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An exploratory nonperturbative calculation of the quark propagator in light-cone gauge is motivated by
distribution amplitudes whose definition implies a Wilson line. The latter serves to preserve the gauge
invariance of the hadronic amplitudes and becomes trivial in light-cone gauge. To that end, we explore the
corresponding Dyson-Schwinger equation in its leading truncation and with a dressed vertex derived from a
Ward identity in light-cone gauge. The quark’s mass and wave renormalization functions are found to
depend on the orientation of the quark momentum relative to the lightlike four-vector below 1 GeV, which
expresses the light-cone gauge dependence of the propagator, while a third, complex-valued amplitude
exhibits little dependence on that orientation and vanishes in the quark’s rest frame.
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I. INTRODUCTION

Noncovariant gauges have a long history and, as their
name implies, one of their features is the breaking of
relativistic covariance. A typical example is provided by the
light-cone gauge, which is a physical gauge defined by

n · Aa ¼ 0; ð1Þ

where Aa
μðxÞ is a massless Yang-Mills field and the lightlike

four-vector defined by n2 ¼ 0. Since the four-vector n
defines a preferential axis in space-time, the above condition
is more generally referred to as axial gauge. Despite the lack
of covariance, the strong interest in axial gauges can be
attributed to the decoupling of the Faddeev-Popov ghosts
from the gauge field, thereby eliminating the unphysical
degrees of freedom in the theory [1]. This is because the
ghost-gluon vertex is proportional to the vector n which
projects out the gluon fields due to the gauge condition in
Eq. (1). Consequently, nμDab

μν ¼ 0 in any Feynman diagram,
whereDab

μν is the gluon propagator in light-cone gauge. This
observation alone may be of interest to the nonperturbative
calculation of the gluon propagator [2,3], as the gluon also

decouples from the ghost in the Dyson-Schwinger equa-
tion (DSE).
There are other reasons to consider light-cone gauge, in

particular when facing the difficulty of evaluating non-
perturbative matrix elements that contain a Wilson line [4].
The phenomenological motivation stems from the definition
of light-cone distribution amplitudes and parton distribution
functions [5], which contain aWilson line to preserve gauge
symmetry. More precisely, there exists a body of work that
addresses parton distribution within a DSE and Bethe-
Salpeter equation approach of the mesons in Landau gauge,
assuming the effect of theWilson line is negligible [6–9]. An
alternative approach is to project the Bethe-Salpeter wave
function on the light front and derive therefrom mesonic
distributions functions, which avoids the Wilson line alto-
gether but is so far limited to the leading Fock state [10–12].
The parton distribution function of a pseudoscalar

mesons is defined as

qMðxÞ ¼
Z

dλ
4π

e−ixλP·n

× hMjψ̄qð0Þγ · nWð0; λnÞψqðλnÞjMi; ð2Þ

where x ¼ k · n=P · n is the light-cone momentum fraction
carried by the struck quark and the Wilson line reads,

Wð0; nλÞ ¼ Pe−ig
R

0

λ
n·AðnξÞdξ; ð3Þ

in which P denotes the path-ordering operator. In light-
cone gauge (1) this operator is trivial, which is why the
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calculation of distributions is attractive in this gauge.
However, this comes at a price; the necessity to compute
nonperturbative quark propagators in light-cone gauge. In a
functional continuum approach to QCD, however, this is
commonly done by solving the respective DSEs of the
fermion and gauge fields in Landau or covariant Rξ

gauges [13].
In here, we take a first step to fill this gap and solve the

quark DSE in light-cone gauge. We start with the general
form of the quark propagator and discuss divergences in
Feynman diagrams that stem from the denominator
ðn · qÞ−1 in the gluon propagator. We then formulate the
DSE of the quark in light-cone gauge and address this issue
within this nonperturbative framework. The solution can be
decomposed into three Lorentz-invariant amplitudes, two
of which are real and play the role of the mass and wave
function renormalization known of covariant gauges, while
the third amplitude is complex. It is found that all
amplitudes exhibit an angular dependence on the lightlike
vector n. We interpret this behavior as a geometric
expression of gauge dependence of the quark propagator
in light-cone gauge.

II. GLUON PROPAGATOR
IN LIGHT-CONE GAUGE

The light-cone gauge (1) is implemented with a gauge
fixing term restricting the degrees of freedom in the QCD
Lagrangian,

Lfix ¼ −
1

2α
ðn · AaÞ2; ð4Þ

From the Yang-Mills Lagrangian and the gauge-fixing term
(4) one can derive the Euler-Lagrange equation of a
noninteracting gluon. After taking α → 0, this leads to
the Green function,

Dab
μνðqÞ ¼

−iδab

q2 þ iϵ

�
gμν −

nμqν þ nνqμ
n · q

�
; ð5Þ

which is the gluon propagator in light-cone gauge that
satisfies,

nμDμνðqÞ ¼ nνDμνðqÞ ¼ 0: ð6Þ

Any Feynman diagram containing a gluon propagator (5)
also includes the ðn · qÞ−1 pole. Divergences arising from
this pole can be dealt with using a principal value
prescription, though an attractive alternative is offered by
the Mandelstam-Leibbrandt [ML] prescription [14–16].
The latter modifies the denominator by adding a small
imaginary shift iθ which is taken to zero after Wick
rotation. In order to do so, the denominator must be put
in a form that allows for a Wick rotation without hitting
poles. The ML prescription rests on the observation that the

definition of a lightlike vector with n2 ¼ 0 does not
constrain the vector unambigously,

n20 − n⃗2 ¼ 0 ⇒ n0 ¼ �jn⃗j: ð7Þ

Therefore, the location of the ðn · qÞ−1 pole is not unique.
This ambiguity can be addressed by choosing n ¼ ðjn⃗j; n⃗Þ
and introducing a dual vector n� ¼ ðjn⃗j;−n⃗Þ, n�2 ¼ 0,
n� · n > 0. According to Ref. [14], the ML prescription
is then given by

1

n · q
¼ lim

θ→0

n� · q
ðn� · qÞðn · qÞ þ iθ

; ð8Þ

where θ > 0. In an integral the prescription leads to

Z
d4q

n� · q
ðn� · qÞðn · qÞ þ iθ

¼
Z

d4q
n� · q

n20
�
q20 −

ðn⃗·q⃗Þ2
n2
0

þ iθ
n2
0

� ; ð9Þ

from which can be read that the poles are located in the
second and fourth quadrants,

q0 ¼
1

n0

�
�jn⃗ · q⃗j ∓ i

θ

2jn⃗ · q⃗j
�
: ð10Þ

This allows for a Wick rotation using a counterclockwise
path realized with the Euclidian ML prescription,

�
1

n · q

�
E
¼ lim

θ2→0

ðn� · qÞE
ðn� · qÞEðn · qÞE þ θ2

; ð11Þ

where n0 ¼ in4 ¼ in�4, q
2 ¼ −q2E and n · q ¼ −ðn · qÞE.

When a diagram includes gluon and quark propagators,
the corresponding integral contains three types of poles, all
of which are located in the second and fourth quadrants of
the complex plane. Therefore, in calculating the self-energy
correction of the quark propagator at one loop, a Wick
rotation to Euclidean space is straightforward.
At one-loop order, the trace of the quark self-energy

Σðp; n; n�Þ leads to a tensor structure whose most general
decomposition is given by the sum [17,18],

Σðp; n; n�Þ ¼ aiγ · pþ b1þ ciγ · n

− diðγ · nγ · n�γ · pþ γ · pγ · n�γ · nÞ; ð12Þ

and all vectors and Dirac matrices are now in Euclidean
space. The d-term stems from the regularization procedure
and can be further reduced to amplitudes proportional to p,
n and n� using the identity,
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γ · nγ · n�γ · pþ γ · pγ · n�γ · n

¼ ð2n� · pÞγ · n − ð2n · pÞγ · n� þ ð2n� · nÞγ · p: ð13Þ

This simplifies Eq. (12) which becomes

Σðp; n; n�Þ ¼ Aiγ · pþ B1þ Ciγ · nþDiγ · n�; ð14Þ

where all four dressing functions are functions of p, n, and
n�. The structure of Eq. (14) can be understood within the
framework of the Newman-Penrose tetrad scheme [19], in
which any four-dimensional vector can be represented as a
superposition of four null vectors, and is discussed in detail
in Ref. [20].
Appropriate projections allow to obtain integral equa-

tions for all four amplitudes, A, B, C, and D, and in a one-
loop calculation they can be solved with the usual Feynman
parametrizations, though the four equations remain
uncoupled. On the other hand, in a nonperturbative func-
tional approach solving the DSE of the quark, the ampli-
tudes are described by a set of nonlinear coupled integral
equations. We solve this system of equations in light-cone
gauge and discuss their numerical solutions in the follow-
ing sections.

III. GAP EQUATION IN LIGHT-CONE GAUGE

For the phenomenological reasons expounded in Sec. I,
we are interested in nonperturbative quark propagators
which are solutions of the quark gap equation. To this end,
we solve the equation of motion of the quark, which in
quantum field theory is known as DSE. For the quark of a
given flavor the inverse quark propagator is obtained from,1

S−1ðpÞ¼Z2iγ ·pþZ4mðμÞ

þZ1g2
Z

Λ d4k
ð2πÞ4D

ab
μνðqÞγμtaSðkÞΓb

νðk;pÞ; ð15Þ

where q ¼ k − p is the gluon momentum, Z1ðμ;ΛÞ,
Z2ðμ;ΛÞ, and Z4ðμ;ΛÞ are the vertex, wave function and
mass renormalization constants, respectively, mðμÞ is the
renormalized current-quark mass, and ta ¼ λa=2 are the
SU(3) group generators. In the self-energy integral, Λ is a
Poincaré-invariant cutoff while μ is the renormalization
point chosen such that Λ ≫ μ. For a review of phenom-
enological applications of the DSE, we refer to Ref. [21].
The quark propagator is a gauge-dependent Green

function and if we specify the light-front gauge, the gluon
propagator must be of the form in Eq. (5). Generalizing, the
nonperturbative gluon propagator can be written as [22]

Dab
μνðqÞ ¼ δabΔðq2Þ

�
δμν −

nμqν þ nνqμ
n · q

�
; ð16Þ

where Δðq2Þ is the gluon’s dressing function which we
introduce in Eq. (36). Taking into account Eq. (14), the
solutions of the DSE (15) are generally written as

S−1ðp; n; n�Þ ¼ Aiγ · pþ B1þ Ciγ · nþDiγ · n�: ð17Þ

The propagator differs from its form in covariant gauges
not merely because of two additional scalar amplitudes, but
also due the dependence of all scalar functions on the
relative orientation of the four-vectors p, n, and n�. We will
see that this is a signature of the light-cone gauge
dependence.
The quark-gluon vertex, Γa

μðk; pÞ≡ Γμðk; pÞta, has been
the object of much attention for the past two decades and
was shown to be crucial for the enhancement of the strong
interaction in the infrared domain, and thereby for dynami-
cal chiral symmetry breaking and the emergence of a
constituent mass scale [13,23–41]. This vertex must satisfy
gauge invariance and current conservation, which in
Abelian theory is imposed by a Ward-Fradkin-Green-
Takahashi identity (WFGTI) [42–45] and in Yang-Mills
theories by Slavnov-Taylor identities (STI) [46,47].
On the other hand, since the ghosts decouple in light-

cone gauge, the sum of the Abelian and non-Abelian
contributions to the quark-gluon vertex satisfy a WFGTI
[17] and can be decomposed as

Γμðk; p; n; n�Þ ¼ λ1γμ þ λ2iγ · n�nμ
þ λ3iγ · nn�μ þ λ4iγ · n q · n�nμ; ð18Þ

where the form factors λi ≡ λiðk; p; n; n�Þ are known to
one-loop [17]. However, since the form of Eq. (18) is
derived in perturbation theory, the corresponding Ward
identity is valid for propagators with constant quark mass,
but not for the nonperturbative solutions of Eq. (17).
We therefore generalize the vertex in Eq. (18) and in

analogy with the standard Ball-Chiu vertex we add the two
components, γ · ðkþ pÞðkþ pÞ and (kþ p). Thus, com-
bining the two terms proportional to nμ in Eq. (18), our
ansatz is given by the nontransverse vertex decomposition,

Γμðk; p; n; n�Þ ¼ λ1γμ þ λ2γ · ðkþ pÞðkþ pÞμ
− iλ3ðkþ pÞμ þ λ4γ · n�nμ þ λ5γ · nn�μ;

ð19Þ

which we insert in the WFGTI of the quark-gluon vertex,

iq · Γðk; p; n; n�Þ ¼ S−1ðk; n; n�Þ − S−1ðp; n; n�Þ; ð20Þ

along with the inverse quark propagator in Eq. (17). The
left-hand side of Eq. (20) becomes

1We employ Euclidean metric, fγμ; γνg ¼ 2δμν, with Hermi-
tian Dirac matrices; γ†μ ¼ γμ. Furthermore, γ5 ¼ γ†5 ¼ γ4γ1γ2γ3,
with Tr½γ5γμγνγαγβ� ¼ −4ϵμναβ, σμν ¼ i

2
½γμ; γν� and a spacelike

vector pμ is characterized by p2 > 0.
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iðk − pÞ · Γðk; p; n; n�Þ
¼ λ3ðk2 − p2Þ1
þ i½λ1 þ λ2ðk2 − p2Þ�γ · kþ i½λ2ðk2 − p2Þ − λ1�γ · p
þ iλ4ðn · k − n · pÞγ · n� þ iλ5ðn� · k − n� · pÞγ · n;

ð21Þ

while the right-hand side is

S−1ðk; n; n�Þ − S−1ðp; n; n�Þ
¼ AðkÞiγ · kþ BðkÞ1þ CðkÞiγ · nþDðkÞiγ · n�
− AðpÞiγ · p − BðpÞ1 − CðpÞiγ · n −DðpÞiγ · n�

¼ ½BðkÞ − BðpÞ�1þ i½AðkÞγ · k − AðpÞγ · p�
þ i½CðkÞ − CðpÞ�γ · nþ i½DðkÞ −DðpÞ�γ · n�: ð22Þ

Equating same Dirac structures on both sides leads to the
form factors,

λ1ðk; p; n; n�Þ ¼
AðkÞÞ þ Aðp; ÞÞ

2
; ð23Þ

λ2ðk; p; n; n�Þ ¼
1

2

AðkÞÞ − AðpÞ
k2 − p2

; ð24Þ

λ3ðk; p; n; n�Þ ¼
BðkÞ − BðpÞ

k2 − p2
; ð25Þ

λ4ðk; p; n; n�Þ ¼
DðkÞ −DðpÞ
n · ðk − pÞ ; ð26Þ

λ5ðk; p; n; n�Þ ¼
CðkÞ − CðpÞ
n� · ðk − pÞ ; ð27Þ

where a dependence of the scalar amplitudes A, B,C, andD
on the lightlike vector n and n� is implicit.
If the gluon propagator and quark-gluon vertex were

bare, the arguments presented in Sec. II that justify a Wick
rotation would be valid, provided a constant quark-mass
function with poles located in the second and fourth
quadrants of the complex plane. This, however, is not
the case as the nonperturbative mass function, defined by
Mðp2Þ ¼ Bðp2Þ=Aðp2Þ, is characterized by complex-con-
jugate poles or branch cuts [32]. An interpolation formal-
ism from instant-frame to light-front dynamics in a QCD
model in 1þ 1 dimensions and infinite number of colors
was shown to allow for a matching of Minkowski and
Euclidean space [48], though the case of QCD in 3þ 1
dimensions beyond perturbative studies is an open ques-
tion. A detailed study of the singularity structure of
propagators in the Bethe-Salpeter equation demonstrated
that the light-front wave function calculated with light-front
coordinates defined in Euclidean metric is identical to the

one in Minkowski metric for the case of a monopole
model of the Bethe-Salpeter amplitude [49], while the
DSE in Minkowski space has been treated, for instance, in
Refs. [50,51]. Eschewing these conceptual difficulties, we
here make bold to work directly in Euclidean space.
In order to solve the DSE (15) the scalar amplitudes must

be projected out with the following traces over color and
Dirac indices:

Aðp; n; n�Þ ¼ −
i
4
TrCD

�
γ · n
n · p

S−1ðp; n; n�Þ
�
; ð28Þ

Bðp; n; n�Þ ¼ 1

4
TrCD½S−1ðp; n; n�Þ�; ð29Þ

Cðp; n; n�Þ ¼ −
i
4
TrCD

�
γ · p
n · p

S−1ðp; n; n�Þ
�
; ð30Þ

Dðp; n; n�Þ ¼ −
i
4
TrCD

�
γ · p
n� · p

S−1ðp; n; n�Þ
�
: ð31Þ

With these projections we arrive at a set of coupled
integral equations which is given in rainbow truncation by

Aðp; n; n�Þ ¼ Z2 þ
2Dðp; n; n�Þ

n · p
−
iZ2g2Cf

4n · p

×
Z

Λ d4k
ð2πÞ4DμνðqÞTrD½γ · nγμSðk; n; n�Þγν�;

ð32Þ

Bðp; n; n�Þ ¼ Z4mðμÞ þ Z2g2Cf

4

×
Z

Λ d4k
ð2πÞ4DμνðqÞTrD½γμSðk; n; n�Þγν�;

ð33Þ

Cðp; n; n�Þ ¼ p2

n · p
½Z2 − Aðp; n; n�Þ� −Dðp; n; n�Þ n

� · p
n · p

−
iZ2g2Cf

4n · p

Z
Λ d4k
ð2πÞ4DμνðqÞ

× TrD½γ · pγμSðk; n; n�Þγν�; ð34Þ

Dðp;n;n�Þ¼ p2

n� ·p
½Z2−Aðp;n;n�Þ�−Cðp;n;n�Þ n ·p

n� ·p

−
iZ2g2Cf

4n� ·p

Z
Λ d4k
ð2πÞ4DμνðqÞ

×TrD½γ ·pγμSðk;n;n�Þγν�; ð35Þ

where CF ¼ 4=3 stems from the color trace and we use
Z1 ¼ Z2, since the quark-gluon vertex satisfies the Abelian
WFGTI (20).
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Closer inspection of Eqs. (34) and (35), multiplying
them by n · p and n� · p, respectively, reveals that they are
identical. Indeed, one of the functions, either Cðp; n; n�Þ or
Dðp; n; n�Þ, is superfluous and it turns out that
Dðp; n; n�Þ≡ 0. This is not surprising, as the introduction
of n� is an artifact to tame divergences stemming from the
ðn · qÞ−1 factor in the gluon propagator (16). As we will
see, the poles occurring in the denominators of the DSE
(15) can be dealt with differently.
For the nonperturbative gluon propagator, that incorpo-

rates the correct ultraviolet behavior and is renormalizable,
we employ the propagator derived by Cornwall within the
framework of pinch technique [22],

Δ−1ðq2Þ ¼ ½q2 þm2
gðq2Þ�bg2 ln

�
q2 þ 4m2

gðq2Þ
ω2

�
; ð36Þ

with the running dynamical gluon mass,

m2
gðq2Þ ¼ m2

g

�
ln ½ðq2 þ 4m2

gÞ=ω2�
ln ½4m2

g=ω2�
�−12

11

: ð37Þ

The relationship between q, ω and μ is defined by
Δ−1ðq2 ¼ μ2Þ ¼ 1=μ2 aside of mass terms, and we remark
that the product g2Δðq2Þ is independent of the strong
coupling. The values for b, mg and ω will be discussed in
Sec. IV. We remind Cornwall’s argument that the full,
renormalized propagator should remain a function of
Lorentz-invariant quantities only, and that in light-cone
gauge a scalar Green function of one momentum cannot
depend on nμ [22,52]; thus, the dressing function Δðq2Þ
only depends on q2, whereas the lightlike vector appears in
the free propagator (5).
We note that a contemporary understanding [53] of the

pinch technique led to the development of a renormalization-
group-invariant (RGI) running interaction, computed via a
combination of DSE- and lattice-QCD results in Ref. [54].We
employed both, the RGI interaction and the Cornwall propa-
gator in Eq. (36), to solve the integral equations (38)–(40), and
found minimal qualitative and quantitative differences for the
scalar functionsAðp; nÞ,Bðp; nÞ, andCðp; nÞ. Thenumerical
results presented in Sec. IV were obtained with the pinch-
technique gluon propagator of Eq. (36).
After taking the Dirac traces, we are left with three

coupled integral equations,

Aðp; nÞ ¼ Z2 þ
2Z2Cf

n · p

Z
Λ d4k
ð2πÞ4 g

2Δðq2ÞσAðk; nÞn · k;

ð38Þ

Bðp; nÞ ¼ Z4mðμÞ

þ 2Z2Cf

Z
Λ d4k
ð2πÞ4 g

2Δðq2ÞσBðk; nÞ; ð39Þ

Cðp; nÞ ¼ Zc þ
p2

n · p
½Z2 − Aðp; nÞ�

þ 2Z2Cf

Z
Λ d4k
ð2πÞ4 g

2Δðq2Þ
�
σCðk; nÞ

þ σAðk; nÞ
n · pk · qþ n · kp · q

n · pn · q

�
; ð40Þ

where we define the scalar dressing functions,

σAðk; nÞ ¼
Aðk; nÞ
F ðk; nÞ ; ð41Þ

σBðk; nÞ ¼
Bðk; nÞ
F ðk; nÞ ; ð42Þ

σCðk; nÞ ¼
Cðk; nÞ
F ðk; nÞ ; ð43Þ

and the denominator is

FIG. 1. The solution Aðp; nÞ and Bðp; nÞ of the quark DSE
obtainedwith a bare vertex andwith theWFGTI ansatz of Eq. (19).
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F ðk; nÞ ¼ k2A2ðk; nÞ þ B2ðk; nÞ
þ 2Aðk; nÞCðk; nÞn · k: ð44Þ

These coupled integral equation are solved iteratively,
imposing the renormalization conditions,

Bðμ; nÞ ¼ mðμÞ ¼ 25 MeV and Aðμ; nÞ ¼ 1; ð45Þ

at the renormalization scale μ ¼ 2 GeV, and we introduce
the renormalization constant Zc in Eq. (40) to the effect that
Cðμ; nÞ ¼ 0 at small momenta, as suggested by a one-loop
calculation in Ref. [18]. The cutoff can be formally taken to
infinity, though numerically we employ Λ ¼ 100 GeV and
our DSE solutions are stable for larger values of Λ.
Likewise, we derive the integral equations (28) to (31)
for the dressed vertex ansatz in Eq. (19), the expressions of
which we here omit due to their length.

IV. GAUGE DEPENDENCE OF THE
QUARK PROPAGATOR

We compare numerical solutions of the quark’s dressing
functions for both, the bare vertex and the vertex in
Eq. (19), that is the solutions of Eqs. (38)–(40) in the
rainbow approximation and their counterpart using the
WFGTI-vertex. In both cases we use the values, mg ¼
0.3 GeV and ω ¼ 0.15 GeV, in Eq. (36), while b ¼ 2.0 ×
10−4 for the bare vertex and b ¼ 9.0 × 10−3 for the WFGTI
vertex. The dressing functions Aðp; nÞ and Bðp; nÞ are
presented in Fig. 1 in the quark’s rest frame, p ¼ ð0; jpjÞ,
from which we infer that their functional behavior is
reminiscent of that found in covariant gauges [13]. In
Fig. 2 one observes the typical rapid increase of the mass
function at a hadronic scale of about 1 GeV and Mð0Þ ≈
210 MeV when the bare vertex is employed. Decreasing
the value of b increases the mass function, though the
solutions are unstable. We choose the parameters, mg and

ω, to be the same in both cases, however, slight modifi-
cations of them results in a constituent mass above
300 MeVeven when solving the DSE with the bare vertex.
Unlike the two other dressing functions Cðp; nÞ is complex
valued, as illustrated in Fig. 3. Both the real and imaginary
parts of Cðp ¼ μ; nÞ are zero due to our renormalization
prescription, and one merely observes insignificant oscil-
lations of these function consistent with Cðp; nÞ ≈ 0 in the
entire range of p2 considered.
Turning to the case of the dressed vertex that satisfies the

WFGTI (20), the integral equations for Aðp; nÞ, Bðp; nÞ,
and Cðp; nÞ are more lengthy and the convergence of the
numerical iterative procedure is considerably slower. So as
to produce a constituent mass that is comparable with that
of the bare vertex, we readjust the gluon dressing with
b ¼ 9.0 × 10−3, as already mentioned. The Aðp; nÞ and
Bðp; nÞ functions are enhanced compared with those of the
bare vertex in Fig. 1. While the mass functions are
qualitatively alike below the renormalization point,
μ ¼ 2 GeV, with a steeper rise in case of the WFGTI
vertex, the behavior is different at larger momenta; the mass
function continuously decreases when a bare vertex is
employed, whereas it saturates at about 20 MeV with the
WFGTI vertex. Moreover, we again observe that Cðp; nÞ ≈
0 in Figs. 2 and 3.
As mentioned after Eqs. (34) and (35), for either vertex

we find the numerical solution Dðp; n; n�Þ ¼ 0. The
inverse of the quark propagator can therefore simply be
written as

S−1ðp; nÞ ¼ Aiγ · pþ B1þ Ciγ · n: ð46Þ

For convenience, the solutions presented in Figs. 1–3 were
obtained in the rest frame of the quark. In order to verify the
dependence on the orientation of the quark momentumwith
respect to the lightlike vector n ¼ ð0; 0; 1; iÞ, we solve the

FIG. 2. The quark-mass function Mðp; nÞ ¼ Bðp; nÞ=Aðp; nÞ
obtained with the bare and WFGTI vertices. FIG. 3. Real and imaginary parts of the dressing function

Cðp; nÞ obtained with the bare and WFGTI vertices.
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DSE for an arbitrary momentum p. The scalar product of
both vectors is then defined as

n · p ¼ jpjð
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − z2p

q
yp þ izpÞ; ð47Þ

with angles yp ¼ cos θp and zp ¼ cosψp. This allows us to
investigate how the three dressing functions of the quark
propagator explicitly depend on the relative orientation of
the four-vectors n andp. A rigorous calculation requires that
Aðk; nÞ,Bðk; nÞ, andCðk; nÞ in the kernels of Eqs. (38), (39),
and (40) be functions of the three variables p, yp, and zp.
Therefore, in solving iteratively this system of coupled
integral equations, the values of Aðp; nÞ, Bðp; nÞ, and
Cðp; nÞ must be obtained on a three-dimensional mesh
for discrete values pi, ykp, and zlp in a first iteration and then
fed back into the integral equations. As this is an exploratory
study, we limit ourselves to the angular dependences of the
explicit n · p terms in Eqs. (38), (39), and (40). For our

purposes, this suffices to demonstrate the dependence on the
orientation of the quark momentum relative to the lightlike
vector n. We note that the denominator of the third term
in Eq. (40) possesses a characteristic ðn · qÞ−1 pole when
zk ¼ þ1 and yk ¼ 0, where the angles are between the
vectors n and k. In treating the integral numerically, we limit
ourselves to −1 ≤ zk ≤ þ1 − ε with ε ≈ 10−3 and use the
Cauchy principal value about the value yk ¼ 0.
The behavior of the wave renormalization and mass

functions as functions of yp and zp in the bare-vertex
truncation is illustrated in Figs. 4 and 5 for a sample of
representative angles. We observe an increase of Aðp; kÞ in
the infrared domain p2 ≲ 1 GeV2 while the variation in
Bðp; kÞ is less marked when the angles depart from their
initial values yp ¼ zp ¼ 1 ⇒ n · p ¼ ijpj. Consequently,
Mðp; kÞ is also suppressed for decreasing zp. Note that
Aðp; nÞ and Bðp; nÞ are identical for pairs of angles, yp, zp
and y0p ¼ zp; z0p ¼ yp, considering only the explicit
n · p terms.
The n-dependent variation of the complex dressing

function Cðp; nÞ for the same set of angles is depicted
in Fig. 6. It appears that when yp ≠ 1 and zp ≠ 1 the real
and imaginary parts of Cðp; nÞ slightly oscillate about the
renormalization point μ ¼ 2 GeV. We verified that these
are not simply numerical fluctuations in the integration
using both a deterministic cubature rule and a Monte Carlo
method, namely the CUHRE and VEGAS algorithms of the
CUBA library [55]. At this point, not including the full
n-dependence in the integral (40), it is difficult to decide
whether Cðp; nÞ ¼ 0 for all momenta and possible angles.
The convergence of the quark DSE with the vertex ansatz

in Eq. (19) is considerably slower for the values zp < 1 and
yp < 1 and solutions become unstable. We therefore abstain
from presenting variations of yp and zp for this case.

FIG. 4. The gauge dependence of the scalar functions, Aðp; nÞ
and Bðp; nÞ, obtained with a bare quark-gluon vertex is due to the
relative orientation of the vectors n and p and expressed by the
angles yp and zp in Eq. (47).

FIG. 5. The dependence of the quark-mass functionMðp; nÞ ¼
Bðp; nÞ=Aðp; nÞ on the quark momentum p in light-cone
direction, see Eq. (47).
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V. CONCLUDING REMARKS

Motivated by phenomenological considerations, namely
the intricacy of treating a Wilson line between two quark
fields in nonperturbative functional approaches without
resorting to expansions or simply neglecting the operator in
the definition of distribution functions, we made a first step
towards a meson’s wave function in light-cone gauge. To
that end, we solved for the first time the DSE of a quark in
light-cone gauge employing Cornwall’s gluon propagator
[22]. We showed that the ML prescription is moot in
solving the relevant DSE and that the dual vector n� is not
needed.
As a consequence, the numerical solutions of the non-

perturbative quark propagator contain three scalar func-
tions, two of them playing the usual role of the mass and
wave-renormalization functions, while a third dressing
function is complex. The dependence of Aðp; nÞ and
Bðp; nÞ on the relative orientation of the quark momentum
p in light-cone direction is found to be only significant
below 1 GeV, and the mass function is suppressed when

moving away from the quark’s rest frame. On the other
hand, the real and imaginary parts of Cðp; nÞ are consistent
with zero in the quark’s rest frame, whereas in a moving
frame Cðp; nÞ oscillates about the renormalization point. In
other words, the breaking of covariance in light-cone gauge
is manifest in the scalar functions.
Naturally, a rigorous discussion of the quark gap

equation in light-cone gauge requires the self-consistent
solutions of the quark and the gluon in the same DSE
framework and with their full dependence on the vector n.
This may or may not compensate the suppression of the
mass function. According to Cornwall, the dressing
function of the gluon propagator is a covariant scalar
function that only depends on its momentum [22]. One
may extend this reasoning to the quark propagator and
insist that fully and correctly renormalized scalar Green
functions of one momentum should be covariant.
Leibbrandt’s regularization prescription to handle
1=n · q singularities in light-cone gauge, on the other
hand, leads to expressions for Aðp; nÞ, Bðp; nÞ, and
Cðp; nÞ that do depend on the lightlike vector, n, and
in Ref. [18] his calculation was extended to include
divergent terms renormalized in the MS scheme.
Nevertheless, at the level of individual Feynman diagrams
the singularities can lead to gauge-dependent terms
proportional to the four-vector n in self-energy corrections.
Ultimately, these dependences might cancel. Whichever it
is, the quark propagator is not an observable and gauge
dependent. Therefore, even if Cðp; nÞ≡ 0 was a true
statement, the gauge dependence should manifest itself in
the wave-function renormalization and mass function. At
this point, we cannot answer the question of how the quark
propagator depends on the lightlike vector.
Since in light-cone gauge the gluon decouples from the

ghost, we also derived a dressed quark-gluon vertex that
satisfies its WFGTI. With a readjustment of the gluon-
dressing function we find that the dressing functions
Aðp; nÞ, Bðp; nÞ are suppressed in comparison with the
same functions in the bare-vertex truncation of the DSE,
nonetheless the resulting mass function is qualitatively and
quantitatively equivalent. Since the convergence of the
iterative procedure using Newton’s method is very slow in
case of the WFGTI vertex for arbitrary values of n · p, we
refrained from studying the mass function’s dependence on
it in this case. We remind that future improvements should
implement the full angular dependence in the integral
equations for Aðp; nÞ, Bðp; nÞ, and Cðp; nÞ.
With regard to the gauge independence of physical

observables, only a symmetry preserving Bethe-Salpeter
kernel for quark-antiquark states in the same light-cone
gauge framework can offer a sensible path. This difficult
task has been pursued in Landau gauge and ought to be
investigated in light-cone gauge in order to be able to
calculate mesonic distribution amplitudes and parton dis-
tribution functions.

FIG. 6. Light-cone gauge dependence of the real and imaginary
parts of the dressing function Cðp; nÞ calculated with a bare
vertex.
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