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Abstract. We present an analysis of Ap-stability of BDF methods and proof that zero-stable BDF methods are Ap-stable using

the Schur-Cohn criterion. With this result we have that zero-stable BDF methods are stiffly-stable.
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INTRODUCTION
In this paper we present some results about stability of BDF methods and through the Schur-Cohn criterion we proof
that zero-stable BDF methods are Ap-stable. We use some known concepts of stability that can be found in Lambert
[1]. First we present the Brown (K, L) methods and the BDF methods, which is one special class of the (K, L) methods,
and some results related to the stability of these class of methods. After, the Schur-Cohn criterion is introduced and we

use it to analyze the zeros of perturbed characteristic polynomials associated to the BDF methods for K = 1,2, ...,6.
To conclude, we present a section with the conclusions.

BROWN (K,.) METHODS

The Brown (K, L) methods are defined by
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where the coefficients o; and B; are chosen to maximize the precision of the method and are given by
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ax = —(ow+ou+..+ok_1),
N VA SN ST A ¢ Ni-L i
B = Tlg{)(—l) ; (K—iy™" j=1,...,L

When L = 1, the (K, 1) class of Brown methods are none other than the well known Backward Difference Formulae
(BDF). Further details may be found in Hairer and Wanner [2]. An interesting result in Meneguette [3] concerning the
Ap-stability of the (K, L) method shows that it is related to the polynomial

Py(Z):(OCKJrY)ZKJrOCKleK*lJr...JrOCo?

where ¥ > 0 and
po(z) = ax® + ag 15+ o0 =p(2),

is the first characteristic polynomial that supplies the zero-stability. That is, if py(z) has all its zeros inside or on the
unit circle, a Brown (K, L) method is Ay-stable.
In Jeltsch [4], we have the following result:

Theorem 1 Brown (K,L) methods are stiffly-stable if and only if they are Ao-stable and strongly-stable.

CP1048, Numerical Analysis and Applied Mathematics, International Conference 2008
edited by T. E. Simos, G. Psihoyios, and Ch. Tsitouras
© 2008 American Institute of Physics 978-0-7354-0576-9/08/$23.00

64



As zero-stable Brown (K, L) methods are strongly-stable (see Meneguette [3]) and if it is possible to prove that the
zeros of py(z) lie inside or on the unit circle, we have that zero-stable Brown (K, L) methods are Ag-stable. Then, to
determine a (K, L) method stiffly-stable, we only needed verify the zero-stability. So, Theorem 1 can be written as
follow:

Conjecture 1 Brown (K,L) methods are stiffly-stable if and only if they are zero-stable.

Or, equivalently, “Brown (K, L) methods zero-stable are stiffly-stable”.
In this paper we analyze only the zeros of characteristic polynomials related to the BDF methods and proof the
validity of Conjecture 1 for this class of methods.

SCHUR-COHN CRITERION

The Schur-Cohn criterion is one classical result of literature, that determines the number of zeros inside the unit circle
using conditions on the coefficients of polynomial. More details can be found in Marden [5].

n

Theorem 2 (Schur-Cohn criterion) If for the polynomial P(z) = Zaizi all the determinants
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are different from zero, then P(z) has no zeros on the circle |z) = 1 and p zeros in |z| < 1, p being the number of
variations of sign in the sequence 1,Ay, ..., A, and @; the conjugate of complex number a;, i =0,1,....n.

We use the notation S(1,Aq, ..., A,) to refer the number of variations of sign in the sequence 1,Aq, ..., A,.

ANALYSIS OF CHARACTERISTIC POLYNOMIALS

In this section we analyze the behavior of the polynomials py(z) related to the BDF methods, for K = 1,2, .., 6, using
the Schur-Cohn criterion. We consider y > 0.
Let the characteristic polynomials be related to the BDF methods:

K=1 = plz)=z+1;
3 1
K=2 = pla)==2+2+;

2 2
K=3 = p(z):%z3+3z2+%z+%;
K=4 = p(z):%z4+423+322+§z+%;
K=5 = p(z):%ZS+SZ4+SZS+§ZZ+22+%;
K=6 = p(z):%z6+6z5+1—2524+?23+$zz+gz+é.

We will not analyze the zeros of characteristic polynomial of BDF methods for K > 7 because these methods are
zero-unstable, which is not interesting here.
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For K = 1, we have
py=(1+7y)z+1and

A =—7Y —2y<0.

So, S(1,A1) = 1. Then, through the Schur-Cohn criterion, p,(z) has one zero inside the unit circle.
When K =2,

3 5 1

S 274 =
Py <2+7’>Z+ Z+27
Al =—y —3y—2<0and
Ay =7y +67 +97 +4y>0.

Then, S(1,A1,A2) = 2 and py(z) has all its zeros inside the unit circle.
In the case K = 3,

11 3 1
py= (EJrY) 2432+ >z4 =,

23
=P -y <0,
Ay = +22y3 63367 +%y+£>0and
:_y6_11y5—@ 4 3;? —% — 15y <0.
So, S(1,A1,A2,A3) = 3 and py(z) has all its zeros inside the unit circle.
For K — 4, we have
py= (%ﬂ/) Z4+423+3zz+§Z+%7
A =— —2—657/—% 0
Ay = +25y3 869 %y+¥>07
A3:—)’6 257/5_ 1825}/4 8;277/3_9;3297/2_ 11(6);57/—?<0and
A4:y8+53—0y7+ 1411257/6jL 125():5y5+4§i§;1§5y4 389476223)/3+26435y2+200 S 0.

Then, S(1,A1,A2,A3,A4) = 4 and p,(z) has all its zeros inside the unit circle.
When K = 5, we have
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and
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So, S(1,A1,Ay,A3,A4,As) = 5 and p,(z) has all its zeros inside the unit circle.
For K =6,
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Then, S(1,A1,A2,A3,A4,As,As) = 6 and p,(2) has all its zeros inside the unit circle.
We can observe that Ay are polynomials on y with degree 2k.

CONCLUSION

We proof that, for K = 1,2, ..., 6, zero-stable BDF methods are Ao-stable, using that the zeros of py(z) lie inside the unit
circle. Then, for the BDF methods, the Conjecture 1 is true, that is, every zero-stable BDF method is stiffly-stable. The
same analysis can be used when L > 2 for the Brown (K, L) methods, but as the degree of characteristic polynomial
increase, the calculus of determinant is difficult.
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