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Abstract  We consider finitely determined map germs f: (R3,0) — (R2,0) with f~1(0) = {0} and we
look at the classification of this kind of germ with respect to topological equivalence. By Fukuda’s cone
structure theorem, the topological type of f can be determined by the topological type of its associated
link, which is a stable map from S? to S!. We define a generalized version of the Reeb graph for stable
maps v: S? — S, which turns out to be a complete topological invariant. If f has corank 1, then f can
be seen as a stabilization of a function ho: (R?,0) — (R,0), and we show that the Reeb graph is the
sum of the partial trees of the positive and negative stabilizations of hg. Finally, we apply this to give a
complete topological description of all map germs with Boardman symbol X2:1.
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1. Introduction

The classification of singular points of C'* map germs is one of the most important prob-
lems in singularity theory. The classical classification is done via A-equivalence, where we
take C'*°-diffeomorphism germs in the source and the target. However, this is a difficult
problem that imposes a lot of rigidity. Given this, it seems natural to investigate the clas-
sification of map germs up to weaker equivalence relations. Here we consider topological
equivalence or C%—A-equivalence, where the changes of coordinates are homeomorphisms
instead of C*°-diffeomorphisms. Even in this case, Nakai showed in [17] that there are
moduli in the topological classification of polynomial map germs f: (R?,0) — (R2,0).
This paper is devoted to the topological classification of C°° map germs from R? to
R? that are finitely determined. Finite determinacy is a key notion in singularity theory
because if f: (R3,0) — (R?,0) is finitely determined, then it may be assumed to be
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polynomial. Restricted to the class of finitely determined map germs from R? to R? of a
given degree, it follows from Thom or Nishimura’s work (see [18,23]) that the number
of topological types is finite. In other words, this problem is tame in the sense that it
does not have topological moduli.

The topological structure of a finitely determined map germ f: (R3,0) — (R?,0) is
determined by the so-called link of f (see [6]). The link of f is obtained by taking a small
enough representative f: U C R?® — R? and the intersection of its image with a small
enough sphere S} centred at the origin in R?. When f has isolated zeros (i.e. f~1(0) =
{0}) the link is a stable map v: S? — S* and f is topologically equivalent to the cone
of 4. As a consequence, two finitely determined map germs f,g: (R3,0) — (R2 0) are
topologically equivalent if their associated links are topologically equivalent. Then some
open problems arise in a natural way related to our classification problem.

(1) Find a good combinatorial model to describe the topology of stable maps from S
to S1.

(2) Show that if f, g are topologically equivalent, then their associated links are also
topologically equivalent.

(3) Find relations between the analytic invariants of f (for example, corank, Boardman
symbol, etc.) and the topological invariants of the link.

(4) Characterize all the stable maps that can be realized as the link of a finitely deter-
mined map germ f: (R?,0) — (R?,0).

Inspired by the work of Arnold, Prishlyak and Sharko (see [1,19,22]), we introduce in
§ 3 an adapted version of the Reeb graph to answer problem (1). The classical Reeb graph
is defined for a Morse function v: M — R, but here we have to extend it to the case in
which the map takes values on S! instead of R. Then our generalized version of the Reeb
graph turns out to be a complete topological invariant for stable maps v: S% — S! (see
Corollary 3.11). Moreover, the Reeb graph is also the key tool that gives the answer to
problem (2) (Corollary 3.14).

In § 4 we direct special attention to the case in which f has corank 1. In this case, f can
be written as f(x,y,2) = (z,h.(y,2)) and gives a stabilization of hy: (R?,0) — (R,0).
The topology of f is now determined by the two stabilizations A}, with x > 0, and h,
with z < 0. We introduce the notion of partial trees associated with h} and h, and
show that the sum of the partial trees is equivalent to the Reeb graph of the link of f
(Theorem 4.10). In the last part we give a complete description of those map germs with
Boardman symbol X?! and provide a complete topological classification of this type of
map germ up to multiplicity 6 (Theorem 4.13). This partly answers problems (3) and (4).

The case in which f has non-isolated zeros (i.e. f=1(0) # {0}) is more complicated. In
that case the link is a stable map v: M — S!, where M is now a compact surface with
boundary and genus zero. However, we need a generalized version of the cone to describe
the topology of f (see [3]). The topological classification of map germs with non-isolated
zeros will be considered in a forthcoming paper [2].



The Reeb graph of a map germ from R3 to R? with isolated zeros 321

Some recent papers treat the topological classification of finitely determined map germs
f: (R™,0) — (RP,0) by looking at the topological type of the link (see, for instance,
[3,11,14-16]). However, as far as we know, this is the first time that it is considered for
the n > p case.

All map germs considered are C'°° unless otherwise stated. We adopt the usual notation
and basic definitions that are common in singularity theory (for example, A-equivalence,
finite determinacy, stability, bifurcation set, etc.) and that the reader can find in Wall’s
survey paper [24].

2. Finite determinacy and the link of a map germ

Two C* map germs f,g: (R?,0) — (R%,0) are A-equivalent if there exist C°°-diffeo-
morphism germs ¢: (R?,0) — (R3,0) and ¢: (R?,0) — (R2,0) such that f = ¢ 0 go .
If ¢, ¢ are homeomorphisms instead of C*°-diffeomorphisms, then we say that f and g
are topologically equivalent (or C°-A-equivalent).

For simplicity, we write just diffeomorphism instead of C'*°-diffeomorphism.

We say that f: (R3,0) — (R2,0) is k-determined if for any map germ g with the same
k-jet we have that g is A-equivalent to f. We say that f is finitely determined if it is
k-determined for some k.

Let f: U — R? be a C*™ map, where U C R? is an open subset. We denote by
S(f) ={p €U | Jf(p) does not have rank 2} the singular set of f, where Jf(p) is the
Jacobian matrix of f. We also denote the discriminant set of f by A(f) = f(S(f)).

When we start a classification of generic singularities, the first step is to describe the
stable singularities. The characterization of stable singularities of maps from R? to R? is
well known (see [7]) and is given by the following proposition.

Proposition 2.1. Let f: (R?,S) — (R?,0) be a C* multigerm germ such that f is
singular at each point of S. Then f is stable if only if |S| < 2 and f is A-equivalent to
one of the following normal forms.

(1) For |S| =1:

o (z,y* + 2?%), called a definite fold point D;
o (z,y? — 2?), called an indefinite fold point I;
o (z,y® + xy + 22), called a cusp point.

(2) For |S| =2:
o (z1,1% +23), (y3 + 22, 22), called a nodefold D&D;

o (z1,92 +29), (y3 — 23, 15), called a nodefold D&I;
o (z1,12 —23), (y3 — 22,15), called a nodefold I&I.

The classification of monogerms can be obtained easily by using Mather’s techniques
of classification of local R-algebras. For multigerms, we use the following fact: given
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S ={z1,...,2,} CR" a multigerm f: (R",S) — (RP,0) is stable if and only if each
branch f;: (R™, z;) — (RP,0) is stable and the spaces

dfm(TmA(fl))v EE dfacr(TmrA(fr))

are in general position in R? (here A(f;) denotes the analytic stratum of f;, that is, the
submanifold of points x in R™ such that the germ of f; at x is A-equivalent to the germ
fi at x;). In our case, n = 3 and p = 2, there are only three algebras whose contact
class in the jet space has codimension less than or equal to 3, corresponding to the three
monogerms in the list above. For multigerms, we have to combine the three types in such
a way that they intersect transversely, obtaining only the three types of stable bigerms.

When f: (R™,0) — (RP,0) is not stable but it is finitely determined, then roughly
speaking f has an isolated instability at the origin. This is known as the Mather—Gaffney
finite determinacy criterion [24]. In fact, the Mather—Gaffney criterion is valid for holo-
morphic map germs f: (C",0) — (CP,0), but we can obtain some consequences of this
criterion in the real case as follows.

Theorem 2.2. A holomorphic map germ f: (C™ 0) — (CP,0) is finitely determined
if and only if there is a representative f: U C C* — CP such that

(i) S(f)nf~1(0) = {0},
(ii) for every finite subset S C U — {0} the multigerm of f at S is stable.

Since our case of interest is n = 3 and p = 2, from condition (ii) the cusps and
the nodefolds are isolated points in U — {0}. Then we can shrink the neighbourhood
U if necessary in Theorem 2.2 to get a representative f: U C C*> — C? such that the
restriction f|U — {0} has only simple fold singularities. The word simple here means that
the folds are not double points.

Coming back to the real case, we now consider a finitely determined map germ
f: (R%0) — (R20). After coordinate changes in the source and the target, we can
assume that f is polynomial. If fc: (C3,0) — (C2,0) is the complexification of f, it
follows from Wall’s survey paper [24] that fc is also finitely determined. Then we have
as a consequence of Theorem 2.2 the following real criterion.

Corollary 2.3. Let f: (R®0) — (R2,0) be a finitely determined map germ. Then
there exists a representative f: U C R® — R? such that

(i) S(f)nf=10) = {0},
(ii) the restriction f|U — {0} has only definite and indefinite simple fold singularities.

If f is finitely determined, then its discriminant A(f) is a plane curve with an isolated
singularity at the origin. The number of half-branches of A(f) will play a crucial role
in the analysis of the Reeb graph associated with a link of f and, consequently, in the
topological classification of f.
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Denote by J"(n,p) the r-jet space from (R™,0) to (RP,0). For positive integers r
and s with s > r, let 75: J%(n,p) — J"(n,p) be the canonical projection defined by
72(j° f(0)) = 57 f(0). For a positive number € > 0 we set

Df ={z eR"||l=[* <<},
Bl = {z eR" | |z|* <&}

and
Srt={z eR" | ||z|* = ¢}.

We denote by D™, B® and S™~! the standard disc, the ball and the sphere of radius 1,
respectively.
Fukuda proved the following cone structure theorem in [5,6].

Theorem 2.4. For any semi-algebraic subset W of J"(n,p) there exists an integer s
(s = r) depending only on n, p and r, and there exists a closed semi-algebraic subset Xy,
of (m$)~Y(W) having codimension greater than or equal to 1 such that for any C* map
f:R™ — RP with j° f(0) belonging to (7$)~*(W)\ Ly we have the following properties.

Case A (f71(0) = {0}). There is an g9 > 0 such that for any number ¢ with
0 < e < g9 we have:

(i) the set S~ = f~1(SP~1) is a C™° submanifold without boundary that is diffeo-
morphic to the standard unit sphere S™~1;

(i) the restricted map f|S7~1: §7~1 — SP=1 is topologically stable (C*° stable if (n, p)
is a nice pair in Mather’s sense);

(iii) if Dg’l = f~1(DPr1), then the restricted map f|D?’1: b?il — DP is topologi-
cally equivalent to the cone of f|S"~1.

Case B (f71(0) # {0}). There exist a positive number ¢y and a strictly increasing
C* function ¢: [0, eq] — [0, 00) with §(0) = 0 such that for every € and § with0 < € < gg
and 0 < § < 6(e) we have:

(i) f71(0)n St is an (n — p — 1)-dimensional manifold and it is diffeomorphic to
fHoynsET

(il) D2 ﬂf‘l(Sf;_l) is a C'*° manifold, generally with boundary, and it is diffeomorphic

to D2 N fH(SE0);

(iii) the restriction f|D2N f~1(SE™"): D2 f~1(S2™1) — 8271 is a topologically stable
map (C stable if (n,p) is a nice pair in Mather’s sense) and its topological class
is independent of € and 9.

Remark 2.5. In the original version of Fukuda’s theorem [5], Case A (i) has the
restriction n # 4, 5. The reason is that the proof uses the generalized Poincaré conjecture,
but at that time the conjecture was known to be true only in dimensions not equal to 3, 4.



324 E. B. Batista, J. C. F. Costa and J. J. Nuno-Ballesteros

Assuming that f is r-determined for some r and taking W = {;j" f(0)}, we can apply
Theorem 2.4 to obtain a representative of f satisfying Case A or Case B, depending on
if f=1(0) = {0} or f71(0) # {0}. Note that when n < p we always have f=1(0) = {0}
but when n > p we may have either of the two possibilities.

Definition 2.6. Let f: (R3,0) — (R2,0) be a finitely determined map germ such that
f71(0) = {0}. We say that the stable map f|5%: S2 — S! is the link of f, where f is
a representative that satisfies the Fukuda conditions of Case A of Theorem 2.4 adapted
for the case in which n = 3 and p = 2.

It follows from the definition that the link of f is a stable map v: S? — S!, that is,
~ has only Morse singularities with distinct critical values. Moreover, the link is well
defined up to A-equivalence and f is topologically equivalent to the cone of ~. Hence, we
have the following immediate consequence.

Corollary 2.7. Two finitely determined map germs f,g: (R?0) — (R2,0) with
f71(0) = {0} = g7 1(0) are topologically equivalent if their associated links are topo-
logically equivalent.

Remark 2.8. When f~1(0) # {0}, it is also common to call the link of f to the stable
map f|D3N f71(S}): D3N f71(S}) — S}, where f is a representative that satisfies the
Fukuda conditions of Case B of Theorem 2.4 adapted for case in which n = 3 and p = 2.
However, in this case, f is not topologically equivalent to the cone of the link in the
classical sense. Instead of this, we have to consider a generalized version of the cone
that turns out to be topologically equivalent to f (see [3] for details). The topological
classification of this class of map germs will be considered in a forthcoming paper [2].

3. The generalized Reeb graph

The Reeb graph was introduced by Reeb in [20] and it is well known that it is a complete
topological invariant for Morse functions from S? to R (see [1,22]). In this section we
extend the concept of a Reeb graph to stable maps from S? to S!.

Proposition 3.1. Let v: S? — S! be a stable map. Then ~ is not a regular map.

Proof. Suppose that v is a regular map; then v(S?) C S! would be an open set.
Since v(S?) is also closed, we get v(S?) = S!, and hence 7 is surjective. By Ehresmann’s
fibration theorem [4], f is a locally trivial fibration. In particular, if F' is a fibre we have
that

2 = x(5%) = x(S")x(F) =0,
which is absurd. (]
Given a continuous map f: X — Y between topological spaces, we consider the fol-

lowing equivalence relation on X: x ~y <= f(x) = f(y) and « and y are in the same
connected component of f~1(f(x)).
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Figure 1. Vertices of Reeb graphs.

Proposition 3.2. Let v: S? — S! be a stable map. Then the quotient space S?/~
admits the structure of a connected graph in the following way:

(1) the vertices are the connected components of level curves y~*(v), where v € S is
a critical value;

(2) each edge is formed by points that correspond to connected components of level
curves v~ 1(v), where v € St is a regular value.

Proof. Since 7 is stable, we have a finite number of critical values vy, ..., v, and for
each i = 1,...,7, v~ 1(v;) has a finite number of connected components. Then

7\52 —7_1({v1,...7vr}): 52 —’y_l({vl,...,vr}) — 8t - {v1,...,0:}

is regular and the induced map

q: (52 f’y*l({vl,...,vr}))/w -~ St {vi,..., 0.}

is a local homeomorphism. Each connected component of S* — {v1,...,v,} is homeo-
morphic to an open interval, so each connected component of (5% —~y~*({vy,...,v.}))/~
is also homeomorphic to an open interval. O

Each vertex of the graph can be of three types, depending on if the connected com-
ponent has a maximum/minimum critical point, a saddle point or just regular points.
Then the possible incidence rules of edges and vertices are given in Figure 1.

Let v1,...,v, € ST be the critical values of «v. We choose a base point vy € S! and an
orientation. We can reorder the critical values such that vg < v; < --- < v, and we label
each vertex with the index ¢ € {1,...,r} if it corresponds to the critical value v;.

Definition 3.3. The graph given by S2/~, together with the labels of the vertices as
previously defined, is said to be the generalized Reeb graph associated with v: §2 — S*.

For simplicity, from now on we will just say Reeb graph as opposed to generalized
Reeb graph unless otherwise specified.

Proposition 3.4. Let v: S? — S' be a stable map. Then the Reeb graph of v is
a tree.
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Figure 2. Two non-equivalent stable maps with the same Reeb graph.

Proof. Let I' be the Reeb graph of v. Since I" is connected, in order to show that I’
is a tree we only need to prove that its Euler characteristic is x(I") = 1. We have that
X(I') = V—E, where V and E denote the number of vertices and edges of I', respectively.

On one hand, V.= M + S + I, where M, S, I denote the numbers of vertices of
each type, maximum/minimum, saddle or regular, respectively. Note that V' # 0 by
Proposition 3.1.

On the other hand, by Euler’s formula, E = $ 3" deg(v;), where v; are the vertices of
I' and deg(v;) is the degree of v;, that is, the number of edges adjacent to v;. Since 7 is
stable, the degree of each vertex of maximum/minimum type is 1, while that of regular
type is 2 and that of saddle type is 3 (see Figure 1). Hence,

_Szl,
2

M
XI)=V-E=M+S+1-%M+2[+35)=

where the last equality follows from the Morse formula M — S = x(S?) = 2. O

Remark 3.5. The classical Reeb graph is defined in the same way, but the vertices
are just the connected components of the level curves v~ !(v) that contain a critical
point. Hence, our generalized Reeb graph contains some extra vertices corresponding to
the regular connected components of 4~ (v), where v is a critical value. Of course the
classical Reeb graph can be obtained from the generalized one just by eliminating the
extra vertices and joining the two adjacent edges. But in general, the generalized Reeb
graph provides more information.

We present in Figure 2 two examples of stable maps v1,v2: S2 — S! with their respec-
tive generalized Reeb graphs. Both examples share the same classical Reeb graph, but
the generalized Reeb graphs are different. The example on the left-hand side is a non-
surjective map, while the map on the right-hand side is surjective, therefore the maps are
not topologically equivalent. This shows that the classical Reeb graph is not sufficient to
distinguish between these two examples.

Notice that if v: S2 — S' is not surjective, then v may be regarded as a Morse function
from S? to R (via stereographic projection). In this case, the generalized Reeb graph can
be deduced from the classical one just by adding the extra vertices each time that one
passes through a critical value.
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It is obvious that the labelling of vertices of the Reeb graph is not uniquely determined,
since it depends on the chosen orientations and the base points on each S'. Different
choices will produce either a cyclic permutation or a reversal of the labelling in the Reeb
graph. This leads us to the following definition of equivalent Reeb graphs.

Let v,6: S% — S! be two stable maps. Let I’y and I's be their respective Reeb graphs.
Consider the induced quotient maps 5: Iy — S} and 0: I'y — S}, where S, S} denote
S with the graph structure whose vertices are the critical values of v, d, respectively, as
illustrated in Figure 2.

Definition 3.6. An isomorphism between two graphs I} and I is a bijection f from
V(I'1) to V(I3) such that two vertices v and w are adjacent in I if and only if f(v) and
f(w) are adjacent in I's, where V(I5) = {vertices of I;}.

Definition 3.7. We say that I, is equivalent to I's, and we denote this equivalence
by I7, ~ Iy, if there exist graph isomorphisms j: I, — I's and [: Si — S} such that the
following diagram is commutative:

IV
v, A

jvwi llaﬁ,
5|Vs

Vs —— As

where V., = {vertices of I',}, Vs = {vertices of I's} and A, and As are their respective
discriminant sets.

Theorem 3.8. Let v,6: S2 — S! be two stable maps. If v and § are topologically
equivalent, then their respective Reeb graphs are equivalent.

Proof. Since v and 0 are topologically equivalent, there exist homeomorphisms
h: S? — S? and k: S' — S! such that k oy o h = 6. Then h maps critical points
into critical points and k maps critical values into critical values. Hence, h induces a
graph isomorphism from I’y to I's and k induces a graph isomorphism from SI to Sj,
which gives the equivalence between the Reeb graphs. |

Theorem 3.8 allows us to extend the definition of a Reeb graph to C°-stable maps
between topological spheres.

Definition 3.9. Let v: M — P be a continuous map, where M is homeomorphic to
52 and P is homeomorphic to S'. We say that v is C9-stable if there exist a stable C™
map §: S? — S' and homeomorphisms k: M — S2, h: P — S' such that the following
diagram is commutative:

M—sp

g

52*‘5>51
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We say that y € P is a critical value of v if h(y) is a critical value of §. Moreover, M/~
has a graph structure induced by the Reeb graph of §. We call this graph the Reeb graph
of v and denote it by I’,. The notion of equivalence of graphs given in Definition 3.7
can also be extended for C°-stable maps in the obvious way. By Theorem 3.8, the Reeb
graph I, is well defined up to equivalence of graphs.

Theorem 3.10. Let ,6: S — S! be two stable maps such that Iy ~ I's. Then v is
A-equivalent to 0.

Proof. This is an adaptation of the proof of [9, Theorem 4.1]. Since Iy ~ I, there
exist graph isomorphisms j: I, — I's and [: Si — S} as in Definition 3.7. We choose a
homeomorphism h: I’y — I's and a diffeomorphism k: Si — S} that realize the graph
isomorphisms j, [, respectively, and such that o h = ko 7.

Since k o vy is A-equivalent to 7, by Theorem 3.8 we have I'yo, ~ I',. Moreover, these
graphs are the same because k o ¥ = ko~. In other words, the following diagram is
commutative:

Iy 45>51
Th/

ko~
F’Y

For simplicity, we write simply ~ instead of k o 7. By construction, h(V,) = V5, but now
~ and & have the same critical values v1,...,v, € S*. We choose a base point and an
orientation in S! and assume that

V1 <V < < Up.

Denote by arc(a,b) the oriented arc from a to b in S, and by arc(a,b) its closure.

Let w; be the middle point of arc(v;,v;y1) for ¢ = 1,...,n with v,4+1 = vy, and let
&: S'\ {w,} — R be an orientation-preserving diffeomorphism.
For each critical value v; with ¢ = 1,...,n we can choose &; > 0 as in Definition A 6,

and by Theorem A 14 there exists a diffeomorphism
hit (€07) HE(vi) — 267, &(vi) +267] — (€0 0) T E(vi) — 267, &(vy) + 2¢7]

such that £ oy = £ 04 o h;. Since £ is a diffeomorphism, it follows that v = § o h; when
restricted to

v Hare(€7 1 (€(vi) — 269), €71 (E(wi) + 2¢7))).
Let a;,a; ,b;,b; € S be given by

a; =& (E(v) +267), a; =
by = &N (E(v) +€7), by =

Since £ is orientation preserving,

w; <a; <b <wv <b <a; <wiyr.
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Define
A =7 Marc(a; @), Af =5 (arc(e ,ay)),
Bi =y (arc(bi; biyy)),  Bi=06""(arc(bi, b))

for i = 1,...,n with b,41 = by. With this notation, h;: Int(4;) — Int(4}) is a diffeo-
morphism such that v = § o h; on Int(4;) for all i =1,...,n.

Notice that v|B; and §|B; are regular maps for all i = 1,...,n. Then by Theorem A 4
there exist diffeomorphisms ¢; and ; such that the following diagrams are commutative:

1 (bi) x arc(b, by ) —2 > arc(b;, bii1) 61 (b;) x arc(b;, by ;) 7, arc(bi, b, 1)
T¢% Tw/
B; B!

where p and p are the projections to the second component.

Since the Reeb graphs of v and § are equivalent, it follows that v~ (b;) is diffeomorphic
to 671(b;). Consequently, B; is diffeomorphic to B! via a diffeomorphism that gives the
A-equivalence between v|B; and §|B..

Notice that the boundary of A; is diffeomorphic to a finite union of circles S'. Then
the diffeomorphisms h; when restricted to the boundary of A; may be assumed to be
orientation preserving. Hence, h;|y~*(b;) and hii1|y~*(b;,,) are isotopic because both
are isotopic to the identity. Let

F;: vfl(bi) X arc(ai,a;_l) — 5*1(@-) X arc(ai,az;l)

be an isotopy between h;|y~!(b;) and hipi|y (b ) fori=1,... ,n.
Define
Bi: 'y_l(bi) X arc(bi,b;_l) — 5_1(bi) X arc(bi,bi;l)

by

Bi(w,t) = { (Fy(x,t),t) ifa; <

and let «;: Int(B;) — Int(B]) be given by a; = z/)i_l ofjo¢; withi=1,...,n.
Since each f; is a diffeomorphism, it follows that «; is also a diffeomorphism. Moreover,
d o a; =~y on Int(B;), because

5001,;:5owfloﬂio¢)i:ﬁoﬂioqﬁi:poqﬁi:’y.
We now define a map H: S? — S? given by

H(z) hi(z) ifxelnt(4;), i=1,...,n,
€Tr) =
a;i(z) ifxelnt(B;), i=1,...,n
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By construction, h; = «; on Int(A;) N Int(B;) and «; = h;y1 on Int(B;) N Int(A;41)
for all # = 1,...,n. Therefore, H is well defined and C'*°. Moreover, H: $2 — S2 is a
diffeomorphism such that vy =d o H. ]

Theorems 3.8 and 3.10 together give that the Reeb graph is a complete topological
invariant for stable maps from S? to S!. In fact, we have a little bit more, as we can see
in the following corollary.

Corollary 3.11. Letv,6: S? — S! be two stable maps. Then the following statements
are equivalent:

(1) ~, 6 are A-equivalent;
(2) 7, § are topologically equivalent;
(3) Iy ~ I5.

In the last part of this section we consider the Reeb graph of the link of a finitely
determined map germ with isolated zeros.

Remark 3.12. Let f: (R3,0) — (R2,0) be a finitely determined map germ with
F71(0) = {0} and let v;: 52 — SI be the link of f. The critical values of v are given
by SN A(f). In fact, if we denote by Aj, ..., A, the half-branches of A(f), then by the
cone structure theorem each half-branch of A; intersects S} at a unique critical value v;
of 7y. Analogously, the edges of I, correspond to the connected components of f -1 (),
where ay, ..., q, are the arcs of S! limited by two consecutive half-branches of A(f).

Theorem 3.13. Let f,g: (R3,0) — (R?,0) be two finitely determined map germs
such that f=1(0) = {0} = g71(0). If f and g are topologically equivalent, then the Reeb
graphs of their links are equivalent.

Proof. By hypothesis, there exist two homeomorphism germs h, k such that the
following diagram commutes:

(R3,0) — > (R2,0)
| |+ (3.)
(R?,0) —— (R?,0)
We take representatives of f, g, h and k, and for any small enough ¢ > 0 the diagram

g2 LEN gl
hl " (3.2)
gla.

M, —— P.

is also commutative, where M, = h(S?) and P. = k(S1).
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,,Ai+1

P“fo ﬂi l,.Ai
“Yl vl

Figure 3. A connected component of U.

From the commutativity of (3.2), it follows that g|M. is C°-stable. Choose €g,e1 > 0
such that ~;: 5'520 — 5’610 and vg: 5’31 — Sgl1 are the links of f and g, respectively, and
Ssl1 C k(D?O). By Definition 3.9, let I’y be the Reeb graph associated with g| My, .
Then we can conclude that Iy, M., 18 equivalent to I7,,, where I, is the Reeb graph
of Yf-

Consider Ay, ..., A,, the half-branches of the discriminant A(g), ordered in the anti-
clockwise orientation. By the cone structure of f (see Theorem 2.4), each half-branch
A; intersects P, at a unique point v; so that vy, ..., v, are the critical points of g|M,,.
Analogously, each A; intersects 5511 at a unique point w;, where wq, ..., w, are now the
critical points of 4. We have a graph isomorphism I: P, — S;l given by I(v;) = w; for
alli=1,...,n.

Let C1i,...,C, be the connected components of g='(A(g)) — {0} = U/, g7 (4).
Again by the cone structure of f, each connected component C; intersects M., in a
unique connected component V; of some g~'(v;) so that Vi,...,V, are the vertices of
Iy, M., - Finally, each C; intersects 5521 in a unique connected component W; of g Hw;)
in such a way that Wy, ..., W, are now the vertices of I, . We have a bijection ¢ defined
by ¢(V;) = W, forall j = 1,...,r. In order to have a graph isomorphism between Ly m.,
and I, we need to show that ¢ is edge preserving.

Consider U = k(D2)) — (A(g) U BZ,) and let Y; be one of its connected components
limited by two consecutive half-branches A; and A;,1. We denote by «; and (3; the arcs
of Sgl1 and P, respectively, which bound ¥; for all i = 1,...,n (see Figure 3). As pointed
out in Remark 3.12, the connected components of g~ (a;) and g=1(3;) give all the edges
of the graphs I, and I’ M.y respectively.

Take X to be any connected component of f~1(Y;) for some 1 < i < n. Since g| X : X —
Y; is regular, the induced map §: X/~ — Y; is a local homeomorphism, and hence a
covering space. But Y; is simply connected, so g is in fact a homeomorphism. We deduce
that the boundary of X/~ has two components: one is an edge of I, given by the
quotient of X N ¢g~1(a;) and the other is an edge of I, M., given by the quotient of
Xng " (B)

Notice that all the edges of I',, and I, M., can be obtained in this way, and hence
we have a bijection between the edges of I’y and Iy M.y which is compatible with the
above bijection ¢ defined between the vertices. |
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Again, Theorem 3.13 together with Corollary 2.7 and Theorem 3.10 show that the
Reeb graph is a complete topological invariant for map germs with isolated zeros.

Corollary 3.14. Let f,g: (R3,0) — (R?,0) be finitely determined map germs such
that f~1(0) = {0} = g~1(0). Then the following statements are equivalent:

(1) f, g are topologically equivalent;
(2) the Reeb graphs of the links of f, g are equivalent;

(3) the links of f, g are topologically equivalent.

4. Topological classification of corank 1 map germs with f~1(0) = {0}

Let f: (R%0) — (R%0) be a corank 1 finitely determined map germ. After an
appropriate change of coordinates in the source and the target, we can write f as
f(z,y,2) = (x,hs(y,2)). In other words, f can be seen as an unfolding of the map
germ hg: (R%,0) — (R,0). In the case in which f=1(0) = {0}, this also implies that
he (0) = {0},

Lemma 4.1. Let f: (R?0) — (R?,0) be a corank 1 finitely determined map germ
given by f(x,y,z) = (x,h.(y,2)). Then hy: (R? 0) — (R, 0) is a finitely determined map
germ.

Proof. Since f is finitely determined, we can assume that it is polynomial. Then
its complexification f¢ is also finitely determined and by the Mather—Gaffney criterion,
S(fc)N fa'(0) = {0} (see [24]). This implies that S((ho)c) N (ho)z"(0) = {0}, and hence
hg is finitely determined for the contact group K. But for function germs it is well known
that the finite determinacy with respect to the contact group K is equivalent to the finite
determinacy with respect to the group A (see again [24]). a

We get a first important consequence of this lemma for the case in which f~1(0) = {0}.

Theorem 4.2. Let f: (R?0) — (R?,0) be a corank 1 finitely determined map germ
with f=1(0) = {0}. Then the associated link of f is not surjective.

Proof. Consider f written as f(z,y, z) = (z, hz(y, 2)), where hg is also finitely deter-
mined and hy*(0) = {0}. By Fukuda’s theorem (Theorem 2.4), hy*(S?) is diffeomorphic
to S! for small enough € > 0.

Suppose that the associated link of f is surjective. Then (0,¢) and (0, —) belong to
the image of the map ~v;: f~(S!) — SI. But

7;1({(075)7 (07 _5)}) = f_l({(0>5)> (07 _5)}) = hEI({57 _5}) = Sl?

where ~ indicates homeomorphism of sets. This gives a contradiction because S! is
connected, {(0,¢), (0,—¢)} is not connected and 7, is a continuous map. O
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Remark 4.3.

(1) It follows from Theorem 4.2 that the stable map v: S? — S! presented on the
right-hand side of Figure 2 cannot be realized as the link of a corank 1 finitely
determined map germ f: (R3,0) — (R2,0). At this point, we do not know if in fact
this stable map can be realized or not as the link of a corank 2 map germ.

(2) Another consequence of Theorem 4.2 is that if f has corank 1 and f~1(0) = {0},
then the generalized Reeb graph can be obtained from the classical one since the
link is not surjective (see Remark 3.5). From now on in this section, the Reeb graph
referred to will be the classical version unless otherwise specified.

Given that f(x,y,z) = (x,h.(y,2)), we say that f is a stabilization of hg if there
is a representative f: U = (—¢&,e) x V. — R? such that for any = with 0 < |z] < e,
h,:V CR? — R is stable (i.e. it is a Morse function with distinct critical values).

Proposition 4.4. Let f: (R3,0) — (R2,0) be a finitely determined map germ given
by f(x,y,z) = (x,hy(y,z)). Then f is a stabilization of hy.

Proof. By Corollary 2.3, if f is finitely determined, we can choose a representative
f:U C R® — R? such that S(f) N f~1(0) = {0} and the restriction f|y_go} is stable
with only simple definite and indefinite folds. By shrinking U if necessary, we can assume
that U = (—¢,e) x V, where V is a neighbourhood of 0 in R? and ¢ > 0. Let us take
xo € (—¢,¢), xo # 0.

Suppose that h;, has a degenerate singularity at p € V; then the Hessian determinant
of hy, at p is equal to 0. Since p € S(hy,), (zo,p) € S(f) and (zg,p) is not a fold point
of fin U — {0}. Analogously, if hy, is singular at two distinct points pg,p1 € V such
that hg,(po) = hao(p1), then (20, po), (xo,p1) € S(f) and f should have a double fold at
(xo,po),(xo,pl) S U—{O} U

Let f: (R%0) — (R%,0) be a finitely determined map germ given by f(x,y,2) =
(x,h.(y, 2)). We take a representative f: U = (—¢,¢) x V — R? such that for any = with
0 < |z| <e, hy: VCR? — R is stable. By Lemma 4.1, hg has an isolated singularity.
By shrinking U if necessary, we can also assume that hg is regular in V' — {0}. Moreover,
in the case in which f has an isolated zero, we also impose that f~1(0) = {0} on U, and
hence hy ' (0) = {0} on V.

Because of stability, all the functions h,: V C R? — R are A-equivalent if —e < 2 < 0
and we will denote by h, one of these functions. Analogously, all functions h,: V C
R? — R are A-equivalent if 0 < 2 < € and we will denote by h one of these functions.

Given a finitely determined map germ f: (R30) — (R2,0), we denote by X(f) the
set germ in (R3,0) defined by the closure of f~1(A(f)) — S(f). By Corollary 2.3, since
f has only folds outside the origin, f is transverse to A(f), and hence X (f) is a surface
outside the origin.

Lemma 4.5. Let f: (R®0) — (R?,0) be a finitely determined corank 1 map germ
given by f(z,y,z) = (x, hy(y,2)). Then S(f), X(f) and A(f) are transverse to the planes
{z} x R? and to the lines {x} x R, respectively, with 0 < |z| < ¢ and & small enough.
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Proof. It follows from Proposition 4.4 that there exists € > 0 small enough and
V C R? an open neighbourhood of 0 such that h,: V — R is stable for all z with
0<|z|<e.

Suppose that (29,90, 20) € S(f) N {zo} x R? and consider a parametrization of S(f)
near (o, Yo, 20) given by a(t) = (z(t),y(¢), 2(t)). We only need to show that z’(¢) # 0.

For simplicity we write H(x,y, z) = h,(y, z). Then S(f) is given by the implicit equa-
tions OH /0y = OH/Jz = 0. By taking partial derivatives of these equations, we obtain

JOPH | OPH L PH JOPH L OH 0
x z x
0x0y 4 Oy Oy0z ’ 929z Y Oy0z 022

If ' =0, since (y/, 2’) # (0,0) we get that

0.

O*HO*H  (PHY
0y? 022 oydz)

But this is the Hessian of h, at the singular point (y, z), which contradicts the fact that
h, is a Morse function.

We note that A(f) is parametrized by f(a(t)) = (x(t), H(z(t),y(t),2(t))) near
f(zo,y0,20). Since z'(t) # 0, we also have that A(f) is transverse to {zo} x R at
f (o, yo, 20)-

Finally, let (zo,¥,20) € X(f) N {xo} x R? be a point such that f(zo,yo,20) =
f(x0,9),24). Then the transversality between X (f) and {zo} x R? is a consequence
of the fact that f is transverse to A(f) and that X (f) = f~'(A(f)) and {zo} x R? =
F~'({wo} x R) near that point. O

Let f: (R3,0) — (R2,0) be a corank 1 finitely determined map germ with f~1(0) = {0}
given by f(z,y,z) = (z,hz(y,2)). By Lemmas 4.1 and 4.5, we consider small enough
representatives f: (—g,e) x V. — R? such that for any 0 < |z| < &, hy,: V — is stable
and, moreover, S(f), X (f) are transverse to {x} x R?, and A(f) is transverse to {z} x R.

We fix zp € R such that 0 < |zg| < ¢ and take 6 > 0 small enough such that
(hao)"1([-0,6]) C V and [—4,d] intersects all the positive (respectively, negative) half-
branches of A(f) if g > 0 (respectively, if x9 < 0).

Consider the following equivalence relation on (hg,) "1 ([=5,8]): v ~ w <= hy,(v) =
R, (w) with v and w in the same connected component of ! (hg, (v)). Then the quotient
(hao) " 1([=0,6])/~ has a graph structure whose vertices are

(1) the connected components of h!(v), where v is any critical value of Ay,

(2) the connected components of the boundary of (h,, )~ ([—4,d]); this type of vertex
will be called the boundary vertex and will be denoted by the symbol o.

Moreover, we denote by v; < --- < v, the ordered set of critical values of h,, together
with the value corresponding to the boundary vertex. We assign to each vertex the label
i € {1,...,n}if it has the value v;. The graph (h,,)~*([-6, §])/~ together with the labels
of the vertices is called the Reeb graph of hg,.
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4
1 4 2 3
3 2
2
— 2 —
1 1 1
h- partial tree nt partial tree sum of
* of hy ! of h partial trees

Figure 4. Sum of partial trees.

Definition 4.6. We define the partial tree of h} as being the Reeb graph of hy, if
xo > 0, and we define the partial tree of h; as being the Reeb graph of —h,, if ¢ < 0.

Example 4.7. Consider the map germ f: (R3,0) — (R?,0) given by f(z,y,2) =
(z,he(y, 2)), where h,(y,z) = y* + zy?® + 32° + 22. Here h, has three critical values for
x < 0, but only one critical value for z > 0. The partial trees of h}” and h, are shown in
Figure 4.

We remark that the partial trees h} and h; do not depend on of the choice of the
representatives, the choice of xy or the choice of the interval [—d, §]. This follows from the
fact that the functions h,: V' — R are all A-equivalent if either —e <2 <0or 0 < x < ¢.
Then we can use the same arguments as those of the proof of Theorem 3.8.

Consider the partial trees of b} and h, . Assume that u; < -+ < u, and v1 < -+ < vg
are the critical values of h; and h, respectively. Since f~!(0) = {0}, the link 7 is not
surjective and, without loss of generality, we can assume that (0, ) is a regular value that
belongs to the image of the link. Consequently, u, and vs correspond to the boundary
vertices of h} and h,, respectively.

Definition 4.8. Let I',~o and I, .o be the graphs corresponding to the partial trees
of b} and h_, respectively. Consider I", the graph obtained by connecting the upper edge
of I';>0 — {ur} to the lower edge of I',<o —{vs}. We relabel each vertex vs_; by ;4 (;i—1),
where i = 1,...,5 — 1. We say that I is the sum of the partial trees of h} and h .

Remark 4.9. The sum of the partial trees of the map germ in Example 4.7 is also
shown in the right-hand side of Figure 4.

The main result of this section is the following theorem.

Theorem 4.10. Let f: (R?,0) — (R?,0) be a corank 1 finitely determined map germ
with f=1(0) = {0} given by f(x,v,2) = (z,hs(y,2)). Then the sum of partial trees of
h} and h; is equivalent to the Reeb graph of the associated link of f.

Proof. Take ¢ > § > 0 small enough and V C R? a neighbourhood of the origin such
that the following four conditions are satisfied:

(i) v5: 52 — S} is the link of f;

(i) the function h,|V:V — R is stable for all € (—¢,¢), z # 0;
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o Ail

Figure 5. The set Us.

(iii) {xz} x V intercepts all half-branches of S(f) with the same sign of z;
(iv) S% C (—e,6) x V;

(v) hg'(0) = {0} and hg is regular on V — {0}.

We have from (v) that S(f) N ({0} x R?) = {0} and A(f) N ({0} x R) = {0}. Hence,
(0,6) and (0,—9) are regular values of ~y: S‘g — S}. Moreover, since the link of f is
not surjective, just one of the points (0, —¢), (0, ) belongs to the image of the link. We
assume here that (0,0) € Im(yy).

Let Ay,..., A, be the half-branches of A(f) considered in the anti-clockwise orienta-
tion and such that (0, —¢) is the base point. We also assume that Ay, ..., A, are on the
half-plane z > 0 and that A,,1,..., A, are on the half-plane = < 0.

By the cone structure of f, each half-branch A; intersects S} at a unique point v;,
so that v; < --- < v, are the critical points of ; in the chosen orientation. By the
transversality of A(f) to the vertical lines {x} x {R}, given that § < z < ¢ we have that
each half-branch A; also intersects {z} x {R} at a unique point w;. But now wy < -+ < w,
are the critical values of h} and w,, < --- < w,1; are the critical values of h .

Since we are considering the classical version of the Reeb graph, each critical value
corresponds to a unique vertex. Thus, there is a bijection given by ¢(v;) = w; for i €
{1,...,n} between the vertices of I',, and the vertices of I', the sum of the partial trees
of h} and h, . Moreover, the bijection is compatible with the labels of the vertices as
defined in Definition 4.8.

To finish the proof, we only need to show that there is also a bijection between the
edges compatible with ¢. Consider the following sets (Figure 5):

e U;, the set of points limited by A;, A; 41, S} and {z} x R;
e «;, the arc of Sg limited by A; and A;41;

e [3;, the line segment of {z} x R limited by A; and A;41;

o YV, =U;Uq; Upy;

withd<z<eifl<i<rand —e<z<-0ifr+1<i<n.

Each one of the connected components of f~!(a;) and f~1(3;) gives an edge for the
graphs I',, and I', respectively.

Let X be any connected component of f~1(Y;). Notice that f|X: X — Y; is regular.
So, the induced map f : X/~ —Y; is alocal homeomorphism, and hence a covering map.
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Since Y; is simply connected and X is connected, we have that f is a homeomorphism.
Hence, X/~ contains only one edge of I, corresponding to X N f “Yay), and also only
one edge of I" corresponding to X N f~1(53;).

Moreover, since f~1(0,6) is diffeomorphic to S, the arc of S} delimited by A, and
Agy1 corresponds to a unique edge of I7,,. We associate this edge with the edge of I'
used to join the partial trees of A} and h} .

In this way, we can define a bijection ¢ between the edges of Iy, and the edges of I,
which is compatible with . Hence, the graphs Iy, and I" are equivalent. O

4.1. Classification of germs with Boardman symbol X?%?

Next, we state a result due to Rieger and Ruas [21] that gives a classification of
corank 1 map germs according to its 2-jet. We denote by X1J?%(3,2) the space of 2-jets
of corank 1 map germs from (R?,0) to (R?0) and A? denotes the space of 2-jets of
diffeomorphisms in the source and target.

Lemma 4.11. There exist the following orbits in X1.J?(3,2) under the action of A?:
(€,y° +2%), (v.9*=2%), (vay+2°), (v,2y—2°), (2,2%), (2,0).

The germ f(x,vy,2) = (x,y? & 22) is 2-A-determined. Thus, if a map germ has a 2-jet
equivalent to (x,%% + 22), then it is in fact A-equivalent to the definite or indefinite
fold. Hence, we do not need to consider this case. The orbits distinct from (x,0) have
Boardman symbol 1.

Now, we centre our attention on corank 1 finitely determined map germs f: (R3,0) —
(R%,0) with f~1(0) = {0} and Boardman symbol ¥?1. By the splitting lemma [21], we
can choose coordinates in the source and the target such that f is given by f(z,y,z) =
(z, ha (y) + 22). Moreover, ho is A-equivalent to y*, for some k even, and by using the
versal unfolding of y* we can assume that

he(y) = ¥ + ar—a(2)y" 2 + - + a1 (2)y.

Notice that k is the multiplicity of hq. .
We want to construct the partial trees of b} and h, , where h,(y, z) = h,(y) + 22.
The Jacobian and Hessian matrices of h;(y, z) are, respectively,

7= (i) 22), H:(Egéy) g)

Hence, the critical points of h, are those of the form (y,0), where y is a critical point
of h,. Moreover, (y,0) is a saddle point of h, if and only if y is a maximum of h,, and
(y,0) is a maximum or minimum of A, if and only if y is a minimum of h,.

Example 4.12. Let f: (R?0) — (R?,0) be a corank 1 finitely determined map germ
with f=1(0) = {0}, with Boardman symbol X*! and with multiplicity 4. After change
of coordinates in the source and target, we can assume that f is given by

fl@,y,2) = (24" + al@)y® + b(a)y + 2%).
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Figure 7. Sum of partial trees in Example 4.12.
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Figure 8. Possibilities for h.
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Figure 9. Partial trees.

Notice that the bifurcation set B of the versal unfolding of hg in this case is given in the
(a,b)-plane by b(—4a3b—27b%) = 0 (see Figure 6), which permits us to choose appropriate
functions a(x) and b(z) such that we can obtain all possible types of tree.

Then there are three possibilities for the Reeb graph of the link of f, according to the
number of saddles.

e Zero saddles: f is topologically equivalent to (x,y* + 2%y + 22) (see Figure 7 (a)).

e One saddle: f is topologically equivalent to (z,y* + zy* + 32°y + 22) (see Fig-
ure 7 (b)).

e Two saddles: f is topologically equivalent to (z,y* — z2y? + 2%y + 22) (see Fig-
ure 7 (c)).

Theorem 4.13. Let f: (R?,0) — (R?,0) be a corank 1 finitely determined map germ,
f71(0) = {0} with Boardman symbol X*1 and with multiplicity less than or equal to 6.
Then all the possibilities for the Reeb graph of the link of f are realized and are presented
in Table 1.

Proof. Assume that f is given by
f(a,y) = (2,9° + a(x)y’ + b(2)y’ + c(@)y® + d(z)y + 2°).

Notice that hy may have zero, one or two saddles, as shown in Figure 8.

All the possibilities for the partial trees of the link of f are given in Figure 9.

In this way, all the Reeb graphs of the link of f can be obtained by taking all possible
combinations among these six models of partial trees. Note that (a)+ (a) is equivalent to
the Reeb graph of (z,y? + 22); (a) + (b) and (b) + (b) are equivalent to the Reeb graphs
given in Example 4.12. g

Appendix A. Morse functions and cobordism

In this appendix we describe some results about Morse function theory and cobordism
theory given by Arnold, Milnor and Izar (see [1,8-10,13]). We adopt the notation and
basic definitions that are usual in Morse theory and cobordism theory. The reader can
use [12,13] as basic references.
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Table 1. Classification of map germs with multiplicity less than or equal to 6.

germ associated tree
2
(z,y° + 2°)
1
A3
2

(z,y* + 2y® + 32y + 2%)

(z,y" = 2y® + 2%y + 2%) 3

5

4
(z,y° + 2ay* + 2°y® + 2ty + 2%) ;
1

[@)
W

— l\).l;:
W

(2,45 + 2zy* + 23y® — 2293 — 2hy? + %nyz T aty 4 2?)

(z,y% + zy* + 23> + 2% + 2Ty + 2%)

—_ N W
~
)]

(x,y6+l’3y4+%xy4+$3y3+%x4y2+1’6y+22)

W
ol A )
N

)

_
] h

6 3,24 1,33 152 1.6 2
(@,y" — 607y — 53y — 327y — gz Yy +27)
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germ associated tree

(z, Y% + 63y + 925y + 92% + z2)

(z,y° — 622y* + zy* + 2%y — 623y? — 625y + 22

8
76
5
4
3
17 2
8. 6,7
' 5
(z,y% — 42?y? + 29> — 325y + 2?) ;1
1 2
8
N6
5
) 4
3
17 2

10 9

87

(z,9° — da'y* + 42%y® — 2200 + 2°) 3534
1 \2

10

~
oo \©

6
(z,y° — %z4y4 + daBy? — 2210 + 22)

—_
]
o)

10

($7y6 + %myS + %‘732@/4 + %x4y3 _ %:r?yQ +22)

[\
& [e%g)
[@))
~N o
=

3
7

(x,yﬁ—%wyf’—%m3y4—§—gm5y3—%m7y2+z2) 56
4

,_
X6
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Table 1. (Cont.)

germ associated tree
7
(x,y67m2y4+:c4y3+m6y2+22) 56
4
1/ 32
9 ] 10
7
(z,y° + £2%y" — Laty® — La%® + L2y +2°) 2 6
1/ 32
9N 8 10
7
(x,yGf%x2y4+%x5y3+3x6y2fx9y+z2) 56
4
27 3\
10 9
87,7
(x,y® — 62y® — %xys +4x3y* — 5283 + 152892 4 2?) 56
4
1/ 372
10 9
817
(z,y° 4 62y° + 1623y* 4 1425y> + 427y + 22) 26
3
1 2
10 9
7 8
6
(z,9° — %Mﬁ _ %x3y4—|— %x5y3 + %$7y2 + %xloy—i—zZ) 2
27 3V

Definition A 1. We say that (M;Vy, V1) is a triad if M is a C*° compact manifold
with boundary and dM is the disjoint union of two closed submanifolds V and V; (see

Figure 10).

Definition A 2. A Morse function on a triad (M;Vy, Vi) is a C* function f: M —
[a, b] such that
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Vo Vi

M
Figure 10. Cobordism.

(i) f~(a) = Vo and f71(b) = V1,
(ii) all critical points of f are interior (lie in M — M) and non-degenerated,
(iii) f is injective when restricted to the set of its critical points.

Roughly speaking, by using Morse functions it is possible to express any complicated
cobordism as a composition of simpler cobordisms.

Theorem A 3 (Milnor [13]). For every Morse function f on a triad (M;Vy, V1),
there exists a gradient-like vector field ¢ for f.

Theorem A 4 (Milnor [13]). Ifa triad (M; Vp, V1) admits a function without critical
points, then it is a product cobordism, i.e. it is diffeomorphic to the triad (Vy x [0, 1], Vi x

{0}, Vo x {1}).

Corollary A 5. If f;: (M;; Vi, V/) — ([0,1],{0},{1}), ¢ = 0,1, are Morse functions
without critical points and if Vj is diffeomorphic to V7, then there exists a diffeomorphism
h: My — M, such that fo = f1 o h.

Definition A 6 (characteristic embedding; see [13]). Let (M;Vp, V1) be a triad
with a Morse function f: M — R and a gradient-like vector field £ for f. Suppose that
p € M is a critical point of f and let Vo = f~1(co) and Vi = f~1(c;) be the levels such
that ¢ < ¢ = f(p) < c1, where ¢ is the unique critical value of f in [co, ¢1].

Since ¢ is a gradient-like vector field for f, there exists a neighbourhood U of p in M
and a parametrization a: B — U such that f o a(z,y) = f(p) — ||=]|* + ||y||* and such
that ¢ has coordinates (—z,y) through U, where z = (x1,...,2)), ¥ = (Tx41,--.,Tn)
for some 0 < A <nande>0.Set V. = f1(c+¢e?) and Voo = f~!(c — £?). We may
assume that 4¢? < min{|c — co|, |c — ¢1|} so that V_; lies between Vo and f~1(c), and V.
lies between f~1(c) and V;. The situation is represented schematically in Figure 11.

The left characteristic embedding of p is a map ¢r,: S*! x B"™* — V|, obtained as
follows. First define an embedding ¢: S*~! x B"* — V__ by

é(u, 0v) = a(cucosh(f),cvsinh(9)), we S ve S 0<h<1.

Starting at the point ¢(u, fv) in V_., the integral curve of ¢ is a non-singular curve that
leads from ¢(u,Ov) back to some well-defined point ¢r,(u, 8v) in V. Define the left-hand
sphere S, of p in V to be the image ¢r,(S*~! x{0}). Notice that Sy, is just the intersection
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CO Co;&‘z é Cl-'l-é‘z C"l

Figure 11. Neighbourhood of a critical point p.

(-L1) (1,1)

-1,-1) (1,-1)
\(eu cosh(0), evsinh(0))

Figure 12. Characteristic embedding.

of Vy with all integral curves of £ leading to the critical point p. The left-hand disc Dy,
is a smoothly embedded disc with boundary Siy,, defined to be the union of all segments
of these integral curves beginning in Sy, and ending at p (see Figure 12).

Similarly, the right characteristic embedding ¢r: B* x S*~*~1 — V] is obtained by
defining the embedding ¢: B* x S"~*~1 — V_ by

(Qu,v) — a(eusinh(@), v cosh(h)),

and then translating the image to V;. The right-hand sphere Sy of p in V; is defined to
be ¢r({0} x S?~A~1). It is the boundary of the right-hand disc D, defined as the union
of the segments of integral curves of £ beginning at p and ending in Sg.

Definition A 7 (surgery; see [13]). Given a manifold V' of dimension n — 1 and
an embedding ¢: S*~1 x B"™* — V let x(V, ¢) denote the quotient manifold obtained
from the disjoint sum

(V= ¢(S*1 x {0})) + (B* x s"77H)

by identifying ¢(u,fv) with (Qu,v) for each u € SA1, v € S* A1 0 < @ < 1. If V/
denotes any manifold diffeomorphic to x(V, ¢), then we will say that V'’ can be obtained
from V by surgery of type (A,n — ).
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It is not hard to prove the next technical result.
Lemma A 8.

(i) IfV is an (n — 1)-manifold, a surgery of type (0,n) gives a disjoint union of V' with
a sphere S™7 1.

(ii) A surgery of type (n,0) over an (n — 1)-sphere gives the empty set.

(iii) A surgery of type (1,1) over S! gives either two disjoint copies of S* or just one
copy of St.

(iv) A surgery of type (1,1) over two copies of S' gives either one, two or three copies

of St.

Definition A 9. An elementary cobordism is a triad (M;Vp, V1) possessing a Morse
function f with exactly one critical point.

Theorem A 10 (Milnor [13]). If Vi = x(Vh, ¢) can be obtained from V; by surgery
of type (A,n — \), then there exists an elementary cobordism (M;Vy, V1) and a Morse
function f: M — R with exactly one critical point, of index .

Let Ly denote the smooth manifold with boundary of points (z,y) € R* x R»~* = R”
that satisfy the inequalities —1 < —[|z||* + ||ly||*> < 1 and ||z||||y|| < (sinh1)(cosh 1).

Definition A 11. With the notation of Theorem A 10, we define w(Vp, ¢), the quotient
manifold obtained from the disjoint sum

(Vo — o(S*™! x {0})) x B' + Ly,

by the following identification: for each u € S* 1, v € S» *~! and 0 < @ < 1, identify
the point (¢(u,0v),c) in the first summand with the unique point (z,y) € Ly such that

@) =l + llyl* =c,
(2) (x,y) lies on the orthogonal trajectory that passes through (usinh 6, v sinh ).

It is not difficult to see that w(Vp, ) is well defined and is a smooth manifold with
boundary.

Theorem A 12 (Milnor [13]). Let (M;Vy, Vi) be an elementary cobordism with
characteristic embedding ¢r,: S*~! x B"~* — V,. Then (M;Vy, V1) is diffeomorphic to
the triad (w(Vo, ¢); Vo, x(Vo, ¢1))-

The next lemma follows from Theorems A 10 and A 12.

Lemma A 13 (Izar [8]). Let (M;Vy, V1) be an elementary cobordism with Morse
function f: M — R and characteristic embedding ¢r: S*~' x B"™* — V. If
k: w(Vo,¢) — M is the diffeomorphism of Theorem A 12 and g: w(Vp,$) — R is the
Morse function on w(Vy, ¢1,) of Theorem A 10, then g = f o k.
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Theorem A 14 (Izar [9]). Let (M;V,, Vi) and (M';Vy, V() be two triads with
Morse functions f: M — [co,c1] and g: M' — [co, 1], where M and M’ are compact
2-manifolds. Suppose that:

(1) f, g have a unique critical value ¢, with ¢y < ¢ < ¢1;

(2) f, g have a unique critical point p € f~%(c) and q € g~*(c) such that the index of
f at p is equal to the index of g at q;

(3) the level curves f~1(c;) and g=*(c;), i = 0,1, have the same topological type.
Then there exists a diffeomorphism h: M — M’ such that f = go h.

Proof. Without loss of generality, we can assume that M and M’ are connected.
Notice that outside the connected component that contains the critical point, M and
M’ are product cobordisms. Since the index of f at p is equal to the index of g at
q, and since the level curves f~!(c;) and g~!(c;), i = 0,1, have the same topological
type, we see from Lemma A 8 that these product cobordisms have the same number of
connected components. By Corollary A5, there exists a diffeomorphism between these
product cobordisms conjugating the functions f and g.

Thus, (M; Vs, V1) is a triad with Morse function f: M — [cg, ¢1] with gradient-like
vector field . There exist a neighbourhood of p and a parametrization a: B3, — U
such that f(a(z,y) = c — [l2]? + [yl Let Voo = fle—e?), Vo = f e+
€2?) and consider the characteristic embedding ¢: S~ x B2=* — V__ o¢(u,0v) =
a(eucosh(f),evsinh(f)). By Theorem A 12, there exists a diffeomorphism ¢ between
(ME; V—E’ ‘/E) and (W(V—Ev (/b)v V—Ea X(V—E7 ¢))

Analogously for (M'; V{, V/), by taking the same e, there exists a parametrization
and an embedding ¢’ (u, v) = S(eu cosh(f),evsinh(6)). Again by Theorem A 12, we have
a diffeomorphism ¢ between (M/; V' _,V!) and (w(V',_,¢'); V', x(V ., ¢")).

Let k be a diffeomorphism from V_. to V’_ that preserves the orientation of S* and
such that ko ¢ = ¢’. Then

(VL @) Vi x (VI ) = (w(k(Voe), ko ¢); k(V_c),x(k(V_c), k o 8)),
which also is diffeomorphic to (w(V_., ®); V_e, x(V_¢, ¢)). In fact, the diffeomorphism
H = (kxidg)+idp, : (Voe—p(SA 1 x{0}))x B+ Ly — (V' .—¢'(S* "1 x{0}))x B* + L,

is compatible with the following equivalence relation: if (¢(u, Ov), ¢) ~ (z,y), then —||x||?+
ly||?=c and (x,y) is in the orthogonal trajectory passing through (u cosh(), v sinh(f)),
but this implies that (ko é(u, 6v), c) ~ (z,y). The induced map H gives a diffeomorphism
between (w(V_e, ¢); Voe, x(Voe, @) and (w(V' ., &' ); V ., x(V ., ¢")).

We have the diagram

wV ., ¢) L M! - [co, c1]

A

W(V—av ¢) L> M,
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where H conjugates the functions f o £ and g o ¢, since H is the identity function on
Ly and preserves the levels in (V \ ¢(S*~1 x {0})) x B. Then we obtain a diffeomor-
phism hy: M, — M/ conjugating f and g. By Lemma A 13, h; can be extended to a
diffeomorphism h: M — M’ such that f = go h. O
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