matter was done
through nonrelativistic models. or by using the statis­
tical field A, of the topological Chern­Simons term
[4]. Notwithstanding, some authors have been look­
ing for the answer to the question whether this statis­
tical field not only changes the statistics, but also en­
dows the anvons with interaction. One has been look­
ing in particular, into the possibility of constructing
a point­particle model for anvons. without the need
of using any statistical field [5­8]. This quest should
necessarily begin by studyine the representations of
the Lorentz group in 2+1 dimensions [5­7].

! E­mail: dalmazi G grt00Q .uesp.ansp.br.
* E­mail: dutra G grt000.uesp.ansp.br.

0370­2693/95/S9.50 (O 1995 Elsevier Science B.V, All nights reserved
SSDI 0370­2693(94)01445­0
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The Lorentz group in 2+1 dimensions corresponds
to the SO(2,1) group whose irreducible unitary rep­
resentations, are all labeled by a set of half­integer
and integer numbers [5]. Thus if we are interested in
a Lorentz covariant description of particles with frac­
tional spin, we have to deal in principle with an infinite
dimensional representation of the Lorentz generators.
On the other hand, Jackiw and Nair have shown in
[6] that the anyon possess just one physical polariza­
tion state for a given sign of the energy, and they have
obtained an induced representation for the Poincaré
group on those physical polarization states. What is ac­
tually important for us is that, in the induced represen­
tation, the spin components commute ( [Sus S,] =0O)
and therefore do not satisfy the usual angular momen­
tum algebra. Nevertheless, some point­particle mod­
els corresponding to the induced representation have
appeared in the literature [7­9]. However, as far as
we know, none of the models discussed up to now has
been able to get two ingredients holding simultane­
ously, namely the free nature of the relativistic anyon
and the canonical spin algebra (S,,S,) = envyS” for
the spin components [8]. In this work we intend to
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explore the consequences of imposine these features
simultaneouslvy, In the next section we show explicit
how this can be carried through in à particular point­
particle model. In Section 3. we perform a model in­
dependent analysis. then in Section 4 we draw some
conclusions and summarize the work.

2. A model for a free particle with fractional spin

The Poincaré algebra in 2—1 dimensions is given
bv:

Musd ld send”,

[Ju, Pr] =a :[Pa P] =
where J, are the dual components of the total angular
momentum tensor. i.e. J, = e,4J"” and we are using
Tur = diag (—.+,+), eogpo= >].

Let us suppose now that we have a relativistic model
for a point­particle whose total angular momentum
tensor and momenta components are given in the phase
space by

(1)

Juv = XuPv = PuXv +NyTe = TN. Po=py (2)

Assuming that the vectors x... Pu. Nu. TT, Satisfy
the canonical Poisson brackets., (x1.,Pr) = Nu =
(nus), with the remaining brackets vanishing, it
is easy to derive the Poincaré algebra in terms Pois­
son brackets. Note that the variables (nu,7T,) are
Just introduced to describe the spin of the particle
Su = Euvgn" Tt, which satisfies (S,,S.) = EumS”.
The Poincaré algebra (1) possess two quadratic
Casimir invariants which can be represented in our
model by p” and S­ p, they will be used in the form
of constraints to specify the mass and helicity of the
particle respectively:

dj =p" rm ao, (3)

d=S p+amaoO, (+)

where a is an arbitrary real constant. In analogous
fashion to the a = 1/2 case [6]. Eq. (4) will play the
role (for arbitrary a) of the Dirac equation [10,6].
We expect that the constraints d7 . d> be first class. in
order to specify the physical states which belong to

3 4 5 6 7

the Poincare representation specified by a and m. such
that the hamutonian of the model can be assumed to
be of the tam

H=edi = ros Aa, (5)

where e. & and À“ (a = lL..4) are the lagrange mul­
tipliers. uhereas x, represent four second class con­
straints. The reason why we need exactly four second
class constraints comes from a simple counting of de­
grees of freedom as follows; by assumineg that the spin

components S, and the momenta Pa are parallel, onecan show for arbitrary a that g = 2, where g is the
gyromagnetic constant [11], This result agrees with
previous calculations [12] in field theory. If this is
indeed the case. the spin of a particle in 2+1! dimen­
sions 1s entirely specified by the helicity S­ p whichis
fixed in our model by the constraint d> and since ds
is assumed to be a first class constraint, it will elimi­
nate two degrees of freedom of the extra six variables
(nu. 7,4) introduced to describe the spin degrees of
freedom. So we have to further impose four second
class constraints in order to eliminate the remainine
variables. It can be checked that the easiest way to as­
sure that S., and p,, be parallel 15 to impose the con­
straints [8.9]

Y1=pn=0., yr=pm=0, (6)

these constraints imply

S.= Ppe (7)

Due to the fact that (6) does not depend on x,, after
quantization the commutation relations of p, would
not be changed by such constraints and we would have
[Sus Su] = O as a consequence of (7). In order to
recover the usual spin algebra one must further impose
Xu, dependent constraints, for instance,

Y:=XnN=s0, xYrísesx:m=O0. (8)

The constraints (6) and (8) form a set of four inde­

pendent second class constraints which can be elimi­
nated by a Dirac bracket ( . ), leading to

(musTi)9) =O0=Ingnmbos

ViusTvto E Mus.
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itrenn, = NT, Pr
MI), ="

ni Pe
rtp

TeNniTo

«Prtp 7 EumyS" W
[(x+ p)EyST +SuSy|

Ss? |

Although rather complicated, the above brackets have
some remarkable features. Firstly, the Dirac brackets
involvine only the extra variables (n,,7mT,) are ex­
actly equal to the canonical Poisson brackets, therefore
we recover the canonical spin algebra that we were
searching, 1.e.. one checks that

us Prkp = (9)

(Su. Si) = EumS". (10)

Furthermore. using (9) we deduce (for future com­
parison):

Wu Ss i)ph=€mY. ÍPusSelo=EnPT. (11)

By comparing (11) with the Poincaré algebra (1) we
notice that S, behave like the total angular momentum
J, and (11) is nothing but the Lorentz transformation
law for the vectors x, and p,. Indeed, since the con­
straints (6) imply e», S"p” = O, we analogously have
from (8) that e,4S"x” = O and therefore the canon­
ical angular momentum L,, = e,4x'p” vanishes and
we can identify S, with /,. Thus. the brackets (10),
(11) and the fact that (PusPrkp *==O (see (9)) are
simply telling us that the Poincaré algebra (1) has
been broken down to the Lorentz algebra due to the
lack of translational invariance of the constraints (8).
In the next section we will show that the identification

between S, and J, and the absence of translational
invariance are not peculiar features of this model but
a consequence of the spin algebra and the paralleiness
of S, and py. Another important characteristic of the
brackets (9) to be notíced, is that they guarantee the
conservation of p, and S, (pu = (p.. H), =0=S,)
as well as their gauge invariance. These conservation
laws can be used to show that X, = O and therefore the

3 4 5 6 7

model under study really corresponds to a tree parti­
cle. although the Dirac brackets involving x, and p,.
are quite complicated. So. we were able to reach the
goal or obtaining a free relativistic anvon with canon­
ical spin algebra.

3. A model independent analysis

In this section, we will work from a more general
point of view without specifying how the phase space
(Xu. pr) has to be extended to include extra variables
to describe the spin degree of freedom, and that is pre­
cisely what we mean by a model independent analysis.
Let us take our hamiltonian to be of the form (5) but,
Since we are not going to specify the extended phase
space, we have. instead of four, N second class con­
straints yº (A =1,..., N) where N will of course de­
pend on the number of variables of the extended phase
space. After the elimination of the constraints yº by
some Dirac bracket* ( . )*, the hamiltonian becomes
simply

H=e (pm )+o(S­p+am). (12)

Now we would like to examine the equations of mo­
tion which come from H. For a generic phase space
variable q we have,

q=(4,.HY = (q9,H) — fas (a.x VIX.H)
(13)

where fag is some suitable function of the phase space
variables which certainly depends on specific features
of the extended phase space (see footnote). By using
the fact that in general we have (Xº,d;) = cVQo; +
dg xº. where the functions c;*, djgº might depend
on the details of the model studied, it is not difficult
to derive that, in a typical gauge where e and o are
set to a constant,

ta = END"St + hd, (14)

where /1', are functions of the phase space variables
which certainly depend on specific features of the ex­
tended phase space. Since g, = Euyp”S” are clearly

“In this section we relax the definition of the Dirac bracket in
order to include brackets used to eliminate second class constraints

which are not linearly independent.
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independent of the tirst class constraints d; we come to
the important conclusion that. independent of the spe­
cific details ot the model, pé“ and S“ must be parallel.
Le, &, = O, in order that the particle be tree (X, = 0)
and besides, we have to assume that the model pro­
posed is such that the second term on the r.h.s. of (14)
must independentlvy vanish.* Since d, (7 = 1,2) are
the only first class constraints of the theory the paral­
lelness ot p, and S, must be a consequence of some
of the second class constraints 7º. Thus. we can use
from now on the identification (7) strongly. Further­
more.if we now impose that the particle besides being
free possess spin components S, which are gauge in­
variant?, i.e. (S,, di)” = O and satisfy the canonical
spin algebra,

(Su) S/V = Em S. (15)

we consequently have from (7) that

(Sus Pr) = EP”.

From (16) and (7) we obtain

"

— PP

now by using that py, is à vector, i.e. (pa,Jr)" =
EumPp” where Jy, = EjrX"Pp! — Sy. we can deduce the
following expression

pse ((S­x)Mae= xX4So). (18)EnyBDº (pu.x”)*

from which we have x, = (S:x/S:p) pu and thus
Ly = E4mx”p” = O identically, consequently J, and
S, can be identified. Therefore it seems that the only
way out for the spin components of a free fractional
spinning particle to satisfy the usual angular momen­
tum algebra is to identify them with the total angular
momertum J, which will certainly satisty such alge­
bra. Thus. we have seen that the identification between

Sua and J, as well as the lack ot translational invari­
ance (see (17)) are not special features of the last
section model but a more general consequence of the

* The reader can check that tn order to have hr, = Otis sufficient,
although not necessary, that c;V = O,

3 Note that this is à more severe requirement than to simply
impose that S, be observables.

canonical spin algebra, Lorentz covariance and the re­
quirement that the particle be tree. Besides the above
general features. we can also almost fully determine
(Xu.xrtº and fx,,p,)” from our basic assumptions
às 1ollows. First notice that trom the identitication be­

tween S, and /, we have for the vector x,

Lrus Si) = en S. (19)

since x, and p, are parallel like p, and S, we can
write x, =(S­ 1/5) Su. thus by using (19) and the
spin algebra (15) we obtain (compare with (9))

”

fxusxil' a ss emS” (20)

In order to fix (x4, pv |" we have to work a little more.
By use of the equality (xy, (Sp) Su)" = (x. Spa)”
one can deduce

ty,.prV Ps (S) EyuBrº, (21)

where PL = 5 — S" S/S? is a projection operator.
Since (x,,pr)t" is a second rank tensor with 9 com­
ponents, we can always decompose it in terms of a 3
components vector c, and a 6 components symmetric
tensor Nag without loss of generahty as follows

(xy,De Vº = EyvuC + Ny. (22)

The quantities c* and N,, can be partially determined
from (21) and the parallelness of x”,pº and S“ such
that we end up, after some algebra, with

« (px) 2b,S,
(Xu, Pr) = EnnS + o

(S­bYS,S,
(S)?

where by, = Nu S".
Since S,PL = O, we will have no further information

about b, trom Eq. (21). but substituting (23) into
(18) we obtain ep"b” = O and therefore b, = f S,
where fis an arbitrary function of the extended phase
space variables. Back in (23) we get

.

o (px) SuSr

Although we cannot fuliy determine the function f we
can obtain further constraints on it. Namelvy, all Jacobi
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identities involving x,, pr, and S, are satisfied if and
only if ff.S,V = O. as can be explicitlyv checked.
Moreover in order that the equations ot motion ior
x, be reproduced it is necessary that / = | on shell.
Since there are many candidates tor f which satisfy
those constraints like. e.s., f=S­p/am: p”/m"; etc.
We think that the specific form of f depends on the
specific model analvsed, i.e. depends on how the phase
space has been extended.

Alter having obtained (20), (24) and comparing
with the results of the model presented in section two,
we see that all the brackets involving x,. p, and S,
completely agree if we takef/ = 1 whichisthe simplest
solution to our constraints. Therefore we are now able

to recognize that the complicated brackets (9) are not
Just an unpleasant feature of that specific model but a
quite general characteristic of the particles with frac­
tional spin whose spin components satisfy the canon­
ical algebra. It is also clear that such complications
will go through the quantization of the model.

We conclude that for a free fractional spinning par­
ticle with the canonical spin algebra. the constraints of
the theory must guarantee that L, = O and S, x pu,
and in this case we willl be unavoidably faced with
the rather complicated phase space structure given in
(17). (20), and (24).

In finishing this section we give a simpler way to
derive such results, although less general, where we
implement the above physical conditions. 1.e. the par­
allelness of S,, p, and x, using the constraints below

vu ED S=O,

Pu = EX ST=0. (25)

It is easy to show that those constraints are all sec­
ond class, thus they could in principle be eliminated
by a Dirac bracket, however this is not possible [13]
since the matrix of the Poisson brackets between the
constraints has no inverse due to the fact that not all

constraints q, and &, are linearly independent. Nev­
ertheless we can eliminate them interactively by defin­
ing a kind of Dirac bracket as follows: [13] first we
eliminate, e.g., q, through the bracket (. )',

(A.BY =(A,B)
2 Pr  2r6B A. gps ro. Be Ae lv BRO (6

and finally we eliminate &, through (. )Y":

(A.BY =(A.BY
Pp

­ 7 ­ ­

PE AA Eu (Er,Bj) (27)— S(S­p
The reader can check that after the elimination of &,,
and g,. the brackets involving S,, p. and x, will
match with the general results obtained in this section
for the case fr = |.

4. Conclusion and summary

Based on some mild assumptions like Lorentz co­
variance and the fact that a fractional spinning parti­
cle in 2+ 1 dimensions obeys, analogous to the spin
1/2 and spin 1 particles [6], an equation of the form
S: P+am = 0, we have shown in this work that
some peculiar features of some point­particle models
recently proposed in the literature can be understood
from a rather general point of view. The first of such
features is that, irrespective of the spin algebra, we
can only have a free (X, = O) fractional spinning par­
ticle whenever spin and momentum are parallel, as an
example of such rule we can take two models defined
in [8]; for the first model, defined in Eqs. (2.12)­
(2.14) of [8], S, and p, are parallel whereas this
is not the case for the second one, worked out in the
fourth section of the same reference, and indeed we

have respectively x, = O and x, * O. Furthermore, if
the particle besides of being free is required to have
spin components which are gauge invariant and sat­
isfy the canonical angular momentum algebra, both in
the strong sense, then the algebra of the quantities S,,
Pv, and the coordinates x,, can be, as we have shown,
almost completely fixed independently of the details
of the extended phase space introduced to describe the
spin degree of freedom. It has been shown in particu­
lar that our basic assumptions lead to theories where
the Poincaré symmetry 1s broken down to the Lorentz
one and the spin components will necessarily play the
role of the Lorentz generators. These general predic­
tions have been confirmed in an example given in the
first section of this article. Moreover we have also seen

that the canonical structure of the variables x, and
Pv Will be quite complicated which will clearly pose
some difficulties in the quantization program.
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Finally, it should be noticed that 1tis no vet clear in
the literature ( see [6] and comments in [7] and refer­
ences therein) whether tractional spinning particles in
2 — ] dimensions can be reallv formulated as tree rel­
ativistic field theories and. although our assumptions
can be softened, we think that the rather complicated
canonical structure and the lack ot translational invari­

ance found here can be seen as indications of this fact.
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We present a higher derivative gauge theory in (2 + 1) dimensions which can have its
parameters suitably tuned in order to become a consistent quantum field theory. in the
sense that both tachvons and ghosts are absent from the particle spectrum of the theory.

The interest in studying classical systems depending on higher order derivative
Lagrangian densities has begun with Weyl and Eddington,º who attempted to add
squared terms of the Ricci tensor to the original Einstein­Hilbert Lagrangian den­
sity. in order to extend the general relativity theory. Also, Bopp? and Podolsky*?
proposed an extended electromagnetism by adding to the Lagrangian density of
Maxwell. a quadratic term with derivatives of the field strength. This was done in
order to avoid infinite self­energies of point particles.

Next Pais and Uhlenbeck* investigated whether the use of higher­order derivative
Lagrangian might lead to the elimination of the divergent quantities that plague
quantum field theory. They conclude that, in general, it is not possible to reconcile
finiteness, positivity of energy and causality. Therefore, states with negative norm
and possibly unitarity violation are unavoidable in higher­order theories. These
facts provide strong arguments to search for a consistent higher­order derivative
model.

Furthermore, due to other nice features like for instance a better uv behavior

and less problems with renormalizability when compared with the usual theo­
ries, the higher order derivative models have attracted much attention in the last
three decades? — since the advent of supersymmetryº it has been shown that
higher derivative terms appear quite naturally in the superfield formulation of
supersymmetry,' and also in the context of string theories as proposed bv Polyakov.º
On the other hand, higher derivative terms can be used as regularizing procedure,
and indeed this is the onlv known method of regularization which preserves the
supersymmetry.º

* E­mail: dutra'&grt000.uesp.ansp.br
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TI A de Souza Dutra & CC. P. Natividade

Though most part of those problems were discussed in (3 + 1) dimensions.*º
some investigations in (14+1) quantum electrodvnamics have been done recently: in
particular, the phvsical content of the Schwinger model with higher order derivative
couplings. both in the path integral formalism and in the operator one.!!

On the other hand. in the past vears models at three spacetime dimensions
have attracted a lot of attention.*? This is due to the possibility of describing the
d­Einstein gravity with topological mass term. Also in (2 + 1) dimensions it is
possible to mimic other physical events like high temperature superconductivity*?
the fractional Hall effect. and even of a dynamical mass generation mechanism.
In fact, recently a model with higher derivatives in three dimensions was proposed
in which an extended electromagnetism by combining a Maxwell­Podolsky model
with a Chern­Simons term was studied.!? Hott and de Souza Dutra"* tried to tune
the parameters of the theory conveniently to avoid unphysical excitations. but were
unsuccessful.

However. as mentioned in the Sezgin and Nieuwenhuizen's paper,?º we can search
for a higher­order term which cancels the effect of the Podolsky factor. In fact, these
authors studied a class of Rº­like actions for the gravity without the presence of
tachvyons and ghosts. by adding counterterms into the original Einstein theory.

From that last attempt of getting a consistent higher derivative quantum field
theory. we introduce here a further higher­order term, besides the Podolsky one, a
kind of “higher derivative Chern­Simons” term. This has proven to be the neces­
sary ingredient to avoid tachvons. through a convenient restriction on the range of
validity in the parameter space. After that we make an analysis of the imaginary
part of the residues of the poles in the photon propagator. This is done in order to
eliminate the ghosts from the spectrum of particles of the theory, and produces fur­
ther constraints in the range of parameters which keep the theory consistent. This
interesting result suggests the possibility of quantizing in a consistent way other
classes of models. as for instance the higher order derivative gravity.!”

In order to check the consistency of the model, its canonical quantization was
performed by using the Dirac procedure of quantizing constrained higher derivative
theories.*º So we conclude from the calculations done in this work that it is possi­
ble to construct a consistent quantum field theory with higher derivative terms in
(2 + 1) dimensions. by restricting the range of the parameters in the Lagrangian
density.

Let us begin by writing the Lagrangian density of the model:

aF;z, ud aqu v ocê uvpL === +09, FO FA+ NAOA, + Og SPO AÇO OEA, (1)

where a. b. 07 and 82 are the arbitrary parameters which permit us to take the
many limits in the theory.

The propagator in the Lorentz gauge. and in the momentum representation,
is given by
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1
DV (kh) = = í a— 26h? Gu(941º + 207)? — (a — 20h)?

+ ­ [ a — 20h?) ((« — 2) [E an) — (9a5k? + 20,)?o [4

5 Euvaekº— BR? + 29 En | :
where a is the gauge parameter.

The above propagator has its poles defined through the following third degree
equation

r+ar +art+azg=O0. “= Rr). (3)

; — 97 +4ab — la? 4076, — 67vwitha, = —! O LL a="" EE 2) and az = E
The above third degree equation has a discriminant D such that. if D > O, we

fall into unphvysical situations. The only physical possibility would be D < O, where
one defines D = Q? + Rº. with

9
i

o4
Q (1)

We have the solution of the above polvnomial equation given by (D < O):

SN ENA DL: a a
To p cos (3) 3

where p = /Rº +Lº. with L = VD] ando = tan"!(L/R). Since we want to
eliminate the possibilitv of the existence of tachyvons and ghosts. we impose that
these three squared masses be real, positive and different among themselves.

In order to make evident the elimination of the tachvonic mode. let us consider
for simplicity a case where the usual Chern­Simons term does not exist (69) = O).
In this case. Eq. (3) looks like:

r(rº +ar+as)=O0. (6)

so. the poles will be given by

> > 1 fo
­mõ=0. mií=s [201 + =| . (7)

The imposition that the squared masses be positive. leads us to restrict the validity
region of the parameter o.

03 > —8ab. (8)
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as usual one takes a = 1 and b = —c”. where c is au arbitrary constant. we have

Let us now discuss the behavior of the residues or the poles of the propaga­
tor (2) (in the case where dy = O). so that we can obtain further restrictions ou
the parameters of the present theory aud thus avoidiug unphysical excitatious like
ghosts.

To achieve this goal. we saturate the propagator with external conserved currents
J, and J;. and then looking at the imaginary part of the residues at the poles we
obtain:

(1) The first case is that of the zero­mass pole:

al Ja?
s[J, D"" (hdi l£ieo DoIm Res, (F)IZlr2=o 4bº mim;

(9)

where ma,o are identified with m,— respectively. Note that we worked in a
reference frame where kh, = (m.m, 0), and that J, = (cJo,J) so that. imposing
time­likeness in the current. we obtain [/2]* < 0. Consequently we conclude
that the above pole corresponds to a dynamical excitation with zero mass.
For the pole at kh” = m7 we get

1

— 4bêmi(mi =m3)Im Res[J, D""(k)Ji]r2=m?2 [(a = 26ºm3)|3 7]. (10)

again working in a particular frame (k, = (m1.0.0)). which implies from the
transversality condition that Jo = O, and from compatibility with the case
where m, = O. we get /) = Jo. Taking care of these conditions we obtain that

(a — 26º mi)
Im Res|J, D""(k)Ji]i2=m? = 5 FAS (11)

226º m3(mi7 — m

Observe that once this result is positive we have a dynamical massive particle.
(iii) In a completely analogous fashion. we obtain for the pole at kº = m3:

(a — 2b?º mi)
26? m5(ms — mz)Im Res[J, D“º(k)Jili2=mi = = DA (12)

On the other hand. it is not difficult to verify that my > m>2 from Eq. (1). Using
this and imposing the positivitv of the imaginary part of the residues at the poles
Nº = mi and kh? = ms3, we obtain the following restrictions on the range of the
theory parameters:

(13)

consequently there is a region in the space of parameters. where it is possible to
have well­Debhaved excitations.
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Before going further. it is necessary to make some comments on the results given
in Egs. (8) and (13). In the Maxwell theory. the presence of states with negative
norm can also oceur. À way to overcome this problem is to impose the Gupta­
Bleuler condition for the positive frequency part of Lorentz gauge

8. APP) =O0. (14)

such that the energy for the physical states is always positive­definite.
In the present problem, we deal with a model where, in principle. the propagator

given by Eq. (2) contains a mixing of positive and negative norm states so that our
result appears contradictory. However. following the same strategy used in the case
of the electrodynamics. we can build up a generalized gauge condition in order to
avoid the unphysical content of the theory.

Observing the equation of motion appearing in (24) below, one can impose a
generalized Lorentz gauge condition with positive frequencies

(a — 26º D)d « ACE) = 0. (15)

Hence, we can write this condition in terms of the annihilation operators by
making a Fourier decomposition for the field? A,

27 À
|A, = EES [a(b)el(h)eti +he], (16)

2 uW X=0

where EX(k) is the polarization vector. In this way we get,

—i

(27)?
(a — 20º 9) ­ AP) =

21 Àf EE Da + Was (I)(E­ A), (17)
21=0

since kh ­eº(k) = 0, (4 =1,2) and k, = (m,0,0), we obtain the following constraint:
(a + 2bºmi)ag(m1,)|E) =O, (18)

which for values inside the region where e <P < ImE implies
ao(m])|U)=O. (19)

Therefore. in the above range it is possible to eliminate one degree of freedom
from À,. leaving behind only the transverse components. Consequently, terms
proportional to

3 (Flal(k)aa(k)]E), (20)
A=1,2

will always be positive­definite.

* For — <b?< mo and 7 = O, the field À, satisfies 0 A, (1) =O0.
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On the other hand. since the energy­momentum tensor of the present model is
just Maxwell­Podolsky. we can write its zero component as

ds s 5 1 2 1 > "Ton = (E +B) +27 |(E,DE;+B,OB,)+ =(V­Er—2=((0,E)"—YrB) | (21)

where E' = FO and B' = 1484"FP, are the electric and magnetic fields respectively.
Now. as mentioned before. in the range under question the 4, field depends

only on the transverse components À; = À; and d,ÀA47 = O. Then we note that at
this same limit 24, = O. which implies disregarding the terms (YV ­ E)º and E;OE,
in the above expression.

Writing down the B field as a function of the gauge field, it is simple to show.
for the same reasons. that the other two terms which come from Podolsky theory
should be canceled. Therefore the contribution of the Podolsky term for the energy
has been skipped due to the transversality condition. which is at last a consequence
of the introduction of the higher­order Chern­Simons term into the model.

Consequently the energy of the system is just due to the Maxwell term

u= f art = fardo + Bº). (22)

which is clearly proportional to the positive sum given at Eq. (20). The above
result is not surprising since in the ordinaryv Maxwell­Chern­Simons theory the
energy spectrum is given only by the Maxwell term. Here the role of higher­order
Chern­Simons term is. at last. to restrict the phase space through the transversality
condition (15). which cancels the contribution of the Podolsky terms in the energyv­
momentum tensor.

To make it complete. it is important to mention that the above result has been
obtained when we consider the range ImE <P P< TmE For any other regions the
presence of ghosts is unavoidable.

Now, we can pass to the canonical quantization of the above described theory
witha = 1, b = —c?º and 9º obeving the inequality (8).

Initiallv we make a functional variation of the Lagrangian density (1),ºº from
which we obtain the equation of motion,

(1— 20º DA, EF“ + 0stO, Ao — 2058”PO, OAg=O0, (23)

besides. the momenta are given by

nº = — FF" — 2P(0t9 Fosér = OºP FE) + 0,159”Ag + 2098A, 0 Az
and

= 20 (09, EF” — 68I,E%) + 992º” AI. (25)

as se” = 09! jr js easy to see that we have the following primary constraint,

Ny =sºx0. (26)
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Now using the momenta (9) and (10) one can construct the canonical Hamilto­
nian densitv H. = 7,4" + s,­ APL (with À = À). such that

Hosnd'o ses + si,FU — AçO,s"t + (A, 0,469)?*

o
7 ” o 1 7h— CIOA VIAJA TESE, — 2EAA! — 20, 2,7AÇO0A?
1) 1 it ik 11

­.,

At— asi (5 + O9,F* +94 + ã")
— 28 (510º AOA! + endA + jo AÇOOM). (27)

Imposing now the temporal consistency of the constraints, one obtaius the fol­
lowing secondary constraints:

NMi=fM= 9s' rr 025;j0' (AP + 21) = O.
o

(28)
N2 = Nag = On" +20 6,50A = O.

As should be expected. the consistency of the constraints leads to the “Gauss
law". It is also easy to see that we have a theory with first­class constraints. Now
we should choose a convenient gauge fixing. Às it is typical of models with higher
order derivatives. we will choose a higher order gauge fixing.!*

Ti=(1­20º0O)O,A zO0. (29)

whose consistency generates the following constraints:

Toa = A+ Pa, VRO. (30)

T;g= A +PejdPRO, (31)

where P = 2(0, — 820)(1— 20º)! V7?. Now, we note that the set NQ,. Y; is of
second­class. So. after some algebra we obtain the nonvanishing Poisson brackets:

(MMX). T3(y))=­68º(x­y),

(N2(x). Ta(y)) = 6º(x—y), (32)

(Na). N1(y)) = (1 20º 9) ºC (x—y).
Now we can construct the Dirac matrix and its inverse. so obtaining the nonvan­
ishing Dirac brackets which, using the quantization rule of exchanging the Dirac
brackets by their corresponding commutators ((, )* — A, ]). give us the following
commutators:

[4,00 =, (y)] = : [6176 (x —y)­(1­ 20º Vº)8;0;G(x — y)) :
1 2= [656º (x=»)] .

­ [1 — 20º Vº) (205x0; — asr;dJO 6º (x—>))

FVY
AVAVAV

4 5 6 7 8 unesp ”* 12 13 14 15 16 17 18 19



782 A. de Souza Dutra & C. P. Natividade

where G(x — y)obevs the equation:

(1—­ 20º VI TºG(X = y) = (x —y). (34)

Bv inspecting the commutation relations (24). we observe that the two first
ones correspond to that of the usual Podolskv theorv.** The last one comes from
the Chern­Simonus term and its generalizatiou. Taking the limit where 0» = O and
also c*º = O, we recover the usual Maxwell­Chern­Simons theory. The choice of the
gauge condition (20) was suggested due to some reasons, the most important one
was obviously that of simplifving the calculations of the theory. Besides. it satisfies
some important physical requirements like preservation under dynamical evolution
of the system and Lorentz covariance.

The next steps of our study of such higher derivative model should be that of
verifving if the unitarity and causality found above, persist when one introduces
interaction with matter fields. This should be done through a careful analysis of
the asymptotic behavior of scattering amplitudes,2?! and also from the study of the
radiative corrections to see if they do not reintroduce the tachvons or the ghosts.
Furthermore it should be quite interesting to verify if the interactions of this theorv
with matter fields are able to produce bound states responsible for the appearance
of phenomena like superconductivity.ºº
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Abstract. We compute the partition function of an anyon­like harmonic oscillator. The well
known results for both the bosonic and fermionic oscillators are then re­obtained as particular
cases of our function. The technique we employ is a non­relativistic version of the Green
function method used in the computation of one­loop effective actions of quantum field theory.

Partition functions give the statistical behaviour of a system of particles in thermal
equilibrium with each other and with a thermal bath. In general, the search for these
functions is not an easy task although for some particular systems there are well known
results. Naturally, many techniques are available for performing this task. In particular,
Gibbons [1] used the fact that the partition functions for the bosonic and fermionic oscillators
could be written as determinants of the relevant operator, with periodic and antiperiodic
boundary conditions, respectively, in order to compute them using the g­function method.

Specifically speaking, it follows directly from the definition of a partition function that,
for any bosonic system, we can write

ZP(B) =Tre"P"

= f dxo (xole"P*|xo)

where K (x, y;tT) is the usual Feynman propagator. For the bosonic (harmonic) oscillator,
we substitute its path integral representation and obtain

)Zº(f) = fdxo fes Delexp( ­ i Í x(1)(0º — 9º)x(1) dr)
s(f)ex

F)= f [Dx] exp ( — 1 x(1)(0º — 9º)x(T) de)x(0)=x(6) o

= det (0? — 3º) periodic­

$ E­mail: BOSCHIG VMS1.NCE.UFRJ.BR
1l E­mail: DUTRAGGRTO99.UESP.ANSP.BR

0305­4470/95/010007+06$19.50 (O 1995 IOP Publishing Ltd
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L8 Letter to the Editor

Analogously, using standard Grassmann variables, it can be shown that the partition function
for the (second­order) fermionic oscillator is given by [1,2]

ZF(B) = det' (o? — 3º) [antiperiodic­ (3)

Here, we will in fact generalize these results by making analogous calculations, but
this time we shall impose a generalized boundary condition which contains the particular
cases of the periodic and antiperiodic conditions discussed in Gibbon's paper. Besides, we
shall use an alternative technique which is the non­relativistic version of the Green function
method for computing effective actions in quantum field theory [3,4].

Suppose then that we want to compute the following determinant:

exp[Tº (w)] = det (wº + 92), = det (L), (4)

where L acts on functions that satisfy some given boundary condition specified by the label
9. The power of the determinant given by the parameter s is left completely arbitrary to take
into account the cases that interpolate between the fermionic and the bosonic oscillators.
Hence, playing with the boundary condition and the parameter s, we can pass continuously
from the bosonic to the fermionic oscillator. This is why we refer to this determinant as
the partition function of an “anyon­like' oscillator.

Following a method usually employed in quantum field theory, we write

À ro (00) = 25sw Tr(L7'),
dw

Tr= 250f G9 (1, t) dr
o

where the Green function Gô (1, t') satisfies

(ow? + 32)GÍ(1,1) = 6(t — 1) (6)

as well as some boundary condition (to be given in a moment). Integrating the above
equation, we obtain

Pº(w) — 1º(0) = 25 f"daoÍdr G%(1,D. Mn)
o o

Since our purpose here is to use a generalized boundary condition, in the sense that
the periodic and antiperiodic cases will appear as particular cases, and in order to make

. connection with the behaviour of correlation functions of anyon­like systems, it is natural
to impose the following 6­dependent condition:

GI +71,1) = eºGIL(1,1). (8)

It is clear that this boundary condition becomes periodic for 6 = O and antiperiodic for
O = x. Depending on these conditions and the value of the parameter s, which can
be thought of as a “statistical' parameter, this determinant will be mapped into different
partition functions. As these particular cases are related to bosonic and fermionic systems,
this condition of general periodicity could, in principle, be related to particles whose statistics
interpolate bosons and fermions, i.e. anyons [5].
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It is straightforward to construct the Green function Gº(1 — 1). Using basically the
same technique that Kleinert [6] employed for the simpler cases of periodic and antiperiodic
boundary conditions, it can be shown that (see the appendix)

If) =Go! ) 40e­io/2 | elo (11 =1/2) eniw(t=t'=r1/2) | 1r=t'elO0,7). (9)— + —ysin(zowt +0)  sin(zwtr—O)
Substituting this Green function into equation (7), for the interval [0, 1) and withr =1',

we obtain

r FS enio/? eriv't/2 eivt/2ro) ­ 180 =2s af dow' cw! —  — + ——
o o 4w' |sinizw't+0) sinGzo't—O)

= In fe [—1 + enióton [1 — erióronI)”, (10)

Recalling equation (4), we see that the exponential of Tº (cw) is the desired determinant.
Identifying r = —iB (hà = 1), taking 6 = O (periodic boundary condition) and s = —s. this
determinant reduces, apart from a constant factor exp[19(0)], which hereafter we call C, to
the partition function for a bosonic oscillator [1,6,7], namely

C

2sinh(0p/2) a)ZP(B) = exp[1º,,,(w)] =

Note that any thermodynamical quantity which can be obtained from the partition function
does not depend on C.

Analogously, for a fermionic oscillator, we just make 6 = 7 (antiperiodic boundary
condition) and s = +1, so that exp[Trº (cw))] reduces to the following partition function

ZFONB) = exp[1T,(ww)) = 4C coshº(wB/2). (12)

This result corresponds to the partition function for a second­order fermionic oscillator.
One can check this by explicitly calculating the eigenvalues for the Finkelstein­Villasante
Grassmann oscillator (with N = 2) [8] and then finding its partition function by summing the
trace of exp(—BE,). This result differs from the one given by Gibbons [1] in the quadratic
power of cosh(wB/2), once he considered an equivalent linear Grassmann oscillator opposed
to the quadratic case discussed here. This linear case can also be obtained from our
discussion if we take, from the very beginning, the determinant of L'/? instead of L,
so that we find

ZFM(B) = exp [1T)(&)] irás = 2C cosh(coB/2) (13)

which is the well known partition function for the linear fermionic oscillator [1,6,7].
For the general case, the partition function reads:

ZO(B) = exp [1º (0)
= [e (­1 + enié+an) (1 — eni­ran))"
= 4º [cosh? 1wB — cos” 16)" (14)

where for simplicity we put C = 1. Naturally, the above calculated partition functions are
particular cases of equation (14).
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Note that, in equation (14), we have left the statistics parameter s free. In fact, it
may be a function of the periodicity parameter 9, interpolating between s(6 = 0) = —s
(bosonic case) and s(9 = nx) = +1 (fermionic case), as for example s(6) = —, + 3fO),
where f(9) may be a function which satisfies f(0) = O and f(m) = +1l. We wonder
whether this factor can be obtained from the functional integration of a generalized variable,
with an arbitrary commutation relation, interpolating the cases of bosonic (c­number) and
Grassmannian variables, as a kind of g­deformed calculation [9, 10].

Another possible interpretation for this generalized partition function is in relation to
parasystems [11], where there is a parameter for which convenient limits reproduce the
bosonic and fermionic oscillators [12]. However, the connection between these systems
with the present calculations (if any) seems to be non­trivial and deserves further study.
This will be discussed elsewhere.

One of the authors (CF) would like to thank M Asorey and A J Seguí­Santonja for
enlightening discussions and the Theoretical Physics Department of the University of
Zaragoza for hospitality during his stay in Zaragoza, where part of this work was carried out.
The authors would also like to acknowledge A Das for helpful discussions. This work was
partially supported by MEC­CAICYT and Conselho Nacional de Desenvolvimento Cientí
fico e Tecnológico (CNPq).

Appendix

In this appendix we construct the Green function (9). The following discussion is similar to
that found in Kleinert [6]. In fact, we generalize Kleinert's calculations for the cases where
the boundary conditions are neither periodic nor antiperiodic, but anyon­like.

The spectral! representation for G9 (1) is given by
1 oo ia!GN =2X" — 2T m=­oo ow? = [7
1 & [e ic i

=­ XY (>
+

——T 2io |o­wÂÃÀt oa+ol,m==­co

= À) 15 6= a2;16­O + G3(1)) (15)

where cw, = (2um + 6)/t and we have identified the spectral representations of G5(1),
which are, respectively, the Green functions associated with the first­order operators (19, +cw)
also satisfying the generalized periodic boundary condition (8).

Using the Poisson summation formula [13]
oo oo

> sm=|/ da > rf)
m=­0o = n=e=00

we can write for G$ (t)
oo ein!TOGx0) = 7 2 ow + mê,

m=­0o0o

oo fes) , :

= > f aee teltarno ( 1 ):,neo S­00o 27 wow
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Identifying

G mn=f asa | i ) (18)HJ .2m Ow tw
as the Green functions associated with the first­order operators (i3, + cw), but this time valid
for an infinite time interval, we may cast (17) in the form

Gi) =X" e”ºGa(t—=n1). (19)
n=­­0o0

Hence, to obtain Gê (1), we need first to compute G+(t). By residue calculations this can
be made after setting & — cw ­— in. With this prescription, it can easily be shown that

G+(1) = —O(FrN) FP” (20)

where O(s) is the usual Heaviside step function. Substituting (20) into (19), we obtain

co

GÍ(1)=— NX” etºo(Fre n)etctomo, (21)
n=­0o

Since this expression has a period rt, we can restrict ourselves to the interval r e [0, 1).
Hence, the sum appearing in the right­hand side of (21) can be obtained easily, yielding,
for G9 (1),

+0o

Gº (1) — —eio > eniníwr+o)
n=)

= —eiu femilur+o) + eni(wr+o) Fo)
eienitor+o)

TT OTTL Sierra)

Analogously, for Gº (ft), we have

oo

G(1) = —eriet >» erintwr­o)
n=0o

= —e(] + eritwr­o) + en furo) +.. +)
e7iot

(23)O 1 eriter­s)'

Of course, outside this interval, the result can be obtained by periodicity. Substituting (22)
and (23) into (15) and rewriting £ as 1 — t/, we finally obtain

eGi ­1M=el ) 40)—io/2 | elo (tr =7/2) e­io(t—1'=1/2)sin(Jor + 9) tin t—­t'Eef[O0,7). (24)

This Green function satisfies equations (6) and (8). This formula generalizes the
previously known particular cases of periodic (6 = O) and antiperiodic (6 = x) boundary
conditions, for which we find the well known results in accordance with the literature [6].
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Conditionally exactly soluble class of quantum potentials
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We present a different class of quantum­mechanical potentials. These are midway between the exactly
solvable potentials and the quasiexactly ones. Their fundamental feature is that one can find the entire
s­wave spectrum of a given potential, provided that some of its parameters are conveniently fixed.

PACS number(s): 03.65.Ca, 03.65.Ge, 02.90.+ p

Since the appearance of quantum mechanics, there has
been continual searching for exactly soluble (ES) poten­
tials [1]. This relies on the importance of such solutions
in many branches of physics, and on the fact that these
solutions can be used as a basis to perform perturbative
calculations in nonexact potentials. Until recently it was
thought that there would exist only two classes of poten­
tials in quantum mechanics, namely, the exactly soluble
and the nonexactly soluble ones. However, about a de­
cade ago [2], another class was discovered and, since
then, has been widely discussed in its various aspects
[3­7]. This class, the so­called quasiexactly soluble
(QES) potentials, is characterized by the fact that it is
only possible to have an exact finite number of their ener­
gy eigenstates: the remaining eigenstates can only be ob­
tained through numerical calculations, as with the nonex­
actly soluble potentials. The importance in the study of
these potentials, apart from intrinsic academic interest,
rests on the possibility of using their solutions to test the
quality of numerical methods and in the possible ex­
istence of real physical systems that they could represent.

Here we intend to report the finding of another class of
potentials, what we call the conditionally exactly soluble
(CES) potentials, because its principal feature is that of
having exact solutions only when certain conditions are
made, namely, that some of the parameters of the poten­
tial be fixed to a very specific value.

This class of potentiais is positioned between the ES
and the QES potentials. All of their energy levels can be
exactly obtained, as with the ES potentials, but their pa­
rameters cannot be arbitrarily chosen, as with the QES
potentials. The first feature put them in conditions to be
used in perturbative calculations. havine the advantage
that, for the potentials belonging approximately to their
form, they take into account the anharmonicity of the po­
tential, unlike the traditional perturbative method where
the wave functions of the harmonic oscillator or any oth­
er exact potential with a more appropriate form are com­
monly used. The second feature put the CES potentials
in a more suitable situation, when compared with the Q
potentiáls, in order to testify about the quality of a given
numerical approach. Furthermore, we will see that one
could expect some fashion of reality in at least one of
these potentials.

The way to obtain such potentials as we use is to look

7

1 2 3 4 5 6 7

for a mapping between them and a driven harmonic oscil­
lator. This is done by performing nonlinear coordinate
transformations, and then requiring that a certain term
vanish. We start with the Schródinger equation for a
given potential V(r), perform the variable transformation
r=/f(u), and rédefine the wave function as

Vir,1)=V F'(ulr))Xx(r,),

where the prime denotes differentiation with respect to
the variable u. This new wave function obeys the
transformed Schrodinger equation

(1)

nº===+V

where 4 is the mass, and Er, is some constant resulting
from the transformation that takes the role of the “ener­
gy" in the new equation. Furthermore, it is straightfor­
ward to show that

x(u)= E7rX(u), (2)

Vr(u)— E7=(F(u)V[V(OfF(U)) E]+AV(U), (3a)
with

2
nO qa fG 3 SO)AV(u)=" |—— = (3b)Luli Eur Ter ERAra ATP

This type of approach has been used extensively in the
path­integral method of quantization [8]. In fact, the
above procedure was also used in the Schrôdinger picture
to relate different power­law potentials [9], and also to re­
late spherically symmetric potentials at different space di­
mensions [10] However, for transformations where
Slu)=uº, with a being real, AV (u) will always produce
a u * term, which should be removed in order to get a
driven harmonic oscillator potential in the new variable.
This is the origin, for the cases here considered, of the
very particular fixing of one of the potential parameters.
At this point it is interesting to make some considerations
about the boundary conditions after the transformation
r=f(u). The principal care to be taken is with respect
to the normalizability of the wave function, in order to
maintain the normalization of the final wave function
after returning to the physical variable.

Let us now look at the first two representatives of this
new class of potentials. First of all we see that an exten­

R2435 O 1993 The American Physical Society
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sion of our original Coulomb potential belongs to it. This
potential is

GvinsÂd+i+ —. (4)
1 rº

The transformation is the same one that links the

Coulomb potential with a three­dimensional harmonic
oscillator f(u)=u? [8]. In this case the expression (2)
reads

2

Vrlu)—=Epr=­"4Eu?+4Bu+4A4+ 6 + u”
(5)

where we can identify Ez with 44, the frequency of the
oscillator n=V — 8E /u, and the driving forceis 4B. In
order to get an exact solution one can follow one of two
possible ways. The first one is the elimination of the driv­
ing force (B=0O), leading to the solution of the usual
Coulomb potential. The second way is that of imposing
the elimination of the centrifugal­barrier­type term; this
is obtained by imposing that Gy =­3%4"/324. This last
case led us to the first CES potential presented in this
work. Itis interesting to observe that for great distances
it behaves like an s­vave Coulomb potential.

However, before obtaining the solution of the problem,
let us make a further transformation to map the CES po­
tential into the harmonic oscillator. Using the transla­
tionv=u­­B/(2E), we get

Vrlvy)­Ep=­4Ev"+44A+B'/E. (6)

Now using the solution for the spectrum of the harmonic
oscillator, we get the following equation for the spectrum
of the CES potential:

Er=(n +1/2)how, (7a)

so that

44 +B*/E, =(n +1/2)fAV —8E,/u, (7b)

which after simple manipulations leads us to the equation
for E,

Rn +1/2VEI+AuYA?ELTUABIE,+uBt/8=0. (8)
On the other hand, using the solutions of the elgenstates
of the harmonic oscillator, returning to the variable r,
and using (1), we obtain the eigenfunctions

1/4

or B=(21=DJy­12Vv,(r) nº!)
2E,A rVº—

B? 2

x exp bra 1º = ,
n

where we defined

8uE,
B,= |­—fi

From the three solutions of the spectrum equation (8) we

cm 1 2 3 4 5 6 7

shall discard two. This can be done by a simple physical
criterion. Às can be seen from the form of the potential,
we see that, when B=O, the energy spectrum must be re­
duced to one of the Coulomb type. Using this criterion
one gets the solution

E, =[R +(QH+RYOVO+(R —(Q+R)P]1Ã—

where

(10b)

R =(9a,a,—27a;

2a, =—2nA? a, =—" 24B
RAIA o Rin+1/2)

Bº—PP
8Hº(n +1/2)º

The second example of a CES potential, as far as we
know, does not have in some limit any other well­known
ES potential, as happened in the previous example. The
potential appears like

a,=

+ (11)— 4,203Ví(r)= Ar“ A+<>A
where go is chosen to be equal to — SH /72u, in a com­
pletely analogous fashion to the previous case. It is re­
markable to observe that a nonexact version of this po­
tential was considered recently [11], in connection with
an effective quark­antiquark potential model for heavy
and light mesons. In fact, it is easy to see that for high
radial quantum numbers the above CES potential will
have its spectrum be closer and closer to the nonexact
case appearing in [11]. The transformation function in
this case is / (u)=u*/?*, Eq. (3) looks like

Vr(u)—Er=(94/4)u4º­(9E/4)uU+9B/4, — (12)
and now we identify E7r with 9B/4, v=V94A/2u, and
the driving force is represented by —9E /4. Using a pro­
cedure analogous to the previous case we see that this
time the eigenfunctions are

4vv, (r)=(20+Dg1/3)7V2 os |TT

xH,

2E, (13)x
,EPI GA

with B=(9uA/2H4º)/*. The equation for the spectrum is
simply

Ej= 22 [(n+1/2)/94/20+98/4], (14a)

with the solutions
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[(n +1/2)V94/2u7+9B/4]?, (U14b)

It is not difficult to convince oneself that, for the cases
where the parameter B is positive, the positive solution is
quite good, but ifB is negative one can see that there will
exist prohibited quantum numbers. This can be seen by
imposing that E, must be a real quantity, so

1/2

9Bº? 1
—— |, 3

81 (15)n>Int

where Int[ ] stands for the first integer after the value of
its argument. This, however, does not say that there are
not such energy levels, but that perhaps they should be
searched for in the negative solutions in (14b). Itisonlya
matter of experimentation to verify that, for instance,
with x =1 the negative solution looks like a ground­state
eigenfunction, because it does not have any node.

The problem is that this potential, in contrast with the

former, does not have some type of limit as a guide for
deciding about what solution to use. This problem is un­
der investigation and we intend to report on it in a fur­
ther publication.

As should be expected, these two cases can be mapped
one onto another through a suitable transformation: in
the first one, for example, it would be f(u)=u**. Some
extensions can be thought of as looking for supersym­
metric partners; one can find other CES representative
potentials.

We can also study the possibility of applying the
second potential presented above to the case of quark­
antiquark potential models. These and other problems
related to the CES potential are presently under investi­
gation, and we expect to report on them in the near fu­
ture.

The author thanks the CNPq (Conselho Nacional de
Desenvolvimento Científico e Technológico) of Brazil for
partial financial support.
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The Green's functions of the recently discovered conditionally exactly solvable potentials are
computed. This is done through the use of a second­order differential realization of the so(2,1) Lie
algebra. So we present the dynamical symmetry underlying the solvability of such potentials and
show that they belong to a general class of solvable and partially solvable potentials.

PACS number(s): 03.65.Fd, 03.65.Ge, 03.65.Db, 02.20.­a

1. INTRODUCTION

The so(2,1) Lie algebra fisomorphic to su(1,1) and
sI(2,R)] is known to generate a family of exactly solv­
able (ES) potentials, among them the harmonic oscilla­
tor, the Coulomb and Morse potentials [1]. This was pre­
sented in a unified way using a direct construction of the
so(2,1) generators [2] or with the Milshtein­Strakhovenko
method [3,4]. So it seemed that, at least, the one­
dimensional so(2,1) class of potentials was exhausted. In
fact, the so(2,1) Lie algebra can also be used to describe
two, three, and higher dimensional systems [5].

Recently, however, it was pointed out that there is a
special class of exactly solvable potentials which can be
mapped into a harmonic oscillator although with a re­
striction in some of its parameters. They were called con­
ditionally exactly solvable (CES) potentials. They were
discussed independently by Stillinger [6] and de Souza
Dutra [7]. Probably due to historical reasons, Stillinger
has not perceived that the potentials he was studying
were only the first representatives of a broaden class.
In fact, two­dimensional examples were recently added
to this family [8] and also some other one­dimensional
ones are under investigation [9]. Furthermore, a super­
symmetric origin for these potentials was discussed in
Ref. [10].

What distinguishes the potentials belonging to the
CES class, is that it is only possible to get exact solu­
tions when specific conditions are provided. Namely, the
exact solvability is only possible when some of the poten­
tial parameters hold fixed to a very special value [6­10].

Until 1979, as far as we know, only two classes of

*Electronic address: DUTRAGGRTO00.UESP.ANSP.BR
t Electronic address: BOSCHIGVMS1.NCE.UFRJ.BR

1050­2947/94/50(4)/2915(6)/$06.00

1 2 3 4 5 6 7

quantum­mechanical potentials were known, the exact
and the nonexact ones. But in that year, Flessas [11]
presented examples of potentials that could be solved an­
alytically only when some constraints among the poten­
tial parameters were obeyed. Besides only part of their
spectra could be obtained exactly, the remaining should
be obtained by standard numerical calculations. This
new class of potentials were called quasiexact solvable
potentials (QES) or partially algebrized [11­15]. This
last name was due to the observed fact that it was only
possible to generate algebraically the exact part of its
spectrum [13­15].

Now a natural question is that of wondering if there is
a dynamical algebra behind the exact solvability of the
CES class of potentials. In fact, we are going to show
that the algebraic method used before was not quite as
general as one could have thought and we will improve
this method in order to enlarge as wide as possible the
class of dynamically generated so(2,1) potentials. The
result is that the method that we are going to obtain
can generate both ES, CES, and QES potentials. This is
possible through a redefinition of the resolvent operator
with an arbitrary scaling and the consequent relaxing of
a condition related to the fact that the Hamiltonian of a
nonrelativistic system usually does not possess first­order
space derivatives.

Furthermore, we hope it is possible to do a systemati­
zation of the quest for new CES potentials through the
use of dynamical algebras. For this we will improve the
method developed in Ref. 4, and also get the Green's
functions for these CES potentials.

This work is organized as follows: in the second section
we perform the necessary improvements in the approach
used in Ref. [4], in order to deal with CES potentials. In
the third section we obtain the CES from the so(2,1) Lie
algebra in a systematized way. Section four is devoted
to obtaining the Green's function of the CES potentials
and in the last section we do our final considerations.

2915 O 1994 The American Physical Society
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II. THE ALGEBRAIC METHOD

AND THE so(2,1) GENERATORS

The imposition of a dynamical algebra on a quantum
system, corresponds to saying that its Hamiltonian must
be written as a combination of the corresponding gener­
ators. In the present case we use the so(2,1) Lie algebra,
whose generators satisfy the relations,

Ty,Ta] = in, [1a,T3]) = Ta, [T1,T3] = ­iTa.
(2.1)

Besides we will use a second­order differential operator
realization, in such a way that the Hamiltonian shall be
constructed as a linear combination of the generators.
In general, second­order generators obeying (2.1) can be
written [4] as

2

dx?
Ti = az 227)

(2.20)

where À = (25) (a +j­ 1) and A = — (2023 jº).
Naturally the parameters a; and j (£ 0), will be chosen
conveniently to construct a desired Hamiltonian. In fact
a usual Hamiltonian does not possess a first­order space
derivative so in practice we will set a, = 0. However, in
the following for generality, we left a, free but at the end
of the calculations the above restriction will be applied.

Performing a point canonical transformation 7 =
F(u), the generators (2.2) become [4]

Fu) do
F(u)? du?

F(u)! — 2. F()F()“Fo (a “Fu )
+Aao F(u)*?,

Ti=a3

du

(2.3a)

— 2 1F) d i
= IF (2.3b)

T3 = 2 F(u)', (2.3c)

where the dot stands for derivatives in variable u. At this
point, one can see the appearance of a linear derivative
term in the generator 77 (even whena, = O). Asin gen­
eral the Hamiltonian for an one­dimensional Schrodinger
equation, does not have such a term, it is necessary to
eliminate it. So we started with a system free of first­
order space derivatives, implement a canonical transfor­
mation which brings up such a term and then we need
a second transformation to end up with a Hamiltonian
again without first­order space derivatives. For this we
begin by remembering that the Green's function obêys

1 2 3 4 5 6 7

the nonhomogeneous equation:

(H — E) Ge(a,X') = ó(x — x); (2.4)

'and consequently, due to the form of the generators T;,
it is necessary to introduce the resolvent operator [4],

F'(u)
=9o+nTi+ g2T+ g93Ts,

(UE)

(2.5)

where g; (1 = 0,1,2,3) are arbitrary constants, that will
be fixed in each case. From this resolvent operator we can
apply the algebraic method and find the corresponding
Green's function [4]

Ge(u, u) =­—j Dei (aka)!!!
1v+1x[É(u) É (U)])V2[F(4)F(U)]S

x e n! LY[AkAF(u)]] LY[4kXF(U')]
A T(n+v+1) (go +k(v+1+2n)]

x expf —2kA[F(u)] + F(u')]), (2.6)

where LY (2) are the Laguerre's polynomials [16] and

aah (1­2),]J a? a?

Note that the poles of the Green's function determine
the energy spectrum through

(2.7)

go +k(v+1+2n)=0 (n=0,1,2,..), (28)

once the energy E is related to these parameters.
Here, the idea is to redefine the Green's function, and

also the resolvent operator, in such a way as to elimi­
nate the first­order derivative term in the generator 7
which appears in Eq. (2.5). From this point we change
the approach presented in Ref. [4]. The easiest way of
discarding the linear derivative term in (2.3a) is to choose

F(u)F(u)
Fw)?

but this will restrict undesirably the class of potentials
that could be generated by the algebraic method. A sim­
ple way to circumvent this restriction is to introduce an
arbitrary scaling in the Green's function,

Ge (x, z”) = ebhlz) + hz) Se(x,X'), (2.9)

so that we can choose h(x) in order that Se(xr,x') obeys
an equation where only second­order derivatives appear:
Consequently we have that

A = (go + nn + g2T:+g Ts) et(z) + h(z=')
= ehls) +hE) (97 + 1 Ta + ga Ta + 93 Ta). (210)

Under this change the generators become
ES

AVAVAY
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d
h(u) + a1) =du + Ao, (2.11a)

F(u)?)
F(u)?

(a: ­
h(u)?] + a, h(u)J+ a,

az

(2.12a)

F(u)!S
' a, E)F(u)

'

F(u)?

and

Ao E F(u)!.
(2.12b)

az [h(u) + À

Finally, we can choose Ah(u) in order to get a vanishing
tirst­order derivative term in the generator T1, so we get

F(u) (ai ­ a RIO), em)
1 2 d , .

2a, F(u F(u)?

whose solution is given by

1 ln ( F(u) ) :2 VF(WS

Substituting this A(u) in Eq. (2.12b) we get

Ft) 1 (FM)
Fu) 2V|F()

a (FO af), o poi? ÉF(u) az o) + ao F(u)!. (2.15)
From now on we will make some particularizations on

the generator (2.11a) and the resolvent operator A, Eq.
(2.10). Without any loss of generality we take 7 =
92 = GC andg, = 1. The first choice reflects the fact
that ar usual nonrelativistic Hamiltonian of a general
form does not possess first­order space derivatives and
the seccad is a normalization constant. In this case we
obtair

À = ho) + hu) (EF(u)?

h(u) = —

h(u) = (2.14)

30, F(u)
F(u)az

(2.16))u­e
where

1 2 3 4 5 6 7 | unesp”*

RP

;
2

F(u : ;+ (58) lao + goF(u)Í — gs3F(u)*],
(2.17)

with

KR 1 F(u) 3 [ F(u)AV = —|­­— = |— : 128(») un | 4 F(u) * (5 (2.18)

Now we are prepared to generate the one­dimensional
family of so(2,1) potentials including the CES class. This
is going to be done in the next section.

III. CES POTENTIALS
FROM so(2,1) LIE ALGEBRA

In this section we will obtain a family of one­
dimensional so(2,1) potentials, with the method devel­
oped above. This family includes the classes of ES, QES,
and CES potentials. The first two were extensively stud­
ied in the literature [1­4,11­15] and we will concentrate
on the CES potentials [6,7] which is our main interest
here. So we are going to see how the so(2,1) Lie algebra
can generate this new class of potentials. With this in
mind, we redefine the arbitrary function F(u) through a
translation

F(W =flW +, (31)

where a is an arbitrary constant. It is easy to see that
apart from the kinetic term, the Hamiltonian in Eq.
(2.17) has a potential of the form

V(u) = E + AV(u)

f(u)(no
+93 A [f(u) + aj),

with AV(u) remaining unchanged in its form, because
F(u) = flu). The above expression for the poten­
tial V(u) can accommodate a large family of potentials
including ES, QES, and CES. In fact, its form is quite
general and for practical purposes we will make some
restrictions on it, in order to elucidate its analysis. Re­
membering that the potentials discussed in Ref. [7] were
mapped into a harmonic oscillator, and also that for the
harmonic oscillator, the constant j is taken to be equal
to 2 [4], we make this choice in Eq. (3.2), obtaining

2

: tao + go [f(u) + aj”
(3.2)

Vu) = E + AV(U) + f(u)' É +20 f(u)
ao+ u) + a

ES

OO
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where we defirped a = go + Agaa?tando = Àags.
Note that with the choice ; = 2 we can only describe
potentials which could be mapped into a harmonic os­
cillator. This can easily be seen taking f(u) = u—­a
which turns V(u) into a simple harmonic oscillator plus
a centrifugal barrier. Other choices for j would lead
to different potentials. For example, taking j = 1 and
f(u)=u­ain Eq. (3.2) we get the Coulomb potential
plus a centrifugal barrier [4].

As we are looking for exact potentials, the potential
V(u) in (3.3) cannot be energy dependent, contrary to
what happens with the quasiexactly solvable potentials
[11­15]. So, at least one of the terms in (3.3) must be a
constant. This is necessary to cancel the explicit depen­
dence of V(u) in the energy.

This condition is expressed through the following non­
linear differential equations

o fu)? fu) = vn, (3.4a)

— 93 Í(u)? flu)? = 412%, (3.4b)

ao fu)?
[f(u) + a? (3.4c)= 3,

(3.4d)

(3.4e)

The solution of each one of the above equations will
give us a transformation linking the harmonic oscillator
with a particular potential. In some cases it will be an
exactly solvable, in other ones it will be a CES and may
also be a QES one.

The first three equations have the solutions:

(3.5a)

(3.5b)

(3.5c)

where we choose the constants conveniently, without any
loss of generality. The third transformation (3.5c), leads
us to the Morse potential, as described in Ref. [4]. The
other two lead us, respectively, to the two CES studied
formerly [6,7]. The first transformation gives the follow­
ing potential,

|
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4= É + Agauº + &9 us

(3.6)

So, we must take E = —80/9, in order to keep V2/)(u)
energy independent. This general potential is, in fact,
not exactly solvable since the presence of the term with
coefficient ao depends on the energy E. In order to get
a complete solution we must take ao = O rendering this
QES potential a CES one, since the strength of the cen­
trifugal barrier has a very special value of —5hº/72u [7].
Substituting these choices in Eq. (2.8) we find the energy
spectrum (v = +1/2)

= 48 8 (n4º)
(nº

in accordance with previous results [6,7]. The second
transformation, Eq. (3.5b), gives the potential

3hRº 1 1 20 a1/2 = —VP = Em ter ara oS
FIA q 5 2 68)

with the same choices as before. Again the term with
ao brings this potential a QES one. Taking ao = 0 it
becomes a CES one with the strength of the centrifugal
barrier fixed to —3A?/32u [7]. The energy spectrum |S
given by Eq. (2.8):

1/2ar+a£a+(­Z) (n+3)=0 (n =0,1,2,.­),À 2

(3.9)

which is easily shown to be

26
À

2 4a o o(n=0,1,2,­)"l,1/2 2(n+7>) +aE“ + 2 16

(3.10)

as was expected [6,7].
The remaining three conditions (3.4d)­(3.4f) lead tº

the following transformations:

f(u) = ke"" (3.114)

for both (3.4d) and (3.4e), and

flu) = tgh(qu)

corresponding to (3.4f). The transformation (3.115)
leads to the following potential (a, = O):

(3.11)

hRº24ºV, = —e(u)= E + m
+k4? gre? TU[kK2E27S + 2kae”" +al|,

(3.19)
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which is a QES potential since E = —Aº*4?/8u and the
constant 4 appears in all the potential terms leaving
Ve(u) energy dependent. Notice that no choice for the
other parameters in (3.12) can remedy this situation.

The last transformation (3.11b) leads also to a QES
potential because the same relation between energy and
parameters is present here, as can easily be verified with
its substitutionin the general potential, Eq. (3.2). Many
other QES potentials can also be generated by taking for
example j £ 2 in (3.2), but we will concentrate on the
CES ones since for this class we can find the analytical

—

)+allf(uGe(u,u') = —j Yeti (aka)! PU [fu

x > n! Lu f4akA[f(u ) + ali) LY [4kA[f(u') + ali) exp(= 2kM[f(u) + a)? + [f(u'
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solution for the entire spectrum. Let us now discuss the
Green's function for the CES found above.

IV. GREEN'S FUNCTION
FOR THE CES POTENTIALS

Now, once we have established the one­dimensional
so(2,1) CES potentials we are going to present their
Green's function. Applying the rescaling (2.9) and the
shift (3.1) into Eq. (2.6) we have the Green's function
for an arbitrary so(2,1) potential (a, = O):

)+ay"

J+a'Y. (41)
n=0

This general form can be restricted to the cases discussed in the preceding section. For V/3)(u), Eq. (3.6
f(u) given by (3.5a) we find (aç=0; j=2; k=/93/2)

+1/2

T(n+v+1) [go+k(v+1+2n))

), with

GL uu) =—92 X  «eXtiv (4k)YAut? +ou? + a)
v=­1/2

& on! Lu [AkX(u2/? + a)2] Lu [AkA(U+ a)? (4/4 a)º)).expf—2kA[(uº”/? +a)º +( (4.2)
n=0

T(n+v+1)[a—­ao +k(v+14+2n))

From this Green's function it is easy to obtain the wave functions (up to a phase) which satisfy the Schródinger
equation for that potential:

2n! = 2/3T(n+v+1) (4k3)? (uPY =

Note that n (= 0,1,2,... ) is the usual principal quantum number and »v (=

V[4kA(U?/? + a)?] expf—2kA(uº/? +a)?). (4.3)

+1/2) defines the parity of the solution.
Owing to the relation between Laguerre and Hermite polynomials [16], one can see that this solution coincides with
the previous results for this potential appearing in the literature [6,7].

An analogous situation occurs for the potential V1/2)(u), Eq. (3.8). With the transformation (3.56) we find its
Green's function (ag = 0, j=2,k=/93/2)

+1/2

GE(a,
v=­1/2

& n! LY[4kA(u

u)=­2 NX e? (aka (4? +a)(U*”? +a)]S

1/2, a)?) LY[4kA(un/2

2v+1

A exp(­2EA[(u"/2+ a)? + (4º?+ a)º1),
n=0

and the corresponding wave functions

2n!

T(n+v+1)

x LE[4kA(u”/? +a)?]
x expf(—2kA(u”/? + a)º),

v+lTU/2(4) = (uV2 4a)
n,v

(4k1)

(4.5)

in accordance, as before, with the literature [6,7]. We
limit ourselvesin discussing the Green's function for the
CES potentials since it is well known that it is meaning­

1 2 3 4 5 6 7

r(n+v+1) ea ETTTOn))
(4.4)

only part of its spectrum is exactly solvable. The other
exactly solvable potentials were discussed before [4].

V. CONCLUSIONS

In this paper, we have shown that the class of poten­
tials which can be described by the so(2,1) Lie algebra
can be enlarged, adding to it the CES potentials to the
previously known ES and QES ones. The approach used
here led to obtaining the Green's function for these po­
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functions in accordance with the literature [6,7].
So far, we have only considered one­dimensional sys­

tems but the technique employed here can be extended
to systems in two, three, or arbitrary dimensions with
symmetries described by direct sums of the so(2,1) Lie
algebra, as is well known for the ES and QES potentials
[4,5,15]. This is presently under investigation, and we
hope to report on it in the near future.

As a final comment let us mention that the discussion
presented here about the so(2,1) potentials is restricted
to the ones for which the Hamiltonian can be written in

terms of the second­order generators of so(2,1) Lie alge­
bra. This essentialy takes care of the potentials which can
be mapped into a harmonic oscillator. However, another
approach based on first­order generators is also known

A. de SOUZA DUTRA AND HENRIQUE BOSCHI­FILHO SC

and in this case the Hamiltonian is related to the Casimir
operator of the so(2,1) Lie algebra. This second approack
leads to another family of so(2,1) potentials which are de
formable into Posch­Teller potentials [17]. At present it .
not clear how the discussion of this paper can be appliec
to this second family of so(2,1) potentials.
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Recently a class of quantum­mechanical potentials was presented that is characterized by the fact that
they are exactly solvable only when some of their parameters are fixed to a convenient value, so they
were christened as conditionally exactly solvable potentials. Here we intend to expand this class by in­
troducing examples in two dimensions. As a byproduct of our search, we found also another exactly
solvable potential.
PACS numberí(s): 03.65.Ca, 03.65.Ge, 02.90. +p

Recently the existence of a whole class of exactly solv­
able potentials in quantum mechanics was discovered [1].
Furthermore it was observed that these potentials obey a
supersymmetric algebra [2]. In fact the potentials dis­
cussed in Ref. [1] were also discussed independently in a
previous work of Stillinger [3]. In that article the author
did not perceive that such potentials were only the first
representatives of an entire new class of potentials. What
distinguishes these potentials from the usual exactly solv­
able potentials is the fact that at least one of their param­
eters must be fixed to a specific value, because if you do
not do that the potentials no longer have exact solutions.
On the other hand, they cannot be classified among the so
called quasi exactly solvable potentials [4­10], because
these have only a finite number of exactly solvable energy
levels, and this happens only when the potential parame­
ters obey some constraint equations, so that only some of
the parameters are free, and the others are fixed in terms
of them. The continuous interest in obtaining and classi­
fying quantum­mechanical potentials is because of their
importance as a basis for expanding more realistic cases,
and also for use of their solutions to test numerical calcu­

lations. Another possibility is that of trying to use them
1s a kind of theoretical laboratory, searching for new in­
leresting physical features. Some of the examples that we
vill study below have, in fact, the interesting characteris­
tic of representing a kind of semi­infinite charged string,
jecause, as can be seen in Fig. 1, the potential is infinitely
ittractive along the x semiaxis. Here in this work we in­
end to expand the class of conditionally exactly solvable
CES) potentials. This is going to be done through the
resentation of two examples in two dimensions. Às a
wproduct of our search for CES potentials, we found
mother exactly solvable potential, whose solution will
so be presented.
The potentials that will be considered here are

y (x,y)= 1 A B

' » xº*+y? | | arctan(y/x) [arctan(y/x)]"?
G' +a+C

( [arctan(y/x)]
+D(x?+yº) (la)

950­2947/94/50(5)/4369(4)/S$06.00

1

and

Vn(x,7)= >1X) x2 +?
2/3

Bx |4 larctan& Ax [arctan(y /x)]*”/

[arctan(y /x)]

where the function arctan(y /x) is defined in the principal
branch. It can be observed that the first case above has

an exact solution for any value of G, if B=0. Otherwise
the case B3­0 has an exact solution for Gy=­3Hº/32u,
and only for a restricted region of the space (x and y both
bigger or both less than zero).

The second potential has exact solutions only when
go= 5H /32u. In this case the solution is valid along
all the x­y plane. Itis not difficult to verify that these po­
tentials are singular along the positive semiaxis x, as can
be seen from Fig. 1. So they represent a kind of “charged
string.”

29

­10

x 1

FIG. 1. Plot of the potential CES II with unitary parameters.
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The solution for these potentials can be obtained
through a suitable change of coordinates:

x=ucos(v), y=u sin(v).

After this change of variables, and their separation, the
Schrodinger equation can be split into two others. In the
variable u we have that

2 12É+v(w)­6lo(u)=0 2
24 du? (2a)

where

2, (C+K —H/8u)
,uº

(2b)V.(u)=D

with KX being the separation constant and 1 the mass of
the particle. The subscript e in the potential stands for
its exact solvability. In the variable v we have

Rd K txY(v)=0, (3)

with Vcgegs(v) having two possibilities:
GI++1

= —Vees(v)= NTSC
and

B 42 Êo
123 v?Es(v)= Av" +—— (4b)

The wave function can be obtained by returning
WV(u,v)=u " "PS$9(u)Y(v) to the original variables.

At this point, we shall observe that the transformation
used leads us to a mapping into an angle variable
v =arctan(y /x), which can, in principle, create problems

J

324D | [ 2rm+n) || [240
Lt

1/2 1/2
Dm +1) —8uK

VE EAx,y)=

2Ly | arctan & ex |­h x

1/2

Elm T(2n +1), (7a)A.
26ºD

1 h |2DK=—" |6xmE E4C u

and Li(x,y)is the generalized Laguerre polynomial. Itis
remarkable that, as can be seen from Eq. (5), the domain
of validity of the parameter C is defined through the
equation

2cr—VÍ —, (8)
(2m +a, +)?

1/2

Q2n+1I)|­C, (7b)

2 3 4 5 6 7

arctan Lz! 22D

upbD
27º

BRIEF REPORTS so

like multivaluedness of the wave function. However, one
can see that this transformation is typical of a stereo­
graphic mapping, in this case of Rº onto S*. This kind of
compactification can be done provided that one has suit­
able asymptotic conditions [11]. In fact, this implies that
one will have a finite wave function throughout variation
of the variables, and particularly that at infinity it should
vanish. This imposes the condition that the parameter D
be nonzero, because along the positive x semiaxis the
wave function will be singular at infinity if D=0. Fur­
thermore, there is no periodicity of the wave function in
the variables x and y, as we will see later.

So we see that the original potentials were, in some
cases, reduced to one­dimensional CES potentials, whose
solutions were obtained previously. Now we proceed to
the solution of the above mentioned possibilities.

Case I for B=0 and G, arbitrary. The first example is
that of an exactly solvable potential. In this case the po­
tential V,(x,y) is mapped into a harmonic oscillator with
centrifugal barrier in the variable u, and a Coulomb plus
centrifugal barrier in the variable v. So we only need to
identify the corresponding parameters, substitute them in
the equation for the “energy,” which in the transformed
equation is the parameter K, and solve it for the original
energy

8u 4ºD 1/2

H[2m+1+a,)?
2

2D | (44+0), (5)

n(B=0)= |4CD—

+h

where a, =(1+84GQ/fhº)!/?. It can be seen that the
above spectrum is a kind of mixing of the Coulomb and
harmonic oscillator spectra. The normalizéd wave func­
tions are

12 a? 1/4

(xº*+y?) arctan=
x

(2a, +1)/4 2

2 (xº+y7?)
1/2 12(xº+y7º)— Es arctan? | ;h x

f

in order to keep the energies real. So, as the left hand
side of the above equation has its minimum value when
m =0O (n arbitrary), we must have C>22u44º /(a, +11.
Apparently if C is less than this we should impose the
condition that

2

m >Int E Ha +1) ; (9)

where Int( ) stands for taking the first integer greater
than or equal to the argument. This is a strange feature
because, in this case, the ground state would have nodes
looking like an excited state. This characteristic should
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be verified through numerical calculation. Perhaps we
would need some kind of analytical continuation for the
energy in such cases. Now, the next case.

Case I for B£O and Go =­—3H"/32u4. In this case we
have our first example of a two­dimensional CES poten­
tial. After repeating the previous procedure we get the
following equation for the energy eigenstates:

4Him +1)K; +2u AºK? +u ABºK , +Ei­=o , (10)

with

242D 1/2 2

—= m (2n +1)| —C.K,=­L/gÊ (11)m AD nm
As we are looking for 6mo we see that it 1s necessary to
solve a third order polynomial equation for K,,, and then
use this solution in the expression for the energy

12
2EL” =+2VD(K,+C)Pº+ E (2n +1);

t

(12)

1/8 2

32uD rn +1)

2" +Imil(a +n +1)
1/2

22D (xº+yº)
fi

La)=

xLº Hr

uD 2 Es
Xexp 1— 22

where we defined

1/2

= 4H| 68! ­(2n+1),
26º D !

and

8uK, 1/4
p= "”

and H,,(x,y)is the Hermite polynomial.
It is easy to verify that the wave function, being pro­

portional to arctan(y/x), vanishes along the positive x
semiaxis. This should be expected due to the singularity
of the potential in this region. Moreover, it is easy to see
from the wave function (14) that, as observed previously
when we presented the potential, one must restrict the re­
gion of space such that x and y are both positive or both
negative. Furthermore, the inverse tangent function is
defined in the principal branch, as said previously. Final­
ly we treat the second case.

Case II (g89= —5hAº/T2u). Now we present the last ex­
ample of a two­dimensional CES potential that will be
discussed in this work. If we repeat once more the same
procedure we get the following equation for the energy in
this last case:

1 2 3 4 5 6 7

2uD
nm

(xX*+7º)­T5 [asno 75 ­

4371

once more we have a limitation on the parameter C. The
solution of the equation for the parameter K,, is obtained
following the procedure appearing in Ref. [1]. This gives
us

aK,=(R+D)4+(R—=DA­—, (13a)
3

with D=VQ'+R?,
—27a; — 207 )/S54, and

Q=(3a,­ai)/9, RE(9a,a,

nu AB?
a

21 A?
! Wim+22'aHF(m +11) ?

Bº
a

.> sm+

The wave function is given by

1/2 1/4

(x +27)
a/2 2

fi x

B É arctan(y /x)— B |

(m +1/2)h

2K

1/2 1/2

+VA 24) 2%
? 21 4

1/2 2
22hD (2n +1)=

"

ac [ênm” O (15a)

with the solution

om A 1/2 9B 1/2
———— + —ECN=| tÉDVA |m+º 2 n

1/2
2

1/2

+4CD + 24 D (2n +1). (15b)

This time we need to do a careful analysis of the range
of validity for the potential parameters. In the case of
the parameter B, we have the restriction

282 4 12
BZ=—

, (16)
E

in order to include m =0O in the solution. Besides, the pa­
rameter Cis also restricted by

ora |O og|?
+34) |[<= + —=—24 4

aVvA
CCZ F 3 (m 7)
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So we see that the negative solution (positive in the above
equation) introduces a limit on the number of bound
states. The positive case (negative above) is such that we
only need impose that C is bigger than the left hand side

3210 |O 31 +1) o

BRIEF REPORTS So

of Eq. (17) with m =0.
After this brief analysis of the region of validity of the

potential parameters, we present the corresponding wave
functions:

2uD 1/2 a/2

E (x?+yº)O =, =mm [% ” SM FIimil(a +n +1)
1/2

XL, .. (x*+y7º) |H,
poXexp ;—Po Dor

1/2 2ata
1/2

—E— | gl, ­(2n+1)26D

1/4

wu A
27º

This finishes the presentation of examples of CES poten­
tials, now in two­dimensional space. The principal
feature presented by these potentials, besides belonging to
the CES class of potentials, is that a stringlike singularity
of the potential appears. This is corroborated by the fact
that the probability of finding the particle over this singu­
larity is zero. This accounts for the interest in doing fur­
ther investigations of the characteristics of such poten­

arctan
x

fercian2x
23 714

ne

2/3 Ka| ercian —=— |x 24

2/3 2

21 K |24
(18)

|

tials. It would be interesting to study the behavior of
their corresponding coherent states, and also see what
happens with wave packets around the linear singularity
of the potential.

Furthermore, in analogy with what has been done with
the exact potentials [12,13], and also with the quasiexact
ones [8,9], it is our intention to look for the dynamical
algebra behind the solvability of the CES potentials. This
study is presently under development and we hope to re­
port on it in the near future.

One of the authors (A.S.D.) thanks CNPq (Conselho
Nacional de Desenvolvimento Científico e Tecnológico)
of Brazil for partial financial support and FAPESP
(Fundação de Amparo à Pesquisa no Estado de São Pau­
lo) for providing computer facilities.
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PHYSICAL REVIEW A

Approximate analytic expression for the eigenenergies of the anharmonic oscillatorV(zx)= Axº + Bx?
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An approximate analytic expression for the eigenenergies of the anharmonic oscillator V(z)=Azº + Bx? is introduced, starting from particular analytic solutions which are valid when certain
relations between the parameters À and B are held.

PACS number(s): 03.65.Ge, 02.60.­­x, 02.70.­c

IL. INTRODUCTION

A problem that has been challenging physicists and
mathematicians for years is the search for analytic so­
lutions for anharmonic oscillators. Às it is well known,
the general solution for this problem has not yet been
found; however, particular analytic solutions have been
discovered when the potential parameters obey certain
relations. It is important to note that these particular
analytic solutions do not cover the entire spectrum of the
problem even in the case of simpler examples. Potentials
with these characteristics are then called partialiy alge­
brized or quasi­exactly­solvable [1­21].

Since the complete spectra of anharmonic oscillators
are not analytically known it is usual to implement nu­
merical methods to find the energy eigenvalues. This is
quite satisfactory for a particular potential with all its
parameters fixed to certain numerical values. The price
paid in this approach is that one cannot in general write
a closed expression for the relevant functions related to
the solutions of the problem as the eigenenergies or wave
functions even for a more restricted class of potentials.

Clearly there is a gap between these two approaches
and in this paper we want to make some effort in the di­
rection of connecting them. To do this we will start with
the partial analytic solutions known for the double­well
potential V(x) = Azº + Brº (A > 0,B < 0) including
their energy spectrum but only in a recurrence relation
form and then obtain its numerical counterpart. From
these numerical data we establish relations between the
energy E and the parameters À and B.

Apart from its intrinsic interest, the double­well poten­
tial also plays an important role in the quantum study of

*Electronic address: dutraGgrt000 .uesp.ansp.br
"Electronic address: castroGgrt000 .uesp.ansp.br
tElectronic address: boschi&Gufrj.bitnet
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the tunneling time problem [22],in spectra of molecules3
such as ammonia and hydrogen­bonded solids [23], andÉ
in field theory [24]. In fact, the double­well potential4
that will be focused on in this work might be used as a £
potential model for quark confinementin quantum chro­*
modynamics [25]. On the other hand, by performing?suitable point­canonical transformations, it is possibleZ=
to show that there is a mapping from the potential of s
Rydberg atoms in uniform magnetic fields into that of?
some double­well potentials [26]. Both these problems
are generally studiedin terms of standard perturbative?approaches. It should be very profitable to obtain somez
analytical information, even though approximately, likeÉthat proposed here.

This paper is organized as follows. In Sec. II we re­á
view the algebraic approach for the potential V(z) =Azº + Br? and determine the energy relations for thet
first analytic eigenfunctions. In Sec. III we take these zenergy relations, which are valid when À and B satisfy&
a constraint relation, and interpolate them numerically.'
Then we obtain an expression for the energy as a function:
of A, B and n, the principal quantum number, for n < 3.*
In Sec. IV we show that these results can be extended to:
higher excited states andin Sec. V we present our final­
considerations. : E

Ni
oP

RA
TA

:

IT. ALGEBRAIC APPROACH :
=
Pa

In this section we review the analytic properties of the­
Schródinger equation ­

­

1 "

­ZV'+VU=EV E

for the sextic anharmonic potential [7,21] :
V(z) = Azº + Brº, A >O, (2)

obtaining explicitly the expressions for the energy corre­
sponding to the ground and lowest excited states. As is

3480 O 1995 The American Physical Society
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well known, the Schrôdinger equation for this potential
can be solved by writting the wave function as

P(z) = d(2) e VAA UA, (3)

where the remaining function U(x) must be a polynomial
of definite parity:

N

Teren(D) = > aja
j=0,2,...

(4)

N

>» aj”.
j=1,3,...

(5)Foga(x) =

The exact solutions are only possible when certain rela­
tions among the coeffients a;'s are satisfied, which can
be written as recurrence relations

2 Eaj+(N+2­j3)V/24a;
(3j+2) (j+1)

where E is the energy eigenvalue. Note that for j' > N

NC)aja = —

alla; = O. This equation can be used to obtain the
energy equation

an E — 2V2Aan­2 = O. (7)

These restrictions imply that the potential parameters À
and B must be related by

­VRA(N+º), (3)

in order to ensure exact solvability. One should observe
that the parameter B is always negative. Therefore, we
would not expect any kind of harmonic osciliator limit, in
the case of arbitrary parameters, when A goes to zero. In

: order to take into account the case where B is positive, we
suppose that some sort of analytical continuation should
be done. Indeed, a particular case of the above mentioned
potential has been studied, regarding problems related to

,analytical continuations of their parameters by Bender"and Turbirner [27]. Moreover some discontinuítiesin the
! eigenenergy spectra of some polynomial potentials have
been reported by Panday and Varma [28]. Thus it is
quite clear that any limit and extrapolations should be

' done very carefully. In fact, the potential V(r)= Axzº +
Bxº belongs to a general family of quasi­exactly­solvable
potentials [7,21] for which partial analytic solutions are

'known when its parameters satisfy constraint conditions.
, Choosing a certain value for N, we fix also the number of
exact levels that can be found in this approach: 1+ N/2
levels when N is even and + N)/2 levels when N is
odd.

The expressions for the energy eigenvalues for the first
values of N, corresponding to the potential (2), may be
expressed as

(9)

(10)
N=0orl,

N=2,
0= FE,
0=E?—­21/2A,

1 2 3 4 5 6 7 Tunesp*T
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0=E?º­6V2A4,

0=E(Eº­16V2),
0=E(Eº­32V2A),

N (11)
N

N

N 0 = E — 60EºV/2A + 3604,
N

N

(12)

(13)

(14)
0 = E — 100E?ºV2A + 1512, (15)

0=E (E — 160EºV2A + 5888) ;
(16)

0=E (E — 240E*V2A + 161284) ;
(17)

0 = Eº — 350E*V2A + 41432E?A
— 162000 V/24%*/?,

0 = ES — 490E*V2A4 +91160 EPA
— 831600 /24*/?,

(18)

(19)

This method may be applied for an arbitrary N, but in
practice this is difficult to handle. In this analysis, we
first confine ourselves to N < 11 with the advantage of
finding algebraic equations for E which can be reduced
to the third power (for the energy squared) so that their
exact roots may be easily obtained. Finally, we obtain
the complete dependence of E on the parameters A, B,
and n. In Sec. IV we extend this discussion to N = 20
and 30, when only numerical solutions are possible.

II. ANALYTIC­NUMERICAL APPROACH

"In order to find an analytic expression which gives ap­
proximate values for the eigenenergies for arbitrary pa­
rameters [not only for those satisfying (8)) we use a nu­
merical method of adjustment and interpolation starting
with the analytical eigenenergies for parameters which
satisfy (8). These two variables are then fitted through
a polynomial of arbitrary degree which best fit resulted
in one of third degree:

E=a+bB+cB +adB.
Noting that the coefficients a, b, c, and d must depend
on the parameter À and the principal quantum number
n, we write

En = an(A4) + bn(A) B +cn(A) Bº +dra(A) Bº : (20)
The next step is to find out these dependences explic­
itly. The best fit in this case is obtained by single power
functions for each coefficient which read

an(A) = an AUÍ, (21)

bn(A)= Ba AÍ, (22)

en(A) = AV, (23)

dn(A) = 6, AS, (24)
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Keeping Eqs. (20) and (21)­(24) in mind, it is possible
to state that the energy can be written as a function of
parameters A and B and the quantum number n:

2 3

B B B
E,= AV Jant+OnF +=) +ónf=]) |.e. Ana tva) Ela

(25)
The behavior of the coefficients a, B, 7, and ó against n
results in the polynomials

an = 0.2310 + 2.995n — 1.466nº + 0.4490nº , — (26)
Bn = (—1.224 + 9.067n — 4.919n? + 0.9516n?) x 107º,

(27)

qn = (—11.00 — 3.057n + 9.876n? — 2.562nº) x 1077,
(28)

dn = (—1.778 — 1.953n + 4.176nº — 1.073nº) x 107º .
(29)

These results were obtained for range of values 0.01 <
A < 100 and —12.5 < Az < —1.5 (and 0 < N < 11).
The expression (25) is in excellent agreement with the en­
ergy levels obtained analyticaliy for n < 3. In these cases
the error was always less than 1%, except for n = 2, which
presents a maximum discrepancy that is still smaller than
4%. This can be seen from the Table I, where we show
the energy eigenvalues, exact and approximate, for the
case À =1.

TV. EXTENSION TO HIGHER EXCITED STATES
­

So far we have only considered the energy for the
ground state and the first three excited states. This was
so because we have chosen the order N of the polyno­
mials (4) and (5) to be no higher than 11. In that case,
the solutions for the energy equation were obtained ex­
actly. With that choice we have varied the parameters
A and B through large ranges. As a matter of fact, the
choice N = 11 leads to six exact levels, but as we take
the safe limit of four values of the eigenenergies to be in­
terpolated, we have found the expression (24) for n <3

only. |

2 J

In order to study the behavior of higher excited states
we increase N for specific values of the parameters À and
B, satisfying relation (8). Choosing N = 20 and applying
Eq. (6) iteratively, similarly to what has been done for
Eqs. (10)­(19), we find that the energy­squared levels
y = E? obeys the equation (for /2A4 = 107*)

9 (Yº — 0.44y* + 0.6052994? — 2.99171 x 10*y?
+4.58305 x 1075y — 1.25083 x 107”) = O,

(30)

which leads to the energy eigenvalues shown in Table
II, with the corresponding principal quantum number n.

1 2 3 4 5 6 7
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The best fitting for these points leads to the equation

ENga=10­< = — 0.482986 + 7.44313 x 107*n
— 3.91992 x 107*n?
+ 1.30664 x 107 nº. (31)

Analogously, for N = 30 we find (V2A4 = 107")
a polynomial equation of eigth power for the energy
squared, which leads to the eigenvalues also shown in
Table IT. These data lead to the equation

ENS a19­10 = — 8.95776 x 107
+ 9.16173 x 107*n
— 3.18989 x 107ºn?
+ 7.08864 x 107*nº. (32)

TABLE l|. Comparison between the exact and approx­
imate results for the eigenenergies with À
precision of the approximate solutions is measured by
5 = (Fexact = FErepprox) /Fexact­

= 1. The

B Exact Espprox

­2.1213 0.0000 0.0037

­4.9497 ­1.6818 ­1.6722 5.7x 1079

­7.7782 ­4,7568 ­4.7557 ­2.3x 107º

­10.6066| ­. ­8.9651 ­8.9482 ­1.9x 107?

­13.4350 ­14.0098 ­14.0272 1.2x 107º

­16.2635 ­19.7569 —­19.7516 2.6x 107º

­3.5355 0.0000|
"|

n=l.
Pi

­0.0016

­6.3640 ­2.9130 ­2.9076 ­1.8x 107º

­9.1924 ­6.7272 ­ —6.7324 8.2x 107º

­12.0208 ­11.3917 ­11.3914 ­3.0x 1075
­14.8492 ­16.8011 ­16.7985 ­1.5x 107º

­17.6777 ­22.8680 ­22.8690 5.0x 107º

­4,9497 1.6818

n=2

1.6682 ­8.1x 107!

­7.77T82 0.0000 0.0548

­10.6066 ­2.1164 ­2.1984 3.9x 107?
­13.4350 ­5.4771 ­5.4223 ­1.0x 107?

­16.2635 ­9.9345 ­9.9482 1.4x 107?

­6.3640 2.9130 2.9101 ­9.8x 107º

­9.1924 0.0000 0.0111

­12.0208| ­3.4134 ­3.4302 4.9x 107?

­14.8492 ­7.5588 ­7.5477 ­1.5x 107?

­17.6777 ­12.4725 ­12.4754 2.3x 10º

13 14 15 16 17 18 19

4P
TE

VM
AT

GC
AE

RR
CA

as
i

Te
e

B
or

a
Ta

ah
dd

cs

a
n

a
it
g
a
g
a
d
v
s

o



cm 1 2 3 4 5 6 7

s1 APPROXIMATE ANALYTIC EXPRESSION FOR THE...

Note that Eqs. (31) and (32) have the same form as Eq.
(25), since all of these expressions are given by polynomi­
als of third degree in n. One should also note that these
equations have a scaling symmetry, since if we choose, for
example, /24 = 1, we find that the energy eigenvalues
of Table II are only shifted by the factors 10º and 105
for N = 20 and 30, respectively. This scaling symmetry
is a consequence of the fact that the energy eigenvalues
are proportional to A4*/%, as could be observed in Egqs.
(10)­(19) or (25) as well. This exact dependence was
also observed by Bender and Turbirner [27] by applying
a variational method. Note that the reflection symme­
try between the negative and positive energy eigenval­

TABLE II. Eigenenergies for N = 20 and N = 30.

En : :
co

N=20

­4.783810x107*

­3.564750x107!

­2.446070x107*

­1.442440x107!

­5.878460x107?

0.000000

5.878460x107?

1.442440x107*

2.446070x107*

3.564750x107!

4.783810x107!

­8.84041x107*

­7.32793x107*

­5.89470x107*

­4.54646x107*

­3.29087x107*

­2.13924x107*

­1.11289x107*

­2.93390x107*

2.933904x1075

1.112891x107*

2.139249x107*

3.290873x107*

4.546464x107*

5.894709x107*

7.327931x107*

8.840412x107*
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ues appearing in Table II are due in part to the method
employed here and also to the quasiexact symmetry of
potential (2). o

Analyzing the behavior of the higher excited states dis­
cussed above for N = 20 and 30, we expect that their
properties will also be accompanied by situations with
arbitrary N. In practice, however, as N increases, the
power of the polynomial equation from which we find the
energy eigenvalues also increases, leading to technical dif­
ficulties in calculating its roots. In fact, the levels are not
equally spaced and as the number of roots increases, one
can find that these differences may be of many orders
of magnitude, for which a numerical approach requires
rapidly increasing precision. It is important to remark
that the behavior of En, as always being a polynomial
of third degree in n, appears to be a kind of “exact be­
havior” in the case studied, because it persists when the
number of analytically obtained excited states increases.

V. CONCLUSIONS

Some final considerations are now in order: First, we
observe that the above developed method, apart from the
obvious advantage of producing an approximate energy
spectrum for arbitrary values (restricted to a given region
of validity) of the potentials parameters, permits at least
in principle an approximate analytical expression also for
the wave function. This can be achieved by truncating
the series appearing in the wave function, defined through
the expressions (2)­(4), in a term such that

rr =RI — (A + —! VÃ 2

where R(x) rounds z to the nearest integer.­In the case
where the parameters ÀA and B are such that j = N, we

(35)

. get the exact solutions.In the remaining cases we have
an approximation for the wave function, which in turn
permits us to have some information about the probabil­
ities of a given process, not only about its eigenenergies.
There is another approach that gives an analytical ap­
proximation for the wave function introduced by Chha­
jlany and Malnev [18] and improved by Fernández. [29]
It is based on an approach where exact solutions of a po­
tential of a higher order are obtained and then, taking
convenient limits, one can restrict the power of this po­
tential to the desired one of interest, for which no exact
solution could be found. It would be very interesting to
compare these two approaches.

We intend to extend the approach developed here in or­
der to include other polynomial potentials. Furthermore,
we are also improving the statistics with more points, for
obtaining the full analytical energy expression for greater
values of the principal quantum number n. These and
other questions are under study and we expect to report
on them in the near future.
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Abstract

We present a strong­weak coupling duality for quantum mechanical potentials.
Similarly to what happens in quantum field theory, it relates two problems with
inverse couplings, leading to a mapping of the strong coupling regime into the weak
one, giving information from the nonperturbative region of the parameters space. It
can be used to solve exactly power­type potentials and to extract deep information
about the energy spectra of polynomial ones.
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Although the solutions of the Schroedinger equation has been studied since its origin,
some of its important features were discovered along the time as for example the Aharonov­
Bohm effect [1], the study of quantum nondemolition measurements [2], coherent states for
general potentials [3], and the geometrical Berry's phase [4]. Another interesting feature,
is the existence ofanumber of analytical solutions for certain polynomial potentials, when
some relations among the potential parameters hold [5]. Moreover some very important
applications demand for solutions of anharmonic oscillators, as happens with problems
related to tunneling phenomena [6]. Furthermore they can also be used in order to study
models analogous to some quantum field theory ones [7].

In this letter we present a very simple and, at same time, very powerful duality for
potentials in quantum mechanics. It is capable of defining the analytical dependence
of the energy spectrum on the potential parameters, for a large class of potentials. In
fact it is just a matter of experimentation to confirm the validity of this feature for
potentials like the harmonic oscillator, the Coulomb potential and other exactly solvable
potentials. The principal goal of this letter is to show that potentials which can not be
treated through perturbation theory are connected with others which can, letting one to
use this connection to get the energy in an strong coupling regime through perturbative
calculations in the dual potential. This is very similar to the recently studied electric­
magnetic duality in N = 2 supersymmetric Yang­Mills theory [8]. In addition we get the
exact behavior of the energy spectra of the general power potential V(x) = az" [9]. We
also discuss its application in polynomial potentials [10], [11], [14].

So let us begin by setting the problem in a general way. We start with the one­
dimensional time­independent Schroedinger equation

nº du(x)
Taro + V(x)U(z) = Ev(o),

perform a dilatation in the spatial coordinate x — gx, so that

hº dºv(x)
2u dr?

with U(x) = 9ºV(g9x) and E = 9º E.
As an example we consider the polynomial potential V(x) = a 9º +bxº +cxº [10].

In this case one has:

+ Ulr)u(x) = Ev(x),

U(r) = áxº' +bIº+ên, (á=agº, b=b9, t=cg), (3)
so that, if a is great compared with c, it is not possible to apply the usual perturbation
theory, and even if one use the asymptotic approach like that in [10], valid for great
values of the principal quantum number, the problem for the low values of n is still
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maintained. If however one chooses a conveniently small gq, it is possible to invert the
situation, obtaining a perturbative potential where & is much greater than à. In fact, for a
given set of potential parameters, a family of potentials have their energy fixed due to this
symmetry. Às an example one can compare two numerical results: (a = 100,b=1,c=1)
with Eq = 13.042 036 330, and (a = 1076,b = 1075,c = 107%), obtained from the first
setting gq = 107!, with Eq = 0.130 420363, which is in accordance with the respective
numerical result. Other important situations can be treated in a quite similar way, as for
instance the problem of atoms in strong magnetic fields [12], interaction of anyons [13],
etc.. . In all these cases, one can make a connection between the weak and the strong
coupling regime.

Let us now see that this quite simple idea is almost powerful enough to determine by
itself the energy spectra for the power type potentials. In this case V(x) = ax”, and after
making the above transformations and imposing the covariance of the energy, one gets

, (4)

N
2% NEEn = k(M (E) O aun

where k(M) is a factor which can not be determined by the duality, and that for N = 2
(harmonic oscillator) will be equal to n + 3: For the other potentials it is only necessary
determine it for a single value of a (a = 1 for example) and the remaining will stay fixed.
One can take for instance the cases with N = 4 and N = 6. In these cases the first five

levels are such that one get the results in table [.
Now if one wishes to obtain the value of the energy of any level, with other values

of a and 41 (and using the correct value of À) is just a question of substitution and
evaluation of Eq.(4), using the constants obtained in table I. Furthermore one can also
obtain exactly the wave function by solving the Schroedinger equation, getting an infinite
series depending on the energy. For N = 6, one has

2ºV(r) = > ant” e (5)

where 4 = 4/2a and the coefficients a, should be computed through the recurrence equa­
tion an42º = ENS Era caro an­2l So, substituting the exact energy obtained above, one
gets the corresponding exact wave function.

One can do a comparison between the energy obtained with the method developed
above and that calculated through numerical calculations for some different values of the
potential parameter a where, for sake of simplicity, we used h = 1 = 1. In doing so one
obtain the figures appearing in table II. Note that the only difference, when it exists, is in
the last decimal due to the necessary approximation. Nevertheless, if one calculates with
even more precision one sees that this is only a consequence of the approximation.

3
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As our next application of this duality, we consider a polynomial potential like V(xr) =
ax” +bxM+cx" (M and E lesser than N). As for large values of x, the N­power
term dominates, the energy will have its dependence factored and the dependence on
the remaining parameters is such that one can write down a series invariant under this
symmetry. So we will have something like

E, = aRT 3 bmT", (6)
m=0

N

where bp = kN) (E), and x must be invariant under this symmetry, so we conclude
that x = aº*bôc7, with the coefficients a, À, 7 obeying the equation a (N + 2) +B(M +2)+
7 (L +2) = O, in order to keep the symmetry. In fact one can easily verify that the poly­
nomial potentials treated in [10] and [14] have a series where the corresponding expanding
variable obeys this equation, so preserving the symmetry outlined here. However in both
cases the series diverges when a vanishes, but this feature can be an artifact of the series
expansion. One could for example in the potential with N = 6, M=2L=O0,try two
non­singular functions: E, == [o? ai + 6? p* or E,= [ada + pB1 º, which have as ex­
pansion series, at a given order, singular expressions like thatin (6). Furthermore, it can
be verified that they represent upper and lower approximations for the exact levels respec­
tively, with errors below ten percent. Now we are looking for more precise analytically
approximated energies.

ACKNOWLEDGEMENTS: This work was partially supported by CNPq, FUNDUNESP
and FAPESP (contract $:95/4795­8). The author is also indebted to À. S. de Castro for
helpfull discussions.

ATA
AVAVAY

3 4 5 6 7 8 unesp ”*. 14 15 16 17 18 19



References

[1] Y. Aharonov and D. Bohm, Phys. Rev. 115 (1959) 485.

[2] K. S. Thorne, R. W. P. Drever and Carlton M. Caves, Phys. Rev. Lett. 40 (1978)
667.

[3] M. M. Nieto, L. M. Simmons, Phys. Rev. Lett. 41 (1978) 207.

[4] M. Berry, Proc. R. Soc. Lond. À 392 (1984) 45; Nature 326 (1987) 277.

[5] M. A. Shiffman, Int. J. Mod. Phys. À 4 (1989)2897. A. de Souza Dutra and H. Boschi
Filho, Phys. Rev. A 44 (1991) 4721, and references therein.

[6] K. Yasue, Phys. Rev. Lett. 40 (1978) 665. D. L. Weaver, Phys. Rev. Lett. 40 (1978)
1473.

[7] J.J. Loeffel, A. Martin, B. Simon and A. S. Wightman, Phys. Lett. B 30 (1969) 656.

[8] N. Seiberg and E. Witten, Nuc. Phys. B 426 (1994) 19. (E) 430 (1994) 485.

[9] J. S. Arponen and R. F. Bishop, Phys. Rev. Lett. 64 (1990) 111.

[10] K. Datta and A. Rampal, Phys. Rev. D 23 (1981) 2875.

[11] R. A. Leacock and M. J. Padgett, Phys. Rev. Lett. 50 (1983) 3.

[12] A. Entelis and S. Levit, Phys. Rev. Lett. 69 (1992) 3001. G. Wunner, U. Woelk, [.
Zech, G. Zeller, T. Ertl, F. Goyer, W. Schweitzer and H. Rudder, Phys. Rev. Lett.
57 (1986) 3261.

[13] J. Myrheim, E. Halvorsen and A. Verçin, Phys. Lett. B 278(1992) 171. T. Blum, C.
R. Hagen and S. Ramaswamy, Phys. Rev. Lett. 64 (1990) 709.

[14] A. de Souza Dutra, A. S. de Castro and H. Boschi Filho, Phys. Rev. A 51 (1995)
3480.

ATA
AVAVAY

3 4 5 6 7 8 unesp 12 13 14 15 16 17 18 19



TABLEI

KO Ko
0.66798625 0.68070361

2.39038996 2.56845109

4.69361420 5.38898250

7.34950780 8.88132184

10.24505604 12.80383861

TABLE II

Fn(a=2) Enumerical Er (a = T) Enumerical
0.80949758 0.80949758 0.90624478 0.90624478

3.05442031 3.05442030 3.41946977 3.41946976

6.40861633 6.408621632 7.17454298 7.17454297

10.56173112 10.56173111 11.82401784 11.82401785

15.22641597 15.22641598 17.04620314 17.04620315
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TABLE [: kY coefficients for N equal to 4 and 6, for the first five energy levels.

16 17

TABLE II: Comparison among the energies obtained from equation (4) and from numer­
ical calculations for N = 6,a=2anda=rq.
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