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Abstract We establish dynamical localization for random Dirac operators on the
d-dimensional lattice, with d € {1, 2, 3}, in the three usual regimes: large disorder, band
edge and 1D. These operators are discrete versions of the continuous Dirac operators and
consist in the sum of a discrete free Dirac operator with a random potential. The potential is
a diagonal matrix formed by different scalar potentials, which are sequences of independent
and identically distributed random variables according to an absolutely continuous probabil-
ity measure with bounded density and of compact support. We prove the exponential decay of
fractional moments of the Green function for such models in each of the above regimes, i.e.,
(j) throughout the spectrum at larger disorder, (jj) for energies near the band edges at arbitrary
disorder and (jjj) in dimension one, for all energies in the spectrum and arbitrary disorder.
Dynamical localization in theses regimes follows from the fractional moments method. The
result in the one-dimensional regime contrast with one that was previously obtained for 1D
Dirac model with Bernoulli potential.
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1 Introduction

The study of localization properties for random operators, in special the phenomenon of
dynamical localization, has become an important field of research. Several models of random
operators have been considered in the literature, such as the Anderson Schrodinger model,
Anderson-type random hamiltonians, the unitary Anderson model, random block operators,
among others (see references [1-4,8,10-12,14,17,19,20,26-28]). The prototypical model
in the study of localization properties of quantum states of single electrons in disordered
solids is the Anderson Schrodinger model, for which the property of dynamical localization
is known to hold in each of the following regimes (see [27] and references therein): (j) in any
spacial dimension and for all energies in the spectrum at larger disorder, (jj) near band edges
of the spectrum in any spacial dimension and for arbitrary disorder, and (jjj) for all energies
in the spectrum and arbitrary disorder, in dimension one.

In this paper we study dynamical localization in regimes (j)—(jjj) above for a class of
random Dirac operators, which we call discrete Anderson Dirac (DAD) model, defined by

Hy,(m, ) := Ho(m, c) + Vo, ey
2 if defl,2}
4 if d=3

m > 0 is the mass of a particle in the lattice Z¢ and ¢ > 0 represents the speed of light. The
free Dirac operator Hy(m, c¢) and the random potential V,, are defined as follows:

(i) Ho(m,c) :=cDy + mc?By with
(0 4df _ 0 df —id; _ 0, o-D*
Dl_(dl 0)’D2_(d1+ia'2 o ) PB=ed o0 )

I o
By = By = o3, B3=<022 _122>, 2)

acting on the Hilbert space 12(Z4,C") with v = { ,where w € Q = JRZd,

where I is the 2 x 2 identity matrix, O; is the 2 x 2 null matrix, o = (o1, 02, 03) is the
triple of usual Pauli matrices given by

() (0 F) () e

D = (dy, d», d3) is the triple of finite difference operators d; = t; — Id, j € {1, 2, 3},
each acting on />(Z4, C), where © ; is the right shift only in the coordinate j, and D* =
(df, d3, d3) is the triple of adjoints of di, d> and d3, respectively. We have

3
. o dy dy—idy
U'D_X;Gfdf_(dl—kidz —ds )
j=

3
* ok d;‘ df —id;
GD_ZG]dj_<dT+id; —d;‘ .
j=1

The operator Hy(m, c¢) is bounded and self-adjoint on / 2(z4,CY).
(i1) V,, is a diagonal matrix formed by different random potentials Va()a) : 24 — R given by
Ve (j) = wjq with j € Z4 anda € A= {1,..., v} (v = 2 or v = 4). We write

V, = diag (v;)”, V). @)
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We assume that @ = {®ja}jezd gea i @ 2-parameter family of independent, identically
distributed (i.i.d.) random variables with common Borel probability measure p which is
absolutely continuous with bounded density p € L°°(R) and of compact support. We denote
by

suppui=f{x eR:pulx —€,x+¢€) >0, Ve > 0} = [0Omin, ©max]

the support of @, where wmin = inf (supp @) and wmax = sup(supp w) . Let P be the product
measure generated by the pre-measure induced by p on the Borel cylinder sets in Q2 = RZ’,
Under the above assumptions, the potential matrix V,, is a bounded multiplication operator
and therefore each H,,(m, c), defined in (1), is a bounded self-adjoint operator on [ 2(z4, ).
These operators H,, (m, c) are discrete versions of the continuous Dirac operators in quantum
mechanics [29]. Dynamical and spectral properties of the model (1) in dimension d = 1 have
already been studied by the authors with other potentials [7,10,23]; the explicitly versions
of this model in d = 2 and d = 3 are being considered here for the first time (to the best of
our knowledge).

In [10], two of the present authors have studied dynamical localization (uniform bound-
edness in time of each moment of the position operator, i.e., relation (6) in Sect. 3) for the
model (1) in dimension d = 1 with potentials V,,(n), n € Z, being i.i.d. Bernoulli random
variables taking values &V with V > 0. It was shown in [10] that the massive case (when
m > 0) has dynamical localization and the zero mass case presents dynamical delocalization
for specific values of the energy. The method that was used to obtain dynamical localiza-
tion was the multiscale analysis, a technique initially developed by Frohlich and Spencer in
1983 [13].

In the present work, we establish dynamical localization in the strong exponential sense of
Definition 3.1 (see Sect. 3), for the DAD model (1) in the regimes (j)—(jj) mentioned above,
for dimensions d € {1, 2, 3}, and for dimension d = 1 in the regime (jjj). This concept of
dynamical localization implies that H,,(m, c¢) has pure point spectrum for almost every w (see
Sect. 3) and is a way of asserting that solutions of the Dirac equation H,,(m, c)W () = i 9,V (t)
keep strongly localized in space, uniformly in time, so that all moments of the position
operator are bounded in time (see relation (6) in Sect. 3, which is interpreted as absence of
quantum transport). The method used here to obtain dynamical localization is the fractional
moments method (FMM), described in Theorem 3.1, which was introduced by Aizenman and
Molchanov in 1993 [2]; it was further developed in [3,16] and recently it was extended for
random operators acting in spaces /2 on general graphs [4] (see also the review paper [27]).
This method gives dynamical localization under the condition that the fractional moments of
the Green function decay exponentially. Although it requires that the distribution of potential
values is absolutely continuous with bounded density and of compact support, the FMM is
technically simpler than the multiscale analysis, and in general it also gives stronger results
on dynamical localization. The applications of the FMM to DAD model are described in
Theorems 3.2, 3.3 and 3.4 (see Sect. 3.2 for details), which shows the exponential decay of
fractional moments of the Green function in the three usual regimes: large disorder, band
edge and 1D; these are the main results of this paper.

The main motivation for studying dynamical localization for DAD using FMM comes
from the d-dimensional discrete Anderson Schrédinger model. Although we have gotten
final statements similar to the Schrodinger case, the application of the method to the Dirac
setting is not immediate, and each step needs to be verified. Now we mention some points of
contrast or connection with respect to the Schrodinger case:
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(i)

(iii)

(iv)

v)

(vi)

In contrast to the Schrodinger case, model (1) have different actions depending on the
spatial dimension d € {1, 2, 3}; hence, we have some specific calculations and details
in each dimension, as in the proof of Theorem 3.2.

In model (1), the potential V,, is a diagonal matrix (4) formed by different potentials
Va(f")( J) = wjq which are i.i.d. random variables with the same probability measure.
In addition, we assume the independence of the variables w;, and wig not only with
respect to positions j, k, but also with respect to the components «, B (two distinct
sequences are independent). These facts are essential in the proofs of Proposition 4.1
and Theorems 3.2, 3.3 and 3.4; we underline that the analysis here does not cover
the case of potential which does not depend on the component variables. In the one-
dimensional Schrodinger case the potentials are sequences of scalars, but since the
potential here is assumed to depend on the component variables, our model really can
be reformulated as a Schrédinger model on a product graph (e.g., 74 x {1, 2, 3, 4}); so,
from some perspective, this is an interesting case of random Schrodinger models with
particular potential physical relevance.

The definition of Green function is different from the Schrodinger case because the
matrix elements fo)ﬁ (j, k; z) depend not only on the positions j, k € Z?, but also on
components «, 8. Thus, we obtain recursive relations (30)—(40) between the fractional
moments of the components of Green function, in dimensions d € {1, 2, 3} (see proof
of Theorem 3.2), which implies, by using Proposition 4.1, in exponential decay of those
moments in each component.

The spectrum of the free Dirac operator Ho(m, ¢) consists of two disjoint intervals
(except for m = 0) with the famous negative energies (see Theorem 2.1), whereas just
one interval for the Schrodinger model on Z¢; this implies in four extremes energy
intervals / g—L (m, ¢) (form > 0and 0 < wmax < 2mc?) for which H,(m, ¢) |7, exhibits
dynamical localization (see Theorem 3.3).

In contrast with the 1D Bernoulli potentials mentioned above, for DAD with null mass,
i.e.,m = 0, itis concluded in Theorem 3.4 that dynamical localization holds true for all
energies in the spectrum (under arbitrary disorder), in the case where the distribution
of the potential is absolutely continuous with bounded density of compact support.
There is, therefore, a drastic difference in dynamical behavior of the DAD between a
continuous and a extremely singular distribution (i.e., Bernoulli).

In the proof of our 1D localization result (Theorem 3.4), we work with the FMM in
infinite volume and with complex energies, while in the localization result obtained for
one-dimensional Anderson Schrodinger model (Theorem 4.1 in [18]), the authors have
established the exponential decay of fractional moments of the Green function in finite
volume and for real energies.

The results are divided into three parts. In the first one, which refers to large disorder
regime, we establish the boundedness of the fractional moments of the Green function of
the operator H,, ; (m, c), for every A > O (Proposition 4.1). Using this result together with
the decoupling Lemma 5.1, we obtain the exponential decay of fractional moments of the
Green function, for dimensions d € {1, 2, 3}, for large disorder A and for all energies in the
spectrum (see Theorem 3.2(i)). Dynamical localization for H, ; (m, c¢) at large disorder and
for all energies in the spectrum (see Theorem 3.2(ii)) then follows from fractional moments
method in the Dirac context (Theorem 3.1). In the second part, which refers to band edge
regime, we establish the exponential decay of fractional moments of the Green function
of the operator H,(m, c) (restricted to subspaces of negative and positive energies), for
dimensions d € {1,2,3} and m > 0, at energies near the bottom of the spectrum (see
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Theorem 3.3(i) for precise statements). The general idea in this case is the following: we
control the expectation value of fractional moments of the infinite volume Green function in
terms of the corresponding expectation values of finite volume restrictions of the operator
(see Proposition 8.1 and the decoupling estimate (61) in Sect. 10). Dynamical localization for
H,(m, c) at energies near the bottom of the spectrum (see Theorem 3.3(ii)) follows, again,
by Theorem 3.1. In the third part, which refers to 1D localization regime, we establish the
exponential decay of fractional moments of the Green function of H,,(m, c) at all energies
of the spectrum (see Theorem 3.4(i)), which implies dynamical localization in this regime
(Theorem 3.4(ii)). In the one-dimensional case, we use the formalism of transfer matrices
(see Sect. 12), which allows us to obtain the exponential decay in Lemma 12.1, as well as a
special representation (65) of the Green function in terms of generalized eigenfunctions.

In the case of null mass m = 0 or the massive case m > 0 with wmax > 2mc2, there is no
gap in the spectrum of H,,(m, c¢) (see Sect. 2) and the proof of Lemma 7.1 (initial estimate of
Lifshitz tails) does not hold; consequently, we can not guarantee dynamical localization for
H,(m, c) in these cases (except if wmax is sufficiently large so that the large disorder regime
is reached).

1.1 Connection with Other Works

At first glance, the results presented here may be seem as particular cases of those in [12,28],
where localization in the large disorder regime for Schrodinger operators with nonmono-
tone random potentials and for Anderson models on locally finite graphs have been studied,
respectively, or even [11,14], where weakly disordered regime for Bogoliubov-de Gennes
operators and band edge regime for random block operators have been considered, respec-
tively. However, there are some differences that are worth mentioning.

First, by (ii) above, differently from [11] (where the potential V is defined in their rela-
tion (19) with the assumptions required for the operator be self-adjoint and with an uniformly
«-Holder continuous distribution of i.i.d. random variables) and [12] (where the nonmono-
tone potentials sequences of i.i.d. random variables has an «-regular distribution with a finite
g-moment), the potential considered in DAD model is a monotone diagonal matrix (4) with
i.i.d. random variables in each entry, which distribute according to an absolutely continuous
probability measure with bounded density and of compact support, with each entry com-
pletely independent of the others; this is a fundamental technical assumption in our proofs.
In [11], localization is proven in the weak disorder regime for the spectrum in the central
gap, with quite different techniques from this paper. Our strategy in this work is to use the
FMM in infinite volume (Theorem 3.1), whereas in [12] the authors base their arguments on
eigenfunction correlators in finite volumes and a Wegner estimate.

In [28], the localization in large disorder regime is studied specifically for Anderson
Schrodinger models on locally finite graphs, a class of operator different from DAD. The
work [14] uses the technique of multiscale analysis to establish dynamical localization for
random block operators in a neighborhood of the internal band edges and, once again, their
model does not include DAD as a particular case.

Finally, the Dirac model (1) can be seen as a particular case of models studied in [2], but
our localization results (Theorems 3.2 and 3.3) are technically different from the obtained
in [2] (in particular, they depend on some specific constructions of DAD; see comments in
Sect. 3.2).
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1.2 Some Physical Remarks

The introduction of the discrete Dirac model in 1D [9,10] was motivated by the desire
to present a corresponding version of the usual tight-binding Schrodinger case, with the
possibility of a zero mass m parameter, where its transfer matrices are quite similar to the
dimerized Schrodinger transfer matrices (which results in specific physical properties in
case of m = 0, as delocalization for some Bernoulli potentials). We have then considered
this model with sparse potentials [7,23] and obtained some dynamical bounds for specific
models [22]. The 1D Dirac model has also been used in related but different contexts [5,15,
21,24,25,30].

It is natural to consider the discrete Dirac model in two and three dimensions, particularly
in the context of Anderson potentials and localization, both spectral and dynamical. This is
the subject of this work, which discuss the three usual regimes of dynamical localization for
the DAD model, using the FMM in infinite volume.

1.3 Organization

The organization of the paper is as follows. In Sect. 2 we describe explicitly the spectrum
of the Dirac operators (1). Sect. 3 is divided into two Sects. 3.1 and 3.2: in the first, we
present the FMM adapted to the DAD model (Theorem 3.1); in the second, we present our
results on dynamical localization for DAD in the regimes: large disorder (Theorem 3.2), band
edge (Theorem 3.3) and 1D (Theorem 3.4). In Sect. 4 we prove the boundedness of fractional
moments. Section 5 is dedicated to the proof of Theorem 3.2. In Sect. 6 we define finite volume
restrictions of H,,(m, ¢) with Neumann and simple boundary conditions. Section 7 is devoted
to establishing probabilistic estimates on the eigenvalues of finite volume restrictions next to
bottom of spectrum of H,,(m, c). In Sect. 8 we obtain the exponential decay of the fractional
moments of the Green function of finite volume operators given by Proposition 8.1, which
is a fundamental result for the proof of Theorem 3.3. The geometric resolvent equation is
described in Sect. 9. In Sect. 10 we establish relations of decoupling of fractional moments
that allow us to write the fractional moments of the infinite volume Green function in terms
of the corresponding finite volume Green function. Section 11 is dedicated to the proof of
Theorem 3.3. In Sect. 12 we present properties of the 1D Dirac model. Finally, Sect. 13 is
dedicated to the proof of Theorem 3.4.

2 Spectrum of the Anderson Dirac Operators

The goal of this section is to characterize explicitly the spectrum of the Dirac operators
H,(m, c), defined by (1). We denote it by o (H,,(m, c)). First, we find the spectrum of the
free operator Hy(m, c), which in the 1D case has already been established in Proposition 2.8
in [7] through the behavior of the m-function. Here we obtain the spectrum, for dimensions
d € {1, 2, 3}, via Fourier transform.

Theorem 2.1 The spectrum of Ho(m, c) is given by
o(Ho(m, ¢)) = [—\/mzc4 + ayc?, —mcz] U [mcz, Vm?Zet + adcz]

with the constant
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266 R. A. Prado et al.

4 if d=1,

ag = | 6+4v2 ~11.66 if d=2,
max _fi(x) ~17.23 if d=3,
xe[0,27]3

where

3
fr)y= 2% (1 —cosx))+ [8 Y (I —cosu)(l—cosv)(l —cos(u —v)),

j=1 (u,v)eC

for x = (x1,x2,x3) € [0, 27 and C = {(x1, x2), (x1, x3), (x2, x3)}. Furthermore, the
spectrum of Hy(m, c) is purely absolutely continuous.

Proof Asusual, we will show that the free Dirac operator Hy(m, c) is unitarily equivalent, via
Fourier transform, to a diagonal matrix operator formed by multiplication operators. In fact,
consider the Fourier transform F : L2([0, 2714, C¥) —> 12(Z4, C") and its inverse F !, in
dimensions d € {1, 2, 3}, given by

N1 ijx -1 _ 1 N ijx
(Fg)(j) = W /[‘0 - e gx)dx and (F u)(x)= W Z u(je’ ",
’ jeZ"
where j - x = Zi:l JnXn. A calculation shows that
[(F~ Ho(m. ©)F) g] (x) = My g(x).

forall g € L2([0, 2714, C¥), x = (x1, ..., xq) € [0, 27]¢, with

d
Mg =cy S +mc®Bs, defl,2,3),

n=1
where B, are the diagonal matrices defined in (2) and

*
Sil) _ Siz) — Uy (1), Séz) = ooUs(x2), SO = ( 02 (0,U_(xp)) >,

onU_(x,) 0,
with 0, n € {1, 2, 3}, being the Pauli Matrices defined in (3) and

em—1 0
Ui (xp) = < 0 e:l:ixn _ 1) .

After diagonalizing the matrices M, (for x fixed), we obtain the diagonal matrix

D; = diag (A1 (x), A2(x)) for d e {1,2},

where A1 (x) = —A2(x) = /m2c* + 2 f (x) and
Fix) = 2(1 —cosx) if d=1,
=201 — cosxp) (1 — sinx2) + 2(1 — cosx2)(1 +sinxy) if d = 2.

In dimension d = 3,
Dg = diag (A1(x), A2 (x), A3(x), A4(x))
where A1 (x) = —A3(x) = V/m2c* + 2 f1(x), A (x) = —Ag(x) = V/m2c* + 2 f_(x) and

3
fi(x)=22(1—cos(xj)):|:\/8 > (I —cosu)(l — cosv)(I — cos(u — v)),

j=1 (u,v)eC
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for x = (x1,x2, x3) € [0, 271 and C = {(x1, x2), (x1, x3), (2, x3)}.
It follows that Hy(m, c) is unitarily equivalent to the diagonal matrix operator D,, which
is formed by multiplication operators M;, (x), i € A. Thus

o (Ho(m.c)) =0(Dg) = | o(My,)

icA
= [— max Aj(x), — min M(x)] U [ min  A;(x), max M(x)]
xe€l0,2714 xe€l0,2714 x€[0,2714 xe[0,2714
with
min A (x)= [m2c*+¢2 min  fi(x) =vVm2ct+ 20 =mc?
x€[0,2714 x€[0,2714
and

max Aj(x) = \/mzc4 +c2 max fy(x),
xel0,2m]4 xel0,27]4

where max . ¢[02,1¢ f+(X) = aq is given in the statement of the theorem. Moreover, the

function A; : [0, 27]¢ — R is continuous and inverse images of sets of zero Lebesgue

measure in R under the function A; are sets of zero Lebesgue measure in R?. Therefore, the

spectrum o (Ho(m, ¢)) = UieA 0 (M, (x)) is purely absolutely continuous. ]

The next step is to determine the spectrum of H,, (m, c). It follows, as a consequence of the
general theory of ergodic operators [19], for which the Anderson Dirac operator is a special
case, that the spectrum of H,,(m, c) is almost surely deterministic, i.e., there exists a closed
subset X of R such that

o(Hy(m,c)) =%, P-as.

The following result explicitly describes the spectrum of the Dirac operators H,,(m, c). The
proof will be omitted since it is analogous the proof of Theorem 3.9 in [19] or Theorem 2
in [27].

Theorem 2.2 The spectrum of H,(m, c) is almost surely given by
o (H,(m, ¢)) = o (Hy(m, ¢)) + supp [ .

By hypothesis, supp it = [@min, ®max]. Without loss of generality we will assume that
omin = 0, since otherwise just consider the operator Hy,(m, ¢) — @minl2. Thus Va()“)( j) =
wjq > O0forall j € 74 and o € A. By Theorems 2.2 and 2.1, the spectrum of H,(m, c) is
almost surely

o(H,(m,c)) =X = [—\/mzc4 +agc2, —me* + a)max] U [mcz, Vm2e* + agc? + a)max] )

Furthermore, if one assumes that 0 < wmax < 2mc* for m > 0, which guarantees the
existence of the gap (—mc? + omax, mc?) in the spectrum of H,,(m, ¢) for m > 0, then the
values

—Vm2c* +agc?, —mc® + omax, mc? and Vm2c* + agc? + omax

are the band edges of o (H,,(m, ¢)). Inthe case m = 0, the spectrum of H,,(m, c¢) does nothave
a gap and —/m2c* + agc? and /m2c* + agc? + wmax are the band edges of o (H,,(m, ¢)).
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3 Results on Localization

In this section we discuss the concept of dynamical localization (Definition 3.1 below) and
some of its consequences. We further include two Sects. 3.1 and 3.2: in the former, we present
the criteria of the fractional moments adapted to the DAD model (Theorem 3.1), which is
used to obtain dynamical localization; in the latter, we present the main results of this work
(Theorems 3.2, 3.3 and 3.4), i.e., dynamical localization for the Anderson Dirac operators (1).

Denote by {ej“}jeZd,aeA = {e;® 50‘}jer1,aeA the canonical orthonormal basis of

12(Z4, C"), whose elements ¢ i ® 84 are tensor products of elements of the canonical basis
{e; }jeZd of 12(Z¢, C) with elements of canonical basis {8y }yc 4 of C’, where A = {1, 2}
ifd € {1,2} and A = {1, 2, 3,4} if d = 3. Throughout this paper we will use the norm
Ll i= 1l Lal of j = Gty -y ja) € 29,

Definition 3.1 The operator H,(m, c¢) exhibits dynamical localization in an bounded set
I C R if there exist finite numbers C > 0 and 1 > 0 such that, for each j, k € 74 and each
o, B e A,

E (sup (e 18079y (11, om, C))ek/S)D < ceMli A, s)
teR

Here, E(X) = [, X dIP denotes the expectation with respect to the probability measure P for
random variables X on 2 and x;(H, (m, ¢)) is the spectral projection of H,,(m, ¢) associated
with I.

Dynamical localization in the form (5) implies that all moments of the position operator
are bounded in time (see [27]; it is similar for the Dirac model), i.e., for all p > 0 and for
any W € [%(Z?, C") of compact support,

sup H|X|p e IH 0 5 (H (m, c))\IJH <oo P-as., 6)
teR

where the “position” operator | X| is defined by (| X| ®) (n) = |n| ®(n). Thus, the solutions
of the time-dependent Dirac equation H,,(m,c)W(t) = id,W(z) stay localized in space,
uniformly for all times, which is interpreted as absence of quantum transport.

It also true that dynamical localization implies that H,, (m, c¢) has pure point spectrum, for
almost every w, via the RAGE Theorem (see Proposition 5.3 of [27]; a similar result is valid
for the Dirac model). The proof that the spectrum is pure point does not imply exponential
decay of the corresponding eigenfunctions. Nonetheless, it is shown in [2,4] how this follows
directly from exponential decay of the fractional moments of the Green function (estimate (8)
of the Theorem 3.1 below) using the Simon—Wolff’s criterion.

3.1 Fractional Moments Criteria for Localization

The Green function G, (m, ¢, z) of H,(m, c) is the matrix representation of the resolvent
(H,(m, ¢) — zI)~!, whose elements are given by
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G (j, k; 2) i=eju, (Hu(m, ¢) — z1) " exp), @)

with j,k € Z%, o, € Aandz € C\ R.

The following result, which is the fractional moments method adapted to DAD, is used
as a criterion to establish dynamical localization for H,,(m, c¢). This result is a consequence
of Theorem 7.7 in [4] (where the result is formulated in the context of general graphs)
and Definition 3.1 above; it can also be obtained from a version that was developed for the
discrete Anderson Schrodinger model (see [2,27]). Nevertheless, there is also a version of this
method in finite volume (Theorem 7.11 in [4]), which applies to Dirac Hamiltonians H,,(m, ¢)
restricted to finite subsets of Z¢ (see also [3,27])). In order to obtain dynamical localization,

we just need to prove that the fractional moments E (|fo)’3 (J, k; 2)|° ), for s € (0, 1), decay
exponentially with |j — k|.

Theorem 3.1 (FMM) Let I C R be a bounded set. If there exist s € (0,1),0 < C < o0
and n > 0 such that, for each j, k € Z¢, a, B € A, all E € I and € > 0,

E(G¥(j. k: E +ie)) < Ce M=K, ®)
then H,(m, c) exhibits dynamical localization in the form (5) on the bounded set I.

3.2 Localization Regimes

We will show that for each of the regimes (j)—(jjj) described in the Introduction, we have the
exponential decay of fractional moments of the Green function (Theorems 3.2, 3.3 and 3.4
below). Thus dynamical localization in each of these regimes follows by Theorem 3.1. In
the proofs of our results we work with H,,(m, c¢) in infinite volume, that is, with DAD acting
on the space 12(Z4, CV) (in the especial case of Theorem 3.3, we relate H, (m, c¢) with their
finite volume restrictions). However, these localization proofs can be adapted for the context
of finite volume, using ideas from [3, 18].

In order to discuss the large disorder regime, we introduce a disorder parameter A > 0 in
the DAD model and consider

Hy 3 (m, ) := Ho(m, c) + 1V, (C))

with Hy(m, ¢) and V,, defined by (i)-(ii) in the Introduction. We denote by G, » (m, c, z) the

Green function of H,, ; (m, ¢) with matrix elements Gzﬁ 5 (J, k; ) defined as in (7).
The first main goal is to check the fractional moment condition (8) for H,, ) (m, ¢) with
large enough disorder A. More precisely, we prove in the Sect. 5 the following result:

Theorem 3.2 ( Localization at large disorder) Consider the operator Hy, ) (m, c) defined by
©).

(i) Let 0 < s < 1. There exists Lo > O such that for . > Ao, there exist finite numbers
C = C(ro) > 0and n = n(hg) > 0 such that

E (1620, Gk ) = ceTliTH,
forall j,keZ% a,8 € Aandall z € C\R.

(ii) ForeveryX > A, the operator H,, ; (m, c) exhibits dynamical localization in the form (5)
on its spectrum.
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Theorem 3.2 can be obtained as an application of the Theorem 3.1 and Lemma 3.2 in [2],
since due to example (c) of the Sect. 4 in [2], the DAD model can be considered as a particular
case of the operators H = T + Up(x) 4+ ALV, with diagonal disorder. However, we would
like to stress the following:

e In [2], the distribution of the potential is conditionally absolutely continuous and con-
ditionally t-regular, with some 0 < 7 < 1. In DAD, the distribution of the potential is
absolutely continuous with bounded density and of compact support.

e Our proof uses Proposition 4.1 (boundedness of the fractional moments of the Green
function), which is also used in the proof of our localization results in band edge and 1D
regimes (Theorems 3.3 and 3.4 below).

e The proofs of Proposition 4.1 and Theorem 3.2 explicitly need the independence of the
potentials Va()a) (j) with respect to positions j and components «.

e The proof of our result does not use the fact that H,, (m, ¢) has almost surely a complete set
of orthonormal eigenfunctions that decay exponentially (as in Theorem 3.1 in [2]), but so
recursive relations (30)—(40) between the fractional moments of the components of Green
function, which are specific of DAD. Such relations result, by using Proposition 4.1, in
exponential decay of those moments in each component.

Let H, and H_ be the subspaces of [2(Z¢, C") of negative and positive energies, respec-
tively. We denote by P4 the orthogonal projection operators onto H+ (for more details see
[29]). We can write [2(Z4, CY) = Hy @ H_ and every state ¥ € 12(Z4, C") can be uniquely
written as W = W + W_, where ¥, = P,V and V_ = P_W. Moreover, for nonzero
vectors, (V, Hy(m, c)¥y) > 0and (V_, Hy(m, c)¥_) < 0. We denote by

Hy(m, )|ny = Ho(m, O)|ny + Violrs (10)

the restriction of H,,(m, ¢) to the subspaces H+. Let ng‘ *(m, ¢, z) be the Green function of
H,(m, ¢)|., with matrix elements Gz,ﬁ’Hi (J, k; z) defined as in (7).

The following theorem is the main technical result of this paper on band edge localization,
which we prove in Sect. 11. This result is different from Theorem 3.2 in [2] and its proof uses
the initial estimates of Lifshitz tails given in Lemma 7.1, Proposition 8.1 and the decoupling
estimate (61).

Theorem 3.3 (Band edge localization) Consider the operators Hy,(m, c)|1, defined by (10)

withm > 0 and let 0 < wmax < 2mc2.

(i) Foreverys € (0, 1), there exist finite numbers § > 0, C > 0 and n > 0 such that
E (1G4 (ks E+io)l) < celi an

forall j,k € Z%, a,p € A E € Isi(m, c) and € > 0, where I;'(m, ¢) is any of the
positive energy intervals

[mc?, me® + 8] or [\/mzc4 + agc? 4+ wmax — 8, Vm2c* + agc? + a)max] , (12)

and I (m, c) is any of the negative energy intervals

[—1mc? 4+ wmax — 8, —mc* + omax] oF [—\/m2c4 + agc?, —/m2c* + agc? + 8] .
(13)

(i1) The operator H,(m, ¢)|w,. exhibits dynamical localization in the form (5) in I(SjE (m, c).
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The strategy of the proof of item (i) of Theorem 3.3 is the usual in the FMM, namely, we
control the expectation value of fractional moments of the infinite volume Green function,
IE(leffg’Hi (j.k; E 4+ ie)|*) for s € (0, 1), in terms of the expectation value of fractional
moments of the Green function of a finite volume restriction of the operator [see Proposi-
tion 8.1 and the decoupling estimate (61)].

For the one-dimensional DAD, dynamical localization holds throughout the spectrum,
independent of the disorder strength. More precisely,

Theorem 3.4 (1D localization) Consider the operator H,,(m, c) defined by (1) onl 2(z, C?).

(1) There exists a number sy € (0, 1) such that, for each 0 < s < 5o, there exist finite
numbers C > 0 and n > 0 such that

E(IG¥(j, ki E +i€)|*) < Ce M 7H, (14)

forall j,keZ, a,Be{l,2}, E€o(Hy(m,c))ande > 0.
(i) The operator H,(m, c) exhibits dynamical localization in the form (5) on its spectrum.

Theorem 3.4 is proven in Sect. 13. In the one-dimensional case, the proof of localization is
different from the established in large disorder and band edge regimes. In this case, one has the
formalism of the transfer matrices (see Sect. 12), which allows one to obtain the exponential
decay described in Lemma 12.1 and the special representation (65) of the Green function
in terms of generalized eigenfunctions. In Sect. 13, we show how this leads to exponential
decay in (14).

4 Boundedness of Fractional Moments

The proof of Theorem 3.2 follows general ideas from [2,27] used in the context of the
Anderson Schrodinger model, but with specific constructions of DAD as have been mentioned
in Introduction and Sect. 3.2. The first important point in this proof, which is the goal of this
section, is to establish the boundedness of the fractional moments of the Green function (for
any parameter A > 0); this is the content of Proposition 4.1 below (a-priori bound, adapted
from [27]). The following two lemmas, whose proofs can be found in [16,17,28], will be
used in the proof of Proposition 4.1.

Lemmad.l Let g : R — R be a nonnegative function with g € L'(R) N L®(R) and
) _g 25s7F
s € 0, 1). Then, for C(s, &) = llglis gl ™ 5=

< 00 one has, for each 6 € C,
s

1
———g)dv < C(s,9).
/suppg wtor® 8

Lemma 4.2 Foreverys € (0, 1) and a > 0, there exists a constant C(a, s) < oo such that

/d M —uD)™ " du < Clas),

—a

1
Sfor each matrix M € Moy (C) such that either Tm M = ?(M —M*>00rIm M <0.
i
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Proposition 4.1 For each s € (0, 1), there exists a constant C; = C1(s, p) < oo such that,
foreach j k€ Z¢, a,p € A, z € C\Rand » > 0,

B (162G k) = €, (1)
where
B () = / / c e p(@)o)dwjo plang)doig
is the conditional expectation with (®1y)jczd\(j i} or y#a,p fixed. Consequently,
E(1G2F, Gk 9F) = €1, (16)

Proof Let us fix the parameters m, ¢ and denote H,, ;, = H,, (m, c¢). The proof of (15) is
split into two cases:

(1) (j,®) = (k, B). In this case, for j € 7% and o € A fixed, write » = (&, wjq) Where
@ = (@1y)1e74\(j) or y#a- L€t Pejy = (€ju, - )€ja be the orthogonal projection onto
the subspace spanned by ¢ . We can separate the w j, and & dependence of H,, ) as

Hw,k = [f@’)L =+ )\a)jaP

€ja'

Observe that the operators H,, ; and H; ; are bounded self-adjoints on / 2(z4,C") and
z ¢ 0(Hy ) Uo(Hg ;). Thus, by the second resolvent identity we have

(Hyp — D)™ = (Hg, — 2D = hwjo(Hg . — 21) " Pejy (Hop — 2D 7.

It follows from this relation that the corresponding diagonal elements of the Green
functions satisfy

G2% (j. j:12) = GS%(j. j12) = AwjaGS% (. j1 )G, (j. ji 2). (17)
Im G (j. ji: 2)
Since the Green function satisfies I— > 0 for Im z # O, then

mz
G (J. J32) # 0 and it follows from (17) that

1 1
G (j,ji2) = ——— with §= ————. 18
S50 1D = £= G0 (18)
Note that £ not depend on wjy. Thus, writing ]Ejf(~ -) = f~~,0(a)ja)dwja and
using (18), we find that

o 1
ES (1G85 Gy s 9I°) = F/

1
5 p(a)ja)dwjot =< )\.T C(57 :0)7
supp p ‘a)ja + X

with the constant C (s, p) given by Lemma 4.1 (applied for 6 = £/ and g = p), which
is independent of A and &, and thus independent of @, z, j and «.

2) (j, o) # (k, B). We prove this case replacing the rank-one perturbation argument above
by a rank-two perturbation argument. For j, k € Z% and o, 8 € A fixed, we write
0 = (&, Wjo, Okp) Where ® = (W1 )jezd\(j k) or y2a,p- LELP = Pej, + Peyy and write

Eja

Hy = Hpp + 2wjo P

Cja

+ Awg Pekﬂ .
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Using the second resolvent identity we obtain
P(Hyj—2D)™'P = P(Hg; — 2™
X P —AP(Hy; —21) ' P(wjo Pe;, + wrp Peyy)
X P(Hy, —zI)~'P. (19)

Now the operators P (H,, j — zI)~'P and P(H ) — zI)~!'P canbe represented by the
matrices (in the space M2 (C))

o (GanG o) G (j.k:2) o (Canuisia) G, (. ki 2)
GI (k. ji) Gk ki2) GEA (k. ji2) G koksi)

respectively, since GZ’S 2 kiz) = (eja, P(Hy —z1 )1 Pekﬂ). Moreover, the operator
@ja Pej, + wip Peyy 18 represented by the matrix diag(wjq, wkg). Replacing these matrix

€j
representations in the relation (19) and developing it, we get

—1
| A-1 Wiy 0
o-fornlr )]

which is a special case of the Krein formula (Lemma 2.2 of [2]).
Using (20) and the fact that G(‘f)\ (J, k; z) is one of the matrix-elements of Q, we find

N
1 1. w 0\
af af ol S of -1 Wja
spetosan) (|- )] |
2 a pa 1"
||,0||oo/ / _léfl_ wjq 0
VR P A 0 g

with a > 0 large so that [—a, a] D supp p. In the double integral we use the change
a(wjaawkﬁ)‘ — 2 As

dwjqdwyg,

of variables ut = (wjq & wig) /2, which gives a Jacobian factor |5 s

Wjo,wkg € [—a, a] implies uy+ € [—a, a], we obtain the bound

s

, 20pl%, [ (¢ 1. —u_ 0 =
Ej.fi (lGZfA(],k;z)I‘Y)STOO/ / -0 (S o . )l dudu_
—da —da -
4 2 C(s,
L Aalols o = €60
A’A )\‘.S

with the constant C(a, s) given by Lemma 4.2, which was applied to the matrix
1A 1 —u_ 0
m=—0+ (7))
since Im M = %(M—M*) >0ifImz > 0andIm M < 0if Im z < 0. Indeed,

Im M
Im z

Im (Hp; —z1)~!
Im z

Thus, we have concluded the proof of estimate (15). Taking the expectation of both sides
of (15) we get (16); indeed,

PQ_l >0.

_1 A—I*P
= (@)

E (1650, Gk 9l = E (B, (1655, Gk 91" ) ) < EC1a™) = Cia™

[}
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S Proof of Localization at Large Disorder
This section is dedicated to the proof of Theorem 3.2. Besides Proposition 4.1, we also need
the following result (decoupling Lemma 4.2 in [27]):

Lemma 5.1 Let O < s < 1. For each function g € L°°(R) of compact support, there exists
a constant Cy < oo such that, for each &,0 € C,

1 _#1S
fmg(v)dv < C2/ :Z—i:s g(w)dv.

Proof of Theorem 3.2 (i) Let j, k € Z¢,«, B € Aandz € C\R.If j = k, the result follows
directly by Proposition 4.1. Suppose j # k. Then, for dimension d = 1, we have

0 = (ejas ex1) = (€jar (Hwp — 2) " (Ho, — zDex1)
= (eja. (Hoy — 27! [(m62 + Aopl — 2) ex1 + ¢ (egr1y2 — ex2)])

which implies

[roxi — (2 =mc?) ] GE (ks 2) = ¢ [G2% (. ks 2) — GX5, Gk + 159 . 21)
Similarly for the other component in d = 1, we have

[hora — (z+mc?)| G (. ki 2) = ¢ [G2), (ki 2) = GEL (. k — 1:2)]. (22)

For dimension d = 2, the analogous relations to (21) and (22) are, with j = (j1, j2), k =
(ky, ky) € 72, respectively,

[rox1 — (z = mc?)] G2l (. ks 2)
= c[(1 + DG (. ki ) — G234, (ky + 1, k2); 2) — i (J, (kKo + 15 2)]
(23)
and
[ron2 — (z+ mcz)] Gi‘f/\(j, k; z)
=c[(1 =G, (j.kiz) = G\ (. (ki — 1. k2): 2) +iGEL, (. ki ka — 1) 2)].
(24)

For dimension d = 3, relations (21) and (22) are replaced by the following four relations
(with j = (j1, j2, j3), k = (k1 ko, k3) € ZP):

Aokt — (z = mc?)] G2 (ki 2) = c[G22, (j. ks 2) — G2, (j. (k1. ko, k3 + 1) 2)
+ 1+ )G (. k: 2)
—G% (j, (ki + 1, ka, k3); 2)
—iG% (j, (ki ko + 1, k3); 2], (25)

[how2 — (z = mc?)] G234 (j. ks 2) = el(1 = DG, (. k: 2)
G, (j. (k1 + 1, ka, k3); 2)
+iG® (., (k. ko + 1, k3); 2)

+ G (i, (ki ko ks + D3 2) — G245 (. ks 2)1,
(26)
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[roxs — (z + mcz)] fok(j, k;z) = c[Gz‘,fA(j, k;z) — GZT)\(J', (k1, k2, k3 —1); 2)
+(1+ DG (j. ki 2)
—G%, (j, (ki — 1, k2, k3): 2)
—iG%% (j. (ki k2 — 1, k3); 2)] 27)

and

[Awk4 - (Z + mc2)] GZ‘,‘k(j’ k;z) =cl[(1- l)Galk(J k; z)
=G (j, (ki — 1, k2, k3); 2)
+iG2 (j, (ki k2 — 1,k3): 2)

+ G2, (j, (ki ko, k3 — 1):2) — G935 (. ks 2)].
(28)

Note that Gw ;. (J, k; 2) is the upper right entry of the matrix Q which appears on the
left-hand side of relation (20). Explicitly, by expanding the right-hand side of (20), one
obtains

af . T
G (jkig) = — 29)
AN Awpg — &

with
G» —1 - Awju Gy

= and ¢ = )
G4+ Awju(G1G4 — G2G3) G4+ Awje (G1G4 — G2G3)

where Gi = G%%(j.j:2). G2 = G¥ (j.kiz). G3 = GL% (k. jiz) and Gy =
Gﬁ g , (k, k; z) are the entries of the matrix Q Observe that 7 and ¢ are independent

Of a)kﬂ
Using (29), Lemma 5.1 with g = pand § = (z F me?) /A, relations (21)-(22) and the

N
inequality |Y5_; ya| < Ya_ |yal’, we find ford =1,
1 | |Y C _ z—mc? $
’ A
E(GL G k)= —E| —— | = ZE :
s AS ‘w oz AS ’ ¢
k1 — 3 Wkl — 3
G 2518 al - 7. s
= 7 E(Jron — G =me)|' 168, Gk )1
© CY[ E (1G22 (. k: D) +E (IG5 (. k+ L 2F)]  (30)
=T A\ AU 5
and
E(IG% (j. ko)) < = E (|mkz — @ +mcH| G (. k: zw)
Gt al al _
< [E(1GSLG. k:I) +E(IGE, (. k— 1: )] (3D

=5
Substituting (31) into (30) and similarly (30) into (31), we obtain

E(16G ko) = Al [E(162, Gk = 10l ) +E (162, Gk + 15 01) ]
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2

a

for o, B € {1, 2}, where Ail) = . A 5 with a; = Cc®A75. For given j and k one
—2a?

can iterate | j — k| times, in each step picking up a factor ZARI). This results in the bound

lj—

af . oq. s (1) K

E(16,G. ko) = (2a1) ZEEEQGM(J Lol). (32)
For dimension d = 2, repeating the calculations in (30)—(31) and, in the last passage,
using relations (23)—(24) we get

C
T E([ron — = med)[ 168}, Gk )1

E (G2, (j. ks D)) <
C
<LV (f) [E (G, (j. k: 2)]")
+IE(| G2 (j, ki + 1,k2); DI°) +
+E(IG% (. (ki k2 + D 2)IF) ] (33)

and

G : .
B (o — @+ me)|' 1622, G.k: 1)

Cs 5 (V2)
< %S[) [E (G2, (j, k: D))

+E (IG2L, (., (k1 — 1, k2); 2)I°) +
+E(IGY (. (k1 ko — D3 2IF) 1. (34)

E(IG%%.(j. k: 2)I)

IA

Substituting relation (34) into (33) and similarly (33) into (34), one finds

E (1650, 6.k o) = AP E (1620, G (b = L ko): )1
+E (16, (. (ki = D 21"
+ E (IG5, G (k1 + 1k 0F)
+E (|Gjﬂ(j, (ki + 1, ks — 1): z)|x>
+ E(IG, (. ko + D3 )

+E (16, G ki = 1k + D 1) |

bZ
for a, B € {1,2}, where A? = 1 A3b2 with by = C2c* (V25175 = (V2)'ax.
- A

Analogously to the case d = 1, one can iterate |j — k| times, in each step picking up a
factor 6A§2). This results in

B(6 G kar) = (6a) swp B G ror). 69
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For dimension d = 3, analogous calculations to (30)—(31), together with relations (25)—
(28), lead to

E(1G5,G. K F) = 52 B (jpox — = me)[ 168,64 27
< b E(1GS, 0.k OF) + E (1G5, (1 koo ks + 1; 2)F)
+E (1G5 G.k: F) + E (G (/. (ki + 1L ko k3): 2))
+E(IGE, G, (ki ke + 1, ks); D) |, (36)

E (1G5 k 2l) < % E (|roxz = (2 = me)|' 1G24 (. ks )
< bx[ E (G, (j. k; D) + E (1G2, (j. (k1 + 1. k2, k3): 2)I)
+E (G2, (. (ki k2 + 1,k3): ) + E (IGEL (. ks 1)
+E(1GEY s (ki ko, k3 + 1); 2)I° )] (37)

B(GE,G k) = 55 B (jpons = e med)] 162,k )
= bA[E(IGZh(j,k; DY) +E(1GL, (. (k1. k2, k3 — 1); 2)I)
+E (G, k: D) + E (1G22, (j. (k1 — 1. ko k3): 2)I°)
+E (G2, (ki k= 1 ks); D) | (38)
and
E(IG550 ki l') < % E (Ao — @ +me))| 1G5, (. k: )
< B[ B(1G5L Gk 0F) + E (G2, G (6 — 1, ko, k) 2)F)
+E (G, (. ki k2 — 1,k3); 9)I°) + E (1G22, (. k: 2)I)
E (1G22, i (ki o ks = D 9F) |. (39)

Substituting (38)—(39) into (36)—(37) and similarly (36)—(37) into (38)—(39), in each case
adding the two remaining inequalities, isolating the sum

E(1G1 G ks ) + E(1GE5 Gk DI) , for (Br. B2) € ((1,2), B, 4)),

on the left-hand side of the inequality and iterating |j — k| times, we obtain
E(16 G ks ) + E (1G22 G ks DI

< (2482)" s [E (1621 G101 ) +E (162G )] @0)

bZ
where A?) = 4 > - Now choose A9 > 0 sufficiently large such that b% <
1 —7b; 0

I} eZ3

1
31’
which implies

(1) () 3)
2A)\0 < 6A/\O < 24A}\0 < 1.
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Writing n = — In (24A§30>) > 0, it follows by the estimates (32), (35), (40) and Propo-
sition 4.1 that ford € {1, 2,3}, @, B € Aand A > A,

E(|G;’Oﬂ(j,k; z)P‘) < ek < cemMi=H

with C = C12y ¥. This completes the proof.
(@ii) It follows directly from item (i) of this theorem and Theorem 3.1. This completes the
proof of the theorem.
O

6 Finite Volume Operators and Boundary Conditions

Consider the finite subset A7 = [—L, L]? N Z<¢, with L € N. In this section we define finite
volume operators Haj)\ L(m,c) and (Ha/)\ L(m, )N, respectively the restrictions of H,,(m, c¢)
to I2(A g, C¥) with Neumann and simple boundary conditions on Ay, (see Definitions 6.1
and 6.2). These operators will be used in the next sections, especially in Lemma 7.1 and
Proposition 8.1, which are important preparation results for the proof of Theorem 3.3.

Let {ej“}jEZd,aeA be the canonical basis of 12(Z4, C), defined in Sect. 3. The matrix

elements of an operator O on 12(Z4, CV) are the entries of the v x v matrix defined, for each
pair j, k € Z4, by

Ojk = ( (ejou Oekﬁ) )Ot,ﬁE.A ’
where a varies over the rows and 8 over the columns of O ;. For ¥ € [ 2(z4, C"), we have
OW)(j) =Y 0¥ (k)
kezd

and the elements O i define the operator O uniquely.

For convenience, we introduce matrices M,,(i)_L and M\ = M,(fjr + M,(fl defined, for
de{l,2,3}and 1 <n <d withn € N, by

m 0 1 a 0 0
M1v+_<0 0)’ Ml,—‘(l 0/
) ) ) 0 —i ) 0 0
My =My, M2,+:<0 0)’ Ml*:(i 0)’

3 _ (02 on @ (02 O
M+ = <02 02) o My = (O’n 0, )]’
where 0,,, n € {1, 2, 3}, are the Pauli matrices as in (3) and O, is the 2 x 2 null matrix. Note

m _ @ _ 3 _ (02 oy
that M, " = o1, M;” = o3 and M, _(Un 02>.

For d € {1, 2,3}, let {v,(,d) :1<n<d, ne N] be the canonical basis of R, formed
o P = 1,0, v = 0, 1), v}” = (1,0,0), " = (0,1,0) and

by the vectors v; ' = 1, v
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vf) = (0, 0, 1). The matrix elements of the free Dirac operator Ho(m, c) are
d
_CZ M,(Ld) + mczl’)’d if j =k,
(Hom, )\ ={ n=1
' M), ifj=k+0v® 1<n<d,
0w if |j —kl =2,

0, if de{l,2}
04 if d =3,
O, being the n x n null matrix. Thus, the matrix elements of the discrete Anderson Dirac
operator H,,(m, c) are given by

where By are the diagonal matrices defined in (2) and 0@ = with

d d d P
(Ho(m, ) = (Ho(m, ) + (V)i . with j, k € 27,

where the potential V,, acts as a diagonal multiplication operator.

Definition 6.1 The free Dirac operator H(;\ L(m, ¢) restricted to I2(Ar, C") with simple
boundary condition on Ay, in dimensions d € {1, 2, 3}, is defined by

(H (m, c))ﬁ) = (Ho(m, c));d) , with j, k€ Ay.
We also define the Anderson Dirac operator restricted to [2(Ap, C") by
HA (m,¢) = HPM(m, ¢) + VA,
where Vaf\ L is the restriction of V,, to Ay.
Let us define the boundary of A as the set
IAL = !(j,k) €7l %74 |j—kl=1landeither j € Ap, k¢ Aporj ¢ AL,k e AL}.

It consists of the edges connecting points in A with points outside Ay. We also consider
the inner boundary of Ay by

VAL =1{jez: jeArL, k¢ AL with(j.k) €dAL}={j € Z: |ljllo = L}
and the outer boundary by
A, ={keZ: k¢ Ar, 3je A with (jk) € AL} ={k € Z : |kl = L + 1},

where ||n|| o := max{|ni], ..., |[ng|} denote the maximum norm on Vi
For any subset Ay C Z¢ withd € {1, 2, 3}, we define the boundary operator F ,, by its
matrix elements:

n,
(Fa.) k7l 0@  otherwise.

@ {cM("i it j=k+xv® 1<n<d, (jk)edAyL,

Thus, for the Hamiltonian H,,(m, ¢) = Ho(m, ¢) + V,, we have the important relation
Hy(m,c) = HA (m, ¢) ® HM (m, ¢) + Fa, (41)

with spacial decomposition />(Z4, C") = [*>(Ar,C") @ I>((AL)¢, C"), where (AL)¢ =

Z\ AL
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Now, the operator HOA L(m, c) on1*(Ar, CY) can be written as
d
Hé\L(m,c) = —cZM,ﬁd) +mc*B,; + An, .
n=1

where Ay, is the adjacency matrix on Ay given by the matrix elements

(An,) = M if jokeAp and j=k+o\P, 1<n<d,
L jk 0@ otherwise.

Definition 6.2 We define the Neumann free Dirac operator (HOA Lim, )N on I2(A, CY),
in dimensions d € {1, 2, 3} and with boundary conditions on Ay, by

(HOE(m, )N o= N, +mcBy + Ay, .

where Ny, is the multiplication operator by the matrix

d
Nap k) ==Y MD g (ky)

n=1

1 if k,,;/:L’ <n<d
0 if k,=1L -7
indicates that for ¥ € [*(Az, C) one has (d, ) (k) # 0 if k, # L and (d, ) (k) = 0 if
kn, = L. Here we consider Neumann boundary condition in sites k € d'Ar withk, = L and
simple boundary condition in sites k € d' A7 with k, = —L. We also define the Neumann
Anderson Dirac operator restricted to [2(Ay, C”) by

with k = (ky,...,kq) € Ar e the function gy (k,) =

(HA (m, )N o= (HP (m, o)™ + VAL
where VL is the restriction of V,, to Aj.

Note that the Anderson Dirac operators H(f)\ L(m, c) and (H(f,\ L(m, ¢))N defined above are
bounded and self-adjoint on / 2(Ay, CY). We denote by

HM (m, 0y, = Hp (m, ©)lggy + VA g, (42)
and

N
(HAL0m, o))y, = (H(f‘L (m,c))Hi + VAL, 43)

the restrictions of HAL (m, ¢) and (HAL (m, ¢))N to the subspaces H of [2(Z¢, C") of
negative and positive energies.

Denote by | B| the number of elements of a set B C 74, Since |Az| = (2L + 1), the
operators HOA L(m, ¢)|1.. act on spaces of finite dimension, i.e., they are finite matrices.

Thus, their spectra o (Hé\L (m, c)|Hi) consist of eigenvalues Eni (H(f\L (m, c)) which can
be enumerate in crescent order,

c< By (Hiom,0) < BT (Hpton.0)) < Ef (Hton. <)

Ef (Hgtom,0) <+

IA
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with Ef (Hiton.0)) = info (HiGn, 0l ). E7 (Hitom.0)) = supo (H

(m,c) |H_) and those eigenvalues are symmetric with respect to origin:

E; (HOAL (m, c)) - —E} (HOAL (m, c)) . foralln. (44)
A similar description is valid for the eigenvalues E,f ((HOA Lim, c))N ) of the operators

N N 72
(HOA L(m, c)) . Considering the matrix (HOA L(m, c)) , which corresponds to a
Hi H+ .
Schrodinger Hamiltonian with Neumann boundary conditions on the sites k € 9'A with

2
kj = %L, and the matrix [H(;\ Lim, c)|n +] , which corresponds to a Schrédinger Hamil-

tonian with Neumann boundary condition in the sites k € 9'A; with k j = —L and
simple boundary condition in the sites k € 9'A; with k; = L, one verifies that their

. NT? . 2
eigenvalues satisfy E;F ([(Hé‘L(m,c)) } ) < Ef <[H6\L (m,c)] ) for all n. Since

N
(HOAL (m, C))H > 0 and HOAL (m, ¢)|#, > 0, we obtain
+

Ef ((Hton,p™) < B (Hiton, o)), foralin, (45)

N
and therefore (Hé\L (m, C))H < Hé\L (m, )|, .
+

7 Initial Estimate of Lifshitz Tails

The proof of Theorem 3.3 follows general ideas from [17,27], developed in the context of
the discrete Anderson Schrédinger model and for the unitary Anderson model. The first
important point in this proof is to estimate the fractional moments of the Green function in
finite volume (see Proposition 8.1). For this, Lemma 7.1 will be fundamental and its proof
will make use of the following inequality (Proposition 4.15 in [4] or Lemma 6.3 in [19]):

Proposition 7.1 (Temple’s inequality) Let H be a self-adjoint operator. Suppose that H has
an isolated nondegenerate eigenvalue E1 = inf o (H), and let E; = inf (6 (H) \ {E1}). If
Y € dom(H) with ||¥|| = 1 satisfies (Y, Hyr) < E», then the following inequality holds:

(v, H*y) — (v, HY)?

Lemma 7.1 Consider the operators Hcf,\L (m, ¢)| .. given by (42) withm > 0 and let 0 <

Omax < 2mc2. Foreachr € (0, 1), there are finite constants 1 > 0 and C > 0 such that the
Sollowing estimates hold true for all L € N sufficiently large:

() IP’{a) . inf <o— (Ha[,\L(m, c)|H+) —mcz> < L—’] < CLdeiL ",
1) P [w : (—mc2 + Wmax — Supo (Ha/,\L(m, C)|H,)) < L_r}
(iii) P Ia) : (infa (H;‘L(m, c)|H7> + J/m2* ¥ adc2> <L

Giv) P [a) : (\/m2c4 + agc? + wmax — Supo (Hal,\L (m, c)|H+)

N _arrd)2
CLde=L"",

IA

A Arrd/2
CLde™L" ! ,

A

< L"} < CLde—iL ",

N ‘et
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Proof (i) The proofis based on ideas from [4,19] used in the context of random Schrodinger
N
operators. For the operators H:}\ L(m, ¢)|#, and (H(f)\ L(m, C)>H given by (42) and (43),
+

due to relation (45) and supp p = [0, @max], we have

info ((Hi om0y, ) < info (HA 0, 0)la,).

N
Thus, it is sufficient to check the estimate in (i) for the operator (H(f)\ L(m, c))H . In
+
order to use Proposition 7.1, consider the constant eigenfunction W, with |W| = 1, of

N
the operator (H(f\L (m, c))H inl2(Ap, CY), defined by
+

Wi (n) - L
Y(n) = : with W, (n) = { (271 IALl) fl<e<p
' 0 ifp<a<v
Wy, (n)
1 if defl,2 . .
forn € Ap and p =v/2 = [ 5 l ¢ d © {3 }, associated with the first (smallest)
1 =

positive eigenvalue E1+ ((H(;\L(m, c))N) = mc?. For dimensions d € {1, 2,3}, we
have

N
<\IJ, [(H;}L(m, c));\; — mczl] \IJ> = <lIJ, |:<H0AL (m, c)) — mczl] \IJ>
+ Hy
+ (W, VAL, W)
R ID N
= — ViV (n).
—1 w
207 AL nehr i=1
Note that these sums (p € {1, 2}) are arithmetic means of i.i.d. random variables and
1

Ao Vi) — EWVD0) >0 P-as., (46)
L nelAp

fori € {1, 2}, as L — oo. To apply Proposition 7.1, we need

1

p
= > Y v < B ((Hnep™) - me, (47)

neAp i=l
N
where E;r ((Hcf,\L (m, c))N) is the second positive eigenvalue of (H,f)\L (m, C))H . How-

i
ever, E; ((H,f,\ Lim, e)N ) —mc? —> 0as L — oo, which contradicts relations (46)

and (47). The rate at which E;’ ((Hal,\ L(m, )N ) —mc? vanishes is given by the estimate

EF ((HA o)) = me? = EF ((Hm, o)V ) = me® = Km, L7, (48)

for a suitable constant K (m, ¢) > 0. In order to obtain relation (47), we introduce a new
potential Wa(,L)|H +» Which is a diagonal matrix formed by random potentials (in each
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site)
W D@ () :min{ V@ ), K(m c)L~ } with @ € A, n € Ap.
For fixed L, the random variables W(E)L)(“) (n) are still i.i.d.. Defining the operator
HD — (gAt N wd
om0 = (Hm o), W,

N
on I2(AL, CY), we have that E; <<HGI)\L (m, 0)) ) > Ef (HS" on, ). 1t follows

from the definition of WS |7, and relation (48) that

1 o ,
(L) 2 _ (L)(@)
<\IJ, (Hw (m,c) —mc I) \I/> = 55 T[A,] E E WO )

neAy i=l1

IA

1K( YL~?
—K(m,c
3

A

E;r ((Hé”(m,c))) — mc?.

By applying Proposition 7.1 to H,E)L)(m, ¢) —mc?I and W, we have for d € {1, 2, 3},
E1+ ((H(f)\L (m, c))N) —mc* > E1+ (Ha()l‘)(m, c)) — mc?

<\1/, (H(f)“ (m, ¢) — mc21)2 \11>

K(m, ¢)L—2 — (w (HUSL)(m, ) — mc21) \IJ>

= 1|AL| 2 Z <W(L)(l)(”))

> <\IJ (Ha()“(m, ) — mc21) w) -

1 P ; neA 1
> 721’_1 AL Z Z W(E)L)(l)(l’l) _ L 1l
Ll e, i=t <K(m, c) — §K(m, c)) L2
1 P
> W(L)(i)(n) )
wim & &

The above estimate implies that
P
P{w L EF ((Ha‘/,\L(m,c))N —mcz) < E} {a} % Z Z WD () < 2PE}
A p—

By Lemma 6.4 in [19] (see also [4,26]), for L = LS (27 E)_I/ZJ (where ij denotes the
largest integer < x) with § > 0 and E small enough,

Z Z W(L)(l)(n) <2PEV < e VlAL

nEAL i=1
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for some yp > 0, where p € {1, 2}. It follows by these estimates that, for d € {1, 2, 3},
there exist / € N large enough, b > 0 and y > 0 such that

Plo: B ((HY 0, 0)" =me?) <bi?) < 7, (49)
Now, we build a big cube A, by grouping disjoint copies of the cube A;; more precisely,
Ar=J M) (50)

JER

with A;(j) = [—1+ j, [+ j19 NZ¢. Indeed, for any odd integer n we take L = nl + ”T_l
The set R indicated in (50) contains n¢ points. For every r € (0, 1), by choosing n ~
b=1/r2/r=1 it follows that L ~ b~!/"1*/". Hence L™" ~ bl~% and | ~ b'/2L"/2.
Similarly to the Schrodinger case [4,19,26], we have

(Hy o 0)yy, = @D (HY Do, o))

N
o
jer +

Therefore, the first positive eigenvalue can be estimated by
EF (a0 0)") = min £} (HEDon, ep™).
Thus, by applying relation (49), we obtain for d € {1, 2, 3},
P {a) cinf o (Ha/)\L(m, lr, — mcz) < L_’}
<P {a) : ET ((H;}L(m, c))N - mcz) < Lfr}
<P {a) L EF ((Ha[)\’(j)(m, ny —mcz) < b2 for some j € R]
<nlp {a) : E?‘ ((Hé\’(m, nl — mcz) < bl_zl
< nde—;?l" ~ (Ll—l)de—wd ~ pd/27d(1=1/2) ;=7 pd/2prd/2
< bl

where C = b~4/2 > 0 and /) = $ b%/? > 0. This completes the proof of item (i).
(i) By Theorem 2.2 and relation (44) one has, P-a.s.,

inf o (HA(m, o)y, ) = inf o (Hg‘L (m, c)|H+> + inf (supp )

—supo (HOAL (m, C)|H7)

—supo (H2E(m, )3 ) + Omax -

Therefore (ii) follows from (7).
(iii) We can change the boundary condition on A, by defining a new operator A/, for each
dimension d € {1, 2, 3}, so that the corresponding free Neumann Dirac operator

(HOAL(m, )N = JVAL +mc?By + Ap, .

restricted to the subspace H_, has the lower extreme energy —/m2c* + ayc? of its
spectrum as the lowest negative eigenvalue associated with an eigenfunction ® in A,
whose entries have constant absolute values. Thus, the proof of (iii) follows analogously

@ Springer



Dynamical Localization for Discrete Anderson Dirac Operators 285

N
the one of (i), but with the operator (HOA Lm, c))H and the energy mc? replaced by
+

N
(H(;\L (m, C))H, and —/m2c* + agc?, respectively.

(iv) Similarly to (ii), one shows that, P-a.s.,
inf o (H)E(m, ©)l3_) = —supo (HAL(m, ©) |3, ) + Omax -

Therefore (iv) follows from (iii).

8 Estimates of Fractional Moments in Finite Volume

Let Gy, A, (m, c, z) and QZ){XL (m, c, z) be the Green functions, respectively, of Ha/)\ L(m, c)

and Haj)\ L(m, ¢)|1,., whose matrix elements are given by

wAL(J k; z) —<eja,( Cﬁ\L(m,c)—zIY1 ekﬁ>

and
H -1
G (ks 2) 1= (e (ML Om, Ol — 21) " ex)

where j,k € Ap,a, B € Aand z € C\R. The goal of this section is to estimate the fractional
moments of the Green function in finite volume, i.e., E(lGZ’?XZi (J, k; 2)|%) for s € (0, 1)
(Proposition 8.1 below). This result will be used in Sect. 11, together with the decoupling
estimate (61), to obtain Theorem 3.3. In order to estimate ]E(IGZ)’? XZ* (J, k; 2)1%), we will
use Lemma 7.1, Proposition 4.1 (valid also for the Green function in finite volume) and
Lemma 8.1 below (the Combes-Thomas argument for discrete Dirac operators with bounded
potential, as DAD). Lemma 8.1 was obtained in Proposition 1 in [23] for the one-dimensional

Dirac model, with direct adaptations to d € {2, 3}.

Lemma 8.1 ( Combes—Thomas) Let H(m,c) = Ho(m,c) + V be a Dirac operator on
12(Z2, C) with bounded potential V. If 7 ¢ o (H(m, c)), let A := dist{z, o (H(m, ¢))} > 0.
Then, there exists a > 0 such that for every j, k € Z¢, a, B € A,

2 )
|G (j, k;2)| = |<eja, (H(m,c) —zI)~! ekﬂ” < X e AAlI—k
We are now ready to discuss the main result of this section, namely, the exponential decay
of the fractional moments of the Green function in finite volume.
Proposition 8.1 Foreverys € (0, 1), there exist finite constants C > 0 and i > 0 such that

E(GP T k: E +ie)°) < CLAe "™ (51)

w, AL

for L € N sufficiently large, for all a, B € A, j,k € Ap with |j —k| > L/2, ¢ > 0 and
Eel fL (m, c), where I i (m, c) are the intervals of negative and positive energies described

in (12)~(13) with §;, = Y L=2/+2),

Proof Let I(;; (m, ¢) = [mc%, mc® + 8] and r € (0, 1). Due to Lemma 7.1(i), consider the
set

Qg = {a) Jinf o (HQI)\L (m, O)ln, — mc2) = L_r}
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and its complement Qp := Q \ Q¢. Then, xo = xq; + xp and for every s € (0, 1) we
have

E(GP ™ (j ki E+ie)f)

=E(GL (ki E+ie) xag) + E(GLI (j ki E+ie)l' xay).  (52)

Pick p > 1 sufficiently small suchthats-p < 1 andletq > 1 besuchthatl/p+1/g = 1.
By applying Holder’s inequality in the second term on the right hand side of (52), together
with Proposition 4.1 and Lemma 7.1(i), we get

1/p
E(G (ks E+i€) xa,) < [EAGEE Gk E+i0)] 7 [P©2p)]'9

w,AL

_iyprd2
< CoLYae™a" (53)
with Co = €,/P €14 and § > 0.

For w € Q¢, one has dist{E, a(HﬁL (m, o))} = LL=" In this case, by Lemma 8.1,

E(G T (ki E+ie)f xag) < 4L PLTUHPQg) < 417 e P17 (54)

w,A[,
Choosing r = d%rz and inserting relations (53)—(54) into (52), we conclude that

L,d/(d+2) i pd/d+2) ~ de_;]Ld/mu)
s

E(G I (ks E+ie)) < aL7ate B 4 qprdlies <L

o, AL

with C =2max{4%, Cy} < ooandf;:min[%s, g} > 0.

Similarly, one proves estimate (51) for the other three energies intervals / af (m, ¢) using
the corresponding estimates obtained in Lemma 7.1(ii)—(iv). ]

9 Geometric Resolvent Equation

The idea of the proof of Theorem 3.3 is to obtain the exponential decay (11) from the
exponential decay (51) obtained in Proposition 8.1. For this, we will use the so-called
geometric decoupling method, which is well known in the context of random Schrodinger
operators [3,27].

Due to relation (41), we can write the Hamiltonian (1) in the form

Hy,(m,c) = Hy, (m,c)+ Fa, , (55)

where H,, 1 (m, ¢) = HM (m, o) ® H(EJAL)C (m, c¢) and Fy, is the boundary operator defined
in Sect. 6. Given z € C\ R, we write G, = (H,(m, ¢) — zI)~!and Gy, = (Hy,L(m,c)—
zI)~!. We perform a double decoupling, once on A; and then on A; . By applying the
second resolvent identity on (55) twice, we get

Gw = Gw,L - Gw,LfALGa)
=Gu,L —Gu1FA,GoL+1 +Go,LFr, GoFr;GoL11 - (56)
By translation invariance we have E (lef,ﬁ (J, k; z)IS) =E (|fo,’B O,k —j; Z)I“). Thus,
it is sufficient to prove (11) for j = 0. Taking matrix-elements in (56),
G (0. ki) =
= GZfL(O, k; 2) = (eows Go,L Fa, Go,L+1€kp) + (€0as G, L Fa, GwFay . Go,L+1€k8)-
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Fork € Z% with |k| > L+2, wehave foL(o, k;z) = 0and (eow, Go, . Fa, Go,L+1€k8) = 0.
Thus,

G (0, k; 2) = (e0as G, L Fr, GwFap s, Goo,L+1€k8)- (57)
For convenient notation, we introduce the sets X ,(fi C A x A defined, for d € {1, 2, 3}
and 1 <n <dwithn € N, by

xi =2 x{ ={@n
X2 =x2, = (1.2}, X =x7 =@ )
XV =X =y =Ly =23 XP, =z = (1L3).wy = 2.9},
X =X5) = (o=@ Dy- =32} X5 = {2 =G Dow- = (4,2},

Note that X ,ﬂdl is obtained from X ,(ldzr by permutation of coordinates.

Let [v,(ld) :1<n<d, ne N] be the canonical basis of R, defined in Sect. 6. Using

the fact that {e ja } jezd aeA is an orthonormal basis of /2(Z4, C") and the definition of the
boundary operator' Fa, > we expand the right side of (57) obtaining, for |k| > L + 2,

d d u
GF 0.k = Y gl > > 602
I=snl=d ("'“/)Er(ﬁii (U’v/)er(Lszl,I,i
GUPo (! v )GEY L (v k: 2), (58)

with

n

M e =) eonriu=u 2o, Boa) e XL}, 1=n=a,
and constants

c if (Bu, o) = x+
c if (,Buaau)=y:l:

k]

1 2 2 . 3
e ¢, ¥ =c =, c;)i:{

G _ | Fei if (Buson) = xs @ _ e if Buo) =z
C2,i B {:I:Cl if (Bu, o) = y+ and C3’i T e if (Bus au) = we.

Relation (58) is called geometric resolvent equation.

10 Decoupling of Fractional Moments

In this section we establish relations, of decoupling of fractional moments, that allow us to
write the fractional moments of the infinite volume Green function in terms of the corre-
sponding finite volume Green function.

The following result says that the fractional moments E(|GZ’3 (0, k; 2)|*) can be decoupled
along the boundary of Ay . Recall from Sect. 6 that u € diA if and only if ||u]l o, = L, and
u’' € 3°Ay if and only if ||u/||OO =L+1.
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Lemma 10.1 For every s € (0,1) and d € {1,2,3}, there exists a constant C =
C(s, p,c,d) > 0 such that

E(GLO. k) <C > Y EIGP (©0.ui2))

Bu,ayeA ueB‘AL

x Y E(GYL, 0 kDI

VEIOAL 4
forallz€e C\R,a,8e€ A L eNandk e 74 with k| = L +2.
Proof Let s € (0, 1). Taking fractional moments in (58) we get, for |k| > L + 2 and
def{l,2,3},
E(IG¥ (0, k; 2)I)

Z Z Z <|G°‘ﬁ“ ©, u; Z)Gauﬂl (u v; Z)Gw (AL+1)¢ (v/’k;Z)‘s)

1=nl<d (“J‘/)EF(LJL + ”/)EFLH I+

(59)

where G 70, u; z) was replaced by G°P (0, u; z) since 0, u € A, and Gw”iﬂ W, k; z)

w, AL
was replacedby Gw (ALs ])c(v ,k; z) since v, k € (Ap+1)¢. Now for (u, u’), (v, v'), (Bu, ay)
and (B, o) fixed, c0n51der the term

Gols, (0,u;2) G vy 2) Gl (0 ks 2)

w Ar
and note that the first and last of the three factors are independent of w,o, and w,g,. Thus,
by considering the conditional expectation of the central term we have, by Proposition 4.1,
Ey (GaP o', v ) < €
for all «;,, By € A and for a constant C1 = Cj (s, p). Hence,
E(1GI%, 0. u; 9GP (', v )Gy e kD)
=E (1G24, 0w 9 B2 (GaP (' v 2)) G170 ks D)

=G E(1G, 0w 1) E(1GST,. 0 k2P (60)

where in the last step we have used the fact that the two terms are stochastically independent.
By substituting (60) into (59), it follows that there exists a constant C = C 1¢¥d? > 0 such
that

E(GLO. k) <C Y. Y EIGYP (0.u;2))
Buav€A uediAg

x Y RIGLT,, W kDl

v'€d®AL+
forallzeC\R,a,ﬂeAandkeZdWith|k|ZL—}—Z. O

We want to use the estimate in Lemma 10.1 as the first step in an iterative argument. The

next step consists of finding a bound for IE(|G ) (v, k; z)|*) similar to the bound for

o, (AL+1
IEI(lGZ’3 (0, k; 2)|°) given by Lemma 10.1, with v’ as the new origin. Following the idea of
Lemma 2.3 in [3] (which was also used in Lemma 7.3 of [27]), the next result relates the
Green function G, (4, )c with the full Green function G,.
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Lemma 10.2 For every s € (0,1) and d € {1,2,3}, there exists a constant C =
C(s, p,c,d) > 0 such that

E(GH,, 0 kD) E(GLW ko) + ¢ Y Y EIG W ko))

o, (Ap41)¢
M/EBOALJrl )/E.A

forallz e C\R, a,B e A LeN v, keZwithv € 3°A;41 and |k| > L + 2.

Proof Using the second resolvent identity on (55) gives Gy, 141 = Go + Go,L+1F A1 Go-
Taking matrix-elements and arguing as done for the geometric resolvent equation (58), we
obtain,

G (W ki2) = G W ki 2) + evas GoL+1F ALy Goeip)
=G k+ Y C

1<n,l<d

ap, ro @ /.
x Y G0 G Wk ).
(u’u/)er(LdiLn,:t

Taking fractional moments in this relation and using the following decoupling inequality
(analogous to Lemma C.1 of [3]; see also [27]),

E(GY s (v us P IGLP W' k: 2)) < C1 E(G%P (' k: 2)I)

with0 < C; = Ci (s, p) < oo, we get

E(GY, ' k') < E(IGY W ks 2)*) + € oY RGP W k)l
wWed°Apy veA

with the constant C = C;c’d > 0. Replacing GZ’?L+1 (v, k; z) by GZ)’?(ALH)E(I)’, k; z), since
v/, k € (Ars1)¢, the result follows. O

In order to obtain the relation that will be used as the starting point of an iteration,
we insert the estimate in Lemma 10.2 into the estimate in Lemma 10.1, and use that
[0AL+1] < Cde’l, together with Proposition 4.1, to obtain the existence of a constant
6‘1 = él(s, p,c,d) > 0 such that

E(IG* (0, k; 2)I*)
<G Y ST R 0wl Y. Y E(GHP W ki )lf)  (61)

Bu€Aucding u'e€d°Aryq yeA

forallze C\R,a,f € A, L € Nand k € Z¢ with [k| > L + 2.

11 Proof of Band Edge Localization

This section is dedicated to the proof of Theorem 3.3. For this, we will use the decoupling

estimate (61) for the Green functions GZ;l * and G:‘jL restricted to subspaces H .., together
with Proposition 8.1.

Proof of Theorem 3.3 (i) Let z = E + ie withe > 0 and E € Ii(m,c) for §; =
%L—z/ @+2)  Considering the estimate (61) for the Green functions GHx, GZ)%\L and
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inserting it into the bound obtained in Proposition 8.1 for ]E(lGZf“A’Z{* O, u; 2)|%), we
obtain for L sufficiently large,

E(GYPT(0, k: 2)[%)

< Gt el A an YD Y BGG T E W ko))
u €Ay YA

< G LA 2 TN S RGP E W ks ), (62)
u'e€d°Ary) veA

for0 < C; = 4C,CCy < oo, forall o, B € Aand k € Z¢ with |k| > L + 2. With the
constant C from (62), we fix L = L sufficiently large such that

- d/(d+2)
bi=4C LY e 0 T € 27 W lloo < Lo +2}] < 1
and, by (62),

E(|G5f5,7’ti 0,k 2)) < b sup sup E(|GZ,ﬂ’Hi W' kD)) 63)
w'|u'o<Lo+2 v€A

Note that E(|GYP T/, k; 2)1°) = E(GLP ™0, k — u’; 2)|*), which allows us to

iterate (63). We choose § := 8, = 1Ly “*? and let E € I;7(m, ¢). The relation (63)
is the first step of the iteration; the second step is
E(G ™ k) < b sup sup E(GEPT™ (ua ki ).
up:luzlloo<2(Lo+2) y2€A
and thus successively. If u’, uy, uz, ... is one chain of sites obtained in this way, with
a chain of associated components y, 2, ¥3, . . ., then the iteration may be continued as
long as |u~,- — k| > Lo + 2, i.e., at least L%J — 1 times. After this number of steps

we use Proposition 4.1 to bound the last fractional moment IE(IGZ] BH
the chain by the constant C(s, p) > 0. In (63) this leads to the bound

(uj, k; 2)I°) in

logb
1 C(S,p)eL0+2|k|'

@B He 1. s -
E(IGy "0,k 2)I)) < C(s,p) bto

Thus we have proven Theorem 3.3(i) with C = % andnp = — z%ibz > 0.

(i) It is direct consequence of item (i) of this theorem and Theorem 3.1 applied to the
operators Hy,(m, ¢)|, (see (10)). This completes the proof of the theorem.

[m}

12 Properties of the 1D Dirac Model

In this section we present properties of the one-dimensional DAD model that we need to
prove Theorem 3.4.

The action of H,,(m, ¢) on ¢ = (5‘ > € I>(Z, C?) is given by
2

(me® + 0¥ () + € (WYan = 1) = Y2(m) ) e

[Ho(m. )y](n) = <c(w1 (4 1) — Y1) + (—me® + wn)Pa(n)
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If ¢ is a solution of the equation H,,(m, c)¥ = zy (z € C), then

Yin+1)\ _ ., . Yi(n)
( () )‘Tm(”’Z)(w(rz—l))’

with
14 (mc? — 24+ wp1) (me? + 2 — w2) m + 2z — wp
Tu) . — C2 C
(15 2) mc? — Z+ wpi !
c
The transfer matrix from site k to site 7 is
TOMn; ) TP —132) - T2k + 15 2) it >k,
2 (n,k;z) =1 1d2 if n=k,

(Tom+ 1) (Tem: ) - (T0k: )™ if n<k.

Due to the hypothesis that the measure p is absolutely continuous with bounded density
and of compact support, we have the following result, which is a version of Lemma 5.1 in [6]
for the one-dimensional DAD (64).

Lemma 12.1 For each compact subset A C C, there exist finite y1 = y1(A,m) > 0,
§=68(A,m)>0,C =C(A,m) > 0 such that

E (” @5, (n, 0; Z)u||_8> < Ce 1l

forall z € A, n € Z and unit vector u € C2.

We omit the proof of this lemma which is similar to the one given for the 1D Anderson
Schrodinger operator in [6].

For j € Z we write, for notation convenience, [j, c0) = {j, j+ 1, ...}. Let Hi,f’“) (m, ¢)
be the restriction of H,(m, ¢) to I2([ j, 00), C?) with Dirichlet boundary condition at the
endpoint j, and G, [ 00)(m, ¢, z) the corresponding Green function with matrix elements

1 , 1 _
G ooy k2 Gy o) (. k5 2)
G2l kiz)  GZ . (n,k; 2)

,[j,00 ,[j,00

Gw,[j,oo) (n,k;z) = (

where Gaﬁ

w,[j,00

{1,2} and z € C \ R. A important property of the one-dimensional model is that

Go,[j,00)(n, k; z) can be expressed in terms of two generalized eigenfunctions u; =

uj(-,z) = (Zl‘j ) and oo = Uoo(+, 2) = (Z]’Oo),where u j satisfy the boundary condition
2

J 2,00

at the endpoint j and u, is square-summable at +-co0. More precisely, we have (see [7])
(ul,j(n)ul,oo(k) Ml,j(n)uz,oo(k)) o<k
1 up, j(Muyeo(k)  uz j(n)uz e (k) -
Wuj, uoo) uy,j(kuyco(n) uz j(k)uy co(n) 6o~k
uy,j(uz co(n) uz, j(k)uz o(n) ’

1.k 2) 1= (enas (HE™ . 0) = 2D)~exs) for n.k € [j,00), o, B €

Goljo0)(n, k;2) =

(65)
where u; and us are the solutions of the equation (H(E,j ) (1, ou)(n) = zu(n) with
uy,j(j) = L uz j(j — 1) = 0, and us is the unique solution (up to a scalar) which is
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square-summable at oo (in particular, there exists a constant 0 < M < oo such that
|u,~,oo(k)| < M fori € {1,2} and for all k > j). The (constant) Wronskian of u; and u, is
given by

Wuj, ueo)(n) = uy j(n+ Duz co(n) — uz j(mui o+ 1).

13 Proof of 1D Localization

This section is dedicated to the proof of Theorem 3.4. The proof of item (i) follows general
ideas of [18] used in the context of the one-dimensional Anderson Schrédinger model; here
we work in infinite volume and with complex energies.

Proof of Theorem 3.4. (i) If j = k, then relation (14) holds by Proposition 4.1. We assume
that j < k;if j > k use that |GP(j, k; E+ie)| = |GP(k, j: E —i€)|. Letz = E +ie
with E € o (Hy,(m, c¢)) and € > 0. By the second resolvent identity we have

(Hy(m,c) —z)"" = (HY(m,c) =)' +
+ (Hom,©) = 2D~ (HY 2 0m,©) = Ho(m, o))
(HY> (m, ¢) — z)7L.
Taking matrix-elements in the relation above, we obtain that
. . . 1 .
G ki2) = Gl ) Uik D)+ GE2(j. j = 1:2) GJ o Ui ki2). (66)

It suffices to prove the exponential decay

w,[},00)

E (16} y (ks 2)I°) = Co el (67)

for s < 51 € 0,1),0 < Cp < 00, n9 > 0 and for all j,k € Z, o, B € {1,2},
E e U(HL'/ +00) (m, c)) and € > 0. To see this, we take fractional powers of (66) and use
Holder’s inequality to obtain

E(1GS Gk D) = E(1G; )ik D) +¢°

w,[j,00
a2 . 25\11/2 18 . 2s 172
[E(652G = 1:0P)] P [E(16 ) Gk 1) |
It follows by (67) and Proposition 4.1 that
E (G2 (j.ki9))) < Coe ™= 4 s CplPe 1M < cemlih
fors < s1/2 = so € (0,1), C = Zmax{Co,cSCll/ZCé/z} > 0and n = n9/2 > O,

which proves the exponential decay in (14). We will then prove (67).
By relation (65) with n = j < k, we have

1 ( U1,00 (k) U2,00 (k) )

Gotj.oo) U, K3 2) = W(uj, uso)(j) \u2,j(Jut,co(k) uz j(jluz,oo(k)

where

Wuj, uco)(j) = u1,j(j + Duzeo(j) — u2,j(Ht1,00(j + D).

@ Springer



Dynamical Localization for Discrete Anderson Dirac Operators 293

(i)

Using that u; is a solution of (H}J’O")(m, ou)(n) = zu(n) with uy j(j) = 1, uz,j(j —
1) = 0, we obtain that

—(z—mc? —wj)

uz j(j) = (68)

c
and

—(z+mc? — wj)(z —me? — wj))

uyi(j+1) = =2

+ 1. (69)
Observe that us ;(j) # 0, u1,j(j + 1) # 0 and by hypothesis w;; and w are indepen-
dent.

Let IE?(- c) = / -+ p(wj2)dwj be the expectation with respect to the random
. supp(p)
variables (a)ly)leZd\{j} or y#2 » where ||p||oo < oo and SUPP(P) C [wmin, wmax]~ For

s € (0, 1) the expectation of the s-moment of Gclo1 ) (J, k; 2) is given by

E (1! . ko) = ]E[IEZ( 1,00 (k)I° ):|
(l otieo (1 2) ) T\ ur (G + Duzoo(j) — ua j(Hut,e0(j + DI

O 1,00 () ¥ ]
= E Sdw:
Mm 015G+ Dinme ) — w2, Direa(G + D P @247

where 13 j(j) and u; ;(j + 1) are given by (68) and (69).
For the number § > 0 obtained in Lemma 12.1, choose s1 € (0, 1) such that §/s; > 1.
Using Lemma 13.1 below, the boundedness |u1700(k)| < M,Vk > j,Holder’s inequality
and Lemma 12.1, we obtain that for all s < sq,

Sl)

E(|Gi)l,[j,oo)(jak§ z)ls) < M ICE (H <“1,oo(j + 1))‘
<M C |:IE (chz(j,k; 2) <“1;2°(k(z)1)>’

u2,oo(j)
< Cy e~ M0li—k|

5

for a constant Co = Co(m, ¢, s1,p) > 0,0 = X+ > 0, forall j,k € Zand z =

E +ie with E € a(HCLj +00) (m,c)) and € > 0. Similarly, one proves the exponential
decay of E (|GZ’?U’OO)(]', k; z)|s) with (o, B) € {(1,2), (2,1),(2,2)}. We have thus
established (67), which completes the proof.
It follows directly from item (i) of this theorem and Theorem 3.1. This completes the
proof of the theorem.

O

In the above proof we have used the following result:

Lemma 13.1 For z = E + iec with E € o(HCE)j’OO)(m, ¢)) and € > 0, and for s € (0, 1)
there exists 0 < C = C(m, c, s, p) < o0 such that

Wmax 1

win)dw;
/wmm 01,0 + Do) — 2, (inoaG + D P @202
“c <u1,oo(jf1>)‘s
- U2,00(J)

where uy j(j) and uy j(j + 1) are given by (68) and (69), respectively.
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Proof Consider the set
A= ”z tm?—wlwe [@min, ®max], 2 = E + i€, E € U(H‘Lj’oo)(m, c))and € > Oﬁxed} .

Let K; = sup(A) < oo and K3 = inf(A) > 0. Note that u3 00 (j), u1,00(j + 1) and uz ;(j)
are independent of w >. The proof is divided into two cases.
Case 1: u3 o (j) = 0. In this case, we have

: < () ("a25")
1, ; (G + Duzoo(j) —uz j(Nuteo(j+ DS — 2 U2,00(J)

which implies

-8

3

®max 1
- . - - plwp)dwjs
/wmm 1, (G 4 Duz,oo(j) — w2, j(Nureo (G + DIF
-c (ul,oo(j+_1>> -
- “2,00(])
c\’
with C = <7> lollso (@Wmax — ®min) -
K>
Case 2: u3 oo (j) # 0. In this case, we write
®max 1
wir)dw;
fw 11+ Dt ) — 2, 1o + D 2724002
1 /wmax 1 ( )d
= - - win)dwis .
100D 125D o [t _ s G P 724
’ u2,00(j) uz,;(J)
Note that
(7 2 _ .
MI,J(]‘i.‘l)‘: tme” —wjp c < K
u2,j(]) c Z—mcz—a)jl
with K = % + K% Now we separate into two subcases:
i+ 1
Gy if |V T DTkt follows that
u2,oo(])
U+ D ui (G + 1)‘ o eG4+ 1D
u2,00(Jj) uz i (j) T 2| u2,00(j)
On the other hand

-

= (1 )“2 H(ul,oo<j+1)>’
WG+ OF -\ a2 2.00)

Using these estimates we conclude that

IA

®max 1
- - - - - p(wjr)dw;j>r
/wmin 1, (j + Duzoo () — 2, j(NDurec(G+ DI 7777

¢ y 1 Wmax 1
“\K) Juam [ ——————— p(wjr)dw;
= <K2> }“Loo(j)"f /‘;min (1)5 M 3 ,0(6()]2) wj2

2 u2,00(J)
(i + 1
u2,00(J)

-5

IA

’
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e\ 1 s/2
with C = (E) 2° 121l oo (@max — @min) <] + 4K2> .

i+ 1

(i) if‘ul,oo(]"‘ )

- < 2K, then
MZ,OO(J)

< (1+4K2)"

<u1,oo(j - 1))‘ -
u2,oo(j)

Using these estimate together with Lemma 4.1, we get

2,00 (J)I*

®Wmax 1
. . . . p(wj2)dwijr
/wmm g, (j + 1)”2 oo(J) —u2 j(Hureo(j + DI* ! !
®Wmax 1
< ( ) / p@p)dw)
u ) Ui.00(j+1) z4mcZ—wj . s J J
2 OO(.])‘ ®min u24:)o(j) + - Je Zimcéiwjl
ul,00(j +1)
- 142,00(]) ’
with C = ( ) Ci(s, p) (1 + 4K2)S/2, where in the last step we have used Lemma 4.1
. (1 . . .
with g = pand § = — (“;2_;/(;) — mecgfwﬂ) — (z + mc?), since Up00(j + 1),

u2,00(j) and w; are independent of w 5.

[m}
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