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Based on semiclassical tunneling method, we focus on charged fermions tunneling from higher-dimensional Reissner-Nordstrom
black hole. We first simplify the Dirac equation by semiclassical approximation, and then a semiclassical Hamilton-Jacobi equation
is obtained. Using the Hamilton-Jacobi equation, we study the Hawking temperature and fermions tunneling rate at the event
horizon of the higher-dimensional Reissner-Nordstrom black hole space-time. Finally, the correct entropy is calculation by the

method beyond semiclassical approximation.

Hawking radiation is an important prediction in modern
gravitation theory [1-5]. Recently, Kraus et al. proposed
quantum tunneling theory to explain and study Hawking
radiation [6-31], and then semiclassical Hamilton-Jacobi
method is put forward to research the properties of scalar par-
ticles’ tunnels [32-36]. In 2007, Kerner and Mann investigated
the 1/2 spin fermion tunneling from static black holes [37]. In
their work, the spin up and spin down cases are researched,
respectively, and the radial equations are obtained, so that
they can finally determine the Hawking temperature and
tunneling rate at the event horizon. Subsequently, Kerr and
Kerr-Newman black holes cases, the charged dilatonic black
hole case, the de Sitter horizon case, the BTZ black hole
case, 5-dimensional space-time cases, and several nonsta-
tionary black hole cases were all researched, respectively
[38-48], and we used Hamilton-Jacobi method to study the
fermion tunneling from higher-dimensional uncharged black
holes [49, 50]. However, up to now, no one has studied
higher-dimensional charged black holes cases, so we set
out to research that case. In our work, we developed the
Kerner and Mann method and proved that the semiclassical
Hamilton-Jacobi equation can be obtained not only with

the Klein-Gordon equation of curved space-time, but also
with the Dirac equation in curved space-time. Applying the
Hamilton-Jacobi equation, we can then obtain semiclassical
Hawking temperature and tunneling rate at the event horizon
of higher-dimensional Reissner-Nordstrom black hole.

In modern physics theory, the concept of an extra
dimension can help to solve some theoretical issues, so sev-
eral higher-dimensional metrics of curved space-time were
investigated. The metric of static charged (1 +2)-dimensional
Reissner-Nordstrom black hole is given by [10, 51-55]

ds’ = —f (ndt’ + f (r)dr’ + r*dQ, 1)
where del is the metric of n-dimensional sphere
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where M and Q are mass and electric charge of black hole,
and the electromagnetic potential is

(e
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where V,, is volume of unit n-sphere (we can adopt the units
G = ¢ = h = 1). The outer/inner horizon located at
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Obviously, at the horizons, the equation f(r,) = 0 should
be satisfied. However, the physical property near the inner
horizon cannot be researched, so we just study the fermion
tunneling at the outer event horizon of this black hole. The
charged Dirac equation in curved space-time is
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where m and g are mass and electric charge of the particles,
_ o . . . .

and ey, = ey, — I, €, is the covariant derivative of tetrad

e,,- The gamma matrices in curved space-time need to be

satisfied
.y =24"1 7)

After the gamma matrices are defined, we choose the gamma
matrices in (n + 2)-dimensional flat space-time as

71 _ (Im/2><m/2 0 )
e 0 _Im/2><m/2
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n=23,4,5...,n+2,

wherel,, ../, and J2xm/2 € unit matrices and flat gamma

matrices with m/2 x m/2 order and m = 22712 5 the order

of the matrices in even (odd) dimensional space-time.
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Corresponding to the flat case, the gamma matrices can be
chosen as

i
= Ymxm
Vf

. 9)
y:nxm = fyfnxm

t
Yinxm =

Yl =1 VR o =3,4,5,.. ., n+2.

Now, let us simplify the Dirac equation via semiclassical
approximation, and rewrite the spinor function as

Ul
¥ <Am/2><1 (t> Tyuuns xrl, .. )) e(i/h)s(t,r,...,x",...)’ (10)
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where A, (t,7,...,x",...) and B, 5, (t,7,...,x",...) are
column matrices with 71/2 x 1 order and S is classical action.
Via semiclassical approximation method, Substituting (10)
into (5) and dividing the exponential term and multiplying
by A, we can get
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Solving (11), we have
(E-=FD™'C) A, =0
(16)

(F-EC™'D) B, 5 = 0.

It is evident that the coefficient matrices of (16) must vanish,
when A, »,; and B, ,,; have nontrivial solutions. Due to
the fact that CD = DC, we can write the condition that
determinant of coeflicient vanish as

det (ED - FC) = 0. 17)
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From the relation of flat gamma matrices {y*,y"} = 25’“,,
can obtain the semiclassical Hamilton-Jacobi equation in (n+
2)-dimensional Reissner-Nordstrom space-time

oS ? oS\’ o 9S
f<5t+qA) +f<$> A <ﬁ> (18)

+--+m =0.

Using the Hamilton-Jacobi equation, in charged static space-
time, we can separate the variables for the action as

S=-wt+R(r)+Y(....x",...)+K,

(19)
(K is a constant)

and the Hamilton-Jacobi equation is broken up as
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where (20) and (21) are radial and nonradial equations,
respectively, and A is a constant. However, we only research on
the radial equation, because the tunnel at the event horizon is
radial. From (20), we can get

dR(r) _ N \/(w - th)2 2+ f (A - m?r?) (22)
dr fr )

Near the event horizon, the radial action is given by
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where R, is part of the outgoing solution, while R_ is the part
of incoming solution, and

ImR, = +ImC, (23)

wy = qm. (24)
So the tunneling rate is
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where Im represents the imaginary part of the function, and
the Hawking temperature is
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However, above calculation is worked on semiclassical
approximation, because we ignored all higher order terms of
O(h). Recently, Banerjee and Majhi proposed a new method
beyond semiclassical approximation to research the quantum
tunneling, and their works show that the conclusion should
be corrected [56-65], and this correct entropy may be applied
in quantum gravity theory. Now let us generalize this work
in higher-dimensional Reissner-Nordstrom black hole space-
time.

Because the tetrad e,” in the space-time are given by
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It means the Dirac equation becomes
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and this equation can be simplified at event horizon
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because f — 0 at event horizon, and dr, = dr/ f is tortoise
coordinate. On the other hand, the space-time background is
static, and ¥ can be rewritten as

v [A (1’):| 1/h)wt, (31)
B(r)

where A(r) and B(r) are matrices with m/2 x 1 and w is
frequency or energy of Dirac particle. Finally, applying the
definitions of ° and 7', we get
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here A q and B, are qth elements of matrices A(r) and B(r),
respectively. Above equation becomes
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At event horizon f'(r,) # 0 and depends on the position r,,
so above equation implies

0
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and C, = +iF, are constants.
Next, let us use the method beyond semiclassical approx-
imation to expand Rq(r) and K = w — w, as
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Therefore, the determinants of matrices vanish:

K,
Ko Rqu =+ j 70 dr,
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In order to calculate the tunneling rate and Hawking temper-
ature, we rewrite InR,; = (f3;/A}) ImRyq (i > 0, A is area
of black hole, and f3; are d1mens10nless constant parameters)
since the forms of R, ; are the same, so the total radial action
is

ImR, =ImRy (r) + Y 'Ry (r)

i=1

[e) hi
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The tunneling rate of Dirac particle at event horizon is given
by
= 2 <, I
I, = exp [—— <1 + Z[Si—i>R 0:|
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olas512)

From the relation between tunneling rate and Hawking
radiation, we get the temperature of black holes

00 hi
T,=(1+YB— | Ty (43)
= (1B )
Finally, the laws of black hole thermodynamics request
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A (44)
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and Sy; = A, /4 is entropy of semiclassical approximation,
and this result shows the correction of entropy is logarithmic
correction.

In this paper, we studied fermions tunneling from higher-
dimensional Reissner-Nordstrom black holes and obtained
the Hamilton-Jacobi equation from charged Dirac equation.
This work shows that semiclassical Hamilton-Jacobi equation
can describe the property of both 0 spin scalar particles
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and 1/2 spin fermions. In this work, we did not emphasize
dimensions of space-time larger than (3 + 1) dimensions,
so the method also can be used in the research of (3 + 1)-
dimensions and lower cases.

As we all know, the information loss is an open problem
in black hole physics, and the information of particles maybe
vanishes at the singularity. In order to solve this difficulty,
Horowitz and Maldacena proposed a boundary condition,
which is called the black hole final state, at singularity of black
hole to perfectly entangle the incoming Hawking radiation
particles and the collapsing matter [66, 67]. Due to the
boundary condition, any particle which is falling into the
black holes completely annihilates. It is a new and interesting
idea to investigate the black hole physics and quantum
gravity, so we also will work on this area in the future.
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