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1 Introduction

Although the pure spinor formalism for the superstring [1] has several nice features such as
manifest spacetime supersymmetry and a simple BRST operator, a complicated feature of
the formalism which needs to be better understood is the pure spinor b ghost. Unlike in the
bosonic string or Ramond-Neveu-Schwarz (RNS) string where the b ghost is a fundamental
worldsheet variable, the b ghost in the pure spinor formalism is a composite operator
constructed from the other worldsheet variables.

The BRST operator @) in the pure spinor formalism is independent of the target-space
background and takes the simple form

Q= /dz (A%dg + 0%q) (1.1)

where (A%, d,, 0% r,) are fundamental worldsheet variables. To satisfy the relation
{Q,b} =T where T is the conformal stress tensor, b was constructed in a flat background
in [2] as a complicated function of the worldsheet fields. This construction of the pure
spinor b ghost was simplified in [3] by introducing a fermionic vector field T, which was
related to the usual RNS fermionic vector field v, by “dynamical twisting”.

An important question is how to generalize this construction of the pure spinor b ghost
in a curved superstring background. In [4], the pure spinor b ghost was constructed in
a super-Maxwell background of the open superstring, and in [5], the pure spinor b ghost
was constructed in an N=1 supergravity background of the heterotic superstring. The
construction in [5] for a curved heterotic superstring background was quite complicated
and some of the coefficients of the composite operator for the pure spinor b ghost were not
explicitly computed.



In this paper, we will use the RNS-like fermionic vector field T', of [3] to simplify
the construction of the pure spinor b ghost in a curved heterotic superstring background.
When expressed in terms of I',, the composite operator for the pure spinor b ghost in a
curved heterotic background is a simple covariantization of the composite operator in a
flat background that was found in [3]. In addition to simplifying the construction in a
curved heterotic background, it is hoped that this method involving I', will also be useful
for constructing the pure spinor b ghost in an N=2 supergravity background of the Type
IT superstring.

In section 2, we review the pure spinor formalism of the heterotic superstring in a flat
and curved target-superspace background. In section 3, we define the RNS-like variable
T, in a curved background. And in section 4, we use I'; to explicitly construct the pure
spinor b ghost in a curved heterotic superstring background. The appendix computes the
BRST transformations of I';, and the b ghost in a flat background.

2 Review of the non-minimal pure spinor formalism

In this section we review the non-minimal pure spinor formalism of the heterotic superstring
in flat space [2] and in a curved background [5].
2.1 Non-minimal pure spinor formalism in flat space

The non-minimal pure spinor formalism in the heterotic superstring is constructed using
the ten-dimensional N = 1 superspace coordinates (X%, 60%) for a = 0 to 9 and o = 1 to 16,
the conjugate variable of ¢ which is called p,, a set of pure spinor variables ()\“, Xa, ra)
together with their conjugate variables (wq, @®, %), and the same 32 fermionic right-moving
variables £ for R = 1 to 32 as in the RNS heterotic superstring formalism. The pure spinor
variables are constrained to satisfy

(AMYAA) = (/)\\vaX) = (Xv%‘) =0, (2.1)

where (7%),5 and (7?)*” are the symmetric gamma matrices which satisfy the Dirac algebra
8

(e (17) "+ (vb)a7 (7278 = 258 . (2.2)

Because of the pure spinor conditions (2.1), the conjugate pure spinor variables are defined
up to the gauge invariances

B = (Mo Atas 05" = (¥3) Aaay 007 = (¥°3) Aga = (1) Ao, (23)

where A1, Ao, A3 are arbitrary gauge parameters. The action of the theory is quadratic in
these variables and is given by

S =5+ /d2z (fuag):a + sagra) , (2.4)
where
_ 2 1 af apa I\« Ro¢R
So = /d z <28X 0Xg + pa00 + wa, 0N + £70€ ) (2.5)

is the minimal pure spinor action.



The quantization of this system is performed by introducing a left-moving BRST charge

given by
Q:f@&%ﬁ@%@, (2.6)
where ) )
do = Pa — 5(67“)a <(9Xa + 4(9%80)> . (2.7)
This BRST charge is nilpotent because of the OPE
1
do(y)dp(z) = ——531a(2 2.8
()d5(2) > ~ = slle(2) (28)
where 1
I, = 0X, + 5(6%89) . (2.9)

The BRST transformations of the worldsheet fields of our system are
QU = —(M190), Q0% =X", Qdo =1"(aNa, QA"=0, Qua=ds, (2.10)
Qxa:_rom Qaa:(]’ QTQZO, Qsa:@“.

Note that the non-minimal sector in our system does not change the cohomology of the
minimal sector and the action (2.4) can be written as

5:5@+Q/d%s%ﬁm (2.11)

The non-minimal pure spinor formalism does not contain the (b, c) worldsheet repa-
rameterization ghosts. However, one can construct an operator b satisfying the equation
Qb = T where T is the world-sheet stress tensor of the action (2.4), and this operator is
identified with the pure spinor b ghost [2]. It was shown in [3] that this b ghost is simplified
by introducing the RNS-like fermionic vector

Fa::——1)<d7dX)——¥A2(r7d@X)]ij (2.12)

2(AX 8<AA>

where N = %(A’y“bw) is the Lorentz current for the minimal pure spinors.
In terms of (2.12), the pure spinor b ghost is

1
4(AX)
To verify the relation Qb = T', we first compute the action of @ on I, to be

Qr, = —2 (i/)\\) 1’ (X'ya%)\> — 4(};)2 (AMYper) (X'yC’yaA> ™. (2.14)

The proof of (2.14) and the verification of Qb = T in a flat background are in the appendix.

b= —saaXa — wa00% +11°T, — ()\’yabr) T,y + 1) <w’yax> (AY200) . (2.13)

2<AX

The purpose of this paper is to find a T', in a curved heterotic superstring background
that satisfies an equation analogous to (2.14) and to define the b ghost as the covariantiza-
tion of (2.13). In order to do this, we will need the BRST transformations corresponding
to (2.10) in a curved background. We now review the non-minimal pure spinor formalism
in a curved heterotic superstring background.



2.2 Non-minimal pure spinor formalism in a curved background

The minimal sector of the heterotic string in a curved background was constructed in [6].
The action has the form
j p— j yp— — — 1

So = / 42z <2Han“ + §HAHBBBA + do 1" 4+ wo VAY 4 ¢BVeR 4 2o/<Dr) . (2.15)
where T4 and T for A = (a, ) are defined from the background supervielbein Ey? and
the target superspace coordinates ZM as 1A = 9ZM Ey A and ﬁA = 5ZMEMA, Bpa is
the graded-antisymmetric two-form superfield, ® is the dilaton superfield which couples to
the two-dimensional worldsheet curvature r,

1
VER = 9¢lf + TRS¢S (HAAQ + da W + 2J\rmefab) (2.16)
where T are the SO(32) adjoint matrices for I = 1 to 496 and (AL, Wie FTab) are the
super-Yang-Mills gauge fields and field-strengths, and
VY = 9\~ + )\’BﬁAQAﬁa (2.17)

where the connection 243 has the structure

1
Qap® = Qads + ZQAab <7ab)5a~ (2.18)

Here € 44 is the usual Lorentz connection and §24 is a connection for scaling transforma-
tions introduced in [6], and one can verify their coupling preserves the pure spinor gauge
invariance of (2.3).

The presence of the scale connection 4 in (2.15) implies that the action is invariant
not only under the usual local Lorentz transformations, but also under the local fermionic
scale transformations

A = ANY | Swa = —Awy,  0dq = —Ad,, (2.19)
005" = —(0aM)6) — AQ0p”,  6Q0p” = —(0aA)0},
SEMS = AEVS, SEM = —AEM .

So variables and superfields with raised tangent-space spinor indices carry charge +1 with
respect to the fermionic scale transformations and variables and superfields with lowered
tangent-space spinor indices carry charge —1.

The minimal BRST charge is given by Qo = ¢ A*d, and it was shown in [6] that
nilpotency and holomorphicity of )¢ forces the background to satisfy the equations of
N =1 ten-dimensional supergravity. Nilpotency implies that

ANT 54 =0, MNNAR.,° =0, (2.20)

where T, QBA and Raf;v‘S are torsion and curvature components. And as shown in [6], nilpo-
tency and holomorphicity imply that the torsion components can be gauge-fixed to the
form

Tag” =725, Tag’ =0, T, b= 27,2405 . (2.21)



In addition, the absence of chiral [6] and conformal [7] anomalies of the worldsheet action
implies that €, is related to the dilaton superfield ® by

1
Qo = 7 Da?®. (2.22)
The BRST transformations of the minimal fields in (2.15) were determined in [8] to be
QI* = —N°Qg I = XN*TI"Th ", QI = —A7Qg, *TI7 + VA, (2.23)
QXY = —\°Qp,*A\7 Qua = N5, 0w, + doy

Qda = NQpoVdy + T (Ya\) e + NN wsRos,°

where the first term in these transformations is a Lorentz and scale transformation pro-
portional to )\59570‘

For the non-minimal sector, it was noted in [5] that there is an effect of the background
geometry on the BRST transformations of the non-minimal pure spinor fields. Assuming
that the minimal sector is unaffected by the non-minimal variables, a cohomological argu-
ment determined that (X,ZD, T, s> transform in a curved background as

~ ~ 1

Q>\a = —Tq+ AW}‘B <Q’YOLB - 1 yab (/yab>a18> ) (224)
o~ o 1 ab) @

QL = —P\7 <Q'yﬁ - ZTfyab (’Y b)ﬁ > 1

1
Qs =& + 57\ <Qvﬁa — 1 Tyab (7“b)ﬁa) ,

Qra = —XNrg (Q,Yaﬁ - iwa <y“b>a 5) .

Note that the torsion 7’4 includes the Lorentz connection 2,4, so the Lorentz part of the
spin connection of (2.18) does not appear in these non-minimal BRST transformations.
To construct the non-minimal action in a curved background, the BRST-trivial term

1 ~
Snonmin = Q / a2z (sw + ZH’“TAab (w%)) (2.25)

will be added to the minimal action of (2.15) where ﬁa = 5):0[ — XgﬁAQAaﬁ. This
construction is analogous to the flat action of (2.11), and although the torsion term in (2.25)
is not needed for covariance and was not included in [5], it will simplify the construction
by decoupling the Lorentz connection €2 4,5 from the non-minimal action. Using the BRST
transformations of (2.24), one finds that

. . 1_ ~
Shon—min = /d2z (@O‘V)\a + 5*Vry + ZHATAab (@'y“b)\ + sv“br) (2.26)
_ N 1 N
+AaHARAa (3/8)\5)"' Z)\QHA (RAaab - v[A,Toz]ab ~TaaTeab +TAc[aTb]aC) (S’Yab)‘)>
. _ 1_ .
— /dgz <@O‘V)\a + s*Vry + ZHATAab (@’yab)\ + S'yabr) (2.27)

— ~ 1 R
+)\QHARAQ<SB)\B)+Z)\QH (Rdaab V[dT ab— Tda TCab+Tdc[aTb]ac) (S’yabA)>



where we have used the Bianchi identity
Rﬁaab - V(ﬂTYoa)ab - T(BacTa)cb - WEQTcab =0 (228)

in the second line of (2.26).
Using the Noether method, one can easily determine the BRST charge corresponding
to the action of S = Sy + Shon—min to be

Q= /dz (Ao + ©%q) . (2.29)

3 Definition of T, in curved background

3.1 Simplified BRST transformations

The first step in defining the curved background generalization of T', of (2.12) is to define
a new variable

1
Da = da + X Tpa ('yabw) — 3(00)wa - (3.1)

In terms of D, the BRST transformation of w, is given by
Qua = NQsa"wy + Do + 3(A)wa — iAﬂTﬁab (’yabw)a . (3.2)
Furthermore, the BRST transformation of D, is
QDo = N0 Doy + T1(YaN)a + 3(A2) Dy — i)\ﬂTgab (’yabD)a (3.3)

1 1
+ M\ wg (Raﬁ76 +7 ('yab)a "V Tha + 16 <7“bv“l)a éTﬁabTvcd)

1
= NQ30" Dy + 1 (YaN)a + 3000 Do = 7\ Thas (7abD)
«
where we have used that Q(A\Q2) = 0 because (Q,, is proportional to V,®. To prove that the

second line in (3.3) is zero, symmetrize in (8v) and use the Bianchi identity R(Oé/gw)‘s =0
and \° ATRg, = 0 to show that the second line is equal to

1
éAﬁ)\vwé <(’7ab> o b (_R,B'yab + v(,BT'y)ab) + [Waba ’YCd] o 5TﬁabT’ycd>

1
4
1 1

= SNNws (Vs Tyyar = Ta(s Ty = Rgan) (V“b)a‘s = = NN wsyf, Teat <7ab)a "=0,
where we used the Bianchi identity for Rz,

The BRST transformations of (2.24), (3.2) and (3.3) all involve a Lorentz and scale
transformation proportional to

1
— )\ﬂQﬁa'y + ZA’BT,Bab <’yab> 7. (3.4)



It will be useful to define Q = Q — Q +s where Qg is this Lorentz and scale transfor-
mation, and one finds that

~ ~ 1 et ~

QI = — (M), QII* = VA* + Z)\ﬁTgab (w“bH) ; QDo =TI (vA), + 3(AQ2) Do,
OX* =5(AD)A”,  Qua = Do + 3(AQ)wa , (3:5)
Q}\\a:_rom Qaa:oa QTO[:O7 Qsa:aav

where we have used that
~ 1 « 1 «
QN = TN Thay (1°A)" = SO (474) = 5027 (3.6)

3.2 Construction of T,
In this subsection, it will be shown that

— 1

T, = —m (D9}) - ——

satisfies the BRST transformation

o= =T (M) = ——g Qoer) () T~ 2000 Te - (38)
2 (A1) 1(X)

where Q is defined in (3.5). Comparing with the equations of (2.12) and (2.14), one

sees that (3.7) is constructed in a curved background by replacing d, in the flat-space

construction with D, of (3.1).

Since the BRST transformations of (3.5) closely resemble the flat space BRST trans-
formation of (2.10), the only necessary step to proving (3.8) is to show that the terms
(A?Q,) which appear in (3.5) sum up to —2(A*Q,)T,. From the first term in (3.7), one
obtains

1 ~ ~ 1 ~\ @ 1 ~
Q(AX)Q (5 (M)(AQ))(D%A)—M (309)Da) (1)) =2 (20) Q(TX) (D9A), (3.9)

-1
where the first term comes from the transformation of <)\)\) and the second term comes

from the transformation of D,. And from the second term in (3.7), one obtains

) (5 (A%) A) (rrased) N + 8 (;)2 (maed) (50N +3(02) V™)
- 2(AQ)8<;>2 (mch) Nbe (3.10)

-1
where the first term comes from the transformation of <)\)\> and the second term comes

from the transformation of N%. So we have proven (3.8).



4 Definition of b ghost in curved background

In this section, we will use the dynamical twisting method of [3] to simplify the construction
of the b ghost in a curved heterotic background which was proposed in [5]. We will show
that the b ghost in a curved background can be defined in terms of the dynamically twisted

-1 . _
b= —s"VAa+ 11" Taas (syabx) — o IT® +T1°T,, —

RNS-like variable (3.7) by simply covariantizing the flat-space expression of (2.13) as
_ 1 -
(A“Yabr) Tol'y+ 7,\> (W’Ya)\) (Ay*I) .

1
4 (AX) P (/\/\
(4.1)

As in the action of (2.25), the torsion term in (4.1) is not needed for covariance and was not
included in [5], but simplifies the construction by removing the dependence of the b ghost on the
Lorentz connection € 44p-

To prove that Qb = T where T is the stress-energy tensor of the heterotic string in a curved
background, note that S = Sp + Snon—min of (2.15) and (2.25) implies that

T = %Hana — doTT* — w, VA® +Q (savXQ + EHATAGZ, (w@)) : (4.2)

So one needs to show that

1
Qbmin = _§HaHa - daHa - WQV)\a (43)
where
— 1 b\ = = 1 ~
bmin = —wall* + Ty — —— (\7) TuTy + —— (wya} ) (\°TD). (4.4)
4 (A)\) ()\)\)

Although b, is invariant under local Lorentz transformations, it transforms under the local scale
transformation of (2.19) as

Sbmin = —2AI°T, + 4AA——— (A\y*"r) Toly (4.5)

1
+(3%)
where we have used that T, of (3.7) transforms as 0T, = —2AT,. Using the definition of Q =
Q — Qr+s in (3.5), (4.3) is therefore implied if

- — AQ E— 1
Obymin + 20T, — EA) (A7) TuTy = =5 TLI* — daTI” — wo VA%, (4.6)
)
Because of the similarity of (3.5) with the flat space BRST transformations of (2.10) and the
result that Qqatbaat = That, proving (4.6) only requires showing that the various factors of (A*Q,,)
coming from (3.5) and (3.8) cancel out in (4.6).

The first term in (4.4) contributes no factors of (A*(2,,) and the second term in (4.4) contributes
—2(A)II°T, from the Q variation of T,. The third term in (4.4) contributes

1 N a 7 1 o a = 7 ab \T T
o (5 (M) ()\Q)) (Mebr) T,T, ’ (ﬁ) (BOQAY) (v°r)  T.T, ( ) (Metr) T,T,
((i\\i\z) (Mr) Ty, (4.7)



where the first term comes from the variation of ()\X)’l, the second term from the variation of A%,
and the third term from the variation of T',I',. Finally, the fourth term in (4.4) contributes

1 ~ ~ u 1 ~ “
- (5(/\9) (M)) (maA) (\°ID) + ——3(\Q) <W%A) (\y°II) (4.8)
2 ( A )\) 2 ()\)\)
1 ~ 1 ~ 1 o
+t = (W’Ya)\> 5(A) (M) + —— (w%)\) (A”Ya)az/\BTﬂbc (y*1m)” =0

2(\3) 2(\)

where the first term comes from the transformation of (AX)’l, the second term comes from the
transformation of w,, the third term comes from the transformation of A%, and the last term comes

from the transformation of II*. To show that (4.8) is zero, we have used that

1 RN
4(/@)()\7&9)()\%%@ (CLW )\) ( ) (A6¢82) (A ([Yar Yoe] + Yoeva) IT) (WV )\> (4.9)
1

= ®<Avacﬂ>(xv°n) (wr3)+

3 o~
- _2</\A/\>(>\Q)()\%H) («rX).

4<)‘1X) (M8 (AMYbevall) (WGX)

So we have proven that the (AQ) factors cancel out in (4.6), and therefore Qb =T
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A Computations in a flat background

In this appendix, we will prove the equation (2.14) for QT, and the equation Qb = T in a flat
background.
Using the BRST transformations of (2.10) acting on T, of (2.12), one finds

1

1 - 1 ~
QT = - © 1 (R ) = 2<AX)2<A7~) (a7a2) - () (dvar) (A1)
- 74 </\1X)3 (Ar) (M’ach> Nbe — 48 (;X)Q (rYaper) N + 603 (1)\X) (T'Yabc/)\\) (Ayed) .
The term independent of r agrees in (2.14) and (A.1), and the term linear in r in (A.1) is

(ma%cx) (AM'ed) (A.2)

1 < 1 1

(e s
) (AX)QQ ) () +

5 (AYar) (dva)

>~
/N
—_

AX)

= s ) (0'5) = 5 Oer) (M°72) (a"3)

(A1) s (W)



which is the term linear in r in (2.14). To go from the first line to the second line of (A.2), we
have used the identity

1 1. 1 5 1
5&1‘% + 6 (7" )ay(%c)ﬁé = 1725%7 - §525}§ (A.3)

together with the pure spinor constraints of (2.1).
Finally, the terms quadratic in r in (A.1) are

- 8(/\1X>2(r%bcr)Nbc - ) (;X)S (Ar) (TvabCX) Nbe (A.4)
= _%(T%bCT)NbC S 3 ()\Vdefvb,ﬁax> (ry?efr) NPe
s (W) 384 (A1)

1 1 ~
= ———— (Mabe?) N* + ——— ()\%%J\) (rv*%r) Nge
s(\) 16 (A1)
1 ~
= —————5(Mamr) (r’ybde)\> Nge,
16 (\3)
which is the term quadratic in 7 in (2.14). To go from the first line to the second line of (A.4), we
have used the identity r,rg = %ﬁjf (rYdesr). To go from the second line to the third line, we have

used that (M) Nee = $J(7°N)a where J = —A\%w, and that all terms proportional to .J vanish
using the pure spinor constraints of (2.1). And to go from the third line to the fourth line, we have

a b/\ B ~\ & b B — . .
used that (y,7) (’y /\) Sy ('yb)\) (v"r)" . So we have proven that T, satisfies equation (2.14)
in a flat background.
We now verify that Qb = T in flat space. Applying @ of (2.10) to (2.13), we obtain

Qb =T + (\II)

~ c 1 . " ~
(T%bc/\> N°® ) (,\X)Q(A )( %A) + , (AX)

b
8 (AX)Z

1 —a—|
T O Oyeer) +

4 (AX)Q

Using the identity

(Ma“r) (Mpar) (de%k)

AN (wyar) — (A7) w»an ! X’yabcr Nbe — i()\fyabcdw) r’ydeX , (A.6)
8 48
we obtain that the second term in (A.5) is equal to
16(1)&)()\7&11) ((Wwﬁ) Nbe 4 é(/\%bcdw) (T’YdeX)) ; (A7)

which can be seen to vanish using (M*)a(Ma)s = 0. Finally, the term proportional to T
in (A.5) vanishes using the identities (Ay*)a(AMa)g = (Ar)(Ar) =0 .
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