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Abstract

In this work we show how to get advantage from the Riemann—Hilbert analysis in order
to obtain first and second order differential equations for the orthogonal polynomials
and associated functions with a weight on the unit circle. We deduce properties for
the recurrence relation coefficients from differential properties of the weight. We take
the so called generalized modified Jacobi and Bessel weights as a case study.
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1 Introduction

The purpose of this work is to explore the connection between the theories of the Rie-
mann—Hilbert problem and of the orthogonal polynomials on the unit circle defined in
terms of Holder type weights. Furthermore, we show how Riemann—Hilbert analysis
could help in deriving analytical properties for sequences of orthogonal polynomials
associated with specific weight functions.
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A weight function, w, on the unit circle, T = {z € C : |z| = 1}, is called
semiclassical if it satisfies the equation

% (A(ei")w(e)) = B Hw®), 0 € [0, 27], )

where A and B are Laurent polynomials and A(e'?) = 0 at the singular points of
1/w. This definition is due to Magnus [24] in the case of the unit circle. For the case
of the real line, we refer to [23] and the references therein. The (1) will be called
a Pearson-type differential equation. In [6] the Laguerre-Hahn families on the unit
circle are treated, which include the semiclassical weight functions as particular cases.

If we allow in (1) that the B can be taken as an entire function, we call w a
generalized semiclassical weight.

For orthogonality on the unit circle, the classification problem of semiclassical
orthogonal polynomials was studied and divided into classes in [8], considering linear
functionals that satisfy a Pearson-type equation. This approach can be adapted to (1)
considering that, if deg A = p and max{p — 1, deg((p — 1)A(z) +i B(z))} = g, then
w belongs to the class (p, g) of semiclassical weight functions.

A well known example of a semiclassical weight function on the unit circle is

w(h) = et O 0<6<2m, with >0,

see [21]. The associated sequence of orthogonal monic polynomials, {®,,},,>0, on the
unit circle satisfies the structure relation

1 ZKZ—2
©,(2) = n®n-1(2) + - 5 Pn2(2), nz2. 2
n

From this structure relation, it is possible to show the nonlinear difference equation

2n oy—1(¢)
() +ap2(l) = ———F—r, n>2. 3)
1 —a, (0
where o1 = —®,(0) are known as Verblunsky coefficients. This equation was

presented by Periwal and Shevitz [26]. It corresponds to a discrete Painlevé dPyy
equation, see [29]. Studies on semiclassical weight functions on the unit circle can
also be found in [7, 24] as well as in [19, 22]. In the last two papers the authors
derive raising and lowering operators and find second order differential equations for
the orthogonal polynomials on the unit circle associated with semiclassical weights.
In [19] it is stated a Riemann—Hilbert problem which is different to the one we present
here, but the authors did not take advantage of it to derive differential properties for
the polynomials and functions of second kind related with semiclassical weights.
The Riemann—Hilbert method is of great importance in the theory of boundary
value problems for holomorphic functions. The main objective is to find a function
that is holomorphic in a certain region, taking into account certain jump relations
between the values of its limits over the points of a given contour. This approach to

@ Springer



Numerical Algorithms (2026) 102:1803-1827 1805

orthogonal polynomials was formulated by Fokas, Its, and Kitaev in [18], and a method
for calculating asymptotics with Riemann—Hilbert problems was presented by Deift
and Zhou in [17], first in the context of integrable systems. The most comprehensive
application to orthogonal polynomials occurred in 1999, thanks to the work of Deift,
Kriecherbauer, McLaughlin, Venakides, and Zhou, see [12, 15, 16]. These discoveries
were strongly influenced by the relationship between orthogonal polynomials and the
theory of random matrices [11, 14].

This technique has been widely used in the theory of orthogonal polynomials to
obtain asymptotic and differential properties. In this work, we derive first and second
order differential equations for generalized semiclassical orthogonal polynomials on
the unit circle, using the Riemann—Hilbert techniques. We also show that some of
the first-order differential equations are equivalent to structure relations found in [3].
More details about the Riemann—Hilbert Problem can be found in [1, 2, 13]. Here we
follow the Riemann—Hilbert Problem stated in [13] (see also [25]) where there appears
two systems of associated functions that, so far as we know, have not been interpreted
in terms of theirs differential properties. For more recent results on Riemann—Hilbert
theory related with matrix orthogonality, see [4, 5, 9, 10].

This work is structured as follows. In Section 2, we start with the definition of
orthogonality on the unit circle and present the Szegd recurrence satisfied by these
polynomials. Next we state the Riemann—Hilbert problem and a technical lemma
necessary for the development of the work. In Section 3 we study the analytic properties
of the structure matrices associated with the generalized semiclassical weights. We
construct first and second order differential operators for the generalized semiclassical
orthogonal polynomials on the unit circle and associated function as well.

Furthermore, we determine, for the generalized semiclassical weights, the zero
curvature formulas and find difference equations satisfied by Verblunsky coefficients.
We end this work, with Section 4, where by using the Riemann—Hilbert approach, we
determine the structure matrices associated with the generalized modified, Bessel and
Jacobi, weight functions, and construct the first and second order differential operators
for orthogonal polynomials and associated functions with these two considered weight
functions on the unit circle.

2 Riemann-Hilbert problem

Let 1 be a positive measure on the unit circle T, absolutely continuous, with respect
to the Lebesgue measure, i.e.

du(z) = %) dz, with w(0) = v(e'?), 0 € [0, 27].

The corresponding sequence of monic orthogonal polynomials, {®,}, >0, satisfies

/ D (2) P (2) dp(2) = Ky 28> n,m € NU {0},
T
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with k,, > 0, or equivalently,

/ cb,,(z)cpm(z)%) dz =&, 28,.m> n,m e NU{0}. (4)
T

Studies about orthogonal polynomials on the unit circle can be found in [21, 28]. These
polynomials satisfy the following relation, known as Szeg6 recurrence, see [28],

D, (z) =z2®P,—1(2) — an—lCDZ_I(Z), neN, (5)

where ®g(z) = 1, P} (z) = z"®,(1/z) is a reciprocal polynomial and o, =
—&,,(0), are the Verblunsky coefficients. Note that if the Verblunsky coefficients are
known, then the relation (5) generates the sequence of polynomials {®,, },,>0.

In terms of the powers of z, and the sequence of polynomials {®,,},,>0 and {®D}},, >0,
the orthogonality relations (4) read as

fz_k<1>n(z)du(z)=0, k=0,1,...,n—1 and /z_”<1>n(z)du(z)=/<{2,
T T

/ RdH()du(z) =0, k=1,2,...,n and / D (2)du(z) =, 2,
T T

or, equivalently, as

/Qn(z)@dz=0, /@Z(z)ﬂdz=0, j=1,...,n, (6)
T ZJ T

Zi+l
v(z) _ v(z) _
/TTan(Z)Wdz:K,, 2, /Tdﬁ(z)?dz:lcf, neN. (7)
From Szeg6 recurrence, we have the following equations

®)

S

VoWV

Dr L 1(2) = Dh(2) — apz Py (2),
F 1 (2) = (1 — | D) P} (2) — oty @1 (2), n

o o

and I(,% /K,% 1 =1—la |2, see [28]. We denote the monic orthogonal polynomials on
the unit circle as

Op(2) ="+ QI H DL+ D 2+ D n=0. (9

Applying the Szegd recurrence (5), it is easy to see that the coefficients @Y in (9) are
given in terms of the Verblunsky coefficients as

n—1
qJ'f:ZEjolj_l, n>1 with o1 =—1.
Jj=0
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Let v be a Holder type weight on the unit circle T, oriented in the positive direction.
Then, it can be seen (cf. [13, 25]), that the unique solution of the Riemann—Hilbert
problem, which consists in the determination of a 2 x 2 matrix complex function
such that:

(RH1) Y, is holomorphic in C \ T;

(RH2) Y, satisfies the jump condition for all r € T,

(V) () = (V) (1) [(1) v t"] ,

where Y, has continuous boundary values Y, (z) as z approaches the unit circle
from the inside, and Y_ (z) from the outside;
(RH3) Y, has the following asymptotic behavior at infinity

Yu(z) = (12 + O(Z_l)) |:Z(;l z9”:| as 7 — 00

(the I is the order 2 identity matrix) is given by

L[ @) v(D)

® _
Y, n(@) 2 Jr t —z it" N
7)) = , n e N.
! 2k 2 ;1 (0) v(r)
_ZT[Kn—chn—l(Z) —Kn—1 T ?7 d
Moreover, it is also proved thatdetY, = 1,n € N.
We will write, Y;,, in the form
D, (2) Gn(2)
Y, (2) =[ " P ] (10)
_bnflq)n_l(Z) —bnflGn_l(Z)
where
bo_1 = 2mK2_4, n €N, (11)
and
1 D, (1) v(1) 1 @5 (1) v(t)
G,(z) = — —=dt, G* = — L dz, 12
n(@) 2riJr t—z n-1) 2wiJy t—2z " (12)

will be called associated functions with the orthogonal polynomials, &, and weight
function v on the unit circle. Again, since det ¥,, = 1, we can write
_bn—lG:_l(Z) —Gn(Z):| . (13)

1 _
Y@= [ b1 & () Ba()

*

Now, we will work on the associated functions G, and G}, _ .
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Proposition 2.1 Letdu(z) = % dz be ameasure defined on the unit circle. Then their
sequences of associated functions defined by (12) satisfies the following recurrence
relations,

Gn(2) = Gpo1(x) —@y—1G;_(2), neN, (14)
2G(2) = Gp_1(2) — an—1Gp-1(2), neN. (15)

Proof To show the (14) we multiply (5) in ¢ variable by #’R(FZ) and then take
integral in T with respect to the variable 7, i.e.

1 /d>n+1(t)V(t)dt_ 1 /ICDn(I)V(t) df — 5 P (v(1) dr
T T

P — 5 - Oy — 1, -~
2mi Jp "t —2) 2mi Jp it —2) "2 Jp (1t — 2)

which is equivalent to (14). To show (15), we proceed in the same way as before, now

using the relation (8) in ¢ variable and multiplying by #t()t—z)’ ie.

1 D (vt 1 td,_1(t)v(z 1 t®,_1(t)v(z
_/ n()v()dt:_./ IRIGLIG PN B L TGO
271 Jr t"(t — 2) 2wi Jr t"(t —2) 2wi Jr t"(t —2)

Now, taking into account that

1 P, ()v(7) ot t—z+zd>;‘;(t)v(t)dt

27 T t"(t —2) T2 T t—2 et
1 O (t)v(t O*F(t)v(t
_ L [ &Ov@y [ POV by 6)
27i Jp gt 2mi Jp "ttt —2)
z Pr(t)v(t)

T 2xi Jr (1 — o)
So, we obtain (15). O

Using the orthogonality properties, in the next result we present the asymptotic
expansion of G, and szl about oco.

Lemma 2.1 Letdu(z) = vl(—? dz be a measure defined on the unit circle. Then,

1 On—1
G,(0) = —, G*_(0) = =, 16
n(0) by n—100) b (16)
and
_ a, 1 oy n+1 Upt1 1
Gn(z)——EZnH +<E¢1 )t n>=0, (17)
1 1

G (@)= _Loe e % ) a1 as

n—11%) = b1 \ 7z ! 7 t2 ' -
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Proof Taking z = 0in (12), we have

1 [ @
Gn(O):ﬁA O oy dr.

tn+1

Using (7) and (11) we get the first identity in (16). Now, taking z = O in the second
identity in (16) and using (8) together with the orthogonality properties, we get

prES v(t)dr.

* 1(0)=L./‘ @, (1) + oty 11Pp—1 (1)

Therefore, using (7), (6), and (11) we get the second identity in (16). To prove (18),
we take into account the second identity in (12) in order to get

Lm g [ B0,
T

2 i t"(t —z2)
o0
1 1 v(t)
— i d*
= ]ZO L t o — dr and by (6)

V(1)
= Z z1+" > thD (z)— dz.

Now, by (7) we get that the coefficient of the (—n)-th z power is —bnill. To determine
the coefficient of the (—n — 1)-th z power, we begin by identify

/ l(t)&dt /t D, 1(;)de

Hence plugging into the orthogonal relation the expression of ®,, given in (9)
f D, (1) Dy 1(t)£ dt = /T (1" + QN+ DB ) D, 1(t)£ dr =0
we arrive, taking into account the orthogonality condition (4), to the equation

/Tt ®,_ l(t)ﬁdt + c1>"fT "o, () 1(1‘)& dr =0,

and so the coefficient of the (—n — 1)-th z power is &b, _,. To determine the third
coefficient,

/th* 1(:)de [ ", (1) l(r)ﬁdt
T T
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Again, using the same argument, i.e.,

/CD,H.l(t)CDn 1(:)de A(z"+1+@7+lz"+¢g+lz"*1+ ), l(z)ﬁdz_o

we arrive, taking into account the orthogonality condition (4), to the equation

/ ", () (I)th ®7+1/t D,_ l(t)de tl)é‘“/ "o, () (t)th
T T T

and so the coefficient of the (—n —2)-th z power is (CID"‘H o — <I>”+l)b .- Therefore,
in general, the coefficients of the z powers in the expansion (18) are given by

Jj+1

/.t"ﬂ.q)nfl(t)—dt Zcb”ﬂ/ ", (1) ﬂt)ﬁdt j e NU{0}.
T

From (12), we have

OO < W N B Y &
Gu(2) = Zn/q‘rit"(t—z)dt_ /X_(:)z/“bT/ @ (1) —- dt

o]

1 1 . v(t)
= — E — | {tle (t)—dt
+j+1 n
j=0 2w
For the first coefficients, we observe that
/t(b (r)ﬁ dr =22, (19)
Kl’l

In fact, using the Szegd recurrence (5), we obtain

/thn(t)th f ,,+1(t)ﬁdt+ /d)(t)ﬁdt
T

and taking into account (6) and (7), we arrive to (19). Now, proceeding as before
departing from

/t D, (I)th /td>n+1(t)ﬁdt+5n[tcb*(t)&dt
T 17 T

and using the previous calculations, we get

/r ®, (r)@d _ Gt g1 @
T

2 1 2
K1 Kn
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Therefore, in general, we have the relation

; t Ot ——— V(1
f 00,0 4 = g, / T g,
T 1t Kn+j T 1t
In this way, we get the asymptotic expansion for G,, at infinity (17). O

Now, we apply the Riemann—Hilbert problem to derive recurrence relations for
orthogonal polynomials and associated functions.

Proposition 2.2 Let Y, be the solution of the Riemann—Hilbert problem, then for all
neN,

1

Y1) [0 2] = LY. where  T,() = [Z Fcntn-y @/

ay—1by 1

} (20)

which is called the transfer matrix.

Proof The matrices Y,, and Yn*] are holomorphic at C \ T, then the matrix function

10],,—
Ty(2) = Y41 (2) [O Z} @
is holomorphic at C \ T. However, T, has no jump on the unit circle T. In fact, we

have

(T4 = B @ [ )| 0@

B n+1 _ n
= @[ " [§ 2] [6 T oo

= )@ | g |0 )@ = T @), zeT.

Therefore, T, is holomorphic in C and it is an entire function. Moreover, from the
representation of ¥, and ¥,~! given by (10) and (13), respectively, for z € C \ T, we
obtain

(o) = D112 Guy1(@) [[10]||=bpo1GE_ (2) =Gn(2)
T b @i @) —bnGE@ | [0 2| | bui®F () @u(2)

_ by 1P} _(2)Gp11(2) = Ppy1(@Gr_1(2) —Ppy1(2)Gn(2) + 2P0 (2)Gpy1(2)
bpby 1 (@5 (2)G_(2) = z2®%_ ()G (2)  bp(D}(2)Gn(2) — 2Pn(2) G} (2)) .

Now, using (17) and (18), and taking into account the behavior at infinity, and using
Liouville’s Theorem, we get the explicit expression for 7;, in (20). O
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As a direct consequence from (20) we obtain the recurrence relations for the entries
inY,.

Corollary 2.1 Let Y,, be the solution of the Riemann—Hilbert problem, then for all
neN,

— bn—l_ *
D,11(2) = (2 + o —1) Py (2) — b_anq)n_1(z)a

n
_bn(DZ(Z) =10, P, (2) — bn—lq):_l(z),

bn—l —

bn (277} G:_] (Z)a

—anG:(Z) = ay—1b,G,(2) — bn—le_l(Z)-

2Gn+1(2) = (2 + @po—1)Gr(2) —

3 Fundamental matrices from Riemann-Hilbert problem

We introduce the constant jump fundamental matrix, Z,, which will be instrumental
in what follows

an/Z 0
Z4(2) = Ya()Ca(2).  where cn<z>=[(“(z”"” . } neN. @l

(w(z)l?

Proposition 3.1 Let Y, be the solution of the Riemann—Hilbert problem, then

\/EZVH»I(Z) = Tw(2) Zn(2), n €N,
where T, is defined in (20).
Proof It follows from direct computations, using (20) and (21). O

Now, we introduce the structure matrix, given in terms of the logarithmic derivatives
of the fundamental matrix defined in (21)

M, (2) = Z,(2) 2, (2), neN. (22)

We study the analytic properties of the functions just defined, for the case of generalized
semiclassical weights v, i.e. weights v satisfying

ZA(V' (2) = q(2)v(2), (23)

with A and ¢ are a given polynomial and an entire function, respectively, and the
differential equation is taken off the set of the zeros of the polynomial zA(z), that will
be called Z}.

Note that, when ¢(z) = B(z) — zA’(z), where B is a polynomial, w satisfies (1)
and so is a semiclassical weight.
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Proposition 3.2 Ler v(z) be a generalized semiclassical weight (cf. (23)), then the
matrix function Z, definined by (21) is such that:

1) Z, is holomorphic in C\ (T U %),
il) Z, satisfies the constant jump condition

11
(Zw)+ () = (Zp)_() [0 1:| , teT;
iii) Z, has the following asymptotic behavior at infinity

1 —n/2,~172
Zn(z) = (Iz +0 (Z)) |:Z UO () Zn/%?/z(z)} as 7 — o0.

Proof i) Since C, is a matrix of entire functions in C \ (T U Z,) and Y,, is a holo-
morphic matrix in C \ T, then Z, is holomorphic at C \ (’H‘ U ffA).
ii) Fort € T, we have

2 1 20 2
(Z)+®) = Y)+O|V7 o |=Fd-O |, T [V e
0 I 01 0 iw
—n/2 1/2 —n/2
T = 0 [l
= Y)_() w2 | = Yu) () 2 o1
0 S 0 7
v v

— (Zn)_(1) [(1) ” .

iii) It follows from the asymptotic behavior of the matrix Y;, at infinity.
O

Proposition 3.3 Let v(z) be a generalized semiclassical weight. Then, the correspond-
ing structure matrix My, n € N, given in (22), is a holomorphic function in C \ Z,.

Proof Since Z, is holomorphic in C \ (T U Z,), then M, (z) = Z,, (Z)Z;l(z) is also
holomorphic in C\ (T U Z4). Due to the fact that Z,, has a constant jump on T U 24,
the matrix function Z), has the same constant jump on T U 2, so the matrix M, has
no jump on T U %, and it follows that in each element of 24, the functions M,, have
an isolated singularity. O

The next proposition is very important for finding nonlinear difference equations
satisfied by the Verblunsky coefficients.

Proposition 3.4 Let v(z) be a generalized semiclassical weight. Then, the correspond-
ing structure matrix My, n € N, given in (22) satisfies

1
T, — ZTn =M1 Ty — TuM,, n €N, (24)

n

which is a zero curvature formula.
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Proof From Proposition 3.1 we know that \/z Z,+1 = T,Z,, then taking derivative
and again using Proposition 3.1, we obtain

1
{Tr: - ZTn +TuM, — Mn+1Tn}Zn =0,.

Therefore, since Z,, is invertible, the result follows. O
We also have a kind of reciprocal of Proposition 3.4.

Proposition 3.5 Let v be a Holder type weight defined on T, with sequences of transfer

matrices {T,}nen and constant jump fundamental matrices {Zy}nen. If My, n € N,

satisfies (24), with Mo(z) := Z(/)(z)ZO_1 (2). Then, {M, },en satisfies (22).

Proof Multiplying (24) by Z,, and taking into account that \/z Z,+1 = T,Z,, we
arrive to

Vil(Zy) = Mus1Zng) =Ty (Z), — MuZy), neN.
Multiplying by (4/z)" and iterating the procedure we arrive to

WD"N(Z)y = Mus1Zps1) = Ty Ty -+ To (2 — MoZo)
and taking into account our hypothesis we get that (22) takes place. O

Next, we state a second curvature formula.

Proposition 3.6 Let v(z) be a generalized semiclassical weight on T. Then, the cor-
responding structure matrix M,, n € N, given in (22) satisfies

Mo T = 5T} + {1 = ST My = M2 T, - T2
Proof Multiplying on the left of (24) by M, 11, we get
My T, — Mn+121—ZTn = M2\ Ty — My T, M, (25)
and on the other hand, multiplying on the right by M,, we obtain
/M, — M,,+12iZT,,M,, = M2\ TuMy — My T, M2 (26)

Adding (25) and (26), we get the desired equation. O

Now, we will derive a second order differential operator for the sequence of matrix
function {Y, },en associated with a generalized semiclassical weight.
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Proposition 3.7 Let v be a generalized semiclassical weight on T. Then {Y,}neN sat-
isfies

Y, +2Y,C,Crt + Y,ClC = (M), + M}) Y. (27)
Proof Taking derivative on (22), i.e. Z Z, ! = M, we arrive to
2,2, = (2,2,')(2,2,") = M,
Again, using (22), we get
Z) = (M), + M) Z,. (28)

By definition, Z, = Y,C,, and so

Z,=Y,C, +Y,C,, Z) =Y, Cyn+2Y,C, + Y,C,.
Ploughing this into (28) we get the desired result. O

The second order differential equation in Proposition 3.7, given for {Y, },cn, could
trace back to a first order one for the {Z, },cn, i.e. (22).

Proposition 3.8 Ler v be a Holder type weight defined on T. If {Y}, }nen satisfies (27),
then {Z,}neN satisfies
Z, =— ’;1(_Z){Z((M;l+1 + M2 )Ty = Tu(M), + MD)) + T, — %Tn}zn, neN. (29)

Proof Multiplying equation (27) by C,, and taking into account (21) we get that (28)
takes place. Rewriting (28) in n + 1 we see that

Zy =My + M3+1)Zn+1'

By Proposition 3.1 we know that Z,, .1 = z~!/2T}, Z,, hence substituting this into the
last equation, and making some simplifications we arrive to

ZT,,ZH — Ty Zy + ThZ)) + 22 (2T, Z, + T, Z))) = 22(M), . + M2 VT Z,.
Now, applying our hypothesis, i.e. Z// = (M), + M2)Z, we get
(—T, +22THZ, = {z((M,;+1 + M2, )T, — Ty(M), + M2)) + T, — %Tn}zn,
and taking into account that —7},(z) + 2z7,,(z) = —T,(—z) we arrive to (29). O
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4 Examples

As we have seen in Section 3 the matrix functions M,, are a key to understanding
generalized semiclassical orthogonal polynomials. When A is equal to z or z — 1 the
weight function is of the type

V() =1 -2 e " H(z),

for some constants «, 8, ¥y € C and where H is an entire function.
Here we will take the generalized modified Bessel and generalized modified Jacobi
as a case study.

4.1 Modified bessel

Here we consider the generalized semiclassical weight function
w() = et H@el?) and w(z) =!G22 H(z), z=¢ 0el0,27],

where ¢ > Oisareal parameter. In the case when H (z) = 1, the Verblunsky coefficients
are real and depending of £. This is the weight function related to the modified Bessel
polynomials [21].

We know from Proposition 3.2 that the matrix Z, defined in (21) related to the
generalized modified Bessel weight function is analytic in C \ (T U {0}), as 24 =
{0}. Furthermore, from Proposition 3.3, we know that the corresponding structure
matrix M,, n € N, given in (22), is a holomorphic function in C \ Z4.

Now we will study the analytic character for the structure matrix associated with
orthogonal polynomials in relation to the generalized modified Bessel weight function.

Proposition 4.1 Letv(z) = otz h2 g (z), where H is an entire function. Then, the
corresponding structure matrix My, n € N, given in (22), is a holomorphic function
in C\ {0} with a pole of order 2 at z = 0.

Proof Note that
My(2) = 2,22, (2) = Y, (Y, ' @) + Y. (2C,()C, (Y, (@)
Multiplying both sides of the last equation by z2, we get
My (2) = 22V, ()Y, (@) + 22V (2)CL () Cy Y, ).
Therefore, using (16), we obtain

4 -1 2 £—1
Z(bnflbn _anfl) _ibn Un—1

lim z° M, (z) = [ "
o] n( —%bnflanfl —‘%(bnflbnl _Ol;%*l)

]7’502,

where 0, is the zero matrix. It follows that M, has a pole of order twoatz =0. O
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In the hypothesis of the Proposition 4.1 we have that M, = *M,, is, for each
n € N, an entire matrix function. Now, we will explicitly determine the M, just
defined for the case when H(z) = 1.

We know that M,(z) = z%Y,(2)Y, '(2) + 2°Y,(2)C,(2)C, ' (2)Y,7 ' (z). From
(10), (13), and (21), and using (17) and (18), we obtain the asymptotic behavior
for z — oo,

—1 n
2 by _1by apa,_o+l4+4P Lo,
Lz nz n—1% %n%% -2 1 an Lz L amn n—1
~ B it 7 - ) W(7+"+1+j(¢1*1))+ g 1
Mp(z) = 5 b el aoh +0@E™ ).
Lz 4 —1 Lz z —1bp @noy_p—t—
R R L B

Therefore, since ]l?n is an entire matrix function, the Liouville Theorem implies
that

i 1 —1 Y —1 ¢ £,
o = L2+ 8 Loy by aney o o440 by St by e+ 1+ S @ — 1)+ S ) 0y
z ) .

¢ - I 1 —1
bp—1(50p—2z+bp_1(n— 1= 5&Ma,_5 + o1 7J) e Lt AR TUMIRY T )

(30)

Note that 1\7,, in (30) is a polynomial function of degree 2, that is, we can write it as
M,(z) = Fnzzz+Fnlz+ F,?, where Fnz, F) and F,? are constants and lin}) M,(z) = Fno.
—>

Therefore, using the Lemma 2.1, we get

70 _ [g(bnlbrfl —ay ) —5b, }
" —Sbaranr —Ebuiby =02 )

Moreover, from (30), we have

n Lp—1 4

~ 2 fbile ~ _[£0
Fl = 2 20 d Fr=1%",|
" [%bmanz } " [0 }

(ST

Therefore, when z — 0, we arrive to

§7 A het by —an ) —5b N on—1 — a2) ]
_gbn—l(an—l — ap—22) —%zz — %Z — %(bn—lbn_l - arzl—l)
(€29)

Mn(Z) = |:

The zero curvature formula is important for finding nonlinear difference equations
satisfied by Verblunsky coefficients. As a consequence of Proposition 3.4 we can see
that the matrix function, M,,, defined in (31) satisfies

2T, + T, M, — %Tn — My Ty = 02, neN. (32)
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In fact, we only have to multiply equation (24) by z2 and using the fact that M, = 2*M,,
n € N. As an easy consequence of (32) we get that

2n ay—1(0)

e A n>2, LeR. 33
C1—a2 () )

o (6) + ap2(f) = —

The (33) corresponds to the discrete Painlevé equation (dPpy).

Now, we derive the differential properties for the functions ®,, ®, G, and G} com-
ing from the Riemann—Hilbert problem associated with the modified Bessel weight.
In fact, multiplying by z2, equation (22) we obtain

22Z,(2) = My(2)Zu(2), neN.
Taking into account (21) we arrive to

22Y) = M,Y, — 22Y,C.C;! neN. (34)

n~n >

The first order matrix differential (34) splits into the following differential relations

25/ ¢ 4 2 ¢ —1 *
7P, (z) = {nz + 37 2% D, (2) + Ebn—lbn (ap—1 —ap2)®,_1(2),
(35)

b4 V4 0 _
2?Gh(z) = {Ezz - 5“5—1 }Gn(z) + 5ba1b Y1 — an2) G (2),

L L 0
Zz(q):_[)/(z) = z(an—l —ap—22)Pn(2) + { - EZZ + Ea;%—l}q);—l(Z)’

£ £ L
Zz( :l(—l)/(z) = z(an—l —an—22)Gn(z) + { —nz— 2 + Ea;%—l }G;—I(Z)'

Note that with some manipulations, it can be shown that (35) is equivalent to the
structure relation

2

2@, (2) = n®,(2) + ¢ ”;1 (Pn-1(2) =@, ®;,_1(2) (36)
2 «p

K

presented in [3]. Furthermore, doing z = 0 in (36) and some more calculations, it can
be shown that (35) coincides with (2).

Applying Proposition 3.7, we can derive second order differential equation for the
matrix Y,,. In fact, we only have to multiply (27) by z2, to obtain

M2
2+ MECLEN + 1P = (24, + )
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1819
a2
We can see that z°M, = M, — —M, and
b4

M, =227,z = 2y, 4 v.ccty

Substituting this into the last equation we arrive to

Y 42V (2CLCT 4 2h) + Y (2CIC 22 CLCyy = (M,; +

M2
—2”) Y,.
z

(37)
The second order matrix differential (37) splits into the following differential rela-
tions

2<1>”()+ez+(2 ) Z<1>/()+ L

. = —nz— =

7o, (z X Y A > 2
2

4
- - @l a2 — a,%_l))ebn(z) =—50- al D, i (2),
2~ 622 l , n 52
TGO+ -5 D45 )G — (UG )+

4

22 ¢

+ (- @l a2 — a,%_ll)Gn@ =—50- al_DanGi_ (),
0z2 ¢

(@) @)+ (% +Q-nz—

5)( i) (@ — (g(% B 1)“_%

e ¢
+?((1 - a,%_l)anan—Z - 05;%_1)><Dz_1(2) = _Ean—Zan(Z)7
0
26 @+ (

2 2
z 4 , ot
77+(n+2)z+5)( ﬁ,l)(z)7<72+—fn

4

V4
+—((1 = @2 )tp@tn—2 — a,f,])) Gt (@) = =5002Gn(2).

To get these second order differential relations we only have to substitute the rep-
resentation of M,, given in (31) into (37). In fact, from (31), we see that

M? (e22+en +€2+n2 e, +€2(1 2 L €2>I
— ==z — I+ =+ ——-—«a — (-« ap_20, — + — ) I,
2 6° TR Ty T 1Ty n= =20 Ty T 162 ) 2
M/_ %Z'F% %b;lan
n= ey e |-

70n—10p—-2 —52— 73
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Furthermore, taking into account the definition of C,, in (21), we have

22 n 2 n? tn 22 L1 0
2 1 =1 ’ =1 2 2 2
c’'C 2:CC =(—z"—-—7z2——+—+—+—)1 ,
z°C,C, " +2zC,C, (161 4z 8+4+4z+1612)2+ 0 —%z—i—%
L2 n 4
207 -1 _|i#H(-5)z—3 0
z°C,C, +zIp = .
WGk [ 0 S E R

By substituting all these matrices into (37), we obtain the desired equations.

4.2 Jacobi modified

We consider here a generalization of the semiclassical weight function, studied in [27],
namely

w(®) =t (b)e " (sin2(9/2))*H(ei‘)), 0 € [0, 271,

where H is an entire function, and

e™ 2040 |0 (b + 1)|2

eR, A>-1/2, b=A+in, and t(b)= —
! / 7 O = re+h+ 1)

Since z = e'?, we can write the weight function as
(b 7 7
v = 2 B - ), zeT.
2b+b

For simplicity, in this work we consider v(z) = (—z)_b (1— z)b+bH(z), z € T, which
coincides up to a constant with the above weight.

We will study the analytic character for the structure matrix associated with these
generalized modified Jacobi orthogonal polynomials.

Proposition4.2 Let v(z) = (—z)_g(l — z)b"'BH(z), then the structure matrix M,,
n € N, is a holomorphic function in C \ {0, 1} with a simple pole at z = 0 and a
removable singularity or a simple pole at z = 1.

Proof From Proposition 3.3, it follows that M,, has isolated singularities at z = 0 and
z = 1. Multiplying M,, by z we have

My, =YY eyl ty
Note that, using (16), we get

— 2@+ Qlag—1>=1) b b+ n)a,—

lim zM, (z) = 7 b
lim zMy (2) [ by (b + M1 AB+n)Q2loy—1 > = 1)

| # 0.
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Therefore, by direct calculation, we can state that M), has a simple pole at z = 0.
To prove the statement related to the singularity at the point z = 1, it is sufficient
to prove that liml(z — l)zM(z) = 0,. At the point z = 1, using [20, Ch. 8.3] and [1,
—>

Lemma 7.2.2], we can state that

o(l), b+b=B+iy, B>0,
Gn(z) = 10(logz— 1)), b+b=iy,
O(z—DF), b+b=B+iy., —1<p <0,

and analogously

0o(1), b+b=p+iy, B>0,
Gr(2) =10 (log(z— 1), b+b=iy,
O(z—-DP), b+b=p+iy, —1<B<0.
1 @,(1) v()

It also follows that G/ —
also follows that G, (z) = i)t 1 —

—— dz. So, taking into account that

, (z— DD, (0) V(l)
(z—1DG,(z) = / 7 2)2 v
__ L [2®r(®) YO g L (t = D)@, (1) v(2) dr,
2mifp t—z " 2rifJy (=22

and using integration by parts, and again the behavior of the Cauchy integral at the
power singularity (I — z)?*?, we get that

o(1), b+b=p+iy, B >0,
(z—1G,(2) = {0 (logz— 1)), b+b=iy,
O(z—1P), b+db=p+iy., —1<B<0.

Analogously,

o(1), b+b=pB+iy, B>0,
(z—DG}'(2) ={0(logz— 1)), b+b=iy,
O(z—-1P), b4+b=a+iy, —-1<p<0.

So, it holds in any case that

lim(z — 1)G,(2) =0, lim(z — 1)G}i(z) =0,
z—1 z—1

lim(z — 1)2G/,(z) = 0, lim(z — 1)2G*/ (z) = 0,
z—1 z—1
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and, using that det Y, = 1, we arrive to

Y,/Z(Z)Z |: ( )O((Z 11)2)] Ynfl(z): |:0((Z_1)_1)O((Z_1)_1)j|’ z— 1.

0 o( ) o) o)
From these we successively get that

lim (z — 1)? (%) (¥) ™!

= lim(z — 1)? |: o(@=D7")+ ((1—1)2)0((z—l)‘)+0((Z_1)2)}
- ( ~17?)+o(c=D7) o= D) +o(c =)
— (@=D7?) o(@=D7?)
_Zlfll(z 1)? |: (=12 oz =12 )] 07,

and
lim (z — )Y, ChC; v,
z—1

r — +b b+b
lim (¢ — 12 | O 2@ =D7H 1| =522 + 5555 + 0 0
Jim, +0(1)

L O() o(z = H7H 0 ntb _ _bib

2z 2(z—1)

[o(z =™ o(z = D71
o(1) O(1)

= lim (z — )2
z—1

[o(z= D™ Ho(z=D™H oz =D Hoz=17H ] _
| 0z =D Ho(z=1H™H 0z = H~Ho(z =™

By combining previous results, we obtain lim1 (z—1)>M,, = 0, as we wanted to prove.
—
(]

In the hypothesis of the Proposition 4.2, we have that M, =2z(1 —2z)M, is an

entire matrix function. Now, we will explicitly determine the M,, just defined when
H(z) = 1. We know that

20 =2)M, =z(1 = )Y, ¥, ' 4+ 2(1 — )Y, C.C ol YL

n=n n

From (10), (13), and (21), then by (17) and (18), we obtain the following asymptotic
behavior about infinity,

o —w + O —(b+n+ Dby ', o061
nZ - + Z .
—(b+n— by 1y W“DT

Using the Liouville Theorem, it follows that

1 T n 1=
= o [=3(@+nmz+ B —n)) + P —(b+n+ Db, a, }
M”(Z)‘[ —b+n— Dby Yb+mztG-ny—ay) O
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Note that M, (z) = F!z + F?, where F" and F? are constants and lin}) Z(I—2)M, =
=
F,? . Therefore, applying the Lemma 2.1, we get

70 _[=3@+mQlaniP = 1) =b b+ )T
,1 —bi1b+mant G +m e =D

Moreover, from Mn in (38), we have

1
=1 —E(b‘f'l’l) 0
F"_[ 0 To+m]

and so we arrive to

oA+ G+ n)(2la - 1)
Mn(Z) = 2
—bp—1 b+ n)a,—1

—by "B+ W@
(b +mz+ G +n)(2log—1 > — 1)
2

(39)

It is easy to see that the residue matrix of M, at the pole z = 1 is given by

b+ + G +mlag—11* 1)

. 5 by @ +
im(z—1)M,(z) = — )

—1 _ (b+n)+ (b +n)(2la,—11-—1
o by—1(b+n)ay_1 - 2( 2 )

Moreover, comparing the (1, 1) and (1, 2) entries in the representation of ]\7,, given
by (39) and (38), we obtain

b+n

O =b— G +n)ey—1)? and @y ==—a
b+n+1

n—1, neN. (40)

The expression (40) for the o, was obtained in [27].
Applying Proposition 3.4, we get a zero curvature formula. In fact, multiplying (24)
by z(1 — z), we arrive to

—z ~

~ 1
z(1 —z)T,:—i—T,,Mn— T, — My T, =09, neN,

and continue as in Proposition 3.6 we get

(1-2)
2

- (1-2) - -
Mn+l{Z(1 - T, - Tn} + {z(l -7 — Ty { My = MrzH—lTn — T, M2

We are interested in the differential equations fulfilled by the orthogonal polyno-
mials on the unit circle. Here, we use the Riemann—Hilbert problem approach in order
to derive these differential relations.
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Multiplying (22) by z(1 — z) we get z(1 — 2) Z),(z) = M,Z, (z), and from this, we
get

(1 —2)Y, = MY, —z(1 — 2)Y,C.C; ",

which entrywise reads as:

2(1 = 2)@,2) = (—nz+ @ +n)(1 — lan-11)) P (2) + B+ n)(1 — a1 [H)&-1D}_; (2).
2(1=2)G(2) = (= bz — (b + n)|en_11*)Gn(2) + b+ n)(1 — |oty—1))@n-1G_, (2),
2(1=2)(®;_)) (@) = (bz + @ + mlan—11)P;_1 (2) + B + n)an_1 Py (2).
2(1=2)(Gi_)) (@ = (nz — B +n)(1 — loy—11))G_1 () + (B + n)ty—1 G (2). (41)

Note that with some manipulations, it can be shown that (41) is equivalent to the
structure relation

(2= DP,(2) = —(b +n)(1 — |og_1 ") Py—1(2) + 1P, (2)

presented in [3].
Applying Proposition 3.7, we can derive second order differential equation for the
matrix Y;. In fact, we only have to multiply (27) by z(1 — z), to obtain

- - My
=Y 42010 = DG C N+ Yale( = CCH = (2= My + ) o

1~ 1 ~
M, + ——M,, and
11—z

We can see that z(1 — 2)M, = M/, — —
z

M, =200 -2, =z(1 - (Y, Y, + v,CoC v, ).
Substituting this into the last equation we arrive to

(1 =Y 4+ Y/ [22(1 —2) C.C7  + (1 = 22) 1]
- M?
Y [2(1 = DCC !+ (1= 290G, = (B + ——— )Y, (42)
z(1-2)

Now, we will split (42) in four~ second order differential equations for ®,, &}, G,,
G};. From the representation of M), given in (39), we get

>9) 2 T 1 - 2
M; = (zlatp—1] (n—i—b)(b—i—n)-l—z(b—z(n—i-b)—i—n) ) 1o,
~ _ntb
=" L]

Tl oo e
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and by definition of C,, in (21), we have

ot el _ [t=n-2—-Q+bz-0 0
2z(1 —2)C,C,, + (1 22)12_[ 0 1—|—n+(b—2—n)z+5:|’
1
_ 7" ~—1 _ re-1 = _1(”_17_2)("_[7) 0

(1 =2)ClCt + (1 —22)CC, [ 0 o — b —b+2)

b 2 Re(b)?
(Ot | ReR,

4z 1—z

Moreover, it can be seen that

M? 1
ﬁ=<—z(n+b)2+

G+n?  —Im®B)2+ b+n)b+n)|an_1]?
+ )Iz
4z 1—z

Now, from the second identity in (40) it can be proven that
(n+b)® + w1 * = b,
and so, substituting all these matrices into (42), we obtain

21 =)@, (2) +[(n —b =)z + (1 —n = D)D) (2) + n(1 + b)Pu(z) =0,
2(1 =G @)+ —n—2z+ 1 +n+Db)]G, () +b(l+n)Gy(z) =0,
21 =)@ ) @+ ((n=b=2z+ 1 —n—b)(PF_|) @ +brn—DHPF_ (2) =0,
0=2G ) @+ (b —n=2z+A+n+b)(G:_) @ +nb—1DGE_(z) =0,

which are hypergeometric differential equations for &, ®, G,, and G}.
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